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Abstract

The scattering of low-mode internal tides by ocean-floor topography is extensively
studied through analytical models and field observations at the Line Islands Ridge
(LIR). An existing Green function method is utilized to examine the generation of
internal tides by idealized topographic shapes as well as realistic transects of the LIR.
The method is also applied to examine the scattering of a mode-1 internal tide at
these topographies to determine the relative high mode energy flux due to generated
and scattered internal tides at the realistic transects.

A method of determining the modal content of an internal wave field is advanced
to account for arbitrary stratification and rotation. It is then adjusted to allow for
image loss as is common to oceanographic studies. Its performance is compared to the
existing regression method widely used by oceanographers to determine the modal
content of internal tides. The results from this comparison are used to inform the
analysis of the field observations.

This thesis concludes by examining the modal content of the LIR as determined
from measurements taken during the 150-day EXperiment on Internal Tide Scattering
(EXITS) NSF field study. Motivated by satellite altimetry data and three-dimensional
numerical model studies, the EXITS cruise sought to observe the internal tide scat-
tering process in the ocean for the first time. The data from three moorings equipped
with moored profilers, spanning total depths of 3000-5000 m is analyzed to deter-
mine the modal content of the southward propagating internal tide before and after
it encounters the ridge for evidence of topographic scattering.

Thesis Supervisor: Thomas Peacock
Title: Associate Professor of Mechanical Engineering, MIT
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Chapter 1

Introduction

This thesis investigates the scattering of internal tides by deep-ocean topography.

First, the internal tide scattering process is examined through analytical methods.

The insights gained from these studies are then used to assist the interpretation of

data from the first dedicated field observations of the internal tide scattering process,

the EXperiment on Internal Tide Scattering (EXITS) cruise.

The basics of internal waves are described in Section 1.1 of this introduction.

Section 1.2 presents the theoretical formulation of internal waves. Following on,

Section 1.3 describes the method of analyzing internal wave fields via their modal

content, a key task in determining how much scattering has occurred. Section 1.4

provides a survey of previous research on internal tide scattering. Finally, an overview

of the thesis is presented in Section 1.5.

1.1 Background

Internal waves are propagating perturbations of the density structure within a density-

stratified fluid. They oscillate within, rather than on the surface of, a fluid medium.

These oscillations are maintained by a balance between the forces of gravity and

buoyancy and can exist at the interface of two fluids of different densities as well as in

continuously stratified fluids. Due to spatial variations in temperature and salinity,

both the atmosphere and ocean are examples of continuously density stratified fluids

21



and therefore sustain internal waves. In the atmosphere, it has been found that inter-

nal waves are important vehicles for momentum transport and thus greatly influence

general circulation models (Alexander et al., 2006, Hines, 1960). In the ocean, inter-

nal waves play an important role in dissipating barotropic tidal energy and driving

a substantial amount of vertical mixing in the ocean (Garrett & Kunze, 2007) and

are thus crucial in understanding the global ocean energy budget (Munk & Wunsch,

1998). This thesis focuses on the case of oceanic internal waves.

Previous studies suggest that radiated internal tide energy is one of the main

sources of energy flux into the deep ocean (Wunsch & Ferrari, 2004). Furthermore,

a global study of tidal dissipation utilizing satellite altimetric data revealed that 25-

30% (∼1 TW) of the total tidal dissipation (∼3.7 TW) occurs in the deep ocean, near

areas of rough topography, as shown in figure 1-1 (Egbert & Ray, 2001). Additional

investigations through analytical methods (Pétrélis et al., 2006, Echeverri & Peacock,

2010), numerical modeling (Carter et al., 2008), laboratory experiments (Echeverri

et al., 2009) and field observations (Rudnick et al., 2003) have resulted in a relatively

Figure 1-1: Energy loss from the barotropic tide calculated by Egbert and Ray (Egbert
& Ray, 2001) from satellite altimetry data.
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thorough understanding of the internal tide generation process in the ocean, although

some outstanding issues remain regarding generation by highly three-dimensional

topography.

Long internal waves can be decomposed into orthogonal normal modes or standing

waves in the vertical, i.e. horizontally propagating and vertically standing waves

whose spatial form is dictated by the vertical stratification (Gill, 1982). Extensive

studies have found that the energy radiated by so-called high-mode internal tides

(short-wavelength vertical modes, n > 2 where n is the mode number) dissipates near

the generation site (Garrett & Kunze, 2007). On the other hand, the majority of the

energy radiated by significant topographic features propagates in the form of so-called

low-mode internal tides (long-wavelength vertical modes, n = 1, 2). These low-mode

internal tides have been observed via satellite altimetry data to travel far from the

generation site, in some cases over a thousand kilometers away (Ray & Mitchum,

1997, Zhao et al., 2012), and hence are more efficient at transporting energy than

high-mode internal tides.

Current work focuses on determining where and by what means low-mode inter-

nal tide energy dissipates (Alford, 2003, MacKinnon & Winters, 2005, Rainville &

Pinkel, 2006, Alford et al., 2007). Possible dissipation mechanisms include wave-wave

interactions (Staquet & Sommeria, 2002, MacKinnon & Winters, 2005, Tsang et al.,

2008), interactions with mean flows and mesoscale features (St. Laurent & Garrett,

2002, Rainville & Pinkel, 2006), topographic scattering in the deep ocean (Johnston &

Merrifield, 2003), and interaction with continental shelves (Kunze & Llewellyn Smith,

2004). This thesis investigates the scenario of energy transfer of low-mode internal

tides to higher modes via topographic scattering.
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1.2 Governing equations

Incompressible, adiabatic, and inviscid fluid motion in a rotating frame is governed

by the momentum equation

Du

Dt
+ 2Ω× u +

∇p
ρ

+ g = 0, (1.1)

mass conservation
∂ρ

∂t
+∇ · (ρu) = 0, (1.2)

and incompressibility

∇ · u = 0. (1.3)

Here, a two-dimensional system is considered where u = (u(x, z, t), w(x, z, t)) is the

velocity field in the vertical plane (x, z), Ω is the Earth’s rotation rate (|Ω| = 7.29×

10−5 rad/s) and is aligned with the vertical, ρ(x, z, t) is the fluid density, p(x, z, t)

is the pressure, ν is the kinematic viscosity, and g = −gk̂ = −9.81 m/s2 is the

gravitational acceleration.

Equations (1.1) through (1.3) can be linearized for small perturbations about a

background state. To do this, u, ρ, and p can be defined in terms of a perturbation

from the base state as

u(x, z, t) = ub(x, z, t) + u′(x, z, t), (1.4)

ρ(x, z, t) = ρb(z) + ρ′(x, z, t), (1.5)

p(x, z, t) = pb(z) + p′(x, z, t), (1.6)

where the base state is indicated by the subscript b, the small perturbation variables

are indicated by primes, and additional horizontal pressure gradients or perturbations

have been neglected. For a barotropic tide in a stratified ocean, the background

density is

ρb(z) = ρ0 + ρ(z), (1.7)
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where ρ0 is the reference density at z0 and ρ(z) is the ambient equilibrium stratifica-

tion.

Applying Newton’s law to a fluid element perturbed from its basic state leads to

the buoyancy frequency N(z), the natural frequency of oscillation associated with the

background stratification:

N2(z) = − g

ρb(z)

dρ(z)

dz
. (1.8)

In the case for internal tides in the ocean, the Boussinesq approximation holds

since the fluid density does not depart much from a mean reference value, that is

|ρ(z)| � ρ0. Therefore, ρb(z) ≈ ρ0, and the buoyancy frequency reduces to

N2(z) ≈ − g

ρ0

dρ(z)

dz
. (1.9)

Thus, in the Boussinesq limit, the total density field can then be written explicitly as

ρ(x, z, t) = ρ0 +
ρ0

g

∫ z0

z

N2(z′)dz′ + ρ′(x, z, t). (1.10)

The expression for total pressure then simplifies to

p(x, z, t) = −g
∫ z

H

ρb(z
′)dz′ + p′(x, z, t), (1.11)

where H is the total depth of the fluid.

The equations governing the perturbed quantities are obtained by substituting

(1.4), (1.9), (1.10) and (1.11) into the equations of motion, (1.1)-(1.3), and linearizing

by neglecting quadratically small terms. The resulting linear equations governing the

perturbations are

∂u′

∂t
+ 2Ω× u′ +

∇p′

ρ0

+ g
ρ′

ρ0

k̂ = 0, (1.12)

∂ρ

∂t
+ w′

dρ(z)

dz
= 0, (1.13)
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and

∇ · u′ = 0. (1.14)

For internal tides, the β-plane approximation holds because the curvature of the Earth

is small in the spatial domain of internal tides, therefore equations (1.12)-(1.14), which

are exact in curvilinear coordinates, are approximately valid in Cartesian coordinates.

Note that this approximation does not hold in the case of near-inertial waves. Fur-

thermore, the Coriolis term in the momentum equation (1.12) can be simplified via

the f -plane approximation, which builds upon the β-plane approximation (LeBlond

& Mysak, 1978). Therefore, the inviscid, linearized two-dimensional Boussinesq equa-

tions of motion in the f -plane that govern perturbations to the barotropic flow are:

∂u

∂t
− fv +

1

ρ0

∂p

∂x
= 0, (1.15)

∂v

∂t
+ fu = 0, (1.16)

∂w

∂t
+

g

ρ0

ρ+
1

ρ0

∂p

∂z
= 0, (1.17)

∂ρ

∂t
+ w

dρ(z)

dz
= 0, (1.18)

and
∂u

∂x
+
∂w

∂z
= 0, (1.19)

where f = 2Ω sin θlat is Coriolis frequency, θlat is the latitude of interest, the y-

component of the velocity perturbation v, arises due to background rotation, and the

primes have been dropped.

By defining a streamfunction ψ such that (u,w) = (−ψz, ψx), which immediately

satisfies the continuity equation (1.19), equations (1.15)-(1.19) can be combined into

a single equation governing the propagation of internal waves:

(
N2(z) +

∂2

∂t2

)
ψxx +

(
f 2 +

∂2

∂t2

)
ψzz = 0. (1.20)
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1.3 Internal wave modes

An internal tide is a solution of the internal wave equation (1.20) with the same

periodic time dependence as the forcing barotropic tide. Furthermore, since the

spatial and temporal variables are independent, the time-dependence of the problem

can be separated. Additionally, having assumed no viscous dissipation, the solution

is periodic in both time and space. This results in seeking a separable solution of the

form

ψ(x, z, t) = <
{
φ(z)ei(kx−ωt)

}
, (1.21)

where k is the wavenumber, φ(z) is the vertical structure, and ω is the frequency

of the forcing barotropic tide. Substituting (1.21) into (1.20) yields a homogenous

differential equation for φ(z),

d2φ(z)

dz2
+ k2

(
N2(z)− ω2

ω2 − f 2

)
φ(z) = 0, (1.22)

which is subject to the boundary conditions of a flat bottom and rigid lid (since from

the definition of the streamfunction, w = ψx = <
{
ikφ(z)ei(kx−ωt)

}
):

φ(z = 0) = φ(z = H) = 0. (1.23)

For a given buoyancy frequency profile N(z), there exists a range of values for

k for which an infinite number of nontrivial solutions to (1.22) exist. These specific

values of k are known as eigenvalues and their corresponding solutions φ(z), are

known as eigenfunctions or more specifically, vertical modes. Furthermore, since

(1.22) represents a Sturm-Louivile problem, the vertical modes form a basis and

therefore any linear solution can be expressed as a superposition of these modes. In

the case of a uniform stratification, N(z) = N constant, (1.22) becomes a constant

coefficient problem which admits sinusoidal normal modes given by

φn(z) = Φn sin
(nπ
H

)
, n = 1, 2, 3, . . . , (1.24)
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Figure 1-2: The first three modes, φn(z), for (a) a uniform stratification profile,
N(z) = N , and (b) a nonuniform stratification profile, N(z), characteristic of the
ocean. In (b), the vertical profiles indicate a concentration of amplitude and highest
gradients in the vicinity of the peak of N(z), the pycnocline.

where each value of the integer n corresponds to a distinct vertical mode and Φn

is the modal amplitude. An example of the first three mode shapes for a uniform

stratification are shown in figure 1-2(a). In the case of a nonuniform stratification,

N(z), no closed form solution exists to (1.22) except for a few specific N(z) profiles.

Therefore, numerical schemes must be used to solve for both the eigenvalues, kn,

and corresponding vertical modes, φn(z). Figure 1-2(b) depicts the first three mode

shapes for a nonuniform stratification characteristic of the ocean.

To aid in comparison between wave fields, internal tides are described by their

modal content. An internal tide dominated by low-modes means that the first few

modes (n = 1, 2) contain the majority of the energy flux of the internal tide. Similarly,

an internal tide whose energy flux is mostly contained in modes other than the first

few (n = 3, 4, 5, . . . ) is considered to be dominated by high-modes. This distinction

is extremely important since the energy flux of an internal wave field scales as ∼ a2n
n

(Echeverri et al., 2009), where an is the modal amplitude and n is the mode number.

Thus, while an internal wave field may be comprised of two modes of the same

amplitude, the lower mode is responsible for the majority of the energy flux. This

thesis will also utilize this convention when comparing wave fields in Chapter 2.

Furthermore, although this section presented the modes corresponding to the vertical
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velocity, w, it is clear that since the streamfunction is related to both the horizontal

and vertical velocities by (u,w) = (−ψz, ψx), there exist modes for the horizontal

velocity as well, which are different in shape, but related, to the vertical modes

presented in this section. Similarly, modes corresponding to pressure and density

can also be found by making use of the governing equations of momentum and mass

conservation. Building upon the work of Echeverri et al. (2009), Saidi (2011), the

method used in determining the modal content of an internal wave field is described

in detail in Section 3.2.

1.4 Internal tide scattering

Topographic scattering is the process by which the energy from an incident wave field

is redistributed into higher modes (shorter vertical wavelengths) after encountering

a topographic feature. It is an unresolved process in the energy flow from large-

scale inputs, such as surface tides and winds, to internal tides to micro-scale mixing

(figure 1-3). It has been proposed that the generation of low-mode internal tides

is the most important path from barotropic tidal energy to abyssal mixing at mid-

Figure 1-3: The global tidal energy budget depicting the energy transfers from the
surface tides to mixing scales (modified from Munk & Wunsch (1998)). More than
50% of the energy lost by the surface tide through boundary interactions is suggested
to end up in internal waves that radiate away from the generation site.
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ocean ridges (St. Laurent & Garrett, 2002). These low-mode internal tides are then

hypothesized to scatter into higher modes as they propagate over rough topography,

a conversion process suggested to be very efficient over rough ridges (Müller & Xu,

1992, Polzin, 2004). These higher modes are more susceptible to energy dissipation via

small-scale processes (such as shear instability and wave-wave interactions) resulting

in internal-tide driven mixing at the scattering site.

The documentation of strong mixing at mid-ocean ridges (Polzin et al., 1997,

Ledwell et al.) and the prevalence of rough topography in the ocean where low-mode

internal tides are energetic (Niwa & Hibiya, 2001), strongly suggest that topographic

scattering is of global importance for understanding deep-ocean mixing and over-

turning circulation (Wunsch & Ferrari, 2004). Theoretical studies of internal tide

scattering suggest that the efficiency of scattering by finite-amplitude topography is

more substantial than for infinitesimal topography (Müller & Liu, 2000). This has

been further implicated by satellite observations which suggest significant scatter-

ing of internal wave energy occurs at tall topography and only weak scattering over

small-scale topography (Ray & Cartwright, 2001, Ray & Mitchum, 1997, Johnston

et al., 2003, Zhao et al., 2012). In particular, Johnston et al. (2003) found that the

altimetric sea surface height modulations due to the mode-1 M2 internal tide propa-

gating southward from the Hawaiian Ridge weaken at a prominent seamount in the

Line Islands Ridge, where modulations due to the mode-2 M2 internal tide increase,

shown in figure 1-4, a clear indication of internal tide scattering.

