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Abstract8

A three-dimensional Eulerian two-phase flow model for sediment transport in sheet9

flow conditions is presented. To resolve turbulence and turbulence-sediment interac-10

tions, the large-eddy simulation approach is adopted. Specifically, a dynamic Smagorin-11

sky closure is used for the subgrid fluid and sediment stresses, while the subgrid contri-12

bution to the drag force is included using a drift velocity model with a similar dynamic13

procedure. The contribution of sediment stresses due to intergranular interactions is14

modeled by the kinetic theory of granular flow at low to intermediate sediment concen-15

tration, while at high sediment concentration of enduring contact, a phenomenological16

closure for particle pressure and frictional viscosity is used. The model is validated17

with a comprehensive high-resolution dataset of unidirectional steady sheet flow (Revil-18

Baudard et al., 2015, Journal of Fluid Mechanics, 767, 1-30). At a particle Stokes19

number of about 10, simulation results indicate a reduced von Kármán coefficient of20

κ ≈ 0.215 obtained from the fluid velocity profile. A fluid turbulence kinetic energy21

budget analysis further indicates that the drag-induced turbulence dissipation rate is22

significant in the sheet flow layer, while in the dilute transport layer, the pressure work23

plays a similar role as the buoyancy dissipation, which is typically used in the single-24

phase stratified flow formulation. The present model also reproduces the sheet layer25

thickness and mobile bed roughness similar to measured data. However, the resulting26

mobile bed roughness is more than two times larger than that predicted by the empirical27

formulae. Further analysis suggests that through intermittent turbulent motions near28
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the bed, the resolved sediment Reynolds stress plays a major role in the enhancement29

of mobile bed roughness. Our analysis on near-bed intermittency also suggests that30

the turbulent ejection motions are highly correlated with the upward sediment suspen-31

sion flux, while the turbulent sweep events are mostly associated with the downward32

sediment deposition flux.33

Keywords: large eddy simulation, sediment transport, sheet flow, two-phase flow,34

near-bed intermittency35

1. Introduction36

Understanding the mechanisms driving the mobilization, suspension, transport and37

deposition of sediments is fundamental to the prediction of the earth surface evolution.38

Sheet flow represents an intense sediment transport mode, in which a thick layer of con-39

centrated sediment is mobilized above the quasi-static bed. However, modeling sheet40

flow remains challenging due to the tightly coupled fluid-particle and inter-particle in-41

teractions covering a full range of particle concentration, namely, from the volumetric42

concentration of about 0.6 in the bed (near random-close packing) to the dilute trans-43

port of concentration less than 10−4. The mechanisms associated with this nearly five44

orders of magnitude of concentration are also diverse. In moderate to high concen-45

tration, transport is dominated by inter-particle interactions ranging from intermittent46

collisions to enduring contacts (Armanini et al., 2005; Berzi and Fraccarollo, 2015). In47

this sediment concentration range, rheological closures are required for the contribu-48

tions from both particle inertia and interstitial fluid viscosity (e.g., Jenkins and Berzi,49

2010; Boyer et al., 2011). When sediment concentration decreases, the transport be-50

comes increasingly dominated by turbulent eddies, while the turbulent eddies are also51

affected by the presence of particles. A specific challenge is the vast range of cascading52

turbulent eddy sizes (from O(10−1) to O(10−4) m) and their interactions with different53

grain sizes (from O(10−3) to O(10−6) m).54

The conventional modeling approach for sediment transport is essentially a single-55

phase model, which splits the transport into bedload and suspended load layers. Due to56
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its simplicity and numerical efficiency, the single phase model has been integrated into57

meso/large scale models (e.g., Lesser et al., 2004; Hu et al., 2009). Due to the dilute as-58

sumption in the single-phase flow formulation, the bedload layer cannot be resolved but59

must rely on semi-empirical parameterizations of transport rate (e.g., Meyer-Peter and60

Muller, 1948; Ribberink, 1998). In addition, a semi-empirical suspension flux boundary61

condition has to be applied to the suspended load (van Rijn, 1984a). Although the62

single-phase-based sediment transport models have clearly made progresses in predict-63

ing some aspects of sediment transport (e.g., Zedler and Street, 2006; Liu and Garcia,64

2008), laboratory measurements of sheet flow with the full profile of sediment trans-65

port flux (Revil-Baudard et al., 2015) and net transport rate (O’Donoghue and Wright,66

2004) clearly indicated that these assumptions are too simple and cannot explain many67

observed sediment transport dynamics. For example, important mechanisms such as68

turbulent entrainment and intermittent burst events cannot be resolved (e.g., Revil-69

Baudard et al., 2015; Kiger and Pan, 2002). In addition, the particle velocities are70

often approximated by the fluid velocity and the particle settling velocity. Balachandar71

and Eaton (2010) and Balachandar (2009) reviewed the applicability of such approxima-72

tion, and revealed that this method is only plausible when the particle Stokes number73

(the ratio of particle relaxation time to Kolmogorov time scale) is small (< 0.2), for74

which the particles respond to the turbulent eddies rapidly. For typical sand transport75

in aquatic environments, the relevant particle Stokes number often exceeds 0.2, thus76

single-phase-based model becomes questionable even for fine sand (Finn and Li, 2016).77

For larger particle Stokes number, more sophisticated methods to model sediment78

transport have been developed using the Euler-Lagrange approach. In Euler-Lagrange79

models, the sediment particles are tracked as point-particle (e.g., Drake and Calantoni,80

2001; Schmeeckle, 2014; Sun and Xiao, 2016a; Finn et al., 2016) or with the interstitial81

fluid resolved (Uhlmann, 2008; Fukuoka et al., 2014). The position and velocity of each82

particle are directly tracked using the Newton’s second law, and individual particle83

collision is directly modeled. In the point-particle approach, the fluid phase is solved84

as a continuum phase, and it is coupled with particles through a series of averaged85
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momentum transfer terms, such as drag force, buoyancy force, lift force and added86

mass. Euler-Lagrange models are shown to be promising in modeling grain size sorting87

(Harada et al., 2015) and non-spherical particle shapes (Calantoni et al., 2004; Fukuoka88

et al., 2014; Sun et al., 2017). Schmeeckle (2014) and Liu et al. (2016) applied large89

eddy simulation to model bedload transport of coarse sand and identified the role of90

turbulent ejection/sweep on sediment entrainment. Sun and Xiao (2016b) further car-91

ried out 3D simulation of dune evolution for coarse sand. Recently, Finn et al. (2016)92

used a point-particle method to study medium sand transport in wave boundary layer,93

where the sediment trapping due to ripple vortexes was successfully captured. In the94

Lagrangian description of particle transport, a major challenge remains to be the high95

computational cost as the number of particles increases. Though the computation tech-96

nology is advancing rapidly, the largest achievable number of particles in the literature97

was on the order of O(10) million at this moment. Therefore, it is not practical to98

apply Euler-Lagrange approach to study transport of fine to medium sand.99

Alternatively, the particle phase can be treated as a continuum and a classical100

Eulerian-Eulerian two-phase flow approach can be used (e.g., Jenkins and Hanes, 1998;101

Dong and Zhang, 1999; Hsu et al., 2004; Bakhtyar et al., 2009; Revil-Baudard and102

Chauchat, 2013; Cheng et al., 2017). By solving the mass and momentum equations103

of fluid phase and sediment phase with appropriate closures for interphase momentum104

transfer, turbulence, and intergranular stresses, these two-phase flow models are able to105

resolve the entire profiles of sediment transport without the assumptions of bedload and106

suspended load. Hsu et al. (2004) incorporated an empirical sediment stress closure in107

the enduring contact layer, and adopted kinetic theory for inter-granular stress in the108

collisional sediment transport regimes. The k−ε equations were modified to account for109

the turbulence-sediment interactions for large particle Stokes number. Later, Amoudry110

et al. (2008), Kranenburg et al. (2014), and Cheng et al. (2017) further improved the111

turbulence-sediment interaction parameterization, and extended the turbulence closure112

to a wider range of particle Stokes number. Recently, new particle stress closure were113

adopted using phenomenological laws for dense granular flow rheology (Revil-Baudard114
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and Chauchat, 2013) and it was demonstrated that granular rheology can produce115

similar predictions of sediment transport as other models using the kinetic theory for116

granular flow.117

With the progress made in Eulerian two-phase modeling of sediment transport, sev-118

eral advancements are warranted. Firstly, nearly all these Eulerian two-phase sediment119

transport models are developed in the turbulence-averaged formulation, and the turbu-120

lence closures rely on eddy viscosity calculated ranging from a mixing length model to121

two-equation models. Aside from their empirical treatment on turbulence-sediment in-122

teraction, as reported by several studies (e.g., Amoudry et al., 2008; Kranenburg et al.,123

2014; Cheng et al., 2017), the model results are sensitive to the coefficients in the turbu-124

lence closure. It is likely that the existing closures for turbulence-sediment interaction in125

turbulence-averaged sediment transport models need to be further improved. To better126

understand the effect of sediments on modulating turbulence and conversely, the mix-127

ing and transport of sediments by turbulent eddies, a turbulence-resolving two-phase128

flow modeling approach is necessary. For many sediment transport applications that in-129

volve sand transport at high Reynolds number, the Stokes number is greater than unity130

and grain-scale process is usually larger than the Kolmogorov length scale. Hence, a131

turbulence-resolving approach based on large-eddy simulation (LES) methodology can132

be adopted to solve the Eulerian two-phase flow formulation (Balachandar, 2009; Finn133

and Li, 2016). The purpose of this study is to develop a turbulence-resolving numerical134

modeling framework and begin to tackle the challenge of modeling turbulence-sediment135

interactions for the full range of concentration in sediment transport.136

Recently, an open-source multi-dimensional Eulerian two-phase flow model for sed-137

iment transport, SedFoam (Cheng et al., 2017), is developed using the CFD toolbox138

OpenFOAM. Although the numerical model is created for full three-dimensions (3D),139

existing SedFoam solver has only been used for two-dimensional turbulence-averaged140

sediment transport modeling. In this study, we extend the SedFoam solver to a 3D141

large-eddy simulation model, in which a substantial amount of turbulent motions and142

turbulence-sediment interactions are resolved, and the effects of small eddies and sedi-143
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ment dispersion are modeled with subgrid closures. Model formulations are described144

in Section 2, and model setup and validation for the steady unidirectional sheet flow ex-145

periment of Revil-Baudard et al. (2015) are presented in Section 3. Section 4 is devoted146

to discuss several insights of turbulence-sediment interactions in sheet flow revealed by147

the resolved fields. Concluding remarks are given in Section 5.148

2. Model formulation149

2.1. Filtered Eulerian two-phase flow equations150

In this study, we adopt the Eulerian two-phase flow formulation for a particulate151

system (Drew, 1983; Ding and Gidaspow, 1990) to model sediment transport (Cheng,152

2016). To better resolve turbulence-sediment interactions, a large-eddy simulation153

(LES) methodology is utilized. Turbulent motions (eddies) involve a wide range of154

length scales. In LES, the large-scale motions are directly resolved, and the effects of155

the small-scale motions are modeled with subgrid closures. To achieve the separation156

of scales, a filter operation is applied to the Eulerian two-phase flow equations. Similar157

to the previous studies using the two-phase flow approach for compressible flows (e.g.,158

