Inertial instabilities in a microfluidic mixing-separating device
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Combining and separating fluid streams at the micro-scale has many scientific, industrial and medical appli-
cations. This numerical and experimental study explores inertial instabilities in so-called mixing-separating
micro-geometries. The geometry consists of two straight square parallel channels with flow from opposite
directions and a central gap that allows the streams to interact, mix or remain separate (often also referred
to as the H-geometry). Under creeping-flow conditions (Reynolds number tending to zero) the flow is steady,
two-dimensional and produces a sharp interface between fluid streams entering the geometry from opposite
directions. When Re exceeds a critical value, one of two different supercritical, inertial instabilities appears
which leads to significant changes in the flow pattern and an increased level of interaction between the two
streams, although the flow remains steady. The exact form of the instability is dependent on the gap size and
Reynolds number and we identify two distinct instabilities, one of which appears in devices with large gaps
and another which appears in devices with small gaps. At intermediate gap sizes both instabilities can occur
in the same device (at different onset Re). The experimental results for one gap size are used to validate our
numerical method, which is then applied to a wider range of gap sizes. The results suggest that gap size is of
primary importance in determining the type of instability that occurs. With a judicious choice of gap size,
the instabilities can be exploited (or avoided) in scientific, medical or other microfluidic applications.

nano-scale flows is the microfluidic mixing-separating cell

Microfluidic devices have had a significant impact
on the biomedical, pharmaceutical, food and chemical
industries!. With the increasing use of micro- and nano-
scale devices across the biomedical industry, especially
within biomedical diagnostics and chemical fields' ™, the
ability to mix two fluid flows or manipulate particles on
the micro- and nano-scale has become an enticing field
of research. Due to the necessarily small scale of these
devices (< 1000um), inertial forces are usually small,
and laminar flow is predominant. Consequently, the
fluid mixing process in the micro-geometries often re-
lies on molecular diffusion, which is notably inefficient
when compared to turbulent convective mixing!®. Ad-
ditionally, biological and chemical analysis is typically
concerned with molecules and bio-particles with small
dimensions. Subsequently, positioning and separating
particles in micro and nanofluidic devices creates many
challenges?©. Different devices (or geometries) have his-
torically been tested to improve mixing performance and
characterise flow behaviours providing a greater under-
standing of the governing mechanisms at this scale, as
well as the possibilities within this field of research.

Microfluidic devices have previously been tested both
experimentally and numerically across a variety of ge-
ometries such as: a T-shaped planar channel with two
square opposing inlets and a perpendicular outlet of equal
combined area, i.e. maintaining a constant bulk velocity
in each channel arm”; a serpentine curved channel where
the fluid motion is in a different direction to the axis of
curvature due to the existence of a secondary motion®; a
cross-slot — planar crossed channel in which two opposed
incoming fluid streams impinge on each other, and leave
through opposite channel exits? !!; and another simple
configuration with potential applications in micro and

(also referred to as the H-geometry) — two straight square
parallel channels with flow from opposite directions in-
teracting through a central gap that allows the streams
to mix or remain separate!?. When compared to a cross-
slot, a mixing-separating cell shows many similarities in
the fluid motion. The cross-slot device with one pair of
aligned arms rotated by 90° towards the other pair would
lead to a mixing-separating cell with v2H gap size at
the centre of the device (where H is the height=width
of the channel). It is well known that cross-slot devices
are sensitive to an inertial instability at modest Reynolds
numbers'3. This instability can often be employed to en-
hance mixing and heat transfer, offering an efficient al-
ternative to geometry modification or external forcing'?.

In this work we explore the inertial instabilities and
changes in flow topology in a mixing-separating microflu-
idic device. We perform both experiments (using flow
visualisation) and numerical simulations in a specific ge-
ometry with a gap size of five times the channel height
(¢ = 5H). Finding good agreement between the experi-
ments and simulations, we further utilise the simulation
technique to explore the effect of varying the gap size (g).
We demonstrate that both the nature of the instability
and the Re at which it occurs varies as the gap size is
changed.

A. Passive mixing using microfluidic devices with
impinging flow streams

Micromixers homogenise fluids in small volumes (nano-
or microliters), very limited space and satisfactory time-
scales'®. Active mixing schemes implement an external
force to the microfluidic mixing system other than the
fluid flow, typically by way of a mechanical transducer.



Ultrasonic transducers have been shown to improve the
mixing performance in mixers by stirring the samples.
This method of external excitation generates consider-
able heat in addition to the system, which alters the
reactivity between materials and is difficult to account
for in analysis'. Passive microfluidic mixers, studied in
this paper, rely on fluid mechanical behaviour induced
by geometry and the physical properties of the flow to
enhance mixing. As the fluid flow passes through such
devices, inertia-driven instabilities induce mixing. There-
fore, by studying this complex effect on the flow, stability
diagrams can be constructed, and more efficient mixing
devices proposed. In a different application, studies sug-
gest the use of laminar vortices for particle entrapment,
and it has appeared as an attractive biomedical tool. In-
vestigations on a vortical flow cell separation platform
show that finite size cancer cells could be captured in
a confined cavity microfluidic device as an effect of hy-
drodynamic forces on vortical laminar flow. As the red
blood cells are almost unaffected by these forces due to
their small size, the device represents a biomedical ap-
plication for the inertial instability as it can isolate the
cancer cells from blood for liquid biopsy%16.

Many investigations”™!7 24 on a micro T-shaped mixer

were performed to improve fluid mixing between two
streams flowing at a “low” Reynolds number (Re < 200).
This design has flow entering the channel from two op-
posite inlets and then reaching a stagnation point before
turning 90° and being expelled down the outlet channel.
At a critical Reynolds number a symmetry-breaking bi-
furcation occurs?®. The behaviour of the flow after this
instability has been shown to increase the mixing per-
formance within microfluidic devices?®. Three different
regimes of laminar flow (symmetric stratified flow, sym-
metric vortex flow, and, beyond the instability, the so-
called engulfment flow regime, which is asymmetric) were
observed depending on the Reynolds number in the out-
flow mixing channel”!7:19:20 " Sarkar et al.?” conducted
numerical simulations to evaluate mixing performance
when varying the angle of the opposing inlet channels
in a T-junction microfluidic device. The computational
approach has been validated using experimental and the-
oretical data. The results suggest that mixing perfor-
mance is found to be dependent on the angle between
the two inlet arms.

