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This dissertation investigates the properties of unbounded derivations on C*-algebras, namely
the density of their analytic vectors and a property we refer to as “kernel stabilization.” We
focus on a weakly-defined derivation dp which formalizes commutators involving unbounded
self-adjoint operators on a Hilbert space. These commutators naturally arise in quantum
mechanics, as we briefly describe in the introduction.

A first application of kernel stabilization for § , shows that a large class of abstract deriva-
tions on unbounded C*-algebras, defined by O. Bratteli and D. Robinson, also have kernel
stabilization. A second application of kernel stabilization provides a sufficient condition for
when a pair of self-adjoint operators which satisfy the Heisenberg Commutation Relation on
a Hilbert space must both be unbounded.

A directly related classification program is of pairs of unitary group representations which
satisfy the Weyl Commutation Relation on a Hilbert space. The famous Stone-von Neumann
Theorem classifies these pairs when the group is locally compact abelian. In collaboration
with L. Huang, we extend the Stone-von Neumann Theorem to a uniqueness statement for

representations of C*-dynamical systems on Hilbert IC(#)-modules.
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Chapter 1

Introduction

1.1 Quantum Mechanics and Operators on Hilbert Space

A quantum system can be represented by a Hilbert space H with time evolution of the
system modeled by a strongly continuous one-parameter group of unitaries {U;},cg on H.
By time evolution, we mean that the state of the system at time ¢ is given by v, = U_;1),,
where 1), € H is the system’s initial state. Stone’s Theorem provides a (possibly unbounded)
self-adjoint operator D whose functional calculus implements {U; }scr; specifically, e*P = U,
for each t € R. The operator D is called the Hamiltonian of the system. If D is unbounded,
the domain of D is only a proper dense subspace of H. Consequently, domains of sums and
compositions involving D may not be dense. Nonetheless, quantum mechanics necessitates
taking such sums and compositions.

An observable of a quantum system modeled by H is a self-adjoint operator that rep-
resents a measurable quantity such as the position or momentum of a particle. Like the
Hamiltonian, a general observable z might also be unbounded, but we restrict our attention
to bounded observables. Ehrenfest’s Theorem (Eqn. 6.2 of [20]) states that the commutator
[iD, z] = i(Dx — xD) determines the time-dependence of the observable . Without supple-
mental conditions on x, however, the density of the domain of [iD, z] is not guaranteed, so

Ehrenfest’s Theorem requires some formalization. To better understand the definedness and



boundedness of [iD, x|, let us investigate how the commutator arises in Ehrenfest’s Theorem
as the descriptor of time evolution.

The expected value of an observable x € B(#) at time ¢ is given by (x), 1) . Notice how

<x¢t7¢t> — <[E6_itD¢0,6_itD@Z)0> — <6itDZE6_itD77Z)0,¢0>

D

shifts the time dependence from the vector 1 to the operator ePxe="P. These two per-

spectives are known as the Schrodinger picture and the Heisenberg picture, respectively. For

t € R, define
o B(H) = B(H) by  a(x) = ePreP for all z € B(H).

The family {;}ier is a norm-continuous group of x-automorphisms of B(#). Informally,

d d , . . , . , .

7 (y(z)) = g7 (e"PaeP) =iD (e"Paze™™") — (e"Pze™™P)iD = [iD, oy (x)).

We now interpret Ehrenfest’s Theorem to mean 4 (oy(2)) 1= = [iD, z], but the topology in
which the derivative is taken is really the heart of the matter. The work of E. Christensen
in [6] and [5] seeks to connect the topology in which this derivative is taken to the domain of

[iD, x| via a derivation on B(H). Injsection 3.1, we introduce this derivation and its desirable

properties.

1.2 Derivations on C*-algebras

Given a complex x-algebra A, a derivation on A is a linear map ¢ : A — A which satisfies

the Leibniz rule: §(bc) = §(b)c + bd(c) for all b,c € A. We can easily construct a derivation



on A by fixing an element a € A such that a = a* and defining a map

0g: A — A

b — [ia,b].

The map 6, is a x-derivation, that is, §,(b*) = 0,(b)* for all b € A. Conversely, for an
arbitrary s-derivation § : A — A, certain conditions on the algebra and the derivation
imply § = 4§, for some a € A satisfying a = a*. The correspondence between derivations on
algebras and their representation as commutators has a rich history and is deeply connected
to the mathematical formulation of quantum mechanics.

We wish to define a derivation é6p : B(H) — B(#H) which implements the derivative
informally taken in the previous section: dp(z) := [iD,z| for x € B(H). However, as not
every « € B(H) makes the commutator [iD, x| defined and bounded on a dense subspace of
‘H, the definition of the derivation “0p” is ambiguous. A plethora of literature is dedicated to
exploring the various definitions of dpp and their corresponding domains. In each situation, if
D is unbounded then the domain of dp is a proper subspace of B(#). In turn, further research
has been dedicated to the more general study of unbounded derivations on an abstract C*-
algebra. The unboundedness of such a derivation creates complexities that are not found
with bounded derivations, i.e., derivations defined on the entire C*-algebra. In [10], Kadison

summarizes three of the many significant results pertaining to bounded derivations:

1. Every bounded derivation on a commutative C*-algebra is 0. (This follows from the

Singer-Wermer Theorem from 1955 in [23].)

2. Sakai (1959) showed in [19] that any everywhere-defined derivation of a C*-algebra is

automatically bounded, thus affirmatively settling a 1953 conjecture of Kaplansky.

3. In [12], Kaplansky showed every bounded derivation ¢ of a type I von Neumann algebra



M is inner, i.e., there exists a € M such that § = 4,.

We turn our attention to densely-defined derivations on C*-algebras. In we
give a formal definition of dp, its domain, domains of its higher powers, and state its desirable
properties. In particular, Christensen shows in [6] that the domain of dp is strong operator
topology (SOT)-dense in B(H).

In we generalize Christensen’s SOT-density result for Dom(dp) to include
SOT-density of Dom(d7) for all n € N, and we further strengthen this result by proving
SOT-density of the analytic vectors for dp. Both of these proofs utilize the norm-density of
Dom(D™) and the analytic vectors for D in H, which displays a nice parallel between the
domain of a self-adjoint operator D on a Hilbert space and the domain of the derivation dp

that D implements.
Theorem 1.1. The set of analytic vectors for 0p is SOT-dense in B(H).

On the other hand, our second main result pertaining to p shows that dp has a property

which is not analogous to properties of self-adjoint operators.

Theorem 1.2. If H is a Hilbert space and D is a (possibly unbounded) self-adjoint operator
on H, then ker 6% = kerdp for all n € N.

The oddity of this result is illustrated by a simple example from calculus: if f(z) = z,
then f”(z) =0, but f'(2) =1 # 0. In other words, the function f belongs to the kernel of
the second-derivative, but not to the first. Notice, however, that due to unboundedness of f
on C that an analogue of f inside of B(#) does not exist. Given = € ker ¢}, the operator x is
both bounded and analytic for dp. The implication of Theorem|1.2]is that x must belong to
ker dp, or that = is a “constant.” So, perhaps kernel stabilization is suggestive of a Liouville

Theorem for bounded operators on a Hilbert space.



In[chapter 4] we prove Theoren|1.2] and in[section 4.3] we give two applications. The first

application extends the property of kernel stabilization to a class of unbounded *-derivations

on C*-algebras described in the following theorem.

Theorem 1.3 (Bratteli-Robinson, [3]). Let ¢ be a derivation of a C*-algebra A, and assume

there ezists a state w on A which generates a faithful cyclic representation (7, H, f) satisfying
w(d(a)) =0 for all a € Dom(0).
Then & is closable and there exists a symmetric operator S on H such that
Dom(S)={h e H:h=mn(a)f for somea € A}

and 7(8(a))h =[S, m(a)]h for all a € Dom(d) and all h € Dom(S). Moreover, if the set A(J)
of analytic vectors for § is dense in A, then S is essentially self-adjoint. For x € B(H) and
t € R, define

ay(z) = eStpe™"

where S denotes the self-adjoint closure of S. It follows that oy (m(A)) = w(A) for all t € R,
and {aitier is a strongly continuous group of x-automorphisms with closed infinitesimal

generator 5 equaling the closure of o &|a(s).

Theorem 1.4. Let A be a C*-algebra, § a derivation on A, and w a state on A which satisfy
the hypotheses of Theoren| 1.5. For every n € N, ker 6™ = ker ¢.

As a second application of kernel stabilization, we provide a sufficient condition for when
a pair of self-adjoint operators which satisfy the Heisenberg Commutation Relation must

both be unbounded.



