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VERTICES FOR IWAHORI-HECKE ALGEBR XAS AND THE
DIPPER-DU CONJECTURE

JAMES R. WHITLEY

Dedicated to the memory of Anton Evseev

ABSTRACT. Let 7%, denote the Iwahori—Hecke algebra corresponding to the
symmetric group &,. We set up a Green correspondence for bimodules of
these Hecke algebras, and a Brauer correspondence between their blocks. We
examine Specht modules for J#, and compute the vertex of certain Specht
modules, before using this to give a complete classification of the vertices of
blocks of .77, in any characteristic. Finally, we apply this classification to
resolve the Dipper—Du conjecture about the structure of vertices of indecom-
posable J7,-modules.

1. INTRODUCTION

Denote by &,, the symmetric group on n letters generated by the elementary
transpositions s;, and define the Iwahori-Hecke algebra of type A,,_1 (henceforth
just known as a Hecke algebra) in the following way. Let F' be an algebraically
closed field of characteristic p > 0, pick ¢ € F*, and denote by 4%, := 5, (F,q)
the associative algebra over F' generated by the set:

{T;:i=1,...,n—1}
with relations:
(Ti —q)(Ti+1)=0for 1 <i<n-—1,
T;T; = T;T; for |i — j| > 1,
TyTn Ty = Tos Ty Tipafor 1 <i<mn—1.
4, has an F-basis {T,, : w € &,,} (see for example [15, §1]) where:
Tw="T T

if w = s -5, is a reduced expression for w. Under this convention we have
T, =T,.

Let e be the smallest integer such that 14q+---+¢°~! = 0 if it exists, otherwise
define e = 0. This is the quantum characteristic of 7¢,. In this paper, we will focus
on the case where e > 1. If p > 0, then either (e,p) := hef(e,p) = 1 and ¢ is a
primitive e-th root of unity, or e = p and ¢ = 1. If p = 0, then e # 0 means that
q is also an e-th root of unity. For more on the structure of J%,, particularly its
structure as a cellular algebra, see for example [15].

Relative projectivity and vertices of Hecke algebras were first introduced by Jones
in [14], generalising the results from local representation theory of finite groups (see
for example [1]). Let A be a composition of n (writing A E n), with corresponding
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2 JAMES R. WHITLEY

parabolic subgroup &) of &,,, and parabolic subalgebra S = (T, : w € &) of
H;,. If M is a 5,-module, we say that &, is a vertex of M if M is relatively ;-
projective, and if for any p F n with M relatively JZ,,-projective, then a conjugate
of & is a subgroup of &,. In [7], Du gave a Green correspondence for modules of
Hecke algebras, analagous to the classical correspondence in modular representation
theory of finite groups. The main aim of this paper is to extend these notions to
bimodules, and in particular to blocks, leading us to a Brauer correspondence.

Theorem (Brauer correspondence for Hecke algebras). Let n = a + de, with p =
(a,de), 7= (1*,de) and A = (1%, A1, ..., As), where (A1,...,As) Ede and \; # 1 for
all i. Then there is a one-to-one correspondence between blocks of F,, with vertex
(G, Gy) and blocks of ,;, with the same vertex.

Given this, we are able to explictly compute vertices of the blocks of 77, by
identifying the vertex of a block of the right /7, and identifying its Brauer corre-
spondent. To do this, we need the following definitions. Given n € N, write n as
its e-p-adic expansion by:

n=a_1+ ape+ ajep+ ...atept

where 0 < a_; < eand 0 < a; < p, for i > 0. If n has the above e-p-adic expansion,
the standard maximal e-p-parabolic subgroup of &, is the subgroup corresponding
to the composition:
(1%-1 e™ (ep)™,..., (ep")™) E n.

A general e-p-parabolic subgroup of &,, corresponds to a composition 7 = (7, ..., 7s)
of n which has for each i, 7, = 1 or 7; = ep"® for some r; > 0.

By Nakayama’s Conjecture (see for instance [15, Corollary 5.38]), we can label
the blocks of 77, by e-cores and e-weights. Using these definitions, we can state
the main result of this paper.

Theorem (Classification of vertices of blocks of Hecke algebras). Let F' be an al-
gebraically closed field, g # 0 € F with quantum characteristic e # 0, and B = B, 4
the block of 7, := ;,(F,q) corresponding to the e-core p and e-weight d (so in par-
ticularn = |p|+ed). If d = 0, then B is a projective (I, 7,)-bimodule. Otherwise,
let 7 = (71,...,7s) be the composition corresponding to the e-p-adic expansion of
de, and define \ = (1! 7, ... 1,). Then the vertex of B as a (J,, #;)-bimodule
18 (6)\, 6>\).

In [5], Dipper and Du showed that for trivial and alternating source modules of
F;,, the vertex will always be an e-p-parabolic subgroup, and conjectured that this
should hold for any 4%,-modules. This was shown to be true if p = 0 in [7], and
proved for blocks of finite representation type (i.e. by [8, Theorem 1.2] blocks of
e-weight 1) in [18]. As a corollary to the previous theorem, we are able to resolve
this conjecture, proving:

Conjecture (Dipper-Du). Let F be an (algebraically closed) field of characteristic
p>0,n€N, and ¢ # 0 € F with quantum characteristic e > 0. Then the vertices
of indecomposable F;,(F, q)-modules are e-p-parabolic.

The paper is structured as follows. The next section introduces the notation
we will use. In Section 3, relative projectivity for bimodules is explored and a
Green correspondence is given, before we expand it to a Brauer correspondence in
Section 4, and give a method of identifying these correspondents. Section 5 looks at
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indecomposability and restrictions of Specht modules for J7;,, and Sections 6 and
7 look at the vertex of the sign module, and relative projectivity of blocks, in cases
where the characteristic of F' is both zero and prime. Our classification is proved
in Section 8, before finally using it to resolve the Dipper—Du conjecture in Section
9.

2. PRELIMINARIES

Note that all modules we will be using are right modules unless stated otherwise.

2.1. Partitions and parabolics. Here we will briefly recap the combinatorics
relating to partitions and Young tableaux. We will use the notation and conventions
from [15, §3]. We say that X\ is a composition of n, and write A F n, if A =
(A1,..., ) is a tuple of positive integers with Y7 | A\; = n. We say that A is a
partition of n (and write A F n) if A is a composition of n, and A; > A; 41 for each
admissible 7. We denote the unique partition of 0 by @. For A = (A1,...,s) E n,
we define the parabolic subgroup of &,, corresponding to A as follows:

GA =60, a0 X Gt ata) X X Gsenty s Ay

%6)\1 ><~~~><6)\S.

Sometimes a more general definition of parabolic subgroup is given, however, as
we are only interested in these subgroups up to conjugation in &,,, this definition
suffices for our purposes. Similarly, we can define a parabolic subalgebra &, of J¢,
as the following F-span:

%:<Twlw€6)\>.

Note that we can implicitly identify J& with J4, ® --- ® J&4,, the s-fold tensor
product over F' in the following way. Let 7; be a generator of J& with j =
Z;:ll Ai + 1, for 1 <1 < Ag. Then our map identifies T; with the following simple
tensor:

1® - 19T1®1l® -1,

where 7; lies in the k-th part of the tensor product. We do this implicitly throughout
this paper.

For a partition A, we can also form its corresponding Young diagram, and fill in
the boxes using the numbers 1, ..., n exactly once to get a Young tableau. For more
about these, see [15, §3.1], or [13, §2.7]. We say a tableau is standard if the entries
are increasing along all rows and down all columns, and denote the set of standard
A—tableaux by Std(\). In particular, we will use the notation t* to denote the
standard tableau where the numbers 1,...,n are placed in increasing order, first
along the top row of the tableau of shape A, then the second row, etc.

We also require the concepts of a-cores and a-hooks; for some a > 0. Given
A Fn, aa-hook is a chain of boxes of length a that can be removed from the rim
of a diagram of shape A to get a diagram of shape p where p - n — a. The a-core
of A is the partition associated to the diagram gained from the diagram of shape A
by recursively removing as many a-hooks as possible. This is uniquely determined,
for example see [13, Theorem 2.7.16]. Finally, the a-weight of a partition, is the
number of a-hooks you need to remove to reach its a-core.

By Nakayama’s Conjecture (as stated in [13, Theorem 6.1.21]), the blocks of the
group algebra F'G,, can be parameterised by p-cores and p-weights, where p is the
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characteristic of F'. This includes the case where p = 0, where every partition is a
zero-core, and thus lies in its own block.

Similarly, when e > 0, by [15, Corollary 5.38], the blocks of 7, can be labelled
by e-hooks and e-weights, and we denote the block of 77, with e-core p and e-weight
d by Bp,d~

2.2. Coset representatives for &,,. Let o, \,v F n be compositions with both
Gy C 6,4, and 6, C &,. Denote by #Z5 the set of minimal right coset representa-
tives of Gy in &, denote by £y the set of minimal left coset representatives of &y
in &,, and denote Z5 , to be the set of minimal double coset representatives of &
and G, in &,. Note that by a minimal coset representative, we mean the unique
element in that coset which is shortest with respect to the usual length function ¢
on &,,. Properties of these can be found in [15, §3, §4]. As a consequence of these
properties, we can determine specific double coset representatives, as stated in the
following lemma.

Lemma 2.1. Let p= (a,b) Fa+b=n. Then:

k

=1

3. RELATIVE PROJECTIVITY AND THE GREEN CORRESPONDENCE FOR
BIMODULES

Let A be an F-algebra with subalgebra A’ C A. Recall that an A-module M is
relatively A-projective (or just A-projective), if for any A-modules V' and W with
A-algebra maps o and § making the below diagram exact, the existence of an A’
map from M to V making the diagram commute, implies there is also an A map
from M to V making the diagram commute.

\%4 > W 0

Note that if we take A’ = F, we obtain our usual notion of projectivity. A more
practical definition of relative projectivity for A-modules is given by Higman’s cri-
terion (see for example [14, Theorem 2.34] for the Hecke algebra version) as stated
below. For two modules M and N, we use the notation M | N to say that M is
isomorphic to a direct summand of N.