The cross-slot geometry consists of perpendicular, bi-
secting channels with opposing inlets and outlets. This
arrangement creates a flow field with a stagnation point
located at its centre?®. The design is simple, allows
ease of control, and has motivated an extensive range
of applications in several scientific fields for the mixing
of fluids®'%2930  For Newtonian fluid streams imposed
at opposite inlets a flow bifurcation occurs at a criti-
cal Reynolds number, the flow remains steady, but be-
comes asymmetric, and a spiral vortex develops as the
two streams spiral around each other (rather like the en-
gulfment flow regime in the T-channel)'*. For this type
of instability, the maximum transverse velocity compo-

nent on the horizontal centreline at the centre of the cross
is commonly used as a bifurcation parameter as it is zero
before the onset of the instability and becomes non-zero
when the vortex appears!31431,

Results from previous work on the cross-slot show
that the instability exhibits hysteretic behaviour, and
the symmetry-breaking bifurcation is a subcritical
pitchfork!4.  The critical Reynolds number encoun-
tered when increasing Re and decreasing Re is different.
Haward et al. 3, Burshtein et al. 32, and Zografos et al. 3!
reported similar critical Reynolds numbers (Re. ~ 40)
with decreasing Re when using a cross-slot geometry
with aspect ratio, AR = 1 (squared ducts). While for
increasing Re, the onset of the instability occurred at
Re. ~ 46'3:31, Notably, the hysteresis in the numerical
simulations depends on the level of noise and therefore
on many factors (for instance, the numerical solver, nu-
merical method, and mesh size applied).

A variation of the cross-slot geometry is a device with
an X-shaped junction where the angle between inlet and
outlet channels is less than the 90° of the cross-slot. This
has been studied by experimentally by Cachile et al.33
for angles between 10° and 90°.

Their primary focus
was the proportion of fluid from each inlet reaching each
outlet and how this varied with the geometric angle of
the X-shaped junction. Recently Correa et al.3? stud-
ied an X-geometry where the channel cross-section was
circular, unlike the square (or rectangular) cross-section
studied in our (and much of the previously discussed)
work. They investigated several angles between 15° and
90° using three-dimensional (3D) simulations. A variety
of vortical structures were observed depending on the an-
gle of the junction and the Reynolds number. Just like
the cross-slot is the extreme case of an X-junction where
the angle between the channels is 90°, it is notable that
the mixing-separating geometry we study here is an ex-
treme case of the X-geometry where the angle is 0° (or
180° depending on your point of view). However, the
mixing-separating geometry was not considered by Cor-
rea et al.3* or Cachile et al.33.

B. The mixing-separating device (H-geometry)

Previous work on mixing-separating cells, shows that a
vortical behaviour occurs and becomes more complicated
with increasing Reynolds number. Originally proposed
by Cochrane, Walters, and Webster3® and Walters and
Webster 3¢, numerical simulations (1 < Re < 50) showed
that the size and strength of a central vortex increased
as Re is increased, eventually splitting into two vortices
at a relatively high Re. It was found that a wider central
gap (g) encourages flow to reverse its direction and exit
from a different outlet36. This means the fluid tends to
cross from one channel to the other. Experimentally,
laser flow-visualisation results were limited to a small
range of Reynolds numbers (Re < 8) for a wide-gap (five
times the height of the channel, ¢ = 5H = 25mm) and



for a medium-gap (g = 3H = 15mm), Re was limited to
25. The experimental apparatus consisted of peristaltic
pumps to drive the flow and a catch-and-weigh apparatus
to determine the flow rate. The channels were made of
aluminium with height of 5mm and depth of 20mm. The
unavailability of a very refined mechanism for controlling
the flow rates with sufficient accuracy was reflected in
unbalanced flow streams within the inlets which resulted
in differences between numerical and experimental data
Walters and Webster 3°.

Humphrey and Li3" presented an unusual character-
istic of the flow inside the mixing-separating cell while
increasing Re (300 < Re < 1000) experimentally from
a stationary state (from rest). By using water and
methylene blue as a dye, a tilted interface delineated
the streams a few seconds after starting the flow from
rest. This two-dimensional (2D) interface soon trans-
formed into a 3D unsteady flow. The authors suggest
that transverse pressure gradients imposed by the main
motion are responsible for the inclined (tilted) flow inter-
face at low Reynolds number, and the three-dimensional
phenomenon appears as a consequence of spanwise vortic-
ity. Motivated by this experimental outcome, Humphrey
et al. 38 used a numerical technique to extensively inves-
tigate the vortical behaviour previously noticed in their
work. The study was limited to relatively high values
of Re (100 < Re < 300) where the flow is unstable and
time-dependent.

The overall aim of the present paper is to harness a
greater understanding of the inertial flow instabilities
when varying the gap size in a mixing-separating mi-
crofluidic device (hence low Re). The characterisation of
the flow before and after the bifurcation helps to predict
the flow topology and locate the position and orienta-
tion of vortex structures within the device, which conse-
quently benefits the design of microfluidic devices to ma-
nipulate flow conditions using laminar vortices (e.g. for
particle entrapment or mixing).

Il. EXPERIMENTS
A. Experimental set-up

A schematic diagram of the experimental rig is shown
in figure 1. The channels were micro-machined using
CNC machining in brass and encased in polyoxymethy-
lene (an insulating material also known as ACETAL).
A 6.5mm thick upper wall fabricated from borosilicate
glass provides a good seal and optical access. Each chan-
nel cross-section is square, H = W = 500um + 1um, the
gap is ¢ = BH = 2.bmm, and the wall separating the
channels is a = H/5 = 100pgm. The rig is mounted on an
inverted microscope (DMI, Leica Microsystems GmbH)
fitted with a filter cube (excitation BP 530 — 545nm,
dichroic mirror 565nm, barrier filter 610 — 675nm, Le-
ica Microsystems GmbH). A pulsed Nd:YAG laser (Solo-
PIV III laser, wavelength 532nm, 50mJ per pulse, New

Wave Research) is used to excite the dyed fluid, and a
CCD camera enables direct observation of the x—y plane.
(The origin is placed at the geometric centre of the de-
vice.) The camera field of view (FOV) is 3.2mm x 2.4mm
and thoroughly covers the central region of the device
containing the gap. The camera is synchronised with the
laser at a repetition rate of 8.875Hz. All images shown in
this work were captured using an 8x microscope objective
(Leica Microsystems GmbH).