Definition 1.5. Let A and B be two (possibly unbounded) self-adjoint operators on a
Hilbert space H. We say A and B satisfy the Heisenberg Commutation Relation (HCR) if

there is a dense subspace K of H such that
(i) K € Dom([A, B]) and
(i) [A, B]k =ik for all k € K.
We include the condition that the HCR be satisfied on a dense subspace of H because of
the possible unboundedness of A and B. In general,

Dom([A, B]) = {h € Dom(A) N Dom(B) : Ah € Dom(B), Bh € Dom(A)}.

Even if Dom(A) N Dom(B) were dense in H, Dom([A, B]) may fail to be dense. If, however,
K is a dense subspace of H such that K C Dom([A, B]), the equality [A, B]|x = il|x
implies [A, B] continuously extends to the bounded and everywhere-defined operator il.

The condition on K that we give in Theoren| 1.6]is that K be a core for both A and B.

Theorem 1.6. If A and B satisfy the HCR on a common core for A and B, then both A

and B must be unbounded.

1.3 The Heisenberg and Weyl Commutation Relations

We adopt the following formal definition of a Heisenberg pair.

Definition 1.7. A pair of (possibly unbounded) self-adjoint operators (A, B) on a Hilbert

space H form a Heisenberg pair if A and B satisfy the HCR.

By Stone’s Theorem, A and B yield strongly-continuous one-parameter unitary groups

R and S, which are families are bounded operators. Thus, one common method in the



classification of Heisenberg pairs is to find sufficient conditions on A and B for when R and

S form a Heisenberg representation of R.

Definition 1.8. Let GG be a locally compact abelian group and G its Pontryagin dual. A
pair of strongly-continuous unitary groups R = {R;}.ec and S = {S,} 5 satisfy the Weyl

Commutation Relation (WCR) if
Sy R, =v(2)R,S, for all z € G,y € G.

The pair (R, S) is a Heisenberg representation of G (not to be confused with a Heisenberg

pair).

Definition 1.9. Let p be a Haar measure for G, and denote L*(G, 1) by L*(G). Consider
the maps A : G — U(LX(G)) and V : G — U(L*(@)), where for each z € G, v € G, and
f € C(G),

Pafl(y) = fla""y) and [V £](y) = v(y) f(y) for all y € G.

The pair (A, V) is a Heisenberg representation of G called the Schrddinger representation.

Theorem 1.10 (Stone-von Neumann Theorem). Every Heisenberg representation of G is

unitarily equivalent to a direct sum of copies of the Schrodinger representation.

Since Heisenberg representations of a locally compact group G are classified by the Stone-
von Neumann Theorem, classification of Heisenberg pairs whose generated unitary groups
form a Heisenberg representation of R are immediately classified.

Chapter 5 of this dissertation is joint work with Leonard Huang (University of Nevada,
Reno), in which we state and prove a “Covariant Stone-von Neumann Theorem.” Our result
generalizes the classical Stone-von Neumann Theorem in two ways. First, we consider rep-

resentations of C*-dynamical systems involving locally compact abelian groups as opposed



to just locally compact abelian groups. We also consider representations of these dynami-
cal systems on Hilbert IC(H)-modules as opposed to representations only on Hilbert spaces.

Requisite background for C*-dynamical systems and Hilbert C*-modules is in Chapter 2.

Theorem 1.11. Every (G,K(H),a)-Heisenberg representation is unitarily equivalent to a

direct sum of copies of the (G, K(H), «)-Schridinger representation.

In Chapter 5, we define a (G, A, «)-Heisenberg representation and the (G, A, «)-Schrédinger
representation for an arbitrary C*-algebra, and we show that the (G, A, «)-Schrodinger rep-
resentation is a (G, A, a)-Heisenberg representation. We then provide and prove some results
about Hilbert IC(#H)-modules that are necessary to prove Theorem| 1.11}

While interesting in a purely mathematical context, our generalization of the Stone-von
Neumann Theorem has a rich interpretation from the perspective of quantum mechanics.
Namely, representations of dynamical systems allow for the consideration of an inherit time-
dependence of the space of observables in addition to the time-dependence of the state
space. This occurs when the Hamiltonian of the system is time-dependent, i.e., the energies
influencing the system are not constant. Informally, we obtain a new description of the

time-evolution of x:

dx

ox
dt |t:0

= [iD, z] + a\t:ov

[Eqn. 3.22 |26]]

where the partial term %h:g is the addition of time-dependence for the observable z in the
presence of a time-dependent Hamiltonian. If the Hamiltonian is time-independent, this term
vanishes, and we recover the time-independent version of Ehrenfest’s Theorem. The time-
dependence of z indicated by a nonzero partial derivative term can be modeled by an action
of R on the C*-algebra A of observables. More generally, we may consider a locally compact

abelian group G acting on 4 via a continuous group homomorphism « : G — Aut(A), which



we call a C*-dynamical system (G, A, ).

The goal of representing these dynamical systems on Hilbert K(H)-modules is motivated
in large part by the flexibility of modeling quantum field theory (where relativity may be
in play) with representations on Hilbert C*-modules. Tangent to this physical motivation
is the goal of generalizing major theorems for operators on Hilbert spaces, such as Stone’s
Theorem and Stinespring’s Theorem, to the setting of Hilbert C*-modules. Works in this
realm include [1] and [24]. A drawback of our work is that our main result pertains only
to C*-dynamical systems (G, KC(H), «), where G is locally compact abelian, represented on
Hilbert K(H)-modules. Ideally our results hold in a more general context, but our current
techniques rely heavily on this choice of C*-algebra. Nonetheless, our result is a nontrivial

extension of the classical Stone-von Neumann Theorem.
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Chapter 2

Background

2.1 B(H) and C*-algebras

Throughout we take H to be a complex Hilbert space, and we denote the continuous linear
operators on H by B(H). Recall that B(H) is a C*-algebra with respect to the adjoint
operation and the operator norm. In addition to the operator norm, there are two other

topologies we consider on B(H):

Definition 2.1. The strong operator topology (SOT) on B(H) is the topology induced by
the seminorms {z — ||zh|| : h € H}. Equivalently, a net (x))xean € B(H) converges in the

strong operator topology to x € B(#) if and only if Alim |lzxh — zh|| = 0 for all h € H.
—00

Definition 2.2. The weak operator topology (WOT) on B(H) is the topology induced by
the seminorms {z — [(xh, k)| : h,k € H}. Equivalently, a net (z))xean € B(H) converges in
the weak operator topology to z € B(H) if and only if )\11_)120 |{(z\h, k) — (xh, k)| = 0 for all
h,k e H.

Remark 2.3. The norm topology on B(#) is finer than the strong operator topology, and

the strong operator topology is finer than the weak operator topology.

Definition 2.4. A von Neumann algebra is a SOT-closed unital x-subalgebra of B(H).
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2.2 Unbounded Symmetric Operators on Hilbert Space

Let ‘H be a Hilbert space, K1 and K5 subspaces of H, and T : K; — K5 a linear map. We
call K; the domain of T', denoted Dom(7).

Definition 2.5. A linear operator T is densely-defined if Dom(T") is dense in H.

If Dom(7T") = H and T is continuous, then 7" is simply an element of B(#). If Dom(T) is
only dense in H, but 7" is bounded on Dom(7"), we may extend 7" by continuity to a bounded
operator on all of H. Thus, the domain of a densely-defined bounded linear operator can
always be extended to all of H, but this is not the case for densely-defined linear operators

which are unbounded.

Example 2.6. For each f € C.(R), the continuous compactly supported functions on R,
define
[Qf](z) == af(z) for all z € R.

Clearly, Qf € C.(R) and @ is linear, so () defines a linear operator on the ||-||,-dense subspace
C.(R) of the Hilbert space L?(R). However, @ is not extendable to an everywhere-defined
operator on L?(R) because @ is not bounded on C.(R).

For each k € N, choose f;, € C.(R) with Supp(fx) C [k, k + 1]. Then

1/2 1/2
QA= ([ feptl dnt@) = k([ @R dnt) =k,
[k,k+1] [k, k+1]

Thus, ||Q|| > k for all £ € N, which implies @ is unbounded. The largest subspace of L*(R)
on which @) is defined is

Dom(Q)i= { £ € LX®): [ lof(@)* dm(a) < .

While @ is not extendable to all of L(R), @ is continuous in a certain sense.
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Definition 2.7. A linear operator T' is closed if the graph of T, T'(T) := {(h,Th) : h €
Dom(T)}, is closed in H & H.

The operator ) in Exampld 2.0] is closed.

Definition 2.8. Given a closed linear operator 1" on a Hilbert space H, a core for T is a

subspace ¢ C Dom(7T") such that

(T ™ =1 (7).

