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Abstract

The Fibonacci sequence (F),) is defined by Fo = 0, Fi = 1 and F, =
Fn_1+ Fh—2 for n > 2. The balancing number sequence (By) is defined
by Bo =0,B1 =1 and B, = 6B,_1 — B,_2 for n > 2. In this paper, we
find all Fibonacci numbers which are products of two balancing numbers.
Also we found all balancing numbers which are products of two Fibonacci
numbers. More generally, taking k, m,m as positive integers, it is proved
that Fy, = Bp, By implies that (k,m,n) = (1,1,1),(2,1,1) and By = F,.F,
implies that (k,m,n) = (1,1,1),(1,1,2),(1,2,2),(2,3,4).

Keywords: Fibonacci number, balancing number, Diophantine equations, lin-
ear forms in logarithms.

MSC: 11B39, 11J86, 11D61

1. Introduction

The Fibonacci sequence (F},) is defined as Fy =0, Fy =1 and F,, = F,_1 + F,,_»
for n > 2. F,, is called the n-th Fibonacci number. It well known that
B a” — ﬂn

Fo=——
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for every n > 0, where @ = 1+2\/g and 8 = 1_2‘/5, which are the roots of the
characteristic equations x2

—x —1=0. It is well known that
Q"< F, <ot (1.1)

for all n > 1. The inequality (1.1) can be proved by induction. It can be seen that
1 <a<2and —1 < 8 < 0. For more information about the Fibonacci sequence
and its applications, one can see [7]. A positive integer n is called a balancing
number if the equation

1424+ (n—-1)=Mn+1)+--+(n+r)

holds for some positive integer r. The sequence of balancing numbers (B,,) satisfys
recurrence relation B,, = 6B,,_1 — B,_> for n > 2 with initial conditions By =
0, By = 1. B, is called the n-th balancing number. We have the Binet formula

AP — g7
By ="—,
4v2

where A = 3+ 2v2 and § = 3 — 2\/5, which are the roots of the characteristic
equations 2 — 6z + 1 = 0. Therefore,

A
42

It can be seen that 5 < A < 6,0 < <1 and Ad = 1. Moreover, it holds that

B, < (1.2)

ATE< B, < A (1.3)

for all n > 1. This inequality can be proved by noting the facts that A\ = AB,, —
Bn—l and Bn* )\n71 = Bn* (>\Bn—1 *Bn—2) = 6Bn—1 *Bn—Q - (ABn—l *Bn—2) =
(6 —A)Bp—1 > 0 for all n > 2. Clearly, the identity (1.3) holds for n = 1. For more
information about the sequence of balancing numbers, see (6, 9, 10]. A different
definition is given by Szakics [12]. A positive integer n is called a multiplying
balancing number if the equation

1-2---(n—=1)=Mn+1n+2) - (n+7)

holds for some positive integer . The number r is called the balancer corresponding
to multiplying balancing number n. In [12], it is shown that the only multiplying
balancing number is n = 7 with the balancer » = 3. For some other generalization
of balancing numbers, the interested readers can consult [11] and the references
there. In [3], the authors have found all Fibonacci numbers or Pell numbers which
are products of two numbers from the other sequence. Taking k,m and n are
positive integer, they showed that Fj, = P,, P, implies that £ = 1,2,3,5,12 and
P, = F,, F,, implies that k = 1,2, 3,7, where (P,) is the Pell sequence defined by
Py=0,P,=1and P, =2P,_1 + P,_5 for n > 2. In this study, we determine all
solutions of the equation

Fy, = B, By, (1.4)
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and
B, = F,F, (1.5)

in positive integers k, n, m. More generally, taking k, m, m as positive integers, it is
proved that Fj, = B,, B, implies that (k,m,n) = (1,1,1),(2,1,1) and By = F,, F,
implies that (k,m,n) = (1,1,1),(1,1,2),(1,2,2), (2,3,4).