Theorem 3.1 (Higman’s criterion). Let A" C A be F-algebras, and let M be a
right A-module. Then the following are equivalent:

(a) M is A’-projective,

(b)) M| M®a A,

(¢c) M |U®a A for some A’-module U,

We have the following corollaries. First of all, by the second and third criteria,
it is clear that if we have A” C A’ C A, and M is an A”-projective A-module, then
it is also an A’-projective A-module. Similarly we have:
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Corollary 3.2. Let A” C A’ C A be F-algebras. Then for an A-module M, if
M is relatively A’'-projective as an A-module, and relatively A”-projective as an
A’-module, then M is relatively A”-projective as an A-module.

We also have the following corollary about how relative projectivity behaves
when tensoring two modules over F.

Corollary 3.3. Let A’ C A and B’ C B be F-algebras, M an A’-projective A-
module, and N a B’-projective B-module. Then M ® N is A’ ® B’-projective as an
A ® B-module.

Proof. By Higman’s criterion, M | M ® 4+ A and N | N ® g» B. Therefore tensoring
together over F' gives us as A ® B-modules:

M@N|(M®a A) ® (N ®p B).
It is straightforward to verify that the natural map ¢ defined on pure tensors as
(mM®a)@n®db)— (Men)® (a®b)
forme M, ne N,a€ A and b€ B gives an A ® B-module isomorphism
p:(M®a A)® (N ®@p B) = (M@ N)®@agp (A® B).
As such, we can conclude by Higman’s criterion. [

In [14, Theorem 2.29], a Mackey formula for Hecke algebras was given, and as
a consequence, Jones was able to make concrete the notion of a vertex of a .,
module [14, Theorem 2.35]. For a 47,-module M, this is a parabolic subgroup
G, (for some A E n) such that M is J&-projective, and for any p F n, if M is
J€,-projective, then a conjugate of & is contained in &,. This is not unique, but
it is determined up to conjugation in &,,.

Combining the notion of a vertex with our previous corollary, we can show that
the vertex of a module also behaves as one would expect when taking tensor prod-
ucts. For the rest of this section, we will be working with 4Z,-modules where o E n,
instead of .77,-modules. All definitions and results carry across in the same way,
and this helps us work in more generality later on when doing our inductive ar-
guments. We will also in future say that a module M is &y-projective instead of
S -projective to mirror the notation used in [1].

Theorem 3.4. Let 71,01 Fn and 172,02 F m, with &;, C &,, fori=1,2. If M
is a J;, -module with vertex &,,, and N is a H,,-module with verter S,,, then
M ® N has verter (&, x &,,) as a H5, @ H5,-module.

Proof. By Corollary 3.3, M @ N is (6., x &,,)-projective as a 5, @ #,,-module.
Suppose that &y, x &y, is a vertex of M @ N as a J,, ® F,,-module. Thus a
(64, X B,,)-conjugate of Gy, x &), is contained in &,, x &,,. As a J, -module,
M ® N is Gy, -projective since:

M®N‘(M®N)®3f>\l®ﬂ%2 Ho, ®%22(M®N)®ﬁ”>\l Ao,

as J¢,,-modules, as J#,, only acts on the part induced from M. Here we used the
fact that M ® N is (&,, x &,,)-projective as Sy, C &,,.

Furthermore, as a J4,-module, M @ N & M® dim N - and thus M too is G, -
projective as an %, -module. So, some conjugate of &, is contained in &y, as M
has vertex &.,. As we already know that a &,, conjugate of &,, is contained in
&, , we conclude that &), is a conjugate of &, .
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Repeating on the other side with IV, gives us that &), is a conjugate of &, for
i =1,2, and hence (6., x &,,) is a vertex of M ® N as a J,, ® #,,-module. O

3.1. Relative projectivity of bimodules. Let A, B be F-algebras with subalge-
bras A’ C A and B’ C B. Then an (A4, B)-bimodule is the same as a left A ® BP-
module. Hence we will say that an (A, B)-bimodule is relatively (A’, B')-projective
if as a left A ® B°P-module, M is relatively A’ ® (B’)°P-projective.

Using this, we can extend Higman’s criterion and its corollaries to bimodules of
Hecke algebras. Let 01,09 F n, and denote 2, . := 5 QAP s0 a (Hy,, #s,)-
bimodule is the same as a left 7, , -module. Finally use T, ,,, to denote T3, ®
Twy € Ky, o, for w; € &,,. Note that under this notation if we have a (4, , 743, )-
bimodule M, then

H Q@ M =75, @, M @, H5,

L201,02 LN 2,
as (M, , /o, )-bimodules. This can be seen either using the transitivity of induc-
tion, or by the associativity formula given in [3, §9, Proposition 2.1]. This gives a
useful result if our bimodule is a block of J7,.

Proposition 3.5. Let B be a direct summand of 5, as a (5, 5,,)-bimodule,
which is (&, 6,)-projective. Then B is (&.,S,)-projective.

Proof. By Higman’s criterion, B | 74, ® s B® s, ;. Since B is a direct summand
of S, as a (44, #;,)-bimodule, it is also a direct summand of ¢, as a (4%, 9;,)-
bimodule. Hence,

B | A, @, K @, Koy = I, R, Ky = I, @, I R, I,
thus by Higman’s criterion again, B is (&,, &, )-projective. O
As 4, (and thus 7, for any o F n) has an anti—automorphism given by T, —
T,-1 for w € &,, (see for instance [15, §3.2]),
Sy @ HP =y, @ Ay = I

as F-algebras, where o F 2n is given by the concatenation of o7 and o9. Thus we
can conclude from [14, Theorem 2.29] a Mackey formula for bimodules.

Theorem 3.6 (Mackey formula for bimodules). Fori=1,2, let &,,,&,,, be para-
bolic subgroups of &,,, and denote 9; = 9;7” Then for any left Ay, \,-module
N, we have that as %#1,#2 -modules:

im,az ®ixl,>\2 N= @ Kﬂl,lm ®ﬁu(d1),u(d2) (Idfl,dz ®ﬁ)\1,x2 N)
d1ED1,d2 €D
where v(d;) E n is defined via:
Gy(di) = Git N 6#i
fori=1,2.

Note that in this statement (Idl—l 4, Ot N) & Td;1 Qum, N ®m, Ta, 1

=152

indeed a (J%(4,), 7 (4,))-bimodule. To see this, let w € &,(4,), n € N, then:
TwTdfl ®n®Td2 =T 7! ®H®Td2

w

=
w0

since d1_1 is a minimal right coset representative for &,,. Since, dlwdl_1 € Gy,
and as dfl is a minimal left coset representative for &, we have that T, gt =
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le—ldlwdl—l = le—lelwdl—l. Thus we can pull lewdl—l across the tensor product to
N. Doing something similar on the right confirms our claim.

As before, using again the fact that J#,, possesses an anti-automorphism, as a
consequence of [14, Theorem 2.31], we can define a vertex of a (4, , 7, )-bimodule.

Theorem 3.7. Let M be a (5, #5,)-bimodule. Then there exist a pair of par-
abolic subgroups Sy, C &,, for i = 1,2, such that M is relatively (Sy,,Sx,)-
projective and if for any parabolic subgroups &,, C &,, with M relatively (&,,,6,,)-
projective, then there is x; € Sy, with 6§\1 C 6., again fori=1,2. We call the
pair (Sx,,6x,) a vertex of M as a (I, 7,,)-bimodule.

Using this definition, we get the following consequences of [7, Lemma 3.2].

Lemma 3.8. Let M be an indecomposable (A5, , 7, )-bimodule with vertex (&.,,6,,)
for i, 2 En, and let A\, A2 En with &, C Sy, C 8, fori=1,2. Then there are
indecomposable (4, 74, )-bimodules P and Q, both with vertex (&,,,6,,) such
that:

(a) P| M as (J4,, H5,)-bimodules,

(b) M| KA, ., Qn, , Q-

LA A2

Note that in this situation, () corresponds to the notion of a source for M (see
for example [1, §9]). The final lemma we state in this section is a consequence of [7,
Lemma 3.3] using Theorem 3.6.

Lemma 3.9. Let 7, A\;, 0; be as in Lemma 3.8 fori=1,2. If N is a (6,,,6,,)-
projective (4, , 74, )-bimodule, then we get as (4, , HA, )-bimodules:
H Q. NZNagY,

01,02 TLx  ny
where each indecomposable summand of Y has a vertex contained in:
(67(1'; N 6>\17 Ggg N 6)\2)

for some d; € @f)\ with (dy,ds) # (1,1).
3.2. A Green correspondence for bimodules. In this section, we hope to
achieve a Green correspondence for our bimodules, as in [7, §3], or as done in [1,
§11] for finite groups. Let us fix some notation. Let A;, u;, 0; be compositions of n
for i = 1,2, with:
(1) 6\, € Ne
Denote the following set:

P = {(Hy, H2) : H; is a parabolic subgroup of &, for i = 1,2}.

For any subset ¢ C &, we say a (5, , #,,)-bimodule is relatively ¢ -projective
(or just _Z-projective), if each of its indecomposable summands is projective for
some pair of parabolic subgroups in _#. Let (P, P»), (G1,G2) € &. Then say that
(P1, P2) €G,,G6, J if there are elements z; € G; with (P*,P;?) € #. Now we
are ready to define the sets used in our version of the Green correspondence.

2P ={(Hy,Hy) € P : H; C &5 NGy, for (di,ds) € (S0,,60,) — (8, 6,,)}
@2 = {(Hl,HZ) S H; C 6;{1 N Gui for (dlde) € (601’602) - (6#1,6“2)}
Z?={H=(Hy,Hy) € #: H C &), ,Hy C &y, H¢s, s, 2°}.

a2
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Note that in the definitions of 22 and #?, we require that d = (d;,dy) cannot
have both d; € &, and dy € &,,, but for example we could have d; € &, as long
as da ¢ 6,,. This follows from Lemma 3.9, where at most one of the d; in that
formula can be the identity. These sets are bimodule analogues of the sets used in
both [1, §11] and [7, §3]. As in both the classical Green correspondence and in [7,
Theorem 3.6], we have the following conditions linking our sets.

