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Abstract

Given a sample of a random variable supported by a smooth compact
manifold M C R¢, we propose a test to decide whether the boundary of M
is empty or not with no preliminary support estimation. The test statistic is
based on the maximal distance between a sample point and the average of its
k,—nearest neighbors. We prove that the level of the test can be estimated,
that, with probability one, the power is one for n large enough and that there
exists consistent decision rule. Heuristics for choosing a convenient value for
the k, parameter and identify observations close to the boundary are also
given. Finally we provide a simulation study of the test.

Keyword: Geometric Inference, Boundary, Test, Nearest-Neighbors.

MSclass: 62G10,62H15.

1 Introduction

Given an i.i.d. sample X1, ..., X, of X drawn according to an unknown distribution
Px on R? geometric inference deals with the problem of estimating the support,
M, of Py, its boundary, OM, or any possible functional of the support such as the
measure of its boundary for instance. These problems have been widely studied
when Py is uniformly continuous with respect to the Lebesgue measure, i.e. when
the support is full dimensional. We refer to (Chevalier | (1976) and Devrove and Wise
(1980) for precursor works on support estimation, |Cuevas and Fraiman (2010) for
a review on support estimation, (Cuevas and Rodriguez-Casal (2004) for boundary



estimation, (Cuevas et al. (2007) for boundary measure estimation, Berrendero et al.
(2014) for integrated mean curvature estimation or |Aaron and Bodart (2016) for
recognition of topological properties having a support estimator homeomorphic to
the support. The lower dimensional case (that is, when the support of the distribu-
tion is a d’-dimensional manifold with d’ < d) has recently gained relevance due to
its connection with non-linear dimensionality reduction techniques (also known as
manifold learning), as well as persistent homology. See for instance |[Fefferman, et al
(2016), Niyogi et all (2008), Niyogi et al. (2011). Considering support estimation it
would be natural to think that some of the proposed estimators (in the full dimen-
sional framework) are still suitable. For instance in [Niyogi et al. (2008), assuming
that M is smooth enough, it is proved that, for ¢ small enough, the Devroye-Wise
estimator M, = Ui, B(X;,€) deformation retracts to M and therefore the homol-
ogy of M. equals the homology of M (see Proposition 3.1 in INiyogi et al| (2008)).
Considering boundary estimation, it is not possible to directly adapt the “full dimen-
sional” methods since in this case the boundary is estimated by the boundary of the
estimator. Unfortunately, when the support estimator is full dimensional (which is

typically the case, as for example in the Devroye-Wise estimator) this idea is hopeless
(See Figure ).

Figure 1: A one dimensional set M with boundary (the two extremities of the line),
sample drawn on M and the associated Devroye-Wise M, estimator of M, note that
OM,. is far from OM

To our knowledge only one d’-dimensional support estimator exists and have only
been studied recently, in the case of support with no boundary (seelAamari and Levrard
(2016)). Thus the classical plug-in idea of estimating the boundary of the support
using the boundary of an estimator can not be used.

Before trying to estimate the boundary of the support, in the lower dimensional
case, one has to be able to decide whether it has a boundary or not. The answer
provides topological information on the manifold that may be useful. For instance, if
there is no boundary, the support estimator proposed in|Aamari and Levrard (2016)
can be used. Moreover, a compact , simply connected manifolds without boundary
is homomorphic to a sphere, as it follows from the well known (and now proved)



Poincaré’s conjecture. When the test decides the presence of boundary one can
naturally want to estimate it, or at least estimate the number of its connected com-
ponents, which is an important topological invariant (for instance the surfaces, i.e.
the 2—dimensional manifolds, are topologically determined by there orientability,
there Euler characteristic and the number of the components of the boundary).

The aim of this paper is to provide a statistical test to decide whether the bound-
ary of the support is empty or not and, when the answer is affirmative, to provide
an heuristic method to identify observations close to the boundary and estimate the
number of connected components of the boundary.

This work is organized as follows. In Section 2 we introduce the notation used
throughout the paper. In Section 3 we present the test statistic, the associated
theoretical results and a way to select suitable values for the parameter k, and
perform a small simulation study. In Section 4 we present an heuristic algorithm
that identifies points located close to the boundary and estimates the number of
connected components of the boundary. Finally, Section 5 is devoted to the proofs.

2 Notations and geometric framework

If B C R?is a Borel set, we will denote by |B| its Lebesgue measure and by B its
closure. The k-dimensional closed ball of radius € centered at x will be denoted by
Br(z,6) € R? (when k = d the index will be removed) and its Lebesgue measure
will be denoted as o, = |By(z,1)|. When A = (a;5), (i =1,...,m,j=1,...,n)
is a matrix, we will write ||Al|s = max;;|a;;|. The transpose of A will be denoted
A’. For the case n = m, we will denote by det(A) and tr(A) the determinant and
trace of A respectively. Given a €? function f, v f denotes its gradient and H; its
Hessian matrix. We will denote by Wy (¢) the cumulative distribution function of a
2(d') distribution and Fy(t) = 1 — Uy(t).

In what follows M C R? is a d’-dimensional compact manifold of class €2 (also
called d'-regular surface of class €?). We will consider the Riemannian metric on
M inherited from R?. When M has a boundary, as a manifold, it will be denoted
by OM. For x € M, T,M denotes the tangent space at z and ¢, the orthogonal
projection on the affine tangent space x+7, M. When M is orientable it has a unique
associated volume form w such that w(ey,...,ey) = 1 for all oriented orthonormal
basis ey,...,eq of T,M. Then if g : M — R is a density function, we can define
a new measure j(B) = [, gw, where B C M is a Borel set. Since we will only be
interested in measures, which can be defined even if the manifold is not orientable
although in a slightly less intuitive way, the orientability hypothesis will be dropped



in the following.

3 The test

3.1 Hypotheses, test statistics and main results

Throughout this work Xi,..., X, is an i.i.d. sample of a random variable X, whose
probability distribution, Py, fulfills the condition P and that the sequence (k) fulfills
the condition K:

P. A probability distribution Px fulfills condition P if there exists M a compact
d'-dimensional manifold of class €? and f a function such that:

1. OM is either empty or of class G2,

2. for all x € M, f(z) > fo > 0, fis Ky—Lipschitz continuous and, for all
AC M, Px(A) = [, fw. In the following f; = max,e f(z).

K. A sequence {k,}, C R fulfills condition K if: k,/(In(n))* — oo and (In(n))k:*® /n —
0.

Definition 1. Given ani.i.d. sample X+, ..., X,, of a random variable X with support
M C R?, where M is d'-dimensional manifold with d' < d, we will denote by X,y the
j-nearest neighbor of X;. For a given sequence of positive integers k,, let us define,
fori=1,...,n,

Xy — X ) ]
n i Xig, = : 3 Sikn = k—(xi,kn)'(xi,kn)-

Fign = [ Xi=Xpu@ [l 5 7 = max vy
o KX (i) — X

Consider now Q;, the d'-dimensional plane spanned by the d' eigenvectors of S’an
associated to the d' largest eigenvalues of S;y, . Let X,’;(i) be the normal projection of

Xy — Xi on Qi and Ykn,i = ;% 2?21 X;(i)‘

Let us define, 0;, = (d;ﬂﬂykmiﬂz, fori=1,...,n. Then the proposed test
i,kn
statistic 1s:
An,kn = Imax 5“%.



Let us explain the heuristic behind the test we will propose. It will be proved
that, under conditions P. and K. we have r, —> 0. Let us consider an observation
Xio such that d(X;,, OM) > 1, k.. Regularity of the manifold and continuity of the

density given by condition P will entail that the sample {rm kn X1(i0) - -+ Tio 1an i (2.0)}

“converges” toward a uniform sample on By (0,1) and then ||X ki ||ri07kn 250, It
will also be proved that d;, x, — x2(d’) in distribution. If M = @ all the obser-
vations satisfies d(X;,OM) > r;y,. Even though the {d;,}; are not independent
we will obtain an asymptotic result on the A, that involves the xa(d') distri-
bution. If OM # 0 and we consider a point X;, such that d(X;,,0M) < rik,

(conditions P. and K. will ensure the a.s. existence of such a point) the sample

{Tm,kn Tio)? ...,rlj)lanZn( o)) ‘converges” to a uniform sample on By(0,1) N {x :

(u, ) > 0} and || Xy, 4 ||7'ZO o 2% ag > 0. Asymptotic behavior of the test statistic
is given in the following four theorems. The first theorem provides a bound for the
p-value when testing Hy : OM = () versus Hy : OM # () using the test statistic A, g,
and rejection region {A, x, > t,} for some suitable ¢,. The second theorem states
that, under Hy, the empirical distribution of ¢; , converges in mean square towards
a x2(d') distribution. We will use this result to choose the parameter k, (see Section
B.2). The third theorem states that, with probability one, the power of the test is
one for n large enough. The last one provides a consistent decision rule.

