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ABSTRACT. In this paper we define and develop a theory of differentiation in Wiener

space C[0,T]. We then proceed to establish a fundamental theorem of the integral calculus
for C[0,T]. First of all, we show that the derivative of the indefinite Wiener integral exists
and equals the integrand functional. Secondly, we show that certain functionals defined on

C[0,T] are equal to the indefinite integral of their Wiener derivative.
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1. INTRODUCTION.
*
Consider the Wiener measure space (C[0,T], & , m_ ) where C[0,T] is the space of

all continuous functions x on [0,T] vanishing at the origin. For each partition

m= 1) = {tye e oty} of [0T] with 0 = t) < ¢, < -+ <t =T, let X _:C[0,T] - R" be
defined by X (x) = x(r) = (x(tl),~~-,x(tn)). Let @ be the o-algebra of Borel sets

in R™. Then a set of the type
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I={xeCl0T:X(x)eB}=X'B),Be 3"

is called a Wiener interval (or a Borel cylinder). It is well known that

m, () = | K(ri)di , (11)
B
where
2
n -1/2 Lo (eny)
7 =11 —t. -1 ! ! e S .
K(r,7) {j=1 2n(t; tJ_l)} exp{ 2121 T ] (1.2)

with 7 = (n1,~-~,17n), and 7y = 0. The measure m_ is a probability measure defined on
the algebra & of all Wiener intervals and m_ is extended to the Caratheodory extension
" of &. Let &_ be the o-algebra generated by the set {X;I(B) :Be 2"} with 7
fixed. Then, by the definition of conditional expectation, see Doob [1], Tucker [2] and
Yeh [3], for each Wiener integrable function F(x),
u(B) = J F(x)m,(dx) = J E(F| &)m, (dx)
x1(8) x'(8)
(1.3)
= [ EEeIx,m = WPy (@), Be 2",
B

where Py (B) = mw(X';l(B)), and E(F(x)|X (x) = 7) is a Lebesgue measurable function
T

of 7 which is unique up to null sets in R™. Also, using (1.1) and (1.3) and choosing

F(x) = 1, we see that

r
or
dPXr N
— =K(rn) , neR . (1.5)
dn
Next, for each F € Ll(C[O,T],mw) and each partition 7 of C[0,T], let
F_=EF|5) (1.6)
and
F(7) = E(F()|X(x) = %) = E(FIX )@ . (1.7)
Then, {F r} is a martingale, and by the martingale convergence theorem,
lim F_(x) = F(x) (1.8)
Irl-0 7

for almost all x € C[0,T]. Furthermore,

F(x) = im E(F X = X = im NF x(1 9
) "‘ll'll|-vO FWl T(y) ™) ":"ll—'O () 1)
for almost all x € C[0,T].

For a given partition 7 = 7 of [0,T] and x € C[0,T}, define the polygonal function
[x] = [x(7)] on [0,T] by
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4 .
[X](t) = x(tj__l) + Ej__i!]_——; (X(t]) - x(tj—l)) ) tj—l <t g tj , = 1,---n.
Similarly, for each 7 = (n,,-++,n.) € R", define the polygonal function [f]] of 7 on [0,T] by
1 n ]

t-t.
-1 . .
ﬁl](t) = 77j_1 + tj__%j—_l (”) - ﬂj_l) , tj—l <t tj , J = 1,-+-,n with U 0.

Then both functions [x] and [7] are continuous on [0,T], their graphs are line segments on
each subinterval [tj—l’tj]' and [x](tj) = x(t;) and [ﬁ](tj) = 7; at each t; € 7.
For x,y € C[0,T], we use the convention:
x <y if and only if x(t) < y(t) for every t € [0,T] ,
and
x < y if and only if x(t) < y(t) for every t € (0,T] .
The main purpose of this paper is to define and develop a theory of differentiation in

Wiener space C[0,T], and then to establish a fundamental theorem of the integral calculus

on C[0,T]; namely, that the Wiener derivative of the indefinite integral J F(y)mw(dy) is
yx
F(x), and that a Wiener absolutely continuous function can be expressed as the indefinite

integral of its Wiener derivative. This study was initiated by Smolowitz [4]. In this paper
we incorporate some recent results of Park and Skoug [5] to improve and substantially

simplify the concepts and results of Smolowitz [4].

2. THE WIENER DERIVATIVE.

Our first objective is to define the Wiener derivative & (-) so that
g, | Fom,(dy) = F)
y<x
for F € LI(C[O,T],mw). We start by quoting the following theorem from Park and Skoug

[5] which plays an important role in this paper.

