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Radio frequency wave interactions with a plasma sheath:

the role of wave and plasma sheath impedances
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2 Department of Mechanical Information Science and Technology, Kyishu Institute of
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Abstract

Radio frequency (RF) sheaths form near surfacesSsayhere plasma and strong RF fields
coexist. The effect of these RF sheaths on wawe propagation near the boundary can be
characterized by an effective sheath impedance “that “includes both resistive and capacitive
contributions describing RF sheath rectification“and RF power absorption in the sheath [J. R.
Myra and D. A. D’Ippolito, Phys. Plasmas 22,.062507 (2015)]. Here we define a dimensionless
parameter, the ratio of incoming wavedimpedangce to the sheath impedance, which determines the
characteristics of the interaction, ganging from quasi-conducting to quasi-insulating, or in the
case of matched impedances, to eitherperfect absorption or a sheath-plasma resonance. A semi-
analytical analysis is carried ouf fer electrostatic slow waves in the ion cyclotron range of
frequencies (ICRF). For the propagating slow wave case, where the incident wave is partially
reflected, the fraction offpower‘dissipated in the sheath is calculated. For the evanescent slow
wave case, which adndits a sheath-plasma resonance, an amplification factor is calculated. Using
the impedance ratié approachd RF sheath interactions are characterized for a range of RF wave
and plasma parameters including plasma density, magnetic field angle with respect to the
surface, wavel frequency and wave-vector components tangent to the surface. For a particularly
interestingdexample case, results are compared with the rfSOL code [H. Kohno and J. R. Myra,
Comput. Phys. Commun. 220, 129 (2017)]. Finally electromagnetic effects, absent from the

semi-analytical analysis, are assessed.
Keywords: radio frequency, ICRF, sheath, impedance, tokamak
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Radio frequency (RF) waves in the ion cyclotron range of frequencies (ICRF) can
provide a cost-effective and flexible means of heating and driving current in present day and
future tokamak devices. However, in some operational regimes unwanted interactions occur in
places where intense RF waves, plasma and material surfaces coexist. These interactions include
the formation of high voltage “rectified” RF sheaths and excessivedsusface power dissipation.
The former is associated with increased ion impact energies on thefurface resulting in sputtering
of impurities; the latter may result in excessive erosion and materialkdamage. These ICRF edge
and wall interactions have been studied in the fusion environment for many years as reviewed in
Refs. [1, 2]. They have also been investigated in recent experiments.on many tokamaks,3-10 and
linear test stands!!l-12 and they have been the subje¢t of a_number of dedicated modeling
efforts.13-20

Since RF sheaths are thought to play a central‘rele in understanding the observations,
developing models for sheaths and their interaction with, RF waves is an important aspect of the
work and is the subject of the present paper. The RF'sheaths themselves exist on small spatial
scales perpendicular to the surface, on the order of“a few to perhaps 10 or 20 Debye lengths.
Since this scale is much smaller than, RF wavelengths of interest, and certainly much smaller
than the global scale of a whole tokamak; RF “sheath effects have typically been included in
global wave simulation codes using,assheath boundary condition (BC) which may be understood
in terms of an effective surfacefimpedances’'-?? In the limit of high frequencies relative to the ion
plasma frequency, an RF sheath is"dominantly capacitive and the effective surface impedance,
i.e. the sheath impedanceg! is therefore imaginary and scales inversely with the wave frequency.
For very large RF voltdges driving the sheath, the sheath width and the impedance become large
and the sheath behaves ag'if it were quasi-insulating,!3-18 a limit which has also been referred to
as the “wide sheathdimit.™Quasi-conducting and intermediate limits are also possible, including
that of the shedth-plasmagesonance.23-25 It is of interest to know a priori, based on plasma and
wave parameters, when various limiting cases can be expected and how one might broadly
characterize the wave interaction with an RF sheath over a range of these plasma and wave
parameters. That is the goal of the present paper.

Lhe response of the wave to the sheath depends on both the surface impedance provided
by the sheath and an effective wave impedance. The ratio of these two impedances is what
actually €ontrols whether the behavior is quasi-conducting, quasi-insulating, intermediate, or
tesonant. The sheath impedance itself,2¢ denoted zg, has been studied in previous publications.
A'Debye-scale physics model2! was employed to parametrize the sheath impedance in terms of

analytical functions and numerical fits.22 The result is a dimensionless function of the form


http://dx.doi.org/10.1063/1.5088343

E I P | This manuscript was accepted by Phys. Plasmas. Click to see the version of record. |

PUb”ShiE&; ,f),bn,i) where the dimensionless Z is related to the dimensional sheath impedance in
Gaussian (z) and SI (zg 1) units as follows

€0Wpi Opi

2((})szal:)l’lﬂzé) :?ZS,SI = 47_[:7\‘(1

Zg (1

In the remainder of this paper, Gaussian CGS units will be employed; hewever, the important
quantities are in any case dimensionless ratios. Here the dimensienlessiinputs are given by @ =
pi> Q= Qi/wpi ,

e|V,f/T.. The RF wave is proportional to exp(ik-x—iwt) whefe @ is the wave frequency and k is

o/® b, = s'b and the absolute value of the normalized RF sheath voltage & =
the wave-vector; € is the ion cyclotron frequency and o,4$ the“ton plasma frequency. The
magnetic field direction b is at an oblique angle to the unit normal*to the surface s, and b, is the
component of b directed into or out of the surface: (Towavdid confusion with the index of
refraction, we use s instead of n for the surface nommal.)In the present paper, we employ the
function i(éo,fl,bn,i) from Ref. 22 as given andicofeentrate on the implications for wave
reflection, absorption and amplification at thesheath surface.

The scale separation implicit in defining a sheath BC is valid for A << A, where A is a
measure of the RF sheath width and 4. is the RF wavelength. Within this approximation, the
Debye-scale model determining Z gontaigs4 rich amount of physics, including the effect, on the
RF waves, of plasma profiles and ‘any, waye resonances within the magnetic and non-neutral
regions of the sheath. An example, discussed in Ref. 22 (see Fig. 2 and the associated discussion
therein) is the ion plasma resonance, which for the illustrated sheath parameters is the remnant of
the lower hybrid resonange in the non-neutral sheath. (See also Fig. 2 of the present paper.) We
emphasize that althoigh théwprésent paper, in order to obtain analytic insight, will employ
constant plasma patameters i the plasma volume (i.e. the region explicitly modeled in Fig. 1),
the sheath impedance_model yielding i(é),fl,bn,i) is more general and takes into account
plasma profile variations within the sheath.2! The physical model within the sheath is
electrostatiC, justifigd by the short spatial Debye-length scales.