Our study can be viewed as a continuation of the previous work on this subject.
We follow the approach and the method presented in [3]. In Section 2, we introduce
necessary lemmas and theorems. Then in Section 3, we prove our main theorem.

2. Auxiliary results

In [3], in order to solve Diophantine equations of the form (1.4) and (1.5), the
authors have used Baker’s theory of lower bounds for a nonzero linear form in
logarithms of algebraic numbers. Since such bounds are of crucial importance
in effectively solving of Diophantine equations of the similar form, we start with
recalling some basic notions from algebraic number theory.

Let 1 be an algebraic number of degree d with minimal polynomial

d
apz? + a1z - 4 ag=ag H (X - n(i)) € Z[x],
i=1

where the a;’s are relatively prime integers with ag > 0 and n(?’s are conjugates

of n. Then
d
h(n) = é <log ap + Zlog (max{|n(i)|, 1})) (2.1)
i=1

is called the logarithmic height of 1. In particularly, if n = a/b is a rational number
with ged(a,b) =1 and b > 1, then h(n) = log (max {|al, b}).

The following properties of logarithmic height are found in many works stated
in the references:

The following theorem is deduced from Corollary 2.3 of Matveev [8] and provides
a large upper bound for the subscript n in the equations (1.4) and (1.5)(also see
Theorem 9.4 in [2]).

Theorem 2.1. Assume that v1,72, ..., are positive real algebraic numbers in a
real algebraic number field K of degree D, by,bs, ..., bs are rational integers, and

A::’yfl...’yft—l
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is not zero. Then
|A| > exp (—1.4-30""% . ¢*5 . D?(1 + log D)(1 + log B) A1 As ... A;),
where
B > max {|b1|,...,|b:|},

and A; > max {Dh(v;),|logv;|,0.16} for alli=1,...,¢t.

The following lemma was proved by Dujella and Pethé [5] and is a variation
of a lemma of Baker and Davenport [1]. This lemma will be used to reduce the
upper bound for the subscript n in the equations (1.4) and (1.5). In the following

lemma, the function || - || denotes the distance from x to the nearest integer. That
is, ||z|| = min {|z — n| : n € Z} for any real number z.

Lemma 2.2. Let M be a positive integer, let p/q be a convergent of the continued
fraction of the irrational number v such that ¢ > 6M, and let A, B, u be some real
numbers with A > 0 and B > 1. Let € := ||ugq|| — M||vq||. If € > 0, then there
exists no solution to the inequality

0<|uy—v+pul <AB™Y,

in positive integers u,v, and w with

The following theorems are given in [2] and [4], respectively.

Theorem 2.3. The only perfect powers in the Fibonacci sequence are Fy =0, Fy =
F2 = 1, F6 =8 and F12 = 144.

Theorem 2.4. For any given positive integers y and | > 2, the equation B,, = '
has no solution for integers m > 2.

3. Main theorems

Theorem 3.1. The Diophantine equation Fj, = B,, B, has only the solutions
(k,m,n) =(1,1,1),(2,1,1)

in positive integers.

Proof. Assume that the equation F), = B,,B,, holds. If m = n, we have Fj, = B2,
which is possible only for £ = 1,2, and n = 1 by Theorem 2.3. In this case,
(k,m,n) = (1,1,1),(2,1,1). Therefore, we assume that 1 < m < n. Let n < 30.
Then, by using the Mathematica program, we see that £ < 214. In that case,
with the help of Mathematica program, we obtain only the solutions (k,m,n) =
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(1,1,1),(2,1,1) in the range 1 < m < n < 30. This takes a little time. From now
on, assume that n > 30. Using the inequality (1.1) and (1.2) , we get the inequality

a2 < F,, = B,,B,, < \""™/32.
From this, it follows that
of = a?aF7? < 320572 < AT < (o)™,

which yields to k < 4(n +m) < 8n. On the other hand, A™*"~2 < B, B,, = F}, <
k=1 < X\k=1 by (1.1) and (1.3). From this, we get m +n — 1 < k, which implies
that £ > n.