THEOREM A. Let F € L (C[0,T],m ). Then for any Borel set B € 2",

kB = [ Feomy (@) = [ EJF() - [ + [Py (47) (21)
-1 B T
x}(B)
where
EJF(x - [d + [)] = { F(x - [x] + [f)m,(dx).
clo,T]
In view of (1.3) and (2.1), we may conclude that

E(F(X)|X,(x) = %) = E[F(x - [x] + [#)] (2.2)
for almost all 7 in R"; i.e., we may express the conditional expectation E(F|X T)(?)') in

terms of an ordinary Wiener integral. Note that for F € LI(C[O,T],mw),

F(7) = E(F|X,)(7) is in Ll(an,PX (d7). Also note that for each x € C[0,T] and each
T
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partition 7 = {t;,---,t } of [0,T], F(x(r)) = E(F(y)|X (y) = x(7)) is a function of
x(tl)" * 'vx(tn)‘

DEFINITION 1. Let F € Ly(C[0,T,m ). For each partition 7 = {t ,--,t } of
[0,T] define the operator & () by

9,00 = e/ K(rn(r) 3)

if it exists. Furthermore, if QX(T)F(x) exists for each partition 7, then the Wiener
derivative of F(x) is defined by

IFx)= lim 9, F(x
R I R
if the limit exists.

Our first theorem is the first half of the fundamental theorem of Wiener calculus.

THEOREM 1. Let F € L (C[0,T],m ). Then

g, | Fom,(@y) = F@)
y<x
for almost all x € C[0,T].

PROOF. For x € C[0,T] let G(x) denote the indefinite Wiener integral

G = [ Fym,(dy) = B L @FY) (2.4)
y<x
where Ix(y) is the indicator function

_ 1, y(t) < x(t) for all t € [0,T]
L) = { 0 , otherwise. [

Then using (1.7), (2.4), (2.2), (1.3), (2.2) and the Fubini theorem, we obtain
G() = E(GW)IX (u) = 7)
= BB »FGIIX () = 7)
= Eu[Ey[Iu_[u]+[;,](y)F(y)]] (2.5)
= ol ] Eylhugupo 00 1X,0) = Py (@)

= IRnEu[Ey[Iu—[u]+[;7'](y_[y]+m)F(y—[y]+[2] )]]er(dg) )

But I p +[77](y—[y]+[2]) is zero unless
y(t) = Y1) + [E() < u(t) - [u)(t) + [t (2.6)
for all t € [0,T]. But (2.6) implies that
fj = Y(tj) - [Y](tj) + [2]“‘]) < u(tj) - [“](tj) + m(tj) = 77j

for j = 1,---,n. Hence we can write
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n n
G = [ oo | BB, pyy v+

« F(y-ly[+[BIK(r,2)d¢, - -dé,,
and so for each x € C[0,T],
) x(t)  x(tp)
G = | o [ BB g e -+

© Fly-ly+EDIK(r)de, - -dé, .

Hence

SRy = BB,y 0D

- Fy=ly]+x(nDIK(r.x(7)) 2.7
= By ,(FG)X, () = x(7), X,(0) = x(7)K(rx(")).
Applying (1.9) to (2.7) yields
2,(G(x) = ||1T|i|T0 E yLWFWIX (y) = x(n),X (u) = x(r)) (2:8)
= F(x)
for almost all x in C[0,T] which concludes the proof of Theorem 1.

COROLLARY 1. I {t1,-+-t"} € 7= {t;,»-+t,} and if F(y) = f(y(t;), - -.¥(t))
is in L;(C[0,T},m ), then
Gy | FOImdy) = FRE, [1,0)1X,0) = X,(u) = x()
y<x
and , ,
g, [ FOIm@y) = F&) = f(xty), - x(ty))
yx
for almost all x in C[0,T].

PROOF. Using (2.7) and (2.4) we see that

2 1 F(y)m,(dy) = B, (GFG)IX,) = x(7), X (v) = x())
y<x
Under the conditioning XT(y) = x(7), F(y) becomes f(x(ti),~ . -,x(tl;l)) which equals F(x).

Therefore,
By | FoImy(@y) = FeOB, (,0)1X,0) = X, () = x().
y<x
As lirll = 0, By y(Iu(y)IXT(y) = X (u) = x(7)) » L (x) = 1 by (1.9) for almost all x in

C[0,T]. Thus Corollary 1 is established.
COROLLARY 2. Let 7 = {t;,"+~t} be any partition of [0,T], and let

F(x) = f(x(ti)’...,x(tr;l)) be in L;(C[0,T};m). Then ZF(x) = 0.