Theorem 1. Let k,, be a sequence fulfilling condition K. Let us assume that X1, ..., X,
is an i.1.d. sample drawn according to an unknown distribution Py which fulfills con-
dition P. The test

H1 : 8M % (Z)
with the rejection zone
W, ={An, > Fy'(90/(2¢°n))}, (2)

fulfills: P, (W) < a+o(1).

Theorem 2. Let k,, be a sequence fulfilling condition K. Let us assume that X, ..., X,

s an i.1.d. sample drawn according to an unknown distribution Px which fulfills con-
dition P with OM = (. If we define

1
= - L5, x}s
- ;:1: (i <e)

then, for all x € M,
E(\ifnkn(x) - \Ifd/(x))2 —0 asn— 0.

>



Theorem 3. Let k,, be a sequence fulfilling condition K. Let us assume that X1, ..., X,
s an i.1.d. sample drawn according to an unknown distribution Px which fulfills con-
dition P. The test ({l) with rejection zone (2) has power 1 for n large enough.

Theorem 4. Let k,, be a sequence fulfilling condition K. Let us assume that X1, ..., X,
s an i.1.d. sample drawn according to an unknown distribution Px which fulfills con-
dition P. Then, with probability one, the decision rule: OM = O if and only if

d +2 2
Apg, < Bn with Xlnn < 8, < pk, with A > 4 and p < (d' + 2) <%) is
(5

consistent.

3.2 Automatic choice for k,

Theorem [ ensures that when M = (), the empirical distribution of §; x, converges to
a x*(d') distribution. One can easily conjecture that when M # () the distribution
of 4, 1, conditioned to the points X; “far enough” from the boundary also converges
to a x?(d’) distribution. We define d,2(k) as follows:

i. If the estimated p-value (using k-nearest neighbors) is greater than « (Hj is
decided) compute:

R
dxz(k‘) = g Z }\Dn,k(él,k) - \Dd’(éi,k)"
=1

ii. If the estimated p-value is less than «, first identify the points “far from the
boundary” as the observations ¢ € I, = {F#(d; ) > a}. Then, if we define

A 1
Vank(T) = 7, Z [is, o <ats

1€l

compute

A

qja,n,k(&',k) - \Ila,d’ (6z,k)

)

dx2(k) = ﬁ Z

i€l

where \Ifmd/(l’) = (1 — Oé)_l\lfd/(l’)ﬂ{\pd,(x)gl_a}.

Finally choose k = argmin,d,2(k). In practice we choose o = 0.05.



3.3 Discussion on the hypotheses

We assume that the dimension, d’, is known. In practice it can be estimated using a
dimension estimation method. Estimation of the intrinsic dimension has been widely
studied, (see |(Camastra and Staiano (2016) for a review).

The noiseless assumption, i.e., the support is a lower dimensional manifold, can
not be changed by a noisy model, that is the support is “around” a lower dimen-
sional manifold, with our approach. To see this, let us consider that the support
is M @eB = {z,d(x, M) < e} (with M a lower dimensional manifold) our test
will asymptotically decide that M @& B is a manifold with boundary. However
this case is not hopeless. Indeed, if were able to find a functional sequence ¢,
such that ¢, (B(M,¢e)) C B(M,e,) with £, — 0 “quickly enough” (i.e. such that
&,/ (min; 755, ) == 0) and such that the distribution of ¢, (X) converges toward a
distribution that satisfies the condition P, one could probably apply our test on the
sample {Y1,...,Y,} where Y; = ¢, (X;). Note that such a “de-noising” process is a
current research topic, see for instance |Aaron et all (2017) where a de-noising process
is proposed (unfortunately with no guarantee on the existence and regularity of the
limit distribution).

Smoothness of the support is necessary for the proposed test. One can imagine
that, when the support has no boundary but is not smooth enough, the proposed
test will reject the null hypothesis. Indeed, let us consider the case d = 2 and
a uniform sample on the boundary of the unit square [0,1] x [0, 1], see Figure 2
left. For observations near a corner, the normalization parameter should be r; 4, / V2
instead of 7;%,. In a polyhedron, when a corner becomes acute, the local PC'A fails
to estimate a “tangent” plane at the corner, see Figure 2 right.

Figure 2: Behavior for polyhedron. When the angle does not allow to estimate
the “tangent” plane the normalization is not suitable. When the angle is too acute
the projection is not accurate. The manifold, and sample points are in blue, the
estimated tangent plane and projected observations are in black.

The continuity of the density is also necessary: if this is not the case, we may
reject Hy for any supports with or without boundary. In order to see this, let us



consider the circular support M = {(z,y) € R? : 2% + y* = 1} with a “density”
1/(47) when z < 0 and 3/(47) when x > 0. In this case it can be proved that
Ay g, /kn — 1/2 (considering points located near the discontinuity points) which also
correspond to a “boundary-type” behavior. Although we will assume in general that
f is bounded away from zero, this can weakened by asking that f(x) > d(x,dM )~
for some a > 0, for the sake of simplicity in the notation, and length of the calculus
we kept the hypothesis f > 0. By contrast, the € smoothness of the boundary (if
it exists), can be weakened. The proofs of Theorems [3] and [] are similar (just a bit
more complicated to write) when only a part of the boundary is €2 (namely if there
exists x € M and r > 0 such that M N B(z,r) is a €? manifold).

3.4 Numerical simulations

We now present some results for different manifolds. First, we study the behavior
of our test for a sample with uniform distribution on Sy, the d'—dimensional sphere
in RY*! and on S} the d'—dimensional half-sphere in R¥*!. We also present some
results for manifolds with non constant curvature, such as the trefoil knot (d' = 1
and d = 3), a spiral, a Moebius ring, and a torus (for these two last examples the
samples are not uniform).

First we observe that the proposed rule to find a suitable value for k is practically
efficient. Here we choose the sample size n = 3000. In Figure Bl we present results
for supports without boundary. Two curves are plotted, the estimated p—value
(red) and d,2 (blue). In order to have comparable curves d,2 has been artificially
normalized to be in [0, 1]. Notice that each time, at the selected value for k, i.e.
k = argmin(d,z), the estimated p—value is large enough to accept H, (the support
has no boundary). In Figure ] we present the result of the same experiment but for
support with boundary. On the first line of the figure the curves of the estimated
p—value and d,2 are presented. Here also the choice of k = argmin(d,2) allows us
to decide well (i.e. here to reject Hy). On the second line of the figure we draw the
sample point and underline the points X; such that %Fd/(éi,k) < 0.05 that is the
one that are expected be located “near to” the boundary.

In Table [3.4] we present estimated level and power of the proposed test. For
each example and each sample size we drew 2000 samples. It can be observed that,
when the support has no boundary the percentage of rejection (i.e. the level) is
less than 5% if n > 500 for every example. When the support has boundary, the
percent of rejection (i.e. here the power) converges quickly to 100%. To shorten the
computational time we chose k;,, by averaging the one obtained with the d,2 criteria
with 50 samples (for each example and each sample size). The selected k, are given



S1 So trefoil knot torus

X t,,u,

Figure 3: Some examples for support without boundary support. Abscissa: k, blue:
d\2(k), red: py(k).

]

_l’_
S1

Figure 4: Some examples for support with boundary. First line: Abscissa: k, blue:
d,2(k), red: p,(k). Second line: the associated sample and points that are identified
as “close to the boundary”

in the Table.

4 Empirical detection of points close to the bound-
ary and estimation of the number its the con-
nected components

A natural second step after deciding that the support has a boundary is to estimate
it or at least identify observations “close” to it. A third step, to get an insight of
the topological properties of the boundary could be to estimate the number of its
connected components. In this section we will empirically tackle both problems.



n= 100 500 103 2.103 n= 100 500 103 2.10%
Sh k=15 k=20 k=35 | k=40 Sy k=15 | k=20 | k=35 | k=40
1,45% | 1,06% | 1% 0,9% 89,25% | 60,7% | 97,1% | 99,3%
Sy k=15 k=20 k=25 k=30 Sy k=17 | k=30 | k=50 | k=50
3% 1,6% | 1,4% | 1,35% 84,8% | 100% 100% 100%
S5 k=6 | k=15 | k=17 | k=25 ST k=6 | k=10 | k=15 | k=25
1,2% | 1,9% | 1,35% | 1,85% 2,35% | 5,55% | 34,45% | 99,95%
Sy k=5 k=10 k=17 | k=17 ST k=5 | k=10 | k=80 | k=80
0,75% | 2,3% | 1,15% | 3,15% 1% 10,8% | 100% 100%
Trefoil | k=8 | k=15]|k=25| k=230 Spire | k=15 | k=25 | k=25 | k=40
Knot | 4,7% | 2,4% | 2,15% | 1,45% 55,5% | 92,4% | 83,9% | 100%
Torus | k=8 | k=15 | k=17 | k=20 || Moebius | k=8 k=15 | k=20 | k=40
5,6% 5% | 2,65% | 1,75% ring 12,2% | 68,75% | 98,65% | 100%

Table 1: For different samples, the chosen k,, value and the % of times where H is
rejected (on 2000 replications).

