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Abstract. In this paper we continue the study of the theories IA, . ;(T), initiated in [7]. We
focus on the quantifier complexity of these fragments and theirs (non)finite axiomatization.

A characterization is obtained for the class of theories such that IA,,(T) is I, ,—axioma-
tizable. In particular, IA, ;(IX,1,) gives an axiomatization of Thy, , (IX,;) and is not

finitely axiomatizable. This fact relates the fragment IA, 1 (IX, ) to induction rule for %,
+1—formulas. Our arguments, involving a construction due to ﬁ Kaye (see [9]), provide

proofs of Parsons’ conservativeness theorem (see [16]) and (a weak version) of a result of

%.D.[l;]e)klemishev on unnested applications of induction rules for IT,,, and ¥, formulas
see .

1. Introduction

In [7] we introduced classes A, +1(T), X, 4+1—formulas that are equivalent in T to
a I,y 1—formula. Here we continue the study of the theories IA,;11(T) and the
relationship between Thyy, , (T) and IA,11(T). Through this paper we will use
extensively results in [7] (see also [13]). For notation and preliminaries see that
paper and [8], [10] for general references.

This paper is devoted to the study of two main topics on the theories IA,, 41 (T):
its axiomatization properties (quantifier complexity and (non)finite axiomatization)
and the relationship of these theories with induction rules. The initial motivation
for the work we present here was to prove the following result.

Theorem 1.1. (see 2.4, 5.5) Thry, , X, 1) <= 1A, 1(IZ,11). So, the theory
1A, 1A% 41) is [T, 40—axiomatizable.

In [7], this result is used to separate the fragments of Arithmetic introduced
there: 1A, +1(IX, 1) and B*A, 1 (AX,41).

A basic result on X, 1 1—induction rule is the following conservativeness theo-
rem of C. Parsons (see [16] and 6.5): IX,, 4 is a I, 1,—conservative extension of
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IAg+ Z,4+1-IR (the closure of IA( under the ¥, 1—induction rule). From this fact
and theorem 1.1, it follows that

Theorem 1.2. (Beklemishev) IAg+ 3,4+ 1—IR <= 1A, +1(IZ,41).

Even more, L.D. Beklemishev has observed (personal communication) that:
modulo Parsons’ theorem, 1.1 and 1.2 are equivalent; and, from the techniques
used in the proof of theorem 1.1 (a generalized construction of Ackermann’s func-
tion: the sequence of formulas F, x(x) = y, k € w, in section 4) an alternative
proof of Parsons’ conservativeness theorem can be obtained.

These facts show the close relation between the topics we deal with here: induc-
tion rules and axiomatizations of IA, 41 (T). Now we give another natural connec-
tion between the above topics. Theorem 1.1 aims at the following general question
on axiomatizations of IA, 11 (T):

(P1) For a theory T, determine
(a) the quantifier complexity of IA,1(T), and
(b) when Thp, ,,(T) <= IA,+1(T).

Informally, (P1) asks for an equivalence between recursion and induction: Are
there natural classes of recursive functions that can be described in terms of induc-
tion principles? A classical problem is the characterization of R(T), the class of
provably total recursive functions of T. For theories axiomatizated by induction
schemes the problem is: What functions can be proved to be total using only cer-
tain form of (restricted) induction?

Question (P1) is related to a kind of reverse problem. Let C be a class of prov-
ably recursive functions of IZ,, ;| and Total¢ a class of 1, sentences asserting that
each function in C is total.

(P2) Is there a theory T such that IX, + Totaly <= IA,+((T)?

n+

Remark 1.3. Last question suggests that those theories such that IA,41(T) and
Thr,,, (T) are equivalent can be characterized in a functional way . In particular,
for these theories 1A, 41 (T) is I1,+o—axiomatizable. In order to describe this func-
tional approach, let us recall some notations and definitions from [7]. We denote
by L the language of Arithmetic and by N the standard model. If ® is a class of
formulas we write ¥ (x1,...,x,) € ®~ if ¥ (X) € ® and x1, ..., x, are all the
variables that occur free in ¥. Let I' be a class of formulas of £ with only two free
variables, x and y say. For a formula ¢(x, y), the conjunction of

(=) VX Vy1 Vy2 [@(x, y1) A @(x, y2) = y1 = y2] and
(=) VX Vxa Yy  Vyz [x1 < x2 A g(xr, y1) A @(x2, y2) = y1 < 2l
will be denoted by IPF(¢). Let IPF(I') = {IPF(¢(x,y)) : ¢(x,y) € I'} and
' ={vx3Alyep,y): ¢ € I'} +IPFT).

Let ' C I1,. We say that I is a IT,—functional class if I¥, + I'* is consistent.
A theory T is I1,—functional if there exists a Il,—functional class, I', such that
Thp,,,(T) = Thp, , A%, +T').

We say that ¢(u, x, y) € X, is a [I,—envelope of T in Ty if

1.TH F;’j, (where I'y = {p(k, x,y) : k € 0)).



2.Forallk e w, ToF ok +1,x,y) > 3z < y ek, x, 2).
3. For each v (x, y) € II, such that T = Vx Jdy ¢ (x, y), there exists k € w such
that To - @(k, x,y) — Jz < y ¥ (x, 2).

Definition 1.4. 1. A I1,—functional class T is inductive if for all € T
(a) IAp41 (X2, + T%) = IPF ().
(b) 1A 1 (X, + T =3y ¢ (0, y) AVX[Fy Y(x, y) = Iy P(x + 1, y)].

2. A theory T is inductive T1,~functional if there is an inductive I1,—functional
class T such that Thyy, ., (T) <= 1X, + I'*. (In this case we say that T is an
inductive I1,,—functional class for T).

3. Let (u, x, y) € Il be a I1,—envelope. We say that ¢(u, x, y) is an inductive
[I,—envelope if Ty = {p(k, x, y) : k € w}isaninductive I1,—functional class.

Remark 1.5. Part (b) of the definition of inductive I'T,,—functional class contains the
premises of the induction rule for the formula 3y ¥ (x, y). This shows again the
relationship between the two topics we are interested in here. By the next proposi-
tion, inductive I'T,—functional classes characterize the I'T,,—functional theories such
that IA, 1 (T) is equivalent to Thyy, , (T).

Proposition 1.6. Let T be a I1,,—functional theory. The following properties are
equivalent:

1. Every Il,—functional class for T is inductive.
2. T is an inductive T1,,—functional theory.
3. 1A, +1(T) < Thp, ,(T).

Proof. Tt is trivial that (1) = (2).
((2) = (3)): Let I" be an inductive IT,—functional class for T. Then

16.1. 1Z, +T* < IA, 11X, +T%).

Proof. (=): This follows from [7]-3.4.

(<=): By part (l.a) of 1.4, it is enough to prove that for each ¢(x,y) € T,
IA, 112, + T*) F Vx3ye(x,y). Since IX, + I' F Vx3Iyoe(x,y), then
dyex,y) € Ap1dZ, +T%). So, 1A, 11X, + T'*) F I3y 4(,y). Hence, by
part (1.b) of 1.4 we get the result. O

By 1.6.1, we obtain (3) as follows
Thy, ,(T) <= IZ, +T" < 1A, 12, +T%) < 1A, (D).

(3) = (1)): Let " be a IT,—functional class for T. For every ¢(x,y) € T,
IPF(¢), 3y (0, y) and Vx [Ty p(x, ¥) — Ty p(x + 1, y)] are I1,,;o—formulas that
are provable in T. So, by (3), they are also provable in IA,41(T); hence, also in
IA, 1 AZ, +T%). O

Remark 1.7. Now, in connection with question (P2), we present some inductive
ITp—functional classes and the recursive functions they describe.



Elementary recursive functions. Let us first recall some basic facts on the expo-
nential function. Let exp be the sentence Vx 3y (2* = y), where 2* = y denotes a
A formula which defines the exponential function in the standard model and such
that (see [8]):

(1)IA0|—231 =y A22 =y Ax; <x— y1 <»m.
2)IAg 2" =1.
B IAGF2 =y« 25T =zA2.y=2].

From (1)-(3) and 1.6.1 we have that

1.7.1. (i) {2* = y} is an inductive ITp—functional class.
(1) IAg +exp <<= IA;(TA¢ + exp).

By 1.7.1-(ii), if IA¢ is extended with axioms asserting that every elementary
recursive function is total then we obtain induction for every A (IA¢ + exp)—for-
mula. It also holds that each elementary recursive set is definable by such a formula.
Let us also observe that IA| (IA( + exp) is finitely axiomatizable.

Primitive recursive functions. In 4.3 we shall define a sequence of functions:
Fo(x) = (x + D% Fep1(x) = F} ™ (x +1). Let F : ©®> —> w be the function
defined by: F(k, m) = Fy(m) (F is essentially Ackermann’s function). In section
S (see also [1] or [18]) it will be proved that there exists ¢(u, x, y) € Ag such that

1.7.2. (i) ¢(u, x, y) is an inductive (strong) [Tgp—envelope of IX; in [Ay.
(ii) For eachk € w, and for allm,r € w, Fy(m) =r <= N = ok, m,r).