Lemma 3.10. If &,, C &, are parabolic subgroups for i = 1,2, then the following
are equivalent:

(a’) (6T1’67'2) e(601,6(,2) Kz
(b) (6,,,6,,) € 2°
(c) (6+,,6:) € v?
(d) (6:,.6r,) Eo,,.,,) 2

Again, this follows as a consequence of [7, Lemma 3.4]. Alternatively, it can
be seen by the fact that (Hy, Ha) € Z? if and only if one of Hy or H, lies in
the corresponding set 2" from [7, §3]. We now need the following corollary, which
corresponds to [7, Corollary 3.5].

Corollary 3.11. If M is a Kz—projective (S, H,,)-bimodule, then as a (J,,, 7, )-
bimodule, M is %*-projective.

Proof. Let L be an indecomposable summand of M as a (I, , 7, )-bimodule, with

vertex (6,,,6,,) € 22 Thus L | Ky, 5y @t ., L, and applying our Mackey

Formula says that as a #,  -module, each indecomposable summand of L is

(&,,,8.,,)-projective, where &.,, C &% NG, for some d; € L
If both d; # 1, then for i = 1,2:

6, 6% NG, < Gii NS,

and thus &,, € %; as d; ¢ &,,,. Thus if both d; # 1, (6,,,6,,) € Z>.
If without loss of generality, d; = 1 and dy # 1, then:

671 c 67’1 N 6#1 C 67’1 - 6>\1 - 6%\1 n 6u1~
Thus as (di,d2) ¢ (S,,,6,,), by the previous argument for ds, then (&,,,6,,) €
22 by definition.

Finally if both d; = dy = 1, then we have (&,,,6,,) € 272, as each &,, C &,
and (6,,,6,,) € 2% As &,, C 6,,, we can conclude with Lemma 3.10 that
(&,,.6,,) € 27

Thus in all cases indecomposable summands of L are relatively % -projective as
(J4,,, €., )-bimodules, and hence so is M. O

We can now fully state our Green correspondence for bimodules of Hecke alge-
bras, generalising [7, Theorem 3.6].

Theorem 3.12 (Green correspondence for bimodules). We have the following cor-

respondence:

(a) Let M be an indecomposable (5, , Hy,)-bimodule with vertez (&,,,6,,) € 2.
Then there is a unique indecomposable summand f(M) of M as an (J€,,, C,,)-
bimodule, with vertexr (&.,,6,,), and

M=fM)aY
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as (I, , I, )-bimodules, where each indecomposable summand of Y has a ver-

tex in 2.
(b) Let N be an indecomposable (A, , H,,,)-bimodule with vertez (&.,,,6,,) € 2.
Then there is a unique indecomposable summand g(N) of A, ,, @ N,

T H1H2

with vertex (6,,,6,,) and
H D N=gN)eX

T H1sH2

where each indecomposable summand of X has a vertex in 2.
(c) Furthermore for M and N as described above, f(g(N)) =2 N, and g(f(M)) =
M.

Hence this gives a one-to-one correspondence between (5, , H#5,)-bimodules, and
(S, , A, )-bimodules which have vertices in z?.

The proof of this is largely identical to that of [7, Theorem 3.6]. Although we
are working with more general \;, u;, and with o; instead of (n), the proof follows
through in the same way as we still have the key relationship (1) between our
subgroups, and our Lemma 3.10 and Corollary 3.11 take the place of [7, Lemma
3.4, Corollary 3.5]. Thus the double sum in the Mackey formula is fully accounted
for. Although this correspondence will hold for any (&,,,6,,) € 272, we will
typically use it in the simpler case when 7; = ;.

We can strengthen our Green correspondence, as the ideas of [1, §12] happily
carry over to bimodules of Hecke algebras, affording us the following analogue of [1,
Theorem 12.2]:

Theorem 3.13. Let M be an indecomposable (5, , 7,,)-bimodule with vertex
(8x,,6x,), and indecomposable (I, , H,,,)-bimodule f(M) its Green correspon-
dent. IfU is an indecomposable (A5, , 76,,)-bimodule and f(M) | U as (A, #.,)-
bimodules, then M = U.

We can also form the following corollary which will be useful in later sections.

Corollary 3.14. Let M and f(M) be as in Theorem 8.18. If U is a (5, , 5,,)-
bimodule, then M | U as (,,, H,,)-bimodules, if and only if f(M) | U as
(H,, , I, )-bimodules.

Proof. Take U = Uy & --- @& U; a decomposition of U into direct summands as
(A5, , H5,)-bimodules. As M is indecomposable, then M | U means that M = U;
some 1 < ¢ <t. Hence we get f(M) | U; | U as (H,,, H,,)-bimodules. For the
other direction if f(M) | U as (J,,, 5,,)-bimodules, then f(M) | U; for some 4,
hence by Theorem 3.13, M =2 U; and so M | U. |

4. A BRAUER CORRESPONDENCE FOR HECKE ALGEBRAS

Now we have a version of the Green correspondence, the next logical step is to
form a type of Brauer correspondence for blocks of Hecke algebras, giving results
akin to Brauer’s first main theorem (see for example [1, Theorem 14.2]). To begin
this process, we start with the following definition, an analogue of the one given for
finite groups in [1, §14].

Definition 4.1. For i F n, let b be a block of 77}, and B a block of 7,. We say B is
the Brauer correspondent of b, and write b’ = B, if b | B as (., /,)-bimodules,
and B is the unique block of 7, with this property.
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As , | 6, as (4, 5,)-bimodules (consider the decomposition given by
(6., 6,)-double coset representatives), b will always occur in the restriction of
at least one block, but there is no prior guarantee that its Brauer correspondent
will exist, as b may occur in the restriction of more than one block. We first state
some general properties of Brauer correspondents, omitting the proofs as they are
largely identical to those in [1, Lemma 14.1].

Lemma 4.2. Let b be a block of 7, for p = n with vertex (&,,6,,) as a (A, H,,)-
bimodule. Then if b7 is defined, (&,,,8,,) is contained in a vertex of b7 .

Lemma 4.3. Let 6, C 6, C &, be a chain of parabolic subgroups of &,,. Ifb is a

block of 74, and all three of b’ , b’ and (b”%+)7 are defined, then (b”%u)?n =
b7,

4.1. Existence of Brauer correspondents. Let a > 0,d > 1 and n = a + de.
Define compositions of n:

= (a,de),
a = (a, 1de),
7= (1 de),

50 64 x 6; = 6. Recall, from Lemma 2.1, we have the following description of
Dl

k
?2;[2 = {dk = H(a— k+i,a+i)|k= O,...,min(a,de)}.
i=1
This description tells us that for i = 0, ..., min(a, de), we have that &, := 6:[[ nG,
has corresponding composition v; = (a — i,4,i,de — i). We define compositions:
7 = (197 de — i),
(1(1.’ 2'7 1de—i)’
(
;= (10‘71-7 i) 1d6)7
a; = (a —1i,i,1%).
Note in particular that 67 = &, X 6,/ and 6,, = G4, X &7,. This lets us present
the following technical lemma:
Lemma 4.4. For 0 < i < min(a,de), as an (I, 5;)-module, 7,Tq, A, is
(64, 6,)-projective.
Proof. By [15, Proposition 4.4], every element w € &,, can be uniquely represented
as a product w = gd;h for g € &, d; € Z\") and h € Z, with £(w) = £(g) +

Vi)’

£(d;) + £(h). Hence the following gives us an F-basis for 7, Ty, 7,

{nglh = TgTdiTh NS 6#,}1 c %5’7}
Furthermore, as 6, = &, x &, we can further categorise our basis (as for each
g € 6, there exists unique v € &, and y € &, with g = zy, and in addition
£(g) = £(x) +L(y)). In the same vein, ZL = Zg, < XL, so h € Z), can be written
uniquely as h = hiho with hy € %Z5,, ho € Z%, and L(hy) + £(hz) = £(h). In
particular, Ty, T}, = Th, T}, as h1 commutes with &,. Also, as 6,, C &,, we can
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write 2 € &, uniquely as x = x12 with 21 € £, 22 € &y, and £(x1) + £(22) =
{(x). Therefore our F-basis for J¢,T,, .7, can be written as:

{Tlez2TdeiTh1Th2 T € .,%;1,71‘2 S (‘504“y €6, h € %gi, hy € 9?%}
Now for some fixed z; € .,Sfo‘z and h; € ‘%ng consider the vector subspace
le,hl = <T11Tz2TdeiTthh2 X2 € GQi,y c 67—7h2 € %;J

We show that this is closed under left and right multiplication by elements of ¢,
so is a (., 7, )-bimodule.