Vreman et al., 1995), a Favre filtering concept is used, i.e., F(φf) = φ̂f̂ , where ‘F’159

denotes the Favre filter operation, ‘̂ ’ denotes the Favre filtered variables, and φ is160

the volumetric concentration of quantity f . It shall be noted that although the Favre161

filter operation does not commute with the partial differential operators, it has been162

demonstrated that Favre filter only makes a negligible difference to the large-scale dy-163

namics compared with the direct filtering approaches for high Reynolds number flows164

(Aluie, 2013). Here, Favre filtering procedure is applied to both the fluid phase and the165

sediment phase.166

Considering no mass transfer between the two phases, the filtered mass conservation167

equations for fluid phase and sediment phase can be written as:168

∂(1− φ̂)

∂t
+
∂(1− φ̂)ûfi

∂xi
= 0, (1)
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169

∂φ̂

∂t
+
∂φ̂ûsi
∂xi

= 0, (2)

where φ̂ is the filtered sediment volumetric concentration, ûfi , û
s
i are the filtered fluid and170

sediment velocities, and i = 1, 2, 3 represents streamwise (x), spanwise (y) and vertical171

(z) components, respectively. As a result of Favre filtering, the filtered continuity172

equations do not contain any subgrid term.173

The filtered momentum equations for fluid and sediment phases are written as:174

∂ρf (1− φ̂)ûfi
∂t

+
∂ρf (1− φ̂)ûfi û

f
j

∂xj
= (1− φ̂)fi − (1− φ̂)

∂p̂f

∂xi
+
∂ρf (1− φ̂)(τ̂ fij + τ̂ f,sgsij )

∂xj

+ρf (1− φ̂)gi + M̂ fs
i , (3)

175

∂ρsφ̂ûsi
∂t

+
∂ρsφ̂ûsi û

s
j

∂xj
= φ̂fi − φ̂

∂p̂f

∂xi
+
∂ρsφ̂τ̂ s,sgsij

∂xj
− ∂p̂s

∂xi
+
∂τ̂ sij
∂xj

+ ρsφ̂gi − M̂ fs
i (4)

where, ρf , ρs are fluid and sediment densities, respectively. gi is the gravitational ac-176

celeration, fi is the uniform external driving force and p̂f is the fluid pressure. The177

particle pressure p̂s and particle stress τ̂ sij due to intergranular interactions are modeled178

on the basis of the kinetic theory of granular flow and phenomenological closure of con-179

tact stresses. The particle stress closure is similar to Cheng et al. (2017), and a brief180

summary of the particle stress closures is given in the Appendix A. τ̂ fij and τ̂ f,sgsij are181

the fluid (molecular) viscous stress and subgrid stress associated with the unresolved182

turbulent motions. In analogy to the fluid phase, the unresolved particle motions due183

to turbulence are taken into account by the subgrid stress, τ̂ s,sgsij . M̂ fs
i represents the184

filtered inter-phase momentum transfer between fluid phase and particle phase (see185

section 2.3). The subgrid stress model and subgrid drag model will be discussed next.186

2.2. Subgrid turbulence closures187

In the momentum equations (3) and (4), the filtering of nonlinear convection term188

on the left-hand-side (LHS) leads to the subgrid tensor τ̂ f,sgsij and τ̂ f,sgsij , respectively.189

They can read as,190

−(1− φ̂)τ̂ f,sgsij = F[(1− φ)ufi u
f
j ]− (1− φ̂)ûfi û

f
j , (5)

−φ̂τ̂ s,sgsij = F[φusiu
s
j ]− φ̂ûsi ûsj , (6)
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where, φ, ufi and usi are the unfiltered sediment concentration, fluid and sediment191

velocity, respectively. We further assume that the Favre filter operator can be applied to192

the momentum flux (ufi u
f
j and usiu

s
j), i.e., F[(1−φ)ufi u

f
j ] ≈ (1− φ̂)ûfi u

f
j and F[φusiu

s
j ] ≈193

φ̂ûsiu
s
j . Here, we will discuss the modeling of fluid subgrid stress (Eqn. 5) using a194

dynamic procedure in detail. The residual fluid momentum flux can be modeled using195

a functional subgrid stress model (Germano et al., 1991):196

τ̂ f,sgsij = ûfi û
f
j − û

f
i u

f
j = 2νfsgsŜ

f
ij, (7)

where, Ŝfij is the resolved fluid strain rate tensor written as,197

Ŝfij =
1

2

(
∂ûfi
∂xj

+
∂ûfj
∂xi

)
− 1

3

∂ûfk
∂xk

δij (8)

with δij representing the Kronecker delta. νfsgs = Cf
s ∆2‖Ŝ

f
‖ is the subgrid eddy198

viscosity with ∆ being the filter width, which is related to the local grid cell size,199

∆ = (∆x∆y∆z)
1/3. Cf

s is the Smagorinsky coefficient, and ‖Ŝ
f
‖ is the magnitude of200

the strain rate tensor, ‖Ŝ
f
‖ =

√
2ŜfijŜ

f
ij. For the present sheet flow simulation, the201

dynamic procedure originally proposed by Germano et al. (1991) and Lilly (1992) is202

adopted to determine the Smagorinsky coefficient Cf
s .203

The dynamic Smagorinsky model involves two levels of filtering, and it assumes that204

the residual stresses at these two levels are similar. Consequently, the Smagorinsky205

coefficient is determined to minimize the differences. The first level is the implicit206

filtering at the grid level, and the filter size is the grid size (∆). By solving the filtered207

Eulerian two-phase flow equations, this level of filtering is implicitly performed. The208

second filter level is the test filter, which is typically twice the grid size ∆̃ = 2∆, and209

‘ ˜ ’ denotes the test filtering operation. This procedure is performed explicitly by210

applying a box filtering operation, which can be simplified to an averaging operation211

over the cell-faces for rectangular cells in finite volume methods. The residual stress212

due to the test filtering on the grid filtered velocities is written as:213

Tij =
˜̂
ufi
˜̂
ufj −

˜̂
ufi u

f
j (9)
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The difference between residual stress at the test filtering level and the test filtering of214

residual stess at the grid level is often known as the Leonard identity,215

Lij = Tij − ˜̂τ f,sgsij =
˜̂
ufi
˜̂
ufj −

˜̂ufi û
f
j , (10)

If we assume a uniform Smagorinsky coefficient can be used at both the grid filtering216

level and the test filtering level, we obtain Tij = 2Cf
s ∆̃2‖

˜̂
S
f
‖˜̂Sfij, and the modeled217

identity (denoted as Lmij ) can be expressed as:218

Lmij = 2Cf
s (∆̃2‖

˜̂
S
f
‖˜̂Sfij −∆2‖Ŝ

f
‖Ŝfij

:
), (11)

Thus the Smagorinsky coefficient Cf
s can be determined by minimizing the mean square219

error between Lij and Lmij :220

Cf
s =

< LijL
d
ij >

< LdijL
d
ij >

(12)

where Ldij = 2∆̃2‖
˜̂
S
f
‖˜̂Sfij − 2∆2‖Ŝ

f
‖Ŝfij

:
, and ‘< >’ denotes the plane-averaging221

operator over homogeneous directions.222

Due to their similarity and consistency in the model, the modeling procedure for223

the sediment subgrid stress (see Eqn. 4) follows the same dynamic procedure used for224

the fluid subgrid stress.225

2.3. Subgrid drag model226

In the fluid-particle system, the particles are assumed to share the fluid pressure227

and the fluid and particle momentum equations are coupled through an inter-phase228

momentum transfer term (see Eqns 3 and 4). In general, the momentum interactions229

between the fluid phase and the particle phase include the drag force, added mass force,230

lift force (Maxey and Riley, 1983) and the effect of grain-scale turbulence fluctuations on231

the effective momentum transfer amongst others. According to the Reynolds-averaged232

two-phase flow modeling study of Jha and Bombardelli (2010), the relative magnitude233

of the lift and added mass forces with respect to the drag forces were generally less234

than 5% and 25% for sand particles, respectively. Therefore, in a first approximation235
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the lift force and added mass forces are neglected in this study. We are aware that in a236

turbulence-resolving approach, these two forces may become important. However, the237

complexity associated with the additional closure coefficients and sub-grid contributions238

are left for future work. The filtered drag force can be written as a resolved part and239

subgrid part:240

M̂ fs
i = −φ̂βuri = −β̂φ̂ûri − I

sgs
i , (13)

where, uri = ufi − usi is the relative velocity, and Isgsi is the subgrid contribution to the241

drag. For the closure of the drag parameter β̂, we follow Ding and Gidaspow (1990) by242

combining the model of Ergun (1952) for dense sediment concentration (φ̂ ≥ 0.2) and243

the model of Wen and Yu (1966) for lower concentration (φ̂ < 0.2):244

β̂ =

 150φ̂νfρf/[(1− φ̂)(ηd)2] + 1.75ρf |ûri |/(ηd), φ̂ ≥ 0.2

0.75Cdρ
f |ûri |(1− φ̂)−1.65/(ηd), φ̂ < 0.2

(14)

where d is the equivalent grain diameter. As proposed in Chauchat (2017), a shape245

factor η is introduced to take account of non-spherical particle shape in the drag model,246

where η = 1 for spherical particles. For nonspherical particles, the shape factor η is247

tuned to match the measured settling velocity in the experiment. The drag coefficient248

Cd is expressed as:249

Cd =

 24(1 + 0.15Re0.687
p )/Rep, Rep ≤ 1000

0.44, Rep > 1000
(15)

in which, Rep = (1 − φ̂)|ûri |de/νf is the particle Reynolds number, and νf is the fluid250

molecular viscosity. It was demonstrated that the existence of mesoscale structures,251

such as streamers and clusters, can have significant effects on the overall particle dy-252

namics (O’Brien and Syamlal, 1993). These turbulent meso-structures have a length253

scale ranging from 1 to 10 grain diameters. As a result, these mesostructures may not254

be resolved by the mesh size used in most studies unless flow around the particles is255

fully resolved. The resolved drag force may be over-predicted if the subgrid contribu-256

tion of the drag force is not fully accounted for (Ozel et al., 2013). As proposed by Ozel257
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et al. (2013), the subgrid contribution due to the unresolved mesoscale structures can258

be modeled with a subgrid drift velocity in the drag force:259

Isgsi = φ̂βuri − φ̂β̂ûri = φ̂β̂Kif(∆)h(φ̂)ûri , (16)

where Ki is a model constant. f(∆) was originally proposed as a filter dependent260

function, f(∆) = ∆2/(∆2 + Cf τ̂p|ûri |) for fluidized bed applications with τ̂p = ρs/β̂261

being the particle relaxation time and Cf is a model constant. However, our prelimi-262

nary numerical investigation for sheet flow indicated that this formulation significantly263

underestimates the sediment suspension with Cf > 0, thus we chose Cf = 0, i.e., a264

constant f(∆) = 1 is used. In Eqn (16), the concentration dependent function, h(φ̂)265

reads as,266

h(φ̂) = − tanh

(
φ̂

Ch1

)√
φ̂

φm

(
1− φ̂

φm

)2
1− Ch2

φ̂

φm
+ Ch3

(
φ̂

φm

)2
 , (17)

where Ch1 = 0.1, Ch2 = 1.88 and Ch3 = 5.16 are suggested Ozel et al. (2013), and φm267

is the maximum sediment packing limit for the sediments, which has been chosen to268

be 0.6. The significance of the function h(φ̂) is small when the sediment concentration269

is small (φ̂ < 0.08) or close to packing limit (φ̂ > 0.5), where turbulence plays a270

marginal role. In the interval with intermediate sediment concentration 0.08 < φ̂ < 0.5271

where turbulence-sediment interaction is expected to be most intense, h(φ̂) reaches its272

minimum, i.e., h(φ̂) ≈ −0.24.273

Following the previous studies (e.g., Parmentier et al., 2012; Ozel et al., 2013), the274

subgrid correlation of sediment concentration φ, drag parameter β and relative uri is275

anisotropic, thus Ki is evaluated separately in each direction. The model constant Ki276

is adjusted dynamically in a similar way as the dynamic Smagorinsky coefficient Cf
s by277

using a test filter and plane-averaging (see Section 2.2).278

Ki =
< DiD

d
i >

< Dd
iD

d
i >

, (18)

where Di = ˜̂φβ̂ûri −
˜̂
φ
˜̂
β ˜̂uri , and Dd

i = h̃(φ̂)
˜̂
φ
˜̂
β ˜̂uri − h(φ̂)φ̂β̂ûri
:

. In the rest of this paper,279
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unless otherwise noted, the overhead symbol ‘̂ ’ denoting the Favre filtered variables280

is dropped for convenience.281

2.4. Numerical implementation282

The numerical implementation of the present Eulerian two-phase flow sediment283

transport models is based on the open-source finite volume CFD toolbox OpenFOAM284

(Weller, 2002). Specifically, a multi-dimensional two-phase turbulence-averaged model285

called sedFoam (Cheng et al., 2017) is taken as the baseline, and new subgrid closures286

(subgrid stress and subgrid drag) are implemented to extend its capability to 3D large-287

eddy simulations. OpenFOAM uses the finite volume method over a collocated grid288

arrangement, and the Gauss’s theorem is applied to the convection and diffusion terms289

to ensure a conservative form of the discretized equations. The numerical discretization290

of the differential operators was implemented up to the second-order accuracy in space291

and time. For the temporal derivatives, the second-order implicit backward scheme292

is used to minimize numerical diffusion. For the convection terms in the momentum293

equations, a second-order filteredLinear scheme (implemented in OpenFOAM) is used,294

while spurious numerical oscillations intrinsic to second-order methods is minimized by295

introducing a small blend of upwind scheme where unphysical numerical oscillations296

occur. For the convection terms in the mass conservation equation and granular tem-297

perature equations, a bounded version the Total Variation Diminish (TVD) scheme298

based on the Sweby limiter (Sweby, 1984) is used, denoted as limitedLinear scheme in299

OpenFOAM.300

The new large eddy simulation turbulence closures and subgrid drag models (see301

Section 2.2 and 2.3) are implemented in the OpenFOAM toolbox. To facilitate the302

plane-averaging operations in the subgrid closures, the cell IDs of the same vertical303

height are stored in the beginning of the numerical simulation. Other than the sub-304

grid closures, the solution procedure is similar to the turbulence averaged version of305

sedFoam (Chauchat et al., 2017). The narrow-banded matrices obtained as a result of306

the momentum equations discretization (e.g., Eqn. 3) are solved using a direct solver.307
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The pressure poisson equation is constructed to ensure the mass conservation of the308

mixture, and it is solved by using a geometric-algebraic multi-grid solver (GAMG). The309

interested reader is referred to Chauchat et al. (2017) for more details on the numerical310

implementation.311

3. Model validation312

The high-resolution dataset for steady unidirectional sheet flow experiment reported313

by Revil-Baudard et al. (2015) is used here for model validation. A fully turbulent flow314

of flow depth Hf0 = 0.17 m and a depth-averaged velocity Uf0 = 0.52 m/s (see Table 1)315

was generated above the sediment bed. The sediment particles were irregularly shaped,316

well-sorted with a mean particle diameter of d = 3 mm, and density of ρs = 1192 kg/m3.317

The measured mean settling velocity was Wfall = 5.59 cm/s, which is smaller than that318

calculated using the drag law assuming a spherical particle shape. To be consistent319

with the laboratory experiment of Revil-Baudard et al. (2015), we adjusted the shape320

factor η = 0.5 to match the measured particle settling velocity (see Eqn. 14).321

Although our eventual goal is to apply the model for sand transport, at this mo-322

ment there are several advantages to validate the model using the coarse light particles323

reported in Revil-Baudard et al. (2015). Firstly, to our knowledge this is the only pub-324

lished sheet flow experiment that reported concurrent measurement of flow velocity,325

sediment concentration and second-order turbulence statistics, which is essential for326

a complete model validation. According to Uhlmann (2008) and Balachandar (2009),327

particles are too massive to respond to a turbulent eddy having a characteristic length328

scale smaller than the length scale l∗ = t
3/2
p ε1/2 calculated by the particle relaxation329

time tp and turbulent dissipation rate ε. In a large-eddy simulation, when the grid size330

is smaller than l∗, it can be expected that a substantial amount of turbulent energy is331

resolved and the subgrid contribution to particle transport may become less important,332

but not negligible. As we will demonstrate later, the peak turbulent dissipation rate333

in the experiment of Revil-Baudard et al. (2015), estimated from the peak turbulent334

production term in the TKE budget, is no more than 0.1 m2/s3 (we expect this value335
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is similar to other laboratory-scale channel flow experiments). The particle relaxation336

time is calculated as tp = ρs/β = ρsWfall/[(ρ
s − ρf )g] and for the present coarse light337

particle, tp= 0.035 s and the resulting l∗ = 0.002 m. For the computational resource338

that is available to us, we can afford to carry out 3D simulations with grid size smaller339

than l∗ in order to minimize the uncertainties in the subgrid closure. On the other hand,340

it can be easily shown that for fine and medium sand particles, the particle relaxation341

time is at least one order of magnitude smaller and hence l∗ is of sub-millimeter scale342

(or smaller). In this case, subgrid closures play a much more important role in sand343

transport (Finn and Li, 2016). As a first step, we carry out large-eddy simulations and344

model validation for coarse light particle reported by Revil-Baudard et al. (2015) that345

allow for resolving turbulent eddies down to the l∗ scale.346

As discussed before, one of the most relevant nondimensional parameter in particle-347

laden flow is the Stokes number, St = tp/tη, where tη is the Kolmogorov time scale.348

With an estimated peak turbulent dissipation rate of 0.1 m2/s3, the Kolmogorov time349

scale is estimated as tη = (ν/εmax)
1/2 ≈ 0.0032 s. Since the particle relaxation time350

is estimated as tp = 0.035 s, the particle Stokes number for the experiment of Revil-351

Baudard et al. (2015) is about 11.352

ρs ρf d Wfall θf u∗ νf Hf0 Uf0 hf Uf

[kg/m3] [kg/m3] [mm] [cm/s] [deg] [cm/s] [m2/s] [m] [m/s] [m] [m/s]

1192 1000 3 5.59 35 5.0 10−6 0.17 0.52 0.133 0.71

Table 1: Experimental parameters in the sheet flow experiment of Revil-Baudard et al. (2015). Note

that Hf0 is the total water depth, and hf is the distance of a zero Reynolds shear stress plane to the

sediment bed. The corresponding depth-averaged flow velocities are Uf0 and Uf , respectively

3.1. Model domain and discretization353

The computational domain and coordinate system are shown in Figure 1, and the354

numerical parameters are summarized in Table 2. The two-phase flow system describes355

a steady fluid (water) flowing over a porous sediment bed. The initial sediment bed356
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fx dt Lx Ly Lz hb0 zb ∆x ∆y ∆zmin ∆zmax

[Pa/m] [×10−4s] [m] [m] [m] [m] [m] [mm] [mm] [mm] [mm]

20.15 2 0.844 0.422 0.175 0.053 0.042 1.65 1.65 0.4 2.2

Table 2: Numerical parameters used in the present sheet flow simulation

Figure 1: A sketch of model domain and coordinate system. The shaded area denotes the initial

sediment bed with depth hb0. The mean flow is in the streamwise (x) direction with flow depth hf0.

The total vertical (z-direction) domain height is Lz = hf0 + hb0, and the streamwise and spanwise

(y-direction) domain lengths are represented by Lx and Ly, respectively.

with depth hb0 is located at the bottom of the domain, and the flow above the sedi-357

ment bed (flow depth hf0), normal to the gravitational acceleration, drives the sediment358

transport. At the top boundary, a free-slip boundary condition is used for both the359

fluid velocity and sediment velocity, while a zero-gradient boundary is used for all the360

other quantities, such as, fluid pressure, sediment concentration, subgrid viscosity and361

granular temperature (see Table 3). At the bottom boundary of the domain, a no-slip362

boundary is used for the velocities of both phases, while a zero-gradient boundary is363

used for the other quantities. It is noted that in the present Eulerian two-phase model,364

the whole transport profiles from the dilute suspension, dense transport and static bed365

are resolved, and the bottom boundary of the model domain plays a minor role because366
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it is under a thick layer of sediment bed. Therefore, the fluid velocity, particle velocity,367

granular temperature are basically zero when they reach the bottom boundary. In the368

experiment, the channel flow is generated with a free surface, while the instrumentation369

may also interfere with the flow close to the free surface (see more details in Revil-370

Baudard et al., 2015). Fortunately, the measured data provided Reynolds shear stress371

profile, thus the location of a quasi-free-shear plane can be extrapolated. We obtained372

that the flow depth (location of free-shear plane) in the present numerical configuration373

should be hf = 0.135 m. The domain size is taken as Lx = 2πhf , Ly = πhf , and374

bi-periodic boundary conditions are applied for the streamwise (x) and spanwise (y) di-375

rections. For a homogeneous turbulent flow, this choice is justified if the domain length376

in the homogeneous directions is large enough to contain the largest turbulent eddies.377

This requirement will be demonstrated later. Below the flow, a layer of sediment bed378

of thickness hb0 = 0.053 m is prescribed right above the bottom boundary. Considering379

that the flow depth increases as the sediments are eroded from the bed, the initial flow380

depth hf0 is set to be hf0 = 0.122 m, slightly smaller than the target flow depth. Thus,381

the total domain height is Lz = 0.175 m.382

Variables Top Bottom Lateral

uf ∂uf

∂z
= 0,∂u

f

∂z
= 0,wf = 0 (uf ,vf ,wf ) =(0,0,0) Periodic

us (∂u
s

∂z
,∂v

s

∂z
,∂w

s

∂z
) =(0,0,0) (us,vs,ws) =(0,0,0) Periodic

pf ∂pf

∂z
= 0 ∂pf

∂z
= 0 Periodic

φ ∂φ
∂z

= 0 ∂φ
∂z

= 0 Periodic

Θ ∂Θ
∂z

= 0 ∂Θ
∂z

= 0 Periodic

Table 3: Boundary conditions in the present sheet flow simulation

The domain is discretized into 29,229,056 grid points (512 × 256 × 223 in x, y, z383

directions) with uniform grid size in streamwise and spanwise directions, ∆x = ∆y ≈384

1.65 mm. Nonuniform grid is applied in the vertical direction. Around the initial bed385

elevation (0.04 < z < 0.08 m), 100 uniform grid points are used, corresponding to a386

grid size of ∆zmin = 0.4 mm. Above z = 0.08 m, ∆z follows a geometric sequence with387
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a common ratio of 1.02 resulting in a maximum value of ∆zmax = 2.2 mm at the top of388

the domain. Below z = 0.04 m, the bed is rarely mobile, thus the grid size is stretched389

using a larger grid expansion ratio of 1.058 with a maximum value of ∆zmax = 2.6 mm390

at the bottom of the domain. A constant time step of dt = 2 × 10−4 s is used for the391

numerical simulation (see Table 2) to ensure that the maximum Courant number for392

fluid and sediment phases are less than 0.3.393

The initial conditions for the sediment concentration and velocity fields are discussed394

in detail in Appendix B and only a brief summary is given here. The initial sediment395

concentration within the domain is prescribed as a smooth hyperbolic tangent func-396

tion, in which the sediment concentration is close to the packing limit φm = 0.6 in397

the bed, and gradually drops to zero above the sediment bed. Following De Villiers398