Let Cack = {@(k, x, y) : k € w}. It holds that:

1.7.3. (i) Th, (%) <= 1A¢ + 'k, <= IA1X)).
(ii) IA1(IX) is [1p—axiomatizable.
(iii) IX1 and YA (IX1) have the same class of recursive functions.

Proof. (i) follows from 1.6 and 1.7.2. (ii) and (iii) follow from (i). O

By 1.7.3—(1), if we add to IA( axioms expressing that each primitive recursive
function is total, then we obtain induction for every Aj(IX)—formula. Moreover,
each primitive recursive set is definable by such a formula. But, IA;(IX1) is not
finitely axiomatizable (see 5.4).

Grzegorczyk’s hierarchy, £%, k > 3. For each level of Grzegorczyk’s hier-
archy, &k k > 3, (see [17]) we have a similar result using the theory IAg +
Vx 3y [For—2(x) = y] (see 4.6). So, if 1A is extended with axioms asserting
that each function in £F is total, then we obtain induction for every A1(IAg +
Vx 3y [Fo x—2(x) = y])—formula.

As itis well known, R(IAg) = M2 (see [19]). Let us consider the classes M2,
EF k> 3and PR (primitive recursive functions). As we have seen, these classes
satisfy problem (P2). In section 2, we shall see that (P2) holds for any class C of
nondecreasing provably recursive functions of IX,, 4.



We conclude this section presenting the main results that will be obtained
through this paper. Next theorem sums up the results on axiomatizations properties
of IA,4+1(T).

Theorem 1.8. (see 2.4, 5.4)

1. Let T be a theory.
(a) (n = 1) 1A, 11 (T) is not ¥,,42—axiomatizable.
(b) If 1%, 41 == Thn, ,(T), then 1A, 11 (T) is I1,,3 axiomatizable but it is not
Y43 axiomatizable.
(c) Assume that T has A, +1—-induction. If1X,+1 = Thp
is I1,,42 axiomatizable. Even more,

L(T), then1A, 41 (T)

n+!

Thp, ,(T) <= 1A, 1 (D).

2. If T is a consistent extension of 1¥,11, then Thp
finitely axiomatizable.

(T) and 1A, +1(T) are not

n+2

Part (1) of the above theorem is proved in section 2 through a result on (non-
existence of) X, ;3—axiomatizable extensions of 1%, 1.

As it was noted in 1.5, inductive IT,—functional classes relates quantifier com-
plexity and induction rules. In sections 3 and 4 we develop the basic tools (following
a construction due to R. Kaye (see [9])) to obtain explicitly inductive I'T,—functional
classes. Given a formula ¢(x, y) € II,, defining a total function, by iteration and
diagonalization, we define uniformily a family of functions A, ,(x) = y. When
the function defined by ¢(x, y) has a good rate of growth, the above family of
functions is a I'1,,—envelope of IZZ);F"] inIZ?" (where IT" is a finite extension of
IX,, asserting that ¢(x, y) has good properties of growth). If I, extends IZ}",
then A, , (x) = y is an inductive Il,—envelope.

The theories I give every finite [1,—functional extension of IX,,. As an appli-
cation of these techniques we get part (2) of 1.8 and a general version of Parsons’
conservativeness theorem. Next theorem sums up the main properties connected
with Parsons’ theorem.

Theorem 1.9. (see 6.3, 6.4, 6.5)
1. Forallk € w,

[IZY. My2-IRlk <= [IZf, Tyy1-IRx = IZf +Va 3y Fpi(x) = y)

2.1 + 2,41-IR < IZ} + ACK;,.
3. IE;fH is a T1,,1o—conservative extension ofIEf + ¥,+1-IR.
4. (Parsons) 1X,,41 is a I1,1p—conservative extension of IAg + X, +1-IR.

We conclude by giving a proof, for IT,—functional theories, of a result of Bek-
lemishev on unnested applications of X, and IT,4,—induction rules (see [2],
corollary 9.1).

Theorem 1.10. (see 6.7) Let T be 11, r—axiomatizable extension of 1X,. If T is
[1,—functional, then [T, £,4+1-IR] <= [T, I1,,42—IR].



2. Quantifier complexity of A,1(T)—induction

The aim of this section is to prove theorem 1.8—(1) (see also [6]). To this end we
first study X,,43 extensions of IX,, 1. Next lemma is a generalization of a result of
D. Leivant (see [14]), and it is used in [7] to prove 3.7.4.

Lemma 2.1. Let T be a consistent and X,,13 axiomatizable theory. Then T ===
Izn+l-

Proof. Assume towards a contradiction that T = IX,, . Since I X, is finitely
axiomatizable, there exists a sentence ¢ € X3 suchthatT - gandgp = I1Z,,4.
Let6(x) € I, such that ¢ = 3x 6(x). Let A = T nonstandard. Since T + ¢,
there exists a € 2 such that 2 = 0(a). Let b € 2 nonstandard and ¢ = {(a, b). We
have that

2.1.1. Kyr1(, ¢) E .

Proof. Since 0(x) € I1,42,a € K1, ¢), Knt1 (R, ¢) <41 Aand A = 6(a),
then /C, 11 (2, ¢) = 6(a); hence, IC, 11 (2, ¢) = o. O

As ¢ extends 1%, 41, by 2.1.1, K, 11 (%, ¢) E IZ,41. Since K41 (X, ¢) is
nonstandard, this gives the desired contradiction. O

Theorem 2.2. If 2 (= Thyy, , (T) and A = 1A, (1), then A =15, 1.

Proof. Letus see that 2 =111, 1. Let ¢(x, v) € [1,4+1 and a € 2 such that
(1) AE¢0,a),and A = ¢(x,a) > ¢(x + 1, a).

Let us see that 2 |= Vx ¢(x, a). Since & [~ Thy,,, (T), there exists 6(w) €
1) S such that T - —3w 6(w), and A = Jw O(w); so, there exists b € A such
that A = 0(b).

Let §(x, v, w) € I1,41 be the following formula 6 (w) A ¢(x, v). By (1), A =
§(0,a,b), and A = §(x,a,b) — §(x + 1,a,b). Since T - =8(x, v, w), then
S(x,v,w) € Ay (T). As 2 = TIA; ((T), it follows that % = Vx&(x, a, b);
hence, A = Vx ¢(x, a). O

Theorem 2.3. Let T be a theory with A, 1—induction. The following conditions
are equivalent.

1. Thp, , (T) <= 1A, 1 (T).

2. IA,+1(T) is I1,,42 axiomatizable.
3. IAL+1(T) is X,,43 axiomatizable.
4.1%,+1 = Thp, ,(T).

Proof. ((1) = (2) = (3)): Trivial.
((3) = (1)): Assume towards a contradiction that (1) does not hold. Since T has
Ay 1—-induction, then IA,11(T) == Thy, , (T). Hence, there exists 6 € I1,2
suchthat T F 6, and 1A, 1 (T) I# 6. Then, by 2.2, we get that IA,, 1 (T) +—-60 —
IZ,41. So, IA,+1(T) 4+ —6 is a consistent extension of 1%, ;1 and, by (3), X,,4+3
axiomatizable. Which contradicts 2.1.



(1) = (4): Since 1Z,, 11 = 1A, 41(T), the result follows from (1).

((49) = (1)): As T has A, -induction, Thyy, , (T) = IA,,11(T). For the con-
verse, assume towards a contradiction that IA;(T) == Thp,_, (T). Then there
exists A such that A = 1A, (T),and 2 }~= Thy,, (T). Then, by 2.2, A = 1%, 4.
So, by (4), % = Th,,,, (T), contradiction. ]

Theorem 2.4. Let T be a theory.

1. (n > 1) I1A,4+1(T) is not X, 4o—axiomatizable.

2. If13,41 === Thp,,, (), then 1A, 1(T) is 1,43 axiomatizable but it is not
Y43 axiomatizable.

3. Assume that T has A, 1—induction. If 15,1 = Thq, , (T), then 1A, 1(T)
is I1,,42 axiomatizable; even more,

IAnJr] (T) < Thn+2(T)

Proof. ((1)): Since IA,+1(T) = I%,,, the result follows from 2.1.

((2)): Itis obvious that IA,, 1 (T) is 1,4+ 3—axiomatizable. Moreover, by the hypoth-
esis, IA;1(T) == Thy, , (T). Then, as in the proof of (3)==(1) in 2.3, (which
now does not need the asumption that T has A, —induction) we get that IA,, 41 (T)
is not a ¥, 43 axiomatizable theory.

((3)): It is a consequence of 2.3. m]

Remark 2.5. (On X,—axiomatization). From 2.4—(1), IA,+(T), n > 1, is not
Y, +o—axiomatizable. For n = 0, there exist theories (for instance, IA) such that
IA(T)is ¥r—axiomatizable (indeed I'Tj—axiomatizable). Next result gives theories
such that IA{ (T) is not Xy—axiomatizable.