Since

k _ pk n+m n4+m _ ynSsm _ ymgn
! ﬁ:Fk:BmBn:)\ +46 A" /\57
N 32

we get
ﬂk B A g™ 4 AT — 5n+m ak )\ner

V5 32 RV EY

Taking absolute values, we obtain

Ozk B /\n+m‘ - ﬂk A gm + AT 5n+m - m N Angm + A +5n+m

Vi oo32 ||V 32 /5 32
] O R
32v/5

VB +VBATT™ +2) VB4 2/BAn™m
< <
325 325
_ 142\ _ \n—mAl
32 32

where we have used the fact that 0 < § < 1, A > 2, Ad = 1, and 32|8|" < v/5 for

n+m

k > mn > 30. If we divide both sides of the above inequality by ’\3—27 we get

32 i\ _(nem 1
Now, let us apply Theorem 2.1 with v; := 32/V5, 72 := a, 73 := A and b, :=
1, by :=k, bz:= —(n+m). Note that the numbers 71,72, and -3 are positive real

numbers and elements of the field K = (@(\/5, \/5) It is obvious that the degree of
the field K is 4. So D = 4. Now, we show that A; := %ak)\_("'*‘m) — 1 is nonzero.

For, if Ay =0, then we get

ak)\—(n+m) — akén—i-m _ \/5/32
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It is seen that v/5/32 is not a algebraic integer although a*6"*™ is an algebraic
integer. This is a contradiction. Moreover, since

h(y1) = h(32/V5) = %(logf) +21og(32/V/5)) = 3.4657.. .,

logaw  0.4812...
h(v2) = D) = D)
and
logA  1.76275...
h(vs) = =

2 2

by (2.1), we can take A; := 14, As :=1 and Az = 3.6. Also, since k < 8n, we can
take B := max {1, |k|,| — (n +m)|} = 8n. Thus, taking into account the inequality
(3.1) and using Theorem 2.1, we obtain

1

et > Ml > e (—=1.4-30%-3%° . 4%(1 + log 4)(1 + log 8n) (14) (3.6)) ,

and so
(2m —1)log A < 1.4-30° - 3% . 4%(1 + log 4)(1 + log 8n) (14) (3.6).
By a simple computation, it follows that
2mlog A\ < 2.7554 - 10'*(1 + log 8n) + log \. (3.2)
Now, we apply Theorem 2.1 a second time. Rearranging the equation Fj, = B, B,

as
IBk on Oék A7

V5B  4V2  VBBn  4V2

and taking absolute values, we obtain

‘ Oék B A7 Bk B on - |B|k N om _ 1 N 1
V6B, 4v2|  |VEBnm  4V2| T VBB, 4V2 VBB,  4V2

where we used the fact that |f] < 1 and 0 < § < 1. Dividing both sides of the
above inequality by \"/4v/2, we get

A2k A 1‘<4\/§ 6

<1,

_— < . 3.3
NN xS (3:3)

Taking 71 1= @, 72 := A, 73 := V5B, /4V2, and by := k, by := —n, bz := —1, we
can apply Theorem 2.1. The numbers 71,2, and 73 are positive real numbers and
elements of the field K = Q(\/?, \/5) and so D = 4. In a similar manner, one can

verify that Ay = 4v/2a*\™"/B,, — 1 # 0. Also, since h(y;) = 10% = 0482 and
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h( y2) = % = LT6275... by (2.1), we can take A; := 1 and Ay = 3.6. The number

V/5B,,/4v/2 is a root of the polynomial 32X? — 5B2,. Thus, using the properties
(2.2), (2.3) and (2.4), it is seen that

h(ys) < % <log32 +2log (‘f\/Bim» = log(V5By,) < log(VBA™ /4v/2)

< mlog A,
by (1.2). So we can take Ag := 4mlogA. Since k < 8n, it follows that B := 8n >

max {|k|,| — nl|,|—1|}. Thus, taking into account the inequality (3.3) and using
Theorem 2.1, we obtain