Theoretical work has identified the criticality ε (i.e., ratio of the topographic

slope to the internal ray slope) and height ratio h∗ (i.e., the ratio of the topographic

height relative to the total water depth) to be the key parameters that determine the

scattering efficiency of a two-dimensional topography. Specifically, scattering from low

to high modes occurs most efficiently for near- and supercritical slopes (topographic

slopes equal to and greater than the internal ray slope), and less so for subcritical

slopes (Müller & Liu, 2000). Furthermore, for small height ratios (0 < h∗ < 0.2),

the scattering efficiency increases monotonically with h∗ and for larger height ratios

(0.2 < h∗ < 1.0), scattering is most efficient near criticality (Mathur et al., 2014).
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(a) (b)

Figure 1-4: Altimeter sea surface height modulations due to the (a) mode-1 and (b)
mode-2 M2 internal tide. Grey shading shows bathymetry (Johnston et al., 2003)

.

(b)(a)

Figure 1-5: The horizontal velocity field u(x, z, t) at an arbitrary instant in time for
mode-1 internal tide (incident from the left) scattering in a nonuniform stratification
by a (a) subcritical (ε = 0.5) and (b) supercritical (ε = 2) Gaussian ridge with
h∗ = 0.5 (calculated using the Green function model) (Mathur et al., 2014).

Figure 1-5 depicts two scenarios from Mathur et al. (2014) in which the topographic

feature (a) does not (subcritical, ε = 0.5) and (b) does (supercritical, ε = 2) result in

significant scattering of the incident mode-1 internal tide from a Gaussian ridge with

h∗ = 0.5.

Detailed numerical studies of the scattering of a mode-1 internal tide by finite-

amplitude Gaussian topography conclude that in general, the height of the topography
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affects the extent of energy transmission and reflection, while the slope and the width

of the topography determine how much energy is scattered into higher modes (John-

ston & Merrifield, 2003). In particular, subcritical seamounts and ridges scatter less

incident mode-1 internal wave energy than near- and supercritical features. When

applied to study the scattering of a mode-1 internal tide generated at the Hawaiian

Ridge by the Line Islands Ridge, it was found that around 19% of the incident en-

ergy scattered into modes 2-5 (Johnston et al., 2003). This finding was part of the

motivation for the first field observation of internal tide scattering, the EXITS cruise,

conducted at the Line Islands Ridge (the results of which are presented in Chapter 4).

Further numerical studies of finite-amplitude low-mode internal waves incident on

isolated topography suggest that that internal tide scattering by three-dimensional

topographies is more suited for two-dimensional modeling than internal tide genera-

tion at three-dimensional topographies (Legg, 2014). Motivated by these findings, the

Green function method, a two-dimensional analytical method of internal tide genera-

tion and scattering, was rigorously validated against nonlinear numerical simulations

and utilized to examine the scenario of topographic scattering and predicted that

∼40% of a mode-1 internal tide coming from the Hawaiian Ridge is scattered at the

Line Islands Ridge (Mathur et al., 2014). Following this work, Chapter 2 applies

the Green function method to examine the internal tide scattering process at the

transects of the Line Islands Ridge studied during the EXITS cruise.

1.5 Thesis overview

The goal of this thesis is to analyze the scattering of the low-mode internal tide at

the Line Islands Ridge. The theoretical formulation of the Green function method

is outlined and utilized in Chapter 2 to examine the internal tide generation and

scattering process in two dimensions at specific transects of the Line Islands Ridge

that were study sites of the EXITS cruise. Given that the modal content of an internal

wave field is the primary indicator of scattering, Chapter 3 describes and compares

analytical and numerical techniques of wave field modal decomposition, particularly
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in cases of incomplete vertical domain information. Chapter 4 utilizes the modal

decomposition methods outlined in Chapter 3 to analyze the results of EXITS, the

first field experiment to study the internal tide scattering process. Finally, the thesis

concludes with key findings in Chapter 5.
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Chapter 2

Analytical Model

2.1 Introduction

In this chapter, the Green function approach is described, a theoretical framework

in the limit of linear, inviscid and Boussinesq approximations for modeling the two-

dimensional interaction of internal waves with topography. While there are other

analytical methods for solving the problem of both internal tide generation and scat-

tering, namely Kelly et al. (2013), the focus of this thesis will be the established

Green function approach, which has been thoroughly validated against full numerical

modeling, as described in Mathur et al. (2014). Section 2.2 details the theory behind

the Green function approach, while Section 2.3 utilizes it to predict the generated and

scattered internal tide wave fields at an idealized Gaussian ridge, respectively. The

method is then applied in Section 2.4 to examine the internal tide at two transects

of the Line Islands Ridge that were the focus of the EXITS study, with the goal of

aiding in the analysis of the observational field data whose results are described in

Chapter 4. Section 2.5 discusses the scattering and generation properties of the tran-

sects using physical values of the barotropic and internal tides characteristic of the

Line Islands Ridge. Finally, Section 2.6 concludes the chapter with suggestions for

future work in using the Green function approach to investigate the modal content

of generated and scattered internal wave fields along various topographies.
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2.2 Theory

Following the approach described by Robinson (1969), Pétrélis et al. (2006), Balm-

forth & Peacock (2009), Echeverri & Peacock (2010), and Mathur et al. (2014), a

streamfunction ψ(x, z, t) is defined such that the internal tidal velocities are given

by (u,w) = (−ψz, ψx), where u is the horizontal velocity, w is the vertical velocity,

x and z are the horizontal and vertical coordinates, respectively, and t is time. The

streamfunction of the total wave field is

ψ(x, z, t) = ψb(x, z, t) + ψ′(x, z, t), (2.1)

where ψb is the background internal tide and ψ′ is the perturbation streamfunction

due to internal tide generation or scattering by topography. The streamfunction is

expected to be periodic in time and space with the same periodic time dependence

as the forcing barotropic tide. Thus, the solution is assumed to be of the form

ψb(x, z, t) = U<
{
φb(x, z)e

−iωt} (2.2)

ψ′(x, z, t) = U<
{
φ′(x, z)e−iωt

}
, (2.3)

where U is the magnitude of the far-field barotropic tide in the case of internal tide

generation or the incident mode-1 internal tide in the case of internal tide scattering,

ω is the forcing frequency of the barotropic tide, and φb and φ′ are complex amplitudes

representing the spatial portion of the streamfunction. The total spatial portion of the

streamfunction is then given by φ(x, z) = φb(x, z)+φ′(x, z). For the following studies,

forcing by the M2 barotropic tide is considered, for which ω = 1.4053 × 10−4 rad/s.

Note that due to the Coriolis acceleration, there exists a velocity component v, along

the second horizontal direction y, which is given by

v = U<
{
if

ω
(φb,z + φ′z)

}
, (2.4)

where the Coriolis frequency f = 2Ω sin θlat, Ω is the Earth’s background rotation
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Figure 2-1: Problem geometry showing the boundaries and point-source distribution.

and θlat is the latitude of the region of interest.

Figure 2-1 depicts the problem geometry. In the Green function approach, the

general solution for φ′ is expressed as an integral over contributions from a distribution

of sources of strength γ(x′) placed on the topography (x′, z′) = (x′, h(x′)):

φ′(x, z) =

∫ b

−a
γ(x′)G(x, x′; z, h(x′))dx′, (2.5)

where [a, b] are the horizontal limits of the topography and G(x, x′; z, z′) is the Green

function, which is given by:

G(x, x′; z, z′) =
∞∑
n=1

Φn(z′)

2kn

(∫ H

0

N2(z)− ω2

ω2 − f 2
Φ2
ndz

)−1

eikn|x−x
′|Φn(z) (2.6)

following standard procedures from Robinson (1969), Pétrélis et al. (2006), Echeverri

& Peacock (2010), and Mathur et al. (2014). Here, Φn is the nth vertical mode

satisfying the governing internal wave equation (1.22)

d2Φn

dz2
+ k2

n

(
N2(z)− ω2

ω2 − f 2

)
Φn = 0, (2.7)

subject to the boundary conditions of no normal-flow through the ocean floor, Φn(z =

0) = 0 and the surface, Φn(z = H) = 0, approximated as a rigid lid. In (2.7), kn is the

positive eigenvalue corresponding to the horizontal wavenumber and H is the far-field
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ocean depth. The continuous function describing the topography h(x) is assumed to

be in the range 0 ≤ h(x) ≤ H for x ∈ [−a, b], go smoothly to zero at x = −a and

x = b, and uniformly zero elsewhere. As described in Section 1.3, equation (2.7),

with the homogeneous boundary conditions, constitutes a Sturm-Liouville system

that must be solved numerically to obtain Φn for an arbitrary stratification N(z).

Without loss of generality, Φn is defined such that |dΦn/dz| has a maximum value of

unity for z ∈ [0, H].

Combining (2.5) and (2.6) yields the following expression for the perturbation

streamfunction

φ′(x, z) =
∞∑
n=1

(∫ H

0

N2(z)− ω2

ω2 − f 2
Φ2
ndz

)−1
Φn(z)

2kn

∫ b

−a
γ(x′)Φn(h(x′))eikn|x−x

′|dx′.

(2.8)

Since φ′(x, z) is built out of the Green function G(x, x′; z, z′), which is comprised of

vertical modes Φn(z) satisfying the boundary conditions of no normal-flow through

the ocean floor topography h(x) and sea surface, φ′(x, z) automatically satisfies the

following conditions

φ′(x, h(x)) = −φb(x, h(x)), (2.9)

and

φ′(x,H) = 0, (2.10)

where φb is assumed to satisfy the no normal-flow boundary condition at z = 0 and

z = H. For the case of internal tide generation by barotropic forcing, as studied

extensively in Echeverri & Peacock (2010), the functional form of φb is

φb(x, z) = −Ubz (2.11)

where Ub is the barotropic forcing velocity. In the case of scattering, an incident

mode-1 internal tide is taken to propagate from left to right, in which case
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φb(x, z) = −U1Φ1(z)eik1x. (2.12)

where here U1 is the velocity of the incident mode-1 internal tide. In this thesis, both

the processes of internal tide generation and internal tide scattering are investigated

via the Green function approach in order to better understand the extent to which

the mode-2 and mode-3 internal tide downstream of Line Islands Ridge, present in

velocity data gathered by the EXITS cruise, is due to generation or scattering of the

internal tide by the topography.

For the case of generation, substitution of (2.11) into (2.9) combined with the

Green function solution (2.8) yields the following integral equation:

Ubh(x) =
∞∑
n=1

(∫ H

0

N2(z)− ω2

ω2 − f 2
Φ2
ndz

)−1
Φn(h(x))

2kn

∫ b

−a
γ(x′)Φn(h(x′))eikn|x−x

′|dx′.

(2.13)

A similar integral equation can be found for the case of scattering, in which (2.12) is

subtistuted into (2.9) and combined with the Green function solution (2.8):

U1Φ1(h(x))eik1x =
∞∑
n=1

(∫ H

0

N2(z)− ω2

ω2 − f 2
Φ2
ndz

)−1
Φn(h(x))

2kn

∫ b

−a
γ(x′)Φn(h(x′))eikn|x−x

′|dx′.

(2.14)

In (2.13) and (2.14), the topography h(x), barotropic tidal velocity Ub, mode-1 in-

ternal tidal velocity U1, forcing frequency ω, Coriolis parameter f , and buoyancy

frequency N2(z), are known parameters of the problem and Φn is found by solving

(2.7), leaving the only unknown variable to be γ(x). Both (2.13) and (2.14) can

be solved numerically for γ(x) using the procedure detailed in Echeverri & Peacock

(2010).

In the far field, where the ocean depth is constant, the quantities α±n can be defined

as follows:
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α±n =
1

2kn

(∫ H

0

N2(z)− ω2

ω2 − f 2
Φ2
ndz

)−1 ∫ b

−a
γ(x′)Φn(h(x′))e∓iknx

′
dx′, (2.15)

where α+
n corresponds to x > b and α−n corresponds to x < −a. Utilizing this

definition of α±n , the perturbation stream function can be written as a sum over the

vertical modes, where it is clear that α±n is the amplitude associated with the nth

vertical mode:

φ′(x, z) =
∞∑
n=1

α±nΦn(z)e±knx. (2.16)

The total internal wave field in the case of the generation problem is given by (2.11)

and (2.16) as

φ(x, z) = −Ubz +
∞∑
n=1

α±nΦn(z)e±knx, (2.17)

whereas for the scattering of an internal mode-1, it includes both (2.12) and (2.16)

as

φ(x, z) = −U1Φ1(z)eik1x +
∞∑
n=1

α±nΦn(z)e±knx. (2.18)

Of interest in studying both the scattering and generation of internal tides by

barotropic velocities is the depth-integrated energy flux both transmitted (T ) and

reflected (R) by the topography. This value indicates the rate at which the baroclinic

energy radiates away from the topographic region to the right or to the left, respec-

tively. It is found by integrating the time-averaged far-field energy flux over the depth

of the fluid. The instantaneous two-dimensional energy flux per unit of length along

the topography, is given by

J = pu. (2.19)

The time-averaged far-field energy flux over the vertical domain is then
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F =

∫ H

0

〈J · ı̂〉dz

= −
∫ H

0

〈pψz〉dz

=

∫ H

0

〈pu〉dz, (2.20)

where p is the baroclinic pressure and the brackets indicate the time-average over a

period of forcing. Utilizing (2.15), F T,R can be expressed as

F T,R = U2ρω

(
1− f 2

ω2

) ∞∑
n=1

|a±n |2
∫ H

0

(
dΦn

dz

)2
dz

2kn
, (2.21)

and the depth-integrated energy flux in mode-n is simply

F T,R
n = U2 ρω

2kn

(
1− f 2

ω2

)
|a±n |2

∫ H

0

(
dΦn

dz

)2

dz, (2.22)

where U is the magnitude of the far-field barotropic tide in the case of internal tide

generation or the incident mode-1 internal tide in the case of internal tide scattering.

For internal tide generation, the transmitted (T) and reflected (R) depth-integrated

energy flux in mode-n will refer to the rightward and leftward propagating internal

waves, respectively. Each of these can be normalized by the total energy flux as

CT,R
n =

|α±n |2

kn

∫ H
0

dΦn

dz

2
dz∑∞

m=1
|α±m|2
km

∫ H
0

(
dΦm

dz

)2
dz
. (2.23)

For the scattering scenario, with the exception of transmitted mode 1, the transmitted

and reflected depth-integrated energy flux in mode-n can normalized by the incident

energy flux in mode 1 as

CT,R
n = |α±n |2

k1

kn

∫ H
0

(
dΦn

dz

)2
dz∫ H

0

(
dΦ1

dz

)2
dz
. (2.24)

In the case of the energy flux in the transmitted mode 1, the contribution from φb

must be included as
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CT
1 = | − 1 + α+

1 |2. (2.25)

For convenience, the cumulative normalized transmitted and reflected energy fluxes

in mode-p to mode-q can be defined as

CT+R
p−q =

q∑
n=p

(
CT
n + CR

n

)
. (2.26)

In order to completely represent the solution, (2.13) and (2.14) require n = ∞;

in practice, however, this is not feasible. Therefore, the sum in (2.13) and (2.14)

is truncated at a finite value of n above which the solution changes negligibly. Ad-

ditionally, the integrals in (2.13) and (2.14) require sufficient discretization of the

spatial coordinates x and z for numerical convergence of the solution. In this study,

scattering of the internal tide was investigated first, for which the spatial resolutions

were increased until the energy conservation equation CT+R
1−n = 1 was satisfied with

less than 1% error. This same spatial resolution was then utilized to examine the

generation of the internal tide at the same transect.

Additionally, for convenience in the evaluation of the energy flux along the topog-

raphy, (2.20) is reformulated as follows. Equation (2.19) can be written as

J = ψpẑı− ψpxk̂ +∇× (ψp̂). (2.27)

Applying the same operation that acts on J in (2.20) to (2.27) yields

F =

∫ H

0

〈J · ı̂〉dz

=

∫ H

0

〈ψpz〉dz +

∫ H

0

〈(∇× (ψp̂)) · ı̂〉dz. (2.28)

Since ∂/∂y = for the two-dimensional problem, the second term in (2.28) can be

reduced as follows:
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∫ H

0

〈(∇× (ψp̂)) · ı̂〉dz =

∫ H

0

〈 ∂
∂y

(ψp)〉dz

= (ψp)
∣∣H
0

= 0 (2.29)

by the boundary conditions of ψ(x, 0, t) = ψ(x,H, t) = 0. Therefore

F =

∫ H

0

〈up〉dz =

∫ H

0

〈pzψ〉dz, (2.30)

and for convenience it is the right-hand side of equation (2.30) that is evaluated. This

has been implemented before by Llewellyn Smith & Young (2002, 2003), Pétrélis et al.