Example 2.9. For f € C*(R), define Pf := —if’. Then P with domain

Dom(P) := {f € L*(R) : f is absolutely continuous on every interval [a,b] and f’ € L*(R)}

is a closed operator.
In addition to being closed, the operators () and P are self-adjoint.

Definition 2.10 (Conway, X.1.5 [7]). Let T" be a densely-defined linear operator on H, and

let

Dom(T*) = {k € H : h — (Th, k) defines a bounded linear functional on Dom(7")}.

By density of Dom(T") in H, for each k& € Dom(7™*) the Riesz Representation Theorem
provides a unique f € H such that (Th,k) = (h, f) for all h € Dom(T). Let Tk := f.
Then,

(Th,k) = (h,T"k) for all h € Dom(T") and k € Dom(7T™).

Definition 2.11. A densely-defined linear operator D is self-adjoint if

(i) (Dh,k) = (h, Dk) for all h,k € Dom(D) (i.e., D is symmetric)
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(ii) and Dom(D) = Dom(D*).

Definition 2.12. A densely-defined linear operator S on H is essentially self-adjoint if the

closure of the graph I'(S) in H @ H defines the graph of a self-adjoint operator.

A symmetric operator automatically satisfies Dom(D) C Dom(D*). In fact, when D
is bounded, symmetry implies condition (ii). When D is unbounded, however, condition
(ii) requires D to have an adequately large domain—as large as the domain of its adjoint.
The domains of higher powers of a self-adjoint operator is one of the properties that make

self-adjoint operators so desirable.

Notation 2.13. Let S be a linear operator on a Banach space X. For each n € N,
Dom(S") := {z € Dom (5" ") : S" 'z € Dom(S)}.

Definition 2.14. Let S be a linear operator on a Banach space X. A vector x € X is an

analytic vector for S if
(i) = € Dom(S™) for all n € N and

(i) > ”Sn#”t" < oo for some t > 0.

n=0
Denote the set of analytic vectors for S by A(S).
Given a densely-defined operator T', domains of higher powers of T" may fail to be dense

as

Dom(7T) 2 Dom(7T?) 2 Dom(T%) 2 ...

When T is self-adjoint, however, Dom(7™) is dense in H for all n € N. In fact, the set of

analytic vectors for T"is dense in H.
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Theorem 2.15 (Nelson, [16]). A densely-defined operator on a Hilbert space H is essentially

self-adjoint if and only if its set of analytic vectors is dense in H.

This remarkable fact is known as “Nelson’s Analytic Vector Theorem.” Additionally, self-

adjoint operators are the infinitesimal generators of a special type of one-parameter family.
Definition 2.16. A family {U,;}cr of operators on a Hilbert space H which satisfies

(i) Uy is unitary for each t € R, that is, UfU; = I = U, U,

(ili) UsU; = Usyy for all s,t € R, and
(iv) lim ||[Ush — h|| =0 for all h € H
t—0
is a strongly-continuous one-parameter group of unitaries.

Theorem 2.17 (Stone’s Theorem). Given a self-adjoint operator D, the family {e"P}icr
1s a strongly-continuous one-parameter group of unitaries. Conversely, given a strongly-

continuous one-parameter group of unitaries {U; }er, there exists a self-adjoint operator D

such that U, = €P for all t € R.
The self-adjoint operator D is called the infinitesimal generator for the group {eP};cr:
6itD —h
Dom(D) = {h eH:lim——— exists} :
t—0 t

and for h € Dom(D),
Dy _
Dh = —i (lim u) .

t—0 t
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2.3 Unitary Group Representations

Let U(H) denote the unitary group of B(#H), and let G be a locally compact group. Up
to a scalar, G has a unique nonzero left-invariant Radon measure, called a Haar measure,
which we denote by . We may then consider the Hilbert space L?(G, i), which we denote
by L*(G). In the case when G is abelian, y is also right-invariant, and its Pontryagin dual

is a locally compact abelian group G whose Haar measure we denote by fi.

Definition 2.18. A wunitary group representation of G on a Hilbert space H is a group

homomorphism U : G — U(H) such that for each h € H, the map s — Ush is continuous.

Example 2.19. Any strongly-continuous one-parameter group of unitaries {U;},cr on H

defines a unitary group representation U : R — U(H) by t — Uy.

Example 2.20. Let G be a locally compact abelian group. The left reqular representation
A\ : G — U(L*(G)) and representation V : G—U (L*(@)) in the Schrodinger representation

(A, V) of G (recall Definition 1.9) are examples of unitary group representations.

2.4 (C*-Dynamical Systems and Crossed Products

The reader is referred to [25] for a detailed treatment of foundational material on C*-
dynamical systems and crossed product C*-algebras. Some definitions and facts are included
here for convenience. Throughout, G is a locally compact abelian group with Haar measure

puand A is a C*-algebra.

Definition 2.21. A C*-dynamical system is a triple (G, A, a) where a : G — Aut(A) is a

continuous homomorphism.

Example 2.22. Let C,(G) be the C*-algebra of continuous functions f : G — C such that

for each € > 0, there is a compact subset K C GG where H f |G\KHoo < €. Consider an action
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of G on C,(G) via left translation:

t: G = Auwt(C,(Q))

T > It,,

where for each f € C,(G),

(I, f](y) := f(z'y) for all y € G.

Then (G, C,(G),It) is a C*-dynamical system.

Definition 2.23. A covariant representation of a C*-dynamical system (G, A, «) is a pair
(m,U) consisting of a representation 7 : A — B(H) and a unitary group representation

U :G — U(H) such that

m(ay(a)) = Uyn(a)U; for all x € G,a € A.

Example 2.24 (Williams, 2.12 [25]). Let M : C,(G) — B(L*(G)) denoted f — M; be given

by pointwise multiplication, that is, for each f € C,(G) and h € C.(G),

[M¢h)(z) == f(z)h(x) for all z € G.

By density of C.(G) in L?(G) and boundedness of M;

c.(a), we may extend My to a bounded
linear operator on all of L?(G). If A denotes the left regular representation of G, then the

pair (M, \) is a covariant representation of (G, C,(G), It).

Given a C*-dynamical system (G, A, «), one can construct the crossed product C*-algebra
A %, G which is universal with respect to the covariant representations of (G, A4, a). Let

C.(G, A) denote the set of continuous functions f : G — A such that for each f € C.(G, A),
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there exists a compact subset K C G where Supp(f) € K. The crossed product corre-
sponding to a C*-dynamical system (G, A, «) is constructed by considering representations

of C.(G,.A) which are induced by covariant representations of (G, A, «).

Definition 2.25. Given a covariant representation (w,U) for (G, A,«) on H, define the

integrated form of (m,U) to be the x-representation m x U : C.(G, A) — B(H) given by

[T x U|(f) := / 7(f(2))U, du(zx) for all f € C.(G, A).

G

The above integral is B(H)-valued and converges in the WOT, i.e.,

([ % U](f)h, k) = /G (m(f(2))Ush, k) dp(z) for all b,k € H.

Lemma 2.26 (Williams, 2.27 [25]). For each f € C.(G,A), define the universal norm on
Ce(G, A) by

|f|| :== sup{||[x x U](f)]| : (=, U) is a covariant representation of (G, A, «)}.

The universal norm is dominated by the L*(G, A)-norm and the completion of C.(G,.A) with

respect to ||-|| is a C*-algebra which we denote by A %, G.

2.5 Hilbert C*-modules

Let G be a locally compact abelian group with Haar measure p and A a C*-algebra.

Definition 2.27. An inner product A-module is a linear space X which is a right A-module

via an action e : X x A — X denoted (&, a) — & @ a which satisfies

AMEoa)=(N)ea=Ce(Xa) forall{ € X, ae A, X\ €C,
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together with a map (-|-) : X x X = A such that for all ¢, n, v € X, o, 8 € C, and a € A,
(i) (§lan+Br) =a(l|n) + BE]|v),

(ii) (€lnea)={[n)a,

(iif) (&) = (€|m)", and

(iv) (£]€) > 0 as an clement of A, and if (€] ) = 0, then ¢ = 0.

We sometimes subscript (-|:) to avoid ambiguity when multiple algebras or modules are

present.

Definition 2.28. Let X be an inner product A-module, and define a norm on X by

€]l = 1€ 1)1 for all € € X.

Then X is a (right) Hilbert A-module if X is complete with respect to ||-|| .

Note that when A = C, a Hilbert A-module is simply a Hilbert space. Left Hilbert

A-modules are defined similarly.