The cross-section dimensions of the mixing-separating
cell flow device were quantified using a Nikon EPIPHOT
TME inverted microscope with 100 times magnification,
235 pixels = 500um. The combined length of the channel
inlet and outlet is 80H (L = 40+0.1mm) to ensure fully-
developed flow at the central region of the geometry for
all Reynolds numbers studied®”. Four cylindrical holes
(with a diameter and depth of 10mm) at the end of each
arm of the mixing-separating cell were drilled and tapped
so that pressure tappings could be incorporated.

Flow through the microfluidic system was driven using
two identical pressure vessels, which are connected to a
compressed air supply. Both pressure vessels were main-
tained at room temperature. The flow rate was measured
for each inflow using a metal tube flowmeter (3750A Ar-
Mite Low Flow Armored Flowmeter, BROOKS). Accord-
ing to the manufacturer, the flowmeter measurement ac-
curacy is 5% of the full scale. The metal tube flowme-
ter was experimentally calibrated by comparison to a sy-
ringe pump (PHD Ultra Harvard Apparatus), which has
a certified accuracy of 0.35%, in the range 3 — 80ml/min.
This comparison indicated that the flow rate obtained
using the metal tube flowmeter shows good agreement
with that obtained using the syringe pump, with an av-
erage deviation of approximately 3.5%. The liquid flows
through the device and is ultimately ejected into the col-
lecting container. The collected liquid is then weighed
instantaneously as a function of time W (t) by a Met-
tler Toledo (Delta Range, TOLEDO) SB16001 balance
(sampling rate of 5Hz and uncertainty +0.1g at range of
3200g or below) connected to the computer via a serial
port (RS-232C), allowing for a precise measurement of
the amount of working fluid collected for a known time.
The time-averaged fluid discharge rate (rn) is estimated
as AW/At. The mass balance technique provides a very
accurate measurement of the flow rate through the de-
vice, whereas the two flow meters are used to balance the
flow rate of the two streams during the experiment. This
balancing is non-trivial, but it is important as it was ob-
served that a slight imbalance in the flow rate between
the two streams could significantly affect the resulting
flow.

A diaphragm-type differential pressure transducer
(DP15-26, Validyne Engineering) with a quoted full-scale
accuracy of +0.25% was employed for measuring the
pressure differential between the inlet and outlet of the
channel cells combined with a flexible Tygon tube (in-
ternal diameter 1 mm). A diaphragm-sensing element
model 3 —42 with pressure range 0 — 140kPa was utilised
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FIG. 1. (a) Schematic of the microfluidic mixing-separating device (not to scale). (b) An exploded view of the microfluidic
device. (¢) Photograph illustrating the fully assembled experimental rig.

for the pressure-drop measurements. The voltage output
for the pressure transducer, which was digitised using
a Validyne CD223 digital transducer indicator, was sam-
pled by an analogue-to-digital converter (ADC) at 100 Hz
for 60 seconds. The pressure transducer was calibrated
at periodic intervals using air against an MKS Baratron
differential pressure transducer (MKS Instruments Inc.
USA). Minor pressure losses (the inlet and outlet mani-
folds and corresponding sudden contraction and expan-
sion) associated with the measured pressure drop are es-
timated using the traditional relationships used in micro-
scale?®4! where the percentage of these losses to the ma-
jor pressure drops ranges from just 0.11% at a low flow
rate to 2.3% at a high flow rate. Thus, the pressure drop
across an individual inlet/outlet pair was approximately
equal to that across the mixing-separating device itself.

The flow visualisation technique consists of pumping

dyed fluid (see §IIB) from one of the inlets while undyed
fluid is pumped in the other inlet; both inlets are kept
at the same flow rate (monitored by the flow meters
on each arm). Fluid motion starts from rest and, af-
ter reaching steady-state conditions in approximately 10
seconds, at least fifty images were captured for each mea-
surement. As the flow at all conditions investigated was
steady, these fifty individual images were essentially iden-
tical (except for measurement noise). However, fifty im-
ages were always taken to check that the flow was time-
independent (as we did not know a priori the Re at which
time-dependent flow would occur). They could also be
used to average away random noise (which was minimal).

The Reynolds number of the flow is defined in equation
(1), based on the bulk velocity (U, = m/pH?) and the



TABLE I. The measured values of density and viscosity of
the working fluid in the range of temperatures relevant to the
experiments.

Temperature Density (p) Viscosity (u)

°C kg/m® Pa.s
20 1183.6 0.0215
22 1183.1 0.0201
24 1182.5 0.0186

channel height (H),

o pUbH
7’

Re

(1)

where p and g are the density and the dynamic viscosity
of the working fluid respectively.

B. Working fluid

The working fluid used for the experimental measure-
ments was a mixture of glycerine (relative density 1.26,
ReAgent Chemical Services) and distilled water with
a nominal concentration of 70 per cent glycerine (by
weight). Rhodamine-B (ACROS Organics) was used as
a fluorescent dye to enable flow visualisation*?4*. The
dyed fluid was prepared by dissolving 0.05g (500 ppm) of
Rhodamine-B in one litre of working fluid. The density
(p) and viscosity (u) of the mixed solution were mea-
sured at room temperature (varying from 20°C to 26°C)
as shown in table I. A density meter (Anton Paar DMA
35N) with a quoted precision of 0.001g/cm® was used
for quantifying the fluid density. A controlled-stress tor-
sional rheometer (Anton Paar MCR302) was utilised to
measure the fluid viscosity using a 60mm and 1° cone
with a shear rate range from 1s~! to 100s~! (there was
no variation of viscosity with shear rate as expected).
The measured values of the density and dynamic viscos-
ity are given in table I.

11l. NUMERICAL SIMULATIONS

Numerical simulations were performed to match the
gap size and conditions of the experimental mixing-
separating device in order to validate the method. Sub-
sequently, devices with a variety of gap sizes were investi-
gated solely numerically in order to explore the influence
of gap size.

A. Governing equations and numerical method

The fluid flow was assumed incompressible, isother-
mal, laminar, single phase, and steady-state. The fluid

properties are assumed constant and temperature inde-
pendent. The governing equations for continuity (Eq. 2)
and momentum (Eq. 3) are:

V-u=0 (2)

p(u-Vu) = —Vp + uViu (3)

where p and p, constant physical properties, represent
density and dynamic viscosity respectively, u represents
the velocity vector and p represents the pressure.