4.1 Detection of “boundary observations”

From Theorem [ the natural idea is to select {X; : 61, > Fj'(9a/(2ne®))} as

“boundary observation”.

small enough to ensure that ¢, is one to one on B(x,r,)NM. As dp,(MNB(x,r,))

However, as it is illustrated in Figure [ sometimes it
gives “too many” boundary observations (as in the half sphere) and sometimes “too
few” (as in the Moebius ring). To overcome this, we will adapt, using tangent spaces,
the method given in |Aaron et all (2017), to detect “boundary balls”.

Introduce ¢, is the orthogonal projection on the tangent plane and choose r, > 0

O (OM N B(x,7r,)) Upe(M N OB(x,r,)) we have:

r€0M <= 0€ dp,(MNB(z,1,)).

(3)

This suggest the following extension of the definition of boundary ball introduced in
Aaron et al. (2017) using the notations introduced in Definition [

Definition 2. X; is the centre of a (ky,e,)-tangential boundary ball if

Indeed, recall first that X7, is a PCA estimator of ¢,

ry = max{|z|| : |Jzf] < [lz —

*
i

X.

NV 1<j <kl >e,

0

so that, by a plug-in of ([B) we decide that X; is a boundary point of M if 0 is a

boundary point of an estimator of px;(

10

X

() that is if 0 =

Xi)

is the centre of a




boundary ball of {X7;,..., X} ;}. The choice of k, in section 3.2 is still suitable
since it allows the local PCA procedure to converge. We can also propose to chose
the e, = 2max; min; | X; — X|| as proposed in [Aaron et al) (2017), then to identify
boundary points as the center of (k,,e,)-tangential boundary balls.

4.2 Building a “boundary graph”

Let us introduce Y,, = {Y1,...,Y,,} the set of the centers of the (k,,&,)-tangential
boundary balls. We aim to construct a graph with vertices Y,,, building edges be-
tween the vertexes such that the obtained graph capture the shape of the boundary.
To do that we are going to “connect” each Y; to the Y such that ||Y; — Y;|| <y, as
usual the choice of r; depends on a balance, r; should be small enough to connect a
point only with its neighbors but also large enough to allows to capture the global
structure. In our case we are going to use the fact that that, under our hypotheses,
if OM # 0 then it is a €%, (d’ — 1)-dimensional manifold without boundary. In other
terms for any point Y;, {Y;, ||Y; = Y;|| < r;} should look like an uniform drawn on the
d' — 1 dimensional ball By _1(Y;, ;) and as a consequence Y; should be “surrounded”
by the points of {Y;,0 < ||Y; — Yj|| < r;}.

We propose to say that Y; is “surrounded” by {Y;,0 < ||Y; = Y| < r;} if m,, (Y7)
belong to the interior of the convex hull of {7, ,.(Y;),0 < ||Y;=Y;|| < r;}, where 7, ., is
the normal projection on the (d'—1) first axis of a PCA computed on {Y}, [|Y; =Y;|| <
;. Then we propose to chose 7; as the smallest value such that all Y; is “surrounded”
by {Y,0 < |[Y; = ;|| < ri}.

4.3 Some experiments

To illustrate the procedures introduced before we considered the Moebius ring and
the truncated cylinder with a hole in a cap, (see Figure[4.3). Both are 2-dimensional
sub-manifolds of R3. The boundary of the first one has 1 connected component
while the boundary of the second one has 3. The parameter k is chosen using
the method proposed in Section 3.1 and as proposed in previous section we choose
£ = 2max; min; || X; — X}|| for the tangential boundary ball detection.. As expected,
in the cylinder the sample size required to have a “coherent” graph is higher.
Second we consider uniform draws of sizes n € {500, 1000, 2000, 4000, 8000, 16000},
on the (d — 1)-dimensional half sphere {2? + ...+ 22 = 1,24 > 0} C R? for d =
{3,4,5}. Let us define d; = max ey min; ||z —Y;|| and dy = max; mingecon ||z — Yil|-
They are estimated via Monte-Carlo method drawing 50000 points on 9M. For each
value of n and d, the box-plot over 50 repetitions of the p-values of the test and

11



Figure 5: Boundary ball detection and associated graph for different sample sizes.
In the first row the Moebius Ring and in the second the truncated cylinder with a
hole in a cap. Observations are represented as blue dots while boundary centers are
large black dots, the graph is represented as black lines

the estimations of d; and ds are shown in Figures [0l [7l and [ for d = 3,4 and 5
respectively.
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Figure 6: d = 3, in abscissa 1 : (n = 500,k = 25), 2 : (n = 1000,k = 25), 3: (n =
2000, k = 30),4 : (n = 4000, k = 40), 5 : (n = 8000, k = 50), 6 : (n = 16000, k = 50)
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5 Proofs

5.1 Preliminary results

4 5 6

2 3 4

(n = 8000, k = 100), 6 :

n =

(
= 70)

(n = 1000,k = 70), 3 : (n =
(n = 16000, k

In this section we settle some geometric definitions, notation and properties of com-
pact and smooth enough manifolds that will be used in the rest of the paper. Even
though some of them are well known we will give the proofs in the appendix, for the
sake of completeness.
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5.1.1 Geometric Background

Let M C R? be a compact €% d-manifold with either OM = () or OM is a C? (d' —1)-
manifold. For x € M we denote N, M the normal plane of M at x. For x € M we
denote u, the unit normal outer vector to M. Let us denote ¢, : M — = + T, M
the orthogonal projection onto the tangent affine plane.

Proposition 1. Let M C R? be a compact C2, d'-dimensional manifold with either
OM =0 or OM a C? is a (d' — 1)-dimensional manifold. Then, there exists rp; > 0
and cyr > 0 such that,

1. For allz € M, ¢, is a C? bijection from M NB(z,r) to ¢, (M NB(z,r)) for
all r <ry.

2. Forall |x —y|| <7y (x € M andy € x+ T, M), let J.(y) be the Jacobian
matriz of p;' and Gy (y) = \/det(J(y)J.(y)), then |Go(y) — 1| < eullz - y||

3. Forallz,y € M, lz—y| < ru then |lo.(y)—yll < eallr—pa(y)” < carllz—y|?
4. Forallx € M, if d(x,0M) > r:
Bz, 7 — cayr®) N (z + TpM) C o (B(z,r) N M) C Bz, r)N (z+ T,M). (4)
5. Forallz € OM, if d(x,0M) < r, let us define H; = {y: (y —x,u,) < —cyr?}
and Hf = {y : (y — x,u,) < cyr?} then,

HNB(z,r—cyr®)N(w+ T, M) C oo (B(x,r)NM) C HIf NB(z,r)N(x+T,M).
()

Let us recall the change of variable formula :

V € Bla, ronr) = u(V) = /V fdw = / e VG

From (@) and Proposition [Il we will prove (see Section [6.2):

Corollary 1. Let Xq,..., X, be an i.i.d. sample of X, a random wvariable whose
distribution Px fulfills condition P. Then, there exist positive constants vy, A, B
and C' such that: if r < rys, then

1. Forallx € M, Ar? <Px(B(z,7)) < Br?.
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2. For all x € M such that d(x,0M) >, }IP’X(B(QJ,T)) - f(:)s)ad/rd/} < Cré+t,
That in turns entails the following Lemma

Lemma 1. Let Xq,...,X,, be an i.i.d. sample of X, a random variable whose
distribution Px fulfills condition P. Let k, be a sequence of positive integers such
that k, — +oo and (In(n))k *?/n — 0. Then, k,r, “3 0, where r, was introduced
in Definition [l

5.1.2 Local PCA process

The following result, whose proof is given in Section [6.3] useful to obtain the uniform
convergence rate of the local PC'A process to the tangent planes. Let us denote
M4(R) the d xd matrices with coefficients in R. Let Iy 4 € M4(R) be the block matrix
Ly . .

Iya= ( (C]l 8) For a symmetric matrix S € My(R) let us denote S = QsAsQ%,
Ag being diagonal with (Ag)11 > (Ag)a2 > ... > (Ag)ga and Qg is the matrix
containing (in column) an orthonormalized basis of eigenvectors of S. Introduce now
Ps v = Qgly 4Q' that is the matrix of the the orthogonal projection on the plane
spanned by the d’ eigenvectors associated to the d' largest eigenvalues of S. Notice
that P[d,’wd/ = Id’,d

Proposition 2. Let A € My (R) be a diagonal matriz whose eigenvalues, A, fulfills

that there exists \g > 0, such that X\ > Xg. Let D = (% 8) € My(RY). Let

us define co = 3d®?/(2\g). There exists ey (depending only on Ny and d) such

that for all ¢ < ey, and all symmetric matriz S fulfilling ||S — D]l < € we have:
||(P5’d/ — Id/7d)X||2 < Coé?HXHg, f07’ all X € R<.