Let s; = (j,j+1) € &,. Multiplying basis element my, 4 n, 1= Toy Loy TyTu, Thy Thy
by T; on the left:

ijaimy’hz = Tij1TI2TdeiTh1Th2

=T, 1o, 15T T4, Th, Th,
— TCElTZIZQTS]‘deiTthhQ lf g(sjy) > é(y)7
(q - 1)Ta:1Tw2TdeiTh1Th2 + qulngTSijdiTthhz if K(Sjy) < g(y)a

as S, and J¢; commute. Asy,s; and hence s;y € &, My, j, is a left S -module.
We now need to check right multiplication.

ml‘z,y,hsz P Tdei Th, Thsz

= TI1T12TdeiTh2TjTh1
_ TlemgTdeiTh2szh1 if f(hQSj) > E(hg),
(q — 1)T$1Tw2TdeiTh1Th2 + qu1Tw2TdeiThszTh1 if f(hQSj) < Z(hg)

Hence it is sufficient to show that T T, TyTy, Thys; Thy € My, p,- To do this we
split into cases dependent on whether j and j + 1 are in the same row of (1) - hy
or not. For this, we will liberally use [15, Proposition 3.3, Corollary 4.4].
o If they are not in the same row, then () - hos; is a row-standard tableau.
Hence hqs; € %%, thus our element lies in M, p, .
e If they are in the same row, then there exists k such that hy(k) = j and
halk+1) = 7+ 1, as (1) - ho is row standard, hence j must be next to
j + 1. Therefore there exists an elementary transposition s € &, with
sphg = hgs;. Furthermore, as hy is a minimal right coset representative,
U(sphe) = L(si) + €(he), thus Ts, p, = T, Th,. Therefore:

T, T Ty T, Ty, Thy = Ty Ty Ty T, T, Ty Ty

In addition as k and k + 1 are in the same row of t™, s € &, or 53, € S,
We further split based on these cases.
— If s, € &,,, then:

TI1 TCDQ Tdez TSk Thl Th2 = Trl T12 TyTSk Tdi Thl Th2 )

which lies in My, p, as before.
— If s € 67-1{, then:

Ty, T, TyTy, Ts, T Thy, = Ty, Ty, Ty T,

Skfdeq‘,Tthhz'
Note si_;d; = d;si as d; is both a left and right coset representative of
S, in &,,. Furthermore, by minimality ¢(s,—;d;) = 1+£(d;) = £(d;sk)-

Then:
T T, Ty T,

Sk—i

TdiTthhQ = TIl (T12T5k—i)TdeiTthh27
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and as xg, Sg—; € S,,, we have an element in M, 3,.
So if j and j + 1 are in the same row, our element again lies in M, p,.
Thus Mg, p, is closed under right multiplication by .%Z. As multiplication in /%, is
associative, for a fixed x1 and hy, My, », is an (J;, 7 )-submodule of J¢, Ty, 7.
Furthermore, since we have described bases for the bimodules involved as vector
spaces, we have a direct sum decomposition of &, Ty, /%, as a (I, #;)-bimodule:

Ty, H, = b My, py & &P M4,
1 €LY M ERT, T €LY, M ERT,

as our above calculations show that the T, and T}, have no effect on left or right
multiplication by .#;. Therefore for our purposes, it suffices to show that M ; is
(64,6, )-projective as an (&, 7 )-module.

To do this, consider the vector space N := (I,T,Tq, Ty : v € G4,y € 675,k €
XL). Thisis a (4, /#;)-bimodule, by similar calculations to those above. Looking
at the bases of N and M; 1, we can see that:

My g‘%"@)jfn N

as (J4, #; )-bimodules. Thus M ; is (&, &, )-projective as a (7, .#; )-bimodule,
hence the same holds for 47, Ty, 77],. O

Corollary 4.5. In situation of Lemma 4.4, let M be a direct summand of 76, Tq, 7,
as a (J,, ,)-bimodule. Then if M is (&,,8,)-projective, it is also (&.,,6;)-
projective.

Proof. This follows from Lemma 4.4 and the bimodule analogue of Corollary 3.2.
O

We now introduce the following type of parabolic subgroup.

Definition 4.6. A parabolic subgroup &) C &, is fized-point-free if the corre-
sponding composition A = (A1,...,As) Fnhas \; > 1 forall 1 <i<s.

Suppose that we have a composition v = (1%,b) £ n. We say a parabolic sub-
group &) is a fixed-point-free subgroup of &, if the corresponding composition
A=(1%A,..., ) has \; > 1 forall 1 <i<s.

This corresponds to the notion that no element of {1,...,n} (or {a +1,...,n}
in the second case) is fixed by all elements of &. Note that for any fixed-point-free
subgroup &, of &,, we have Ng,(6,) € 6,. Hence by Theorem 3.12, in this
case, we have a bijection between (J%,, 74,) and (2, 7,)-bimodules with vertex
(G, G)y).

Theorem 4.7. Let 1 # d; € Dy, and & a proper fived-point-free parabolic sub-
group of &.. Then no indecomposable summand of 7, T4, 7€, as an (H,,,,)-
bimodule has verter (S, Sy).

Proof. Consider M a direct summand of J¢, Ty, 5, as a (., 7, )-bimodule. If M
has vertex (&y,6,), then as &) C &,, we get that M is (6., S, )-projective by
transitivity of induction. Corollary 4.5 tells us that M is (&,,, S, )-projective as
a (4, 7,)-bimodule. However, M has vertex (&, &) which means that some
conjugate of G is contained in &,,. As &, is fixed-point-free in &, it contains
an element of cycle type A;...As. No elements in &;, can have this cycle type as
there are not enough indices, hence M cannot have vertex (Sy,Sy). 0
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Corollary 4.8. Let b be a block of 7, with vertex (S, S)y), where &y is a fived-
point-free parabolic subgroup of &.. Then b”~ exists.

Proof. Decomposing 4%, as a (4, 7,)-bimodule using double cosets gives

=, P AT,
1£de o)

Now b occurs once as a summand of /7, and does not appear as a direct summand
of any ¢, T3, for d # 1 by Theorem 4.7, as no indecomposable summands of
this have the required vertex. Therefore b occurs exactly once in this direct sum
decomposition, so there must be a unique block of .77, which restricts to contain
b. O

This finally lets us state our Brauer correspondence. Note that this is not as
general as the Brauer correspondence stated in [1, Theorem 14.2], as we require &,
to have two parts, and need &) to be a fixed-point-free subgroup of &,. This is
instead of only requiring Ng, (6,) C &, in the classical Brauer correspondence.
Nevertheless, as we will show in the following sections, all blocks have vertices
satisfying this condition, and thus it will give a complete characterisation of the
vertices for the blocks of J%,.

Theorem 4.9 (Brauer correspondence for Hecke algebras). Let n = a + de, with
w=(a,de), 7= (1%,de) and Sy a fized-point-free parabolic subgroup of &.. Then
there is a one-to-one correspondence between blocks of 2, with vertex (Sy,S))
and blocks of 7€, with the same vertex.

Proof. First let b be a block of 7, with vertex (&, &)). Then b exists by Corol-
lary 4.8. As 6, C &, is fixed-point-free, we have Ng, (6)) C &,,. Hence we can
use Theorem 3.12 to show that b has a Green correspondent, and by Theorem 3.13,
this Green correspondent must be b*». This correspondence gives us that b’ has
the same vertex as b, and as the Green correspondence is a bijection, in particular
the map b — b7 must be injective.

Now let B be a block of J%, with vertex (&,,&,). By Lemma 3.8, there is
an indecomposable (7, 7, )-bimodule N with vertex (65,8,), and N | B as
(4, 7,)-bimodules. Theorem 4.7 tells us that N must be a direct summand of
¢, and hence is a block of 77,. Therefore by Corollary 4.8, N Y exists, and by
the first part of this proof, N%» = B. This shows us that the map b — b7 is
surjective onto blocks with vertex (&, &), and hence defines the required one-to-
one correspondence. O

In particular note that Brauer corresponding blocks are also Green correspon-
dents in the sense of Theorem 3.12.

4.2. Finding Brauer correspondents. Now we know they exist, we want to be
able to identify the Brauer correspondent of a given block. We begin by proving a
theorem which links Brauer correspondents to Green correspondents, similar to [1,
Corollary 14.4]. Throughout this section, we will denote the central idempotent of
the block b by ey, and that of B by egp.

Theorem 4.10. Let p Fn and b a block of 5%, whose Brauer correspondent B =
b’ exists. Let A F n with Ng, (6)) C &, and suppose N is an indecomposable
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Jt,-module lying in b, with vertex &y. Then g(N), the Green correspondent of N,
lies in B.

Proof. Note first that the Green correspondent of N exists by [7, Theorem 3.6].
Thus
N @, 7, =2 g(N) ®Q
where g(NV) is indecomposable, has vertex &y, and the indecomposable summands
of @ all have vertices that are strictly smaller than &. Suppose that g(N)ep = 0.
Then:
N @, B = (N @, #,)ep = g(N)ep © Qep = Qep
and hence each indecomposable summand of N ® s, B has vertex strictly smaller
than &, as an J7],-module. Thus its restriction down to 7], must also have vertices
strictly smaller than &y, by the Mackey formula. By the definition of Brauer
correspondents, B = b & P as (¢, 5,)-bimodules, for some (7¢,, 7,)-bimodule
P. Thus as J£,-modules:
N®ﬁub|N®%ﬂMB.
However,

N®f“b:N®ij€b%:N€b®jg‘iL%gN€b:N

since N lies in the block b, so N | N ®,, B. This is a contradiction, as the
indecomposable summands of N ® 4, B have vertices strictly smaller than & as
an J¢;-module. Hence Mep = M and so M lies in the block B of J,. [l

Thus searching for Green correspondents of modules in our block b gives a way
to identify b”». We summarise this test in the following corollary.

Corollary 4.11. Let p = (a,de),7 = (1%,de),y E n, and &y a fized-point-free
parabolic subgroup of &,. Suppose &, C Ng,(6,) C &, and let b be a block of
I, with vertex (&, 6,). If N is an indecomposable J¢,,-module in b with vertex
&, and its Green correspondent g(N) in #, lies in B, then B = b*n.

Proof. Theorem 4.9 guarantees that b7 exists, and by the preceding theorem,
g(N) lies in b7, O

Before concluding this section, we present one last theorem to aid us when com-
puting the vertex of a particular block; in effect this gives a lower bound on the
possible vertex.

Theorem 4.12. Let B be a block of 7, with vertex (&y,,6y,), and M an in-
decomposable right F¢;,-module that lies in B with vertex 6. Then there exists
r € &, with 6§ C Gy,-

Proof. As M has vertex &, there exists some J#-module N with M | N ®, 7,
by Lemma 3.8. Multiplying both sides by ep:
MZM@B|N®9£Y%GB:N®%B.