A significant limitation of the RF wave and sheath interaction model discussed in this
paperiis that the'RF waves in the plasma volume are restricted to slow waves in the electrostatic
limit(exegpt/for electromagnetic effects treated briefly in Sec. VI). RF antennas dominantly
launch the fast wave; however, perfect fast wave polarization of the RF fields in the tokamak
edge plasma is unachievable in practice. The slow wave component is generally believed to be
tedponsible for RF sheath interactions, whether created directly by the antenna3-4 (e.g. due to
misalignment or the parasitic effect of septa and limiters), or indirectly in the far field by

conversion of fast waves to slow waves caused by interaction with non-flux-surface conforming
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Publishiggyis.16.27 The former case is usually associated with sheaths that are magnetically connected to
the antenna; the latter with sheaths that are not magnetically connected. Both cases have been
observed experimentally and are discussed in Ref. 10. The model in this paper applies
straightforwardly to the magnetically connected case. It may also be a useful guide in the case of
fast-to-slow wave conversion at the sheath surface, provided that the dorhinant wavevector of the
slow wave can be estimated. (See e.g. Refs. 19 and 27 for relevant considetations.)

A more complete treatment, directly embedding the pogsibility of*“fast-to-slow wave
conversion, would require a substantial, and necessarily electrmagnetic, generalization of the
present work. Although the fundamental equations can befwsittefndown, analytical progress
seems to be elusive, and a fully numerical approach comes“at the“eost of loss of intuition and
analytical transparency. In principle, although some ifnportant details are different, the more
complete treatment should be equivalent to the calculationgf thé connection coefficients already
discussed in Ref. 16, i.e. the “output” (outgoing) fast and“slow wave amplitudes resulting from
given “input” (incoming) fast or slow wave amplitudes.

The plan of our paper is as follows. The ‘ggomefry of our model and the analytical theory
leading to the definition of wave impeddnce, Or its inverse the wave admittance, are given in
Sec. II. The coefficients that describesreflection, absorption and amplification of the incoming
slow wave are also obtained. Some imporfant qualitative properties of the variation of zg with
wave and plasma parameters concludes Se¢ II B. In Sec. III we present basic wave physics for
the electrostatic slow wave (SW)*tegéther with a numerical example illustrating the procedure
employed in the rest of the paper."Sgc. IV presents the variations of the wave response with
density, magnetic field stfengthand angle, RF frequency and wavenumber. In Sec V comparison
is made of the present/theorywwith a result from rfSOL. The rfSOL code is a finite-element code
with Eq. (1) implendented in asheath boundary condition.25-28 In Sec. VI electromagnetic effects
are briefly consilered. Although an analytical electromagnetic theory is not presented in this
paper, numeri€al résults show that the present electrostatic theory captures the correct qualitative
behavior. /Finally_a summary and conclusions are given in Sec. VII. Some details of the
calculations,afe deferred to the appendices: Appendix A discusses the relationship between the
incident and reflected wave admittances; Appendices B and C establish power balance identities
for propagating and evanescent waves, respectively; and Appendix D provides details of the

electromégnetic calculation used in Sec. VI.
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A. Basic geometry and wave impedance theory
The geometry under consideration is shown in Fig. 1. An important quantity is the
magnetic field angle with respect to the surface, ¢, given by tan ¢ = B,/By. The tangential (t)

direction on the sheath surface is in the y-z plane. We regard ky and’k, as inputs, and use the

dispersion relation to obtain ky. For the electrostatic SW model, there will be two roots, one
incoming (denoted k;) and one outgoing (denoted kj). For propagating/waves, the determination
of incoming and outgoing requires an analysis of the group VGW Incoming propagating

modes have Re vy > 0. In the case of evanescent modes eﬂbcoml branch must satisfy Im
—
waxﬁy

kix>0 -
Assuming for brevity a unit amplitude incomi (final results will not depend

explicitly on the amplitude), the electrostatic potentjal takes the-form

<1)=(eik1"x+ e e
wherek; = (k. ky.k,) is incoming, k :ﬁ;%x‘kv

common to both. Here the subscript “t” otes-the tangential component to the surface. The

z)is outgoing and ki = (0,ky, k,) is

amplitude A is unknown at this stage. &Qﬁi boundary condition is?!
k {“’Z?s-nj (3)
\ 47i

where the unit normal p

inting from the surface into the plasma is s=—e, and D = &-Ewith
cold-fluid dielectric tensotg )

Using Eq. (2¥and«hoosing x = 0 to be the location of the sheath-plasma interface where

the sheath BC is @/% 'eeé I we have
D E, =-ik (1+A) (4)

The total €lectric ficld at the sheath, suppressing the exp(ikyx—iwt) dependence, is

H / . .
) E = —ik;e¥1* — ik, Aelk2¥ (5)
-

e sheaga BC may be written as

w-\ (1+A)="fss-§-(k1+k2A) (6)
T

which determines A, the amplitude of the reflected wave. Explicitly
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P2 —1
where
WZg = . Zg
e .. s (8)
T 1= 2y j
Here zy,; is defined as the wave impedance corresponding to w —Qctor kj = 1.2), and its
inverse yy; = 1/z, is the wave admittance. When dlscussmg pr of the wave admittance
yy for general values of k, the index j will be suppressed in llow

From Eq. (7) several main features are already V4den mpﬂ <<'1 (negligible sheath
impedance seen by the waves) one obtains A = —1 andithe shSath BC behaves like a perfectly
conducting wall BC. For |p;| >> 1 (large sheath gn:;edan
addition to being large, p; = —p, as it will be forth se‘af a perpendicular magnetic field (|b,|
= 1) the sheath BC behaves like an insulatingdBC (1. L: 1). For p; =1 (A = 0) the waves are
perfectly absorbed by the sheath (impedanc M

the result is A = —p{/py. 1If, in

and for p, = 1 (A = ») we encounter a
resonance (the sheath-plasma resonance): for |A| = 1 it will be shown that there is no
power absorption of the incoming Poyhti y the sheath.

This completes the definiti f t Ve admittance as

= —s -k 9
Since the total current m@ya (including displacement current) is
J=2p=--"3x o (10)
4mi 47

the wave ad tta e fo single plane wave, with current density and potential given by J and

@, is simp
£
V. Tx

Yw = — (11)

S ()

- ) ) )
Qg ceed further we introduce the dielectric tensor

—¢ 1+(gy—&, )bb+ig,bx1 12
S\ e=¢e l+(g)—¢)) ie, b x (12)

which yields the admittance of a plane wave with wave-vector k in the present geometry as
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.. 2 2 2
Here, b = B/B, and for 2apphcatlons to ICRF we may take ¢ =1+ pi (Qf —07),
p
plasma with a single ion species, taken to be deuterium, although the eXpressions up to Eq. (13)

g| zl—wge /w? and €y = ico/Qi(o)2 —Qiz). In the present paper, we will only consider a

are general in this respect.

B. Qualitative behavior of the sheath impedance

Since the parametric dependence of zg will play a role in‘the résults of this paper, it is
important to understand some of those basic properties qualitatively. Figure 2 shows the results
of a scan in ®, which is quite instructive in this regard. Considering first the small ®= /@y,
(high density) limit, as the density n, rises, Im Z typicallyfalls. [The reason is because of smaller
Aq and hence smaller RF sheath width A that contr@ls the capacitive contribution o iA/®. On the
other hand, for large n, the particle currents, in*particylar the electron current, becomes more
important than the displacement current. Because theé\electron current is in phase with the RF
voltage, this results in large Re Z. At low deémgity;darge @ (i.e. the right end of the plot), the
converse is true: the capacitive contribution,dommates, but it decreases with increasing wave
frequency causing Im Z to decrease; tlhig resistive electron contribution decreases with n,, causing
Re Zto decrease with ®.