5.2 Proof of Theorems [ and 2|

In order to state now two probabilistic results we will introduce the following func-
tions, for e > 0 and k,d € N,

2 4 12
kes(d+2)"3 k3es
Hk(E) =exp | — - ( ) — ) Rk(g) = exp <_72 i) ,
d? (k‘§—|—(d—|—2)§g§> d*(d +2)3
2 3
G (t) = min (iFd(t —e)+ (d2 + d)H(e) + 2de(€)> .
e€[0,t] 9

15



Proposition 3. Let k, be a sequence such that k, > (Inn)*. Then
i. For all A > 2, nGy, (An(n)) — 0.
i. If we define t,(a) = F~1(9a/(2¢*n)), then nGy, (t.(a) +o(1)) < a+ o(1).
iwi. For all A >4, %" nGy, (Ann) < +oo.

Proof. If we use a standard expansion of the incomplete Gamma function we get
Fy(x) ~ e *2(1 4+ 2/2)%?>71/T'(d/2). By definition, for any sequence ¢, € [0,t,(c)];

Gr, (th(@)) < (%&Fd(tn(a) —&n) + (d* + d)Hy, (g,) + 2d Ry, (%)) .

Finally ¢. and :. follow by taking the sequence ¢, = ¢ for all n, and #i:. follows from
en = 254 In(n). O

Lemma 2. Let Xy,..., X, be an i.i.d. sample uniformly drawn on B(z,r) C R? and
let us denote X,, = %Z?:l X;. We have:

(d+ 20| Xn — 2] ¢

p — x*(d), (7)
and, for alln > d
B 2
P <(d + 2)n|7|j(" —” t) < Gn(b). (8)

Proof. Taking ¥~ we can assume that X has uniform distribution on B(0,1).
If we write X = (X 1,...,X 4) then the density of X ; is

1

fla) = —oua(l = ) P (), (9)
and then
Var(X ;) = /1 x2iad_1(1 — 2H[@=D2y = EB(?)/Q, (d+1)/2),
1 04 04
where B(x,y) is the Beta function. If we use that oy = % and B(z,y) = Fp(égig),
we get

"Z__;lB(g/z,(dH)/?):ﬁr(u) i(ui VAL (5



Since I'(z + 1) = 2T'(2) and T'(1/2) = /7 we obtain that

1

O’dl T5 1
2 1)/2 = .

ra BOR+ 1)) = —hy =

Now, to prove () observe that

n

i=

(d+2)n||7n||2:< n(d+2)— ZX“) +-~-+<\/n(d+2)l n Xi,d) :

For all k = 1,...,d, by the Central Limit Theorem, (\/ (d+2)

oy
L
T

N(0,1)2. This, together with the independence of the Y; = (x/n(d +2)=3 0 X k)
concludes the proof of ([T).

In order to prove (§)), let us denote by S 21 = 3" | X; X the empirical covariance

matrix of the observations and by 32 = 3 +2 =1 the real covariance matrix. We can

express our statistic as : nyan_zYn. Now if we use equation (7) in Bertail et al.

(2008), for all n > d
3

P(nY;S;QYn > t) < %Fd(t). (10)
Let us denote I'), = ¥72 — S’;? We have
P(nX, 272X, > t) = P(nX, S, %X, + nX,[,X, > t),
then,

P(nX,5, "X, > £) < min (P(nX,,8,2X, > t - ¢) + P(nX, T, X, > ¢) )

e€[0,t]

and applying (10),

3
P(nX. 52X, > ) < min <%Fd(t—5)+P(nY;Fn7n . 5)). (11)

e€l0,t]

In order to prove (), it remains to bound P(nX, ', X, > ¢). First with a rough
bound we get nX . Iy Xp < d?n||Tnol| X ||%. Thus

P(nX, [, X, > ¢) < P(d*n||T, ]| Xal% > €),
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and then,

PR ) — €
P(nX, 0K > 2) <min (BTl > ) + B (1Kl > o)) - (12)

Now, let us bound P(||T || > a). If we denote E, = %2 — 52, then, applying Hoeffd-
ing’s inequality for all i, j we get that, for all @’ > 0, P(|E;;| > a’) < 2exp(—na’?)
and so:

P(|Evllo > @) < d(d + 1) exp(—na?), (13)

where we have used that F,, is symmetric and the maximum value of the d(d + 1)/2
terms is considered in the norm. Notice now that, if ||E,||s < (d(d + 2))7!, then:

. 1 . iy
Si=——(I;—(d+2)E,) = S;?=(d+2) Y (d+2)'E}.
n= g la= (d+2)E) = S, (+)kZ:0(+)n
Finally, using that || EF||. < d*||E,||%,, we get
d(d + 2)*|| Enll
[alleo < . 14
ol = T 2B 1)
Therefore, for all a > 0,
a
L, if and only if ||E, | , 1
L > o itand onlyif Byl > g (15)

<

: a 1
Since a > 0 we have @) (atd2) = dd2

7. Combining (I3) and (I4) we obtain:

P(|Tylloe > @) < d(d+ 1) exp < na’(d+2)~ ) .

T Platd+2p 10

To finish, we perform the same kind of calculus on P(|| X ,||%, > ¢/(nd?a)). By Ho-
effding’s inequality, for all i: P(X ; > b) < 2exp(—nb?). Now taking b = /e/(nd2a)
we obtain P(Y?’i > ¢/(nd*a)) < 2exp(—¢/(d%a)). Finally, we get P(||X,|%, >
e/(nda) < 2dexp(—¢/(d?a)). This and (I6) changes (I2) into:

S . na*(d +2)~ <
5 _na’(d+2)7 —c
P(nX, I X, > ¢) < min <d(d+ 1) exp < Platd+ 2)2) 2dep (d%)) '

Taking a = ((d+2)%/n)"/3, we get P(nX . TnXy > ) < d(d+1)Hp(e)+2dR, ().
Combining this and (IJ), this concludes the proof. O
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Lemma 3. Let Xy,..., X, be an i.i.d. sample drawn according to a distribution Px
which fulfills condition P, with OM = (). Then there exists a constant Ay such that

In(n)
k

n

Xioiy = (Ia+ Ein)ox,(Xi, ) — Xi and max 1Einlloo < Ag e.a.s.

Proof. By Hoeffding’s inequality we have that, for all i:
P(HT’,_;.?ngkn — r;,fnSiHoo > a) < 2d? exp(—2a’k,),
where S; = E(Y'Y | ||Y]| < rix,) with Y = X — X; and S;, as in Definition Il Then
P(3i : ||7°Z_]fn§,kl - r;,?nSiHOO > a) < n2d” exp(—2a°k,).

31n(n)

Now if we apply the Borel-Cantelli Lemma with a = we get that, with

2kn
probability one, for n large enough,
. 31
1772 S = 12 Sl < nn) alli=1, o n. (17)

n

Let us denote by P; the matrix whose first d’ columns form an orthonormal base
of T, M, completed to obtain an orthonormal base of R?. By Lemmal[llr, — 0. For
n large enough, combining Proposition [Il points 3. and 4. and ([@]), there exists ¢ such
that with probability one, for n large enough,

1
d +2
Now, (I7) and (I8) give that, with probability one, for n large enough and for all
1=1,...,n.

- 1 [31 131
T;]€27L5i,kn - d T QP/Jd/PH S % +cr, = %(1 + 0(1)) (19)

In what follows we consider n large enough to ensure (I9)), and ¢, = 3121?) +

crp, < m. Since (I9)) holds for all 4, we can remove the index i in the matrices

for all 7 : ’f’;,?nsl — Pi,Jd’Pi

<cr, ,where Jy = (Ig, 8) . (18)

oo

and vectors and assume that 7 is fixed. For ease of writing (up to a change of base)
we can assume that P = I, then

A 1
—2
Sk, — Jy < e,
‘ Tk Pkn = g d =
It only remains to apply Proposition 2l O
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5.3 Proof of Theorems [Il and

Theorems [1] and 2] follows from the following Lemma.

Lemma 4. Let (k,) be a sequence which fulfills condition K and X1, ..., X, an i.i.d.
sample drawn according to a distribution Px which fulfills condition P, with OM = .

If ryy is as in Definition[d, then fori=1,...,n, we can built 6;,, such that:

1. (51'7]% = 5:kn + Ein,

it P07y, > tlrn < 1/ky) < Gy, (1),

w. /In(n) max; |g;p, | == 0.

Proof. In what follows we consider n large enough to have 1/k, < ry;.

For a given 4 consider the sample X7}, ..., X,in with X; = Xj). Introduce Yj =
(le(X]Z) and
Fald + 2)V7 = X

2
T kn

Oi, =
First we are going to prove that 52,/ ke = Oip, + €ik,, With 07, ~satisfying points 4.,
iti., and iv, and with \/In(n) max; e; x,, 2%0.