By Higman’s criterion, there exists some (J4, , 743, )-bimodule Q with B | Hn @,
Q®um, 0 as (42, 7;,)-bimodules. By restricting both sides, the same holds true
as (J4,, /;,)-bimodules. Combining this with our previous statement, as N is a
J€,-module, means that as ,-modules:

M| N @z, (46, @, Q Qum, #0) = (N @, (H0, R, Q) @, Hn,
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by associativity. Setting V' = N ®.¢, (H, ® H, @), which is an J%,-module, we
get

M|V @, 0,
hence M is relatively &y,-projective, and thus some conjugate of &, lies inside
G, O

5. SPECHT MODULES

The main aim of this section is to understand enough about Specht modules for
¢, to use them when applying Corollary 4.11. We recall Specht modules for Hecke
algebras as in [15, §3]. Note that these Specht modules correspond to the dual of
the Specht modules used by Dipper and James in [6].

Recall from [15, §3] the following definitions and notation. For A - n, let my =
Y wes, Tw- For s,t € Std(A), denote msi = Ty(s)-1maTy(), where d(s) is the
minimal right coset representative sending the standard tableau t* to 5. By [15,
Theorem 3.20], the following set is an F-basis for 72,.

{ms : 5,t € Std(\) for some A F n}
Let 7> be the two-sided ideal of 7%, with basis
{myp : u,0 € Std(v) for some v > A},

where > denotes the dominance ordering on partitions of n, and denote m; =
Mg 4+ A, for t € Std()\). Then the Specht module S is the free F-module with
basis
{my:te Std(\)}.

Rules for multiplication by elements of 7, in this module can be gained from
taking [15, Corollary 3.4] modulo #*, and [15, Corollary 3.21]. In particular, note
that S(™ is the trivial module (all generators of .7, act by multiplication by g),
and S1") is the sign module (all generators act as multiplication by —1).

As our goal is to use Specht modules to find blocks which are Brauer Correspon-

dents, we need to know that the Specht modules we are looking at are indecompos-
able.

Lemma 5.1. Let A n be an e-restricted partition. Then S is an indecomposable
5, -module.

Proof. Using the cellular structure of .7,, from [10, Corollary 2.6] we get that
End g, (S*) = F, and thus S* is indecomposable. O

Corollary 5.2. Let (1") F n, and 7 - n an e-core. Then both ST and S") are
indecomposable F¢;,-modules.

When 7 F n is an e-core, we can say even more.
Proposition 5.3. If 7+ n is an e-core, then S™ is projective.

Proof. If T is an e-core, then it lies in a block of e-weight zero, which is semi-simple
by [8, Theorem 1.2]. O

This means that if 7 - a is an e-core, then S™ ® S1" will be an indecomposable
Ho @ Hp-module with vertex contained in &(ja . As such, S™® S is a good
candidate to use when applying Corollary 4.11.
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5.1. Restriction of Specht modules.

Definition 5.4. Let 7 = (71,...,75) F a for some positive integer a, and let
m be another positive integer with n = a + m. Define the extended partition
7 = (11,...,7,1™) b n and say that t € Std(7) has an m-tail if the integers
{a+1,...,a+ m} lie in the last m rows of t. Finally define

Std(r,m) := {t € Std(7) : t has an m-tail}.

Fix n = a + m. We have an obvious bijection between Std(r) and Std(r,m)
by adding or removing the m-tail. We denote this by sending t to t. In fact, the
following lemma is easy to verify.

Lemma 5.5. Let 7+ a, and t,s € Std(7). Then
t>s < t>s.
Furthermore, if t € Std(T,m), and v € Std(7), then v >t implies v € Std(r,m).

Let 7 a, and p = (a,m) E n. Then we can find an interesting submodule of
S™ as follows.

Lemma 5.6. Let S™™ be the vector space inside ST spanned by basis elements my
where t € Std(r,m). Then S™™ is an J,-submodule of ST.

Proof. We show that S™™ is closed under multiplication by T;, for s; € &,. If
and 7 + 1 lie in the same column of t, then we can conclude using [15, Corollary
3.21] and Lemma 5.5.

Otherwise we split into cases, depending on whether or not ¢ and i 4+ 1 are in
the same row of t. If they are in the same row, then s = ts; is not row standard,
and hence by [15, Corollary 3.4], m{T; = gmy, and hence lies in S™™. If i and i + 1
are not in the same row, then s is standard, and contains an m-tail. Using [15,
Corollary 3.4] again:

Mg if £(d(s)) > £(d(t)),
mtTi =
gms + (¢ — 1)my  otherwise

and so in both cases mT; € S™™. O
Theorem 5.7. As J#,-modules, ST = S™ @ S1™),

Proof. Let {my : t € Std(7)} be our standard basis of S™™, and {n(®e : t € Std(7)}
be the basis of S”®S1™) gained from taking the standard basis of S™ and tensoring
with single basis element e of S(1™). Define a map ¢ : ™ ® SU™) — §7™ by
¢ : ng ® € — my extended linearly. To show ¢ is a J7,-module isomorphism, it
suffices to show that the map is a ,-module homomorphism, i.e. it suffices to
show that:
(e @ €)T;) = p(ne ® €)T;

for all s; = (i,i+1) € &,,.

First suppose that ¢ and 7+ 1 are in the same row of t7, (so necessarily s; € &,).
Then (n¢ ® €)T; = nT; ® e. In 2, we have:

m Ty = ma Ty Ti = qm Ty = qgmiry

by [15, Corollary 3.4]. Thus when taken modulo 7 we get that n,T; = gn.. By
the same reasoning, mil; = ¢m; when ¢ and ¢ + 1 are in the same row, and thus

P((ne ® €)T;) = ¢p(ne @ €)T;.
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Now suppose i and 7 + 1 are not in the same column, and are not in the same
row (again we must have (i,i + 1) € &,). Using [15, Corollary 3.4], we get that
d((ne ® €)T;) = d(ny ® €)T;, since s = ts; is standard, and 5 = ts;.

It remains to deal with the case where ¢ and ¢ + 1 are in the same column, and
we split into further cases based on whether (i,i 4+ 1) € &, or (i,i + 1) € &,

e First suppose that (i,i+ 1) € &,. Note that as elements of J7,, we have
that m, = mz and Ty = Ty). So using [15, Proposition 3.21], we have
that in J7:

mUtTi = —Myr¢ —+ E ToMyry mOd %T.
o>t

Now if myy is a basis element of J#7, for u,to € Std(\) for some A > T,
then

My = M
is a basis element of jfias we know that pt>7 = > 7. Similarly the
fact that v >t <= v >t gives us that:
meil; = —mp + Zrnmﬁg mod 7.
o>t
Thus again multiplication is the same in both modules.
e Finally when i and 7 + 1 both lie in the m-tail (so Ty commutes with 7;):
(e @ )Ti) = ¢(ny @ (eT)) = P(—ne @ €) = —my.
So it suffices to show that miT; = —my, i.e. m;Td(;)(l +1T;) € #7. Writing

7= (r1,...,7s,15,1™) where each 7; > 1, we have that:
weS s
= < ) Tw) Taw = mvTag,
wes,
where v is the composition of n given by:
U= (7_1, T 1H—(i—a)—17 2, 1m—(i—a)—1).
Let A\ = (71,...,7s,2, 117™=2) the partition of n gained by reordering v.

As m, = mpe + A7, we can apply [15, Lemma 3.10] to write my ¢ as
an F-linear combination of elements of the form m,, where u,v € Std(}\).
Since Ar>7, these elements lie in .27, and hence again by [15, Lemma 3.10],
m, € 7. Thus mzTyq(1+T;) € A7, and therefore in ST, m;T; = —m;.
So in all possible cases we have shown that ¢((ny ® €)T;) = ¢(n¢ ® €)T;, and hence
STm =2 8T @ S17 as J¢,-modules. |

Recall the following version of the Littlewood-Richardson rule from [9, 13.7].
Let 7= n, n =a+ m, u = (a,m) F n, and suppose that %, is semi-simple. Then
as J¢,,-modules:

S™ = P(s* @ 8v)%Ay,
AV
where the sum is over all A - a and v = m, and ¢}, are the Littlewood-Richardson
coefficients for &,,. Our ultimate goal in this section is to show that as J#,-modules,
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ST ® S is a direct summand of S7 for any Hecke algebra, not just the semi-
simple ones. Computing the relevant Littlewood—Richardson coefficients with [17,
Theorem 4.94] gives us this result when %, is semi-simple.

Lemma 5.8. Let 7+ a and 7+ a4+ m as before. Then for vF m:
.1 ope=am),

™10 otherwise.

We now tackle the general case.

Theorem 5.9. Let n = a+m, 7 F a an e-core and p = (a,m) E n. Then as
J€,-modules:

S™ @ S | 87,

Proof. Let O be the localization of F[x] at the maximal ideal generated by (z — ¢)
and K the field of fractions of O. Consider three related Hecke algebras 7, (K, x),
(0, x) and H,(F,q). As K is a field, and x has quantum characteristic zero,
(and thus each partition is its own 0-core), by [15, Corollary 2.21], J%, (K, z) is
semi-simple. As in [6, §5], we have an inclusion homomorphism between 4%, (O, x)
and 4, (K, x), induced by the inclusion of O into K, and a map:

T H,(0,x) = H(F,q)

induced by x — ¢g. We use the notation S} to mean the Specht module correspond-
ing to v in 4, (K, ), and similarly for O and F. Following the notation in [6, §5],
we can define idempotents H® in 7, (K, z), labelled by the blocks of 7, (F, q) (i.e.
representatives of tableau which have the same e-core), which act as the identity on
Specht modules in that block, and zero on all the other Specht modules. As 7 is an
e-core, and as such is the only Specht module in its block, denote the idempotent
corresponding to this block as H”. Therefore for v F a:

S ifv=r

SYHT = {

0 otherwise.
Combining this with the Littlewood-Richardson rule and Lemma 5.8:
SLH ©1) =S eS¢ ).

By [6, Theorem 5.3], we know that H® € J#, (0O, z) for any block b of 7, (F,q),
(even though it is defined in J%, (K, x)). Furthermore, by [6, Theorem 5.4]:

{H? : b is a block of ,(F,q)}

is a complete set of central orthogonal primitive idempotents of H,(F,q), ie. HY
is the block idempotent of b. Therefore H™ acts as the identity on S, and 0 on all
other Specht modules. By Lemma 5.6 and Lemma 5.7:

2) St st = (s; ® 519”)) (A ®1)CSLAT®1).