(2007), Streak-like perturbations for both fluid and sediment velocities are added to a399

laminar velocity profile to expedite the growth of turbulence. In the experiment, the400

bottom frictional velocity was estimated via extrapolating the measured Reynolds shear401

stress profile to be bed, which gives a friction velocity of u∗ = 5 cm/s. To match the402

measured bottom frictional velocity, the mean horizontal pressure gradient force fx is403

determined from a preliminary numerical simulation with coarse grid and we obtained404

fx = 20.15 Pa/m. In the interpretation of the model results, we determine the bed loca-405

tion as the highest position where the sediment velocity is small enough (us < 1 mm/s)406

and the sediment concentration is greater than 98% of the maximum bed concentration.407

Under this flow forcing, the final mean bed elevation is located at zb = 0.042 m, which408

leads to a final flow depth of hf = 0.133 m. This confirms that the initial condition409

and model domain is close to the experimental condition.410

3.2. Model verification411

The statistics of turbulent flow quantities are of significant interest for model veri-412

fication/validation and to gain further insights in sediment transport. In the literature413

of steady sheet flow, several averaging techniques were often used. Particularly, the414

following three averaging operations are used in the rest of the paper, and they are415

17



0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

-0.2

0

0.2

0.4

0.6

0.8

1

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5

-0.2

0

0.2

0.4

0.6

0.8

1

Figure 2: Autocorrelation of streamwise (solid curve), spanwise (dash-dotted curve) and vertical

(dashed curve) velocity components in streamwise (panel a) and spanwise (panel b) directions.

define here as:416

(a) Plane average: average of physical quantities along the two homogeneous x417

and y (horizontal) directions and it is denoted as ‘< >’. The plane-average418

operation is already used in the determination of the subgrid coefficients (see419

Section 2.2 and 2.3).420

(b) Time average: average of physical quantities over a span of sample time after421

the flow reaches the statistical steady state, which is denoted as ‘< >t’. The422

time average requires that the span of the averaging time is sufficiently long so423

that two quantities separated by this time scale are uncorrelated.424

(c) Statistical average: perform both plane-averaging and time averaging of a flow425

quantity, denoted as overline ‘ ’.426

It is anticipated that the statistically-averaged quantities will be close to the ensemble-427
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averaged quantities in the statistical steady state. Before presenting model validations,428

several important aspects of numerical model setup need to be verified to ensure that429

the large-eddy simulation results presented here are appropriate.430

In this study, each simulation was run for 90 s of simulation time. During the431

simulation, the temporal evolution of plane-averaged sediment concentration and flow432

velocity are monitored. We confirmed that a simulation time of 80 s is sufficeint for433

the flow to reach a statistical steady state. Hence, time-averaging of the last 10 s of434

the simulation was used (between t = 80 to 90 s). In addition, the bulk velocity is also435

monitored as depth-averaged velocity through the entire flow depth above the sediment436

bed. The final flow depth at the statistical steady state is hf = 0.133 m, and the bulk437

velocity is Uf = 0.763 m/s. Therefore, the largest eddy turnover time can be estimated438

as TL = hf/Uf = 0.175 s. This means that the simulation was carried out for more439

than 500TL. Moreover, we can estimate the streamwise flow travel time scale between440

two periodic boundaries, which is Tx = Lx/Uf = 1.11 s. Thus, the total simulation441

time is more than 80Tx.442

To verify the domain size is sufficiently large to apply biperiodic boundary condi-443

tions, the spatial correlations of velocity fluctuations are computed using the results444

obtained at the end of the simulation. Figure 2 shows a two-point autocorrelation445

analysis in the x and y directions at the vertical elevation (z − zb)/d = 12.5, where446

the plane-averaged sediment concentration is dilute (about 1 percent, see Figure 4 in447

Section 3.3). The correlation coefficient Ruixj is defined as the autocorrelation of the448

i-component fluid velocity fluctuations (ui = uf
′
, vf

′
, wf

′
) in xj-direction (xj = x, y).449

The velocity fluctuation is calculated as the difference between instantaneous velocity450

ufi and the statistically-averaged velocity ufi , namely, uf ′ = ufi − u
f
i . The correlation451

is normalized by the mean-square of velocity fluctuation (uf ′2i ). Therefore, the correla-452

tion coefficient Ruixj is a function of the spatial separation (δx or δy) between the two453

points. We observe that the correlation coefficient drops from 1 at δx = 0 (or δy = 0)454

to nearly zero when the separation is half of the domain length, i.e., δx/Lx = 0.5 and455

δy/Ly = 0.5. This means that the streamwise and spanwise domain lengths are suffi-456
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ciently large to contain the largest eddies, and the use of periodic boundary condition457

is justified since the lateral boundaries are sufficiently far one from the other to be458

considered as uncorrelated.459
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Figure 3: Spectrum energy function of streamwise (solid curve), spanwise (dash-dotted curve) and

vertical (dashed curve) velocity fluctuation components in (a) streamwise and (b) spanwise directions.

The analysis is taken in a plane at (z − zb)/d = 12.5. In both panel (a) and (b), the thin solid curve

denotes a slope of −5/3, while the thin dashed curve denotes a slope of −1.

To justify the grid resolution, the dimensionless Turbulence Kinetic Energy (TKE)460

spectrum for each velocity component in the streamwise and spanwise directions at461

the elevation (z − zb)/d = 12.5 are shown in Figure 3. The energy density is made462

dimensionless using the resolved TKE, kf = (uf ′2 + vf ′2 + wf ′2)/2, and the respective463

domain length. Figure 3 shows that the present large eddy simulation resolves the464

expected −5/3 slope both in the streamwise and in the spanwise directions (thin solid465

lines) corresponding to the inertial subrange of the Kolmogorov (1962) theory. The466

dimensional analysis of Perry et al. (1987) and Nikora (1999) shows that the turbulent467

energy spectrum follows an inverse power law, i.e., the slope of the energy spectrum is468

about −1, in the lower wavenumber range in wall-bounded turbulent flows. This feature469

is also captured by the present large eddy simulation (see the thin dashed curve). It470

is noted that the resolved energy decay in the inertial subrange is not wide compared471
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with typical single-phase flow. This is because the presence of sediment provides several472

mechanisms to attenuate turbulence and they play a key role in determining small-scale473

dissipation (see Section 4.1). Nearly three orders of magnitude of the fluid TKE cascade474

is resolved which confirms that the grid resolution is fine enough to resolve most of the475

TKE.476

3.3. Model validation and grid convergence477

In this section model validation is presented for three grid resolution so that grid478

convergence can be also evaluated. The primary simulation with the highest resolution479

is denoted as Case 0. Two comparative cases with coarser grid resolutions in both480

streamwise and spanwise directions were carried out (see Table 4). Compared to Case481

0, the horizontal grid lengths (∆x and ∆y) are increased to 3.3 mm and 6.6 mm for482

Case 1 and Case 2, respectively. The same initial condition of sediment concentration483

and velocity fields were specified for all cases, and the flows were driven by the same484

pressure gradient force fx = 20.15 Pa/m.485

Cases Nx Ny Nz ∆x [mm] ∆y [mm] < Uf >t [m/s] Φ [cm2/s]

0 512 256 223 1.65 1.65 0.761 8.6

1 256 128 223 3.3 3.3 0.756 7.9

2 128 64 223 6.6 6.6 0.66 7.8

Table 4: Comparative test cases for the grid convergence.

To verify that this pressure gradient driving force matches the hydrodynamic con-486

dition of the experiment, the modeled Reynolds shear stress profiles for Case 0-2 are487

compared with the measured data in Figure 4a. We can see that the three model results488

are almost identical, and they are all in good agreement with the measured data. The489

Reynolds stress profile follows a linear profile above (z − zb) = 5d. At the statistical490

steady state, the bottom friction balances the horizontal pressure gradient force, i.e.,491

ρmu
2
∗ = fx(Lz − zb), where ρm = ρf (1 − φ) + ρsφ is the mixture density. We confirm492

that the bottom frictional velocity is similar to the experimental value, u∗ = 5 cm/s.493
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Figure 4: The comparison of numerical results (Case 0: solid curves; Case 1: dashed curves; Case

2: dash-dotted curves) and experiment results (symbols) of (a) Reynolds shear stress, −uf ′wf ′ ; (b)

streamwise mixture velocity, um; (c) sediment concentration, φ and (d) horizontal sediment flux, φus.

In panel (c), the subpanel shows the sediment concentration in semilog-scale (x-axis)

Below (z − zb) = 5d, the Reynolds shear stress diminishes, and drops to zero at the494

bed (z = zb). The decrease of Reynolds shear stress is predicted well by the numerical495

model, and this suggests that the present LES model captures the interplay between496

turbulent flow and sediment dynamics, a point that will be discussed in depth later (see497

section 4.2).498

Having established that the flow forcings between the laboratory experiment and499

the numerical model are consistent, the model is further validated against the measured500

data for statistically-averaged streamwise velocity, sediment concentration and sediment501

flux. The statistically-averaged streamwise mixture velocity profile (um = (1− φ)uf +502

φus) is shown in Figure 4b. The fluid and sediment velocity profiles are very close to503

the mixture velocity profile, and their difference is on the order of cm/s, consistent with504

other laboratory observation in dilute flow (Muste et al., 2005). Hence, they are not505

shown separately here. Overall, the velocity profiles in Case 0 and Case 1 are similar,506

and their relative differences are within 5%. However, a significant under-prediction of507
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velocity in Case 2 is observed, especially in the upper water column ((z−zb)/d > 6). In508

the near bed region (0 < (z − zb)/d < 6), the nearly linear velocity profile obtained in509

the experiment is well reproduced by all three cases. Between the two higher resolution510

cases, the highest resolution run (Case 0) better captures the overall shape of the511

velocity profile. In Case 1, the predicted velocity profile starts to deviate from the512

measured data above (z−zb) = 6d. As we will discuss later in Section 4.3, the sediment513

suspension intermittency plays a vital role in the range of 6 < (z− zb)/d < 15, thus the514

better resolved fluid and sediment fields in Case 0 may contribute the better agreement515

with measured data. We like to also point out that both Case 0 and Case 1 over-predict516

the velocity above the mid-depth (z − zb)/d > 22. We believe that this discrepancy517

could be due to the difference in the top boundary condition discussed before. As a518

result, the bulk velocity from Case 0 is about 0.761 m/s (0.756 m/s in Case 1), which519

is slightly larger than the measured data of Uf = 0.71 m/s.520

A comparison of the sediment concentration profile is shown in Figure 4c. Generally,521

good agreements are observed for all three cases. More detailed examination suggests522

that a slightly larger suspension of sediment in Case 0 is predicted resulting in a deeper523

erosion into the bed (about one grain diameter) and an over-prediction of the sediment524

concentration in the range of 5 < (z−zb)/d < 10. However, in the dilute transport layer525