2.5.1. Let T be a ¥p—axiomatizable extension of IAg and ¢(x, y) € Ag such that
T F Vx 3y ¢(x, y). Then there exists a term 7 (x) such that

THEIuVx[u <x — Iy <t(x)px,y)]

Proof. Since %5 is closed under conjunction, if T - Vx 3y ¢(x, y) then there exists
Y € ¥y suchthat T - ¢ and IAg + ¥ F Vx 3y ¢(x, y). Let §(x) € II; such
that v is dx 8(x). By way of contradiction assume that for each term 7 (x) of L,
THIuVx[u <x — Iy <1(x)¢(x, y)]. Let ¢ and d be new constants symbols
and T’ the theory

T+68c)+ec<d+ {—3Iy <r(d) o, y): t(x)term of L}

By compactness, T’ is consistent. Let 2 be a model of T'; a and b, respectively,
the interpretations of ¢ and d in 2 and ‘B the initial segment defined in 2 by
{t(b) : t(x)termof L}. Then B <o A. So,as a < b, B = [Ag + ¥, which
contradicts B p= Vx Iy ¢(x, y). O

This result generalizes a similar property on ITI| obtained in [5]. The proof we
have presented here can be used to obtain the following result for %, ,—axioma-
tizable theories (n > 1).



25.2.(n > 1) Let ¢(u, x,y) be a strong I1,—envelope of IZ, in IX,. Let T
be a X, p—axiomatizable theory and ¥ (x,y) € X,4+1 such that B¥X,1 + T +
Vx dy ¥ (x, y) then there exists a term ¢ (x) of L(I',) such that

(T +12n)l“q, FIuVxu <x — 3y <tx)¥(x,y)]

By 2.5.1,if T is a ¥>—axiomatizable sound theory, then every function in R(T)
is bounded by a polynomial. From this we get that

2.5.3. Let T be an extension of IA such that N' = T. If there exists f € R(T)
not bounded by a polynomial then T is not ¥,—axiomatizable.

2.5.4. If T I+ exp then IA{(T) is not Xr—axiomatizable.

Proof. Let 2* = y be a Ag formula as in 1.7. Since T F Vx 3y (2* = y), then
dy (2* = y)isa A1 (T)—formula. Hence, IA{(T) - Vx 3y (2° = y); s0,as IA{(T)
is a sound theory, the result follows from 2.5.3. O

Remark 2.6. Let us see how we can answer (P2) using the above results. Let C be
a class of nondecreasing provably recursive functions of IX, ;. Assume that for
each f € C there exists a formula ¢ (x, y) € Ip defining f in NV and such that
I, EVxAlyer(x, y).

LetI' = {¢r(x,y): f €C}. Then, by 2.4-(3),

IA, AT, +TF) Iz, +T*

3. Ackermann’s functions

In this section we give a generalization of Ackermann’s function. Similar construc-
tions have been considered by P. D’Aquino (see [1]), R. Kaye (see [9]) and R.
Sommer (see [18]). The aim of the definition we develop here is to describe induc-
tive I1,—functional subtheories of I%,4 1. To this end, the construction proceeds
using iteration and diagonalization as in Grzegorczyk’s Hierarchy.

Remark 3.1. (Set Theory in IA() Here we shall see how set theory can be described
in IAg. We shall informally give a Ao formula, denoted by x € u, such that in
each model of IA( some of its elements can be considered as finite sets. See [15]
for details. Let us consider the following Ag—formulas (where y|x is the formula
Fz<x(y-z=x)),

irred(x) =2<xAVy<x(Qlx—>y=1Vvy=x),
pot,(x) = 1 <x AVu <x (irred(u) Aulx — u = 2),
poty(x) = poty(x) Ady < x (pot(Y) Ay -y =x).

And Lp,(x) = y and Lp,(x) = y, respectively, are the formulas
[x=0Ay=1]lV[x <y <2-x Apoty,(¥) AVzZ <y (poty(z) = z < x)]

[x=0Ay=1]lV[x <y <4 -xApoty(y) AVz < y(poty(z) = z < x)]



311, (1) IAg F Vx3ly Lpy(x) = y) AVxAly (Lpy(x) = y).
() IAg -1 <x = Lpy(x) <2-x ALpy(x) <4-x.

Formula x € u is given using the formulas pot,(v) and pot,(v). We say that
x e uif

(-) x written in base 2, as a sequence of 0, 1, appears in u written in base 4, as a
sequence of 0, 1, 2, 3, between two consecutive occurrences of 2.

Now we give without proofs some basic properties of the formula x € u. Let
Conj(u) € Ag be the formula (we read Conj(u) as “u is a set”)

—Iv <uVx <u(x €eu < x €v)

3.1.2. O)IAoFx€eu—x <u.

M IAgFxeu—> R v<unVy(yY#xAyeu—yev)l.
(iii) IAg - Conj(0) A Vx (x ¢ 0).

@iv) IAg - Conj(u) AConj(v) AVX (x Eu <> x €v) > u =v.

3.1.3. (¥,—separation). Let ¢(x) € X,, U I1,. Then
I3, = Vy3z < y[Conj(z) AVx (x €z < x € y Ap(x))]

Let {x} = z be the Ag formula: Conj(z) AVy < z(y € z < y = x).
Letx Uy = z be the Ag formula: Conj(z) AVu <z[uez<uexVvucy].

3.1.4. (i) IAgF Vx3ly < (6-Lpy(x)? [{x} = yl.
(i) IAgFVxVy3dlz <x+y-Lpsx)[x Uy =z].

3.1. Iteration: ITy(z, x, y)

Remark 3.2. In what follows we consider atheory T, extension of IZ,,,and ¢ (x, y) €
[T such that

n

(1) T+ IPF(¢(x, y)), and
Q) TFox,y) = x2<y.
That is, ¢(x, y) defines in T a partial increasing function bigger, when defined,
than the square. It is easy to see that
32 TH o, y) > (x+1)3 < (y+ D%

Informally, we denote ¢ (x, y) by F,(x) = y. In the next results we are going to
prove in T some properties by induction, it will be easy to verify in each case that T
proves enough induction to carry on the argument. We will use Cantor’s function,
J : w* — w, defined by

Jx, =z = (x+y) - x+y+D)+2.-x=2-2
Definition 3.3. Let itcl,(w, z, x, y) € I1, (in BX, forn > 1) be

J(z,y) ewAnJ(O,x) ewA

@ =0Ay =x)V
e, y) A
JZ-1Lv)ew

V/ / / /
7y <wi{JEZ,Y)ew — 0<Z,Hv<w{



Remark 3.4. The formula itcl, (w, z, x, y) expresses that w is a “computation” of
F, (2 (x) = y. The following properties are provable in T.
@ itclp(w, z,x,y) > @=0—>x=y)Az=1— o, y)).
(i) itcly(w, z + 1, x, y) = 3y" < w (itcly (w, z, x, y') A (¥, ¥)).
(i) itcly (w, z, %, ) > 2, X <Yy <wA (2 #0— x% < ¥).
(iv) itcly (w, z, x, ) = J(z,y) < 4-y°.
(v) itcly (wy, z, x, y1) Altcly (w2, z, x, y2) = y1 = y2.

Theorem 3.5. T + itcly(w, z, x, y) = Jw’ <9- #(y+ D itcly(w', z, x, y).
Proof. Let2 =T and a, ¢ € 2. By induction we shall see that for all b € A

(D) Vy < clitcly(c, b, a,y) — Fw' <9-4 - (y + D>*itcl,(w', b, a, y)]
(b = 0): Suppose that itcl,(c, 0, a, d). Then d = a. Let ¢/ = {J(0, a)}. Then

¢ <36 (Lpy(J(0,a)))* [3.1.4-@)]
<36 (Lpy((a+ 1D?)? [J(0,a) < (a+ D?]
<36-2-(a+1D>»? [3.1.1-@G)]
<9.43. d+1* d = al

We also have that itcl, (c’, 0, a, d). This proves (I) for b = 0.

(b — b + 1): Suppose that itcl,(c, b + 1, a, d). Then there is dy < ¢ such that
@(dp, d) and itcly(c, b, a, dy). By induction hypothesis, there exists co < 9 - 43.
(do+1)>* such thatitcly (co, b, a, dp).Letc’ = coU{J (b+1, d)}. Thenitcl, (¢, b+
1, a, d). We also have that

(J(b+1,d)} <36 (Lp,(J(b+1,d)))? [3.1.4-)]
<36-Q2—-J(b+1,d)% [3.1.1-3)]
<36-4-(4-d*? [3.4-(iv), (J(b+1,d) € o)]
<36-4-d+1)*

Hence, by 3.1.4—(ii), ¢’ < 9-4%-(do+1)>*-2"*.(d+1)*. By 3.2.1, (dp+1)3 <
(d+ 1% So, ¢/ <9-4%.(d+ 1),
This proves (I) for all b. So, the result follows. |

Definition 3.6. Let us consider the 11,, formulas (in BX,, forn > 1)

ITy(z,x,y) =3w <94 (y+ D*itcl,(w, z, x, y),
Dy(x,y) =1Ty(x+2,x+1,y)

(The formula ITy,(z, x, y) expresses that Fé x) =y)

By straightforward arguments, using induction, it is proved that

Lemma 3.7. 1. THVxVy[T,0,x,y) < x =yl

T+ Vx ¥y [p(x, y) < IT,(1, x, y)].

CTHITy(z+ 1, x,y) < 3yo < y UTy(z, x, yo) A ¢(yo, )]
T ITy(z, x, y1) AMTy(z, x, ¥2) = y1 = ¥2.
THEITy(z,x,y) = VYzo < z3y0 < y UT, (20, x, yo)l.