The RF amplitude & isdlsg ah, important parameter (not illustrated). As & increases, zg
generally increases?2 (because of‘a wider sheath, and hence larger A) which implies a longer
distance for particles anddisplacement current to traverse. Hence, as T, rises at fixed V., § will
drop causing zg to drop!

Thus at low figand T, and high V¢ the sheath is most likely to be in the quasi-insulating
“wide sheath” lindit, Conversely, at high n, and T, and moderate V¢ the sheath is more likely to
be in the condiicting limit. However, as we shall see, the wavenumber and frequency of the RF

and other factorsstich as impact angle of the magnetic field play an important role as well.

lll. Dispersiondrelation, group velocity and Poynting flux

A.. Theory
For the model geometry we have k) =kyby +kyby, ki =k%- kﬁ and in this section we
agsume-k is pure real since we are concerned with the propagation properties. The electrostatic

Sldw wave dispersion relation is*°

D(wky)=ke) +kig =0 (14)
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, 0o _ 00/ (15)
£ ok 02/0w
After some manipulation we find /
Vo =—(e k| +erkib) = —[e k+ (e —& | )k bIZ %f-k (16)
g = gLk relgb) =—Fle k(g —e Dl RI=HE

where )\

—~
_18D_ kJ_(DplOO {‘I‘H

G=——= 17
2 0o (mz_Qz)zws (17)
The x-component, Vgy, is of particular interest fqr f(ﬂgmﬁh’ng the incoming and outgoing roots.

It is given by o
1 41 Rey
Vg =——le  k +\E\E by]=——2Y 18
x=7G [e1 % bx ] 5 G (18)
The denominator obeys G > 0 \ap situations of interest (propagating waves, i.e. k pure

real). The numerator, Re yy, can‘Qf:\" her sign. For example, when b, = by =0,b, =1

(perpendicular case) vgy = —ky nd itfollows that vy, has the same sign as ky, i.e. the wave

is a forward wave. However, whe = 1, by = by << 1 (glancing case) and k; is sufficiently

p@(s)vn occurs when &, > 0 (tenuous plasma) therefore vy, has the
e

small, voy = —kye/G; p,

opposite sign from ave is a backward wave. These conditions for forward and

backward propagat are well known.
The Poy dg&
& S=—E xBj +cc (19)
l6m
cc implies co x conjugate and By is the RF magnetic field perturbation. In the electrostatic

limit camy)t use B; = nxE, where n = kc/m, but instead must work to higher order in the
e@%‘u pproximation. From nx B;=-D, crossing with n and using n-B; = 0 we find

1
\ B;=—nxD (20)

n
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applies in the electrostatic approximation. Combining and employing E = —ik® where we

consider a single plane wave (either k| or k,)

ofof
Sz—zkx(kxa~k)+cc /
16wk
, 1)
G L e
= 2[ g ]+¢c
16wk
Using the fact that propagating waves must satlsfy rs10 relation Eq. (14) which
is k-g-k= 0, we are left with just the second term. F taklng the x-component of S
leads to an intuitively reasonable result
2
@ 1
Sy =—Re e,c-k =—R (@7Ty) (22)
&n
Here Eq. (13) has been used. Comparing Wl) we see that, as is well known,30
\\ o E (23)
where the energy density of the lecx%%c wave is
* =
& E 24
16n 6@ | 167 8c0( ) @9
The net Poynfing to the surface (i.e. the difference in the magnitudes of the

incoming and refl te oy ng fluxes) gives the power per unit area absorbed by the sheath,
P/A, where A surface area of the sheath. Using the normalization of Eq. (2) it
follows that

1 1
% PyAn =Sx1+Sx2 =—Re(yw1 +|A|2Yw2) =—Re(yw1)(1—|A|2) (25)

-

where ha% used the fact that for propagating modes, i.e. k pure real, y, = le This is
p Vedl Appendix A.

ternatively, we can evaluate the sheath power dissipation from

1 1
Py/ Ay = Re(y o) = S Re(ys 1+ A7 (26)
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energy is conserved, i.e. P =P . As a result, the fraction of the incident power that is absorbed is
2
fp =1-|A] (27)

Unfortunately a general calculation of power transfer for gvanescent modes is not
presently available. However, for the special case of perpendiculaginci e, an illustration of
power transfer between two overlapping evanescent modes and a esponding analytic proof of

energy conservation is given in Appendix C. The general ca§S\t
following.

ted numerically in the

<
B. Sample results o

iorl)f the SW vs. density. For the

chosen parameters (see caption) there is a lower hybrid (bj{) resonance (¢ =0) at n, = nep y =

3.16x1010 cm=3 (log( ne/cm3 = 10.5). Below thig density the SW is propagating, but both

Figure 3 illustrates a sample solution for the.be

values of k, that satisfy the dispersion relationage negative due to the SW behavior at oblique
angles of propagation. However the gr velecity indicates distinct incoming and outgoing
branches. For n, >ng, iy the SWise ar&P@ the incoming branch is the one with Im k, >
0. These choices allow identification o h and k,, for use in evaluating p; and p, required in
Eq. (7). \

The parameters chosen{\‘F;;KSt compute p; are for large k; and large &. Large ki is
chosen to insure validity of the ¢lectrostatic approximation, viz. ni >>g). This choice is
consistent with pure slow wavepropagation but has other consequences as well, as discussed in
Sec. VI. Large k; an ten\tf)\Snake |pjl > 1 almost everywhere in the plot because yy, scales
with k, and large Ze t( n yrge zs. However, even in this case, [p;j| becomes small near the LH

resonance. The reasen is cwident from Eq. (13). The first term in yy, is negligible when € is

nearly zero. e@con rm is usually dominant because of the large g factor; however, when

is'finite then k| = 0 from the dispersion relation which eliminates the second term.

l_

Finally, th hitd t , proportional to byk,, remains non-zero, but is numerically small.
Finally, mbte that in the electrostatic approximation, a solution of the dispersion relation
remain solgtion when k is multiplied by a constant. Since yy, 1s directly proportional to the
gnitude of k, this means that p; in Fig. 3(c) also scales with the magnitude of k. At small k,
g} ¢ small p; we might expect more of the domain to be in the intermediate |p;| ~ 1 or
udsi-eonducting | pjl <1 limits. These points and the role of electromagnetic effects, important at

small k, are addressed in Sec VII.

10


http://dx.doi.org/10.1063/1.5088343

E I P | This manuscript was accepted by Phys. Plasmas. Click to see the version of record.