6
o |[A2| > exp ((—C)(1 + log4)(1 + log 8n) (3.6) 4mlog \),

or
nlog A —log6 < C(1 +log4)(1 + log8n) (3.6) 4mlog A, (3.4)

where C' = 1.4-30° - 345 . 42, Inserting the inequality (3.2) into the last inequality,
a computer search with Mathematica gives us that n < 3.52 - 103!,
Now, let us try to reduce the upper bound on n by applying Lemma 2.2. Let

z1 = kloga — (n 4 m)log A + log(32/V/5).
Then

. 1
|1 —e*] < em1
by (3.1). If z; > 0, then we have the inequality

1
|21l =21 < e —1=[1-e"| < \em—1
since x < e* — 1 for x > 0. If z; < 0, then

1 1
l—e=1-¢e7|< 1 < 3

From this, we get e** > % and therefore
el == <2,

Consequently, we get

2

1] < el = 1= oL - 7] < 1oy

In both cases, the inequality
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holds. That is,

2

0< ’kloga— (n+m)logA+log(32/\/5)’ < Nem-1-

Dividing this inequality by log A, we get

k (10%0‘> —(n+m)+ <10g(32/\/5)>‘ < 6.62- 72, (3.5)

0
< log A log A

Take v := }zif\‘ Q and M := 2.82-10%2. Then we found that gg3, the denominator

of the 63" convergent of v exceeds 6M. Moreover,
u="k<8n<8-352-10°" < M.

Now take

_ log(32//5)

log A

In this case, a quick computation with Mathematica gives us the inequality
0 < e =||ugess|| — M||vges|| < 0.408068.

Let A := 6.62, B := X\ and w := 2m in Lemma 2.2. Thus, with the help of
Mathematica, we can say that the inequality (3.5) has no solution for

log(Ages/€)

> 45.04933.
log B > 45.04933

2m =w >

So
m < 22. (3.6)

Substituting this upper bound for m into (3.4), we obtain n < 7.255727 - 101°.

Now, let
44/2
2o := kloga — nlog \ + log <\/5£> .

In this case, taking into account that n > 30, it is seen that

6 1
1—e?| < — < = 3.7
el < 1< g (37)

by (3.3). If z3 > 0, then

6
|z2] = 20 < €® —1=|e** — 1] <
If z0 < 0, then 1 —e* = |1 —e®?| < %. Therefore, we get e* > % and so
el2l = e < 3. By using (3.7), we get
4 6 8

0< |z <el2l —1=cll1 —ex2|< - = = =
|22] < e ezl | e*?| 3 W=
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Therefore, it holds that

ool < o
2 IR
That is,
42 8
0< |kloga—nlogh+log | —— || < —.
g g g (\/SB'TTL) | >\n
Dividing both sides of the above inequality by log A, we get
lo 42
log & ( V5B —
0< |k — — "2 <454 A7 3.8
<1og>\> nt log A (38)
Putting v := iggi and taking M := 5.81-10'7, we found that gs9, the denominator

of the 39t" convergent of  exceeds 6 M. Note that u := k < 8n < 8-7.25727-10'6 <

M. Taking
log (\/45‘/35 )

o= log A

and considering the fact that m < 22 by (3.6), a quick computation with Mathe-
matica gives us the inequality

0 < €= |[|ugsol| — M||vgsol| < 0.467267

for all m € [1,22]. Let A :=4.54, B := X and w := n in Lemma 2.2. Thus, with
the help of Mathematica, we can say that the inequality (3.8) has no solution for

log(Agsg/¢) S log(Ags9/0.467267)
B - B

Therefore n < 25. This contradicts our assumption that n > 30. Thus, the proof

is completed. O

n=w> > 25.6246.

Theorem 3.2. The Diophantine equation B, = F,,F, has only the solutions
(k,m,n) = (1,1,1),(1,1,2),(1,2,2),(2,3,4) in positive integers.