Conditionally to X; and r;, the sample X{, . X }Qn is drawn with the density

fi(z) = WMHMQB(&M%). So that the sample Y{,...Y}! is drawn with the

density g'(x) = F(i231(2)) /et (G, (@)l (where B = o, (M N B(X;, i, ))).
By Proposition [I], for n large enough,
f(z)

fl(x) = d’ CMTik .
f(@oart, (2 4 1)

Again by Proposition Il y/det(Gx,(x)) > 1 — cyrig,. Observe that by Lemma [I] we
can take n large enough such that, for all z € B!:

. 1 — cpr?
gilw) > — >0, (20)
4 CMTikn
O-d’ri,kn <—f0‘7d’ + 1)

Notice that, by Proposition [I] we have:
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B(Xi,ri,kn(l — cMri,kn)> N(X;+Tx,M) C B, C B(X;,ri,) N (X +Tx,M). (21)

Let us denote B~ (X, rig,) = B(Xi,ri,kn(l — cMri,kn)) N (X; + Tx, M), and define
= (1 —cM/kn)d/“(fO;% +1)~!. Observe that ¢, = 1—p, fulfills the conditions of
Lemma [7 Equations (20), (21I]) and the assumptions on r,, and n allows us to claim
that Y* = {Y{,... Y} } has the same law as Z' = {Z,... Z, }, where Z; is drawn as
the mixture of a uniform law on B~ (X}, r;x,) with probability p, and a residual law
of density h’ with a probability 1 — p,.

Let us denote by K’ the number of points drawn with the uniform part of the
mixture. Up to a re-indexing let us suppose that Zy,..., Zg; is the part of the
sample drawn according to the uniform part of the mixture and that Zg: ,1,..., Z,
is the “residual” part of the sample.

Let us now draw a new artificial sample Z, ,,... Z; ,ii.d. and uniformly drawn
n m

in B™(Xj,i,). Let us define Z¥ = Z? when j < K, and Z} = Z} when j > K],
Let us also define e; = Z; — 7} for j € {K}, +1,...k,}. We have:

Zid 1 vyl
2= Z S Z K
j=1 Jj=K}+1
Thus
k k i
NGRS ER- ]
52 = /r2 k_ Z ZJ Xz + Z 6.7
ik L " j=Ki+1
Let us introduce:
(@ +2)k RS 2
5 = (1—cyrin, ) il PSR
Z,kn ( CMT an) (TiJgn - CMTi7k7L)2 kn ]z:; ’

and:

Cikn = (5zykn - 5:1%)
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First, the condition r, < 1/k,, gives that:

( CM)2 (@ + 2)ky
1 - =
kn (Tz kn — CpmTs kn

ZZ* X

< ik,

(d' + 2)k,

= (Tik, — CMTik,)?

ZZ*

(d+2)k ‘
Tikp —CMTi k:n
that o7, fulfills conditions . and 141.

it directly comes

> X;

Therefore, applying Lemma 2 to -

Let us now prove that max; |€;, | fulfills iv. Denoting Ejy, = = Z i1 €y We

have that || E;, | < k" k=K .. k- Then, applying the Cauchy-Schwartz inequality, we
get

BN R

|€z'7kn
" j=Ki+1
d +2
¥ Qnﬂ ol

Tz kn
_ Kz (k’ _ Kz)2
< 2vVd + oF 20d +2) 2 ——"n7
Zk‘ \/_ _'_ ( + ) kn ?

where K! ~» Binom(k,,p,) and so k, — K ~ Binom(k,,1 — p,). By direct

application of Lemma [7 and Borel-Cantelli we obtain that In(n) max; ‘k’i/_kiql

Now, by Lemma 2] and Proposition 3] point 744, max; /07, < 4/5In(n) e.a.s. Thus

2y

V/In(n) max |e; g, | = 0. (22)

22 0.

Now, by Lemma[3lwe have, for all i: §;, = 0}, +e€;, with|e], | < Agy /2 (2f+

d)é{kn e.a.s. Let us introduce By = Ag(2v/d + d). Then, with probability 1, for n
large enough,

1 41 |
v/ 1In(n) max |e;7kn| < By ( n]({:n)) () max fkn + By nkfn) Vv In(n) max|e; x, |-
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As (22) holds and In(n)/k, — 0 it only remains to prove that

(In(n))? 1

B
Nk, In(n)

a.s.
max d;, — 0

to conclude the proof. This last point follows directly from Proposition [3] point i
and the condition (In(n))*/k, — 0
O

We can now prove Theorem [I which basically says that, under the assumptions
of Lemma @l P (A, > ta(a)) < a+o(1).

Proof of Theorem[1. Theorem[lIt is a direct consequence of Lemma[Iland[@dl Indeed:
Py (Apg, = to(@)) < Pry (D, > ta(a)|rn < 1/kn) + Puy(r > 1/ky).
By Lemma [0l Py, (r, > 1/k,) — 0. On the other hand,
Pry (Dnk, = to(@)|ry < 1/ky) < Py, (mlax Oi , +max|e; o > t,(a)
= Py, <m?X5an > to(a) —1/v/n

Py, (max|5i7n| >1/vn
< a+o(1).

rn<1/kn>
Ty < 1/1{;n> +

Ty < 1//€n)

0

Now, we prove Theorem [2] which says that, under the assumptions of Lemma [4]
A 2
we have WU, () 5wy (x).

Proof of Theorem 3. A direct consequence of Lemma His that E(, (x)) = Uy ().

~

Therefore, we only have to prove V(W ,(z)) — 0.

Let us consider a sequence ¢, such that ¢, € [0,1] and ¢, — 0. Let us denote
Pan = Px(B(z,(2+¢,)/ky)). Since f is Lipschitz, if we denote K the constant, we
get

Pon < 00 ((2+ ) k) F(@) (14 (24 £2) K1/ k)
< 0q(3/ka)? f(2) (1 + 3K /ky). (23)

In the same way, p,, > 0(2/k,)? f(2)(1 — 3K /ky).
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Let N, , denote the number of observation belonging to B(:c, (2+¢e,)/ k:n) Ap-
plying Hoeffding’s inequality we get, for all A\, > 1:

]P)(Nmm > )\npn’xn) - P (N;,n

— Pz > (An — 1)pn,x) < exp < — 2((>\n — 1)pn7m)2n).

Taking, A, = pkdy /2 with p > 0,

P (No = pakii/nin(n)) < exp (=p03 2% f(a)? In(n)(1 +0(1)))
so that:
P (Nxm > pn,xkz nln(n)) < exp (—u20§,22d/fg In(n)(1+ 0(1))) )
Now, by (23],

P (Nxm > uad/fl?)d/(l + 3K /ky) nln(n)) <P (Nxm > pn,xk:fi nln(n))
< exp ( — (ow2? fo)? In(n)(1 + 0(1))).

Let us cover M with z1,...,z,, (deterministic) balls of radius €,/k,. Observe
that we can take v, < 0(k,/e,)? If we denote X, = {X1,..., X,,}, then,

P (U?Zl{#(B(Xi,Q/k:n) NX,) > poafi3% (1+ 3K, /k,) nln(n)}) <
P (UZ’-’QI{#(B(%, (2 —¢n)/kn) N f)Cn) > pog f13% (1 + 3Ky /ky) nln(n)}) <

'y k;zg;dn—mod/2d’fo>2(1+o<1>>,

If we choose €, = min((In(n)) =4 1) and 1 > (6427 fo)~", the condition (In(n))k:+4/n —
0 implies that

P (U {#(B(X02/kn) N ) = o f37 (1 + 3Ky /ky)y/nn(n) }) = 0.
Now, let
A, =N, {#(3()@-, 2/kn) N X,) < pow f13% (1+ 3K /ky) nln(n)}ﬂ{rn <1/k,}.
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Observe that the random variables 0; %, are not independent in general. However, if
|.X: — Xj|| > 21y, ik, and 0,, are independent. Therefore

. 1 <&
v (‘I’n(ﬁﬁ)> = > > cov (s, >y, Iis; >a})

i=1 {j:]| X=X, || <2rn}

1 n
2 > > cov (5,2, I(s;2a3)

=1 {j:]| X=X (1<2/kn}

Thus, conditioned to A,, since cov(Ijs, >z, Ifs;>21) < 1 we get

> cov(Is,5ay, L 5ay) < poa /137 (14 3K /ky)y/nIn(n).

{711 X=X 11 <2/kn}

Finally, conditioned to A,,, the variance of V4, (‘ifn(x)> fulfills
- 1 ’
' <\Ifn(:)s)) < ~pow f13" (1+ 3K, /ky)/nTa(n) — 0.

As P(A,) — 1 and P(r, < 1/k,) — 1, we finally obtain V (lifn(x)) — 0 which

concludes the proof. O

5.4 Proof of Theorems 3 and (4l

Theorems [3] and [4] are direct consequences of the following lemma.

Proposition 4. Let X be uniformly drawn on B,(x,r) = B(z,r)N{z € R?: (z —
x,u) > 0} where u is a unit vector.