448 C. PARK, D. SKOUG AND L. SMOLOWITZ

PROOF. Let 7 be a partition of [0,T] properly containing 7’. Then

F(x()) = E(Fly)|X(y) = x(7)) = f(x(t)), - X(t,)-
Thus QX(T)F(x) = 0, and so F F(x) = 0.

3. LEBESGUE AND WIENER ABSOLUTE CONTINUITY.

In this section we show that certain functions defined on C[0,T] are equal to the
indefinite integral of their Wiener derivative.

For d = (aj,"++,a;) and B = (bj,---,b ) in R" with a; < b, i = 1,---.n, let
V(a,B,k) be the collection of all points of the form v = (vys+++,v,) where each v, is either
a; or b, and exactly k of the v; are a,'s. For any function f defined on V(a,B,k) for
k =0,1,---,n, let
f=1B) + % ()X 3 () . 3.1)

A
S,
.8 k=1 Jev@Ebi)
A function of n variables f(ul,‘ . ~,un) is said to be Lebesgue absolutely continuous in

the sense of Vitali (see Clarkson and Adams [6,7) and Hobson [8]) on the region Q c R" if,

. . X2 (k) fK) .
given € > 0, there is a § > 0 such that if Ik = x (ari ,ﬂg I, k = 1,2,--- , are disjoint
i=1

N
n—-dimensional rectangles contained in © with £ mL(I;) < 6 for any N, then
k=1

kgllA?&(k), B(k)f | < &, where my(-) denotes n—dimensional Lebesgue measure, and

&'(k) = (agk),uo,al(lk)). A function f(ul,-~~,un) is said to be Lebesgue absolutely
continuous (in the sense of Hardy—Krause; see Berkson and Gillespie [9], and Clarkson and
Adams [6,7]) on a region Q C R" if for each k = 1,---,n—1, whenever n—k variables are
fixed then f, as a function of its remaining k variables, is Lebesgue absolutely continuous in
the sense of Vitali on 2 N IRk. When we merely state "Lebesgue absolutely continuous", it

is always meant in the sense of Hardy—Krause.

It is well known that if f(u1,~ . -,un) is Lebesgue absolutely continuous in the sense of
n
Vitali on R = x [a;,b)], then an(ul,---,un)/&ll-naun exists a.e. on R and is integrable
i=1

on R. Furthermore

Il
>

J [3nf(u1,...,un)/aul...aun]dul...du

2
. n = %4 (32

and

[ 18y ) 00y By, =
R
where Var(f,R) denotes the total variation of f over R.

!
<
8

=

2

(3.3)
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Let G(x) be any Wiener integrable function on C[0,T]. Then, by definition,

G = E(GiXT)(b') is a function of 7 which is integrable with respect to

Py (d7) = K(r,7)d7
i

DEFINITION 2. A Wiener integrable function G(x) defined on C[0,T] is said to be
Wiener absolutely continuous provided that for each € > 0 there exists a § > 0 such that

if the sequence I, = {x € C[0,T] : agk) < x(sgk)) < ﬂgk), i= 1,~~,m(k)} with

X) _ k) I N
w <o/ < ﬂf < o are disjoint Wiener intervals with X mw(Ik) < 6 for any N, then
k=1
1; ~
A G| < e
o DA 40080 <€

The following propositions can be easily established.

PROPOSITION A. If G(x) is Wiener absolutely continuous on C[0,T], then for every

partition 7 of (0,T], G(7) is Lebesgue absolutely continuous on IRITI, where | 7| denotes the
number of points in 7.
PROPOSITION B. Let F € L,(C[0,T|,m ). Then the indefinite Wiener integral

G(x) = f F(y)mw(dy) is Wiener absolutely continuous on C[0,T].
y<x
Our next theorem is the second half of the fundamental theorem of Wiener Calculus.

THEOREM 2. Let G € Ll(C[O,T],mw) satisfy the conditions:
(1) .‘ZXG(x) exists for almost all x € C[0,T] and belongs to Ll(C[O,T],mw),
(ii) G(x) is Wiener absolutely continuous on C[0,T],
(iii) If {x,}; =, is a sequence in C[0,T] such that x,(s)) » —o as k - w for some fixed
point s, € (0,T], then G(xk) - 0as k- w
Then

G(u) = J 2 .G(x)m, (&) (3.4)
x<u
for almost all u in C[0,T].