For simplicity of notation, let V' = SL(H™ ® 1), a (K, z)-module and M =
SH(H™ @ 1) a (0, z)-module. As O is a principal ideal domain, and M is an
O-submodule of the finite-dimensional O-module S5, it must have a finite O-basis.

In particular, as S5, ®o K = S as (K, x)-modules, and H7 is central in both
J6,(K, ) and J,(0,x), we get that M ®0 K = V. Using the relevant analogue
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of [4, Proposition 16.12], we get that M is a free 7, (O, z)-lattice in V, as defined
in [4, §16]. In particular each O-basis of M is a K-basis of V. Hence:

dlmo(M) = dlmK(V)

Note that as % = S7, and as reducing modules via the map = commutes with
multiplication from the Hecke algebra, that:

M=S,(H ®1)=S,(H ©1)=SL(H ®1).
By the discussion preceding [4, Proposition 16.16]:
dimp (M) = dimp (M),
therefore:
dimp(Sp@S58 ")) = dimg (Sg @S ) = dimg (Sk(H©1)) = dimp(Sh(H7®1)).

Coupling this with (2) shows that ST ® Sj(plm) = ST(H™ ® 1), and hence is a direct
summand of S% as a #,-module. O

As aresult of this theorem, we know that if S”®.S (1) has a Green correspondent
M in 42, then M will lie in the block B; 4 as it is a direct summand of ST
by the module version of Corollary 3.14. Thus if we can show that this Green
correspondent, and the Brauer correspondent of B, o ® By 4 both exist, then we
will have successfully identified B; 4 as the Brauer correspondent of B, o ® By 4.

6. BLOCKS IN CHARACTERISTIC ZERO

Throughout this section we will assume that the (algebraically closed) field F'
has characteristic 0, hence by the definition in the introduction, an e-0O-parabolic
subgroup, (or just e-parabolic) is any parabolic subgroup isomorphic to a product
of copies of &..

6.1. Vertices of Sign Modules. We start by looking at the vertex of the sign
module, in order to get a lower bound for the vertex of blocks of 7%, with empty
core. A key tool in characteristic zero is the following theorem [7, Theorem 3.1]:

Theorem 6.1. If M is a finitely generated indecomposable ¢, -module, then its
vertex is an e-parabolic subgroup of &,,.

In particular, this means that the sign module S1°) for . either has fixed-point-
free vertex &, or is projective as an #,-module. We first prove a more general result
about e-restricted partitions. Recall from [15, Proposition 2.11, Theorem 3.43] that
the non-isomorphic simple modules for .77, are given by:

{D* = 8*/J(S*): Ak n is e-restricted},

where for an J%,-module M, we denote by J(M) its Jacobson radical. If A - n is
an e-core, then it is e-restricted, and as both S* and hence D* lie in a block of
weight 0, we conclude by [8, Theorem 1.2] that D? is projective. The next lemma
shows the opposite is true when A is not an e-core.

Lemma 6.2. Let \ - n be e-restricted, but not an e-core. Then D> is not projective.
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Proof. Note that as \ is e-restricted, D* is a non-zero simple module. Denote
dux = [S*: D?] for i - n, and assume that D? is projective. Then in particular,
P> = §* = D*, where P? is the corresponding projective indecomposable module.
Thus [P* : D*] = 1. From [15, Theorem 2.20], we have:

[P DN = "d\ > 1
pEn
as dxy = 1. Let v be another partition in the same block as A (this exists as A is not
an e-core). Then by [15, Corollary 2.22], S* and S¥ are cell-linked, i.e. there exists
a chain of cell-modules S* for i = 0,...t with S* = §* SM = §¥ and S* and
SAit1 ghare a simple composition factor. As S* and S¥ are cell-linked, there exists
some S* which shares a simple composition factor with S*, which must be D itself.
Thus d,,\ > 1, and hence [P* : D] > 2 giving the required contradiction. O

Corollary 6.3. S has vertex &, as an . -module.

Proof. By Theorem 6.1, S() is either projective or has vertex &.. As S(1") =
D) it cannot be projective by the preceding lemma as it is not an e-core. (I

We can now extend this result to larger Hecke algebras.

Theorem 6.4. Let A\ = (e?) - de for d > 1. As a H#}.-module, SA) has vertex
Sa.

Proof. Note that &) = ngl S., and as A -modules we have
§1%) ~ (S(le))@)d'

The latter has vertex &, as a 4 -module by repeated applications of Theorem 3.4.
As we know the vertex of S0 is e-parabolic, it must be contained in &. By [7,
Lemma 3.2], as it is simple both as a 4%, and % -module, they share the same
vertex. (]

Thus this gives a lower bound on the vertex of the empty core block of weight
d of 7. by Theorem 4.12. We will now give a upper bound by showing that this
block is in fact (&5, &) )-projective, for A = (e?).

6.2. Relative projectivity of the empty core block. We begin with the fol-
lowing definition (from [14, §2 ]).

Definition 6.5. Let \,p F n with 6, C 6, C &, and M be a (44, 5,)-
bimodule. For m € M, define the relative trace from &y to &, of m as

Teh : M — M,

m > Z q_é(w)walmTw.
weRy
For right #,-modules P and @, we say that ¢ € Hom e (P, Q) is & -projective if
there exists ¢ € Hom p (P, Q) such that ¢ = Tr (). Note we can apply the trace

map to 1 as since P and @ are right ,-modules, we can view Hom - (P, Q) as a
(A, 74,,)-bimodule with F-submodule Hom 4 (P, Q).

The following from [14, Proposition 2.13, Theorem 2.34] are key facts about the
relative trace map.
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e For v En, and M a (4%, 5,)-bimodule, denote
Zy(26) ={m € M : ma = am for all a € 2, }.

Then m € Zy(A#,) implies that Tv)(m) € Zy (2,).
o A 7, module M is relatively &y-projective if and only if the identity map
on M as a J¢,-module is &-projective.

As before, let A = (e?) I de. Here we will show that . has vertex (&,,&)), and
hence give an upper bound for the vertex of the empty core block.
Theorem 6.6. J7. is relatively (Sy, Sy )-projective as a (Hye, Hge)-bimodule.
Proof. We will show as bimodules that:

He | Hie @, Hie = Hae @0, I @0, Hie-

To do this, we define (e, #4e)-bimodule homomorphisms ¢ : 5. — 5. Q.
%ie and '(/) : %ie R '%’iie — %16 such that WO = ]lﬁfde'

As 1®1 € Zy, 0,0, 7. () (as we can push elements of 73 across the tensor
product), we can define:

r=T0el)= Y ¢ eT,
wE%&de)

with & € Zys,. @, . (He) by the above properties. Thus we have a (e, Hge )-
bimodule homomorphism ¢ : 5. = e Qm Hie given by:

h — hx = zh.
Now define
F=T1) = Y 'T,.T,
we%&de)

By [7, Theorem 2.7], & is invertible, and & € Z(¢;.) (again by [14, Proposition
2.13]). As 7 is central, so is Z7!. Now we can define a (e, #.)-bimodule
homomorphism ) : HGe Q@ Hae = Hae via:

a®b— abi™!

extended linearly, for a,b € ..
Finally, we show that 1 o ¢ is the identity map on .. Note that by the
definition of both = and Z, we have ¢ (x) = #Z~! = 1. Thus:

Yo(h) = (ha) = hp(z) =h-1=h,
completing the proof. O

Corollary 6.7. Let B be a block of #., and A\ = (e?) - de. Then B is relatively
(G, &y )-projective as a (Hye, e )-bimodule.

At this point, we have all the machinery required to show that (&), &)) is
the vertex of the empty-core block of ;. when our field has characteristic zero.
However, we defer the proof to Section 8, where we can cover all cases on the
characteristic of I’ at once.
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7. BLOCKS IN PRIME CHARACTERISTIC

Throughout this section, let F' have prime characteristic p > 0. Recall that when
e is non-zero, then either (e,p) = 1 and ¢ is a primitive e-th root of unity, or e = p
and ¢ = 1.

7.1. Vertices of sign modules. Our first aim is to prove a lower bound for the
vertex of an empty core block of J7,. We again do this by considering the vertex
of the sign module, and using Theorem 4.12. Let 7 E n, and define:

Proposition 7.1. Let 7 En. Then as a right module, S is &, -projective if and
only N # 0.

Proof. Suppose N, # 0, so is invertible in F. Denote the identity map on S(")
as a J,-module by 1,, and as a J#.-module by 1,. Let S(") be generated by the
element €. Then:

1
Tr{") (NL) (=7 > ¢ WeTy11,Ty

wez™

Z q—é(w)(_l)é(w’l)e T
weﬂ’(ﬁ”

Z qfl(w)(il)l(w_l)+l(w)e
wE%S.n)

zZl- Z~ Zl=~

R

1
= FTNTE
€

Hence Tr(rn)(]\%]lr) = 1,. Therefore by the remarks following Definition 6.5, we
conclude that S is & -projective.

Now suppose that S1") is &, -projective. Again using the aforementioned re-
marks, there exists a J#.-homomorphism ¥ such that 1,, = Tr(T”)(@/J). Since (")
is an irreducible 7% -module, ¢ = f1, for some f € F. Then the above calculation
shows that:

1, = TrS'n)(f]l‘r) = fN:1,

hence fN, =1, so N, must be non-zero. ([

Therefore relative projectivity of S(") relies entirely upon these N,. Consider
the following polynomial in (Z/pZ)[u]:

P = Y )

w€%‘<7")
and notice that N, = P*(¢~!). By [12, §1.11], P* = P,/P. where P, is the
Poincaré polynomial of &,,, and P, is the Poincaré polynomial of &,. Thus to
check relative projectivity of S("), it suffices to count the zeroes of P, and P, at

qat.
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Definition 7.2. For ¢ a primitive e-th root of unity in F' (or ¢ = 1 if e = p) and
P € Flu], define 2(P) to be largest integer I such that (u — ¢~ 1)! | P(u) in F[u].
Thus we have the following test:

Corollary 7.3. For 7 En, N, # 0 if and only if 2(P,) = z(P;). Hence SU") is
&, -projective if and only if z(P,) = z(P;)

From [5, §2] we know that:

n n

Pn(u>:H“l_1 =[Ja+ - +u.

u—1 ]
=1 1=2

We also know that for any 4

u'—1= H@d(u)

dli

where @, is the d-th cyclotomic polynomial. Now denote:

(3) Qi(w) =1+ +u""'= J[ @aw),

d|i,d>1

so that P,(u) = [[i—y Qi(u). As we can write each P, as a product of cyclotomic
polynomials, we only need to compute z(®,,) for ®,, involved in P,.