Publishing Variation of |A| with parameters

Following the method outlined in Sec. III, for given parameters the dispersion relation
may be used to obtain k, for the incoming and outgoing waves (distinguished by the sign of Im
ky and vgy). This allows the calculation of py, p; and finally A, the relative amplitude of the
outgoing wave. In this section we discuss the variation of |A| with density, magnetic field angle
with respect to the surface, wave-vector, frequency and magnetic ficld strength. Attention is
restricted to a fixed value of RF wave amplitude, & = 20 unless #thenwise noted because high
voltage RF sheaths are the main ones of practical interest. However it should be kept in mind
that while the fixed & analysis presented here can be useful foriigtuitign, it is not the whole story:
where the amplification factor |A| is large,  will increase, and this«can change zg, hence p and A
itself. Nonlinear feedback of this sort can be important near the“sheath-plasma resonance. This
point is discussed in Sec. V when we compare results with the rfSOL code; it has also been

treated in a separate more detailed investigation.28

A. Variation with density and magnetic{field angle

Figure 4 shows an example of the varation,of |A| in the (n,,p) plane. Other parameters
are given in the caption. In the low density regime, n. < n.y y where the SW is propagating,
contours are labeled by the power absarption peicentage f,, defined by Eq. (27). Near ng py most
of the incoming power is absorbed by the‘sheath while at lower densities the power absorption
fraction gradually declines. In the madéekinvestigated here, there is a modest dependence on the
magnetic field angle over the range considered, some of which arises from the sheath impedance
z, and some from k, through the wave propagation properties. In the high density regime n, >
nery where the SW  iS\evancscent, contours in Fig. 4 are labelled by |A|. Substantial
amplification occursdiear m.y fpparticularly for grazing incidence magnetic field lines (small ).
At high densities JA| gradually falls off to near unity values. These features are also seen in Fig.
5 which showsta cutwalong ¢ = 0.15 radians to illustrate the structure of |A| near the LH
resonance apd'Qver a larger range of densities.

The reasonfor the strong variation across the LH resonance is the same as given in Sec.
III. The.quantities’ p; are proportional to yy,; and yy; depends sensitively on density directly
through ¢, afid indirectly through kj; and the dispersion relation. The fact that [p;| is typically
large for theillustrated wavenumbers, and the reduction of |p;| as LH resonance is approached
meaps that there is always some density near the LH resonant density such that [p;| ~ 1. The
variation is strongest at glancing oblique angles because of the properties of zg: the electron
sheath admittance is reduced at glancing angles because of the smaller geometrical projection of
electron parallel current normal to the wall.22 This tends to make the total sheath impedance less

resistive and more capacitive allowing for a strong sheath-plasma resonance, p, ~ 1, near ngy y.

11
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B. Variation with ky

For the base case parameters B =2 T, ® =2Q;, T, = 15 eV, k, = 1.6/cm, & = 20, the
variation of f;, and |A| for vs. ky is shown in Fig. 6. Instead of showing multiple contour plots of
the form of Fig. 4, here we show the maximum (solid line) and average(dashed line) values of f,
and |A| over the range n, = 1010 to 1012-5 cm=3 and ¢ over the rangé.! t6r/2. The density and
angle at which the maximum values occur are given in the lower ‘panéls and remain within the
scanned ranges. In particular, as expected for these parameters, the maximizing density is near
ey occurring ever closer as ky increases in order to compensate for the explicit k dependence
of yy; and allow p; ~ 1. The angle for maximum poweg@bsorptign does show variation with ky,
but the maximum is rather broad in ¢ (see Fig. 4) so notymuchsignificance should be placed on
this. (Because the "ridge" or maximum contour of f 18 nearly“mdependent of ¢ over a range, the
actual ¢ location of the maximum is not well defiged.) The' base case shown in Fig. 4 with ky =
0.2 /em is seen to be reasonably typical: over @Jarge range of ky, we find f, as large as 80% and
|A] exceeding 6 near ne i and at small @. There is Hittlé change in any of the plots in Fig. 6 for ky
< 0.05 /em, which is effectively the ky—*Q limit..Note that k, remains fixed at 1.6/cm for the

scan.

C. Variation with magnetic fieldstrength and RF frequency

In order to facilitate application to experiments and modeling, the scans in this paper are
mostly shown in dimensional units. “EHlowever, one important dimensionless invariant parameter
combination exists. If thé magnetic field strength, B, is changed at constant »/C2; then the results
remain invariant if defisity is'scaled by B2. More explicitly, if A is a scaling parameter, then the
following is an inyérian{ trangformation: B — AB, ® — A, ng = A2n,, k — Ak, T, = T, V¢
— Vi @ = 0. Thesedfundamental transformation rules imply Q — AQ, & — o, Q- fl, Z—>
2,8 & Yy Myy, 23~ Lglop; ~ 1ng = 2/A2, p ~ yyzs— p. Thus p and therefore A are
invariant @dnder ‘this transformation. Consequently, it will not be necessary to explore the
dependencewf A on the magnetic field strength at fixed w/<);.

We havesseen that for our base case parameters |[p;| > 1 pertains except near LH
resonance, However, not all parameter choices lead to |p;j| > 1 even if k, is chosen to be relatively
laxge, as‘it is for our base case. A high harmonic fast wave (HHFW) case is shown in Fig. 7.
Rarameters are the same as the base case except that « =20 €, and the line plot in Fig. 7 is for
o= 04, ky = (.2/cm. In this case because the dielectric tensor, hence Ywijs scales inversely with
®2'in the HHFW limit, the resulting values of p;j are order unity or smaller. Other cases that do

not result in the quasi-insulating limit will be discussed in the section summary, Sec. IV D.
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Publishing Similar to Fig. 6, Fig. 8 illustrates the maximum values of f, and |A] in the (ne,¢) plane
for a given value of ky. Expect for ®, parameters are the same as the base case parameters
employed in Fig. 6. In addition to the results for the base case, and for the HHFW case just
discussed, Fig. 8 shows results for a case just above cyclotron resonance (® = 1.05), and a case
below cyclotron resonance (& = 0.5). Qualitatively similar cases can ogtur in tokamak scenarios
with multiple species, and/or on wall locations other than at the low field'side. In these cases [pj|
tends to be large because both the dielectric tensor and k are largeénd éither the LH resonance is
outside the scanned range of n, (& = 1.05) or is not present atiall (‘@ = 0.5). Then impedance
matching cannot occur. Consequently, f;, drops to a small value; and|A| is near unity: the wave

reflects from the sheath with little absorption or amplification:

D. Summary of dependence on parameters

In this section we have seen that |A|, which is centrolled by |pj|, can depart significantly
from unity under some conditions, leading to large,power absorption fractions (propagating wave
case) or large surface wave amplification (eyanescent wave case). These situations occur,
according to Eq. (7), when [p ;| ~ 1.

For base case ICRF parameters andJarge“k (to justify an electrostatic analysis) we find
that for both incoming and outgoing waves.(i.e."k; and k, resulting in p; and p,) the impedance
ratio is typically large (|p| > 1) for{Jarge sheath voltages (§ >> 1) and densities not close to the
LH resonant density. Furthermére, for cvgust above but close to cyclotron resonance €2;, we find
that [e, | is large resulting in |p| >>4, Also it is typical to have |p [ >> 1 for @ <€); at least if ©,; >
Q);. On the other hand, sin€epscales with k, the cases |p| ~ 1 or |p | < 1 occur when k| is modest
or small, (not explicitly censidered in this section where electrostatics has been invoked for
analytical tractabilityf), when zgis small (e.g. for lower voltages), or when € is small, which can
happen for the HHEW (&> ©p;) case, and near LH resonance (¢ = 0). The variations of p and
A that come about through the sheath voltage, and at small k including electromagnetic effects,

are discussed inthe following sections.