Proof. Assume that By = F,,F, for some positive integers k,m,n. Let n = m.
Then By = F?2. Therefore ¥k = 1 by Theorem 2.4. So we get (k,m,n) =
(1,1,1),(1,2,2). Now assume that 1 <m < n < 107. Then k < 58 and we get the
solutions (k,m,n) = (1,1,1),(1,1,2),(1,2,2),(2,3,4) by using Mathematica. So
assume that n > 107. Then k£ > 59. Since

(a?))k—l < )\k—l < Bk: — Fan S Oén+m_2

by (1.1) and (1.3), it follows that 3(k — 1) < n+m — 2 < 2(n — 1), which implies
that k& < n. In a similar manner, we see that k > (m + n)/4 > 108/4 = 27. Since
By, = F,, Fy,,, we get

)\k a7n+n - 5k B anﬁm _,’_amﬁn _ ﬁn—i—m

N NG 5
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B 55]{3 +4ﬂ(anﬂm 4 amﬂn _ 6n+m)
a 202 '

Taking absolute values, it is seen that

< 56" + 4v2(a”B]™ + o™ |B" + 18I™)
- 20v/2
432077 4 55F + 42(|8M + | BIm ™)
20v/2

‘ )\k aern

W2 5

4207+ 44/2
<
202
4\/5(04"”” +1) a™™™m 41 qn—mtl

< < < ,
2012 5 5

where we use the fact that 55% + 4+/2(|3|"~™ + |B]"*t™) < 4/2 for k > 27 and
n > 107. Dividing both side of this inequality by a™™™ /5, we get

5)\ka—(n+m) 1
—_— 1l < .
4\/§ a?m—l

Now we apply Matheev’s theorem. Let v, := %, Yo = A, 3 =, by = 1,by :=

(3.9)

k,bs :== —(n + m). The numbers 71,72,7s are real numbers and elements of the
field K = Q(v/2,v/5). So D = 4. Now we show that Az = (5A\Fa~("+™))/4,/2 — 1
is nonzero. For, if A3 = 0, then \fa~(m*+") = 44/2/5. But this is impossible since
4\/5/ 5 is not an algebraic integer although A\*a~("+") is an algebraic integer. It
can be seen that

h(1) = h(5/4v/2) = %(log 39) = 1.7398 ..

h(y2) = h(X) = (1.76275)/2 and h(y3) = h(a) = (0.4812)/2. Therefore we can
take A1 :=7,Ay :=3.6,A3 := 1 and B := 2n > max{1,|k|,| — (n + m)|}. Thus,
taking into account the inequality (3.9) and using Theorem 2.1, we obtain

1
———= > |As| > exp ((—=1.4-30%- 35 - 42(1 4 log 4)(1 + log2n) - 7- 3.6 - 1),

a2m

and so
(2m — 1)loga < (1.37767 - 10') - (1 + log 2n).

Then it follows that

2mloga < (1.37767 - 10M)(1 + log 2n) + log . (3.10)
Now, writing the equation By = F},, F), as
5]@

\F _ B ﬂl
4N2F,, 5

A2F,,

Bl



Fibonacci numbers which are products of two balancing numbers 11

and taking absolute values, we get

’ /\k a” 6k |B|n
— - —|< + = <1
4/2F, V5| 4V2F, Vb

By dividing both side of this inequality by o™ /v/5, we obtain

k -n
4v/2F,,

a” o an’
Take 71 := A, 72 1= «, 73 := (4\@Fm)/\/g, by := k,by := —n, bz := —1. Clearly,
the numbers 7;,72,73 are real numbers and elements of the field K = Q(v/2,v/5)
and so D = 4. It can be seen that

B Mey/Ba—m
YT 4RE,
is nonzero. On the other hand, h(y1) = h(A\) = (1.76275...)/2 and h(y2) =

h(c) = (0.4882...)/2. Since (4v/2F,,)/+/5 is a root of the polynomial 522 — 32F2 ,
it follows that