T+ Vx3yex, y) FITy(z,x,y) = 3y ITy(z+ 1, x, y").
. TEDy(x,y) —>x2<yAIz<yo,2).

. T Xx1 <x2 ADy(x1, y1) ADg(x2, y2) = y1 < y.

SO NN W



3.2. Ackermann’s finite approximations: Acky(w, u, z, x, y)

In what follows we shall use the following notation

(=) (u,z,x,y) for J(J(u, x), J(z, y)).
(-) Let [w, x] = w’ be the Ag—formula

w =)V <w @ ev < JUJO, x),v)ewvir =J0,x))]

Thatis, [w, x] = {J(z,y) : (0,z,x,y) € w}U{J(0, x)}.
Observe that IAg - Vx, w 3w’ ((w, x] = w').

Definition 3.8. Let Acky,(w, u, z, x,y) € I, (in B, forn > 1) be

(u,z,x,y) ewnl <zna

W,z x',y)ew —
1<z A
[ =0 nitcl,([w, x'], 2/, x', YNV
0<u A
/ / I /
Yu',z',x",y <w - [ =1AW —1,x+2,x+1,y) cw]v
2<7 A
W,z —1,x",v) cw

EIv<w{(u’,l,v,y/)ew

Now we give an informal description of the meaning of Acky(w, u, z, x, y).
We are going to define (by recursion on u), see 3.17 for the formal definition, a
sequence of functions

() Fpo(x) = Fy(x).
) Fpur1(x) = Fii2(x + 1.

The intended meaning of Acky (w, u, z, x, y) is that w is a finite approximation of
Fi(x)=y.

Lemma 3.9. The following formulas are provable in T.

1. Acky(w, 0,1, x,y) = @(x, y).

u=0—itcly(w, x1, z, x, y)

utOnz=1—Acky(w,u —1,x+2,x+1,y)
Acky(w,u,z—1,x,v)

u;éO/\2§z—>EIv<w{Ack(p(w,u,1,v,y)

3' ACk(ﬂ(wlvua 2, X, yl) /\ACk(ﬂ(w27ua Zaxv y2) - yl = y2'

2. Acky(w,u,z,x,y) —

Remark 3.10. In what follows we shall prove some results using the exponential
function. Since T is an extension of I%,,, for n > 1 we can use freely this function.
But for n = 0 let us observe that we do not assume that T - exp. That means that
if in an expression appears an exponential term we must prove first that it exists.
Nevertheless, in order to abbreviate expressions that appear below we shall write
x¥ < z instead of the more accurate Jv < z (x¥ = v). Now we give an example,
that will be used in 3.11—(4), of this kind of arguments.



310.1. LetA=Tanda,b’ € A Thenforallb € A, b > 1,
Vy < b [ITy(b,a, y) — a? < y]

Proof. By induction on b.

(b = 1): Suppose that IT, (1, a, d). Then, by 3.4—(iii), a® = a* < d.

(b — b+1): Suppose that IT, (b+1, a, d). By 3.7-(3), there exists d; < d such that
ITy(b, a, d1) and ¢(dy, d), By induction hypothesis, there exists azb < d;. Then
20 = (azb)2 < (d))?* < d, where the last inequality follows from ¢(di, d)
and 3.2—(2). |

Lemma 3.11. [. T - Ack,(w,u,z,x,y) — x> < y.
2.THAcky(w,u,z,x,y) > u+z+x <y.

3. TEAcky(w,u,z,x,y) = (u,z,x,y) <25- y4.

4 Tk Acky(w,u+1,z,x,y) = (x + I)ZWHHZH) <

Proof. Leus see (4). Let 2l = T and ¢ € 2. We shall prove by induction on e € A
that

2((e+D)+z+x)

(I Vz,x,y <clAcky(c,e+1,z,x,y) > (x+1) y]

(In the proof we must show that the exponential term that appears in the above
expression does exist).

(e = 0): By induction we shall prove that forall b € 2, b > 1,

2 (1+b+x)

(D Vx,y <clAcky(c,1,b,x,y) = (x +1) < y]
(b = 1): Suppose that Acky(c, 1, 1, a, d), then Acky(c, 0, a+2,a+1,d). So,
itcly([c,a + 1],a + 2,a + 1, d). Then, by 3.5, ITy(a + 2,a + 1, d). So, by
3.10.1, there exists (a + 1)>“™” < d.
(b — b+ 1): Suppose that Ack,(c, 1, b+ 1,a,d). Since 2 < b + 1, by 3.9,
there exists dyp < ¢ such that

(i) Acky(c, 1,b,a,dy), and

(i) Acky(c, 1,1,dp, d).
By (i) and induction hypothesis (on b), there exists (a +
and (1), (do)2 < d; hence,

12 < dy. By (ii)

(14+(b+1)+a) (14+b+a)
1?2 1?2

(a+ = ((a+ )? < (do)* <d
This proves (II) for all b > 1.
(e > e+ 1): By inductionon b € 2, b > 1, as for e = 0, it is proved that

() Vx,y <clAcky(c,e+2,b,x,y) = (x + 1)2(<6+2>+b+x> -

This proves (I) for all e and completes the proof of (4). O



Lemma 3.12. The following formula is a theorem of T

1 <zAitely(w,z,x,y) —

Acky(w', 0, z, x, y) A

/ 33
A =0+ {vz <2Vy <wlIE.y) e W x] o J(E.y) € w]

Proposition 3.13. The following formula is a theorem of T

Acky(w, u,z,x,y)

72-(u+1)
v [(y+ 1)72»(u+1) =] } — Jw’ <(G+1 u Ackw(w/, U, 7, %, y)

Proof. Let2A =T, ¢, d’ € 2. By induction we shall prove that for all e € 2

Acky(c, e, z,x, y) Adv < d'[(y + D)7ZEHD = 3] —
DV ¢
(DVz,x,y < c[ = 3w < (y+ DD Ack, (W', e, 7, x, y)
(e = 0): Suppose that Acky (c, 0, b, a,d) and Jv < d'[(d + 1)*"O+D = v]. Then
itcly([c, al, b, a, d). So, by 3.12, there is ¢’ < (d + 1)*} < (@ + 1)">O+D such
that Ack, (c’, 0, b, a, d).
(e — e 4 1): By induction we shall prove that forallb € 2, b > 1,

Acky(c,e+1,b,x, )y AT <d [(y + 1)*ED =] —
(IDvx, y < C[ N Jwo < (y + DD Ack, (wo, e + 1, b, x, ) }
(b = 1): Suppose that Ack,(c, e+ 1, 1, a, d) and there is (d + 1)">*+2)_ Then
Acky(c, e, a+2,a+1, d) and there exists (d+ 1)72‘(6“). By induction hypothe-
sis (on e), there exists co < (d+1)7>€*D such that Acky (co, e, a+2, a+1, d).
Letc¢’ = coU{(e+ 1,1, a,d)}. Then it holds that Ack,(c’, e + 1, 1, a, d). We
also have that

¢! < co+Lpylco) - {le+1,1,a,d)} [3.1.4—0)
<co+4-co-36-(Lpy(le + 1, 1,a,d)))? [3.1.1-(ii), 3.1.4-(1)]
<co+4-co-36-2-(25-d*))? [3.1.1-(ii), 3.11-(3)]]
<co+4-co-36-4-25%.48
< (d + 1)72~(e+1) . (1 + 26 . 213 3 d8) I[CO < (d + 1)72’(6—1-1)]]

< (d+ D)¥ErD (g 4 YT [2<d+1]
< (d + 1)72‘(8-1-2)

(b — b+ 1): Assume that Acky(c,e + 1,b + 1, a, d) and there exists (d +
1)72(¢+2) Then, by 3.9, there exists dy < ¢ such that
(i) Acky(c,e+1,b,a,dy),

(ii) Acky(c,e+1,1,dp, d). So, Acky(c,e,do+2,dp + 1, d).
Since dy < d, there exists (dg+1)7%€*2) Then, by (i) and induction hypothesis
(on b), we have that there exists ¢o < (do + 1)7%*2 such that Acky(co, e +
1, b, a, dp). By (ii) and induction hypothesis (on ), there is ¢; < (d+ 1)72(e+D)
such that Acky(c1, e, do +2,dp + 1, d). Let

¢ =coUctU{le+1,b,a,do)}U{(e+1,1,do,d)}



Then Acky(c’, e+ 1,b+ 1, a, d), we also have

{te+1,1,do,d)} <36-(Lpy({e+1,1,dp, d)))?* [3.1.4-()]
<36-4-(e+1,1,dy,d))*> [3.1.1-(iD)]
<36-4.25%.4d8 13.11-3)1
<d?% 2 <dl

Similarly, {(e + 1, b, a, do)} < d?°. So, ¢’ < (d + 1)7>(+2),

This proves that (I) holds for all e and completes the proof. O

3.3. Ackermann’s Functions: Ay(u, z, x,y)

In the above definitions and results we have used J(z, y) € w, for w such that
itcly (w, z, x, ), to express that Fé(x) = y. Now we also use J(i, j) € s to rep-
resent that s is seen as a sequence and j is the i-th element of s. When we use
J (i, j) € s with this meaning we denote that expression by (s); = j. Let Func(s)
be the conjunction of the following A formulas:

() Vi, ji, jo < s[(s)i = ji A($)i = jo = j1 = ja], and
O Vi<s[3j <s((s)i =) > V=< 3 <5 () = )]

Definition 3.14. Let pr(s, u,x,y) €lIl, (inBX, forn > 1) be

1 < u A Func(s) A (s)u = x ADy(($)1,y) A
(Vu/)l<u’§u Jw < yACkga(wv u' — 17 (S)u’ + 1, (S)u’ + 1’ (S)u’—l)

(A)1+2

Suppose that Cp,, (s, u, x, y). Then (s), = x,y = ((s)1 + 1), and for every

u', 1 <u' <u, (pu—l((s)u/—l)— (pu’((s)u)
Lemma 3.15. The following formulas are provable in T:

1. Cpy(s,u, x,y) = (Vu')1<w<u [u+x < () ACpy(s, u', (s)ur, ¥)1.
2. ds Cp(p(s, u,x,y) < 1 <un3dwAcky(w,u, 1, x, y).

Theorem 3.16. T - Cp,, (s, u, x, y) — 35" <36-4. y0 Cpy(s', u, x, y).
Proof. Let2 =T and s, d € 2. By induction we prove that forall e € U, e > 1,

Cpy(s,e,x,d) —
DVx <d Jv < dP [((s)] + DIZEFD = y] A
35" <364 ((s)1 + D'V Cp,(s', e, x. d)

(e = 1):If Cp, (s, 1,a,d) then a = (s); and Dy (a, d). Let s' = {J(1,a)} (that
is, (s')1 = a). Then Cp(p(s/, 1,a,d). So, by 3.15-(2), there exists ¢’ such that
Ackw(c/, 1,1,a,d); hence, by 3.11-(2), 1 + 1 4+ a < d. So, from 3.1.4—(i) and
3.1.1-(ii) we get that

s’ <36 (Lpy(J(1,a)))? <36-4-(a+ 1* <36-4. (a4 1)!F0+D



(14+1+a)
1)2 < d; hence,

Since Ack,(c, 1, 1, a. d), by 3.11-(4), (a +

@+ DD = (@ + DY < (@a+ 126 < a®
So, s’ <36-4-d5. This proves (I) for e = 1.

(e — e + 1): Suppose that pr(s, e+ 1,a,d). Then

(1) e+ 1+a < (s) (by3.15-(1)), and
(ii) Cp(p(s, e, (8)e,d).

By (ii) and induction hypothesis, there exist ((s); + 1)!2€+t) < ¢d® and 59 <
364 ((9)1 + 1)'*@"D such that Cp, (s0. e, (5)e. d).

Lets’ =soU{J(e+ 1, a)} (thatis, (s").11 = a). Observe that for each u’, 1 <
u' < e, () = (s)y.Thens' <36-4-((s)1+ D'*“*2 and Cp, (s', e+ 1, a, d).
Since Dy ((s)1, d), by 3.12, there exists c; such that Acky(c1, 0, (s)1 + 2, (s)1 +
1,d). So, by 3.11-(4), ((s)1 + 2)>@1+D < 4 Hence, by (i), it holds that

(1 + D = ()1 + D¥EFN0 < ()1 + D* D)0 < g€
This proves (I) for all e > 1, which completes the proof. O

Definition 3.17. The Ackermann’s function of ¢, Ay(u, z, x,y), is the following
I, formula (in BY,, forn > 1).

z=0Ax=y)V
Z2#O0A
(w=0AITy(z,x,y)V
uz#0An
va,(s,u,x’,y) A
I5,x’ <36-4-y° z=1Ax=x")V
{252/\Elw < yAcky(w,u,z —1,x,x")

We shall usually denote the Ackermann’s function of ¢, A, (u, z, x, y), by Aé’ LX) =
y and Ai,’”(x) =ybyA,,(x)=1y.

Remark 3.18. Here we shall give an informal description of the formula Aé’u x) =
y. Consider u,z > 1. Let s and x” be such that Cp, (s, u,x’,y). For every j,
1 < j < u,letusdenote (s); = y;. We have that

y _{x, ifz=1
“ x’:Aé}l(x), ifz>1

j+1

Yj-1 =Aé’j~_1(yj +1) forall j,1 < j <u.

From this we get that (Vj)i<j<u (Ay j(y;) = ¥). In particular, we have that
Ay 1(y1) =y, thatis Dy (y1, ). It also holds that (for (ii) use 3.13):

381 () THA] ((x) =y « ITy(z, x, y).
() THApupi(x) =y < A2 +1) = y.

(i) TH AZH (x) =y < Ay u (AL ,(x) = y.



4. II,—envelopes given by iteration

Now, we present the main tool that will be used in the remainder of the paper. We
follow a similar construction devised by R. Kaye (see [9]) to analyse parameter
free induction schemes.

Definition 4.1. 1. Let Ko(x) = y be (x+1)> = y. Foreveryn > 1letK,(x) = y
beE, (x, x,y), where E, (u, x, y) is the [1,—g—envelope given in [7]-5.13. (Let
us observe that IZ, - x% < K, (x)).
2. Let (x,y) € I1,;. We will denote by KITF, (¢) the formula:

IPF(p) AVxVy (p(x,y) = Ky(x) < y) AVx Ay o(x, y)

For each theory T, let T?" be the theory T + KITF, (¢). In particular, we
will denote by 1S5" the theory (12,,)%". When n = m, we shall omit the
superscript n and write I},

Remark 4.2. Let us observe that KITF, (¢) € I1,4, and
I =1%, + I+ VxVy (p(x, y) = K,(x) < y)

(where I' = {@(x, y)}). So, by [7]-3.7.2—(ii), if IZ} is consistent, then IZ} is a
I1,—functional theory. In particular, if ¢ (x, y) is the formula K, (x) = y then, by
[71-5.13, 1%, F KITF, (). Hence, 1T} < I%,.

Definition 4.3. Let ACK, = {Fy, x(x) =y : k € o}, where

(=) Fp0(x) =y is o(x, y).

(=) Fok41(x) =y is Dy,  (x, y).

If o(x,y) is the formula K,(x) = y, then F, 1 (x) = y will denote the formula
Fy 1 (x) =y and ACK,, will denote the set ACK,,.

Remark 4.4. Let us observe that, as we will see in 4.5, if IX, - KITF,(¢) then
ACK, is an inductive I1,—functional class. Even more, it holds that

4.4.1. If 1Z, 41 F KITF,(p) and IX, F Vx,y (p(x,y) — K,(x) < y), then
ACK, is an inductive I1,—functional class.

Proof. By induction on k € w we prove that IA, 1A%, + ACK;;) proves

(=) IPE(F,, ), and
() Iy Fpr(0) =y) AVx [Ty Fpr(x) =y) = Ty Fpr(x +1) = y)].

k = 0: Since IZ, 11 F KITF, (¢), by 5.5-(1), I1A,+1(IX, + ACK}) F KITF, (¢).
AsIXE, FVx,y(p(x,y) = K,(x) < y), then by 6.4 and 6.5,

IZ, + ACK|, <= IZ} + ACK, = 1%, + ACKj

So, IA,+1 (X, + ACK(’;) F KITF, (¢), as required.
k — k + 1: It follows from 4.5. O

Lemma 4.5. . Forallk € o,



(a) IZ) F Fpr(x) =y = Ky(x) < y.
(b) IZ) = IPF(Fy k).
2. Forallk € w, IS} + Vx 3y [Fy x(x) = y] proves
(a) 3y [Fy k+1(0) = yl.
(b) Vx [y (Fpk1(x) = y) = Iy Fy pq1(x + 1) = y)1.
3.1z FACKS,.
Proof. ((1)): We get (1.a) and (1.b) by induction on k € w using 3.7.
((2)): We only need to prove (2.b). Let A = IS +Vx Iy [Fyx(x) =ylanda € A
such that 2 = 3y [Fy x+1(a) = y]. Let b € A such that A = Fy yy1(a) = b.
Then, by induction on d, using 3.7—(6) and (1), it is proved that for alld < a

Iy, y2 < b[Fg,k(a +2)=y1 A Fgf(a +1D=yAy =<yl
From this, for d = a, we have that Jy [F(Z’k(a 4+ 2) = y]. Then, by 3.7-(6),
Iy [FF (@ +2) = yl; hence, 3y [Fy k41(a + 1) = y1.
((3)): By induction on k, it follows from (1) and (2) that, for all k € w,

IZ" = KITE, (Fy x (x) = y)

as required. O

Theorem 4.6. For all k € o, ITy,,(z,x,y) € I, is a Tl,—envelope of Iz! +
Vx Ay [Fy i (x) = y] in Iy,

Proof. By 4.5-(1)and 3.7-(3), Ty, (z, x, y) is a [1,—g—envelope. So, by [71-5.4,
to see that ITy,, (z, x, y) is a I1,—envelope is enough to prove that this formula
satisfies [1,—IND. Let A = IX and a, b € 2 such that forallm € w, A = dy <
bITIFW(m, a,y).Forallm € wlet b, < b such that 2 = ITFw,k(m, a, by). Let
J={ceU: Im € w(c < by)}. Thena < T < band J is a initial segment closed
under the IT,—functions defined in 2 by ¢ and Iy, ;. For all ¢ € 7, by 4.5-(1),
there exists d € J such that 2 = K, (c) = d. So, by [7]-5.13, T <! 2. Hence,
J = IA) + KITF,(¢) and J = Vx 3y (K, (x) = y). So, J = 1Ag + I';;, where
Iy, = {K,(x) = y}. Since (see [7]-5.13) [',, is a strong IT,—functional class, then,
by [7]-4.6.1, IAg + T'¥ = I%,,. So, J = IZY + Vx Iy (Fyx(x) = y). O

Theorem 4.7. 1. Foralln,k € , IZ) FFy 1 (x) =y < Ay i (x) = .
2. Ay y(x) =y is aIl,—envelope ofIE;ffl inIz?.
3. There exists a I1,—envelope ofIEffl inIXY, v (u, x, y) € I, such that for
allk € w, ITY + For(x) =y < ¥k, x,y).
Proof. ((1)): Let 2 |= I . By induction on k € w, let us see that

D AEITR,, (2 x,y) < A7 (x) = .

