VIII JORNADAS DE MATEMATICA APLICADA

Optimal domain for the Hardy operator®

[l INTRODUCTION \

In the 1920’s, Hardy proved what today is one of the classical inequalities on integration:

(LG i) e) "< ([ sara) !

for 1 < p < oo and f any positive measurable real function. This inequality has been studied
by a lot of mathematicians producing a great variety of Hardy type inequalities which apply
in different areas of mathematics.

Considering the average of functions as an operator S, i.e.

Sf(x) :zé/oxf(s)ds, r>0,

for f € LllOC([O, oo)), the Hardy’s inequality establishes that S: Lp([(), oo)) o Lp([O, oo))
is well defined and continuous. This S is called the Hardy operator.
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[l THE GENERAL CASE \

Let X be a Banach function space (B.fs.), i.e. a Banach space of measurable real functions
on |0, 00), satisfying

f1<lg| ae.and g€ X = feX and ||flx <lgllx-

Note that it 5:Y — X is well defined is automatically continuous, since it is a positive
operator between Banach lattices.

PARTICULAR CASES OF [S, X|

o [5,L1(10. )] = {0}
o |5, L1>OO([O, 00))| = Ll([O, 00)), for the quasi-B.Ls.

Ll’oo([(), 00)) = {f: 0, 00) — R measurable : sup {¢f*(¢)} < oo},
t>0

where f* is the decreasing rearrangement of f, i.e.
fX(t) =mf{c>0: m({z €[0,00] : |f(x)] > c}) <t}

for m being the Lebesgue measure.

o Let p:]0,00) — [0, 00) be an increasing concave function with ¢(0) = 0 and consider the
Lorentz space

Ny = {f 0, 00) — R measurable : /OOO [ (t) do(t) < oo}

Theorem. Suppose that ¢ satisfies
v p(07) =0,
V o0,(t) = [ 215) 15 < 00 for all t > 0,

S

v’ 3 C > 0 such that @ < COy(t) forallt > 0.
Then,

S, M) = Ly,

where Lé denotes the space of integrable functions with respect to the Lebesgue

¥
measure with density 0.

. J

In particular

S, LP1([0,00))] = L.

tl/p_l, fOI' 1 < D < 0,

since LP1([0,00)) = Ay for o(t) = t1/P and 0,(t) (pil) t1_11/p-

R.I. OPTIMAL DOMAIN FOR S \

Since |5, X| may not be r.i., now a natural question is:

- N

The space

S, X, ={f:]0,00) — R measurable : Sf* e X}

is an r.i. B.f.s. with the norm || ffig x7,, = 15/ x. Moreover,

o S, X]; C[S,X], since S[f| < Sf*,
e |S, X]|,; is the largest r.i. B.f.s. contained in S, X|.

So, |5, X]| is the r.2. optimal domain for S considered with values in X.

PARTICULAR CASES OF [S, X]|,;

o [S,LY([0,00))],; = {0}

o :S,Ll’oo([(),oo))} .:Ll([(),oo)).

r.t.

Consider the Lorentz space X = Ay, and 0y(s) = [° # dy. Then,

o [S,Aplri = /\fot 0.(s)ds whenever ¢(0%) = 0,

o |5, Aplpi =L>N Afot 0.(s)ds whenever ¢(01) > 0.

[l OPTIMAL DOMAIN FOR S \

The space
S, X]:={f:]0,00) — R measurable: S|f| € X }

is a B.Ls. with the norm || f|[ig x1 = [|S|f|[|x. Moreover,

e 5.5 X|— X,
o |5, X] is the largest B.f:s. Y satisfying S:Y — X.

So, |5, X]| is the optimal domain for S considered with values in X.

T

Remark. For a positive kernel operator 1T’ satisfying some suitable conditions, it is possible
to describe [T, X in terms of interpolation spaces (see [1] and |2]). Unfortunately, the Hardy
operator S does not satisfies these conditions. However, we can describe [S, X| for some
particulars X.
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S, X|] MAY NOT BE R.I.

Recall that a B.f.s. X is rearrangement invariant (r.i.), if whenever f and g have the same
distribution function and f € X it follows that g € X.

Theorem. If X isanr.i. B.fs and S: X — X, then
1S, X] is not r.i.

In particular X C [S, X].
J

Note that every r.i. B.f.s. X satisfies LI N L® ¢ X ¢ L' + L>®. Then, the claim of the
above theorem follows, since [S, X] € L' + L. A function ¢ € L' + L>®\[S, X] is given

by .
W(t—(tpyr — 1) ifte (g —1tp )

0 in other case,

g(t) =

where tp 1 =e¥ h(t)=1—+I1—t fort€[0,1] and &/ is the derivative of h.

From the Hardy inequality it follows that S: LP([0,00)) — LP([0,
Then [S, LP([0,00))] is not r.i. and LP([0, o)) S, LP(]0, c0))
p = 00.

00)) for 1 < p < <.
] This holds also for

WHEN DOES X COINCIDE WITH [S, X|;; 7

For every r.i. B.fs. X, since f* < Sf*, it follows that [S, X|,; C X. If X also satisfies
S: X — X, then
[Sa X]TZ C X C [Sa X]

So, since [S, X|,-; is the largest r.i. B.f.s. contained in [S, X], we have that [S, X],.; = X.
Conversely, suppose [S, X],-; = X. Then X is obviously r.i. and, since |Sf| < S|f| < Sf*¥,
it follows that S: X — X. Therefore, the following proposition holds.

Proposition. X ri and S: X - X < |5 X],.; =X

In particular,

S, LP([0,00))],.. = LP([0,00))

2.

for all 1 < p < 0.

* A Joint work with Javier Soria (Dpto. Matemética Aplicada y Analisis, Universidad de
Barcelona), published at Journal of Functional Analysis, 244 (2007) 119-133.