(2006) and Echeverri (2009), and the equivalence of either side of (2.30) has been

confirmed by plotting the corresponding wave fields using the theory.

The analytical method described in this section has been incorporated by Mercier

Figure 2-2: iTides Graphical User Interface (GUI).
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et al. (in prep.) into a new MATLAb toolkit known as iTides. Figure 2-2 presents

a screenshot of the iTides graphical user interface. iTides was utilized in this thesis

to carry out the Green function approach to predict the generation and scattering of

oceanic internal tides by the two-dimensional topographies described in Sections 2.3

and 2.4. The GUI yields wave fields associated with the in-plane horizontal velocity

u, out-of-plane horizontal velocity v, vertical velocity w, pressure p, vertical pressure

gradient pz, streamfunction ψ, and density perturbation ρ. The full details of iTides

can be found in Mercier et al. (in prep.) and the toolbox itself can be downloaded

from http://web.mit.edu/endlab/downloads/.

2.3 Idealized Gaussian ridge

The goal of this chapter is to better understand the generation and scattering aspects

of the Line Islands Ridge, the focus of field experiments detailed in Chapter 4. To

begin with, the generation and scattering of an idealized Gaussian ridge is examined

to gain a basic understanding of how the modal composition of the internal tide varies

far away from and over a topographic feature. The Green function approach detailed

in Section 2.2 is used to predict both the generated wave field from a barotropic

tide (Section 2.3.1) and the scattered wave field from an incident mode-1 internal

tide (Section 2.3.2). Section 2.3.3 will further examine the relative generated and

scattered internal tide at such a Gaussian ridge using physical values characteristic

of the Line Islands Ridge. This section will also discuss what the strength of the

forcing barotropic tide must be compared to an incident mode-1 internal tide for the

generated and scattered energy flux in mode 2 to be of comparable order.

Figure 2-3 presents the topography of the idealized Gaussian ridge and the nonuni-

form stratification utilized by the Green function approach. The dimensions of the

topography are characteristic of a transect of the Line Islands Ridge studied in the

EXITS cruise and the nonuniform stratification is an idealized version of the oceanic

stratification measured at the same transect. The latitude at this location, 17.1o N,

corresponds to f = 4.2898 × 10−5 rad/s. Additionally, the dashed lines labeled MN
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Figure 2-3: The (a) nonuniform stratification and (b) topography of the idealized
Gaussian ridge representation of a characteristic transect of the Line Islands Ridge.
In (b) the dashed lines MN and MS indicate effective locations of mooring N and S
from the EXITS study, respectively.

and MS are situated on the topography at the effective locations of mooring N and S

from the EXITS study, respectively.

2.3.1 Generation results

Figure 2-4 presents a snapshot of the theoretical results for the wave field generated

by a barotropic tide at the Gaussian ridge as normalized by the tidal velocity, u0. As

can be seen from the figure, the wave field is symmetric, as expected, since both the

barotropic tidal forcing and the topographic feature are symmetric. The presence of

strong wave beams on either side of the topography indicate the presence of higher

modes.

Figure 2-5(a) shows the modal decomposition of the leftward and rightward prop-

agating internal tide normalized by the total energy flux. According to the Green

function approach, the energy flux of the leftward and rightward propagating internal

tide generated by the Gaussian ridge are identical, as expected for the symmetric

topographic feature. Overall, mode-1 accounts for 40.3% of the energy flux of the

generated internal tide and mode-2 for 30.5%.
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Figure 2-4: Normalized horizontal velocity field (u(x, z, t)/u0) at an arbitrary instant
in time generated at the idealized Gaussian ridge depicted in figure 2-3.
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Figure 2-5: (a) Modal decomposition of the leftward (FR
n ) and rightward (F T

n ) prop-
agating energy flux and (b) the local depth-integrated, time-averaged, across-ridge
energy flux of the generated internal wave field, both normalized by the total energy
flux. In (b), dashed lines MN and MS correspond to the effective locations of mooring
N and S of the EXITS study, respectively.

Figure 2-5(b) shows the local depth-integrated, time-averaged, across-ridge energy

flux for the generated internal tide, as calculated by the right-hand side of (2.30). As

seen in the figure, the energy flux at MN differs from that of the far-field leftward

propagating internal tide by approximately 11.7%, indicating that MN is not at a

location of significant internal wave generation and therefore the modal content at

this location should be similar to that of the far-field reflected internal tide. In the

same way, the difference between the energy flux of far-field transmitted internal tide

46



and that at MS is about 13.7%, also indicating that the modal content at each of

these locations should be similar. These results suggest that the internal wave fields

at MN and MS are representative of their far-field counterparts.

The modal content of the generated internal tide can be further investigated.

Harmonic velocity profiles at various locations in the wave field may be collected and

modally decomposed using the technique outlined in Section 3.2. However, in this

decomposition technique, an uncertain factor is the depth over which the flat bottom

mode structure holds. Looking at figure 2-4, it is clear that the wave beam structure of

the internal tide is unchanged at locations on the topography MN and MS, suggesting

that the far-field ocean depth would yield accurate results. In using the far-field ocean

depth, the presence of the topography results in image loss in the velocity profiles.

However, in oceanographic field experiments, it is the local topographic depth at the

locations of moored measurements that is used in the determination of the modal

content of the wave field. The modal decomposition results when using both of these

depth choices may be investigated and compared to the energy flux as predicted by

equation (2.30).

Figure 2-6 shows the results of modally decomposing the generated internal tide

at locations before the topography, MN, MS, and after the topography. Note that

the modal content at MN and MS are not expected to be identical because they are

not on symmetric locations of the Gaussian ridge. Using the local topographic depth,

figure 2-6(a), the sum of the energy flux in all modes at MN differs by over 40%

with the energy flux computed at that location by (2.30) and shown in figure 2-5(b).

Similarly, the total energy flux at MS is 45% less than the energy flux at MS in

figure 2-5(b). On the other hand, using the far-field ocean depth, figure 2-6(b), the

total energy flux at MN is within 2% of that shown in figure 2-5(b) at MN. The total

energy flux at MS is also in excellent agreement, with less than 1% difference between

the energy flux at MS in figure 2-5(b). These results suggest that the far-field depth

choice yields an accurate modal decomposition of the generated internal wave field.

Using the far-field depth modal decomposition, figure 2-6(b) shows that the modal

decomposition of the generated internal tide before and after the topography match

47



n
1 2 3 4 5

F n/(F
T +F

R
)

0

0.05

0.1

0.15

0.2

0.25
(a)

Fn
R

before topo
MN
MS
after topo
Fn

T

n
1 2 3 4 5

0

0.05

0.1

0.15

0.2

0.25
(b)

Figure 2-6: Modal decomposition of the net energy flux of the generated internal tide
before, after, and at locations MN and MS on the topography of the Gaussian ridge
shown in figure 2-3 normalized by the total energy flux. The profiles are decomposed
using the (a) local depth and (b) far-field depth. The net energy flux in the far-field
before the topography (FR

n ) and after the topography (F T
n ) are also plotted, and

should roughly agree with the modal decomposition of the net energy flux at the
profiles taken before and after the topography, respectively.

very well with the modal content of the leftward and rightward propagating internal

tides as determined by the Green function method. On the other hand, the modal

decomposition of the internal tide at MN, although still dominated by modes 1 and

2 similar to the far-field leftward propagating internal tide, has content in modes 3-5

that differ greatly from its far-field counterpart. In particular, the energy flux at MN

in mode 3 is 73.3% less, in mode 4 is 207.9% greater, and in mode 5 is 147.2% greater

than the far-field leftward propagating internal tide. The modal content at MS also

exhibits these differences with regard to the far-field rightward propagating internal

tide. These results suggest the modal content of an internal tide at locations along

the topography may not be a good indication of the modal content of the far-field

propagating internal tides.

2.3.2 Scattering results

Figure 2-7 presents a snapshot of the theoretical results for the incident-plus-scattered

wave fields resulting from a mode-1 internal tide propagating from the left to right

at the idealized Gaussian ridge. The horizontal velocity results presented have been
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Figure 2-7: Normalized incident-plus-scattered horizontal velocity field (u(x, z, t)/u0)
at an arbitrary instant in time for mode-1 (incident from the left) scattering from the
idealized Gaussian ridge depicted in figure 2-3.

normalized by the velocity of the incoming mode-1 internal tide, u0. The presence

of strong wave beams downstream of the topography clearly indicate scattering of

the incident mode-1 internal tide. The weaker wave beams upstream indicate the

presence of energy scattered into higher modes in the reflected wave field as well.

Figure 2-8(a) shows the modal decomposition of the transmitted and reflected

energy flux normalized by the incident mode-1 energy flux. According to the Green
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Figure 2-8: (a) Modal decomposition of the transmitted (F T
n ) and reflected (FR

n )
energy flux and (b) the local depth-integrated, time-averaged, across-ridge energy
flux of the scattered internal wave field, both normalized by the incident mode-1
energy flux. In (b), dashed lines MN and MS correspond to the locations of mooring
N and S of the EXITS study, respectively.
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function approach, 97.2% of the incident mode-1 energy is transmitted and only

2.8% is reflected at the Gaussian ridge. Additionally, 22.2% of the incident mode-1

energy is scattered into higher modes, either in the transmitted or reflected wave

field, suggesting that a sufficient amount of scattering has taken place at the ridge.

Most of the internal tide is scattered into mode-2, with an efficiency of 10.4% to the

transmitted wave field and only 0.8% to the reflected wave field.

Furthermore, as shown in figure 2-8(b), the local depth-integrated, time-averaged,

across-ridge energy flux, calculated by the right-hand side of (2.30), of the scattered

internal wave field changes considerably across the topography. At MN, the energy

flux is fairly constant, nearly the same value as the far-field, indicating that a sig-

nificant amount of scattering has not taken place at this location of the ridge. This

suggests that the modal content of the wave field at MN should be approximately

that of the northward far-field internal wave field. Similarly, the energy flux at MS

is less than 5% greater than that of the far-field internal wave field to the south, also

suggesting MS is not in a critical region of topographic scattering and that the modal

content of the wave field at this location should approximate that of the far-field.

This result suggests that for topographic features that are poor reflectors, the modal

content of the internal tide is virtually unchanged until the peak of the topography,

where scattering efficiently converts the energy flux into higher modes.

As done in Section 2.3.1, the modal content of the incident-plus-scattered inter-

nal tide field may also be investigated, the results of which are shown in figure 2-9.

Motivated by the results from Section 2.3.1, it is expected that the modal decom-

position technique when using the far-field ocean depth should yield correct results.

However, unlike in the generation case, the modal content determined when using

the local topographic depth, figure 2-9(a) does not differ much from that determined

when using the far-field depth, figure 2-9(b). Furthermore, at MN, the distribution

of modal content matches that of the energy flux before the topography, with the

largest difference being 11.7% in the of mode 1 energy content when using the local

topographic depth and 14.9% when using the far-field ocean depth. Similarly, at MS,

the modal distribution of energy flux of the internal tide matches that of the far-
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Figure 2-9: Modal decomposition of the net energy flux of the incident-plus-scattered
internal tide before, after, and at locations MN and MS on the topography of the
Gaussian ridge shown in figure 2-3 normalized by the incident energy flux. The
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and should roughly agree with the modal decomposition of the net energy flux at the
profiles taken before and after the topography, respectively.

field internal tide after the topography, only differing greatly in the modal content of

mode-2 by 50.1% when using the local topographic depth and 25.8% when using the

far-field ocean depth. These results suggest that, unlike in the generation case, the

modal decomposition depths used for a velocity field due to a scattered internal tide

yield similar results and can thus be used interchangeably. Moreover, also in contrast

to the generation case, the modal content at various locations along the topography

are in good agreement with their far-field counterparts.

2.3.3 Generation vs. Scattering

One objective of this study is to quantify how much mode-2 internal tide is due to

scattering of incident mode-1 internal tide versus barotropic tidal generation at the

Gaussian ridge. For this comparison, characteristic values of the incident mode-1

internal tide velocity, u0 = 0.05 m/s (based on experimental measurements from the

EXITS cruise and within the range of values used in numerical simulations by John-

ston et al. (2003) and Ray & Cartwright (2001)), and the barotropic tidal velocity,

ub = 0.03 m/s (from TPXO tidal predictions at the Line Islands Ridge and within the
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range of values used in numerical studies by Echeverri & Peacock (2010), Merrifield

& Holloway (2002) and Llewellyn Smith & Young (2003) and reported in field studies

by St. Laurent & Nash (2004) and Lee et al. (2006)), were used to determine the

dimensional energy flux in mode 2 due to the scattered and generated internal tide.

With these values, approximately 0.14 kW/m of the scattered energy flux is contained

mode 2 as compared to 2.7 kW/m in the generated mode-2 internal tide. Therefore,

although the ridge is efficient in scattering the incident mode-1 internal tide into

mode 2, the mode-2 internal tide generated by the ridge is an order of magnitude

greater than that due to the scattering of a incident mode-1 internal tide.

However, since the magnitude of F scales with U2 for both the generated and scat-

tered internal tide by (2.22), this introduces significant uncertainty into the predicted

conversion rates, which can only be reasonably estimated within the bounds set by

the uncertainty in U . For instance, with a barotropic tidal velocity of ub = 0.01 m/s,

the smallest value used in numerical and analytical studies of this region (Merrifield &

Holloway, 2002, Llewellyn Smith & Young, 2002) the generated internal tide mode 2

energy flux is only 0.30 kW/m. In this case, an incident mode-1 internal tide velocity

of u0 = 0.074 m/s or greater would yield a scattered wave field with 0.30 kW/m or

greater energy flux in mode 2.

2.4 Line Islands Ridge transects

In preparation for rigorous analysis of data from the field study (presented in Chap-

ter 4), this section seeks to analyze both the generation of internal tides by barotropic

forcing and the scattering of a mode-1 internal tide at the Line Islands Ridge using

the two-dimensional Green function method described in Section 2.2. The analytical

study of the idealized Gaussian ridge in Section 2.3 demonstrated that a topography

with a singular peak was efficient in both generating higher mode internal waves and

scattering an incident mode-1 internal tide into higher mode internal waves. It also

showed that although the majority of the scattered internal tide goes into mode 2, the

resulting wave field is still dominated by mode 1. Additionally, using characteristic
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Figure 2-10: A contour plot of the topography of the Line Islands Ridge, indicating
the locations of the three internal wave observation moorings from the EXITS cruise:
mooring U, mooring N, and mooring S. The scattering of a mode-1 internal tide and
internal tide generation by barotropic forcing is investigated for transects between
moorings U and N (U-N transect) and moorings N and S (N-S transect), indicated
by the dashed lines.

values of the incident mode-1 internal tide and barotropic forcing tide velocities, the

mode-2 energy flux generated by the idealized ridge was shown to be much greater

than that scattered. The expectation is these results will carry on to more realistic

transects, as those from the Line Islands Ridge.

Figure 2-10 presents the contour plot of a roughly 3◦ longitude by 3◦ latitude

section of the ridge system. In addition to the bathymetry, the figure also indicates

the locations at which velocity data was gathered during the EXITS cruise (moorings

U, N and S) and is analyzed in Chapter 4 for evidence of the topographic scattering

of the internal tide. The generation and scattering of the internal tide at two cross-

sections in this domain between moorings U and N (U-N transect) and moorings N

and S (N-S transect), indicated by the dashed lines in figure 2-10, are considered in
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Figure 2-11: The (a) stratification and (b) topography of the U-N transect of the
Line Islands Ridge shown in figure 2-10. In (b) the dashed lines MU and MN indicate
effective locations of mooring U and N from the EXITS study, respectively.

this section.