B(0on o

r(*2) )

where ag = (ﬁr(%)

Proof. Let us first assume that r = 1,z = 0and u = e; = (1,0,...,0). The marginal
density of X; is

2 _
fx,(t) = U—dad—l(l — 1), gy (2),
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SO

For a general value of r, x and u let us define Y = A, (X — z)/r where A, is
a rotation matrix that sends u to (1,0,...,0) (with » > 0). Then Y has uniform
distribution on B, (0, 1) and so (24]) holds. O

Lemma 5. Let k, be a sequence fulfilling condition K. Let us assume that X, ..., X,
s an i.0.d. sample drawn according to an unknown distribution Px which fulfills
condition P with OM # (). Then, there evists a sequence \, —3 a? such that:
Ak, kn > (d +2)\,, where ag was defined in Proposition [{

Proof. We will divide the proof into two steps. In the first one we are going to
prove that there exists a constant csp; such that, with probability one, there exists
Xi, € OM @ B(0, cop In(n)/n) for n large enough. In the second step we are going to
prove that, eventually almost surely, for all X;, € OM & B(0, copr In(n)/n) it holds
that 0;y k, /kn > (d' 4+ 2)a2 (1 + o(1)).

In order to prove the first step, observe that as OM is €2, its inner packing
number v(¢) (the maximal number of balls, centered in M, of radius € that are all
pairwise disjoint) satisfies v(¢) > Be~¢*! for some constant B > 0. Let us denote
by xz;, for i € {1,...,v(¢)}, the centers of these balls. Then |OM & B(0,¢)|s >
> IB(xi,e) N M|g. Now, as a direct consequence of Proposition [l point 5, there
exists R and C such that, forall e < R: |[OM@®B(0,¢)|y > Be ¥+ (oge? /2—Ce?*1).
That is:

|OM & B(0,¢)

£
o 2 Boug — BCE" (25)

31n(n)
> foBogmn

Thus, the probability that there is no sample point in M @& B(0
bounded as follows:

31n(n) - 31In(n) 6CI(n)\\" 400
P ((aM@ foBadrnB(O’l)) N _@) < (1 —— (1_ m)) _ L 3/2re(l),

) can be

Finally, the first step follows as a direct application of the Borel-Cantelli Lemma,
with Com — 3/(30}1/).
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For an observation X, such that d(X;,,0M) < coprIn(n)/n, let us denote by x
a point of M such that || X;, — zo|| < conrIn(n)/n, and recall that u,, denotes the
unit vector tangent to M and normal to OM pointing outward M. Let us introduce
Yitio) = Pao(Xiio))-
In what follows we will prove that for all X;, € M @® B(0, conr In(n)/n):
1

k
T 71 Y 4 — X 7_U‘ZE a.s
o 2okt (Yi(io) = Z0y —Uag) s, - (26)

riO 7kn

Let us define p,, — = 73y k, — conr In(n)/n and py, 4+ = 74k, + con In(n)/n.
Observe that, according to Proposition [, (Yia,) — o, —Us,) € [—chi,Jr, Py, SO
that applying Hoeffding’s inequality,
P ( 1 in E(<Yk(zg) — Zo, —Um0>)

Yitio) — o, —Uzg) —
knpn,—i-(l _’_chm_i_) ];( k(io) 0 xo> pn,—i—(l +CMpn,+)

> t) < 2exp(—2t%k,,).
(27)
Then, to prove (26)) it only remains to prove that, for all X;, € OM&B (0, copr In(n)/n):

1 a.s.
n(n> — 07 (b) 2
N7, kn (pn,—l— + CMpn,-l—)

E(Yie) — %o, —ts
(a> <k(o) Lo uo)

— Oy

Indeed:
i. From (b) and (27)) we obtain

kn

1 a.s.
2 Z(Yk(zo) — Zo, _uxo> — Qgq, (28)
kn(pm-i- + CMpn,+) —1

from a direct application of the Borel-Cantelli Lemma, by noticing that &, /(Inn)* —
oo implies that > exp(—2¢*In(k,)) < +o0.

ii. From (28) and (a) we get (26]).

First assume that 7,4, — 0 (the proof is is similar to the proof of Lemma [I]
using a covering of OM instead of M, and bounding the probability according to
Proposition [1l point 5. instead instead of point 4.. Then, from now to the end of the
proof, we suppose that n is large enough to have r;, 5, < 7.
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Let us now prove (a). First we cover OM with v, < B'(n/In(n))?~! balls,

centered at x; € OM with a radius cpp In(n)/n. Let us denote R, = (In(n) —
2cop) In(n)/n and R} = (In(n) + 2¢op) In(n) /n. We have:

IP)(EIXZ-O € OM @ B(0, cons In(n) /), 74y 1, < R;) <

Un

ZP(#{B(%,R; + 2¢on In(n)/n) N X, } > k‘n) (29)

i=1

Since R, = (In(n) — 2conr) In(n) /n, if we apply Proposition [l point 5. and f < f;
we can bound the right hand side of (29) by:

P(#{B (a1, Ry +2con ln() ) 10} 2 1) < 3 (") (%“ “(”))j'

j:kn
Now from the bound n!/(n — j)! < n’, we get

P(#{%(%,R;+203M In(n)/n)NX,} > kn) < Z ;! <f10d/(ln(n))

e —i—o(l)))j.

(30)

Finally, using » 7, 27 /5! < xke? /k! for x > 0 to bound the right hand side of (30)
we obtain:

j:kn

IP(EIXZ-O € OM @ B(0, cons In(n) /), 74y 1, < R;) <

fro (In(n))>¥

kn
Bl(lfnyl_l( " kSH(l))) exp (%%(Hou))). (31)

Now we will consider two cases: d’ = 1 and d’ > 1. For the first one (d' = 1),

using Stirling’s formula we can bound the right hand side of (BI]) from above by
B’ kn frow(In(n))*(1 + o(1)) o S1oa(1+0(1))

Nori exp <—/<;n In <?> + ky In ( 5 + (In(n)) — (140(1))

Then, the condition k, > (In(n))* ensures that

P(3X;, € IM@B(0, conrIn(n)/n). o, < ;) < L exp <—l<:n In ("“) (1+ 0(1)))
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Second, if d’ > 1 then from (3I]) we directly obtain
IP’(EIXZ-O € OM & B(0, conr In(n) /1), Tik, < R;) = o((k)7Y).
In both cases k, > (In(n))* ensures that :

ZIP’(EIXZ-O € OM @ B(0, conr In(n)/n), g, < R;) < Ho00.

The proof of (a) follows by a direct application of the Borel-Cantelli Lemma.

Let us now prove (b).

Let us denote by g, , the density of Y = ¢q, (X) conditioned by r;,x, and
| X = X;o|| < 7ig,k,- Let us introduce the set By = ¢, (B(Xi 0, Tig k) 1M ). Reasoning
as we did at the beginning of Lemma [, the Lipschitz continuity of f, Proposition [l
part 3. and Lemma [5] ensure that there exists a sequence ¢, = O(r;, x,) such that,
for all x € By:

d
O‘d//r,io k},
gno,kn(x) -— 11 < En-

Thus,

<

Ud’T%,knE v
9 (( - x07u$0>|rrio7kn) - 5 <ZL’ - xOvuwo>dI
0

Oqr—1 d'+1
€n zlldr < e, z|ldx < e, . (32
[ele e | elir e SR @)

Observe that (’B(Xi’o, pn,—) N M) C (B(X@(], Tio,kn) N M) C (B(X@(], pn,-l—) N M)
Therefore, by Lemma B we get,

'B(xmpn—) N {y : <y - x(]?uwo) Z CMp?L,-i-} - BO
C B(20, pur) Ny, (Y — 2o, us) = —carpl ) (33)

From (33) we obtain (using a very rough upper bound) that:

‘BOAB“IO (o, Tio)‘ < O (p;ill,-i- - pi/,—) + QCMad/_mi/,il.
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Thus:

/ (x—zo,uxo)dx—/ (x — o, Uy, )dx
Bo Bugg (To,7ig)
(34)

Proposition @] shows that [, (rom ) (T = %0, Uze)dT = agry,. Thus ([@B2) and (34)
2 Tig
provides the existence of C' and C’ such that

41l d+1 2
< oa(pn ' =py ) F2com0o0- 1,0n+ :

(Y — w0, tg,) Pkt = o Pt
’E (T—O Pigkn | = Q| < 2= —mm— + (Cpng + C'en) 57
10,kn i0,kn 10,kn
Therefore (a) gives:
Y - T
E (ﬂ) L ay.
Tikan

. . E(Y —z0,uz)
Applying (a) again (Pn++€hraP7 1)

proved.
Now, in order to finish the proof of the Lemma, notice that, reasoning similarly

to what has been done in Lemma [ and using (a) and (b) it can be proved that
Xiiy = (a+ Fuig) Vi) — 2o + 0 — Xiy) with [|Fyigllec = 0. Then

— ag , we get (b). As a consequence (20]) is now

| Z Xiio) || 1 Z UYa(io) — o, Usy) con In(n)
o 2 (1= [ Falloe) . = (L[| B o) = ——
nrlo, n T207k7l nrikan

(35)
Thus, there exists a sequence \, —+ a? such that ﬁ > A, which concludes
the proof. O

Proof. Proof of Theorems B and @
To prove Theorem [ observe that k, > (In(n))* ensure the existence of ny such
that for all n > ny, £2(d' 4+ 2)a2, > t,(a). The proof follows from equation (B5).
Regarding Theorem [ if ¢,, < uk, with u < (d’ +2)a? then, reasoning exactly as
previously, Py, (A, x, > t,) = 1 for n large enough. On the other hand if t,, > A1n(n)

for some \ > 4 then Lemma [, Proposition [3land Borel-Cantelli’s Lemma ensure that
Puy(Ank, <t,) =1 for n large enough. O

6 Appendix

Proofs of preliminary results
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6.1

Proof of Proposition [

Proof. 1. Proceeding by contradiction, let r, — 0, x,, v, and z, such that:

2. and 3.