Example 2.29. For ¢ € C.(G, A) and a € A, define
[peal(z) = ¢(x)a for all z € G.

Then C.(G,A) along with the action e by A is a right A-module. For ¢, € C.(G,A),
define

) = /G (e) o) dyu(z),

where this A-valued integral is characterized by

(] 4)) = / () $(z)) dp(z) for all ¢ € A
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One easily checks that (- |-) satisfies the axioms in Definition| 2.27] so C.(G, A) with (-] -) is

an inner product A-module. Denote the completion of C.(G,.A) with respect to the induced
1/2

norm ||| := (-] 4 by L(G, A).

Example 2.30. Let (G, A, «) be a dynamical system. For each ¢ € C.(G,A) and a € A,
define
[p @ a](z) ;== d(x)as(a) for all x € G.

Then e makes C.(G, .A) into a right A-module. For ¢, ¢ € C.(G,.A), define

(] ), = /G et ((2) B(2)) dp(x).

Then C,(G, A) along with (- | -), defines an inner product A-module. Denote the completion

of C.(G, A) with respect to the induced norm ||-||, :== ||(-]-) J14/2 by L*(G, A, a).

ol

Remark 2.31. When completing C.(G,.A) with respect to |||, an isomorphic copy of
C.(G, A) exists in L%(G, A, a) via an embedding ¢ : C.(G,A) — L*(G, A,a). When consid-
ering the dense subalgebra ¢(C.(G, A)) inside L?(G, A, ), we will suppress the “copy” and
simply identify C.(G,.A) inside L*(G, A, a).

Proposition 2.32. Let (G, A, «) be a C*-dynamical system. A norm ||-||, can be defined on
Ce(G, A) by
1/2
folli= ([ 106l dute))  for eact s € €6 A
G

This norm has the property that ||¢||, < ||¢||, for all ¢ € C.(G, A).

Proof. Checking that ||-||, is a norm on C.(G, A) is a simple exercise. For ¢ € C.(G,A),
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observe

lolle = | 1(0(x) d(x)) du(w)

A

/ o+ (6(0) () Ly di(o)
= [ 16y 9oLy duto)

- / ()% dia()
G

= [Igll5-

Corollary 2.33. Suppose {x}rean C C.(G,A) converges uniformly to ¢ € C.(G,A), i.e

1 = llega) = 0 as A = oo. Then ||y — 9|, = 0 as A — oo.

Proof. By Proposition| 2.32| it suffices to prove that ||y — ¢||, = 0 as A = oo. Let € > 0,

and choose Ay € A such that [|Vx — ¥l .4 < m for all A > A;. Also, since

[ = Plle.ga) = 0 as A — oo, there exists Ay € A such that p(Supp(¢y) \ Supp(¥)) <

u(Supp()) for all A > Ay. Choose A, := max{A;, \a}. Then for all A > \,,

i — ]2 = /G i) — B duly)

- / lia(y) — S)IE duty) + / la(y) — v )1 duy)
Supp(¢) Supp(x)\Supp(?)

<[ =l dut) + [ lin —
Supp(¥) Supp(¥2)\Supp(v)

€2 €2

(@) + 1 HEPPOD @) 1

2 62

€
2 2 Sup() 1

< (—:2.

C(G,A) du(y)

11(Supp(¢x) \ Supp(+))

1(Supp(v)))
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By Proposition| 2.32} ||1x — ¥, < ||a — ], = 0 as A = oo, O

Notation 2.34. Let X be a Hilbert A-module, and let X, be a closed A-submodule of X.
Denote Span{ ea: & € X,,a € A} by X, e A.

Notation 2.35. Given a Hilbert A-submodule X, of X, define

(Xo [ Xo) := Span{{€|n) : ;1 € X, }-

Definition 2.36. A Hilbert A-module X is full if (X|X) is dense in A.
Proposition 2.37. The Hilbert A-module L*(G, A, &) is full.

Fullness of L?(G, A, a) follows from Green’s Imprimitivity Theorem stated in Theorem
4.21 of [25]. We will need Green’s Imprimitivity Theorem again later, so we will wait until

Chapter 5 to give its statement.

Definition 2.38. Given a family {X;},c; of Hilbert A-modules, define

®;X; = {(fj)jg 1€ € X; for each j € J and Z (€;]&;) converges in the norm on A} .

jed

For £ = (§;)jes and n = (1;)jes in @©;X;, define

€lmy = (& Im)x, -

jeJ
It is an exercise in [13] to show that &;X; with this inner product forms a Hilbert A-module.

Proposition 2.39. Given a family of Hilbert A-modules {X;};cs, let Y := @;X;. Then

Yo :={(&)jes €Y :& =0 for all but finitely many j € J}
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Proof. Let £ = (§;)jes € Y. Then Zje, (€;]&;) converges in A, so in particular, given € > 0,

there exists a finite set F' C J such that

< 62.

dElEN || =

JEJ\F A

D &1, = D16,

jeJ jEF

A

Define (n;)jes € Y, by n; = §; whenever j € F and n; = 0 otherwise. Then

1€ =nlly = 1€ —n1€—n)yll,
= D& —ml& —my,

jeJ

A

=D& —ml& —mhx, + D (& —m & —my,

e .
je jeJ\F A

= Z(fj—§j|§j_fj>xj+ Z <£j|§j>xj

jEF JEIN\F

=11 D (& 18,

JEI\F

A

A

< (—:2.

Therefore, Y, is dense in Y.

2.6 Adjointable Operators on Hilbert C*-modules

Throughout, X and Y are (right) Hilbert A-modules. A map 7' : X — Y which satisfies

T(Eea)=(T¢)eaforall { € Xand a € A is referred to as A-linear.
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Definition 2.40. A map T : X — Y is adjointable if there exists a map S : Y — X such that

(TS [m)y = (] Sn)x forall € X, neY.

If T is adjointable, its adjoint is unique and denoted by 7. Denote the set of all adjointable
maps from X to Y by £(X,Y), and denote L(X,X) by L(X).

It is well-known that any adjointable operator is both bounded and A-linear. A short
proof of this fact is given on page 8 of [13]. Thus, the algebra £(X) is then closed under the
adjoint operation and is complete with respect to the operator norm, so £(X) is in fact a

C*-algebra.

Definition 2.41. The strict topology on L(X) is the topology induced by the seminorms

{T — ||T¢| : € € X} and {T — ||T*n|| : n € X}.

Notation 2.42. Given £ € Y and n € X, define 6¢, : X =Y by

Oen(v) =€ o (n|v)y foral veX

Then 0, € L(X,Y). Let L(X,Y) denote the closed span of {6¢,, : £ € X,n € Y} in L(X,Y).

Definition 2.43. Let {X;};c; be a collection of Hilbert A-modules, and let Y := @,X; be
the Hilbert A-module formed in Definitio Given T; € L(X;) for each j € J such that

the family {7} };c, satisfies sup,c ; [|T;|| < oo, define ®;T; : @;X; — @©;X; by

[0, T5](&))jes = (Tj€)) jes for all (§;)jer € B XK.

Then @;T; is a well-defined adjointable operator on &;X; with adjoint &;77.
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2.7 Representations on Hilbert C*-modules
Definition 2.44. An operator u € £(X) is unitary if v*u = Ix = uu*.
Let U(X) denote the unitary group of £(X).

Definition 2.45. A unitary group representation of G on a Hilbert A-module X is a strictly

continuous group homomorphism v : G — U(X), which we henceforth denote by = — u,.

Note that the requirement u : G — U (X) be strictly continuous is equivalent to requiring

that the maps = — wu,& be continuous for each fixed ¢ € X.
Definition 2.46. Let u : G — U(X) be a unitary group representation, and given an
arbitrary index set J, let ©;X = @;X; where X; = X for all j € J. Define

®ju:G—=>U@B;X) by z— [®jul, = Bju, for each z € G,

where @;u, is as in Definition| 2.43] Then @;u defines a unitary group representation of G.

Definition 2.47. Let A and B be C*-algebras, and let X be a Hilbert B-module. A repre-

sentation 7 : A — L(X) is nondegenerate if m(A)X is dense in X.
Definition 2.48. Let X be a Hilbert B-module and suppose 7 : A — £(X) is a nondegenerate
x-representation. Let Y = @;X, and define

®,;m: A— L(Y)

by [@;7]|(a) := @®;m(a) for each a € A, as in Definitio If Y, denotes the dense B-
submodule of Y defined in Proposition 2.3Y, nondegeneracy of @, is easily established by

showing Span{[®;m(a)]{ : a € A, £ € Y,} approximates elements of Y,,.