Figure 2-11 depicts the topography and stratification at the U-N transect shown

in figure 2-10, where the latitude, 17.6o N, corresponds to f = 4.4135 × 10−5 rad/s.

Additionally, figure 2-11(b) also includes the locations of mooring U and N from the

EXITS study, MU and MN, respectively. As compared to the idealized Gaussian

ridge from figure 2-3, the U-N transect has small scale topographic features leading

up to the peak, which were not present in the Gaussian ridge. Moreover, while the

peaks in both topographies are of similar height, the peak in the U-N transect is much

slimmer, more like a knife-edge than a Gaussian ridge. These topographic differences

suggest that the generated and scattered internal tides will also vary between the

topographies.

The topography and stratification at the N-S transect of figure 2-10 is depicted in

figure 2-12, where the latitude, 17.1o N, corresponds to f = 4.2898× 10−5 rad/s. As

in figure 2-11(b), the dashed lines in figure 2-12(b) indicate the locations of mooring

N and S from the EXITS study, MN and MS, respectively. Unlike the U-N tran-

sect, the idealized Gaussian topography studied in Section 2.3 was based on the N-S

transect and therefore the two topographies share many similar features. Both to-
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Figure 2-12: The (a) stratification and (b) topography of the N-S transect of the
Line Islands Ridge shown in figure 2-10. In (b) the dashed lines MN and MS indicate
effective locations of mooring N and S from the EXITS study, respectively.

pographies have minimal small-scale features before and after a central peak, as well

as comparable peak heights and widths. These similarities suggest that the resulting

scattered and generated internal wave fields should be analogous to those predicted

by the Green function solution of the Gaussian ridge.

2.4.1 Generation results

As in Section 2.3.1, this section seeks to quantify the internal tide generation at the

Line Islands Ridge by examining the cases of the U-N and N-S transects shown in

figure 2-10. With respect to the U-N transect, figure 2-13 presents the horizontal

velocity field of the generated internal tide as predicted by Green function theory,

normalized by the barotropic tidal velocity, u0. From the velocity field, the increased

number of wave beams upstream compared to downstream of the topography indi-

cate that a greater amount of the generated internal tide propagates leftward of the

topography.

This result further shown in figure 2-14(a), where 64.7% of the energy flux of the

generated internal tide propagates to the left. Furthermore, of the generated internal
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Figure 2-13: Normalized horizontal velocity field (u(x, z, t)/u0) of the internal tide at
an arbitrary instant in time generated at the U-N transect shown in figure 2-10.

tide, leftward and rightward propagating mode-1 internal tide accounts for 26.3% of

the energy flux, and mode-2 for 40.7%. While the U-N transect is a strong generator of

mode-2 internal tides, the majority of mode 2 generated, 67.9%, propagates upstream

of the topography.

Examining the energy flux at various locations along the U-N transect, as shown

in figure 2-14(b), further demonstrates the similarities between the internal tide at

locations MU and MN. Specifically, the energy flux at MU differs by about 5.5% to
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Figure 2-14: (a) Modal decomposition of the leftward (FR
n ) and rightward (F T

n ) prop-
agating energy flux and (b) the local depth-integrated, time-averaged, across-ridge
energy flux of the internal tide generated at the U-N transect shown in figure 2-10.
Both are normalized by the total energy flux. In (b), dashed lines MU and MN
correspond to the locations of mooring U and N of the EXITS study, respectively.
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the far-field leftward propagating internal tide while the energy flux at MN differs by

less than 1%. This indicates that the generated internal tide at MU is unchanged

in the far-field by the small scale topography. Furthermore, these results show the

modal content of the internal tide incident on the U-N transect is virtually unchanged

between mooring U and mooring N.

As for the case of the Gaussian ridge studied in 2.3.1, figure 2-15 shows the modal

content of the generated internal tide at various locations along the U-N transect using

local topographic depth, 2-15(a), and far-field ocean depth, 2-15(b). As in the case

of the internal tide generated at the Gaussian ridge, the modal content determined

using the local depth and the far-field depth vary a great deal. Comparing the sum

of the energy flux in all modes at MU when using the local depth to that computed

by (2.30) and shown in figure 2-14(b) shows that the energy flux computed by modal

decomposition differs by over 3.2%. In the same way, the total energy flux at MN is

44.5% less than the energy flux at MN in figure 2-14(b). However, the total energy

flux at MU as computed using the far-field ocean depth, figure 2-15(b), is within

2.5% of that shown in figure 2-14(b). The total energy flux at MN is also in excellent
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Figure 2-15: Modal decomposition of the net energy flux of the generated internal tide
before, after, and at locations MU and MN on the topography of the U-N transect
shown in figure 2-11 normalized by the total energy flux. The profiles are decomposed
using the (a) local depth and (b) far-field depth. The net energy flux in the far-field
before the topography (FR

n ) and after the topography (F T
n ) are also plotted, and

should roughly agree with the modal decomposition of the net energy flux at the
profiles taken before and after the topography, respectively.
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agreement, with only 1.7% difference between the energy flux at MN in figure 2-14(b).

These results further indicate that the far-field depth choice yields an accurate modal

decomposition of the internal wave field.

Investigating the modal content determined using the far-field depth modal decom-

position further, figure 2-15(b) shows that the modal decomposition of the generated

internal tide before and after the topography is in excellent qualitative agreement

with the modal content of the internal tides before and after the topography as de-

termined by the Green function approach. Additionally, while the modal content

of the internal tide at MU has a similar partition of energy flux to that before the

topography, the mode 1 and mode 2 content differs by 12.9%, and the mode 3 con-

tent differs by 27.8% to that of the far-field internal tide as predicted by the Green

function method. Disagreements are also present when comparing the modal content

at MN to that of the far-field energy flux after the topography, in which case modal

decomposition predicts 38.8% greater mode 1 than the far-field energy flux before the

topography. Additionally, the modal content measured at MU and MN differ greatly

in their prediction of the energy flux in modes 1-3 and 5, in some cases by over 58%.

These results are in agreement with those for the case of the generated internal tide

at a Gaussian topography, further suggesting that the modal content of an internal

tide at locations along the topography may not be a good indication of the modal

content of the far-field propagating internal tide.

Figure 2-16 shows the normalized horizontal velocity field of the internal tide

generated at the N-S transect. The complexity of the wave beams both upstream and

downstream of the topography suggest generated high-mode internal tides propagate

both to the left and right of the topography.

As plotted in figure 2-17(a), mode 1 accounts for 42.4% of the generated internal

tide, whereas mode 2 accounts for 35.2%. In the case of the leftward propagating

internal tide, mode 1 and 2 each account for ∼ 40% of the energy flux. Furthermore,

of the mode-2 energy flux of the generated internal tide, the vast majority of it, 67%,

propagates upstream of the topography.

The energy flux along the N-S transect, presented in figure 2-17(b), indicates
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Figure 2-16: Normalized horizontal velocity field (u(x, z, t)/u0) at an arbitrary instant
in time generated at the N-S transect shown in figure 2-10.
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Figure 2-17: (a) Modal decomposition of the leftward (FR
n ) and rightward (F T

n ) prop-
agating energy flux and (b) the local depth-integrated, time-averaged, across-ridge
energy flux of the internal tide generated at the N-S transect shown in figure 2-10.
Both are normalized by the total energy flux. In (b), dashed lines MN and MS
correspond to the locations of mooring N and S of the EXITS study, respectively.

that the energy flux of the generated internal tide at MN is approximately 4.8%

different from the energy flux of the far-field leftward propagating generated internal

tide. Similarly, the energy flux at MS differs from the far-field rightward propagating

generated internal tide by only about 6.8%. These results further demonstrated

that modal content of the internal tide as measured at locations MN or MS are

representative of the far-field internal tide modal content.

The modal content of the generated internal tide at the N-S transect is further
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Figure 2-18: Modal decomposition of the net energy flux of the generated internal
tide before, after, and at locations MN and MS on the topography of the N-S transect
shown in figure 2-12 normalized by the total energy flux. The profiles are decomposed
using the (a) local depth and (b) far-field depth. The net energy flux in the far-field
before the topography (FR

n ) and after the topography (F T
n ) are also plotted, and

should roughly agree with the modal decomposition of the net energy flux at the
profiles taken before and after the topography, respectively.

investigated in figure 2-18. The sum of the energy flux in all modes at MN determined

when using the local depth, figure 2-18(a), is 37.3% less than that of the energy flux at

MN as determined by (2.30) and shown in figure 2-17(b). Similarly, the total energy

flux at MS differs by 53% from that in 2-17(b). On the other hand, the total energy

flux at MN as computed using the far-field depth, figure 2-18(b), is within 1% of that

shown in figure 2-17(b), and the total energy flux at MS differs by only 7.9% from

that at MS in figure 2-17(b). These results further emphasize that using the far-field

ocean depth yields an accurate modal decomposition of a generated internal wave

field.

The modal content determined using the far-field depth modal decomposition,

figure 2-18(b), as in previous sections, shows excellent agreement between the modal

decomposition of the generated internal tide before and after the topography and the

modal content in the far-field as determined by the Green function method. The

model partition of the energy flux at MN and MS is qualitatively similar to that of

the far-field internal tide propagating to the left and right, respectively. The largest

disparities between the energy flux over the topography and that in the far-field at
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MN are in mode 3, which differs by 41.1%, and mode 4, which differs by over 298%.

These differences are less pronounced at MS, with the largest difference between the

energy flux of far-field internal tide after the topography of 11.1% in mode 1. As

in previous investigations of the modal content of the generated internal tide earlier

in this chapter, these results further indicate that, for topographies of dominant

internal tide generation, the modal content of an internal tide at locations along

the topography may not be a good indication of the modal content of the far-field

propagating internal tides.

2.4.2 Scattering results

Figure 2-19 presents a snapshot of the theoretical result for the incident-plus-scattered

wave field resulting from a mode-1 internal tide propagating from the left to right.

As in figure 2-7, the horizontal velocity has been normalized by the incident mode-1

internal tide velocity, u0.

The modal decomposition of the transmitted and reflected energy flux normalized

by the incident mode-1 energy flux for the U-N transect is shown in figure 2-20(a).

Theory predicts that in this case, 78.2% of the incident mode-1 energy is transmitted

and the remaining 21.8% is reflected. Furthermore, 53.9% of the incident mode-1

Figure 2-19: Normalized incident-plus-scattered horizontal velocity field
(u(x, z, t)/u0) at an arbitrary instant in time for mode-1 (incident from the
left) scattering from the U-N transect shown in figure 2-10.
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Figure 2-20: (a) Modal decomposition of reflected (FR
n ) and the transmitted (F T

n )
energy flux and (b) the local depth-integrated, time-averaged, across-ridge energy
flux of the internal tide scattered by the U-N transect shown in figure 2-10. Both
are normalized by the incident mode-1 energy flux. In (b), dashed lines MU and MN
correspond to the locations of mooring U and N of the EXITS study, respectively.

energy is scattered into higher modes either in the transmitted or reflected wave field,

suggesting that the topography at this transect is extremely efficient at scattering.

As seen in figure 2-20(b), the energy flux of the internal tide at MU differs from

the far-field reflected energy flux by about 15.7%, while at MN it differs by about

19.2%. This suggests that the modal content at both MU and MN is significantly

different from that of the far-field reflected internal tide. However, given that there

is an incident mode-1 internal tide acting at both locations, the modal content at

both MU and MN will be mode-1 dominated. The fact that energy flux between

MU and MN differs by only approximately 3.5% further indicates that the internal

tide is not changing drastically between the two moorings. Therefore, the modal

content extracted from velocity profiles at mooring N of the EXITS cruise should be

comparable to the modal content of the internal tide measured at mooring U.

The modal content at various locations along the U-N transect of the incident-

plus-scattered internal tide is presented in figure 2-21. Motivated by the results from

Section 2.4.1, it is expected that the modal decomposition technique when using the

far-field ocean depth should yield correct results. As seen in the figure, unlike in

the generation case, the modal content determined when using the local topographic
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Figure 2-21: Modal decomposition of the net energy flux of the incident-plus-scattered
internal tide before, after, and at locations MU and MN on the topography of the U-N
transect shown in figure 2-11 normalized by the incident energy flux. The profiles are
decomposed using the (a) local depth and (b) far-field depth. The energy flux before
the topography (FR+i

n ) and after the topography (F T
n ) are also plotted, and should

roughly agree with the modal decomposition of the net energy flux at the profiles
taken before and after the topography, respectively.

depth, figure 2-21(a) does not differ much from that determined when using the far-

field depth, figure 2-21(b). Moreover, the distribution of the modal content at MU

matches that of the energy flux before the topography, with the largest discrepancy in

mode 1 with a difference of ∼20% for both methods. Likewise, the modal distribution

of the energy flux of the internal tide at MN matches that of the far-field internal

tide before the topography, differing the most only in mode 1, for which the local

topographic depth estimates the energy flux to be 35.5% less and the far-field ocean

depth method estimates the energy flux to be 45.1% less than the far-field internal

tide before the topography. As in the scattering results for the Gaussian topography

presented in Section 2.3.2, these results suggest that, in contrast to the the gener-

ation case, the modal content at various locations along the topography is in good

qualitative agreement with the far-field modal content. Furthermore, the depths used

for the modal decomposition of a velocity field due to a scattered internal tide yield

similar results and can thus be used interchangeably.

Figure 2-22 presents a snapshot of the normalized horizontal velocity theoretical

results for the incident-plus-scattered wave field resulting from a mode-1 internal tide
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Figure 2-22: Normalized incident-plus-scattered horizontal velocity field
(u(x, z, t)/u0) at an arbitrary instant in time for mode-1 (incident from the
left) scattering the N-S transect shown in figure 2-10.

propagating from the left to right for the N-S transect. The presence of wave beams

on both sides of the topography demonstrate the wave field is comprised of higher

modes, indicating a scattered internal tide both transmitted and reflected.

Theory predicts that in the case of the N-S transect, 72.8% of the incident mode-1

energy is transmitted and the remaining 27.2% is reflected, as shown in figure 2-

23(a). Furthermore, 39.8% of the incident mode-1 energy is scattered into higher

modes either in the transmitted or reflected wave field, suggesting that scattering

by topography at this transect is substantial. As can be seen from figure 2-23(a), a

greater amount of mode-2 energy flux is transmitted than is reflected by the ridge.

Figure 2-23(b) shows that the energy flux at location MN differs only by about

3% from the far-field energy flux of the reflected internal tide. This suggests that in

the plane of the N-S transect, the modal content of the internal wave field at MN is a

good indication of the modal content of the energy flux of the reflected internal tide.

Similarly, the transmitted far-field energy flux of the internal tide differs from the

energy flux at MS by less than 4%, further implying that the modal content of the

scattered internal wave field at MN is representative of that of the far-field scattered

internal wave field.

As done in for the case of the U-N transect, the modal content of the incident-plus-
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Figure 2-23: (a) Modal decomposition of the reflected (FR
n ) and transmitted (F T

n )
energy flux and (b) the local depth-integrated, time-averaged, across-ridge energy
flux of the internal tide scattered by the N-S transect shown in figure 2-10. Both
are normalized by the incident mode-1 energy flux. In (b), dashed lines MN and MS
correspond to the locations of mooring N and S of the EXITS study, respectively.

scattered internal tide field may also be investigated for the N-S transect, the results

of which are shown in figure 2-24. Again, the far-field ocean depth method of modal

decomposition is expected to yield accurate results. As seen in the case of the U-N
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Figure 2-24: Modal decomposition of the net energy flux of the incident-plus-scattered
internal tide before, after, and at locations MN and MS on the topography of the N-S
transect shown in figure 2-12 normalized by the incident energy flux. The profiles are
decomposed using the (a) local depth and (b) far-field depth. The energy flux before
the topography (FR+i

n ) and after the topography (F T
n ) are also plotted, and should

roughly agree with the modal decomposition of the net energy flux at the profiles
taken before and after the topography, respectively.
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transect, again there is little difference between the modal content determined when

using the local topographic depth, figure 2-24(a), and that determined when using

the far-field depth, figure 2-24(b). While at MN and MS the distribution of modal

content qualitatively matches that of the energy flux before and after the topography,

respectively, there are large quantitative differences in the predicted modal energy

flux. In particular, the mode 1 energy flux is 43.5% less than the energy flux of the

internal tide before the topography when using the local depth modal decomposition,

and 47.6% less then using the far-field ocean depth modal decomposition. This trend

is also seen at MS when determining the modal content using local depth, for which

the energy flux in mode 1 is 21.3% greater than that of the energy flux of the far-

field transmitted internal tide and in mode 2 is 58.7% less. As with the modal

decomposition study of the scattering case at the U-N transect, these results further

confirm that the choice of depth for the modal decomposition of a velocity field due to

a scattered internal tide is inconsequential. Furthermore, unlike the generation case,

the modal content at locations along the topography is in good qualitative agreement

with the modal content in the far-field.