V. Comparison with the rfSOL code

The preceding sections of this paper have developed a theory of RF slow wave
interaction-with a sheath for the idealized case of an incident electrostatic plane wave on a flat
surface and a specified RF voltage at the location of the sheath BC. Here in Sec. V, the results of
this theory are compared with a much more comprehensive model, the rfSOL code which
implements the same sheath BC, Eq. (3), and the same Z as in the rest of this paper, but in the
plasma volume employs: (i) a full wave description with an antenna source that launches a
spectrum of modes, (i1) an electromagnetic treatment of both fast and slow RF waves, (iii) a
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Publishigged wall on which the sheath BC is applied, and (iv) a self-consistent iteration of the sheath
voltage with the resulting RF wave fields. The rfSOL code and model geometry for this
comparison are discussed in Sec. V A along with the predictions of the theoretical model. In

Sec. V B, the rfSOL results are given and compared with the predictions.

A. Geometry and code setup

The rfSOL code is a finite element code that solves the eléetromagpetic cold fluid RF
wave equations in flexible geometry.2> A sample domain and solutiofi are illustrated in Fig. 9.
The RF sheath boundary conditions described in Ref. 22 are implemented on the right hand
boundary, which is a wall with a curved surface defined¥hy a’Gaussian-shaped “bump.” The
boundary condition on the left, x = 0, is not relevant herg¢ because,the waves decay to zero before
reaching that boundary. Periodic boundary conditions\are invoked at the two ends of the
illustrated domain in y. The dark black line at x = 2.26 m is aft RF antenna which for the chosen
parameters emits evanescent waves in both directigns n x (both fast and slow waves, but the fast
wave is strongly evanescent for the chosen parameters); the right-going (dominantly slow wave)
branch interacts with the wall sheath. In thiSssimtlafion, the parameters are: n, = 1x1018 m-3,
Box =4T, BOy =By, =0,k,=40 m-1, o/2g =80-MHz, T, = 15 eV and the maximum antenna
current is K.« = 12 kA/m. This relatively high density case results in the evanescent SW
illustrated in the figure. Note that for these parameters, the lower hybrid resonant density is noy g
=2.48x1017 m-3 which is wellbelowsthe«density employed.

The predictions of the eleetrostatic analysis for p, while not fully justified for these
parameters, prove usefulsforcunderstanding, and are shown in Fig. 10 as a function of the
dimensionless RF voltage parameéter £ for three values of k,. The two sets of lines for each case
are for the incoming‘and gutgoing branches. For all cases, real and imaginary parts start out with
magnitudes less than onc'and increase in magnitude monotonically as & is increased. Note that
p; is roughly pfoportional to k, as expected from the proportionality of yy,; with k;. The values
of & where Re'pg # 1 are of significance for strong wave amplification, i.e. sheath-plasma wave
resonanceé; see/Eq. (%). This occurs at £ ~ 8 for k, = 160/m, & ~ 16 for k, =80/m and & ~ 32 for
k, = 40/m. Netelso that for the k, = 40/m case, at Re p, =1 we find Im p, < Re p,, whereas
the real and Wmaginary parts are similar at Re p, =1 for k, = 160 /m. These points will be

important inrinterpreting the rfSOL results that follow.

B.““Results from rfSOL

Because the rfSOL results reported here were obtained for a constant density and
magnetic field throughout the domain, the waves in the plasma volume are described by the

usual cold plasma dispersion relation. In the electrostatic limit, this is just Eq. (14). Our previous
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Publishig& lished work25 has verified the rfSOL solutions for various constant density cases. The main
point of interest here is in understanding the interaction of the waves with the sheath boundary
condition in rfSOL using the wave-sheath impedance model as exemplified in Fig. 10. It is
shown that the rfSOL results can be qualitatively understood by examining the value of p, i.e. the
ratio of the sheath and wave impedances.

The plasma-sheath interaction for the same parameters used in Figs. 9 and 10 is shown
for the two k, values, 160 m'! and 40 m-! in the left and right panéls réspectively of Fig. 11. As
the antenna current oc K, is increased for a given k,, it drivesipropertional amounts of plasma
current, thus D, /K . 1s roughly independent of K .., (lowest'panels), From the sheath BC this
means that V.¢/K .y 1s roughly proportional to zg for fixed ks, (ipper and middle panels). Note
also that since D, ~ s- € -E ~ bygE| and the surface funétion by, and g are not varied in this K,y
scan, E| /K,y will also be roughly independent of Kgay (Verified but not shown).

At low voltages (either low peak voltage ofiat'Spatial locations away from the large RF
fields) |V, d/Kpax 1s independent of K, (upper panels)indicating a linear sheath response. At
high voltages the sheath is nonlinear.

The maximum values of normalizéd sheath voltage &, for a K.« scan are summarized
in Fig. 12 for k, = 40, 80 and 160 an"!. “Krom Fig. 10 we see that as & increases, |p| also
increases, passing through |p| ~ 1 for some yalue of & = £;(k,) that increases as k, decreases. For
§ ~ & a sheath-plasma wave (SPW)yesonance is possible, according to Eq. (7), if Re p, = 1 and
Im p, < Re p,. This occurs Mmostdramatically for the k, = 40 m-! case where |p| ~ 1 is also
maintained for a larger range of & than in the larger k, cases. This accounts for the rapid growth
in Fig. 12 of |V, betweén K 4« = 4 and 5 kA/m for k, = 40 m'l: as |V increases, |z | also
increases. When it ingteases‘enongh to make |p| ~ 1 then A becomes large, and hence the self-
consistent value of |Vig‘is also large. For very large &, |p| >> 1 eventually pertains and the
Emax(Kmax) curves ‘pass threugh resonance and again have smaller slopes.

The agfowsjin Fig+12 indicate the approximate location of the steepest slope parts of each
curve; thes€ conditions may be identified with the SPW resonance. For larger values of k,, the
SPW resonanCe shifts to smaller & in qualitative agreement with Fig. 10, and the resonant
behavior in Figw 12 is eventually almost lost for k, = 160 m'! where Fig. 10 indicates a
substantial Im’p, when Re p, ~ 1.

While the theoretical model captures some important qualitative features of these rfSOL
code“suns, there are some quantitative differences. In the rfSOL code, the sheath-plasma
tesonance is also observed for k, = 80 m-!, but not for k, = 160 m-! even though Im p; is similar
to Re p, for those cases, according to Fig. 10. Also the theoretical approach predicts strong wave
amplification at & ~ 8, 16, and 32 for k, = 160, 80, and 40 m-1, respectively, while the rfSOL

code gives the largest slopes at § = 8, 27, 44 for the same respective k, values. The additional
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PUb”Shiﬂlg/ sics in the rfSOL code beyond that in the theoretical mode, as discussed at the beginning of
Sec. V, are likely reasons for these quantitative differences.