The computational domain consists of two opposed
square channels interacting through a gap of non-
dimensional width = g/H in the middle of a thin sepa-
rating wall of non-dimensional thickness a = a/H (refer
to figure 1). The combined length of the inlet and outlet
channels was defined as 80 times its height (L = 80H).
This length ensures that the flow is hydrodynamically
fully-developed before it reaches the region of interaction
for all Reynolds numbers studied?’.

The simulations were carried out using the finite-
volume method within ANSYS Fluent Workbench ver-
sion 14.5.7%5. A modified SIMPLE algorithm developed
by Patankar and Spalding® was employed for solving the
equations in discretised form (pressure-velocity coupling
scheme). The equations of momentum are solved with
a second-order upwind scheme. A Neumann boundary
condition (zero diffusion flux for all flow variables and an
overall mass balance correction) was used at the outlets
and no-slip conditions at all the walls. All the simula-
tions were iterated until the convergence criteria of all
relevant residuals fell to less than 10710,

Preliminary simulations were conducted with identical
conditions to the experiments. The density and viscos-
ity were constant and equal to the experimentally mea-
sured values (table I). Subsequently the system was
non-dimensionalised, such that arbitrary reference val-
ues could be used, and it was found (as expected) that
the non-dimensional system produced identical results to
the simulations that matched the experiments. All fur-
ther simulations were conducted with the arbitrary, non-
dimensional system.

B. Computational meshes

A mesh refinement investigation was conducted to es-
timate the numerical accuracy of the simulations. A pre-
liminary series of simulations were carried out with five
different uniform hexahedral (all quad) computational
meshes (shown in table II). The different meshes vary
the number of cells across the cross-section with grid res-
olutions at the y — z plane of 10x10, 20x20, 25x25, 30x30
and 50x50. Along the channel length (z direction), a
fixed number of 100 cell divisions was applied accompa-
nied by a biased refinement rate towards the geometry
centre (bias factor, the ratio of the largest edge to the
smallest edge, of 100:1). At the centre of the geometry,



TABLE II. Mesh convergence study. The error represents the
percentage error between the value of vmaz/Up for the mesh
compared to the value of vmaz/Up using the most dense mesh
tested (M5).

Mesh Cross-section vimae /Uy Error (%) Number of cells

1 10x10 1.387 5.73 84000

2 20x20 1.450 1.48 380000

3 25x25 1.457 0.96 593750

4 30x30 1.464 0.51 855000

5 50x250 1.471 - 2375000
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FIG. 2. The profile of v/U, along the length of the gap (cen-
treline along z-direction at y = 0 and z = 0) for the different
meshes at a fixed Reynolds number (Re = 30). The inset
zooms into the region around the maximum value of v/Us.

where the gap is located, the grid is most refined and all
control volumes are cubes.

Figure 2 shows the variation of the velocity profile asso-
ciated with the v-component of velocity (i.e. the velocity
component in the y-direction) with increasing mesh re-
finement for a typical simulation (Re = 30). The values
were obtained along the gap horizontal centreline on the
x — y plane at z = 0 and normalised by the bulk veloc-
ity (Up). The chosen criterion to determine the accuracy
is the maximum value of the v across the gap between
the channels (vyq./Up). Firstly, it can be noted that
the variation of vy, /Up between the meshes becomes
less than 1% when increasing the number of cells above
600,000 in the cross-section. The study revealed that
mesh M4 had suitable characteristics for further simula-
tions due to the low percentage error (0.51%) and reason-
able number of cells (855,000) considering computational
expense (see table II).

C. Bifurcation parameters and vortex identification
method

A flow bifurcation parameter is required to define when
an instability occurs and to characterise its nature. In
a cross-slot micro-device, Haward et al.'® adopted the

maximum transverse velocity component, w (i.e. the ve-
locity component in the z-direction), recorded along the
horizontal centreline on the central plane as an instabil-
ity growth parameter (Wyq./Us), which adequately de-
scribed the onset and the evolution of the instability as
the transverse velocity field breaks its symmetry after the
bifurcation and a complex three-dimensional (3D) spiral
vortex structure develops. However (as will be shown),
this method is inadequate to define all the instabilities
we discovered in the mixing-separating device.

An additional bifurcation parameter is used in this
manuscript in order to characterise instabilities that are
not manifest in Wpa./Up. The vortex identification
method proposed by Zhou et al.%7, called the swirling
strength criterion, has been utilised as it can adequately
identify vortex structures in the flow. Using this method,
the imaginary part of the complex-conjugate eigenvalue
of the velocity gradient tensor (A ) can be used to iden-
tify the presence and strength of a swirling motion. We
interrogate the flow for vortices on the z-y plane (z = 0)
of the geometry in the region of the gap, hence the local
planar (2D) velocity gradient tensor (Vu) in Cartesian
coordinates is defined as,

du  Qu
_ oxr O
Vu= |35 3 |-

(4)

dx Oy

In this work, we use this technique to identify and
quantify the vortices associated with one of the insta-
bilities in the mixing-separating device. By considering
the maximum normalised strength of this swirling mo-
tion, quantified by A\.;H?/v, (where v is the kinematic
viscosity of the working fluid, i.e. p/p) in the plane of
interest, one can adequately quantify the onset and the
evolution of the instability with varying Re.

IV. EXPERIMENTS AND SIMULATIONS USING A
WIDE GAP (g = 5H)

A. Friction factor

The pressure drop (Ap) between inflow and outflow
arms (after subtracting the minor pressure losses as al-
ready discussed in §ITA) and mean fluid flow veloc-
ity (Up) were experimentally measured to determine the
Darcy friction factor-Reynolds number product, fRe:

(5)

where L is the combined length of the inflow and out-
flow channels. The experimental measurements of fric-
tion factor-Reynolds number product versus Reynolds
number are shown in figure 3. The uncertainty of fRe
(denoted by error bars), which is associated with the
measurement error of each term in Eq. 5, is carefully
estimated by following the same methodology adopted
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FIG. 3. Friction factor-Reynolds number product (fRe) as a
function of Reynolds number for a mixing-separating device
with ¢ = 5H. For Re < 5, there are large relative uncer-
tainties. Above Re = 5 the experimentally measured values
agree well with the numerical simulations and the theory for
a straight square channel

in Abed et al.'*. The minimum and maximum uncer-
tainty values of fRe are 1.7% and 11.6%, respectively.
The large relative uncertainties occur at low flow rates
where the small pressure drops generate a significant de-
gree of error (approximately 90% of the total error of the
fRe when Re < 5). Dimensional inaccuracies (particu-
larly in measuring H) also play a significant role in the
determination of fRe048,