These results are key to understanding the analysis of data from the EXITS cruise.

They indicate that in the case of an incident mode-1 internal tide scattered by the Line

Islands Ridge, the modal parttion of energy flux as determined from measurements

at mooring U and N should be the same. Therefore, if the measurements at mooring

U indicate a mode-1 dominated internal wave field, it can be safely assumed that

that mode-1 wave field encounters mooring N virtually unchanged. Additionally, the

results at MS suggest that a modal decomposition of the wave field at mooring S will

be analogous of the modal content of the far-field transmitted internal tide. Hence, if

measurements taken at mooring S indicate larger amounts of mode-2 than at mooring

N, it can be further be reasoned that this mode-2 dominated internal tide propagates

into the far-field without being locally dissipated, thereby implying that this portion

of the Line Islands Ridge is a topographic feature with strong internal tide scattering

properties. Additionally, these results indicate that for a topographic feature that is

a strong internal tide scatterer, such as the Line Islands Ridge, the choice of depth
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used in the modal decomposition of the internal tide at locations on the topography is

insignificant. This assumption will be used in Chapter 4 where data from the EXITS

cruise will be modally decomposed using the local topographic depth.

2.5 Discussion and Conclusions

Section 2.4 demonstrated that the topographies of the U-N and N-S transect of the

Line Islands Ridge were efficient at both generating and scattering internal tides.

The key question, however, is how strong is the scattering process compared to the

generation process at each of these topographies? As in Section 2.3.3, characteristic

values of the incident mode-1 internal tide velocity, u0 = 0.05 m/s, and the barotropic

tidal velocity, ub = 0.03 m/s, at the Line Islands Ridge were used to determine the

dimensional energy flux due to the scattered and generated internal tide at both the

U-N and N-S transects. Specifically, the mode-2 energy flux of the scattered versus the

generated internal tide at the Line Islands Ridge is examined. Table 2.1 summarizes

the mode-2 energy flux of the scattered and generated internal tides at the U-N and

N-S transects.

Transect Type ET
2 (kW/m) ER

2 (kW/m)
U-N Generated 1.95 4.14

Scattered 0.11 0.11
N-S Generated 1.90 3.86

Scattered 0.18 0.12

Table 2.1: Mode-2 energy flux of the internal tide produced by generation and scat-
tering of an incident mode-1 internal tide at the U-N and N-S transects.

The Green function approach predicts that in the case of both transects, the

mode-2 energy flux of the internal tide produced by the scattering of an incident

mode-1 internal tide is an order of magnitude less than that produced by the genera-

tion of the internal tide at the topography. However, studies using three-dimensional

numerical models and satellite altimetry (Johnston et al., 2003, Zhao et al., 2011)

indicate that higher modes from internal tide scattering dominate at the Line Islands
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(a) (b)

Figure 2-25: (a) Energy flux of mode-1 M2 internal tides around the Hawaiian ridge,
estimated from multisatellite altimetry using a 120 km fitting region. The 4,000 m
isobath contours are shown in gray. Red and green arrows indicate southward and
northward internal tides, respectively. Flux arrows smaller than 0.15 kW/m are not
plotted. (b) Mode-2 M2 internal tides. Flux arrows smaller than 0.05 kW/m are not
plotted. Adapted from Zhao et al. (2011).

Ridge and does not appear to be a dominant local high-mode internal tide generator

as mode 1 is diminished south of the ridge while mode 2 is augmented (figure 2-25),

which was not predicted by the Green function approach.

While the predictions of the percentage of scattered internal tide energy flux align

well with previous analytical, two- and three-dimensional numerical studies of the Line

Islands Ridge (Mathur et al., 2014, Johnston et al., 2003), the relative value of high-

mode internal tide production via scattering versus generation at the ridge has not

been investigated. The fact that previous studies indicate a significant diminishing of

mode 1 at the Line Islands Ridge suggests that the assumption of a two-dimensional

internal tide generation/scattering process is an oversimplification of the physical

system.

2.6 Future Work

The results of this chapter indicate that there is a large uncertainty in determining

the depth that should be used when modally decomposing internal tides. Preliminary
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studies indicate that the far-field ocean depth yields more accurate results than the

local topographic depth for cases of internal tide generation, whereas for studies of

internal tide scattering, the choice of depth is inconsequential to the results. Further

work should be done to investigate the choice of depth in the accurate determination

of modal content for topographies of varying criticality and height ratio.

Furthermore, this chapter began to study the differences between the modal con-

tent at locations on the topographic feature and the far-field internal tide. Initial

results demonstrated that there is generally good qualitative agreement in modal

partition of energy flux of the far-field internal tide and the internal tide along loca-

tions of the topography for cases of internal tide generation and scattering. Additional

work should be done to explore for which classes of topographies, in terms of height

ratio and criticality, the modal content of the internal tide above the topography is in

good quantitative agreement with the far-field internal tide. Supplementary studies

may also be conducted to determine the validity in utilizing flat-bottom modes for the

modal decomposition of wave fields above varying topographic features with the aim

of determining when and how flat-bottom modes may be implemented to determine

the modal content of an internal wave field.
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Chapter 3

Modal Decomposition of Internal

Wave Fields

3.1 Introduction

This chapter seeks to compare two methods for determining the modal composition

of an internal wave field. The first is a projection method introduced in Section 1.3

and expanded in Section 3.2 allowing for a more general formulation that still con-

verges with missing information in the vertical domain. The second is a regression

technique widely used by physical oceanographers described in Section 3.3. Both of

these methods are successful in determining the modal content of an internal wave

field in the case of full-depth vertical information, as described in Section 3.4. Thus,

the focus of this chapter is to determine the effectiveness of each of these methods

for cases of incomplete vertical domain, also described Section 3.4. The goal of this

chapter is to determine the optimal algorithm for the modal decomposition of internal

wave fields from the EXITS cruise (the results of which are discussed in Chapter 4),

for which the three moorings deployed experienced various amounts of image loss

in their measured horizontal velocity and isopycnal displacement. To this end, the

performance of both modal decomposition algorithms is tested in Section 3.5 for an

internal tide wave field at the Line Islands Ridge, as predicted by the Green function,

with image loss consistent with the EXITS cruise. Finally, the chapter concludes with
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some examination into the number of modes required for both algorithms to converge

and suggestions for future studies in Section 3.6.

3.2 Projection method

This section presents a new analytical method to modally decompose vertical time-

series of field data that has some advantages over the current regression method. In

particular, the new approach, referred to as the projection method, can accommodate

a greater amount of data loss and has no ambiguity in choosing how many modes

should be fit to the observed data set. The basis of the projection method was first

introduced by Echeverri et al. (2009) and was further developed by Saidi (2011).

This system consists of two classes of variables: those that are directly related

to the vertical structure of streamfunction, φ(z), and those that are related to its

derivative, dφ(z)/dz. The variables that are linearly related to φ(z) are given by:


w

η

ρ

 = φ(z)


ik

−k/ω

−ρ0kN
2/(ωg)

 ei(kx−ωt), (3.1)

where w is the vertical velocity, η is the isopycnal displacement, and ρ is the density

perturbation. The remaining class of variables proportional to dφ(z)/dz are:


u

v

p

 =
dφ(z)

dz


−1

if/ω

ρ0 (f 2 − ω2) / (kω)

 ei(kx−ωt), (3.2)

where u and v are the components of the horizontal velocity and p is the pressure

perturbation.

In oceanographic field studies, it is often impractical to analyze w as vertical

velocities are extremely small and very susceptible to instrument noise. Therefore, a

much more reliably measured variable related to φ(z) is the isopycnal displacement η.

Since the goal of this chapter is to determine the optimum algorithm to analyze the

72



modal content of the internal wave fields measured by EXITS, an oceanographic field

study, u and η are the two variables of interest. Hence, the details of the algorithm

are presented first with respect to the horizontal velocity field, u, with the necessary

changes to cross over to the isopycnal displacement, η, discussed after.

For a given stratification N(z), the homogenous differential equation governing

the vertical structure φ(z) of an internal wave is given by (1.22). Together with the

homogenous boundary conditions of a flat bottom and a rigid lid, φ(z = 0) = φ(z =

H) = 0, equation (1.22) represents a Sturm-Liouville problem of the canonical form:

d

dz

[
p(z)

dg(z)

dz

]
+ (q(z) + λ2σ(z))g(z) = 0, (3.3)

where g(z) is the primary function of arbitrary nature, p(z), q(z) and σ(z) are given

functions of z, and λ is the eigenvalue to be determined. In the case of internal waves,

the eigenvalue λ = k. Comparing (3.3) with (1.22) yields g(z) = φ(z), p(z) = 1,

q(z) = 0, and σ(z) = N2(z)−ω2

ω2−f2 .

Focusing on the eigenvalues λm and λn and the corresponding eigenfunctions gm(z)

and gn(z) that satisfy

d

dz

[
p(z)

dgm(z)

dz

]
+ (q(z) + λ2

mσ(z))gm(z) = 0 (3.4)

and

d

dz

[
p(z)

dgn(z)

dz

]
+ (q(z) + λ2

nσ(z))gn(z) = 0, (3.5)

proceeding towards determining the orthogonality relation, multiplying (3.4) by gn(z)

and (3.5) by gm(z) and taking their difference yields:

gn(z)
d

dz

[
p(z)

dgm(z)

dz

]
−gm(z)

d

dz

[
p(z)

dgn(z)

dz

]
+(λ2

m−λ2
n)gm(z)gn(z)σ(z) = 0. (3.6)

Integrating (3.6) over the interval [a, b] results in
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∫ b

a

gm(z)gn(z)σ(z) dz = δmn, (3.7)

where δmn is a Kronecker delta. Equation (3.7) states that the eigenfunctions of the

Sturm-Liouville problem are orthogonal to each other and form a complete set of

basis functions with which to describe any function over [a, b]. For q(z) = 0, as is

the case for (1.22), multiplying (3.4) by gn(z) and integrating over the interval [a, b]

yields:

∫ b

a

dgm(z)

dz

dgn(z)

dz
dz = δmn, (3.8)

which states that the derivatives of the eigenfunctions are also orthogonal to each

other and form a basis.

By relations (3.1) and (3.2) and equations (3.7) and (3.8), the orthogonality re-

lations for isopycnal displacement η, and the horizontal velocity u, over the domain

z ∈ [0, H] are

∫ H

0

η̂m(z)η̂n(z)

(
N2(z)− ω2

ω2 − f 2

)
dz = δmn (3.9)

and ∫ H

0

ûm(z)ûn(z)dz = δmn, (3.10)

where η̂(z) = −knφn(z)/ω and û(z) = −dφn(z)/dz are the vertical structures of the

isopycnal displacement ahd horizontal velocities, respectively. Furthermore, these

modes form a complete basis such that the linear wave field for the isopycnal dis-

aplcement and horizontal velocity can be expressed as

η(x, z, t) =
∞∑
n=1

<
{
Hnη̂ne

i(knx−ωt)
}

(3.11)

and

u(x, z, t) =
∞∑
n=1

<
{
Unûnei(knx−ωt)

}
, (3.12)

where Hn and Un are the complex coefficients describing the amplitude and phase of
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each mode for the isopycnal displacement and horizontal velocity respectively.

Full depth information

The projection method exploits the orthogonality relation of internal wave modes to

determine weighting factors for each mode based on the extent of the data available.

First, the straightforward case of horizontal velocity field data across the full depth

of the water column z ∈ [0, H], is considered. In this case the orthogonality relation

(3.10) may be readily exploited to determine the modal content of the internal wave

field as follows. For a pair of profiles collected at x0 at times t1 and t2, making use of

equation (3.12) results in:

∫ H

0

u(x0, z, t1)ûm(z)dz =<{Umei(kmx0−ωt1)}Υ, (3.13)∫ H

0

u(x0, z, t2)ûm(z)dz =<{Umei(kmx0−ωt2)}Υ, (3.14)

where by definition Υ =
∫ H

0
û2
m(z)dz = 1. Equating the real and imaginary parts of

Um from (3.13) and (3.14) and rearranging yields:

<{Um}
={Um}

 =

− cos(kmx0 − ωt2) cos(kmx0 − ωt1)

sin(kmx0 − ωt2) − sin(kmx0 − ωt1)


× (sin(ω∆t)Υ)−1

∫ H

0

ûm(z)

u(x0, z, t1)

u(x0, z, t2)

 dz,

(3.15)

which is well defined for ∆t 6= π/ω, (p = Z ≥ 0). The mode strength and phase are,

respectively:

|Um| =
√
<{Um}2 + ={Um}2, (3.16)

ϕ(u)
m = arctan

(
={Um}
<{Um}

)
. (3.17)
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For the case of the isopycnal displacements, the complex coefficient Hm can be

obtained from η field data via the same process outlined above by alternatively us-

ing the basis functions η̂m(z) and orthogonality relation (3.9), in which case Υ =∫ H
0
η̂2
m(z)

(
N2(z)−ω2

ω2−f2

)
dz = 1, i.e.

<{Hm}

={Hm}

 =

− cos(kmx0 − ωt2) cos(kmx0 − ωt1)

sin(kmx0 − ωt2) − sin(kmx0 − ωt1)


× (sin(ω∆t)Υ)−1

∫ H

0

η̂m(z)

η(x0, z, t1)

η(x0, z, t2)

(N2(z)− ω2

ω2 − f 2

)
dz.

(3.18)

The magnitude and phase of the horizontal velocity and isopyncal perturbation are

related by

|Hm| =
km
ω
|Um|, (3.19)

and

ϕ(η)
m = ϕ(u)

m . (3.20)

Incomplete vertical domain

In any field data set it is the case that there will be incomplete data over the vertical

domain. Acoustic Doppler current profilers, for example, cannot reliably measure

velocities near the sea floor due to the limited number of deep scatterers, and data

from mooring deployments can begin significantly beneath the ocean surface, resulting

in data loss at the top and bottom of the domain. Crawling instruments such as the

commonly used McLane moored profilers (such as those used in the EXITS study)

cannot traverse the entire water column at speeds necessary for the detection of

internal waves (Doherty et al., 1999). Therefore, they are often used stacked in pairs,

collecting data is regions of the upper and lower water column (Alford, 2010, Johnston

et al., 2013); this arrangement also has data loss in the region between the domains

of the two profilers.
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Figure 3-1: Example of oceanographic data with image loss throughout the vertical
domain.

The modal projection method can be modified to account for this data loss. Let

z ∈ [αi, βi] be the i vertical domains for which data is available (as illustrated in

figure 3-1), where [αi, βi] ⊂ [0, H] and i = 1, . . . , q. The vertical modes are no longer

orthogonal over the composition of these subdomains, and hence from equations (3.10)

and (3.12):

q∑
i=1

∫ βi

αi

u(x0, z, t)ûm(z)dz =
∞∑
n=0

Γn(x0, t)Υmn (3.21)

where

Υmn =

q∑
i=1

∫ βi

αi

ûm(z)ûn(z)dz, (3.22)

Γn =<{Unei(knx0−ωt)}, (3.23)

If a wave field is assumed to comprise modal content up to mode M , implementing

equation (3.21) for modes n = 1 through n = M , then results in the linear problem:
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Γ(x0, t) = Υ−1 ×
q∑
i=1

∫ βi

αi

u(x0, z, t)


û1(z)

...