25

Definition 2.49. Let (G, A, ) be a C*-dynamical system, let B be a C*-algebra, and let
X be a Hilbert B-module. A covariant homomorphism of (G, A,«) into L£(X) is a pair

(m,u) consisting of homomorphisms 7= : A — L£(X) and a unitary group representation

u: G — U(X) such that
m(ag(a)) = uym(a)u for all x € G, a € A.

We say (7, u) is nondegenerate if 7 is nondegenerate.

Proposition 2.50 (Williams, 2.39 [25]). Let X be a Hilbert B-module and let (mw,u) be
a covariant homomorphism of (G, A, «) into L(X). Consider the integrated form m x u :

C.(G, A) = L(X) defined by

i ul(f) = /Gﬂ(f(:c))ux du(z) for all f € CL(G, A),

where this integral is the image of the function x — 7(f(z))u, under the linear map described
in Lemma 1.91 of [25]. Each [ xu|(f) is a well-defined operator in L(X), and m X u extends
to a homomorphism of A X, G which is nondegenerate whenever 7 is nondegenerate. We
denote this extension by ™ X u.

Conversely, if L : A x, G — L(X) is a nondegenerate homomorphism, then there is
a unique nondegenerate covariant homomorphism (m,u) of (G, A, «) into L(X) such that

L =mxu.

We can further characterize integrals involving continuous compactly supported functions

from a locally compact group G into a C*-algebra A by the following lemma.

Lemma 2.51 (Raeburn-Williams, C.12 [18]). Let X be a Hilbert A-module and F' a compactly

supported function of G into L(X) which is continuous for the strict topology. Then for each
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&,m e X, the map x — (£ | F(x)n) belongs to C.(G,A) and

<5] ([ r@au)n) = [ €1 Fwm) duo),

Proposition 2.52. Suppose (w,u) is a covariant homomorphism for (G, A, «) into L(X) for
some Hilbert B-module X. Then (&;7,®ju) is a covariant homomorphism for (G, A, o) into
L(®;X), and

(®;m) x (Bju) = B;(T X u).

Proof. Covariance of (®,7, ®;u) is straightforward to check. Let Y := @;X, and recall from
Propositio that

Yo :={(&)jes € Y : & =0 for all but finitely many j € J}
is dense in Y. We claim
[(&,m) x (@;u)](f)ly, = [B;(m < u)](f)ly, for all f e Ce(G,A).

Fix f € C.(G, A), and observe that

(@;7) » (@u)] () = /G @®7)(f (2)) (@1l dpu(z)
/ @m(F(2))) [@5us] dulz)
G

/G @57 (2))ua] du(a).

For each = € G, define F(z) := ®; [n(f(x))uy]. The maps z — [@;7(f(z))]ly, and
T [B;uy]]y, from G into L(Y) are strictly continuous, and density of Y, in Y establishes

strict continuity of x — [@;7(f(z))] o [B;u,]. Therefore, F': G — L(Y) is strictly continuous
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Let n € Y,, and let Supp(n) C J be the finite subset such that n; = 0 for all j & Supp(n).

Then, for any £ €Y,

<£' ([t du) 77>Y - (¢ \ ([ Forau) 77>Y

= /G (€| F(x)n)y du(x) [ Lemma 2.51(]

-/ (Z (| [W(f(fv))uz]m)x) du()

-/ ( 3 <sj[w<f<w>>ux1m>x) du(x)
G\ jeSupp(n)
= > [ (6l duto)
Jj€Supp(n)
= & 7(f(x))uy du(z) | n; [ Lemmg 2.51
jGSuXp;(n)< (/G ) >X
=Z<§j|[ﬂ X ul(f) mi)x

= (&l [@;(m xu)(N)ln)y -

As £ € Y was arbitrary, we have that [(@;7) X (&;u)](f)n = [@;(7 x w)(f)]n for all n € Y,,.
By density of Y, in Y and continuity of both [(®;7) % (®;u)](f) and &;[m x u|(f), we have
[(®;m) x (Bu)](f) = ®;[m x u](f) as adjointable operators on L(Y). As f € C.(G,.A) was

arbitrary and C.(G, A) is dense in A X, G, we conclude &;[m X u] = (B;7) x (B;u). O

2.8 Hilbert K(#H)-modules

A substantial portion of the collaboration with L. Huang is in the setting of A = KC(H),
the x-subalgebra of B(H) obtained by closing the finite-rank operators on A in the norm

topology. The following results are used later in the paper and provide some evidence of why



28

IC(H) was desirable to work with. As a first attractive property, recall that IC(#H) is simple,
so every nonzero Hilbert IC(#H)-module X is full since (X|X) forms a nontrivial two-sided

ideal in KC(H).

Lemma 2.53 (Arveson, 1.4.1 [2]). Let p be a nonzero projection in IC(H). Then p is rank-one
if and only if pIC(H)p = Cp.

Corollary 2.54. If p € K(H) is a rank-one projection, there is a linear functional f, :
IKC(H) — C such that pap = f,(a)p for all a € K(H).

Corollary 2.55. Let X be a nonzero Hilbert IC(H)-module, and let p be a rank-one projection
in IC(H). Then there exists ¢ € X such that (¢ |¢) = p.

Proof. Let p € K(H) be a rank-one projection. Then there exists 1), € X such that ¢, ep # 0

(since X @ p is a full Hilbert IC(H)-module). Thus,

0 # (Vo @ | o ®p) = p(Uo| Vo) p = fp (Yo ¥0)) P,

where f, is the linear functional corresponding to p obtained in Corollary| 2.54] Let X\ :=
fo (o] 1)) , and define ¢ := A\=/2(3), @ p). Then () | ) = p. O

Lemma 2.56. Let X be a nonzero Hilbert K(H)-module and p a rank-one projection on H.

Then Xep is a nontrivial closed subspace of X that is also a Hilbert space with inner product

(Eop|nep),, = [o({Emx) for every §,n € X,

where f, is the linear functional related to p in Corollary 2.54. Furthermore, the norm on

X e p induced by (-|-)x,, coincides with the restriction of ||-|x to X ep.

Proof. (Huang) It is obvious that X e p is a subspace of X. To see that it is closed in X, let

(Cn)nen be a sequence in Xep such that (,)nen converges to some 1 € X. Because ¢, ep = (,
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for all n € N, we have
n= lim ¢, = lim ¢, ep= [lim Cn] ep=nep.
n—o0 n—oo n—0o0

Hence, n € X @ p, which proves that X e p is a closed subspace of X.

Clearly, (-|-)x,, is a sesquilinear form on X e p, so it remains to prove that it is positive

Xep

definite and complete. Let ¢ € X o p. Then (¢ | () is positive in K(#H), which means that

o ((CIOx)p=p(C|Oxp=p(C|x D"

is positive in IC(#H) as well. As p(I —p) = 0, we deduce that I — p is not invertible in K(H),

s0 1€ ox) (p). Hence, f, ((CC)x) € axp (fo ((C1C)x) ) € Rxo, which shows that (-] -)x,,

is at least positive semidefinite. Next, observe that

(€1 mhwa| = 15 ((C D)

= I1fp (CTmx) Pllicaey
= |lp <C|77>xp||/c(7{)
= ||<C'p‘77'p>x||icm)

:H<<’77>xH/c(H)' [ASCOp:Candnop:n.]

Consequently, if (¢ |()y,, = 0 for some ¢ € X o p, then (¢ |()y = 0, which yields ¢ = 0. This

Xep

proves that (-|-)y,, is positive definite. Incidentally, this also proves that [/C[|y,, = I[C|lx for
all ( € Xep. As X e pis a closed subspace of X, it is a Banach space with respect to the
restriction of ||-||y to X e p, and is thus a Banach space with respect to ||-||x,,. Therefore,

X e p is a Hilbert space whose inner product is given by (-|-)y, , and the induced norm on

Xep?

X e p is the restriction of ||-||y to X e p. O
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Theorem 2.57 (Baki¢-Guljas, 5 & 6 [8]). Given a rank-one projection p € KK(H), the maps

U:L(X) = B(Xep) and Y|gx : K(X) = K(Xep)

gwen by T +— T|xe, are C*-isomorphisms.

Theorem 2.58 (Magajna, 1 [14]). Every Hilbert IC(H)-module X is complementable, that is,

every closed K(H)-submodule Y C X has an orthogonal complement Y+ such that X = Y@®Y*.

Proposition 2.59. Let X be a nonzero Hilbert K(H)-module, let Y be a nonzero KC(H)-

submodule of X that is not necessarily closed, and let p be a rank-one projection on H. Then

(Yep)e K(H) =Y.