{Yn, 20} C B(xp, 1) and @, (Yn) = @z, (2,). Since M is compact we can
assume that (by taking a subsequence if necessary) z, — = € M. Let us de-

note wy, = = — w. Since g, (Yn) = ¢a,(22) we have w, € (T,, M)*. As

M is of class €2, we have w € (T,,M)*. Let 7, be a geodesic curve on M that
joins y, to z, (there exists at least one since M is compact). As M is compact
and €? it has an injectivity radius r,; > 0. Therefore (see Proposition 88 in
Berger (2003)), if we take n large enough that r, < r;,;/2, we may take 7,
to be the (unique) geodesic which is the image, by the exponential map, of a
vector v, € T, M. The Taylor expansion of the exponential map shows that
w, = —2— 4+ 0(1). Then, taking the limit as n — oo we get w € T, M which

" llyn—zall

contradicts the fact that w € (T, M)*.

As a conclusion there exists o such that, for all x € M ¢, is one to one from
MNB(z,r) to o, (MNB(x,7)) (then the existence of r; such that for all z € M
and r < 7y @, is one to one and €? is easily to obtained)

For all x € M there exists k functions ®, 4 : ¢, (M N B(z, rl)) — 2 — R such
that:

ol oy (M N B(aj,rl)) — M N B(x,r) (36)
U1 Yy
: q>:c,d’+l(y)
x + ) — T+ .
yd’ .
Og—ar Dpa(y)

The €2 regularity and compactness of M allow us to find a (uniform) radius
o such that all the @, are € on ¢,(M N B(z,r3)). Note that, as ¢, is the
orthogonal projection we have, for all z and k: V®,(0). Once again smoothness
and compactness assumptions guarantee that the Hessian matrices H(®, ;)(0)
has there eigen values uniformly bounded by a \j;.

Thus, first
d—d’
lea(y) =yl = D (Puasrly — 2))* < (d = d)ullz = y||* + o(| |z = y[["),
k=1
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and then, there exists c3 and r3 such that, for all (x,y) € M such that ||z —y| <
T3,

loa(y) — yll < esllz —yl* (37)
Second :
. [d/ Id’
Vo, s1(y) O(llyll)
To(y) = =| | and Guly) = Waly) Waly) = Lo +0(|[yl))-
Vo, q(y) O(|lyll)

This, together with the differentiability of the determinant entails that there
exists ¢4 and 7y such that for all (x,y) € M such that ||z — y|| < ry,

Galy) — 1] < callz —yl|- (38)

. First notice that only the first inclusion has to be proved, the second one is
obvious. Let us introduce 7 = min{ry, 79,73, 1/c3}. Proceeding by contra-
diction, suppose that there exists r,z and y such that: 0 < r < 7, z € M,
d(z,0M) > r, y € B(z,r(1 —csr)) N T,M and y ¢ @, (B(z,r) N M). As
z € ¢, (B(x,r) N M) the line segment [z,y] intersects d(¢,(B(z,r) N M)).
Let z € [z,y] N O, (B(z,r) N M). On one hand we clearly have ||z — z|| <
|z —y|| < (1 —c3r). On the other hand, since ¢, is a continuous function,
¢ (B(z,r) N M) = ¢, (0(B(z,r) N M)), and, because d(z, M) > r it comes
that O, (B(z, r)NM) = ¢, (MNOB(x,r))) then, there exists zo, ||z —z|| =,
©x(20) = z. Then by (B1)

r? = ||z —2||* + ||z — 20> < 7*(1 — e3r)* + cart = r? — 2e3r3(1 — c3r) < 12,

which is a contradiction. Then there exists c5 and 75 such that for all » < rs,
and for all z € M with d(z,0M) > r,

B(z,r —csm?) N (x + T, M) C @ (B(x,r) N M) C B(x,r) N (x +T,M). (39)

. Sketch of proof. Suppose that OM # (), for all x € IM introduce ¢* the
affine projection on x + T,0M. First notice that, for all y € dM we have
Pi(y) = pay) = (Y — @, ux)uy thus [(y — z,ue)| < (|5 (y) — yll + [l (y) — yll.
Recall that M is of class €? so that, by application of ([39) (on M and OM)
we have there exists r¢ and cg such that, for all z € M and for all y € OM
with ||z — y|| < re: |[(y — 2, u,)| < clla — yl||? thus:

OM NB(x,7) C Blx,r) N {y: [{y = z,us)| < clle -y}
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and
P (OMNB(2,7)) C Bla,r)N(z+ToM)N{y : [(y—2,u.)| < cgllz—yl|*} (40)

Let us introduce A~ = B(x, r)NT,MN{y : (y—x,u,) < —2cq|lz—yl||*}. Notice
that A~ is convex. By definition of u, there exists a path v in M that links z
to # € M with 7/(0) = —u, and v N OM = {z} that quickly implies that, for
all € > 0 exists z. € A~ N (B(x,r)N M) and ||z — z.|| < e.

Suppose now that, as previously there exists 0 < r < min(rs, 1/c3), * € OM
and y € B(z,r(1 — 2csr)) N A~ such that y ¢ ¢,(B(z,r) N M). Fix now
e = c3r?. As previously the line segment [z, y] intersects O, (B(z,7) N M) at
a point z € A~. Clearly we have ||z — z|| < e+ ||z — y|| < (1 — cpyr). Again
2 = @u(20) with zg € (M NB(z,7)) = (M NIB(x, 7)) U (OM NB(z,r)). As
(M NB(z,r)) = (MNIB(x,r)) U (OM NB(xz,r)), pu(20) € A~ and [@Q)
we necessary have zy € 0B(x,7), so ||z — 2| = r. Finally we have r < 7y,
|z — 20]| =7 and ||z — @.(20)]| < r(1 — cpr). By point 3.

=z = z)* + Iz = 2ol < (r(1 = esr))* + 5t <,

that is a contradiction. Then we proved that there exists ¢; and r; such that,
for all x € OM, for all r < r; we have

Bz, (1 —c7) N (z+T,M)N{y: (y — 2, u,) < —c7r} C o (Blx,r)).
The proof of,
0 (B(z,7)) C Bla,r) N (z + T, M) N {y: (y — x,u,) < er?},

is easier and it is left to the reader.

U
6.2 Proof of Corollary I
Proof. For any r < ry; and any x
Px(B(r.r) = fi Vet G ()dy
P (B(z,r)NM)
Thus by Proposition 1 point 2 we have:
Px(B(ZIZ',T’)) S flo'd/’l"d,(]_ —I—CM’I") (41)
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For any r consider first the points x such that d(x,0M) > r/2, we have:
Px(B(z. 1)) > Px(B(a,1/2) > fo | VAt G, (y)dy
w2 (B(z,r/2)NM)

Now, since r < 2r); applying Property 1 point 2 and 4 we obtain:
Px(B(x,r)) > foou(r — cMrz)dl(l —cyT) (42)

Now if we consider points = such that d(z,0M) < r/2, let z* be the projection of z
on OM we have

Px(B(z 1)) = Px(B(a",1/2) = fo | Vet o (y)dy
Ppx (B(x*,r/2)NM)
since r < 2r,, applying Property 1 point 2 and 5 we obtain:

Px(B(z, 7)) > fo (%(r)d/ - cMadz_lrle) (1= carr) (43)

Point 1 is a direct consequence of ([4Il),([42) and (43).

To prove point 2 consider r < r;.

Py (B(z,r)) = / F()wlw).

B(x,r)NM

Applying first the Lipschitz hypothesis on f we get,

P (Ble.r)) ~ fa) [ (x’r)mew)\ <k [ —

Now by formula (@):

/ wly) = / VAL dy.
B(z,r)NM 0o (B(z,r)NM)

Applying Proposition 1 point 2:

/ w(y) —/ dy‘ < CMJT/ dy
B(z,r)NM P (B(z,r)NM) @a(B(x,r)NM)

Finally applying Proposition 1 point 4:

/ w(y) —/ 1dy' §/ dy+cM71T/ dy.
B(z,r)NM B(xz,r)NTe M (B(z,r)\B(z,r—cpr,2m2))NTe M B(z,r)NTe M
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This implies:

]Px(B(l’, ’l“)) — f(z)ad/rd/ S rKf(ad/rd/(l — (1 — CM727’)d/))+

f(2) (O’dﬂ“d,(l —(1- CM727’)dl) + chlad/rd/“).