ûM(z)

 dz, (3.24)

where Γ is an M × 1 matrix whose elements are given by (3.23) and Υ is an M ×M

matrix with elements given by (3.22) that reduces to the identity matrix in the limit

of full depth information. Recovering the real and imaginary components of Um is

achieved by implementing this procedure at two different times, t1 and t2, and using

the relation:<{Um}
={Um}

 = (sin(ω∆t))−1

− cos(kmx0 − ωt2) cos(kmx0 − ωt1)

sin(kmx0 − ωt2) − sin(kmx0 − ωt1)

Γm(x0, t1)

Γm(x0, t2)


(3.25)

Thereafter, utilization of equations (3.16) and (3.17) yields the m-th mode strength

and phase.

The same procedure can be applied to data sets of the isopycnal displacements,

with the only difference being the utilization of equation (3.9) over an incomplete

domain rather than (3.10).

3.3 Regression method

This section discusses the regression technique (Alford, 2003, Nash et al., 2005) uti-

lized by much of the physical oceanographic community to determine the modal

content of internal wave fields. In this technique, the horizontal baroclinic velocity

and isopycnal displacements are expressed as:

u(z, t) =
∞∑
n=0

Ũn(t)ûn(z), (3.26)

ρ(z, t) =
∞∑
n=1

H̃n(t)η̂n(z), (3.27)

where u(z, t) and η(z, t) are the profiles determined from field data, and Ũn(t) and
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H̃n(t) are time-varying magnitudes of the baroclinic modes, to be determined. In this

formulation, note that the time varying modal amplitude Ũn(t) corresponds to the

term <
{
Unei(knz−ωt)

}
from (3.12). The zeroth-mode (n = 0), corresponding to the

barotropic solution, is also allowed in the case of the horizontal velocity.

The regression method is implemented as follows. For horizontal velocity mea-

surements obtained at discrete vertical locations zi (i = 1,M) in the water column,

the data is configured as


u(z1, t)

...

u(zM , t)

 =


û1(z1) . . . ûn(z1)

... . . .
...

û1(zM) . . . ûn(zM)



Ũ1(t)

...

Ũn(t)

 , (3.28)

and solved using standard overdetermined inverse methods (Dushaw et al., 1995) at

each time for the unknown time-varying modal amplitudes, Ũn(t); the same method

is used for the time varying modal amplitudes of isopycnal displacement, H̃n(t). For-

mally, a vertical resolution of M data points enables the resolution of M modes. In

practice, the specific mooring geometry and the shape of the spectrum can further

limit this value. In particular, Nash et al. (2005) notes that the regression method is

especially sensitive to gaps in data near the surface. Furthermore, solving for more

modes M reduces the error, but affects the stability of the solutions.

3.4 Results

To test the effectiveness of both methods in determining the mode strengths of an

internal wave field, an idealized horizontal wave field was generated in MATLAB using

ten input mode strengths |U1:10| =[10 9 8 7 6 5 4 3 2 1] and corresponding phase values

ϕu1:10 =[1 2 3 4 5 6 7 8 9 10] ×π/5. The wave field was generated in a characteristic

oceanic stratification shown in figure 3-2 along with the corresponding first five modes

of the horizontal velocity û(z) and isopycnal displacement η̂(z). The generated u

wave field is shown in figure 3-3. The corresponding isopycnal displacement field (not

shown) was created using the same procedure as that used to construct the u velocity,
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Figure 3-2: (a) Characteristic oceanic stratification used to generate wave field in
figure 3-3 and corresponding vertical modes for the (b) horizontal velocity, û(z), and
(c) isopycnal displacement, η̂(z) fields.

Figure 3-3: An idealized horizontal velocity field in a characteristic oceanic stratifi-
cation plotted as a function of the spatial coordinates x and z, and time t. The wave
field was constructed in MATLAB using the known modal strengths |U1:10| =[10 9 8
7 6 5 4 3 2 1] and phases ϕu1:10 =[1 2 3 4 5 6 7 8 9 10] ×π/5 rad.

by virtue of using relations (3.19) and (3.20).
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3.4.1 Full vertical domain

Figure 3-4 presents the results of the projection method in determining the known

modal amplitudes and phases for both u and η, obtained using a time window of

∆t = π/2ω and assuming full depth information. As one might hope, the agreement

with the true values is excellent, with less than 1% error.

3.4.2 Incomplete vertical domain

The effectiveness in determining the modal composition of a wave field using the

analytical and regression method was tested for varying cases of image loss from the

top, bottom, and middle of the domain for both the u velocity and η displacement

fields. In field studies, image loss at the top of the domain results from the fact

that instruments cannot be placed on the mooring line to coincide with the exact

free surface of the ocean. Furthermore, the placement of instrumentation throughout
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Figure 3-4: Modal decomposition results for the u velocity profile (top row) and the
isopycnal displacement η (bottom row). Plots (a) and (c) display the modal strengths
while (b) and (d) display the phases. The known inputs (black dots) are compared
to the projection method results (blue circles) and regression method results (green
squares).
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the water column will result in various additional regions of image loss in the middle

of the ocean. Therefore, there is strong motivation to investigate the algorithm’s

performance in the presence of top, bottom, and middle image loss. The results of

all these scenarios are presented in 3-5.

In the case of image loss, an unknown variable in determining the modal content

of an internal wave field is the number of modes to be solved for M , in (3.24). This

variable is key in determining Υ and its inverse. As previously described, Υ reduces

to the identity matrix in the limit of full depth information for all M . Since the

modal content is not known a priori, the maximum number of modes to decompose

was set to be the highest resolvable mode by the velocity data M = 139. The validity

of using such a value of M will be investigated in Section 3.6.

Figures 3-5(a) and 3-5(b) show the results of the percent error in the first five

modes as a function of image loss from the top of the domain in the u and η fields

respectively. The performance of the projection method is depicted by solid lines

and that of the regression method by dashed lines. From the figure, it is clear to

see that the projection method is able to sustain greater amounts of image loss than

the regression method when accurately predicting the modal structure of the wave

field for the u velocity field, whereas regression out performs the projection method

in the case of the η displacement field. In the case of the u velocity, figure 3-5(a)

shows the projection method accurately predicts the modal amplitudes of the first five

modes with less than 5% error for cases with less than 5% image loss. The regression

method, on the other hand, fails for all modes for cases of image loss of 3.3% or

greater. Unlike the u velocity field, the case is reversed for the η displacement field,

shown in figure 3-5(b). In this case, the projection method accurately predicts the

first five modes within 5% for cases of image loss up to 4.3% while the regression

method fails for cases with 7% image loss or more. The small amount of tolerance to

image loss from the top of the vertical domain for both algorithms is due to the fact

that the modal structures for the horizontal velocity and isopycnal displacements, as

shown in figures 3-2(b) and 3-2(c), vary considerably within the first 10%, or 523 m

for the case of this idealized wave field, of the water column and thus this information
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Figure 3-5: The percent error in the first five modes m of the idealized wave field
evaluated using the analytical procedure accounting for image loss (solid lines) and
the regression method (dashed lines) as a function of image loss from the top of the
vertical domain (top row), the bottom of the vertical domain (middle row), and the
bottom of the vertical domain with combined image loss of 3% at the top and 2% in
the middle (bottom row). Plots (a), (c), and (d) display the results for the u velocity
(b), (d), and (e) display the results for the η displacement fields.

83



is more valuable in distinguishing between the modes.

Although both algorithms show markedly little tolerance to image loss from the

top, the projection method can handle up to 4.3% image loss whereas the regression

method can only handle up to 3.3%. This translates into roughly 225 m of image

loss tolerable by the projection method as compared to 172 m for the regression

method, which is significant difference of up to 53 m. This is an extremely important

result as the variability of mooring deployments near the surface in the deep ocean

is generally on the order of 100 m. Therefore, these results show that both methods

are capable of distinguishing the modal content of an internal wave field using the u

velocity field for cases of image loss near the surface that are in keeping with current

oceanographic limitations. However, as instrumentation for field studies change, the

projection method has proven to be more robust for surface image loss allowing for

an additional 53 m of uncertainty.

Similarly, image loss from the bottom of the domain is investigated in figure 3-5(c)

and 3-5(d) for both the u velocity and η displacement fields where the error levels of

both the projection method and regression method are plotted against the percent

of image loss. As can be seen in figure 3-5(c), in the case of the u velocity field, the

projection method can determine the first five modes within 5% for cases with up

to 69% image loss. After this, the method can sustain up to 74% image loss and

continue to predict the mode-1 amplitude with less than 10% error. On the other

hand, the regression method fails for cases with as little as 57% image loss, where,

unlike the projection method, there is a large jump in the percent error for all modes.

Figure 3-5(d) shows similar results for the case of the η displacement field. Again, as

in the case of image loss for the top, the case for the performance of the algorithms

is reversed. The first five modes can be determined via the projection method within

5% error for cases with up to 73% image loss whereas the regression method does not

fail for cases with up to 92% image loss. These results suggest that the regression

method is much less sensitive to data loss in the η displacement field, specifically from

the bottom of the domain and into the pycnocline, than the projection method.

For the case of middle loss, the scenario of constant image loss at the top and
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middle of the domain in addition to varying amounts of image loss in the deep ocean

was explored. An oceanographic data set with 3% image loss at the top, 2% image

loss near the middle, and varying amounts of image loss in the deep ocean was used.

Figure 3-5(e) and 3-5(f) shows the results for the u velocity field and η displacement

field, respectively, for both algorithms. In the case of the u velocity field, the pro-

jection method results in less than 5% error in all five modes for up to 67% image

loss at the bottom of the domain and can further predict the mode-1 amplitude with

less than 10% error for cases with up to 70% image loss at the bottom. On the

other hand, the regression method fails for all five modes for cases of 58% bottom

image loss or greater. Again, unlike the projection method, the change in error in

the regression method as a function of increased image loss is sudden. Figure 3-5(f)

shows the results for the η displacement field. Here the projection method predicts

the modal amplitudes for all five modes within 5% for cases of image loss up to 60%.

Regression, however, is able to predict the modal amplitudes with less than 1% error

for all five modes for all possibilities of bottom image loss. This is likely due to the

fact that the analytical method is more sensitive to image loss at both the top and

bottom of the domain for the η displacement field than for the u velocity field (see

figure 3-5(a) and 3-5(b)).

These results show that the projection method is more adept at handling image

loss in the case of the u velocity, whereas the regression method is less sensitive to

image loss in the η displacement field. Given that the quantities of most interest to

oceanographic studies are the energy and energy flux of an internal tide, variables that

are determined from a combination of measurements of u and η displacement, these

results suggest that the projection method can determine these quantities in instances

of greater image loss than the regression method, thereby making it a technique to

be considered for use in oceanographic field studies.
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3.5 Ocean example

To verify the algorithm presented in 3.2, a synthetic data set representative of that

gathered from oceanographic field experiments is generated. Green function theory

utilized in Chapter 2 is again used to produce the modal content of a wave field based

on a two-dimensional topography and then to further generate a synthetic wave field

from these modal amplitudes and phases.

Given that the goal of this chapter is to determine the best modal decomposition

technique to be utilized to analyze field observations from the EXITS study, the modal

decomposition of an internal wave field generated by the M2 tide (ω = 1.4053×10−4)

at the Line Islands Ridge was investigated. Specifically, the northward propagating

generated internal tide at the N-S transect of the Ridge (figure 2-10) was studied.

The stratification at and the topography of this transect is shown in figure 2-12.

It is widely understood that high mode internal tides dissipate locally due to

interactions with small-scale features. Hence, it is highly unlikely that modes higher

than 30 will be present in an oceanographic wave field. With this in mind, the

Green function method was used to determine the generated internal wave field at

Figure 3-6: The (a) topography of the Line Islands Ridge transect investigated as
well as the northward (leftward) and southward (rightward) propagating horizontal
velocity field (u(x, z, t)) at an arbitrary instant in time of the generated internal tide.
In (b), the modal amplitude of the first ten modes of the northward propagating
internal tide as determine by the Green function approach.
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the N-S transect of the EXITS study with 30 modes. The topography of the transect

investigated as well as the generated internal wave field as predicted by the Green

function approach is show in figure 3-6(a). Figure 3-6(b) shows the modal amplitudes

of the first ten modes for the northward propagating internal tide indicated in figure 3-

6(a) as determined by the Green function approach. It is clear from 3-6(b) that the

northward propagating internal tide is mode-1 dominated. In order to investigate

the performance of the analytical method in an oceanographic setting representative

of the EXITS study, image loss consistent with mooring U was implemented on the

northward propagating internal wave field depicted in figure 3-6(a). This resulted in

a wave field with 100 m of loss at the top (∼ 2%), 100 m of loss at the middle from

1450 m to 1550 m (∼ 2%), and 2390 m of data loss at the bottom (∼ 45.7%).

Again, as in the investigation of incomplete vertical domain data in section 3.4.2,

since the modal content is not known a priori, the maximum number of modes to

decompose was set to be the highest resolvable mode, M = 139. The results shown in
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Figure 3-7: The modal amplitudes for the first five modes of the generated M2 inter-
nal tide at the N-S transect of the Line Islands Ridge as determined by the Green
function theory (blue line), projection method (red stars), and regression method
(green circles).
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figure 3-7 indicate that even in such extreme cases of image loss, both the projection

method and regression method perform very well. The error in the prediction of the

modal amplitudes is < 1% for modes 1-3 for both methods.

These results suggest that in the case of the u velocity field, both methods are

quite adept at handling oceanic cases of image loss. The results from this section show

that even in the case of extreme image loss seen at mooring U of the EXITS study,

both the projection and regression methods should be able to accurately predict the

amplitudes of the first five modes. Therefore, in keeping with current oceanographic

studies, the regression method will be used to determine the modal content of the

internal tide at each of the three moorings, as described in Chapter 4.

3.6 Determining M

As described previously, when there is full depth information, the projection method

independently determines each modal amplitude since Υ is an identity matrix, and

so one can determine modal content up to whatever mode is desired. When there is

incomplete vertical data, however, then one must choose a value for M from (3.24)

corresponding to the highest mode present in the data as the solution procedure is

coupled; this is also an issue for the regression method.

This issue is first examined using the ideal wave field from Section 3.4 with a

reasonable oceanic scenario with data loss in the upper 3% and lower 60% of the

water column. As shown in figure 3-8, when varying M used in both methods there

is significant amount of variability in the computed amplitudes of the first three

modes. Specifically, both the projection method and the regression method have

large errors when using M < 10, the number of modes present in the wave field.

This suggests that even though modes 1-3 of an internal wave are generally the only

modes of interest, the number of modes solved for M has an effect on the amplitudes

of all modes computed. Secondly, while the projection method performs extremely

well, predicting the amplitudes with less than 1% error for the modal amplitudes of

modes 1-3, for M > 65, the regression method fails.
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Figure 3-8: The percent error in computing the amplitudes of mode 1 (blue), mode 2
(green), and mode 3 (red) with varying M when using the projection method (solid
lines) and the regression method (dashed lines) for the idealized wave field presented
in Section 3.4 with 3% top image loss and 60% bottom image loss. In (a) M ranges
1 to 139. Zoomed-in plots of the percent error for M ranging from (b) 1 to 20 and
(c) 60 to 139.

Similarly, the effect of varying M for a realistic oceanic wave field was investigated

using the internal wave field from Section 3.5, the results of which are shown in

figure 3-9. Here the image loss is again set to be that of mooring U from the EXITS

cruise. As in figure 3-8, there is a large variability in the computed modal amplitudes

when varying M used in both methods. Both methods again have large errors when

M is less than the number of modes present in the wave field, M < 30, after which

both methods predict the modal amplitude with less than 1% error. However, unlike

the idealized wave field, the regression method does not diverge for any large value

of M . Additionally, while the peak error occurred around M = 8 in figure 3-8 for the

idealized wave field, the error peaks for the oceanic wave field when M ∼ 26.

These findings suggest that further work must be done to determine the value of M

that should be utilized with the projection method to ensure the algorithm converges.