(k = 0): This follows from the definitions of F, o and A, o.
(k — k+1): Letd € 2. By induction, using 3.18.1, it is proved that for all b € 2,
b>1,

() Vx,y <d[ITy,,, (b.x,y) < AL () = ]

This proves (I) for all k¥ and completes the proof.



((2)): By 4.5-(3), 1=, + ACK, and, by 3.7—(5),

IZ/ FFyppi(x) =y = Jv <y (Fyr(x) =v)

Then, by (1), Ay, (x) = y is a I1,—q—envelope of IEffl inI=?. So, by [7]-5.4, it
is enough to prove that for every A = 1% anda, b € A, a < b,

(x) ifforallk € w, A =3y < b (Ay r(a) = y) then there exists J = IE:f_fl such
that J <¢ Aanda < T < b.

Through the proof we shall write A,(x) = y and F¢(x) = y instead of
Ay (x) = yand Fy ;(x) =y, respectively.

We follow the proof of lemma 4.6 in [18] (which, in turn, follows a construction
of Paris and Kirby (see [12])). First of all, let us observe that we can assume that a
is nonstandard and 2 = exp:

(-) We can assume that w < a:
Letl ={ce®: 3k € w, ¢ < Ar(a)}. Then for each ¢ < Ay (a),

A =Ko (e) < Fe(Ai(@) = F (@) < F{P(a+ 1) = A (a)
Hence, I <¢ A, a < I < b and [ is closed under the IT,—functions defined
by Fi. If I = w, then by overspill there exists a¢* > I such that for all k € w,
A = 3y < b(Ax(a*) = y). If I is a nonstandard segment then there exists
a* € I such, a* > w. So, forall k € w, A =3y < b (Ag(a™) = y).

(=) We can assume that 2 = exp:

We will use the trick of lemma 3 in [1]. For all k¥ € w it holds that

(o) A=y <b(Ar(a) =yAV¥x <yIz<bFfx)=2)
Let ¥ (k, a, b) be the I1,, formula:

Iy < b Ar(a) =y A Vx §y3z<b(F1k(x)=Z)/\
Yu <kdv<y@By @) =v)

By (o), forallk € w, 2 = ¥ (k, a, b). So, by overspill, there exists ¢ > w such
that 2l = ¥ (¢, a, b). Let b* such that

b* <b ANA(a)=b" AVXx <b*3z<b(Fj(x)=2)A
Yu <cIv < b*(Ay(a) =v)

Let[*={deA:Tkew,d< F{‘(b*)}.Thena < I* < band I'* is closed
under the IT,,—function defined by F; hence, I* <¢ 2. So,
I" EIZ? +Vx 3y (Fi(x) = y).

ButIZ! + Vx 3y (F1(x) = y) - exp, and I* = 3y < b* (Ax(a) = y).



So, taking a* and b* instead of a and b, and I™* instead of 2, if needed, we can
assume in (%) that A = 1%} + exp and w < a.

Suppose that forallk € w, A =3y < b (Ax(a) = y). By overspill, there exists
¢ > w,c <a,suchthat =3y < b (Ac11(a) = y).Letd = A41(c). Thenforall
k € w, A =3Iy < d(Ax(c) = y). We define an initial segment of 2, J, as follows.
Let {{x(w, v) : k € w} be an enumeration of the class of I1, formulas such that
each IT, formula appears infinitely often. We define two sequences {a; : k € w}
and {by : k € w} of elements of 2 such that

Dk k#0= (@—1)* < a,

2k ap <ay <---<ay by b1 <--- =< by,

B k#O0ALdy,....dr) <ax = (WW)[Yr—1(w, dy,...,d)] & (ak, brl,
B b = Ac—iy1(ap).

We proceed by recursion on k (at the same time we prove that they satisfy (1)x—(4)x).
(k =0): Letag = cand bg = d.
(k — k+1): Suppose that we have a; and b;, 0 < i < k, and they satisfy (1);—(4);.

Then by = Ac—k41(ax). Since A1 (axr) = A% (ay + 1), then

(a.bd= |J AL @+, A7 @+ 1)
0<j=<ar+1

Now the class M = {(uw)[Y(w, dy,...,d)] : (di,...,d) < ar} has at most
ayr + 1 elements; hence, by the Pigeon-Hole Principle, there exists j < a; + 1 such

that M N (A)_ (ax + 1), AT (@ + 1] = 0. Let

Ta+ 1)

g1 = Ag_k(ak + 1), and byy = Az
By definition of ax4+1 and by, properties (2)x4+1—(4)k+1 are trivial and (1)g41
follows from the definition of Ackermann’s function, A.
LetT ={d € A: Tk € w(d < ax)}. Then, by (1), J is an initial substructure
of 2; hence, J = IAp. We also have that J is closed under K, (x) = y; hence,
J <, Aand T = IAY™" . By (3)k (since each I, formula appears in {/y : k € »}
infinitely often) it holds that J }= L. X, ;. This proves that J = 1%

((3)): It follows from (1) and (2). e ]

5. Non-finite axiomatization of 1A ,.{(T)

In this section, using Ackermann’s functions, we shall prove 1.8—(2) and present
an alternative proof of theorem 1.1.

Theorem 5.1. Assume that IZZ)_’:] is consistent. Then

Thr,,, X)) <= 15 + ACK} < 1A, (IZ))*".



Proof. By 4.7-(3), Thp
on k € w, that

Iz = 1z¢ + ACK}. Let us see, by induction

n+2 n+1

18,41 (IZ¢ + ACK:)#" F Vx 3y [Fy i (x) = y]

(k = 0): It follows from the definition of T#" and Fy, o(x) = y.
(k — k+1): Suppose that IA,,, I} +ACKZ)W’ FVx 3y [Fy x(x) = y]. Then,
by 4.5-(2), 1A, 1 AZY + ACK})#" proves that

3y [Fyk4+1(0) = yI AVx [Ty Fg p41(x) = y) = Ty Fp pr1(x + 1) = y)]
Since Iy Fy rr1(x) =y) € App1 D) + ACK;), then
LA, 1 (A2 + ACKQ)?" = Vx Ty [Fy 1 (x, Y],
as required. O

Lemma 5.2. If IZZ’f1 is consistent, then Thyy, ., (I En(pfl) is not finitely axiomatiz-
able.

Proof. By way of contradiction suppose that Thry, , (IE;f_’:l) is finitely axiomatiz-
able. Then by 5.1 and 3.7-(1,5) there exists k € w such that

3¢ + Vx 3y (Fy i (x) = y) <= Thn,,,AZL)

So, by 5.1, I/ + Vx 3y Fpr(x) = y) F Vx3y Fyk+1(x) = y). By 4.6, there
exists m € w such that

IZY + ITg,, (m, x,y) = 3z <y Fyr11(x) = 2)

Since ITFN(Z +2,x,y)—>3Fy <y IT]FM(Z, x,y"), then it holds that the theory
I + Vx 3y (Fy k(x) = y) proves that

ITF%k(m + 2, m, y) — dz < y (F(p,k+l(m) = Z),
IT]Fq,_k(m +2,m,y)—>3Jz<y (IT]Fq).k(m +2,m+1,2));
which contradicts 4.5—(1.b). O

Lemma 5.3. Let T be a I1,—functional finite 1, 42—extension of 1X,. Then there
exists ¢(x,y) € I1] such that T <= Iz}

Proof. By hypothesis, T <= IX, + Vx3y0(x, y), where 6(x,y) € II . Let
@(x,y) € I, the formula

Iy, 2 <y Ku(x) =31 ACo(x, y2) Ay =y1 +y2)

Where the formula Cy(x, y) is as in the proof of theorem 3.5 in [7]. Then IZ,
Vx3dyp(x,y) > Vx3IyO(x,y) and T F Vx Ay ¢o(x, y) < VYx Iy (x, y). Hence,
T <= IX/, as required. o

Part (1) of next theorem can be also obtained from corollary 3.3 in [2].