These rfSOL results depend on (i) employing a nonlinear z; model that properly accounts

for the changes in zg with sheath voltage, and (ii) a self-consistent solution of the wave properties

in the plasma including the nonlinear z; model. A detailed survey of gheath interactions under

the generalized sheath BC for oblique angle sheaths is presented in Réf. 28,

VI. Electromagnetic effects

As shown in Sec. II, the behavior of the RF sheathsboundary condition changes from
quasi-conducting for |p| << 1 to quasi-insulating for |p| >> ["wyith sheath-plasma wave resonance
possible in the intermediate case where p, ~ 1. Also, as fnentionedipreviously, in the electrostatic
model, yy, and hence p are proportional to the wave-vecter k. Thus as k is varied from small to
large, a full range of regimes is encountered. In practieal-applications, note that k is determined
both by the spectrum launched by the antenna andwy the stale of surface objects that the waves
encounter at the boundary.

However, the situation described in the pievious paragraph is not entirely correct because
the electrostatic model is not valid at small“k; the typical electrostatic validity condition for the
SW is n 2 > g|. To test the qualitative aecuracy of the present electrostatic theory in low k
situations, electrostatic and electromagnetie results are compared in this section.

Unfortunately a semi-analytic, electromagnetic theory analogous to the electrostatic
theory of Sec. II does not appear to be tractable. Not only does the scalar electrostatic
impedance generalize to/a 2x2 impedance matrix, coupling fast and slow waves, but also the
general fourth order dispersion relation for obliquely propagating fast and slow waves is not
analytically solubles Such'a 2x2"impedance matrix would be closely related to the calculation of
connection coefficients for fast and slow waves.!10 Here we adopt a more modest goal:
comparison of clectrostatic and electromagnetic results for the slow wave alone. For the
preceding reasoms, a fully numerical approach is taken here. The method is summarized in
Appendix'D.

Electrostatic and electromagnetic results are compared in Fig. 13 for a range of values of
k... Other parameters are: B=2 T, £ =20, ® =2 Q;, n, = 1010 cm3, ¢ = /2 and the plasma ions
ate deuterium. The usually quoted condition for validity of the electrostatic approximation for
the slowdvave is g/n 2 << 1. For these parameters, this implies the condition k| = (k,>+k,%)!/2
%>0:99 /cm. When k, = 1.6 cm™1, as for most of the examples in this paper, the electrostatic and
eléetromagnetic results are, not surprisingly, essentially indistinguishable. As k, is reduced
noticeable differences are seen. However, although the electrostatic model is not strictly valid for

k; — 0, it captures the qualitative trends for all k;, even those with magnitudes comparable to and
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Publishigdow 0.19/cm. In particular, for small k; the sheath becomes conducting (A — —1) while for
large k; it is quasi-insulating (A — 1) in both the electrostatic and fully electromagnetic models.

Finally, it should be noted that the electrostatic approximation not only introduces

quantitative changes in the slow wave interaction with the sheath, it also eliminates the
possibility of slow-to-fast wave mode conversion. This effect is ingluded in calculating the
electromagnetic results for Fig. 13, and appears not to be qualitatively important, at least for the
illustrated parameters. (The process of fast-to-slow wave mode cehversion by sheath interaction

is another matter, and is often quite important,10,16,19.27 byt is ofigsidéthe scope of this paper.)

VIl. Summary and conclusions

In this paper we have studied the interaction of [electrostatic RF slow waves with an RF
sheath that is described by an effective surface impedange implemented as a sheath boundary
condition. The interaction is controlled by the ratio of wave impedance to sheath impedance,
defined by Eq. (8) through the quantity p;. Lintiting asyimptotic cases of small and large |pj|
correspond to quasi-conducting and quasi-ingulating sheaths.

In general, an incident or incoming wavg 1s both reflected and absorbed by the sheath.
The amplitude A of the reflected waye is“given in terms of p; (j = 1,2), by Eq. (7), which
depends on the incident and reflected wavesmpedances. Once A has been calculated the fraction
of incident power absorbed in the sheath can be calculated for propagating waves using Eq. (27).
For evanescent waves, which §ceur for densities above the lower hybrid resonant density, i.e.
when €, > 0, the amplitude |A[“¢an be larger than unity, indicating amplification of the
evanescent reflected (outgoing)wave. Depending on plasma and wave parameters, the condition
pp = 1 may be approXimately met, in which case |A| >> 1 occurs, a result which indicates a
sheath-plasma wave resofance.

The variations of A’ with plasma density, magnetic field angle, RF wave-vector and
frequency, haye been explored: the main findings are summarized in Sec. IV. D. A case resulting
in sheath-plasma,wave resonance was presented in Sec. V, where the predictions of the semi-
analytical*thedry of the previous sections were compared with and used to understand results
from the rfSOIx¢bde. Finally it was shown that the electrostatic theory of this paper captures the
qualitatiye trends of a fully electromagnetic treatment at least for a low density, perpendicular
(6,| = 1)gheath.

Séveral potentially useful generalizations of the present work are apparent. As already
discussed, a fully electromagnetic treatment accounting directly for the fast wave and possible
sheath-mediated mode-conversions between fast and slow waves would be ideal. In this respect,

it would be most useful to have a semi-analytical approach, along the lines of the present paper,
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AllP

Publishiggrder to gain insight and enable a priori estimation and understanding of different sheath
interaction regimes.

Another useful generalization would be to consider multiple ion species, since more than
one species is often present in ICRF scenarios, deliberately and additionally through unwanted
edge impurities. The theoretical development of this paper remains valid in this case; one would
only have to employ multi-ion species forms of the dielectric tensor‘andithe sheath impedance.
While the former is easily done, a multi-ion species generalization of the“sheath impedance
parametrization, i.e. 2(®,ﬁ,bn,§) is not presently available.

Simulations that self-consistently solve for the RF Aields driyen by an antenna in the
presence of surface sheaths are needed to provide a complete deseription of RF interactions at
the plasma-material interface. The magnitude of the resulting sheath potential and surface power
deposition depend on the regime of RF-sheath interaction. The identification of an appropriate
wave impedance, and a corresponding dimensionlesg parameter controlling these interactions is
the main contribution of the present paper. It is hepedithat the regime and parameter analysis
provided herein may be beneficial in understanding)the results emerging from ongoing RF

simulations and experiments on RF boundary plasma interactions.
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Appendix A: Incident and reflected wave admittance
This appefidix establishes the relationship between y,,; and y,, where indices 1 and 2
enumerate the two roots of the SW dispersion relation. In general yy, is defined by Egs. (9) or

(13) repeated here

= (O] 1
Yw = _Eex .- k= _E[Ska +(8|| —SJ_)kaH +1e €y ‘b xk] (Al)

We will first show that Ree, -g-(k; +k,)=0, ie. that Reyy; = Reyy,. It is assumed
throughout this appendix that k is pure real, i.e. the modes are freely propagating. This is the
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PUb”Shi&gj  situation in which the final result Eq. (A10) is needed, for use in the main text in Eq. (25),

i.e. for propagating, not evanescent modes.
Re ey 8- (kj+ky)=e (ky +kyo)+ (g —e )by (ky+kj2) (A2)