((z−zb)/d > 10), concentration profile predicted by Case 0 agrees much better with the526

measure data (see the sub-panel of sediment concentration in semi-log scale), while cases527

with lower resolution significantly under-predicts sediment concentration. While it is528

expected that the model (all cases) predicts a log-linear concentration profile in dilute529

region similar to the measured data, the slope of the log-linear concentration profile530

is an important parameter as it is associated with sediment diffusivity (or Schmidt531

number). The under-prediction of such slope indicates that the sediment diffusivity is532

also underpredicted. This point will be discussed in more details later.533

Figure 4d shows the statistically-averaged streamwise sediment flux (φus). In Case 0,534

by depth-integration of the sediment streamwise flux φus, we obtain the total transport535

rate as Φ = 8.6 × 10−4 m2/s, while Case 1 (Case 2) gives a slightly lower value of536
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Φ = 7.9 × 10−4 m2/s (Φ = 7.8 × 10−4 m2/s), and they are all close to the measured537

value, Φ = 8.0 × 10−4 m2/s. It is evident that the peak of sediment flux occurs at538

intermediate sediment concentration of around 0.3 ((z − zb)/d ≈ 4), rather close to539

the static bed. Meanwhile, most of the sediment transport occurs within a thick layer540

above the static bed. Estimating the major sheet flow layer thickness is important to541

further parameterize transport rate, mobile bed roughness and flow resistance (e.g.,542

Yalin, 1992). According to previous experimental studies (Pugh and Wilson, 1999;543

Wilson, 1987; Sumer et al., 1996), the major sheet flow layer thickness depends on both544

the grain size and Shields parameter θ, which can be generalized as,545

δs
d

= αθ, (19)

where θ is the Shields parameter as defined in Section 3, and α is an empirical constant546

suggested to be 10 (Wilson, 1987) or 11.8 (Sumer et al., 1996). This empirical formula547

predicts a sheet layer thickness of 4.4d or 5.2d at a Shields parameter of θ = 0.44548

for the present case. In sediment transport literatures, the location where sediment549

concentration is 8%, is often defined as the top of the major sheet layer (Dohmen-550

Janssen et al., 2001). Using this definition, we obtained a sheet flow layer thickness551

of δs ≈ 6d for all cases, which agrees well with the empirical formulae. By further552

partitioning the transport rate using (z − zb) = 6d, we obtain that the transport rate553

occurs within the major sheet layer as 6.0× 10−4 m2/s (Case 0), 5.8× 10−4 m2/s (Case554

1) and 5.6×10−4 m2/s (Case 2) , which accounts for about 70% (Case 0), 74% (Case 1)555

and 72% (Case 2) of the total transport rate. In the remaining of the paper, we name556

the transport layer below (resp. above) (z − zb) = 6d as the major sheet layer (resp.557

dilute transport layer).558

Case 2 significantly underpredicts flow velocity compared with Case 0 and 1, sug-559

gesting that its resolution may not be sufficient. The comparison of the statistically560

averaged quantities for Case 0, Case 1 and Case 2 suggests that a good grid convergence561

is achieved for two higher resolution runs. In the following, we will focus on the highest562

resolution results from Case 0.563
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Furthermore, the comparison of the streamwise and wall-normal root-mean-squared564

(r.m.s.) velocity fluctuations is shown in Figure 5a. Overall, the model results agree well565

with the measured data, especially for streamwise component in the dilute region ((z−566

zb) > 6d), while lower resolution cases under-predict by about 30 percent (not shown).567

The model also captures the anisotropy of flow turbulence, i.e., the streamwise turbulent568

intensity is about a factor of two stronger than the wall-normal component. However,569

the model over-predicts both the streamwise and wall-normal velocity fluctuations close570

to the bed 0 < (z − zb)/d < 6. This overestimation of turbulent intensity may cause571

the large erosion depth in sediment concentration profile discussed before.572

Following the analysis adopted in Revil-Baudard et al. (2015), the mixture vertical573

momentum diffusivity σm above the sediment bed (z > zb) can be estimated as:574

σm =
fx(Lz − z)

ρm|∂uf/∂z|
, (20)

where a balance between the Reynolds shear stress and the horizontal pressure gradient575

force in the statistically steady state is assumed. Moreover, the sediment diffusivity can576

be evaluated based on the Rouse profile (Rouse, 1939):577

σp = −Wfallφ

∂φ/∂z
(21)

In Reynolds-averaged sediment transport models (e.g., van Rijn, 1984b), the sedi-578

ment diffusivity is parameterized by the momentum diffusivity or turbulent eddy vis-579

cosity by introducing the Schmidt number: Sc = σm/σp. Using Eqns (20) and (21), the580

momentum and the sediment diffusivities can be obtained from the present simulation581

results and they are shown in Figure 5b. The turbulent eddy viscosity profile agrees582

well with the measured data (compare solid line and circle symbol). However, the nu-583

merical results slightly under-predict the sediment diffusivity in the dilute transport584

layer ((z− zb)/d > 8, compare dashed line with cross symbol), which is consistent with585

the slight underestimation of suspended sediment (see Figure 4c). The Schmidt number586

profiles are shown in Figure 5c. Consistent with the under-prediction of the sediment587

diffusivity, the model predicts the Schmidt number of about 0.55 for (z − zb)/d > 8,588
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Figure 5: The vertical structure of (a) normalized root-mean-square of velocity fluctuations (cross

and circle symbols denote the experiment results of the vertical and streamwise components of veloc-

ity fluctuation, while dashed curve and solid curves denote the numerical result of the vertical and

streamwise components of velocity fluctuation), (b) turbulent eddy viscosity (σm, mode result: solid

curve, measured data: circle symbols) and sediment diffusivity (σp, mode result: dashed curve, mea-

sured data: cross symbols); The corresponding vertical profile of Schmidt number (Sc = σm/σp) is

compared in panel (c) between model result (solid curve) and measured data (circle symbols). The

dash-dotted curve signifies the mean value of Schmidt number (0.44 for the experiment and 0.55 for

the present numerical model).

which is slightly larger than the measured value of 0.44. For Case 1 and Case 2 with589

lower resolution, suspended sediment is under-predicted more significantly and the re-590

sulting Schmidt number is about 0.7 and 0.81, respectively (not shown here). The anal-591

ysis presented here suggests that some physical mechanisms of the turbulent-sediment592

interactions are not properly accounted for in subgrid closure, particularly for coarser593

resolution in which subgrid closure effect is more pronounced. According to previous594

studies of particle-laden flows, the added (virtual) mass force becomes increasingly im-595

portant compared to the drag force when the specific gravity becomes smaller (Mei596

et al., 1991; Elghobashi and Truesdell, 1992). Through a dimensional analysis, Li et al.597
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(2017) demonstrated that the relative importance of lift force to the drag force increases598

with the particle size. For the present LES of lightweight coarse particles (s = 1.192,599

d = 3 mm), strong vertical turbulent motions are resolved and the added mass and600

lift force may be non-negligible. It is likely that the near bed sediment ejection/sweep601

events are under-predicted due to neglecting added mass and left forces (see more dis-602

cussion in Section 4.3). The significance of these forces should be investigated as future603

work. However, we like to also point out that both the measured data and the model604

results give Schmidt number values lower than unity in the dilute suspended layer, i.e.,605

φ < 0.08, which is consistent with van Rijn (1984b)’s parameterization that the flow606

turbulence is more efficient to mix the sediment than the fluid momentum.607

4. Discussion608

In particle-laden flows, dispersion of particles by turbulence and conversely the609

turbulence modulation by the presence of particles are key mechanisms that need to be610

fully understood and insights have been revealed by many theoretical, experimental and611

numerical studies (e.g., Wang and Maxey, 1993; Balachandar and Eaton, 2010). In the612

context of sediment transport, turbulence-sediment interactions are further complicated613

by a wide range of sediment concentration and their proximity to the mobile bed. In614

this section, we discuss several issues of turbulence-sediment interactions with the co-615

existence of intergranular interactions in sheet flow using the LES results.616

To motivate our investigation, we examine the statistically-averaged mixing length617

profile in Figure 6a. The mixing length lm is a characteristic length scale for the618

momentum diffusion, which can be evaluated as:619

lm =

√
fx(Lz − z)/ρm
|∂uf/∂z|

, (22)

The model predicts a nearly linear vertical distribution above the bed that can be620

fitted using the relationship lm = κ(z − zd), where κ is the von Kármán constant and621

zd/d = 16.33 is the intersection of the fitted linear mixing length profile with the vertical622

axis. In Revil-Baudard et al. (2016), zd is defined as the “zero-plane”. Notice that the623
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Figure 6: Panel (a) shows the comparison of the mixing lengths between numerical result (solid curve)

and experimental results (symbols); The dashed line is the linear fit of the model results to obtain the

mixing length and κ = 0.215, and similarly the dash-dotted line gives the measured κ = 0.225. Panel

(b) show numerical result (solid curve) of streamwise velocity profile in semi-logarithmic scale. The

dashed curve represents the fitted curve with von Kármán constant κ = 0.215, and its intersection

with the vertical axis is zks = 0.48d. The dash-dotted curve indicates the slope of κ = 0.41 as in clear

fluid.

linear distribution is only valid in the nearly constant Reynolds stress region close to624

the fixed bed, while the elevation (z − zb) is small compared with the water depth hf .625

Therefore, the fitting is carried out in the range 5 < (z−zb)/d < 10 (or 19 < z/d < 24).626

The slope of the mixing length profile is equal to the von Kármán constant κ, and the627

best fit gives κ = 0.225 for the measured data and κ ≈ 0.215 for the present numerical628

simulation.629

In addition, the von Kármán constant can be further confirmed by the streamwise630

velocity profile in semi-logrithmic scale (Figure 6b). It is well-established that in steady631

sheet flow, the velocity profile in the overlapping layer between outer layer (velocity632

profile scales with flow depth) and inner layer (velocity profile scales with roughness633

height) follows the logarithmic law (e.g., Sumer et al., 1996), in which the relevant local634
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length scale is the wall distance:635

uf

u∗
=

1

κ
ln

(
z − zd
zks

)
, (23)

where zks is related to the bed roughness kN by zks = kN/30. The logarithmic law fits636

very well with the statistically-averaged velocity profile from the numerical simulation637

(solid curve in Figure 6b) in the range of (z − zd)/d > 2. The slope of the fitted638

logarithmic velocity can be used to calculate the von Kármán constant associated with639

Case 0, and the same values are obtained as from the mixing length profile. It is640

important to point out that both the modeled and measured κ are significantly smaller641

than the clear fluid value of 0.41, suggesting a significant damping of turbulence due to642

the presence of sediment is at work. Moreover, the intersection of the fitted logarithmic643

velocity line with the z-axis can be used to estimate the mobile bed roughness (Sumer644

et al., 1996). For the model results, we obtain zks = 0.48d or kN = 14.4d, which645

is similar to the measured value of zks = 0.33d or kN = 9.9d. As expected, both646

the modeled and measured mobile bed roughness kN values are much larger than the647

roughness for fixed bed (around 2d) and close to the major sheet flow layer thickness648

(see Eqn. (19)).649

Motivated by the reduced von Kármán constant κ and enhanced bed roughness650

kN obtained in Figure 6, turbulence attenuation due to the presence of sediment (or651

the reduction of κ) is investigated using the TKE budget in Section 4.1. Then, the652

mobile bed roughness in sheet flow and mechanisms associated with the enhanced bed653

roughness are introduced (Section 4.2), followed by a discussion of near bed sediment654

suspension intermittency in sheet flows (Section 4.3).655

4.1. Turbulence modulation and TKE budget656

It is well-established from laboratory observations of sediment transport that the657

existence of sediment mainly attenuates flow turbulence (e.g., Muste et al., 2005; Revil-658