The experimental measurements of fRe were com-
pared to the conventional theory for a fully-developed
flow in a straight channel of a square cross-section
(fRe = 57 in laminar flow, Shah and London4?). When
Re > 5, the measurements show acceptable agreement
with this theoretical value. In this range, the maxi-
mum deviation between the measured values of fRe and
Darcy’s equation is within 3%. The results for Re > 5
are also in good agreement with the numerical simula-
tions (which agree with the theory as expected). The
pressure drop in the mixing-separating device therefore
behaves essentially as flow in a straight channel and any
additional pressure loss due to the gap, even after the on-
set of the instability (Re > 30), is small and within our
measurement uncertainty. For very low Reynolds num-
bers (Re < 5), there is a significant degree of error in the
measured pressure-drop data which can be attributed to
the large relative uncertainties at low flow rates and small
pressure drops.

B. Visualisation of the base flow

Figure 4 shows flow visualisation using one inlet stream
dyed with rhodamine (white) and one inlet stream
undyed (black) with the simulated flow pathlines at z = 0
superimposed. The numerical simulations and experi-
mental results show virtually identical flow patterns indi-
cating a very good agreement between the two methods.

FIG. 4.

Experimental flow visualisation images with one
rhodamine-tinted stream (white) and one undyed stream

(black) prior to the onset of any instability. (a) Re = 2,
and (b) Re = 29. The experimental visualisations are super-
imposed with pathlines at the centre plane of the geometry
from the equivalent simulations.

For a range of Re from 2 to 29, experimental and numer-
ical results clearly show the majority of the fluid reverses
through 180° in order to exit the device and only a small
amount of fluid takes a path straight through the “H”.

A distinct tilted interface between the dyed and
undyed streams is visible for Re < 29. The effect of
incrementally increasing the Reynolds number from 2 to
29 increases the angle of the interface with respect to the
x axis. Figure 5 shows the evolution of the interface with
increasing Re. By using the raw grey-scale image, bina-
rising, cropping to the gap width and applying an edge
detection technique, the interface between the two fluid
streams can be located (see figure 5b-d). A small devi-
ation in the flow balance between the two streams pro-
duced minor variations of the interface position within
the “H”, hence Xy and Yj represent small adjustments
to relocate the interface to the geometric centre for all
Re to enable a proper comparison.

Under approximately creeping flow conditions, the vast
majority of the flow turns around the corner of the sep-
arating wall and only a small part of the flow heads
straight down the outlet of the channel, dividing the in-
let flow stream in two at the stagnation point. With
increasing Re, the interface between flow streams at the
gap becomes more inclined and, consequently, more and
more fluid reverses its direction. Above Re = 29, when
the interface is approximately coincident with the y-axis,
a vortex appears at the centre of the mixing-separating
cell indicating the onset of an instability, although the
flow remains steady.



FIG. 5. (a) The interface between the two fluid streams for
different Re obtained using edge detection, showing an in-
crease in interface angle (with respect to the z-axis) with
increasing Re. Image processing phases identifying edges be-
tween the two streams at Re = 2: (b) raw figure, (c¢) binary
image and (d) edge detection.

C. \Visualisation of the inertial instability

Figure 6 shows experimental flow visualisations and
simulated streamlines for Re from 29 to 60. At Re = 30,
just above the onset, a single vortex is present spanning
the entire width of the cell. With increasing Re, it divides
into a pair of co-rotating vortices (as in the numerical
example shown at Re = 40). Figure 6d illustrates the
vortices when Re = 60. Noticeably, with increasing Re,
the two vortices separate. It is important to note that
the flow remains steady and the vortex structure does not
change in time for a fixed value of the Reynolds number.
Unlike in the base flow, where a small portion of the flow
passed straight through the device, after the onset of the
instability, none of the flow takes the path to opposite
exit, in addition there is a far greater mixing of the two
streams due to the central vortex (or vortices at higher
Re).

The results from numerical simulations and experi-
ments agree well regarding the onset (Re.) of the in-
stability. However, one can observe small deviations in
the comparative flow visualisations, particularly an ab-
sence of perfect rotational symmetry in the experimental
results for Re = 30 and Re = 40 (figure 6). A small
discrepancy in the flow balance between the two inlets
explains this lack of symmetry. Precise matching of the
flow rates on the different inlet channels to a high level of
accuracy is not straightforward (despite the use of sepa-
rate flowmeters on both inlets), whereas for the numerical
simulations it is trivial to set identical boundary condi-
tions and therefore obtain the perfect rotational symme-
try.

As suggested by Humphrey et al.3® and verified by
our present numerical work, for a large enough Reynolds
number (Re > 185) the flow becomes time-dependent.
However, a detailed study of the time-dependent be-
haviour of this flow is beyond the scope of the present
work, particularly as we are mainly interested in flow at
low Re.

D. Characterisation of the instability from experiments

To quantify the onset and growth of the instability in
the experimental data, the method suggested by Stroock
et al.®, and also employed by Haward et al.!®, was
adopted to evaluate the level of interaction between the
incoming fluid streams (M) in the central region of the
device. By computing the root-mean-square (RMS) of
the pixel intensity variation within the vortex region of
the experimentally obtained images such as those shown
in figure 6, we quantify the amount of interaction be-
tween the two incoming streams within the gap region
as,

G- )

n

M = (6)
where I; is the grayscale intensity value at pixel i, and
() indicates an average across all n pixels in the defined
area of interest (example shown by yellow box in figure
6b).

Figure 7 presents the experimental quantification of
the interaction between the two streams (using this M-
parameter) as a function of the Reynolds number for the
mixing-separating device with ¢ = 5H. At Re close to
the onset of the instability the growth of M follows the
square root behaviour typical of a supercritical instabil-
ity. The square root fit included in figure 7 is very good
up to Re ~ 40, corresponding to (Re — Re.)/Re. = 1/3,
which is convincing given that we would theoretically ex-
pect square-root growth when (Re— Re.)/Re. << 1. No
hysteretic behaviour was observed in either the experi-
mental or numerical results.