Substituting for k| = bykytbek; for ky ; and kj ; where t represen?/the tangential (y and z)

components which are identical for k; and k, one obtains \
Re ey ¢ (kl + kz) = (kxl + kxz)[SJ_ + (8” - SL)bXKSJ_)bth 'kt (A3)
The dispersion relation, Eq. (14) may be written as SD (g ~€ )kﬁ =0or
~

—-—

<k§+k%)aL+<a”—el)(bxkx+bt-la5) =0 (A4)

Expanding, collecting powers of k, and dividing @ugb)to make the coefficient of k,2 unity
yields po

2k, (g—¢ bb-k‘\kz\; g —&, )by -ky)?
K24 x (8] —€1)byby Cyk (g —L) t2 t) 0 (A5)
8L+(88§)‘\R\ ] +(g—e1 )by

But we also know, by definition, ﬂitil mtS‘Qf this equation are ky; and ky, hence
(

S&}Xo(kx —ky2) =0
\( (A6)
k x1 +kx2)+kx1kx2 =0

X
Comparing coefﬁcier@em of ky in Egs. (AS) and (A6) we have

/ 4 2(g—e 1 )byby k¢
\ x1 tkyxo =-
kyikxo =

£ 8L+(8||—8L)b)2(

Y
The rwxl + ky» 1s exactly what is needed in Eq. (A3) and yields

€] +(8|| _SJ_)b)Zi
) ) (A7)
kie| +(g —&1)(by-k¢)

=~

ﬁ fr—
KUS ReeX-E-(k1+k2)=0 (A8)
w n the other hand, the imaginary parts of y,, are trivially related

Ime, -2-k=¢,e, -bxk=c,e, -bxk, (A9)
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Publishifg; relationship is independent of k, and hence the same for k; and k. Thus we have from
Eq. (A8), Re yy» = —Re yy 1, and from Eq. (A9), Im y, = Im y, or equivalently

Yw2 =—Ywl (A10)

Appendix B: Power balance

In this Appendix, we prove the equivalence of Egs. (25) aw@hat

2 2
Re(yw)( -|A[") = Re(yy)[l AB\ (BI)
The proof is straightforward using Eqgs. (7) , (8) and (A10)~«
4 )
. . . . . L
An explicit result for yy, is not needed. It is sufficienti{o employ
- L v
y M Ywii (B3)

algebraic manipulations, that t K ight hand sides of Eq. (B1) are indeed equal.

Appendix C: Poynti ux and power transfer of overlapping evanescent
modes
It is well wn that“a single evanescent mode cannot carry any net Poynting flux.

However, it is p(?{ible two overlapping evanescent modes to transfer energy between them.
In the evanescent slowsywave examples of this paper the mode which decays towards the sheath
in Fig. 1 ca {%z energy to the evanescent mode that maximizes on the sheath surface and
decays i/\ékipl a volume. In fact, this is the mechanism that enables RF power loss to the
sheathand a endbles amplification of the latter mode by the sheath-plasma resonance.

A simfle example of energy transfer between evanescent modes is illustrated in the
present a dix. We consider perpendicular incidence (¢= 1/2), ky = 0, k¢ = k,e, and hence E,
= 0un théelectrostatic limit. From the dispersion relation for slow waves we find that k,, = -k

%k}&and hence k12 = k% = k2. These assumptions greatly simplify the algebra.
At the location of the sheath, from Eq. (5),

E=—ik, (1-A)e, —ik,(1+A)e, (C1)
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Publishipgm Eq. (20), for a single plane wave ~ exp(ik x+ik,z),

By

1
y=—(,D, ~n,D,) (C2)
n

where in the present geometry with b = e, we have for the incoming waye given by the first term
in Eq. (2): Dy = e, 8-E = —igjks and D, = e,-&-E = —ig k,. The Dy emxdiminates because of
the g factor. When multiple waves are present care must be taﬁt%c:u the incoming and
outgoing waves have opposite signs of k. This accounts for the{change in the sign of the A term
in the x-component of Eq. (C1). Thus taking into account bo w5V n

. ~——
B, ~_Jokyky g|(I-A) (C3)

B kS
Using E, =ik, (1+A") and substituting @nd)Eq. (C3) into the definition of the
Poynting flux given by Eq. (19) yields e

ropping the D, term

Sy =—" kxg|+ce (C4)

@ *
L (150
\
where we approximate k2 ~ ki =k,? S{m%@w wave ordering . In the following we will use

the identity \\
QQQ(I —A)=1-|A] -2iA; (C5)
t

where A; =Im A.
For propagating wa he¢ k vector is pure real and Eq. (C4) becomes
£
/ © 2
/\ Sy =5 (1=[A[Dkyg (C6)

The wave adm )ce for the geometry considered here is, from Eq. (13),

£
®
— / Yw = —4—kX8” (C7)
3 T
ich is real, thus we recover Eq. (25) of the main text
) S, =La- AP Rey (C8)
S o 2 W
On the other hand, for evanescent waves k, is pure imaginary, and we take
ky =ik (C9)
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Publishiggcre « > 0 gives the correct branch for the incoming wave. In this case the surviving term
comes from 2iA;, which physically represents the cross term or power transfer between incoming

and outgoing branches. Thus the power per unit area transferred between the evanescent waves is

P/A, =S, =—42Ai1<g” = A;Imy,, (C10)

T
e“)fjk\&be 1ncom1ng wave

were present, i.e. A — 0, then Sy = 0 as expected.
Power balance may also be proved in this case. For e DSS\CWV es in this example, we

have, from Egs. (7) and (8), noting that p, = —pq,

A=YwiTYs &3 (C11)
1YW1

The sheath power dissipation is still given by éqﬁ)_ale expect that the power transferred
Th

This can be considered as a type of evanescent tunneling. Of co

from the incoming wave is dissipated in the gh occurs if

sr |1 + A| (C12)

where the definitions in Eq. (B3) ar%&there also. After some straightforward algebra which
does not require explicit results fo ys it may be shown that Eq. (C12) holds.

Appendix D: Electr \g)etic model

f the electromagnetlc model employed in Sec. VI are presented.