Baudard et al., 2015). Evidence of turbulence attenuation by the suspended sedi-659

ment was observed indirectly via reduced von Kármán constant (or mixing length) or660
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via direct measurement of turbulent fluctuations. In sediment transport literatures,661

the most well-known cause for turbulence attenuation is attributed to the sediment-662

induced stable density stratification (e.g., Winterwerp, 2001). However, according to663

the equilibrium approximation to the Eulerian two-phase flow equations (Balachandar664

and Eaton, 2010), the various turbulence modulation mechanisms can be reduced to665

particle induced stratification only when the particle Stokes number St is much smaller666

than unity. As mentioned before, the particle Stokes number in experiment of Revil-667

Baudard et al. (2015) is 11 (this point will be confirmed again using simulation results).668

Therefore, the role of sediment-induced density stratification is unclear. Nevertheless,669

as discussed previously, our simulation results also show a reduction of von Kármán con-670

stant due to the presence of sediment. In the Eulerian two-phase flow formulation, the671

fluid and sediment phases are coupled through inter-phase momentum transfer terms672

mainly through the drag force. Therefore, the role of drag forces on fluid turbulence in673

sheet flow, and its relative importance to sediment-induced density stratification can be674

quantified by examining the budget of resolved fluid TKE. According to the resolved675

TKE spectrum (see Figure 3), we observe that our LES simulation has resolved 2 ∼ 3676

orders of magnitude of the TKE, suggesting that the subgrid (unresolved) TKE is of677

minor importance. Therefore, we will limit our discussion on turbulence modulation to678

resolved fluid TKE budget.679

The balance equation for the resolved fluid TKE, kf = (uf ′2 + vf ′2 + wf ′2)/2, is680

derived from the fluid momentum equation, which is written as:681

∂kf

∂t
= −uf ′i u

f ′

j

∂ufi
∂xj︸ ︷︷ ︸

(I)

−(νf + νfsgs)(
∂ufi
∂xj

+
∂ufj
∂xi

)
∂uf

′

i

∂xj︸ ︷︷ ︸
(II)

+
φβ[1 +Kih(φ)]

ρf (1− φ)
(usi − u

f
i )u

f ′

i︸ ︷︷ ︸
(III)

− 1

ρf
uf

′

i

∂pf ′

∂xi︸ ︷︷ ︸
(IV)

−ufj
∂kf

∂xj︸ ︷︷ ︸
(V)

−1

2
uf

′

j

∂uf
′

i u
f ′

i

∂xj︸ ︷︷ ︸
(VI)

+
1

1− φ
∂

∂xj

[
(1− φ)(νf + νfsgs)u

f ′

i (
∂ufi
∂xj

+
∂ufj
∂xi

)

]
︸ ︷︷ ︸

(VII)

(24)
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where the term on the LHS is the time derivative of the resolved TKE. The seven terms682

on the right-hand-side (RHS) of Eqn. (24) are: (I) turbulent production, advection683

and (VII) viscous/subgrid diffusion. For convenience, the last three terms, namely (V),684

(VI) and (VII), are collectively named as other transport terms. The pressure work685

term is shown individually as it is qualitatively equivalent to the buoyancy term in the686

stratified flow formulation. We like to point out that turbulent dissipation rate (II)687

consists of resolved dissipation rate and subgrid dissipation rate, respectively. With688

the high numerical resolution used in Case 0 (grid size is smaller than the averaged689

particle diameter), the resolved dissipation rate is about twice as large as the subgrid690

dissipation rate. This also implies that the present analysis on the resolved TKE budget691

is meaningful as it covers most of the TKE.692

The resolved TKE budget for the fluid phase is plotted in Figure 7a. Firstly, we693

confirm that the turbulent production provided by the numerical simulation is in rea-694

sonably good agreement with the measurements (compare symbols with solid curve in695

Figure 7a). The turbulent production is a positive source term in the fluid TKE budget696

and as expected its magnitude is close to zero at the sediment bed. Turbulent produc-697

tion increases away from the sediment bed and reaches a peak at about (z−zb)/d = 4.5698

before gradually decreasing upward. In the dilute transport layer ((z − zb)/d > 6),699

turbulent production is mainly balanced by total turbulent dissipation rate (cross sym-700

bol). The total turbulent dissipation rate reaches its peak right above the major sheet701

layer at about (z − zb)/d = 6, and its magnitude drops rapidly when approaching the702

bed. On the other hand, close to the top of the sheet layer ((z − zb)/d = 6 to 12),703

pressure work (dash-dotted line) and drag induced dissipation rate (dashed line) start704

to increase notably toward the bed. Inside the major sheet layer (1 < (z − zb)/d < 6),705

drag-induced dissipation rate becomes dominant while pressure work, total turbulent706

dissipation rate and other transport play minor but non-negligible roles in balancing707

the turbulent production. Very near the bed (0 < (z − zb)/d < 2), turbulent produc-708

tion reduces to zero, while the viscous/subgrid diffusion and pressure work take over709

to balance with drag-induced dissipation rate. Although the features of vanishing of710
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Figure 7: Panel (a) shows the vertical structures of the resolved fluid TKE budget, which includes the

turbulent production (I, model: solid curve, measurement: circle symbols), total turbulent dissipation

rate (II, cross symbols), drag-induced dissipation rate (III, dashed curve), pressure work (IV, dash-

dotted curve) and other transport (V+VI+VII, dotted curve). In panel (b), the comparison of non-

dimensional pressure work (Pw, dashed curve) and drag-induced dissipation rate (Ed, solid curve). The

commonly recognized density stratification effect is represented by the gradient Richardson number

(Rig) calculated from the simulation result (dash-dotted curve) and measured data (cross symbols).

turbulent production and increasing importance of transport terms very near the bed711

are similar to that in a clear fluid boundary layer (Kim et al., 1987), we found that712

it is the drag induced dissipation rate that balances with the transport terms in the713

present two-phase flow system. Moreover, the pressure work plays a role in attenuating714

turbulence in most of the transport layer, but it becomes positive (a source term) and715

balances with drag-induced dissipation very close to the bed (0 < (z − zb)/d < 2).716

In the present two-phase flow formulation, the pressure work term is a more complete717

description encompassing the effect of buoyancy (often referred in the stratified flow718

formulation). In addition, drag induced dissipation is evidently the dominant term719

in the concentrated region of transport. Therefore, it is worthwhile to compare their720

32



relative contributions to the damping of turbulence in sheet flow. The damping effect721

due to stable density stratification on the fluid turbulence can be quantified by the722

gradient Richardson number, which is defined as the ratio of turbulence attenuation723

caused by the density stratification to the turbulence production by using the gradient724

transport assumption:725

Rig = −
(ρs/ρf − 1)g ∂φ

∂z

|∂uf
∂z
|2

. (25)

In stably stratified shear flows, the turbulence damping effect of density stratification726

becomes significant if the gradient Richardson number exceeds the critical value 0.25727

(Winterwerp, 2001). In Figure 7b, the gradient Richardson number profile calculated728

from the simulation result (dash-dotted curve) is compared with that calculated from729

the measure data (cross symbols). We obtain generally good agreement between these730

two profiles, although their magnitudes are significantly smaller than the critical value731

of 0.25. For the sake of comparison, we introduce a similar non-dimensional parameter,732

Ed, as the ratio of drag-induced dissipation rate to turbulent production:733

Ed =

φβ[1+Kih(φ)]
ρf (1−φ)

(usi − u
f
i )u

f ′

i

uf
′

i u
f ′

j
∂ufi
∂xj

, (26)

Likewise, we introduce another non-dimensional parameter Pw, to quantify the relative734

importance of pressure work:735

Pw =
− 1
ρf
uf

′

i
∂pf ′

∂xi

uf
′

i u
f ′

j
∂ufi
∂xj

. (27)

The profiles of Ed and Pw are also plotted in Figure 7b. Throughout almost the736

entire transport region between (2 < (z − zb)/d < 15), the nondimensional pressure737

work parameter Pw is in the range of 0.1 to 0.2. In the dilute layer ((z − zb)/d > 10),738

nondimensional drag-induced dissipation rate Ed is much smaller than Pw. On the other739

hand, in the major sheet layer (1 < (z − zb)/d < 6), Ed becomes dominant. Due to740

vanishing turbulent production in the near bed region (z − zb)/d < 2, both Pw and Ed741

diverge in this region. In summary, drag-induced dissipation rate plays a dominating742

role in controlling turbulence modulation for the major transport layer in sheet flow of743
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coarse lightweight particles. It is also interesting to point out that, throughout almost744

the entire transport layer, the nondimensional pressure work Pw is several times larger745

than the gradient Richardson number Rig. In summary, the present two-phase flow746

model suggests that when describing sediment transport with Stokes number larger747

than unity, the use of sediment-induced density stratification to represent turbulence748

attenuation might not be relevant.749

4.2. Mobile bed roughness750

As demonstrated in Figure 6b, we obtain a mobile bed roughness of kN = 14.4d for751

the present steady sheet flow, which is significantly larger than the value for clear water752

flow over fixed rough bed (about kN = 2d). The enhanced roughness for sheet flow may753

further affect the parameterization for flow resistance and hence the estimation of flow754

depth and transport capacity (e.g., Yalin, 1992). Here, we investigate the mechanisms755

responsible for enhanced roughness due to the presence of a mobile bed.756

To understand the mechanisms of the enhanced mobile bed roughness, the contri-757

bution of shear stresses from the sediment phase and fluid phase are investigated in758

Figure 8a, while the sediment concentration profile is plotted in Figure 8b to signify759

the major sheet flow layer and dilute transport layer delimited by the circle symbol760

corresponding to φ = 8%. It is evident that the total shear stress follows a linear761

profile (dashed line), and a distinct pattern of shear stress contributions to the total762

shear stress can be found within and above the major sheet flow layer. In the dilute763

transport layer ((z − zb)/d > 6), the resolved fluid Reynolds shear stress is dominant764

(circle symbol), while the contribution of various sediment stresses is negligible, except765

for the resolved sediment Reynolds stress (square symbol), which starts to become no-766

table below (z − zb)/d = 9 (or concentration above φ ≈ 2%). In the major sheet flow767

layer ((z − zb)/d < 6), the resolved fluid Reynolds stress drops rapidly, while various768

sediment shear stresses take over. As the resolved fluid Reynolds shear stress begins769

to decrease at (z − zb)/d ≈ 6, the resolved sediment Reynolds stress starts to increase770

more rapidly, followed by an increase of sediment collisional stress (dotted line). Moving771
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Figure 8: Panel (a) shows the contributions to the total shear stress (dashed curve) for the fluid-

sediment mixture including the resolved Reynolds shear stress from fluid phase (circle symbol) and

sediment phase (square symbol), the collisional contribution to the sediment shear stress (dotted curve),

and the frictional contribution to the sediment shear stress (solid curve). The viscous contribution

to shear stresses is negligible (not shown). The sediment concentration profile (solid curve) is shown

in panel (b) to denote the major transport layer and dilute transport layer. The dividing location of

φ = 8% is indicated as the circle symbol ((z − zb) ≈ 6d).

further toward the bed, the collisional contribution to the shear stress increases sharply772

due to higher sediment concentration, and the peak location of the kinetic/collisional773

shear stress is at about (z − zb)/d = 1.56. This result is in agreement with Capart and774