Proof. As'Y is a K(H)-submodule of X, we have that Y e p C Y, and thus, (Y e p) ¢ K(H)

is contained in Y. Hence, (Y o p)  IC(H) is contained in Y. It thus remains to establish the
reverse containment.

Note that {pa : a € K(H) \ {0}} is the set of all rank-one projections on H. Let ( € Y
and let (ex)aea be an approximate unit for K(H). Then ||(eey— (|| — 0 as A — oo.

Moreover, Span{pa : a € K(H)} contains all finite-rank operators on H, so (Y e p) e K(H)

£_
2

(Y ep)eC(H) in X equals the closure of Y. ]

can approximate ( e ey for any choice of A € A. An £-argument shows that the closure of
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Chapter 3

Analytic Vectors for dp

3.1 Definition of Weak D-Differentiability

Throughout, H is a Hilbert space and D is a (possibly unbounded) self-adjoint operator
on H. For each t € R, both Stone’s Theorem and the Spectral Theorem for Self-Adjoint
Operators yields a strongly-continuous one-parameter group of unitaries {e?’},cg. For each

t € R, define a map oy : B(H) — B(H) by
() == e"Pre P for all x € B(H).

Then {o; }ier defines a flow on B(H) and forms group of *-automorphisms on B(H).

Definition 3.1. An operator z € B(H) is weakly D-differentiable if there exists y € B(H)

<(M_y) hk>‘ —Oforall hkeH.  (x)

Denote the set of all weakly D-differentiable operators by Dom(dp), and for z € Dom(dp),

such that

let dp(x) := y, where y satisfies condition (x).

Theorem 3.2 (Christensen, 3.8 [6]). Let x € B(H). The following are equivalent:

(i) x is weakly D-differentiable.
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(ii) There exists y € B(H) such that for every h € H,

(=)o

(111) There exists ¢ > 0 such that ||oy(z) — z|| < c|t| for all t € R.

lim
t—0

(iv) The commutator [iD, x] is defined and bounded on the domain of D.

(v) The commutator [iD, x| is defined and bounded on a core for D.

If any of the above conditions hold, then xz(Dom(D)) C Dom(D) and dp(z)|pom(p) =
[iD, z].

Theorem 3.3 (Christensen, 3.9 [6]). The domain of definition Dom(dp) is a SOT-dense
x-subalgebra of B(H) and 0p is a x-derivation into B(H). The graph of dp is WOT-closed.

Theorem| 3.3| supports Christensen’s argument in [6] for considering differentiability of
x € B(H) in the weak operator topology as opposed to the norm topology on B(H). In a

subsequent paper, [5], Christensen defines higher weak D-differentiability via higher powers
of 6D-

Definition 3.4. An operator x € B(H) is n-times weakly D-differentiable if x € Dom(d03).

Proposition 3.5 (Christensen, 2.6 [5]). An operator x € B(H) is n-times weakly D-
differentiable if and only if for each pair h,k € H, the function t — (o (x)h, k) is n-times

continuously differentiable. Moreover, if x is n-times weakly D-differentiable, then

mn

T (au(@)h, k) = (euldp(@)lh, k).
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Analogous to Theoreny 3.2] the following proposition and theorem connect higher-order
weak D-differentiability of x € B(H) to definedness and boundedness of iterated commuta-

tors [iD, ..., [iD, x]].
Proposition 3.6 (Christensen, 3.3 [5]). Let x € Dom(0}). Then for k=1,...,n,
(i) 03 ' () (Dom(D)) € Dom(D)

(it) xz(Dom(D")) C Dom(D")

(iti) Dom | [iD, ..., [iD,z]] | = Dom(DF)
—_—

k times

(iv) 511%(1:>|D0m(Dk) =[iD,...,[iD, x]]
——
k times
(v) 0% (x) is the bounded extension of [iD, ..., [iD,z]] from Dom(D¥) to all of H.
—_—

k times

Theorem 3.7 (Christensen, 4.1 [5]). Let x € B(H). The following are equivalent:
(i) = is n times weakly D-differentiable.

(it) For all k = 1,..,n, x(Dom(D*)) C Dom(D*) and [iD,...,[iD,z]] is defined and
N—_— —

k times

bounded on Dom (D*) with bounded extension 6% (z).

(i1i) There exists a core € for D such that for any k = 1,...,n, the operator [iD, ..., [iD, x]]
—_—

k times

is defined and bounded on € .

Notation 3.8. For notational convenience, for each k£ € N we define

d*(x) :=[iD, ...,[iD, z]].

k times
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3.2 Weakly —i%-Differentiable Multiplication Operators on L*(T)

Consider the operator D = —i-L on L*(T) with domain

Dom(D) = {f € L*(T) : f is absolutely continuous, f € L*(T)}.

Notation 3.9. Given a o-finite measure space (X, i), define

diag: L>(X,u) — B(L*(X,n)
f — My
where Mg = fg for each g € L*(X, ).

Propositio characterizes the n-times weakly D-differentiable multiplication opera-

tors My € diag(L>(T)), and Proposition| 3.10] provides as the case when n = 1.
Proposition 3.10. Let f € L>°(T). The following statements are equivalent:
(i) My is weakly D-differentiable.
(ii) f € Dom(D) and Df € L>*(T).
When either condition is satisfied, 60 (M) = M.

Proof. (=) If My € Dom(dp), then M;(Dom(D)) € Dom(D) by Theorem 3.2 Let 1
denote the function which takes the value 1 for all z € T. Then 1 is in Dom(D), and so
f =M1 € Dom(D). In [6], Christensen remarks that in this particular setting, condition

(iii) of Theorerq 3.2 holds if and only if there exists ¢ > 0 such that for all z € T and ¢ € R,

|[f(ze") = f()] < clt].
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As f € Dom(D), f is absolutely continuous and thus differentiable a.e. Hence, for a.e. z € T,

flze") = f(2)
t

<ec.

|'(2)] = lim <

t—0

Therefore, || f'||, < ¢ so f/ € L>(T). Hence, Df = —if" € L>(T).

(<): Suppose f € Dom(D) and Df € L*(T). We show M¢(Dom(D)) € Dom(D)
and [iD, My] agrees with the bounded operator My on Dom(D). Fix g € Dom(D). Then
g € L*(T), so

1) lly = 1Fg" + Fglly < NFg'lls + 1 glly < W f Mo g'llz + 1l Nlglly < 00

Also, the product of two absolutely continuous functions is absolutely continuous. Therefore,

fg € Dom(D). As g € Dom(D) was arbitrary, we have M¢(Dom(D)) C Dom(D). Observe

1D, Mylg = (f9) — fg' = f'g+ fg' — fg' = f'g = My g for all g € Dom(D).

As f' € L®(T) and [iD, M{]|pomny = My € B(L*(T)), we have that [¢D, M;] is defined
and bounded on Dom(D). By (i) <=> (iv) of Theoren[ 3.2} we conclude M; € Dom(dp) and
5D(Mf) = Mf/. ]

Proposition 3.11. Let f € L>®(T). The following statements are equivalent:
(1) My is n-times weakly D-differentiable.
(i) f € Dom(D"™) and D"f € L*>(T).

When either condition is satisfied, 07(My) = M ).

Proof. Fix n € N. We proceed by induction. The base case was established in Proposi-
tion[ 3.0
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(=) : Suppose for all k < n—1, if M; € Dom(d}) then f € Dom(D*) and D* f € L*°(T).
Let My € Dom(d}), so My € Dom(é%) for each & < n. The inductive hypothesis implies
f € Dom(D*) and D*f € L>(T) for each k < n — 1.

As in the proof of Proposition 3.10] let 1 the function which takes the value 1 for all
z € T. By Proposition] 3.6 (ii), M;(Dom(D")) € Dom(D"), and so f = M;1 € Dom(D").
To see that D"f € L>(T), note M; € Dom(dp) implies 075 ' (M;) € Dom(dp). By the
inductive hypothesis,

5%_1(Mf) = Mf(n—l).

By (i) <= (iii) of Theore, Mw-1y € Dom(dp) if and only if there exists ¢ > 0 such

that for all z € T and ¢t € R,
|fOD(ze) = V()| < el

Now, f € Dom(D") by definition means D"~'f € Dom(D), which is equivalent to f"~1 ¢

Dom(D). In particular, f™1) is differentiable a.e., and thus, for almost every z € T, we

have
(n—1) ity _ f£(n—1)
(n) S (ze") — f (2) <
77| = lim t =
Therefore, }f(”)Hoo < ¢, and hence, f™ € L®(T). Given D"f = (—4)"f™, we have shown
D"f e L>(T).