E. Characterisation of the instability from simulations

The simulated flow patterns for a wide gap (g = 5H)
mixing-separating micro-geometry show that a central
vortex appears beyond a certain Re., and by continu-
ously increasing Re, the vortex divides into two vortices
(as shown in figure 6). However, unlike a cross-slot ge-
ometry, the transverse velocity component at the cen-
tral plane of the mixing-separating cell micro-geometry
is zero for the entire range of Re tested in the numeri-
cal simulations for ¢ = 5H. Therefore, to characterise
the instability using the simulated data we employ the
swirling strength method explained in §IIIC. This en-
ables us to quantify the strength of the swirling motion
as well as identify its position.

Figure 8 shows the variation of the maximum nor-
malised strength of the swirling motion (A\;H?/v), on
the centre plane z — y (z = 0) with Reynolds number.
The value of this parameter is zero prior to the forma-
tion of the first vortex at Re. = 29, and displays a square
root growth near to the instability onset (30 < Re < 50)
as is expected for a supercritical bifurcation (see inset of
figure 8).



FIG. 6. Experimental flow visualisation (left-hand side) and numerical streamlines (right-hand side) of the flow in the mixing-
separating device at different Re. (a) Re=29, before onset of instability; (b) Re=30, single vortex after bifurcation (c) Re=40,
two separate co-rotating vortices; (d) Re=60, the distance between the two vortices has increased.

For Reynolds numbers far enough away from onset
that the square-root character is not expected (Re > 50),
the instability parameter continues to grow, but linearly
(with a gradient of ~ 4.6) with Re. This demonstrates
that the strength of the vortical motions increases in di-
rect proportion to Re, which is not unexpected as there
are no further major changes in flow topology for the
range of Re tested (50 < Re < 185) using this gap size
(9=5H).

The critical Reynolds number found from experiments
(Re. = 29) matches the critical Re found from the simu-
lations. In figure 9, the experimental (M) and numerical
(Aei.mazH?/v) results are plotted on the same Re axis.
Despite minor differences, and appreciating the fact that
the y-axes of the two different bifurcation parameters are
necessarily different, the agreement is excellent in terms
of the growth of the instability with increasing Re and
confirms that the numerical simulations agree with the
experimental data. The experimental and numerical data
diverge for Re > 50 where there is no longer square-root

growth of the parameters. This is not surprising as there
is no particular reason to expect the strength of the vor-
tex to be intimately linked with the M-parameter be-
yond the initial growth of the instability and at Re > 40
the fluorescence intensity in parts of the region of inter-
est become saturated therefore making any quantitative
measure of M somewhat dubious.

In addition to the streamlines shown in figure 6 we
can also visualise the flow in the mixing-separating de-
vice using our swirling strength bifurcation parameter.
Figure 10 depicts the transition from the base flow to
the vortical flow regime as the Re changes from 29 to 30.
Velocity direction vectors are included in order to show
the local direction of the flow and highlight the vortical
nature. The colourmap shows the distribution of swirling
strength (\.;H?/v), which is entirely blank for Re = 29
(before the instability) and is seen to clearly highlight
the swirling nature of the flow at Re = 30 as there is a
sudden and dramatic change to the flow topology caused
by the onset of the instability.
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FIG. 7. Characterisation of the instability using the mixing
parameter, M, from the experiments, exhibiting the square-
root growth expected of a supercritical instability close to
onset.
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FIG. 8. The variation of the bifurcation parameter used to
analyse the numerical data ()\ci,m(mH2/u) with Re for g =
5H. The critical Reynolds number is 29 and the inset shows
a square-root growth near to the instability onset (30 < Re <
50). For Re beyond the region of square-root growth, 50 <
Re < 185, the instability parameter grows linearly (with a
gradient &~ 4.6)
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FIG. 9. The variation of the instability growth parameters
M (experimental) and Aci,masH?/v (numerical) with Re for
g = bH, showing excellent agreement in the region close to
onset (30 < Re < 45).
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FIG. 10. The change in flow pattern between the base flow
(no vortices, Re = 29), and the bifurcated flow just after onset
(a single large vortex, Re = 30) in a mixing separating device
with ¢ = 5H. The colormap shows the swirling strength
(Aei H? /v) and the vectors show the direction of the velocity
field.

Figure 11 shows how the flow develops beyond Re.. At
Re = 32, the single vortex that was present at Re = 30
splits into two rotationally-symmetric (through 180°) co-
rotating vortices. When near to the onset of the instabil-
ity, in the region where we still see square-root behaviour
(32 < Re < 50), these twin vortices change their position
as the strength increases with increasing Re. However,
in the Re range where the bifurcation parameter shows
linear growth Re > 50, the vortices do not significantly
alter their position, although their shape slightly alters
as they get stronger. At Re = 120, the vortices appear
to merge into a single large vortex, although this does
not influence the trend of the strength, which continues
to grow linearly with Re.

V. SIMULATIONS INVESTIGATING THE EFFECT OF
VARYING THE GAP SIZE (9)

The previous section has demonstrated that the flow
in a mixing-separating cell with a wide gap (¢ = 5H) is
susceptible to inertial instabilities. The obtained experi-
mental results have served as validation for 3D numerical
simulations. In this section we assess the effect of vary-
ing the gap size (g) of the mixing-separating device by
performing numerical studies using geometries with gaps
g =2H, 2.61H and 3.86H in addition to the previously
discussed g = 5H. We find that not only is the critical
Re of the instability affected by the gap size, but also the
nature of the instability and the flow symmetries that are
broken.

A. Instability onset for different gap sizes

In section §IV, we showed that the instability in a wide
gap (¢ = 5H ) mixing-separating microfluidic device is su-
percritical with Re, = 29. By running identical numeri-
cal simulations for different gap sizes we are able to reveal
how the Re. changes as the gap size is decreased. The
numerical results, summarised in table III, show that by
reducing the gap size the critical Re of the instability that
was found to be present in the ¢ = 5H mixing-separating
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FIG. 11. The evolution of the vortices with Re in a mixing-
separating device (¢ = 5H). From Re = 32 to Re = 50,
the cores of the two vortices gradually alter their positions.
In the region 50 < Re < 90, the vortices do not alter their
positions significantly. The vortices merge into a single large
vortex at Re = 120. Rotational symmetry is preserved for all
Re. Vectors show the direction of the velocity only.