Fraccarollo (2011)’s experiments in which the authors observed a frictional layer thick-775

ness between 0.5d and 2d at a Shields parameter of around 0.5. It is interesting to note776

that this location corresponds to sediment concentration of about 30% ∼ 35%. Further777

toward the bed, sediment concentration is very large and collisional shear stress must778

decay while the frictional sediment stress starts to increase sharply towards the station-779

ary bed. Therefore, when considering sediment transport as a mixture by adding fluid780

phase and sediment phase momentum equations into a mixture momentum equation,781
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the total kinetic energy is consumed by both the fluid shear stress and sediment shear782

stress. As a result, the mobile sediment particles exert extra kinetic energy dissipation783

due to various sediment shear stresses, which leads to an enhanced roughness in sheet784

flow compared with a fixed rough bed.785

For sheet flow condition, many researchers proposed that the mobile bed roughness786

does not scale with the grain size, instead it scales with the sheet layer thickness (Pugh787

and Wilson, 1999). This observation is consistent with our finding that particle stress788

is responsible for major kinetic energy dissipation as sediment concentration in the789

sheet layer is sufficiently high and intergranular interaction is expected to be dominant.790

However, as discussed previously, the present model predict a sheet layer thickness of791

δs ≈ 6d (see Eqn. 19). Even though this predicted sheet layer thickness agrees with792

the measured data and empirical formulations, the mobile bed roughness obtained from793

the present numerical simulation (kN = 14.4d) remains to be more than a factor of two794

larger than the sheet layer thickness. Although there is a general consensus that the795

mobile bed roughness is of the same order of magnitude as the sheet layer thickness,796

it is likely that more quantitive description also depends on sediment properties and797

flow unsteadiness. For example, Sumer et al. (1996) found that the ratio kN/d also798

depends on the fall parameter, which is defined as the dimensionless settling velocity799

(Wfall/u∗). Dohmen-Janssen et al. (2001) reported that for sheet flow under waves,800

the ratio kN/d is much larger for fine sand than that for medium and coarse sand.801

Importantly, we further hypothesize that the significantly enhanced roughness observed802

here, particularly regarding its value to be much larger than the sheet layer thickness,803

may be related to near bed intermittency to be discussed next.804

4.3. Near bed intermittency805

In typical sediment transport models, the transport rate and entrainment are of-806

ten parameterized by the excess bed shear stress (e.g., Meyer-Peter and Muller, 1948;807

van Rijn, 1984a) calculated by the averaged flow velocity without explicitly consider-808

ing turbulence-sediment fluctuations and their interactions. Recent studies have shown809
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Figure 9: A subdomain of vortex structures identified by the isosurface of the second invariant Qc =

1000 s−2 at t = 80 s along the slice of 2D plane of sediment concentration field at (z − zb) ≈ 6d.

that near-bed intermittent turbulent motions are the primary triggering mechanisms of810

large sediment entrainment (Nelson et al., 1995; Ninto and Garcia, 1996; Schmeeckle,811

2014; Liu et al., 2016) and they cannot be fully represented by the Reynolds-averaged812

models. With the present LES two-phase flow model, we study the effect of instanta-813

neous turbulent motions on sediment dynamics.814

A snapshot of the turbulent vortex structures after the flow reaches the statistical815

steady state are shown in Figure 9, where the criteria of the second invariant Q is816

used to identify the turbulent eddies (Hunt et al., 1988). The second invariant Q is817

calculated as Q = 1/2(||Ωf ||2 − ||Sf ||2), where ||Ωf || is the magnitude of the rotation-818

rate tensor. Here, we choose the critical value of Qc = 1000 s−2 and plot its iso-surface.819

For better visualization, only a subdomain of a quarter of the horizontal plane in the820

vertical range of z = 0.04 m to 0.09 m is shown. We observe a large amount of small-821

size turbulent structures. Several larger hairpin vortices can be found, however, they822

are not widespread. Instead, significant amount of half-horseshoe vortices are observed,823

and this finding is similar to the simulation results of Liu et al. (2016).824
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Along with the turbulent structures, sediment concentration field at the horizontal825

plane located at (z− zb) = 6d is shown in Figure 9. Due to turbulent-sediment interac-826

tions, the instantaneous sediment concentration field becomes highly inhomogeneous,827

and clusters of sediment can be observed. Preferential concentration in turbulent flow828

for inertia particles has been discussed in many studies (e.g., Wang and Maxey, 1993).829

For intermediate Stokes number, sediment particles are preferentially accumulated in830

regions of low vorticity and high strain rate (Q < 0). As calculated in Section 4.1, the831

particle Stokes number in this case is about 10, and thus it is expected that the low sed-832

iment concentrations coincide with positive Q values. It is evident that the isosurface of833

Qc = 1000 s−2 preferentially accumulates at regions where the sediment concentration834

is low (blue color), while it is relatively rare to find the isosurface of Qc = 1000 s−2 at835

regions of higher sediment concentrations (red color).836

Figure 10: A 2D color plot of sediment concentration (logarithmic scale) with respect to vertical

elevation (z− zb)/d and time t (s). The contours of ejection (thick-solid blue lines) and sweep (dashed

blue lines) events are also shown. The contour level for the ejection and sweep are both chosen to be

R = uf
′
wf ′

/uf ′wf ′ = 2. In addition, the variations of the vertical locations of sediment concentration

of φc = 0.08 (thin solid black line) and instantaneous bed level (dash-dotted black line) are plotted to

illustrate the major sheet flow layer.
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In Figure 10, the time series of sediment concentration profile at the center of the837

domain (x = Lx/2 and y = Ly/2) is presented as a 2D color coutour plot. The838

general features of the sediment concentration evolution at other horizontal locations839

in the domain are statistically similar, thus only the one at the center of the domain840

is discussed. The elevation of sediment concentration contour for φc = 0.08 (thin solid841

black line) and the instantaneous bed level (dash-dotted black line) are also indicated.842

The evolution of instantaneous bed level shows a mild change with time, while the isoline843

of φc = 0.08 fluctuates with much larger magnitude and at a much higher frequency. As844

discussed in Section 3.3, the dilute transport layer (φ < 0.08) contributes only a minor845

portion of sediment transport due to the small sediment concentration. The transport846

layer between the contour of φ > 0.08 and instantaneous bed level represents the major847

transport layer. The corresponding time series of the major transport layer thickness848

(h8%
t ) is shown in Figure 11a. Although the time average of the major transport layer849

thickness is 4.82d, instantaneously h8%
t can vary from 2.5d to 9d. The power spectrum850

of h8%
t can be analyzed as shown in Figure 11b. The power density E(h8%

t ) is made851

dimensionaless by d2Ts, where Ts = 4 s is time duration used for the spectrum analysis.852

It is interesting to note that peak of the power spectrum corresponds to frequencies853

f1 = 1.0 Hz, f2 = 2.5 Hz, f3 = 3.75 and f3 = 5.0 Hz. These values correspond to a854

timescale of variation of 1.0, 0.4, 0.27 and 0.2 s, the latter three are on the same order of855

magnitude as the eddy turnover time TL (0.175 s). This indicates that the fluctuation856

of the major sheet flow layer is closely related to the eddies motions.857

Recall that in Figure 8b, the resolved sediment Reynolds shear stress start to become858

notable at about (z− zb)/d = 9, which corresponds to a statistically-averaged sediment859

concentration of about 2%. The dashed line in Figure 11a represents the transport layer860

thickness h2%
t between φc = 0.02 and the instantaneous bed level. We observe that the861

time-averaged value of h2%
t is 9d. However, instantaneously, h2%

t can vary from 6d to862

15d. This variation of thickness is on the order of the mobile bed roughness observed863

for this case (kN = 14d). As a result, the intermittent fluctuations of the sheet flow864

layer thickness may contribute to the enhanced roughness in sheet flows.865
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Figure 11: Panel (a) shows the time series of the major transport layer thickness (solid curve) at the

center of the domain(x, y) = (Lx/2, Ly/2). The length of the time series is Ts = 4 s. In addition, the

distance of the location of φ = 2% to the instantaneous bed level is also shown as dashed curve. Panel

(b) is the power spectrum of the transport layer thickness E(h8%t ) (normalized by d2Ts) as a function

of frequency f(Hz).

To better illustrate the relationship between sediment transport and turbulent mo-866

tion, a quadrant analysis is carried out. The fluid velocity fluctuations are classified into867

four quadrants, namely, the outward interactions (Q1): (uf
′
> 0, wf

′
> 0), the ejections868

(Q2): (uf
′
< 0, wf

′
> 0), the inward interactions (Q3): (uf

′
< 0, wf

′
< 0), and the869

sweeps (Q4): (uf
′
> 0, wf

′
< 0). As reported by Revil-Baudard et al. (2015), the near870

bed intermittency of sediment concentration is mainly caused by the turbulent ejection871

and sweep events. In this study, the strength of a sweep/ejection event is characterized872

by the non-dimensional parameter R = uf
′
wf

′
/uf ′wf ′ . In Figure 10, the contours of873
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R = 2 corresponding to ejection and sweep events are plotted as blue-solid line and874

blue-dashed line, respectively. Qualitatively, ejection events often take place near the875

peak elevation of the 8% concentration contour, suggesting that ejection events are876

correlated with the occurrence of upward sediment fluxes. Similarly, sweep events are877

often correlated with the trough of the 8% sediment concentration contour, implying878

that sweep events are associated with downward sediment fluxes.879

To make more quantitative assessment on the relationship between Q2/Q4 (ejec-880

tion/sweep) events and sediment vertical fluxes, the coefficient Y (R, z(φc)) is calculated881

as the normalized cross-correlation coefficient between R and fluctuations of the con-882

centration iso-surface elevation z′(φc) at concentration level φc for Q2 and Q4 events,883

respectively. The standard deviation of R and z′(φc) is used to normalize the cross-884

correlation, thus Y (R, z′(φc)) varies from −1 to 1. If Y > 0, the two quantities are885

positively correlated, while if Y < 0, the two quantities are negatively correlated. For886

the isosurface of φc = 0.08 (see Figure 10), we obtain a correlation coefficient Y = 0.38887

for ejection events, suggesting that ejection events are often associated with upward888

sediment fluxes. On the other hand, the correlation coefficient is Y = −0.41 for sweep889

events, implying that the downward sediment fluxes are often related to sweep events.890

Our correlation analysis is consistent with the visual observation in Figure 10. Fur-891

thermore, the correlation coefficient can be computed for different concentration levels892

φc in the range [0.01 ; 0.2] and conditioned by quadrants Q2 and Q4 (not shown). We893

confirmed that the cross-correlation Y is positive (resp. negative) for ejection (resp.894

sweep) events, and its value slightly varies with the concentration φc. The peak value895

(Y = −0.42) of correlation coefficient associated with the sweep events at intermediate896

sediment concentrations of φc = 0.12, while for lower concentration (φc = 0.01) and897

higher concentrations (φc = 0.2), the correlation coefficient Y becomes slightly smaller898