-1

1
h() < 5 (log5 +2log (4\/§Fm/\/5)) = log(4V2F,,) = log(4v/2) + log Fy,
<174+ (m—1)loga < 1.26 + mlog o,

and so we can take Az := 4(1.26+mloga). Let A; := 3.6, A5 := 1. Since k < n, we
can take B :=n = max {k,| — n|,| — 1|}. Using the inequality (3.11) and Theorem
2.1, we get
o>
a
> exp (—1.4-30%- 3% - 4%(1 + log 4)(1 + logn) - 3.6 - 1- 4(1.26 + mlog ar))

or

nloga —log3 < 1.9681 x 10" - (1 +logn) - (5.04 + 4mlog ). (3.12)

Inserting the inequality (3.10) into the last inequality, a computer search with
Mathematica gives us that n < 6.26482 - 103!. Now we reduce this bound to a
size that can be easily dealt. In order to do this, we use Lemma 2.2 again. Let
23 = klog A\ — (n+m)log o +log(5/4v/2). Then from the inequality (3.9), it follows
that

R 1
If z3 > 0, then
1
28] = 23 <™ —1=[1—e¥| < 7.
If z3 < 0, then
| — e® = | — g% 1 2
— € —| — € |<W<§
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Thus e™** < 3, which yields to

3

|25 < el =1 =l — e < T

Therefore, it holds that

3
28] < 5o
Then 3
‘klogA —(n+m)loga+ 10g(5/4ﬂ)‘ < oot

Dividing both sides of this inequality by log o, we get

log A log(5/4v/2

0< k22— (n+m)+ 108(5/4vV2) | _ 14 05 q-2m. (3.13)
log o log o

Now, we apply Lemma 2.2. Take v =: log \/loga, it := log(5/4v/2)/log v, A :=
10.08, B := a,w = 2m and M = 6.26482 - 103!. We see that ggo, the denominator
of the 62" convergent of v exceeds 6M. Note that M = 6.26482-10%! =n > k. In
this case, a quick computation with Mathematica gives us the inequality

0 < e = [|ugezl| — M||vgez|| < 0.39276.

Thus, with the help of Mathematica, we can say that the inequality (3.13) has no
solution for
log(Age2/€)
log B

Therefore m < 81. Substituting this value of m into (3.12), we get n < 2.70817 -
102", Now, let

2m = w > > 163.277.

z4 = klog A\ — nlog a + log(V/5/4V2F,,).
Then, from (3.11), we can write

3 1
l—e*| < — <.
[1-e®|<—= <3

If z4 > 0, then

3
|24l =za < e™ —1=|1 —e*| < —.
an
If z4 <0, then 1 — e* = |1 — | < 1/2 and we get el**| < 2. Thus,
o j2aljy — g7) < O
|zg| < P —1 =€l —e*| < —.
an
In both cases, it holds that |z4] < 6/a™. That is,

klog A — nlog a + log(vV/5/4V2F,,)| < %
a
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Dividing both sides of this inequality by log o, we get

1 1 4V2F,,
ogA ., log(V5/4V2E,)

0< |k
log o log

<1246 - a7 (3.14)

Now, we apply Lemma 2.2. Let v := log \/ log o, 1t = log(v/5/4v/2F,,)/log a, A :=
12.46, B := k,w :=n and M := 2.70817 - 10'7. It is seen that g39, the denominator
of the 39" convergent of v exceeds 6M. Moreover, M = n > k. In this case, a
quick computation with Mathematica gives us the inequality

0 < e =||pgsol| — M||ygsol| < 0.493976

for all m € [1,81]. Thus, with the help of Mathematica, we can say that the
inequality (3.14) has no solution for

log(Agsg/e€) S log(Ags9/0.493976)

=w > > 105.224.
newe log B - log B -
Therefore, n < 105. But this contradicts the assumption that n > 107. This
completes the proof. O
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