7.1.1. Resultants and zeroes of cyclotomic polynomials. Recall the notion of the
resultant p(f, g) of two polynomials f, g € R[z] for some ring R, see for example [2,
§2]. This has the property that p(f,g) = 0 if and only if f and g share a common
factor. Using [2, Theorems 3 and 4], we can compute the resultant of two cyclotomic
polynomials. We reproduce these results below. Without loss of generality let
m >n > 1. Then:

sP(m)if m/n is a power of some prime s,

D, ) = p(Pr, Pin) = .
4 )=l ) {1 otherwise,

where ¢ is Euler’s totient function. This allows us to compute z(®,,) for general n.

Theorem 7.4. Let q have quantum characteristic e, and letn > 1. Then ®,(¢7 ') =
0 if and only if n = ep” for some r > 0. In particular:

o If(e,p) =1, then z(®epr) =p" —p" ! forr > 1, and 2(®.) = 1.

e Ife=pandq=1, then 2(®,r) =p" —p"~ ! forr > 1.

Proof. First of all, if n < e, then z(®,) = 0 as ®, is the smallest cyclotomic
polynomial which can be zero at ¢~!. Now suppose ®,(¢7!) = 0, and n > e.
Consider the resultant of ®,, with ®.. This resultant must be zero, as (u — ¢~ 1) is
a common factor of both by assumption. As n > e, by the above result from [2,
Theorems 3, 4], we can only have p(®,,®.) = 0 in F if n/e is a power of p, i.e.
n = ep” for some r > 1. Including the possibility when n = e, gives one direction
of our first assertion.

It remains to show that ®.,~ are zero at ¢~ ! for all r > 0, and to compute z(®,,)
in these cases. Recall from [16, §1 Equations 4,5] that:

e H Al

D, (uP) if p | n.
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Thus when (e,p) =1, and n = ep” for r > 1:
I 1

Dy (1) = By (1) = Dms (uP) = - = By () = D () /@, ().
As F has characteristic p:

—1 1

Py (u) = (I)e<upr)/q)e(upr71) = (I)e(u)pr/q)e(u)pr = q)e(u)pr_pri .
Thus as ®.(¢7!) = 0, we get that ®,,(¢71) = 0. As 2(®.) = 1 (its roots are the
primitive e-th roots of unity each with multiplicity one), we also get that z(®,) =
pr—p'tifn=ep” forr > 1.
Similarly when e = p and ¢ =1 (so ¢ = ¢ 1):
q’n(u) = q)pr (u) = (I);D"'*l (up) == q)p(upril) = ‘@p(u)p
Thus 2(®,r) = p"~12(®,) = p" — p"~! since 2(P,) =p — 1. O

r—1

7.1.2. Computing with z(P,). We begin by proving the following preliminary ex-
pressions.
Lemma 7.5. Let¢ > 1. Then:
o If (e,p) = 1:
p
2(Qi) = {

" if r is the largest integer such that ep” | i,

0 efti.
e Ife=np:
_Jp" =1 ifr is the largest integer such that p” | i,

Proof. This follows from counting the number of zeroes at ¢~! in the product (3).
When (e,p) = 1, then if e { ¢, we have z(Q;) = 0 as no P, appear in the product
(3). Otherwise, if r is the largest integer such that ep” | i, then ®,..., ®,r are
the only factors which are zero at ¢g—'. Thus:

Q) =1+@-D+ -+ —p ) =1"
If e = p, then if p 1 i, there are no zeroes at ¢ = 1, otherwise we only have factors
P , ®,~ which are zero at g, where r is the largest integer such that p” | i. Thus:

Qi) =@+ + @ —p ) =p" —1,
completing the proof. O

Dy

Throughout the rest of this subsection, we will state results for both (e,p) =1
and e = p, but will not prove the latter case. This is because the proof follows in
exactly the same way, just using the different value of 2(Q;) given above.

Lemma 7.6. Suppose (e,p) = 1 and r is the largest integer such that ep” < n.

Then .
2= 3 (o] - [=]) 7+ |

Ife=pand q=1, and r > 1 is the largest integer with p" < n. Then

=5 (|5 [l) w-oe [Flor -

=1
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Proof. Recall that P, =[], Q;, hence z(P,) = Y. , 2(Q;). Now each Q; con-
tributes either no zeroes if no ep! divides i or 2(Q;) zeroes if it does. If it contributes
zeroes, it contributes according to the largest I such that ep' | i. Hence we need to
count how many times this occurs. For each [, the number of times that ep! divides

nis [ 7] In [ | of those times, we also have ep!T! dividing n. Hence the total
number of times [ is the largest integer such that ep' divides i for i = 2,...,n is
Le”?j — Lepl%j for0 <i<r—1,or LWLTJ when | = r. Summing all these occurrences
of zeroes and using the values from Lemma 7.5, gives the result as required. ([l

Recall from the introduction that the e-p-adic expansion of n € N is the unique
decomposition of n as:

n=a_1+ape+arep+...arep"

where 0 <a_; <eand 0<a; <pfori=0,...,r. If e =p, the e-p-adic expansion
is just the usual p-adic expansion, and we will simplify notation in this setting by
writing

n=byg+bip+...0.p"

where 0 < b; < pfori=0,...,r. The previous lemma lets us compute z(P,,) based
on these expansions:

Theorem 7.7. Suppose (e,p) = 1. Let n > 1 and write n = a_1 + apge + a1ep +
--- 4 arep” its e-p-adic expansion. Then:

2(Py) = ap + Zaz ((l +1)pt — Zpl_l).

=1

Suppose e = p and ¢ = 1. Let n > 1 and write n = by + bip + ...b.p" its p-adic
expansion. Then:

2(Py) =Y bl —p').
=1

Proof. To get this result from Lemmas 7.5 and 7.6, we first compute | 2; | — Lepl%J

ep
for0<i<r-—1.

n n r—1 r—I—1
({lJ - {ZHJ) =qtappt-tapT — (a1 +agepto+ap )
€p ep
= (a1 — ai11) + (@41 — arp2)p+ - (apy —a,)p"' !

Collecting terms by the a; — a;11 in the sum gives us:

i

r—

l

+ap".

Z(Pn> = Z ((al_al-‘rl)(z(erl)+pZ(erl*1)+' . '+plZ<er0))+anT_IZ<erl)) -‘rarpr,

=0
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and using the fact that z(Q.p) = p’ for all j > 0, this expression simplifies to

r—1
2(Pp) = Z ((az —a ) 4+ ph) +. ..am’") +a,p"
1=0

r—

—

(@+ D@ = an)p') + (r+ Darpy’
=0

r—1 r—1
=ap—a1 + ( ar(l + 1)pl> - (Z a1 (l+ 1)pl> + (r +ayp”
=1

1=1
,
=ap+ Zal ((l +1)pt — lpl_l),
1=1
if we collect by the coefficients a;. ([
Corollary 7.8. If (e,p) =1 and r > 0, then z(Pepr) = (r + 1)p" — rp™—1.

Ife=pandr > 1, then z(Py,) =r(p" —p"1).

We can use Theorem 7.7 to show that if A is the partition corresponding to the
standard maximal e-p-parabolic subgroup of &,,, then S(") is Gy-projective.

Proposition 7.9. Let n > 1, and denote by X\, the composition of n corresponding
to its e-p-adic expansion. Then SU") is &y-projective.

Proof. Again, we will only prove this when (e, p) = 1. We show that z(P,) = z(Py).

We already have a formula for z(P,), so we compute z(Py). As Py = []\_q(Pepi)™

z(Py) = ZaiZ(Pepi)
=0

= aop + Z (ai(i —|— 1)pz _ aiipi—l)
=1

= z(P,).

Applying Corollary 7.3 gives the result. O

So we have obtained an upper bound for the vertex of S(") for general n. We
now prove the special case of the vertex of S(") where n = ep” for some r > 0.
By [5, Theorem 2.9] the vertex of S (1") is e-p-parabolic, so these are the only 7 we
need to check.

Lemma 7.10. Suppose either (e,p) =1 andn = ep” forr >0, ore =p andn =p"
for r > 0. Then for any e-p-parabolic subgroup &, C &,, of &,, z(P,) > z(P;).
Hence S) has verter &,,.

Proof. We once again will only prove this statement when (e, p) = 1. Let &, be the
e-p-parabolic subgroup corresponding to the expression n = a_; +age+ - - - + azep’
for natural numbers a;. This no longer has to be a reduced expression, but as
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&, € 6,, we have in particular that ¢t < r. Then we have by Corollary 7.8 that:

¢
z2(Pr) =ag + Z (ai(i +1)p* — aiipi_l)
i=1

t t
= aip' + ) aipT (p—1).
1=0 1=1

Asn =a_1+ 2221 a;ep’ = ep”, we get immediately that ZE:O a;p* < p", and
hence °_, a;p'~" < p"~'. This tells us that

t t
2(Pr) = Zaipi + Zaiipi_l(p -1)
i=0 i=1

t
<p -1 aip!
=1

t
<p4rp-1)) ap™
=1
<p Hrip-1)p !
= 2(Py).

Thus if 6, C &,,, we have N, is zero and the vertex of SU") as an #,-module
must be &,, = Gpr. [l

7.1.3. Computing the vertex of S1"). We can now compute the vertex of S1") for
n > 1 in both cases on e and p.

Theorem 7.11. Let n > 1. Then S has vertex Gy as a 5, -module, where Sy,
is the standard maximal e-p parabolic subgroup of S,,.