TABLE III. Critical Reynolds numbers for mixing-separating
microfluidic devices with different gap sizes. Two different
instabilities (Ae; and w) are possible depending on the gap
size. Of the gap sizes tested only g = 2.61H exhibited both
types of instability.

g 2H 2.61H 3.86H 5H

Re. Ow)| — 23 26 29
Re. (w) |51 84 I

device decreases from Re, = 29 at ¢ = 5H to Re, = 23
at g = 2.61H. At the smallest gap tested (¢ = 2H) the
instability is not present at all. However, at this gap size
we observe a different instability at Re = 51. This in-
stability is similar to the engulfment instability seen in
cross-slot devices'®!* and T-channels!” 24 in earlier work
and the appropriate bifurcation parameter is the maxi-
mum transverse velocity (wmaz/Up). Of the four gap
sizes tested only the g = 2.61H device exhibited both
types of instability, with the \; instability occurring at
a much lower Reynolds number (Re, = 23) than the w
instability (Re. = 84).
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FIG. 12. For a device with a gap size of 3.86H the critical
Re is 26. Close to the onset, the bifurcation parameter fits a
square root function. Similar to a ¢ = 5H gap, when Re > 50,
the growth of the instability is linear with a gradient ~ 4.5.

B. Results of simulations with g = 3.86 H

If the gap size of the mixing-separating device is re-
duced from 5H to 3.86H, although the critical Re is re-
duced (from Re. = 29 to Re. = 26), the growth of the
instability with Re is very similar as can be seen in figure
12 (when compared to figure 8). The instability is again
shown to be supercritical (following a square root near
to onset) and away from onset (Re > 50) it is linear with
a very similar gradient.

Despite the growth of the bifurcation parameter with
Re being very similar for ¢ = 5H and g = 3.86H there
are some significant differences in the flow fields (compare
figure 13 with figures 10 and 11). Below the onset of the
instability there is little difference. At Re = 27, two vor-
tices appear close to the walls of the mixing-separating
cell. This is similar to the g = 5H device at onset, but in
the g = 3.86H case the vortices are more distinct from
each other. Larger changes ensue as Re is increased.
In the ¢ = 5H device there is significant separation of
the vortices in the x direction, this is not present in the
g = 3.86H device, presumably because of the confine-
ment due to the smaller gap. As such the vortices begin
to merge at Re only a little above onset. By Re = 50
the vortices have merged into a single large vortex, which
then persists largely unchanged at higher Re. (A single
large vortex did not appear until Re = 120 in the g = 5H
device.) It is up until this merging that the bifurcation
parameter follows the square-root growth typical of a su-
percritical instability. After the single large vortex has
formed there is linear growth of the strength of the vor-
tex, but no further significant change in the flow topology.

C. Results of simulations with g = 2.61H

The device with a gap of g = 2.61H is the only one (of
those tested) that exhibits two types of instability. As
shown in figure 14, the first instability is the \.; insta-
bility, similar to the ¢ = 3.86H and g = 5H devices,
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FIG. 13. The evolution of the vortices with Re in a mixing-
separating device (¢ = 3.86H). Before the instability there
are no vortices (Re = 26), at onset two vortices appear (Re =
27) and then merge as Re is increased (27 < Re < 50). One
large vortex, filling most the gap, is formed and persists at
higher Re (e.g. Re = 90). Rotational symmetry is preserved
for all Re. Vectors show the direction of the velocity only.

but occurring slightly earlier at Re = 23, and devel-
oping with square root growth. This is followed by a
linear increase with Re (with a gradient of 4.3), again
very similar to the devices with wider gaps. However,
at Re = 84 this growth stalls and the second instability
appears, this time manifested in the transverse velocity
component (w), indicating a break of symmetry in the y-
z plane. This instability is also supercritical and follows
square-root growth until Re ~ 100. Beyond this Re the
original (\;;) instability, the strength of which does not
grow while the second instability grows, returns to linear
growth with the same gradient as it had before the onset
of the second instability.

The evolution of the vortices in the y-z plane with Re
for the g = 2.61H device (figure 15) is similar to the g =
3.86H device (figure 13). A pair of co-rotating vortices
emerge across the gap at onset. These occupy a very
similar = location and are separated in the y direction,
following the trend previously observed as the gap size is
reduced. As Re is further increased the vortices coalesce,
after which they broadly remain in a fixed position, their
strength increasing. The onset of the second instability
(in Wynaz) does not affect the arrangement of the vortices
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FIG. 14. For a device with a gap size of 2.61H the critical
Re is 23. Close to the onset, the bifurcation parameter fits a
square root function. Similar to the ¢ = 5H and g = 3.86H
gaps, when Re > 50, the growth of the instability is linear
with a gradient =~ 4.3. At Re = 84 the second supercritical
instability occurs (seen in the square-root growth of wpmaz/Us)
and interrupts the linear growth of the A.; parameter until
Re > 100.

in this plane, although the rate at which their strength
increases is slowed whilst the second instability grows.

At Re > 84, the bifurcation parameter Wy, /Up mea-
sured on the z = 0 plane being non-zero indicates a
breaking of symmetry. This is shown by the streamlines
in the y — z plane in figure 16. Prior to this instabil-
ity the flow (as viewed in this plane) is split into four
reflectionally and rotationally symmetric quadrants with
no interaction between the streams. The vortices seen at
Re = 84 in figure 16 are Dean vortices created by the cur-
vature as the stream turns around the corner through the
gap. These are not present at very low Re (e.g. Re = 1).
At the onset of the instability the w-component of veloc-
ity on the z = 0 plane becomes non-zero and all the re-
flectional symmetries are broken, although the rotational
symmetry (180° about y = 0, z = 0) is preserved. The
instability causes the streams from the two different in-
lets to interact and by Re = 90 fluid from each inlet has
entered all four quadrants when it reaches this central
plane. Although this instability has been identified using
the same bifurcation parameter as is used in the cross-
slot device, it is distinctly different from that engulfment
instability as it does not result in a single large vortex
in the y — z plane. The flow retains the same pattern as
shown in figure 16 for Re = 90 up to the highest Re that
we have tested (Re = 130).