Since the number of modes in a wave field is unknown, M will likely relate to the

vertical resolution of the data as well as the locations of the regions of image loss

89



M
0 40 80 120

pe
rc

en
t e

rro
r

×105

0

0.5

1

1.5

2

2.5

3

3.5
(a)

M
20 25 30 35 40

×105

0

0.5

1

1.5

2

2.5

3

3.5
(b)

|U1|
|U2|
|U3|

M
60 80 100 120 140

×10-3

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6
(c)

Figure 3-9: The percent error in computing the amplitudes of mode 1 (blue), mode 2
(green), and mode 3 (red) with varying M when using the projection method (solid
lines) and the regression method (dashed lines) for the idealized wave field presented
in Section 3.5 with image loss consistent with mooring U from the EXITS cruise. In
(a) M ranges 1 to 139. Zoomed-in plots of the percent error for M ranging from (b)
20 to 40 and (c) 60 to 139.

and their extent. Additionally, choosing M also greatly affects the currently widely

used regression method, therefore its performance must also be investigated for the

determination of the optimum modes to be solved for. At present, oceanographers

simulate data sets using Monte Carlo methods (as described by Nash et al. (2005)) of

synthetically generated wave fields made up of the superimposition of 30 modes. Data

is then removed at regions of image loss consistent with the mooring geometry in an

oceanographic experiment and the regression method is run to determine the modal

content using various values for M . The value of M chosen is the one for which the

modal amplitudes determined from the full-depth and partial-depth synthetic data

are in agreement. In general, M = 5, 10 is often used based on these analyses (Zhao

et al., 2010).
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Chapter 4

Field Experiment Results

4.1 Introduction

In this chapter, the results from the EXperiment on Internal Tide Scattering (EXITS)

oceanographic field study are discussed. Conducted from November 2010 to May

2011, the EXITS cruise was the first field study to examine the internal tide scattering

process in the ocean. It was motivated by observations that at the Line Islands

Ridge there is a rapid decay of the large, southwest propagating mode-1 baroclinic

energy flux generated at French Frigate Shoals (Ray & Cartwright, 2001), coinciding

with an abrupt change in wave number and amplitude of the internal tide surface

elevations (Ray & Mitchum, 1997, Johnston et al., 2003). Heading north from the

Hawaiian ridge system, however, Zhao et al. (2012) show that low-mode internal

tides propagate over 3500 km across the generally small-scale, rough topography of

the North Pacific Ocean. Furthermore, as mentioned in Chapter 1, Johnston et al.

(2003) found that the altimetric sea surface height modulations due to the mode-1 M2

internal tide propagating southward from the Hawaiian Ridge weaken at a prominent

seamount in the Line Islands Ridge, where modulations due to the mode-2 M2 internal

tide increase, a clear indication of internal tide scattering. Additionally, numerical

approaches have indicated that 19% of the incident energy from a mode-1 internal

tide generated at the Hawaiian Ridge is scattered at Line Islands Ridge into modes 2-5

(Johnston et al., 2003).

91



This chapter begins by describing the measurement instruments used in the EXITS

study as well as the methods to analyze their data in Section 4.2. Section 4.3 details

the describes the results of the measurement analysis, and Section 4.4 discusses the

uncertainties with the analysis. Finally, Section 4.5 describes the major conclusions

of this study.

4.2 Data and methods

From the data collected using the moored profilers, we seek to identify the modal

content of the semidiurnal internal tide incident and downstream of the Line Islands

Ridge. This is done by first isolating the semidiurnal internal tide using bandpass

filtering. The bandpassed velocity and isopycnal displacements are then decomposed

into the five lowest baroclinic modes. From this, the quantities of pressure, energy,

and energy flux in each of the modes can be computed. This section describes the

EXITS field study, as well as the methods used to analyze the moored profiler data.

4.2.1 The EXITS field study

The EXperiment on Internal Tide Scattering (EXITS) was designed to examine the

southwestward mode-1 internal tide beam originating from French Frigate Shoals,

Hawaii scatter into higher mode waves at the Line Islands Ridge. Observations from

Topex/Poseidon (Zhao & Alford, 2009) and numerical modeling using the Princeton

Ocean Model (POM) (Johnston & Merrifield, 2003) show mode-1 internal tides are

diminished at the Line Islands Ridge, while mode-2 internal tides emanate southward

from the ridge. The EXITS field cruise focused on the scattering of internal tides

generated at the Hawaiian Ridge, complementing the Hawaii Ocean Mixing Experi-

ment (HOME) which focused on the internal tide’s generation and local dissipation

at the Hawaiian Ridge.

Figure 4-1 details the EXITS region of study. To observe this scattering, three

moorings (stars, detailed in Table 4.1) were deployed and 18 stations (dots) were

occupied for 12-36 hours each with CTD, lowered ADCP (LADCP), and untethered
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Figure 4-1: CTD/LADCP/microstructure stations were occupied from 12-36 hours
and are labelled in order of occupation (dots). T011 and T015 are actually the same
location but occupied at different times and slightly offset in this and following figures
for clarity. Mooring U, N, and S locations are noted (stars). Colored contours indicate
topography at 500-m intervals starting at 1500 m.

microstructure stations. Only the moored data are discussed in this thesis. Moored

measurements were conducted spanning mooring U at 17.9◦N and 168.4◦W, about

100 km upstream of the Line Islands Ridge (with respect to the incident mode-1

internal tide), and mooring S at 16.9◦N and 168.6◦W, about 5 km downstream of the

Line Islands Ridge. With respect to the respect to the incident mode-1 wave, mooring

U is upstream of the Line Islands Ridge in ∼5000 m of water. Both mooring N on
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Table 4.1: EXITS profiling moorings

Mooring Location (◦N, ◦W) Depth (m)
U 17.9, 168.4 5094
N 17.3, 168.6 3177
S 16.9, 168.6 3073

the north (upstream) side of the ridge and mooring S on the south (downstream)

side of the ridge are in ∼3000 m of water. Mooring U was designed to observe the

incident mode-1 wave before it encounters the Line Islands Ridge. According to

model results, most of the scattering takes place on the downstream side of the ridge

(Johnston & Merrifield, 2003). Mooring N was deployed where the incident mode-1

wave was expected to first encounter the ridge, and mooring S was sited in the region

of strongest expected conversion from mode 1 to higher modes.

The experiment consisted of three cruises: the first was from 23 November to 22

December 2010 aboard the R/V Thompson G. Thompson, the second and third were

aboard the R/V Kilo Moana from 14 to 26 January 2011 and 26 April to 14 May

2011 respectively. All moorings were deployed twice: first in November 2010 for ∼50

days, recovered and turned around in January 2011 and then deployed again for an

additional ∼100 days, after which they were recovered in April/May 2011.

4.2.2 Profiling mooring instruments

Each mooring was equipped with two McLane moored profilers (MMP) covering the

upper 3000 m, each climbing up and down through the water column along the

mooring wiring, completing one up or down profile every ∼1.5 h. Each carried a

Falmouth Scientific CTD and acoustic current meter, delivering profiles of density

and velocity with a vertical resolution of about 2 m (Doherty et al., 1999). All MMPs

were programmed to profile continuously for the first deployment and continuously

for 14 days every 14 days during the second deployment. Single point current meters

(CM) measuring the velocity at 2 MHz were mounted near the top and bottom of

each mooring, with the exception of the second deployment of mooring S in which

the CM was mounted at mid-depth. Additionally, each mooring was equipped with a
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Figure 4-2: Instrumentation of moorings used in EXITS cruise and their average
measurement locations at (a) mooring U, (b) mooring N and (c) mooring S. Note that
only instruments measuring velocity are shown. In the case of mooring S, * indicates
instruments only present during the first deployment and ** indicates instruments
only present during the second deployment.

microcat CTD at mid-depth. Moorings N and S also had downward-looking 75 kHz

Longranger ADCPs (LRADCP) between 70 and 100 m. Details of each mooring are

show in figure 4-2.

The instruments generally functioned well. On mooring U, both top and bottom

MMPs sampled for the full duration of the first deployment, however the bottom

MMP stopped sampling the entire lower vertical domain for the last ∼ 12 days of the

second deployment. On mooring N, the top MMP failed after the first 28 days of the

first deployment and was replaced for the second deployment. On mooring S, the top

MMP failed for the entirety of the first deployment and was replaced for the second

deployment.

The measured velocity field is decomposed into north-south (v) and east-west (u)

components. The left panel of figure 4-3 shows samples of the raw data at moorings U,

N, and S over the second deployment where colors indicate the north-south velocities
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obtained from the MMPs for each mooring. The measured velocities indicate a variety

of low-frequency and near-inertial flows in the region. Bandpass filtering, as described

below, was therefore utilized to isolate the tidal signals from the velocity data.

The MMPs trace a sawtooth pattern when profiling which leads to a variable

temporal resolution ranging from 3 h at the top and bottom of their profiling ranges

and 1.5 h at mid-depth. All data were gridded onto a uniform 1.5-h temporal and

2-m vertical resolution using linear interpolation.

4.2.3 Bandpass filtering

Bandpass filtering was used to isolate the semidiurnal components of the mooring

data. A passband was chosen that includes the M2 and S2 tidal constituents but

rejects inertial motion, whose frequency ranges between 0.99 and 1.39 × 10−5 s−1 in

this latitude range. This was done by bandpassing the data at each depth using a

fourth-order Butterworth filter centered at the M2 tidal frequency (2.23 × 10−5 s−1)

with zero-phase response and quarter-power points at {2.01, 2.47 } ×10−5 s−1. As

described in Section 4.2.5, the barotropic currents were also removed.

The resulting baroclinic semidiurnal signals are plotted in the right panels of fig-

ure 4-3 in which currents with amplitudes O(10 cm/s) can be clearly seen. Section 4.3

details the implications of these signals further.

4.2.4 Vertical displacement

For the top ∼ 3000 m of the water column, the vertical displacement was calculated

from isopycnal displacements using linear interpolation of the density profiles as mea-

sured from the top and bottom MMPs of each mooring. A 3-day sliding window was

used to remove signals associated with long-term density changes (such as due to

passing eddies). Raw and semidiurnally bandpassed vertical displacements are also

shown in figure 4-3.
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Figure 4-3: Samples of (left) raw measurements and (right) bandpassed semidiurnal
signals at (a), (b) mooring U, (c), (d), mooring N, and (e),(f) mooring S. Isopycnal
displacements with mean spacing of 100 m are plotted in black.
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4.2.5 Modal decomposition

Determining the modal content of the internal wave field before and after encountering

the Line Islands Ridge is the main goal of the EXITS study. In order to do this,

the semidiurnal bandpassed signals are decomposed into baroclinic modes. Over an

ocean of constant depth, the internal tides’ vertical structure can be represented by a

superposition of discrete vertical baroclinic modes that depend only on the buoyancy

frequency profile, N(z). Following the work of oceanographic studies by Alford (2003),

Alford & Zhao (2007) and Zhao et al. (2010), the baroclinic modes for the vertical

structure of the internal tide, Φ(z), can be determined by the eigenvalue equation,

d2Φ(z)

dz2
+
N2(z)

c2
n

Φn(z) = 0 (4.1)

subject to the boundary conditions Φn(0) = Φn(H) = 0, where H is the water depth,

n is the mode number, and cn is the eigenspeed (Gill, 1982). N(z) is determined from

shipboard CTD measurements taken near each of the moorings during the EXITS

cruises. The shipboard stratification profile (shown for mooring N in figure 4-4(a),

blue line) is consistent with the MMP measured stratification profile (shown for moor-

ing N in figure 4-4(a), dashed green line). The stratification and mode shapes were

similar at all three mooring locations.

The baroclinic modes of the vertical displacement are given by to Φn(z), while

the baroclinic modes of horizontal velocity and pressure are linearly proportional to

Πn(z) which is defined as

Πn(z) = ρ0c
2
n

dΦn(z)

dz
(4.2)

where ρ0 is the water density. The normalized baroclinic modes structures at mooring

N for the horizontal velocity and pressure, Πn(z), and the vertical displacement,

Φn(z), are depicted in figures 4-4(b) and 4-4(c), respectively.

Given the dispersion relation, for each mode, the eigenspeed (cn) can be used

to derive the phase velocity, cp,n, and group velocity, cg,n, along the direction of

propagation as
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Figure 4-4: Ocean stratification profiles at mooring N: (a) buoyancy frequency profiles
(in rad/s) from MMP measurements (green dashed line) and shipboard CTD data
(blue line). (b) Normalized vertical structures of the first five baroclinic modes for
pressure and horizontal velocity. (c) As in (b), but for vertical displacement and
vertical velocity.

cp,n =
ω√

ω2 − f 2
cn (4.3)

and

cg,n =

√
ω2 − f 2

ω
cn (4.4)

where ω is the tidal frequency (M2 or S2) and f is the inertial frequency (Rainville

& Pinkel, 2006).

The baroclinic horizontal velocity and displacement can be expressed in terms of

time-varying modal amplitudes as

u′n(z, t) =
10∑
n=0

u′n(t)Πn(z), (4.5)
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and

η′n(z, t) =
10∑
n=1

η′n(t)Φn(z), (4.6)

where n is the mode number, Φ(z) and Π(z) are the vertical structures of the baro-

clinic modes for the horizontal velocity and vertical displacement respectively (shown

for mooring N in figures 4-4(b) and 4-4(c)) and u′n(t) and η′n(t) are the time-varying

magnitudes of the baroclinic modes. By least squares modal fitting, u′n(t) and η′n(t)

are extracted from the velocity and displacement profiles (Alford, 2003, Nash et al.,

2005). Given the excellent coverage of the water column by the MMPs, the first five

modes could be resolved. The zeroth-mode (n = 0), corresponding to the barotropic

solution, is also allowed in the case of the horizontal velocity.

4.2.6 Pressure, energy, and energy flux

For each baroclinic mode, the pressure, energy, and energy flux can be independently

determined as follows. As in Nash et al. (2005), the baroclinic pressure perturbation,

p′n(z, t), is calculated from the displacement modal displacement η′n(z, t) by

p′n(z, t) = ρ0

∫ 0

−z
N2(z′)η′n(z′, t)dz′ − psurf (t). (4.7)

From the definition of baroclinic motions, the depth average of the baroclinic

pressure perturbations must be zero. That is

p′n(H, t) = ρ0

∫ 0

−H
N2(z)η′n(z, t)dz − psurf (t) = 0 (4.8)

hence the sea surface pressure, psurf (t) can be calculated as

psurf (t) = ρ0

∫ 0

−H
N2(z)η′n(z, t)dz. (4.9)

Depth-integrated horizontal kinetic energy and available potential energy are com-
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puted from the above modal fit baroclinic perturbations, u′n(z, t) and η′n(z, t), by

HKEn =
ρ0

2

∫ 0

−H
〈|u′n(z, t)|2〉dz (4.10)

and

APEn =
ρ0

2

∫ 0

−H
〈N2(z)η′2n (z, t)〉dz (4.11)

where the angle brackets indicate the average over one tidal cycle. The total energy

E is calculated by

En = HKEn + APEn. (4.12)

The depth-integrated energy flux is computed as the covariance of the modal fit

velocity and pressure perturbations by

Fn =

∫ 0

−H
〈u′n(z, t)p′n(z, t)〉dz. (4.13)

4.3 Mooring-observed internal tides

This section presents the internal tides as observed in the mooring array at moorings

U, N, and S using the techniques described in the previous section. Of key interest

is the manner in which the modal content of the incident internal tide changes as it

encounters the Line Islands Ridge. For this reason, the north-south internal tide is

studied at moorings U, N and S.