Proof. Proposition 7.9 gives G as an upper bound for the vertex. Now suppose
that S(") has vertex &, which is strictly contained in &y. We can assume that
&, is e-p-parabolic by [5, Theorem 2.9]. Then by Corollary 7.3, z(P,) = z(P,),
and in particular z(Py) = z(Pr).

Writing A = (A\q,...,As), as &, C S, there exist compositions 7() such that
7@ E N and [[}_; 6,0 2 6,.

For each ¢, as Py,/P.q) is a non-zero polynomial with coefficients in Z/pZ, we
have z(Py;,) > z(Pr). As &, is strictly contained in &y, then there exists some
j with &,y € 6,,. Since S s not &,.;)-projective by Lemma 7.10, applying
Corollary 7.3 tells us that z(Py;) > 2(P,)). Thus z(Py) > z(P;), giving a contra-
diction. Hence we must have that &, cannot be strictly contained in &, and thus
S must be the vertex of S1™) as a J%,-module. O

7.2. Relative projectivity of empty core blocks. Here we prove an upper
bound for the vertex of blocks with empty core. We cannot fully generalise Theo-
rem 6.6, however we can state a similar theorem which only covers the block itself.
Denote the central primitive idempotent associated to the block B by ep, and let
Endp(B)p be the ring of (B, B)-bimodule homomorphisms on B. This is a local
ring by [1, Theorem 4.2] as B is an indecomposable (B, B)-bimodule. Furthermore,
as in the proof of [7, Lemma 2.3], Endp(B)p = Z(B), and hence Z(B) is local.
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Thus x € Z(B) is invertible if and only if its image T € Z(B)/J(Z(B)) is non-zero
(in a local ring, the Jacobson radical consists of all the non-units).

As we have a canonical isomorphism 0 : Z(B)/J(Z(B)) — F, the action of
Z(B)/J(Z(B)) on a one-dimensional Z(B)-module M must coincide with the action
of the field, i.e. for z € Z(B) and m € M, if mZ = Bm, then §(Z) = 8. Thus z is
invertible in Z(B) if and only if 8 # 0.

Denote B = By 4 the block of J#. with empty core and e-weight d, let &, be
the standard maximal e-p-parabolic subgroup of G4, and define

TR = Trf\de)(eg) = Z g tT _epT,.
wE%’gde)

Lemma 7.12. zp is invertible in Z(B), and hence in B.

Proof. Take S (%) = (€), the one-dimensional sign 4.-module. We now compute
€ - xg. As multiplication by ep is the identity map, using the same calculations
from the proof of Proposition 7.1 we obtain

€-xp= Trg\de)(e) = Z g | e
weﬁgde)

Hence under the isomorphism between Z(B)/J(Z(B)) and F:

0@p) = Y. ™ =N,

wez%’g\de)

which is non-zero by Proposition 7.1 and Proposition 7.9. Thus by the preceding
discussion, zp is invertible in Z(B), and hence in B. O

We can now generalise the proof of Theorem 6.6 to the characteristic p case, only
focusing on the empty core block.

Theorem 7.13. Let B = By 4 the empty core block of 4., and X\ F de the
composition corresponding to the standard maximal e-p-parabolic subgroup of & 4e.
Then as (Hye, H#ae)-bimodules, B | B @4 B.
Proof. Define amap ¢ : B — B® s B by h — hTrg\de)(eB(X)eB) and 1) : By B —
Bbya®b— abx;l extended linearly.

As in the proof of Theorem 6.6, both are well-defined (5., 7. )-bimodule ho-
momorphisms, and ) o ¢ = 14, . Thus B is a direct summand of B ®_ 1 B as
(e, 7 )-bimodules. O

Corollary 7.14. As a (e, H.)-bimodule, B is relatively (&y, &y )-projective.

Proof. By definition, B | 5. as a (e, #4e)-bimodule, and therefore as both
(JA4, H4e) and (5., 74 )-bimodules as well. By the previous theorem:

B|B®%)\B|f%fie(@jf)\B|%e®%;%e§%e®jf)\%®3{&%ea

showing B is relatively (&, &y)-projective. O
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8. COMPUTING VERTICES OF BLOCKS

In the previous sections, we showed that in all characteristics the empty-core
block of 4. was (G&y, Sy )-projective, where &y is the standard maximal e-p-
parabolic subgroup of Gg.. We also found a module in that block (S1*)) which
had vertex &, too. We will first show that (&, &) ) is actually the vertex of this
block, before applying our Brauer correspondence from Section 4 to compute the
vertices of all blocks.

Proposition 8.1. Let B = By 4 be the block of 73, with empty core, and &) the
standard mazimal e-p-parabolic subgroup of Sge.. Then as a (Hye, H#a.)-bimodule,
B has no vertex strictly contained in (Sy, Sy).

Proof. Suppose that B has a vertex (6.,,6,,) C (6,,6,). By Corollary 4.11, as
S1™) Jies in this block and has vertex & A as aright J#4.-module (by Corollary 6.4 or
Theorem 7.11), there must be some g € &,, with 6§ < &,, < 6,, thus &,, = S,.

By earlier assumption, &, C &,. In particular, B is (&,,,S,,)-projective and
hence by Proposition 3.5, it is also (&,, &, )-projective. This means that B has
a vertex which whose right vertex is contained in &,. This cannot happen by the

preceding argument, so B has no vertex strictly contained within (&), &y). O

Theorem 8.2. Let b be the block of 7. with empty core and e-weight d. Then b
has vertex (G, Sy) where A is the composition of de corresponding to the standard
mazimal e-p-parabolic subgroup of G 4e.

Proof. By Corollary 6.7 or Corollary 7.14 (depending on the characteristic), b is
(&, &) )-projective, and hence has a vertex contained in (&, &) ). Proposition 8.1
says b cannot have a vertex strictly contained in (&, &)), finishing the proof. O

Proposition 8.3. Let p be an e-core, i = (|p|,de) E n, 7 = (117! de), and &)
the standard mazimal e-p-parabolic subgroup of &.. Let b, be the block of 7,
corresponding to p, and by 4 the block of 75 with empty-core. Denote b := b, o®by 4
a block of Hj, = H, @ Hye. Then b has vertex (Sx, &), and thus b7 exists.

Proof. Since blocks of e-weight 0 are projective (they are semi-simple from [8, The-
orem 1.2]), as a (J¢,, 5,)-bimodule, b has vertex (&, &) by Theorem 8.2 and
Theorem 3.4. Then b exists by Theorem 4.9 (as e | de, and &, is a fixed-point-
free subgroup of &..). O

So we have shown that there exists a block of 77, with vertex (&, &,). We now
need to identify this block, and show that all blocks can be found in this way.

Theorem 8.4 (Classification of vertices of blocks of Hecke algebras). Let p be an
e-core, = (|p|,de) En, 7 = (1P| de), and &y the standard mazimal e-p-parabolic
subgroup of &.. Denote B = B, 4, the block of 4, with e-core p and e-weight d.
Then B has vertex (6, 6)) as a (I, 7,)-bimodule.

Proof. When d = 0, our block is semi-simple by [8, Theorem 1.2], and thus is
projective as a bimodule over itself and hence has trivial vertex as required. Now
suppose d > 0.

Consider the block b,0 ® by 4 of J,. By the previous proposition this has
vertex (6, 6,), and has a Brauer correspondent; we will show that this is B, 4,
by applying Corollary 4.11.
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5P 251 is an indecomposable module which lies in b with vertex &, by Theo-
rem 6.4 or Theorem 7.11. Applying [7, Theorem 3.6], it has a Green correspondent
M in #,. By Theorem 5.9 S? @ S(1) | S as #¢,-modules, so applying Corol-
lary 3.14 (with o1 = (1) and o9 = (n)), tells us that M | S? as J#,-modules, thus
M lies in B, 4. As such, we conclude with Corollary 4.11 that B = b7 and hence
has vertex (&y, S,). O

9. THE DIPPER—DU CONJECTURE

One application of our classification of blocks, is resolving the Dipper—Du con-
jecture given in the introduction This was first stated as [5, Conjecture 1.9], and
shown to be true for Young modules in [5, §5], for fields of characteristic zero in [7,
Theorem 3.1], and in blocks of e-weight 1 in [18, Theorem 18.1.13]. Note that
in [11], a supposed counter-example was given to this conjecture when p = 2 and
e = 3. Here, an indecomposable J#3-module M is found, which is 75 1)-projective
as a S3-module. However, as J(3 1) is semi-simple when e = 3, M is a projective
H(2,1)-module, and hence by Corollary 3.2, is projective as a #3-module. This con-
tradicts the earlier statement in [11] that M could not be projective [11, Theorem
2.2 Part (2)]. We are able to use our classification to prove this conjecture:

Theorem 9.1. Let F be an (algebraically closed) field of characteristic p > 0,
n € N, and ¢ € F a primitive e-th root of unity. Then the vertices of indecomposable
F,-modules are e-p-parabolic.

Proof. Let M be an indecomposable (right) 5#,-module with vertex &, where
7= (711,...,7s) En. By [7, Lemma 3.2], there is an indecomposable J#-module N
such that M | N ® s #;, and N has vertex &,.. As N is indecomposable, N must
belong to a block b of 7, with

b= b»01,d1 @ ® bp37ds7

where b, 4, is the block of J#, corresponding to e-core p; and e-weight d;. By
Theorem 8.4, b has vertex (&, S)) where G\ = Gy1 X -+ X Gy, and Sy is the
standard maximal e-p-parabolic subgroup of S1irily X Ggpe C G5,y As N lies in
the block B, we must have that &, Cg, &), and thus by Theorem 4.12, & = &..
In particular, for each i, we get G i = S,,.

Thus each (1;) F 7; is an e-p-parabolic composition, so either 7; = ep” for some
r>0,or; =1.

Hence 7 = (71,...,7s) is an e-p-parabolic composition, and thus &, is an e-p-
parabolic subgroup. ([
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