D. Results of simulations with g = 2H

At the narrowest gap tested (2H), the swirling motion
at the x —y plane (quantified using \.; H?/v), which was
observed for all other gap sizes, is completely absent for
the entire range of Re tested (1 < Re < 120). However,
the maximum transverse velocity (Wma./Up) parameter
becomes non-zero and fits a square root function near to
the critical Reynolds number (Re. = 51). Figure 17 dis-
plays both bifurcation parameters, demonstrating that

b



FIG. 15. The evolution of the vortices with Re in a mixing-
separating device (¢ = 2.61H). Before the instability there
are no vortices (Re = 23), at onset two vortices appear (Re =
24) and then merge as Re is increased (Re = 50). One long,
slender vortex spanning the channel is formed and persists at
higher Re (e.g. Re > 70). The onset of the second instability
at Re = 84 has no significant effect on the vortex in this
plane. Rotational symmetry is preserved for all Re. Vectors
show the direction of the velocity only.

Aei H? /v is always zero and w,yq. /Uy shows supercritical
behaviour.

It is worth noting that if two of the arms of a cross-
slot device were rotated 90° then it would be a mixing-
separating device with g = v/2H. It is therefore apparent
that our mixing-separating device with ¢ = 2H is geo-
metrically closest to the cross-slot device. The only in-
stability that occurs in the mixing-separating device with
g = 2H is highly reminiscent of the instability seen in a
cross-slot device with aspect ratio of unity. As seen in
figure 18, above the onset of the instability a large spiral
vortex forms in the y-z plane providing significant mix-
ing of the two fluid streams. This is very similar to the
engulfment instability seen in the cross-slot and demon-
strates that this instability is not wholly dependent on
the specific angle at which the two streams impinge as
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FIG. 16. Streamlines on the y — z plane of the g = 2.61H
device before and after onset of the wmas/Us instability. At
Re = 84 the flow is reflectionally symmetric about z = 0
and y = 0, at Re = 85 the symmetry in both these planes is
broken and the w-component of velocity on the z = 0 plane is
non-zero. The extent of the asymmetry grows as Re is further
increased (e.g. see Re = 90) although rotational symmetry is
preserved throughout. The streamlines are 3D and coloured
by the inlet from which they originate, they therefore leave
the plane in this 2D plot.
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FIG. 17. For the g = 2H geometry there is no instability in
Aci, which is zero for all Re. Instead, the first and only in-
stability is similar to the second instability in the g = 2.61H
device, where the Wmaz/Us parameter highlights a supercriti-
cal bifurcation, i.e. it fits a square root function near to onset
(Rec = 51) and no hysteresis.

both 90° (cross-slot) and 180° (mixing-separating) re-
sult in a very similar flow (although the instability in
the cross-slot is sub-critical for square cross-section chan-
nels). In fact, it appears that the size of the gap is a
more important parameter (as this instability does not
appear at large gap sizes). This presents the question of
whether this instability would occur if the flows impinged
at other angles between 90° and 180°. It seems logical
that it would indeed occur if the gap was small.
Although there is some previous work on the effect of
impingement angle3334, a full study of devices with a va-
riety of angles and gap sizes is required to answer this
question with certainty and to firmly establish how the
instability relates to both gap size and impingement an-
gle (which is beyond the scope of this paper). However,



FIG. 18. Streamlines on the y — z plane of the g = 2H device
before and after onset of the wmax/Up instability. At Re = 52
the reflectional symmetry is broken and the w-component of
velocity on the z = 0 plane is non-zero. This is an engulfment
instability and as Re is further increased (e.g. see Re = 60)
a large spiral vortex is formed providing significant mixing
of the two fluid streams. Rotational symmetry is preserved
throughout. The streamlines are 3D and coloured by the inlet
from which they originate, they therefore leave the plane in
this 2D plot.

the current work indicates that the gap size is of primary
importance in determining which instability occurs. As
impingement angle and gap size are geometrically de-
pendent upon each other (i.e. if the impingement angle
is changed, the gap size is changed as a result of the
new angle®334)  isolating the effect of the impingement
angle and gap size is non-trivial. Therefore our results
for the mixing-separating device are useful for reference
cases as we can vary the gap size without changing the
impingement angle (which is a particular quirk of the
H-geometry).

VI. SUMMARY AND CONCLUSIONS

A numerical investigation of the flow in mixing-
separating (H-geometry) microfluidic devices with gap
sizes, g = 2H, 2.61H, 3.86H and 5H has demonstrated
that two different inertial instabilities are possible at low
Reynolds numbers in the steady flow regime. Which of
the two instabilities occurs is primarily dependent on
the size of the gap size as well as the Reynolds num-
ber (Re). Complementary experiments providing flow
visualisations in a mixing-separating device with g = 5H
match the results of the numerical simulations very well,
providing a validation of the numerical technique, which
is applied to additional gap sizes.

The devices with large gaps (¢ = 3.86H and g = 5H)
favour the onset of a vortical flow instability in the y-
z plane, which we have detected and quantified using
swirling strength (A.;H/v). This instability is seen to be
supercritical as its growth follows a square-root close to
onset and no hysteresis is apparent. The Re at which the
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onset first occurs increases as the gap size is increased,
but only slightly (Re = 26, for g = 3.86H and Re. = 29
for ¢ = 5H). This instability also occurs at g = 2.61H,
but with this gap size a second instability occurs at some-
what higher Re (first instability at Re = 23, second at
Re = 84). The second instability is seen in the transverse
velocity component (wq. /Uy is used as a bifurcation pa-
rameter) and breaks reflectional symmetries similar to a
cross-slot device. It too is supercritical as it also follows
a square-root close to onset and is not hysteretic. At
the smallest gap size tested (¢ = 2H) only the wy,q, in-
stability occurs (at Re = 51) and A.; is zero for all Re
tested. This instability is very similar to the cross-slot
engulfment instability and a spiral vortex is formed just
like in the cross-slot flow.

The work provides a greater understanding of the in-
stabilities in these mixing-separating microfluidic devices
through the characterisation of the flow over a range of
Re for several gap sizes. In particular the strong depen-
dence of the instability on gap size is revealed. The sim-
ilarity of the instability in the small gap-size H-geometry
to the more extensively studied cross-slot brings into
question the importance of the geometrical arrangement
in these devices as a very similar flow can be achieved
with the inlet arms parallel or perpendicular to the out-
let arms. This perhaps reveals a route to designing more
compact devices and is an indication that gap size is a
more important design parameter than impingement an-
gle. In any case, we provide a database that highlights
the importance of gap size in the design of such devices
and provides information regarding the onset Re of two
types of inertial instabilities over a range of gap sizes
which are viable choices for microfluidic applications.
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