Thus, the choice of any constant Cy > o¢ (Kf + fidears + 1) allows us to find
a suitable R;. O

Lemma 6. Let Xq,...,X,, be an i.i.d. sample of X, a random variable whose
distribution Px fulfills condition P, where M is a manifold without boundary. Let k,
be a sequence of positive integers such that k, — +oo and (In(n))k1t¢/n — 0. Then,
knrn 230, where 1, was introduced in Definition [

Proof. Let £, — 0 be a sequence of positive real numbers. Let us first cover M
with v, < AM»s;dka balls of radius €,/k, centered in some x; € M. If we denote
X, = X4,...,X,, we have that

P(r > a/k) <P(3i = 1., vn : #:{B(wi, (0 — 20) /) O X0} < K ).
If we use Corollary Mand (7)p?(1 — p)"~7 < (7)(1 — p)" 7, we get
kn . d n—j
a . j fooa(a — €n)
iz ) < st 35 (1) (1- )
Now, if we take take n large enough so that k,/n < 0.5 we get (7]1) < (kr:‘), and then
n—k
a —di.1+d k, fOO-d(a'_gn)d !
(> 2) <t (5) (- B )™

Applying Stirling’s formula to the right hand side of ({44]), we get

—d —n+kn kn o d n—kn
AM;" ot (1 - @) (kﬁ) (1 _ Jogeta — &) (Zd = 0(1))) .
s n n n

With the usual Taylor expansions,

— kn
(o) < Ve (1) e (g o
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Since k1*¢/n — 0, for n large enough,

nfooqa(1+ o(1 K+t n
, _ Moo ; 1) _ M(h@ﬂ+dD) 7Z)§ 2wﬁ%“

n

So, for n large enough

a Ayer? ('n o 1 n
> | < n 7 +d v d .
P(rn_ k‘n) _\/§ N (kn) k) exp( defoada )

n

Therefore

A —d d
PQ%Z%)§¢i%%w@(J@§“+@mmywmmm+u+@m@0,

and then

Aper? d
P (Tn > kﬁn) < V2 A\j;" exp (_nf;zga + k,In(n)(1 4+ 0(1))) )

As In(n)ki*t4/n — 0 we have:

P (Tn > k‘i> < ﬁAﬂ\/;;;d exp (—%‘jad(l + 0(1))) .

Applying again that (In(n))klt¢/n — 0 we get

Ape? '
P(rnz ki) <<\/§M75"exp<— foowa k4 In(n ))

NS
If we choose €, = 1/n then since k, — 400, the Lemma follows as a direct
consequence of the Borel-Cantelli Lemma. O

Lemma 7. Let T,, ~ Binom(k!,, q,) with g, /k/, In(n) — 0 and k., /(In(n))* — +oco.
Then, for all X > 0,

Znﬂ”(ln n/\/k7’>)\)<+oo

Proof. Let us bound P(7T,, > |A\\/k.,/In(n)]). If we denote j(A,n) = |A\\/k,/Inn|

then,
k/

BT, > jO,m) = (’ff@)qz;(l )

j:j()‘vn) ]
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Notice that when j > ¢, (k;, +1) — 1 and j' > j we have:

L/ ' ' L/ y 3
(j) (1) PrEs

Since gn+/k! In(n) — 0, for n large enough,

P(T, > j(\,n)) < (k, _j()"n))(j()\,n)

Applying Stirling’s formula,

n )q%()‘ n)(l — qn)k'/n_j()‘vn).

k;, 1 ! Ea1/2
<J'(A>”)) T 2mj (0, m) (K, — )R IO (X )G
1 k;kn
21 (N, n) (kp, = 5 (A, m))knmdOm) (X, n) i)

Y

Now if we bound (1 —g, )7 < 1 we get that, for n large enough, P(T}, > j(\,n))
is bounded from above by,

k;—m,n)(an; Iy TR
)

2mj(A,n) \J(A,n Kl
j n —J (;’”) LA ;. j(Am)
~ 2mi0un) (j(A,n)) exp <—(’fn —J(Aan)) In (1 W )> (1+0(1)).

Since j(\,n)/k! — 0 and j(\,n)?/k!, — 0, we get,

P(T, > j(\,n)) <

Am)
21\ n) \J(\, n)) exp(j + 0(j))(1 + o(1)).

With j(\, n) = [A\/k/In(n) ]|, nP(T,, > j(\,n)) is bounded from above by,

A/ k! /1n(n)
n(nNY2(K 3/4 " In(n !
nln(r) ) <q VALY ) exp <?HV( :;<1+o<1>>> 1+ o0(1))

_ _ nln(n)"?(k;,)** exp <)\\/k7l <1 +1n (@) +0(1))) (14 0o(1)).

N In(n)
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Since ¢,+/k!, In(n) — 0, we can take n large enough such that
/KL
1+1In (q—;n(n)> +o(l) < —1.

Then, if we bound 1+ o(1) < 2,

niimnin 1/2 (] \3/4 !
nP(T, > j(\n)) S\/é (In(n))" /2 (k) exp (_)\\//?n>

VA In(n)

Since k., /In(n)* — +oo

ANE, 3 1 ‘
R + 2 In(k)) + In(n) + 3 In(ln(n)) = — A, In(n), with A, — +o0,

and then ) nP(T, > j(A\,n)) < +oo.

6.3 Proof of Proposition
Proof. Let us define,

{ Ao Ao )\0\/\/16d4+1—1}
€0 = min .

3v2d3’ 2v/2d?’ 8d7/2

Let u be an eigenvector of S with ||ulls = 1, associated to an eigenvalue p. As
Su = pu = Du+ (S — D)u we have : ||pu — Du||o < de||t]|s0, denoting u = (v, w) €
RY x R4 we have:

max {min (g2 = ) [0l lllwlo } < demax (0], leo]o
Since [| - [loo < || - [l2 < V|| - [loo and [Juflz =1 we get,

mas {min(|ps = M)l Jallwll2} < @2, (15)
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Suppose that [[v||y > ||w||2 then |Jv]|s > 1/4/2. Then @3) implies, min, (| — A;]) <
V2d3e and ||wl|s < ,\(f/ze' < 3¢°”% (the last inequality is a consequence of £ < gy <

2d3c —  2Xo
3 \;\3?) Let us introduce &' = %%. Proceeding as before it can be proved,
[oll2 > [lw]l> = min | — Ni| < V2d% = [Jwll2 < Ve, (46)
lwlly > [[vllz = |ul < V2de = |v]l < Ve'. (47)

Suppose that the eigenvalues of S are sorted so that py > ps > ... > pg. Let us de-
note uy = (vg, wy) an associated orthonormal basis of eigenvector. Notice that, with
the condition & < g9 < 3 @, the [ eigenvalues p such that min; |u — A\;| < V2d3e

are the [ largest eigenvalues. We are going to prove that [ = d'.

Proceeding by contradiction, let us suppose that [ > d’ + 1.

First notice that for all 1 < i < j <1: |(v;,v;)| < €' (because (u;,u;) =0, (45)
and Cauchy Schwartz). We also have |||v;]|> — 1| < & (similarly using |lul|* = 1 and
().

Now, as [ > d + 1 the vectors v; i = 1,...,[ are linearly dependent, and then
there exists i € {1,...,1} such that v; = > . a;v;. Now, for all k # 4, on one
hand: [(v;, v)| < €" while on the other hand: [(v;, vi)| > faw| — " 3000 4y loy] 50
that & > [ax| — € 32 04y || and, summing this inequalities gives (I — 1)¢’ >

(L= (I = 2)") D s low| so that >7,, |ag| < 1£l(_li)2€)l€, < lded’e and, for all j # i

la;| < t£-. Thus, with very rough bounds: [u]|? < (ld% < 4d*e” (the last

inequality comes from ¢ < gy < 2\’}%) that contradicts [lu,[|*> > 1 — ¢’ because
Ao/ VI6dT+1—1
e S EO S OST;
One can obtain that d—1 < d—d’ by a similar proof (reasoning on the component

w; for i € {{ +1,...d}), so that we can conclude that [ = d’. Thus for all i < d’
|will < Ve and for all i > d ||v;]| < V€. For all X € R?, let us write X = >, oyu;
then Pgy X = Zf;l agu; = 3 (vl wh) and Iy gX = S0 (v),0) so that:

& d
0 i
(Psa — L)X =) o (w) IR (%) '
i=1 !

i=d'+1

from where it follows that,

1(Ps — L) X||2<Z|az|f< e||X||2

That concludes the proof. O
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