The first step is{dx\

where m. = /ofand o, ky and k, are specified. Thus the unknowns are the generalized
eigen\(ﬁf:hz and the associated eigenvectors E. (Equation (D1) may be rewritten in the form

of a gencralized eigenvalue problem for k, by splitting it up into the two constituent Maxwell

volume

nx(nxE)+g-E=0 (D1)

equations) for E and B. In this appendix, E and B will always refer to the RF fields.) The
?O»ltjgn provides four normal modes, k(™) and their associated electric field polarization unit
tors e(M), m = 1,4. The four modes are the fast and slow waves, each with two directions of

propagation (or evanescence). Thus the total electric field is expressed as
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Publishing E =3 EMe(m (D2)
m

with as yet undetermined complex amplitudes E(m),
In analogy to the electrostatic procedure, the next step is to specify the incoming wave as
a slow wave and solve a set of equations for the outgoing slow aryast waves. The relevant
t

equations are the definitions of the normal components of the curr

\h{l the RF magnetic
field B,, at the sheath interface on the plasma side, and the tWQﬂlﬁal omponents of the

sheath BC, Eq. (3): \
) H

S.E.(ZE(m)e(m)j:% N (D3)

m

_ ZE(m)kgm) S- n(m)Q(m)"j kt 'Bt (D4)
m

(ZE( e&iktzs}l]n (D5)

S

@% )j-ez —ik,zg ], (D6)

Here, recall that s is the nu.p%"mjl ointing from the surface into the plasma so that J, = J-s.
it n

(We do not use n for the al to avoid confusion with the index of refraction, but retain
the notations n and £ as subsCripts denoting normal and tangential.) Equation (D4) is obtained
from nxE =B by(&)ttin it s, multiplying by k,, and using k,,B,, = —k;-B;. This manipulation is
employed for erical reasons but also possess an aesthetically pleasing symmetry: J, oc
s-kixBy 1s one*goutrce” term, while the complementary quantity kB is the other.

Suppose wedlabel the incoming fast and slow waves as E(1) and E(2) respectively, where
plication E1) = 0 and E@) = 1. Then Egs. (D3) — (D5) are solved for J,, k¢B,,

ER) and E@®\ where EG) and E4) are the outgoing fast and slow waves, respectively. The

e@a ic result plotted in Fig. 13 is obtained as
5 4) (4
~ E( )eg )

-

in the presen

analogous to the ratio of outgoing to incoming electrostatic potentials for the slow wave defined
by the amplitude A in Eq. (2).
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Figure Captions

Fig. 1. Geometry of the model showing an incident (right-propagating) wave (subscript
1) and a reflected (left-propagating) wave (subscript 2) on a semi-infinite domain. The
sheath boundary condition is imposed at the right side of the dofnain and the magnetic
field is at an oblique angle to the sheath. The model is periodi in‘ﬂm y and z directions.

In this paper the magnetic field B is in the x-y plane. \

Fig. 2. Variation of the dimensionless sheath imp a@ _gv_izh dimensionless wave
frequency. Other parameters are b, = 0.2, Q= 0.1, £=<10."Some structure is seen at the
ion plasma frequency ® = 1 and at the ion cyclotron equet#y &= Q=0.1. See Ref. 22
for a detailed explanation. [A@iated dataset available at
https://doi.org/10.5281/zenodo.2533415] (Ref29). L.?

Fig. 3. Properties of the elew te.” slow wave for the parameters
¢0=04,B=2T, 0 =20, ky =0.2/cm, ~}1~.6/cm, € =20. Shown are: (a) the solution
of the dispersion relation for k3 ‘(b)7th corresponding x-component of the group

{

velocity, and (c) the sheath to e impedance ratio defined by Eq. (8). In these plots Re
(Im) parts are shown as solid (daShed) lines and the color scheme is consistent across all
the panels. The incoming chiis labeled and shown in red. [Associated dataset
available at https://doiorgil0.5281/zenodo0.2533415] (Ref. 29).

Fig. 4. Contour ofmw plane of density and magnetic field angle near the lower
hybrid reson %1‘;' (log¢ ner y/cm3 = 10.5) for the parameters B = 2 T, o = 2€Q);,

m, k, = 1.6/cm, & = 20. Small ¢ corresponds to grazing incidence.

labelled by  |A|. [Associated  dataset  available  at
. \,940.5281/zenodo.2533415] (Ref. 29).

ariation of |A| with density for ¢= 0.15 radians, i.e. a cut of Fig. 4 over a larger

Sthg lower hybrid resonant density where ¢€; = 0. [Associated dataset available at

\ nge/of densities. Other parameters are the same as in Fig. 4. The thin gray line indicates

https://doi.org/10.5281/zenodo.2533415] (Ref. 29).

b
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Publishing Fig. 6. Upper panels: maximum (solid line) and average (dashed line) values over
density and angle of f, and |A| vs. ky. Lower panels: the density in units of 10! cm-3
and angle at which the maxima occur for f,, (black line) and |A[ (red line). A thin gray line
marks the LH resonant density. See the text for base case parameters and additional
discussion. [Associated dataset available at https://doi.org/10.5281/zenodo.2533415]
(Ref. 29)

Fig. 7. Real (solid) and imaginary (dashed) parts of p for the‘case @ = 20 €; with all other
parameters at their base case values and ¢ = 0.4, k, = 0.24The twosets of lines are for the
two branches, incoming and outgoing, with incoming shewfi tn<ted. [Associated dataset
available at https://doi.org/10.5281/zenodo.2533415] (Ref. 29):

Fig. 8. Maximum values over density and anglewf fp (upper panel) and |A| (lower panel)
vs. ky for the four cases discussed in the text."Notethat [A| is only shown for the cases
that admit an evanescent SW splutign. JAssociated dataset available at
https://doi.org/10.5281/zenodo.253344 5] (Ref, 29).

Fig. 9. Sample rfSOL domain and selution.showing Im E| /Ky, for the parameters n, =
1x1018 m3, By, = 4 T, k, = 40/m, o2t = 80 MHz, T, = 15 eV and K, = 5 kA/m.
The dark black line at x ="2,26.mis the RF antenna. The sheath boundary condition is
applied on the wall with the bump at the right end of the domain. [Associated dataset
available at https://doi.org/10.5281/zenodo.2533415] (Ref. 29).

Fig. 10. Real ($olid) andsimaginary (dashed) parts of p for k, = 160/m (blue), 80/m
(green) and 40/m (red)The sheath-plasma resonance occurs at p = 1. The two sets of
lines for edch case are for the incoming and outgoing branches. For each k,, the outgoing
branchsj = 24n the notation of Sec. II A, is the one with a positive real part leading to
resonant ¢ behavior in  Eq. (7. [Associated  dataset  available  at
https://doi.org/10.5281/zenodo.2533415] (Ref. 29).

Fig. 1l. Spatial structure along the sheath surface of various quantities: RF sheath voltage
(upper), sheath impedance (middle) and normal displacement D,, proportional to sheath
current density (lower) for k, = 40 m-! (left) and 160 m-! (right). Results are shown for a
sequence of values of antenna driving current K. ,.. See Fig. 9 for the simulation
geometry. [Associated dataset available at https://doi.org/10.5281/zenodo.2533415] (Ref.
29).
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Publishing ig. 12. Maximum values of normalized sheath voltage &, vs. antenna current K, ,,, for
k, = 40, 80 and 160 m-!. The arrows indicate the approximate locations of the large slope
regions of the curves, from which the corresponding values of §,,, may be ascertained.
[Associated dataset available at https://doi.org/10.5281/zenodo.2533415] (Ref. 29).

Fig. 13. Electrostatic (solid) and electromagnetic (dashed) results/o‘h%‘, Im A and |A|
for the cases k, = 160/m (red), 20/m (blue), 0/m (black). Note a?)or small k; the sheath
becomes conducting (A — —1) while for large k; it is
[Associated dataset available at https://doi.org/10.5281/z

vasi<insulating (A — 1).
415] (Ref. 29).
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