(<) : Let f € Dom(D") and suppose D" f € L*(T). Further, suppose for all k <n — 1,
if f € Dom(D*) and D*f € L*(T), then M; € Dom(d}). To prove M; € Dom(d}), by

Theorem 3.7} it suffices to prove My(Dom(D")) C Dom(D") and the commutator

d"(My) = [iD, .., [iD, M)

TV
n times
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is bounded on Dom(D"). Given g € Dom(D"), showing Mrg € Dom(D") amounts to

proving

(i) fg € Dom(D"™),

(i) D""'(fg) is absolutely continuous, and
(iii) (D""*(fg))" € L*(T).

Since M; € Dom (0} "), Propositio implies My(Dom (D" 1)) € Dom(D"!). Hence,
g € Dom(D") C Dom (D" ') implies Mg = fg € Dom(D"!). Now,

Each term of the above sum is the product of absolutely continuous functions because
D" 17 f € Dom(D) and D’g € Dom(D) for all j = 0,...,n — 1. The product of any two
absolutely continuous functions on a bounded interval is again absolutely continuous, and

thus the entire sum is as well. Therefore, (ii) is satisfied. Also,

I, =10t < 3= (7) 100, <32 () 0ol '

As [|f"], = ||[D" ) f|| . < oo and g € Dom(D") ensures gV € L*(T) for all j =0, ...,n
we conclude that ||(D"'(fg))|l, < oo. Therefore, M;(Dom(D™)) C Dom(D").

Having established that d" (M) is defined on Dom(D"), we now show d" (M) is bounded
on Dom(D"). In Proposition 3.10 we observed [iD, My]|pom(p) = M. Since f" € L>®(T), we
concluded 6p(My) = My Following this same argument, we have d*(My) = M u ]Dom@k),

s0 07 (My) = M for all k < n—1. As Dom(D") C Dom(D" "),

d" (M) pom(pny = d(d* (M) |pom(pmy = d(M sn-1) |pom(pm) = [iD; M 0] |pom(pn)-
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Furthermore, [iD, M t-1)||pom(pn) = M. By assumption, D" f € L*(T), which is equiv-
alent to f™ € L*°(T). Therefore, the commutator d"(M;) agrees with the bounded op-
errator M) on Dom(D"), which establishes by Theore that M; € Dom(d}) and
51 (M) = Mon. O

3.3 Domains of Higher Powers

Throughout this section, D denotes an arbitrary self-adjoint operator on a Hilbert space H.
While Theoreny 3.7 extends Theoreny 3.2 by connecting n-times weak D-differentiability of a
bounded operator = to definedness and boundedness of an iterated commutator of  with ¢ D,
there is no analogous theorem to Theoreny 3.3 stating that Dom(d7) remains SOT-dense in
B(H). The purpose of this section is to give a constructive proof of SOT-density of Dom(d7})
for all n € N.

Given f, g € H, recall the rank-one operator f ® g* : H — H is defined as
(f®g") () :=(v,g) f for all v € H.
Fix n € N. We use the facts that Span{f ® ¢* : f,g € H} is norm-dense in I(H) and that

IKC(H) is SOT-dense in B(H) to prove Dom(d%) is SOT-dense in B(H).

Lemma 3.12. Let n € N. If h,k € Dom(D"), then h ® k* € Dom(d%) and

dh(h@k) = i(iD)”jh ® [(iD) k]*.

J=0
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Proof. Let h,k € Dom(D™). First, observe that for all f,g € H,

(a(h@ k") f, g) = (e (h@Kk*)e ™" [, )

(

<<h ® k‘ —itD e—ith>
<<6—zth k‘> h 6—ztD >
(e

ch g> <f eztDk>

Let us consider the case when n = 1. By Propositio h ® k* € Dom(dp) if and only
if for every f,g € H the map t — (o (h ® k*)f, g) is continuously differentiable. Thus, it

suffices to prove that

t—= (a(h @K f,g) = (f, e“Dk> <6“Dh,g>

is n-times continuously differentiable for all f,g € H.

Fix f,g € H. By Stone’s Theorem,

i eich —h eitDk —k
(50

—iDhH:O and lim

t—0

- iDk| =0

By the Schwarz inequality, the maps t +— < f,etP k> and t — <e“D h, g> are continuously
differentiable with derivatives t — (f,e¢"P(iDk)) and t — (e"P(iDh), g), respectively. Since
the product of two continuously differentiable functions is continuously differentiable, ¢ +—
(ap(h @ k*)f,9) = (e"Ph,g)(f,e"Pk) is continuously differentiable. As f,g € H were
arbitrary, we conclude h ® k* € Dom(dp).

Furthermore, Proposition] 3.5] states that for all f,g € H,

5t<0‘f(h®’f*)f 9)|,_y = Op(h®K)f.g).
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Hence,

(b @ K)1,9) = 5 (PR (€ Ph,g)) |,
= (1. PiDR) (Phg) |,y + (1K) (PiDhg) |,
= (f,iDk) (h,g) + ([, k) (iDh, g)
= ((f,iDk) h, g) + ((, k) iDh, g)
= ([h® (iDk)"]f, 9) + ([(iDh) @ k"] [, g)

= ([(iDh) ® k" + h @ (iDk)*| f, g)

As f,g € H were arbitrary, 0p(h ® k*) = (iDh) ® k* + h ® (iDk)*.

For general n € N, the rank-one operator h ® k* is n-times weakly D differentiable if and
only if for every f, g € H the map ¢t — (a;(h ® k*) f, g) is n-times continuously differentiable.
As above, (au(h® k*)f,g) = (f,e"™k) (¢"Ph,g) and, given h,k € Dom(D"), the functions
t— < f,etP k‘> and t — <e”D h, g> are n-times continuously differentiable, where

d?

o (f,e"Pk)y = (f,e"[(iD)’k]) and & (e"Ph, g) = (e""[(iD)’h], g)

dti

for each j = 1,...,n. Since the product of two n-times continuously differentiable functions
is n-times continuously differentiable, ¢ — (o (h ® k*)f, g) is n-times continuously differen-
tiable. As f,g € H were arbitrary, h ® k* € Dom(d}), and a computation similar to the
n = 1 case yields

Sp(h@ k") = (iD)"7h & [(iD)k]".

J=0

Notation 3.13. Given a subset S C H, let F(S) := Span{f ® g*: f,g € S}.

Lemma 3.14. If S C H is a dense subspace, then F(S) is norm-dense in K(H).
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The proof is an easy exercise which we leave to the reader.
Corollary 3.15. For each n € N, Dom(d7%) N F(H) is norm-dense in K(H).

Proof. By Lemma 3.12) F(Dom(D™)) € Dom(ép) N F(H). As Dom(D™) is dense in H
for each n € N by Nelson’s Analytic Vector Theorem, Lemma 3.14] implies F(Dom(D")) is
norm-dense in IC(#H). Therefore, Dom(07,) N F(H) is norm-dense in K(H). O

Theorem 3.16. For each n € N, Dom(6}) is SOT-dense in B(H).

Proof. As the norm topology is finer than the SOT on B(H),

SOT I

F(H) N Dom(op) 2 F(H) N Dom(dp) K(H)

by Corollary| 3.15| Therefore, F(#H) N Dom(ég)SOT = /C(H)SOT = B(H). O

3.4 (C,—Groups of Isometries and their Infinitesimal Generators

Theoren| 3.16) strengthens Christensen’s Theoren] 3.3] and provides a way to construct el-
ements in Dom(d7) using elements from Dom(D™). Given that the analytic vectors for D
are dense in H, we were led to wonder if the analytic vectors for dp (which are operators in
B(H)) were SOT-dense in B(H).

To relate the analytic vectors for D and dp as we related Dom(D™) and Dom(é}) in
Lemma| 3.12] we exploit an equivalent notion of analyticity for the one-parameter families
for which D and dp are infinitesimal generators: {e®"},cg and {a;}ier, respectively. We
first introduce the notion of analytic vectors for a general one-parameter family on a Banach

space, and then we specialize to our setting.
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Definition 3.17. Let X be a Banach space and let Y be a closed subspace of X*. A one-
parameter family {7 }er of isometries on X into itself is called a o(X,Y')-continuous group

of isometries of X if
1. T0 = I,
2. Tery = Ty for all st € R,

3. t— m(x) is o(X,Y)-continuous for all x € X i.e., t — (7 (z)) is continuous for all

reXand ¢ €Y, and
4. x+— 7(x) is o(X, Y )-continuous for all ¢ € R.

Note that condition (4) in Definitio is needed as Y may not be invariant under the

Banach space adjoint of 7, acting on X*. Given A > 0, set ) := {z € C: Im(z) < A\}.