Theorem 5.4. Let T be a consistent extension of 1X,1. Then

1. Thyy,_, (T) is not finitely axiomatizable.
2. IA,+1(T) is not finitely axiomatizable.

Proof. ((1)): Let us assume that Thyy, ., (T) is finitely axiomatizable. Then, by 5.3
there exists ¢(x, y) € I such that

Thyy,,,(T) < IZ¢

Hence, IE 1 is consistent and Thp, ,(T) = Thy, X
dicts 5.2.
((2)): Assume that IA,, 11 (T) is finitely axiomatizable. Then as in the proof of 5.3,

there exists ¢(x, y) € I1, such that IE;f 1 is consistent and

M +1) which contra-

T = IZ¥ = 1A, 1(T)

Since T is an extension of 1%, 1, then IA, 1 (T) = 1A, (IEn_H)

AsIA, 1 (IZ)")?" = I%, then (second equivalence follows from 5.1)

1A, 1(T)?" <= 1A, IS D" < Thy, ,AZY)

Hence, Thry,,, IZ}") is finitely axiomatizable, which contradicts 5.2. ]

Theorem 5.5. 1. Thp,,,(AX,11) <= 1A, 1(IX,41) <= 1%, + ACK].
2. 1A 1 (X2, 41) is T1,,40 axiomatizable.
3. I1X,41 is a T1,,1o—conservative extension of 1A, +1(XX,41).
4. 1Z,41 and 1A, +1(1X,4+1) have the same class of recursive functions.

Proof. Let¢(x,y) € I1,] be the formula K, (x) = y. Then, I%, - KITF,(¢), and
1%/ <= I%,.Hence, (1)follows from 5.1. Parts (2), (3) and (4) are consequences
of (1). O

Proposition 5.6. 1. (k > 0) There does not exist a class of sentences ® C X412
such that 1'S,, + @ is consistent and

I, + & = 1%, + Vx Jy [Fn,k(x) =]

2. There does not exist a class of sentences ® S %,42 such that 1L, + ® is
consistent and 1%, + ® = Thy, , IX, ).

Proof. ((1)): By way of contradiction suppose that there is a class ® such that 1%, +
® = Thp,,, A%, + Vx 3y [F,k(x) = y]). Let p(u, x, y) be ITg, ,(u, x, y).
Then, ¢(u, x, y) is a strong I[1,—envelope of IX, in IX, such that I¥, + Vx 3y
[F,(x) = ¥] proves

(=) YuVx3ye(u,x,y),and
(=) Yu,x,y1, 2 [o, x, y1) Ao +1,x, y2) = y1 < y2].



Since IX,, + Vx 3y [[F,, x(x) = y] is finitely axiomatizable (forn = 0, as k > 1,
IX, 4+ Vx 3y [Fo x(x) = y] I exp), then there exists Y € ® such that

IY, + ¢ = I3, + Vx 3y [Fn,k(x) =yl

Let A = (IX; + ¥)r,, a € 2 nonstandard such that 2 = yo(a) (Where ¥ is

Ax Yo (x), with ¥o(x) € I,41); and let B = ICOF“’ (2, a) as in [7]-6.5. Then, by
[71-6.6, B = 1A, 1X,). So, B = I%,. By [7]-6.5-(2), it holds that B <, A
as L-structures, so, B = yo(a). Hence, B = Ix Yo(x). So, B = I, + .
But, by [7]-6.6, 5 [~ 1A, 1AZ, + Vx 3y [F, x(x) = y]). Hence, B (~ 1Z, +
Vx 3y [[F,, x (x) = y]. Contradiction.

((2)): 1t follows from (1). O

6. Induction rules

In this section we shall apply the techniques developed in the above sections to
obtain a new proof of Parsons’ conservativeness theorem (see [16]) and a weak
version of a result of Beklemishev on induction rules (see [2], corollary 9.1). We
are mainly interested in the analysis of the induction rule:

00), Vx(px)— ox+1))
Vx ¢(x)

IR :

and the collection rule:

Vx Ay o(x, y)

CR:
VzIuVx <z3Ay <up(x,y)

Let T be a theory and I' a class of formulas. We shall denote by T + I'-IR the
closure of T under first-order logic and applications of IR restricted to formulas
¢ € I'. Following the notation introduced in [2], [T, I'-IR] is the closure of T under
first—order logic and unnested applications of I'-IR: that is, we can only apply '-IR
if the premises are theorems of T. Finally we define (the theories T + I'-CR and
[T, I'-CR] are defined in a similar way)

[T, T-IR]o =T
[T, T-IR]g4+1 = [[T, I'-IR]y, C-IR].
Proposition 6.1.
(%Y, M, 0-IR] <= IX) + Vx 3y Dy(x, y) < [IZ}, Z,41-IR]

Proof. Werecall thatF, o(x) = yisthe formulag(x, y) and Dy (x, y)isFy 1 (x) =
y. So, by 4.5—(2), it holds
%Y, M, -IR] = [(IZY, X, 41-IR] = IZ¥Y + Vx 3y Dy (x, y),

Then, it is enough to prove that

IS¢ + Vx 3y (Dy(x, y)) = [IZ¢, M,42-1R]



‘We must prove that, for each ¥ (u) € I1,42, if
I =y (0) AVu (Y () — ¢Y(u+1))

then IZY + Vx Ay Dy(x, y) = VYu yr(u).

We can assume that v () is Vx 3y 0 (u, x, y), where 0(u, x, y) € I1, . Indeed,
I1,,42—IR is reductible to its parameter free version. This is easily seen in this case,
but it holds also for ¥, 1—IR (see lemma 2.1 in [4]). So we have to prove that

(o) IZ¢ + Vx Iy Dy(x,y) =VuVx3yO(u, x, y)

Next claims will provide bounds which allow us to reduce the quantifier com-
plexity of the formulas considered.

6.1.1. There exists k € w such that IS + Vx dy < F;f’o(x)é(o, X, ).

Proof. By hypothesis IZ,‘f F Vx3yHa(, x, y); so, the result follows from 4.6
(Fy o(x) = y is a I,—envelope of IZ? en ITY). ]

6.1.2. Let f and F, be new function symbols of arity 1. Let T/ be the theory of
language L = L+ f + F,,

Vxi, x2 (x1 <x2 — f(x1) < f(x2) +

1% +
" {Vx Vy (p(x,y) < Fp(x) =y)
Then there exist ¢ (x) and s(x) terms of L such that:

(i) T/ + Vu [Vx y< fx+u)b,x,y) > VxAy <tx+u)fu+1,x,y)]
.. Vxi; <s(p+u)dy < f(x1 +u)0u, x1,y) —>

f 1 2
i T I—Vqug{ dy <t(x24+u)0w+1,x2,y)

Proof. ((i)): Let ¢ be a new constant symbol. We prove that there exists a term 7 (x)
of L such that

T/ FVx3dy < f(x +¢)6(c,x,y) —> VxAy <t(x +¢)0(c+1,x,y)

For the sake of a contradiction, assume that for each 7(x) € Term(L), there exist
A =T +Vx dy < f(x +¢)6(c, x, y) and a € 2, such that

A -y <t(x+c)b(c+1,a,y)
Let d be a new constant symbol and T’ the theory

T/ +Vx3y < f(x +¢)0(c, x,y)
+ {3y <t(c+d)f(c+1,d,y): t(x) € Term(L)}.

By compactness, T’ is consistent. Indeed, if 7, .. ., t, are terms corresponding to a
finite part, T”, of T', and ¢ is t; + - - - + 1, then 2; = T” (interpreting d in 2; as a).
Let A = T and a = 2((d). Let J be the initial segment

J=1{e€U: Thereexists t(x) € Term(L), A Ee < t(a+c)}.



Then J is closed under the function defined in 2 by F, and, as a consequence,
under the function defined by K,,. Hence, J <,  as L—structures, and J is closed
under f. From this we get that J = IZY and, as 6 € I,

JEVxIy < f(x+¢)0(c, x,y).
So,J =T/ +Vx3y < f(x +¢)0(c, x, y). On the other hand,
ITY - Vu (Vx3y0(u,x,y) > VxIyOu+ 1, x, y));

hence, J = Vx3ybH(c+ 1,x,y).Since J = —3AyO(c + 1, a, y), this provides the
required contradiction.
((ii)): From (i) it follows that T/ proves that

YuVxyIx [y < f(x1 +uw) 0, x1,y) > Jy <t(xa+u)fu + 1, x2, y)]
As in (i) it is proved that there exists a term s(x) of L such that T/ proves
xp <s(o+u) [Ty < fr4+u)0u,x;,y) >y <t(x2+u)0m+1,x, y)].
From this it follows (ii). O

6.1.3. There exist m, ¢ € w such thatif A = IX) 4 Vx 3y Dy(x,y)anda,b e 2,
then the following formulas are true in 2A:

Vx 3y < F(f,o(x +a)f(a,x,y) — Vx3Iy < Fg;g‘(x +a)f(a+1,x,y),
Vx| < ]F(Zgg(xz +a)dy < F(Zo(xl +a)b(a,x;,y) —>
— 3y < ]F(f)”'g(xz +a)fa+1,x,y)

Proof. Let ‘B be the expansion of 2 to L given by f(x) = F(fyo(x) and Fy(x) =
Fy0(x). Let #(x) and s(x) be two terms as in 6.1.2. Then, by induction on terms
of L, we obtain that there exist m, g € w such that

B r(x) < FIP@) Asx) <FL ().
This concludes the proof of the claim. O

Now we prove (e).Letk,my g beasin6.1.1and 6.1.3, and r = max(k, m, g, 2).
Let2 = IZ) + Vx 3y Dy (x, y) and a, d € 2. Let us see that

A3y <Fy (d+a)ba.d.y)

(@a+D@+2) _ (
2

Foreach j < a,lete; = j+l)2(j+2). By induction on j < a we prove

that

@) ARVj<aVx <FJi@+d)3y <Fpg (c+ )03, x, ).
Jj = 0: Since 2 = Vx 3y 0(0, x, y), the result follows from 6.1.1.
Jj — j 4+ 1: Assume that (%) holds for j < a. Letap < F(Zféﬂ (a+d)anda =

max(az, a). Then a’ < 15‘;1@*‘ (a+d) and

S i+l 2 e;
AEx <FLT (@+a)—>x <Fly (2d) < Fyo (@) <F)ola+d).