(Y ≈ −0.33). On the other hand, the correlation coefficient associated with the ejection899

events is slightly larger for dilute sediment concentration (Y = 0.4 for φc = 0.01), and900

smaller for higher sediment concentration (Y = 0.34 for φc = 0.2).901

41



5. Conclusion902

A large-eddy simulation Eulerian two-phase flow model is developed for sediment903

transport and its capability is tested for turbulent sheet flow condition. The effects904

of the unresolved turbulent motion are modeled using a dynamic Smagorinsky subgrid905

closure (Germano et al., 1991; Lilly, 1992), and the unresolved subgrid drag is modeled906

using a drift velocity model (Ozel et al., 2013). The two-phase flow model is validated907

with a comprehensive high-resolution measurement of a unidirectional steady sheet flow,908

for which profiles of streamwise and vertical flow velocities and sediment concentration909

are reported (Revil-Baudard et al., 2015).910

Several insights essential to turbulence-sediment interactions and intergranular in-911

teractions in sheet flow condition are reported. By analyzing the simulation results912

for statistically-averaged streamwise velocity profile, a reduction of the von Kármán913

coefficient in the logarithmic layer is obtained, similar to the measured data. We ana-914

lyzed the fluid TKE budget to understand turbulence modulation due to the presence915

of sediment for the present problem with a particle Stokes number St around 10. We916

identified that the drag-induced damping effect dominated the turbulent modulation917

in the major sheet flow layer, while in the dilute transport layer, the pressure work918

plays a similar role as the stable density stratification in the single-phase stratified919

flow. The present numerical simulation also reproduces the major sheet layer thick-920

ness and mobile bed roughness similar to measured data. However, the mobile bed921

roughness is more than a factor two larger than the major sheet layer thickness. To922

seek for an explanation, we first carry out an analysis on the vertical distribution of923

various shear stresses in the present two-phase flow formulation. While it is clear that924

sediment collisional stress and frictional stress dominate the energy dissipation in the925

major sheet layer, the resolved sediment Reynolds shear stress is of notable magnitude926

above the major sheet layer with a mean sediment concentration of a few percent. The927

intermittent motions of sediment vertical fluxes and their relationships to the turbulent928

sweep/ejection events are studied. We first demonstrated that intermittent sediment929
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bursts is responsible for suspending notable amount of sediment up to more than 10930

grain diameters above the bed and hence contribute to the resolved sediment Reynolds931

stress. Consequently, these near bed intermittent events may play a major role in the932

enhanced mobile bed roughness. Simulation results further suggest that the turbulent933

ejection motions are correlated with upward sediment fluxes, while the sweep events934

are mostly associated with the downward sediment fluxes, and this correlation holds935

for a wide range of sediment concentration (φ < 0.2).936

Although the present LES Eulerian two-pahse model is successfully validated with937

the steady sheet flow experiment of Revil-Baudard et al. (2015), several improvements938

of this model are warranted. Numerical experiments on lower grid resolutions (with grid939

size ∆ greater than the grain size) suggest that the velocity profile in the dilute transport940

layer is sensitive to the numerical resolution. However, using a high numerical resolution941

with grid size similar to sediment grain size may not be always attainable, especially for942

finer grains. Therefore, a more comprehensive subgrid closure on turbulence-sediment943

interaction is necessary to further improve the present LES two-phase flow modeling944

approach for sediment transport. Meanwhile, a wider range of sediment properties and945

flow conditions should be investigated to provide a more comprehensive understanding946

of natural sand transport. In addition, several assumptions were adopted on the fluid-947

sediment momentum transfers, such as the ignorance of added mass, lift force and basset948

forces (Balachandar and Eaton, 2010). The relative importance of these forces compared949

with the drag force and the formulation of associated subgrid models should also be950

studied, especially for various sediment properties. Finally, the present study focuses951

on simulating particle-turbulence interactions and their effects on sheet flow, while952

relatively simple closures on particle stresses are adopted. Future modeling effort should953

also be extended for more complete description of particle stress in both intermediate954

and high particle concentration regimes (e.g., Berzi and Fraccarollo, 2015).955
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Appendix A. Particle stress model971

To resolve the full dynamics of sediment transport, closures of intergranular stress972

are needed, particularly in moderate to high concentration regions. For moderate sed-973

iment concentration, it is assumed that binary collisions dominate intergranular in-974

teractions and a closure based on the kinetic theory of granular flow is adopted. For975

high sediment concentration (φ > 0.5), binary collisions eventually become non-exist976

and intergranular interaction is dominated by enduring contact/frictional forces among977

particles. In this study, the closures of particle pressure and particle stress both consist978

of a collisional-kinetic component and a quasi-static component (Johnson and Jackson,979

1987; Hsu et al., 2004):980

ps = psc + psf (A.1)
981

τ sij = τ scij + τ sfij (A.2)
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The collisional component is first discussed. In the kinetic theory, particle stress and982

particle pressure are quantified by granular temperature Θ (Jenkins and Savage, 1983),983

and we adopted the transport equation for granular temperature suggested by Ding984

and Gidaspow (1990):985

3

2

[∂φρsΘ
∂t

+
∂φρsusjΘ

∂xj

]
=
(
− pscδij + τ scij

)∂usi
∂xj

+
∂

∂xj

(
κsc

∂Θ

∂xj

)
− γs − 3βΘ (A.3)

where the terms on the right-hand-side (RHS) are the production of granular temper-986

ature, the flux of granular temperature, the energy dissipation rate due to inelastic987

collision γs and the last term is the dissipation due to the interaction with the carrier988

fluid phase. Notice that the granular temperature equation is constructed by further ne-989

glecting the subgrid contribution to the granular temperature, as we observed that the990

resolved granular temperature is already small in the dilute transport layer. Following991

Ding and Gidaspow (1990), closure of particle pressure is written as,992

psc = ρsφ[1 + 2(1 + e)φgs0]Θ, (A.4)

where e is the coefficient of restitution during collision, and we take e = 0.8 for sand993

particles in water. The radial distribution function gs0 is introduced to describe the994

crowdiness of particle, which can be calculated as (Carnahan and Starling, 1969),995

gs0 =
2− φ

2(1− φ)3
. (A.5)

The radial distribution function gs0 quantifies the frequency of particle collisions, which996

is a sharp increasing function of sediment concentration, φ. The formula of Carnahan997

and Starling (1969) becomes invalid when sediment concentration becomes very large, as998

it under-predicts gs0 when the sediment concentration is approaching the close packing999

limit φm (Chialvo et al., 2012; Berzi and Fraccarollo, 2015). However, in modeling the1000

dense region in the present model, the granular temperature reduces to nearly zero, and1001

inter-granular interactions are dominated by enduring contact/frictional component of1002

the stress. Therefore, the radial distribution function of Carnahan and Starling (1969)1003

is still adopted for simplicity.1004
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The particle stress is calculated as,1005

τ scij = µsc
(∂usi
∂xj

+
∂usj
∂xi

)
+
(
λ− 2

3
µsc
)∂usk
∂xk

δij, (A.6)

where, the particle shear viscosity µsc is calculated as a function of granular temperature1006

and radial distribution function,1007

µsc = ρsd
√

Θ
[4

5

φ2gs0(1 + e)√
π

+

√
πgs0(1 + e)(3e− 1)φ2

15(3− e)
+

√
πφ

6(3− e)

]
. (A.7)

Similarly, the bulk viscosity is calculated as,1008

λ =
4

3
φ2ρsdgs0(1 + e)

√
Θ

π
. (A.8)

The κsc is the conductivity of granular temperature, calculated as,1009

κsc = ρsd
√

Θ
[2φ2gs0(1 + e)√

π
+

9
√
πgs0(1 + e)2(2e− 1)φ2

2(49− 33e)
+

5
√
πφ

2(49− 33e)

]
. (A.9)

The dissipation rate due to inelastic collision is calculated based on that proposed1010

by Ding and Gidaspow (1990),1011

γs = 3(1− e2)φ2ρsgs0Θ
[4

d

(Θ

π

)1/2

− ∂usi
∂xi

]
. (A.10)

When the volumetric concentration of particles becomes close to random loose pack-1012

ing, particles are constantly in contact with one another, and particulate energy are1013

mainly dissipated by friction between sliding particles (Tardos, 1997). When the sedi-1014

ment concentration exceeds random loose packing concentration φf , we adopt the simple1015

model of Johnson and Jackson (1987) for particle pressure:1016

psf =

 0, φ < φf

F
(φ−φf )m

(φm−φ)n
, φ ≥ φf ,

(A.11)

where φf = 0.5, φm = 0.6 and F = 0.05, m = 3 and n = 5 are empirical coefficients1017

(Cheng et al., 2017). The particle stress due to frictional contact is calculated by the1018

model of Srivastava and Sundaresan (2003),1019

τ sfij = 2µsfSsij, (A.12)
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where µsf is the frictional viscosity and Ssij is the deviatoric part of strain rate tensor1020

of sediment phase,1021

Ssij =
1

2

(∂usi
∂xj

+
∂usj
∂xi

)
− 1

3

∂usk
∂xk

δij. (A.13)

Srivastava and Sundaresan (2003) combined the frictional normal stress from John-1022

son and Jackson (1987) and the frictional viscosity from Schaeffer (1987) model, and1023

suggested the friction viscosity to be calculated by,1024

µsf =
psf sin(θf )

‖Ss‖
, (A.14)

where θf ≈ 35◦ is the angle of repose (see Table 1). In sediment transport, the quasi-1025

static component of particle stress plays a definite role to ensure the existence of an1026

immobile sediment bed and a low mobility layer of enduring contact (Hsu et al., 2004).1027

Hence, the empirical coefficients presented here are calibrated to ensure that a stable1028

sediment bed can be established below the mobile transport region.1029

Appendix B. Numerical initial condition1030

The initial sediment concentration is specified as a smooth vertical profile to avoid1031

initial numerical instability,1032

φ(z) = φm0

1 + tanh
[
A(zb0 − z)

]
2

(B.1)

where the constants φm0 = 0.54, and A = 150 are chosen to ensure a relatively smooth1033

transition of sediment concentration from φm0 within the bed to 0 in the upper column.1034

It is found that it is practical to relax the system by setting the φm0 to be lower than1035

the maximum packing limit φm, as the frictional stress diverges at φm (see Appendix1036

A). Initially, the sediment concentration in the bed will increase due to the immersed1037

weight, and the frictional stress will increase accordingly. Eventually the frictional1038

pressure gradient in the bed can well balance the immersed weight of the bed.1039

For the initial condition for the velocity fields, the initial velocities are set to zero1040

within the bed (z≤hb0). Following De Villiers (2007), the initial velocity profile above1041
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the bed (z > hb0) is specified to be a sum of laminar velocity profile and streak-like1042

perturbations in the streamwise and spanwise velocities,1043

u(z+) =
Uf
3

[ z+

Reτ0

− 1

2
(
z+

Reτ0

)2
]

+
Ufz

+

640
cos(α+

y y
+) exp(−λz+2 + 0.5)(1 + 0.2ξ1), (B.2)

v(z+) =
Ufz

+

400
sin(α+

x x
+) exp(−λz+2)(1 + 0.2ξ2), (B.3)

w(z+) = 0. (B.4)

where Uf is the bulk velocity, Reτ0 = u∗hf0/ν
f = 6100 is the Reynolds number based1044

on the initial flow depth, x+, y+ and z+ are coordinates in wall units, x+ = u∗x/ν
f ,1045

y+ = u∗y/ν
f and z+ = u∗(z − hb0)/νf . ξ1 and ξ2 are Gaussian random numbers with1046

zero mean value and standard deviation of 1. λ = 2.5 × 10−6 is the decay coefficient1047

for perturbation, α+
x = π/5000 and α+

y = π/2500 are the wavenumber for the streak1048

waviness in the streamwise and spanwise directions, respectively. The streak-like per-1049

turbations are beneficial for the fast growth of turbulent modes, as the sinusoidal streaks1050

induce vortex formation and further instabilities. Note that these coefficients are dif-1051

ferent from the values used in De Villiers (2007), they are adjusted for the present high1052

Reynolds number turbulent flows, so that about four wave-like streaks are initialized in1053

streamwise and spanwise directions.1054
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