4.3.1 Interntal tide at mooring U

Figure 4-5 show the time series of the semidiurnal internal tide measured at mooring

U. The semidiurnally bandpassed north-south velocity is shown in color, with isopy-

cnal displacements spaced at 100 m overlaid as black lines. As can be seen from the

figure, the top and bottom MMPs at mooring U performed extremely well during

the first deployment and measured almost continuously for the full 100 days. Fur-

thermore, the MMPs continued to function well for most of the second deployment
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Figure 4-5: Time series of the semidiurnal internal tide at mooring U. Semidiurnally
bandpassed north-south velocity (color) along with isopycnal displacement (black
lines) with mean spacing every 100 m.

until the final two weeks when the bottom MMP failed for an extended period of

time. The MMPs on mooring U were only able to cover ∼53% of the vertical domain,

however, as shown in Chapter 3, the regression method is still able to determine the

modal content of the internal tide with a high degree of accuracy. The internal tide

is clearly visible at mooring U, over 619 km away from its primary generation re-

gion near French Frigate Shoals and ∼100 km upstream of the Line Islands Ridge, as

successive periods of more intense velocities and greater displacements separated by

more quiescent periods.
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Figure 4-6: Time-varying modal amplitude for the (a) north-south velocity and (b)
vertical displacement at mooring U for modes 1 (blue) and 2 (green)

Figure 4-6(a) presents the time-varying modal amplitude of the north-south ve-

locity at mooring U for mode 1 in blue and mode 2 in green. Similarly, figure 4-6(b)

shows the time-varying modal amplitude of the vertical displacement at mooring U.

Modal decomposition indicates a dominance of mode 1 in both the velocity and dis-

placement, with a strong mode-2 signal in the vertical displacement in late December

to early January.

The energy flux magnitude for modes 1 (blue), 2 (green), and 3 (red) at mooring

Figure 4-7: Energy flux magnitude in modes 1 (blue), 2 (green), and 3 (red) for
mooring U.
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U is shown in figure 4-7. Despite the stronger mode-2 signal present in the vertical

displacement at mooring U, the energy flux at this location is still dominantly mode-1.

However, there is a large peak in the mode-1 signal in the beginning of March, with

an amplitude of almost 7 kW/m. Since a peak in the horizontal velocity and vertical

displacement at this time is not seen in figure 4-6, this is likely not physical and

instead a manifestation of numerical errors in the analysis of such a sparse dataset.

4.3.2 Interntal tide at mooring N

As in figure 4-5, the time series of the semidiurnal internal tide measured at mooring

N is shown in figure 4-8. Unlike the mooring U MMPs, the profilers on mooring

N did not function continuously for the first deployment. Additionally, although

they functioned well the during the second deployment, after mid-March the top and

bottom moored profilers became unsynchronized. This will pose a problem when

determining the modal structure of the internal tide as one MMP does not provide

sufficient data for either of the projection algorithm or regression method discussed

in Chapter 3 to determine the modal content accurately. Despite such instrument

failures, the internal tide is clearly seen as at mooring U. Furthermore, the water

column coverage of the stacked MMPs is excellent at mooring N, with over 72% of

the vertical domain measured.

The time-varying modal amplitude of the north-south velocity at mooring N for

mode 1 and 2 is shown in figure 4-9(a). Modal decomposition indicates a strong

dominance of mode 1 in the horizontal velocity signal throughout both of the mooring

deployments. Shown in figure 4-9(b), the time-varying modal amplitude of the vertical

displacement, however, has strong mode 1 as well as mode 2 signals.

Figure 4-10 depicts the energy flux magnitude for modes 1 (blue), 2 (green), and

3 (red) at mooring N. Although the vertical displacement at mooring N has strong

signals of both mode 1 and mode 2, the energy flux at this location is still dominantly

mode-1. Additionally, unlike mooring U, there the large peak in the mode-1 signal

in the beginning of March is absent, further suggesting that the peak in figure 4-7 is

not physical.

104



Figure 4-8: Time series of the semidiurnal internal tide at mooring N. Semidiurnally
bandpassed north-south velocity (color) along with isopycnal displacement (black
lines) with mean spacing every 100 m.
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Figure 4-9: Time-varying modal amplitude for the (a) north-south velocity and (b)
vertical displacement at mooring N for modes 1 (blue) and 2 (green).

Figure 4-10: Energy flux magnitude in modes 1 (blue), 2 (green), and 3 (red) for
mooring N.
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4.3.3 Interntal tide at mooring S

At mooring S, to the south and downstream of the Line Islands Ridge, there is again

a clear semidiurnal internal tide signal, shown in figure 4-11. As can be seen from the

figure, the top MMP failed for the entire first deployment. This resulted in insufficient

measurements of the water column for modal decomposition. Therefore, the modal

content of the internal tide during the first deployment at mooring S cannot be

determined. However, both top and bottom MMPs functioned extremely well during

the second deployment, staying synchronized, collecting measurements for over 90%

Figure 4-11: Time series of the semidiurnal internal tide at mooring S. Semidiurnally
bandpassed north-south velocity (color) along with isopycnal displacement (black
lines) with mean spacing every 100 m.
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Figure 4-12: Time-varying modal amplitude for the (a) north-south velocity and (b)
vertical displacement at mooring S for modes 1 (blue) and 2 (green).

of the vertical domain, resulting in excellent spatial and temporal coverage for this

time period.

Figure 4-12(a) shows the time-varying modal amplitude for the north-south ve-

locity at mooring S. There does not seem to be a clear dominance of either mode 1

or mode 2 in the horizontal velocity signal. Instead, the strength of the two sig-

nals alternate; during some periods the horizontal velocity is dominated by mode 1

while at other times it is dominated by mode 2. Figure 4-12(b) shows a similar trend

for time-varying modal amplitude of the vertical displacement at mooring S. This is

quite different from moorings U or N where, although mode-2 was present and at

some periods stronger than the mode-2 signal, the amplitude of the two signals did

not alternate as they do at mooring S.

The energy flux magnitude in modes 1, 2 and 3 at mooring S are shown in figure 4-

13. Unlike the semidiurnal internal tide at mooring U and N, at mooring S the energy

flux, while predominantly mode 1, is also characterized by large amounts energy flux

in mode 2. There are periods during which the energy flux in mode 2 is on the order

of that in mode 1. For instance, in the last week of January, the energy flux in mode 2

is more than 50% of the energy flux in mode 1. Additionally, at times, such as the end
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Figure 4-13: Energy flux magnitude in modes 1 (blue), 2 (green), and 3 (red) for
mooring S.

of March, the energy flux in mode 2 is greater than that of mode 1. This suggests that

the modal content of the semidiurnal internal tide has increased amounts of mode 2

after encountering the Line Islands Ridge.

4.3.4 Variations between moorings

The modal partition of energy is shown in figure 4-14(a). As seen in the figure, the

energy of the semidiurnal internal tide at mooring U is quite complicated, with a

large amount of energy in mode 3, while at mooring N the signal is dominated by

mode 1. Mooring S stands out for its reduced mode-1 contribution and strong mode-2

contribution of energy, suggestive of topographic scattering.

Figure 4-14(b) demonstrates the modal partition of energy flux at the various

moorings of the EXITS cruise. While mooring U shows a dominance of mode-3

energy, the energy flux continues to have a strong mode-1 dominance. This low-

mode internal tide is further seen at mooring N where the energy flux of the mode-1

internal tide is the strongest. The trend, however, is not sustained at mooring S,

where the energy flux in mode 1 is decreased and an increase in the mode-2 energy

flux is apparent. This result is consistent with analysis of satellite altimetry of the

internal tide at the Line Islands Ridge (Johnston et al., 2003).

The partitioning between HKE and APE, shown in figure 4-14(a), also varies

between the moorings. For a free-propagating internal tide, HKE always exceeds APE
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Figure 4-14: Modal partition of (a) energy and (b) energy flux of the semidiurnal
internal tide measured at moorings U, N, and S. In (a), HKE is distinguished with a
hatching pattern.

in a latitude-dependent ratio ranging from 1.2267 at mooring U to 1.2 at mooring S,

following

HKE

APE
=
ω2 + f 2

ω2 − f 2
(4.14)

where ω is the tidal frequency and f is the internal frequency. Unlike at mooring U

and S, the observed APE at mooring N exceeds the HKE, implying standing-wave

patterns (Alford & Zhao, 2007, Zhao & Alford, 2009).

4.4 Uncertainties

Extensive error analysis was done by Zhao et al. (2010) as part of the Internal Waves

Across the Pacific (IWAP) study examining the northward propagation of the in-

ternal tide generated by Hawaiian Ridge, the same generation site of the southward

propagating internal tide that has been observed to scatter at the Line Islands Ridge.

IWAP included six moorings each equipped with a McLane moored profiler measur-
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ing data in the upper 1400 m of the total 5000 m ocean depth. In addition, a single

current meter collected point measurements at 3000 m.

Following Nash et al. (2005), the magnitude of the effect of the imperfect vertical

resolution in generating errors in the modal partitioning of the internal tidal signals

was assessed with Monte Carlo simulations by running a synthetically generated wave

field comprised of a superposition of 30 modes past the mooring geometry. The results

of their analyses found, similar to Rainville & Pinkel (2006), mode-1 displacement

was reliably estimated without deep data, where as the single point measurements

at 3000 m were critical to constraining the fits for displacement modes ≥ 2 and all

velocity modes. Mode-1 fluxes were unreliable when the deep data were excluded from

calculation but were otherwise insensitive to weighting. With the weighting of the

single point measurement data at 3000 m, corresponding fractional standard errors

for each uncorrelated estimate were 8%, 30%, and 50%for the first three modes.

Considering that the mooring geometry of the EXITS cruise results in much

greater coverage of the water column than IWAP, over 90% in the case of mooring S,

the errors in modal decomposition of the wave field is expected to be much less than

that of the IWAP study. Additionally, the horizontal velocity, vertical displacement,

and energy flux magnitudes at all are moorings are in good agreement with previous

observations in this region as reported by Zhao et al. (2010) which measured veloc-

ities O(0.1) m/s, displacements O(15) m, and energy flux magnitudes O(4) kW/m.

Furthermore, these values are in good agreement with results of three-dimensional

numerical simulations and altimetric observations by Johnston et al. (2003) of the

Line Islands Ridge which predict vertical displacements O(25) m and energy flux

magnitudes O(2) kW/m.

Further work needs to be done following the Monte Carlo simulations of Zhao et al.

(2010) and Nash et al. (2005) to determine the effect of imperfect vertical resolution

in generating errors in the modal decomposition. Additional investigation should be

done to determine the influence of data from the current meters at the top and bottom

of each mooring on the modal decomposition of the wave field. This will likely have

the most effect at mooring U, where only ∼51% of the water column was sampled.
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4.5 Conclusion

In summary, these observations indicate a rich time-variable multimodal internal tide

field. The modal content of the internal tide upstream of the Line Islands Ridge

at moorings U and N is dominated by mode 1, as seen in the time varying modal

amplitudes of the horizontal velocity and vertical displacement as well as the energy

flux at both locations. On the other hand, the modal content of the internal tide

downstream at mooring S has a weaker mode-1 signal and a stronger mode-2 signal,

seen in the modal amplitudes of the velocity and displacement as well as the energy

flux. Furthermore, the modal partition of the energy flux at mooring S has a decreased

amount of mode 1 and a significant increase in mode 2 than at moorings U and N,

although it is still mode-1 dominant.

However, the Line Islands Ridge is a region with complex bathymetry and the

mooring locations for the EXITS cruise did not fall upon the same transect. Therefore,

the far-field internal tide seen at mooring U may have been changed by topographic

features before it reached mooring N. Additionally, the feature between mooring N

and S was highly three-dimensional. This, along with the implication of standing-

wave patterns at mooring N, suggest complicated topographic and internal wave

interactions are taking place at both mooring N and S which may not be indicative

of the far-field internal tide.

This is further evidenced by primitive equation model simulations of the Line

Islands Ridge of the M2 baroclinic energy flux, shown in figure 4-15 (based on Carter

et al. (2008) with data from conversations with Dr. Glenn Carter). From the figure,

it is clear that the internal tide propagating from French Frigate Shoals is emanates

in three dimensions, before a large southward propagating beam encounters the Line

Islands Ridge. At the location of the EXITS study, the energy flux in mode 1 is seen

to decrease downstream of the ridge where the mode-2 energy flux increases, however

it does so slightly farther south of where mooring S was located.
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Figure 4-15: The (a) total energy flux, (b) mode-1 energy flux, and (c) mode-2 energy
flux at the Line Islands Ridge as predicted by a high-resolution primitive equation
model simulation. In (a) every eight depth-integrated M2 baroclinic energy flux vec-
tors in each direction has been plotted. The underlying color gives the flux magnitude.
Plots (b) and (c) zoom in on the EXITS study region. Contour interval is 1000 m.
Based on Carter et al. (2008) with data from conversations with Dr. Glenn Carter.
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Chapter 5

Conclusions

Internal tides are key to understanding mixing processes in the ocean. They draw

energy from the barotropic tide and their eventual dissipation drives ocean circulation.

Specifically, the majority of the energy of an internal tide is contained in low-modes,

which have been observed to propagate over a thousand kilometers away, while high-

mode internal tides dissipate locally. This thesis investigates the scattering of internal

tides by deep-ocean topography as a method of redistributing the energy of low-mode

internal tides to higher modes that are more susceptible to energy dissipation via

small-scale processes resulting in internal-tide driven mixing at the scattering site.

Analytical methods were used to estimate the internal tide generation and scattering

characteristics of the Line Islands Ridge, the location of the first field observation of

internal tide scattering from the EXperiment on Internal Tide Scattering (EXITS).

Additionally, theory was developed to determine the modal content of internal wave

fields for the goal of being able to reliably distinguish the modal content of a wave

field given limited data in the vertical domain. Finally, insights from these analytical

studies and modal decomposition methods were used to analyze field observations

from EXITS for evidence of internal tide scattering.

The Green function approach, a theoretical frame work for modeling the two-

dimensional interaction of internal waves with topography, was described in Chap-

ter 2. The theory was utilized to predict both the generated and scattered wave fields

at two transects of the Line Islands Ridge that were the subject of investigation in
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EXITS. The results from this chapter were used to aid in the analysis of the obser-

vational field data from the EXITS study, detailed in Chapter 4. The topography at

the location considered was shown to be efficient at converting a significant fraction

of the incident mode-1 energy flux to higher modes, thus serving as a strong source of

internal tide dissipation as the higher modes are more susceptible to instability and

breaking.

Chapter 3 presented an algorithm to decompose two-dimensional wave fields in

constant depth into their constitutive modes. An analytical expression for the modal

content was derived for the case of incomplete vertical domain data, which is common

in oceanographic field studies as well as laboratory experiments. The performance

of the modal decomposition technique was compared against a regression technique,

the current standard method of modal decomposition of oceanographic field data, by

applying both methods to an idealized wave field with varying amounts of image loss.

The chapter concluded with a comparison of the two techniques using a wave field

generated using Green function theory at one of the transects studied in EXITS at

the Line Islands Ridge with image loss consistent with a field experiment using two

stacked moored profilers, as was the case in EXITS.

The EXITS cruise, the first observational study to investigate internal tide scat-

tering, was discussed in Chapter 4. The data and methods of gathering measurements

using two stacked moored profilers from moorings upstream and downstream of the

Line Islands Ridge was discussed. The data was processed for evidence of the semid-

iurnal internal tide and analyzed to determine the energy and energy flux of the

internal tide before and after encountering the topographic feature. Results indi-

cated that the internal tide content upstream of the ridge was dominated by mode 1,

while downstream of the ridge the internal tide had equal, and sometimes greater,

contributions from mode 2, suggestive of internal tide scattering.

Further work will include the determination of the number of modes required by

the projection method described in Chapter 3 to ensure reliable convergence of the

algorithm without requiring knowledge of the modal content of the wave field a priori.

Additional work will focus on the application of this modal decomposition method to
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wave fields generated and scattered by various topographies as predicted by the Green

function approach, described in Chapter 2. Particularly, the use of local topographic

depth as opposed to far-field depth (and corresponding image loss of the velocity field

below the topography) in the accurate determination of modal content will be studied

for topographies of varying criticality and height. Additional work will be done to

explore for which classes of topographies the modal content of the internal tide above

the topography is in good quantitative agreement with the far-field internal tide.

Moreover, the validity in utilizing flat-bottom modes for the modal decomposition

of wave fields above these topographic features will be investigated with the aim of

determining when and how flat-bottom modes may be implemented to determine the

modal content of an internal wave field.
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