Hence, by hypothesis, we get that
A Vi <FOTT 3y < B N6
= Var <FY (@ +a)3y < FLg (o + )0 x1. y).
So.by 6.1.3,2 =3y < F!’0""(ax + ) 6(j + 1.z, y). Hence,

Ak Vi <Flp' @+ d) 3y <Fpg (o4 j+ DO +1x,),

and this proves (x). Taking j = a in (x), we obtain that
A Va <FQy(a+d)3y <FLo (x+a)0a,x,y)

Since d < ]F(S’O(a +d) =a+d,wehave 2 = 3Jy < F;?gl (d+a)b(a,d,y). This
concludes the proof of the proposition. O

Lemma 6.2. Let ® be a class of X,p—sentences. Then the following theories,
Iz! + @, [1,42—IR] and Iz + o, X41-1R], are I, 4 2—conservative extensions
of IZY + @ + Vx 3y Dy(x, y).

Proof. We only prove the result for IT,,—IR, the other case being similar.
By 6.1, [IZ + ®, I1,,,—IR] is an extension of IX) + & + Vx Jy (Dy (x, ¥)).
Let us see that it is a I1,,4o—conservative one. Let 6 (x) € IT,4 such that

=) I/ + @+ 60(0), and
O IZf+ VX @) = 0(x + 1)).

Then there exists ¢y € ® such that:

) I/ F ¢ — 0(0), and
) IZ/ FVYx[(y — 0(x) = (Y — 6(x + D)].

Since ¥ — 6(x) is I1,42, then =y, I1,42-IR] F Vx (¢ — 6(x)). So, by 6.1,
IZY +Vx 3y Dy(x, y) F Vx (Y — 0(x))

So, IZ) + & + Vx Ay Dy(x,y) FVx0(x). O
Theorem 6.3. For all k € w,

(IZ7, I 0—IRIx <= (IZ}, 1 1—IRlk <= IZ? +Vx Iy Fpr(x) = y)
Proof. Tt is enough to prove, by induction on k, that

(IZY, M, 0-IR]x <= IZY + Vx 3y (Fy 1 (x) = ).
k = 0: Since Fy, o(x) = y is (x, y); it holds that
(IZ?, M, 0-1R]p <= IZ! < IZ! + Vx Iy (Fy0(x) = y).

k — k + 1: Suppose that 134 I, -1R]; < I + Vx dy (Fy r(x) = y). By
definition [IZ}/, TT,4>—-IR)x41 = [[IZY, 1,4 2-IR]y, 1,4 2-IR], so

(IZY, My 2-IRlk41 <= [IZ) + Vx Iy (Fy x(x) = y), T, 42-IR].



Let6(x, y) € I, be the formula Fy ; (x) = y A3z < y ¢(x, z) and KIPF, (¢) the
1,4 1—formula
IPF(p) AVx, y1, y2 (Kn(x) = y1 A @(x, y2) = y1 < »2).
Then, by 4.5 and 3.7, IZY + IPF(p) <= 1%} + Vx 3y (Fyx(x) = y) and
12! + KIPF, (¢) + ¥x 3y Dg(x, y) <= IZ¢ +Vx Iy (Fy 441(x) = ¥).

Now, since KIPF, (¢) € I1,,41, by 6.2, we get that

[1=¢ + KIPE, (¢), M,42-TR] <= IX¢ 4 Vx Iy (Fy 111 (x) = y)
as required. O

Theorem 6.4. (Generalized Parsons’ Theorem)
LIZ] + %41-IR <= 12} + ACK]
2. IE;f_fl is a I1,42—conservative extension ofIE,(f + ¥,4+1-IR.
Proof. (1) follows from 6.3, and (2) from (1) and 5.1. O

Theorem 6.5. (Parsons)
IZ,,41 is a 1,1 p—conservative extension of 1Ag + X,4+1-IR.

Proof. Let ¢(x,y) € I, be K, (x) = y. By [7]-5.13, IZ} <= IX,. Moreover,
by lemmas 5.1 and 2.3 in [3], IAg + ¥,+1-IR is closed under X, 4+;—CR and,
[IAg, X,41—CR] = I%,. So,
IAg + 2,41- IR <= 1%, + %, 1-1R;
hence, the result is a consequence of 6.4—(2), O
From 6.4 and 5.6, we obtain (see also [4]) the following result.
Corollary 6.6. 1%, + II1, | == 1%, + £, 1-/R.
Proof. Let ¢(x,y) € T be K,(x) = y. Then, IZ) <= IZ,. By 6.4—(1),
Iz, + X,41-IR — I3, + ACK(’;. Since IT, | is X,4o-axiomatizable, the
result follows from 5.6. O
We conclude with a proof of a (weak) version of corollary 9.1 in [2].

Theorem 6.7. Let T be a I, ,—axiomatizable extension of 1%,,. If T is I1,—func-
tional then [T, £,4+1-IR] < [T, I1,,40—IR].

(By 6.2, the result also holds if T is 1,42 U X, 12—axiomatizable).

Proof. Since both theories are I1,,—axiomatizable and [T, IT,,—IR] is, obvi-
ously, an extension of [T, X,41-IR], it suffices to prove that this extension is
I1,,42—conservative. Let & € I1,4, a sentence such that [T, I1,,-IR] F 6. Then
there exists ¥ (x, y) € IT,] such that

[I%, +Vx Iy ¥ (x, y), Hp2-IR] = 6.
Asin 5.3, let ¢(x, y) € I1,; be the formula
Iy, 2 =y Ky (x) = y1 ACy(x, y2) Ay = y1 + y2).

Then IX) F Vx3y ¢ (x, y) and [IX}, I1,.,-IR] - 6. So, [IZ), X, 1-IR] - 6,
by 6.1. Since T extends IxY, it follows that [T, Yn+1-IR] F 6. O



7. Open questions and concluding remarks

The main problem we have studied in this paper is
(P) Under which conditions is IA,4+1(T) a I1,,42—axiomatizable theory?

In 2.4 we have obtained that if T has A, j—induction, then IA,{(T) is a
I, ;»—axiomatizable theory if and only if I, extends Thp,_,(T). Let us add
the following property to the ones included in 2.4:

0. IA,41(T) = Thy, ,(T).

Then as in the proof of 2.4, without assuming that T has A, —induction, we
get that:
(1))=— 2) = 3) = (0) <= 4).

This raises the following problem:

Problem 7.1. Let T be an extension of I, such that IA, 1 (T) extends Thyy, ., (T).
Does T have A, 1—induction?

As we have proved in 2.5, there exist theories T such that IA|(T) is Xp—axi-
omatizable, e.g. IA(. Nevertheless, IA | (IAg) is I1j—axiomatizable (it is equivalent
to IAp). In 2.5.4 we obtained a condition under which IA(T) is not ¥y—axioma-
tizable. The proof of this result rested on 2.5.1. This raises the following question:

Problem 7.2. (On X,-axiomatization) Let T be a [Tp—functional theory. Are the
following conditions equivalent?

1. IA{(T) is IT;—axiomatizable.
2. For every ¢(x, y) € Ag such that IA{(T) F Vx 3y ¢(x, y) there exists a term
t(x) such that IA((T) F Vx 3y < t(x) o(x, y).
. IA((T) is Xp—axiomatizable.
4. For every ¢(x, y) € Ag such that IA{(T) - Vx 3y ¢(x, y) there exists a term
t(x) such that IA|(T) F JuVx [u < x — Ty <r1(x) p(x, ¥)].

Let T be a theory such that IA|(T) <= Thp, (T). Then

[98]

(1) <= 2)and 3) <—= 4)

Indeed, (1) <= (2) follows from Parikh’s theorem for sound IT; axiomatizable
theories. Similarly, we get (3) (4) from 2.5.1.

1A 1%?1‘[21"’ kng)‘g(}r}ﬁ%ttlz%lg lgb) fﬁ)}[gﬁﬁ (2 ]gais)a A 1\%’ anSwer ﬂl n
IA(ITT}) is [T;—axiomatizable and each A (II1}") formula is equivalent, in ITI |,
to a Ag formula. As it is proved in [9], ITI| proves that there exist infinitely many
primes. Hence, the above remarks suggest relationships between problem 7.2 and

Wilkie’s problem on the provability in IAg of the existence of infinitely many
primes.
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