PROOF. For given € > 0 let § = §(¢/3) > 0 be the value for the Wiener absolute
continuity of G(x), and also assume that

m (S) < & :j | 9,G(x)|m, (dx) < €/3.
S

Let {r(k)} be a sequence of partitions of [0,T] such that ||r(k)|| -+ 0 as k - . Then

lim 9 G(x) = D G(x) for almost all x € C[0,T].
lim 9 49,009 = 4G 0.7}

By Egoroff's theorem, there exists a set C_ ¢ C[0,T] with m_(C_) > 1 - 6/2 and a

positive integer kO such that if k > kO’ then
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ng(r(k))G(X) - QXG(x)l < g3 for every x € Ce
Let

Cy = {x e C[0,T] : ng(r(k))G(X) - 9G(x)| < ¢/3}, k2 ko
Then C_ ¢ C,, and hence mw(Ck) > mw(Ce) > 1 - §/2, and

j 19 .G(x) ~ FG(x)|m (dx) < /3 for k2 kj .
o x(«®) X w
k
The complements satisfy mw(CE) < mw(Cg) < 6/2 for k > kq. Next consider fixed k,
k> k0 and let q denote the number of points in the partition r(k). Let
E, = {7= (r]l,~~,nq) eRl: 7= x(r(k)) for some x € Cy} .
Then,
m (C}) = J k(&) a7 .

By
Since K(r(k)ﬁ;') is bounded in 7 on R4 and J K% 3)d7 = m w(Ci) < 9/2, we can find

By

- N * _a (() 0

a countable sequence of disjoint q—dimensional rectangles I (= ﬂ( I, £ =12,

1 9]
such that Ek C lU I;, and

j k() d7 < °z° J Kidi= £ ma)<s,
Ek t=1 =1
where
I, = {x € C[0,T] : ag < x(s k ﬂ(t) for each s(k) € r(k)} )

Hence

j~| 9 (19,60 Imy (@0 = jE |0 Gy, -+ ng)/Ony -+~ dng dny -+ dn
Ck k

A
<% J |8 Glny, - mg)/ omy -+~ g | dny - -diy

£ Var(GJI))

= Var(G,I,) ,

=1 ¢

where the last equality follows from (3.3). Now,

~ * ~
Var(GI)) = sup 5 |A, | G|
1 ai)pi
*
where the supremum is taken over all possible nets of I v and each net has total Lebesgue
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measure equal to that of I;, and so the corresponding Wiener intervals have total measure
[

equal to mw(lt)‘ Since X mw(lt) < 6(e/3), by the Wiener absolute continuity of G, we
=1

have

N ~
I ¥la, _'G(71')| < €/3 for every N and every net.

=1 i 055
Thus, by taking the supremum over all nets, we get
N ~
L Var(G,I:) < €/3 for every N,
=1
and hence
| @ G(x)|m_(dx) < €/3.
J N x(r(k)) w
Ck
Thus, for every k > ko,

l |9 (3).6(x) = 2,6(9|m,,(dx)
[0,T]

x(7

< £ 19 19,600 = ZEIm, (&)

+ ([ngx(r(k))G(x)lmw(dx) + J | 9,G6(x) | m, (dx)

k Cy

<e.
In particular

| @ (k))G(x) - F,G(x)|m (dx) < e for k2 ko,

(e X
where [-] corresponds to r( ). Hence
lim 9 G(x)mw(dx) - P G(x)m_ (dx)|] = 0 .
el e X Milu] (o)

Since {x € C[0,T] : [x] < [u]} - {x € C[0,T] : x < u} as k - «, an application of the
dominated convergence theorem yields

lim J 9.G(x)m,(dx) = J 2,G(x)m, (dx) .

Ko el x<u
Thus,
lim ] G(x)m_ (dx) = 2 G(x)m_ (dx) . (3.5)
k2 1<l () ! x{u g "

On the other hand, using (2.3), (3.2) and (3.1), we see that for any a € C[0,T] with

a<u,
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D G(x)m_ (dx)
hk&ﬂd ()

X\7T
a(r®) ex(r By cu(K))

u(s((lk)) u(sgk)) i
[ [ R Gy o ongJany - -ang (36)
a(s((lk)) a(sgk))

Il
2
—
=
—
<
_
o
=
~
+
[\o¥e]
—
|
—_
~
&~
[>k]
—~
1
~

If we let a(sgk)) + —was k +wfori=1,,-+,qin (3.6), then by assumption (iii), G(v) - 0
as k » w for every v € V(a(r(k)),u(r(k)),(), ¢£> 1. Thus (3.6) reduces to

P (. 009m (%) = Glu() . (37)
SHORY
In view of (1.9) and (3.5), we conclude that

J Z G(x)m(dx) = G(u) for almost all u in C[0,T],
x<u
and so (3.4) is established.
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