Definition 3.18. Given a o(X, Y')-continuous group of isometries {7 };cr, an element = € X

is analytic for {7 }ier if there exists A > 0 and a function ¢ : 2, — X such that
1. p(t) = 7y(x) for all t € R and
2. z+— YP(p(z)) is analytic on Q) for all ¢ € Y.

Definition 3.19. Given a o(X,Y)-continuous group of isometries {7 }er, the infinitesimal
generator S for {7 }ier is the operator whose domain consists of all elements x € X such

that there exists 2/ € X which satisfies

t—0

limw(n(x)%_x/):o for all ¢ € Y. (*)

If 2 € Dom(S), set Sz := ', where 2’ satisfies condition (x).

Propositio below states that the two notions of analyticity in Definitions and
are equivalent when S is the infinitesimal generator of {7 };cr.
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Proposition 3.20 (Bratteli-Robinson, [4]). If {7i}ter is a o(X,Y)-continuous group of
isometries with infinitesimal generator S, then x is analytic for {1 }ier if and only if x is

an analytic vector for S.

Consider the Banach space B(H) along with the one-parameter group of *-automorphisms
{ay}ier given by ay(z) = e®Pre™P for all z € B(H), t € R. The closed subspace of elemen-

tary vector functionals Y in B(H)* recovers the WOT on B(#) as the o(X,Y)-topology.

Proposition 3.21. The family {o;}ier is @ WOT-continuous group of x-automorphisms

with infinitesimal generator dp.

It is straightforward to check WOT-continuity of the automorphism group {o;}icr using
the SOT-continuity of the unitary group {e"’};cg. Furthermore, dp is the corresponding

infinitesimal generator for {o;}ier simply by definition of weak D-differentiability. As a

corollary of Propositions 3.20] and [ 3.21} we have the following:

Corollary 3.22. An element © € B(H) is analytic for {o;}er if and only if x € A(dp),

where A(0p) denotes the set of analytic operators for 0p.

3.5 The Riesz Map and Density of Analytic Vectors

Initially, our strategy for proving SOT-density of the set of analytic vectors for dp in B(H)
was to mimic the steps of Lemma 3.12}—given h, k € A(D), we wanted h ® k* to be analytic
for 0p. If h, k € A(D), the equivalent notion of analyticity from Propositio implies that
for each f,g € H, the maps ¢ — (e"Ph, g) and ¢ — (e"Pk, f) extend to analytic functions
on some strip in the complex plane. But then, the map t +— < f,etP k’> is co-analytic, and
since (ay(h @ k*)f,g) = <eich,g> <f, e“Dk> is the product of an analytic function and a
co-analytic function, we could not necessarily extend the map ¢ — (o (h ® k*)f,g) to an

analytic function on a strip in the complex plane.
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To remedy the issue of co-analyticity for the function involving k, we utilize the Riesz

map R : H — H* given by h — 15, where

Un(f) == (f,h) forall feH.

Note that R is anti-unitary: (Rf,Rg),. = (g, f),, forall f,g € H.
It is clear that conjugating a self-adjoint operator D by a unitary U results in another
self-adjoint operator. Below we verify that conjugating D by R results in a self-adjoint

operator.

Lemma 3.23. Define D¥ : R(Dom(D)) — H* by D¥(Rh) := R(Dh) for all h € Dom(D).
The map D# := RDR™" with Dom (D#) = R(Dom(D)) is self-adjoint.

Proof. We first show D¥ is a linear symmetric operator. Given h € Dom(D) and \ € C,

observe
D#(ARR) = [RDR| (ARR) = [RD](Ah) = R(ADh) = A\[RDR™'|(Rh) = AD*(Rh).

As h € Dom(D) was arbitrary and Dom(D#) = R(Dom(D)), we have D#(\)) = AD#¢
for all ¢» € Dom(D#) and A € C. It’s easy to check additivity of D#, so D# is linear. For

f,h € Dom(D),
(D¥Rh,Rf) = (RDh,Rf) = (f,Dh) = (Df,h) = (Rh,RDf) = (Rh, D¥Rf) .
As f,h € Dom(D) were arbitrary and Dom(D#) = R(Dom(D)),

(D¢, ¢) = (¢, D¥¢) for all ¢, ¢ € Dom(D¥).
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Therefore, D# is symmetric. Note that R(Dom(D)) is dense in H* since Dom(D) is dense
in H# and R is a continuous bijection. Thus, it suffices to show Dom((D#)*) C Dom(D#).

Recall that the domain of the adjoint of D# is the set

Dom((D#)*) = {¢ € H*: the map Dom(D*) — C; ¢ — (D#¢,¢) is bounded}
= {¢ € H*: the map R(Dom(D)) — C; Rh— (D¥(Rh),¢) is bounded}.
= {¢ € H*: the map R(Dom(D)) — C; Rh+ (R™'¢,R"'D#(Rh)) is bounded}.

= {¢ € H*: the map R(Dom(D)) — C; Rh+ (R™'¢,Dh) is bounded}.
Hence, given ¢ € Dom((D#)*), the map R(Dom(D)) — C defined by
Rh+— (R™'¢,Dh) for all h € Dom(D)

is a bounded linear functional. Then, since R is isometric, the composition

Dom(D) — R(Dom(D)) — C
h > Rh — (R '¢, Dh)

defines a bounded linear functional on the domain of D. By the definition of the do-
main of D*, this implies R™'¢ belongs to Dom(D*). Further, self-adjointness of D im-
plies Dom(D) = Dom(D*), so R™'¢ € Dom(D). Since R is bijective, we conclude ¢ €
R(Dom(D)) = Dom(D#). Therefore, D¥ is self-adjoint. O

By Nelson’s Analytic Vector Theorem, the set of analytic vectors A(D#) is dense in H*.

As R™': H* — H is a continuous bijection, it follows that R~ [A(D#)] is dense in H.
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Notation 3.24. Given subsets Sy, Sy C H, let
./_"(Sl, SQ) = Span{f & g* : f S 51,9 S SQ}

Denote F(S1,51) by F(S1).
Lemma 3.25. If 51,52 C H are dense, then F(S1,Ss) is norm-dense in IC(H).

The proof of Lemma 3.25|is a simple modification of the case when S; = S5 in Lemma( 3. 14}
By Lemmg| 3.25, F (A(D), R"'[A(D#)]) is norm-dense in K(#).

Proposition 3.26. If h € A(D) and k € R™[A(D#)], then h @ k* € A(dp).

Proof. Let h € A(D) and k € R™YA(D#)]. By Corollary 3.22, h ® k* € A(Jp) if and only if
h ® k* is analytic for {a;}ier. To prove h ® k* is analytic for {a;}icr, we must find A > 0

and a function ¢ : Qy — B(#) such that
1. o(t) = q(h ® k*) for all t € R and
2. z— (p(z)f, g) is analytic on Q, for all f,g € H.

We construct ¢ using the two functions obtained from analytic properties of h and k. As
h € A(D), Propositio implies A is analytic for {e®?},cg. Thus, there exists A, > 0 and

a function ¢y, : 2\, — H such that
1. @n(t) = e®Ph for all t € R and
2. z— (pn(2), g) is analytic on Q,, for all g € H.

As k € R7YA(D#)], there exists a unique ¢, € A(D#) such that k = R~!(,. Since ¢ is
analytic for D# it is analytic for {¢"P* },cg by Propositio Hence, there exists A\, > 0

and a function ¢y, : 2y, — H* such that
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1. pp(t) = e*P*¢, for all t € R and
2. z— (pr(2),Rf) is analytic on Q,, for all f € H.

Note that in (2), we simply identified H* with R(H). Set A := min{ A\, A\r}, and fix z € Q,.
Define a map [-,] : H x H — C by

[f,q] == (on(2), 9) (pr(2), Rf) forall f,g € H.

Sesquilinearity of the inner products on ‘H and H* and antilinearity of R establishes that

[-,-] is a sesquilinear form. Moreover, for any f,g € H,

£ 91l = [{en(2), )] [(er(2), RO < llen(2) gl oI

As h,k, and z are fixed, [+, -] defines a bounded sesquilinear form on H. Thus, for each z €

Q,, the Riesz Representation Theorem for Bounded Sesquilinear Forms yields an operator

©(z) € B(H) such that

(p(2)f,9) = f, 9] = (pn(2), 9) (pr(2), Rf) for all f,g € H.

As the two maps z — (pn(2),9) and z — (pr(2), Rf) are analytic on 2, for all f,¢g € H,

their product z — (p(2)f, g) is analytic on Q, for all f, g € H. Furthermore, for each t € R,

(0(0)1.9) = ("1, g) ("% G RF) = (b g) (1.€"Pk) = (o(h @ k') f.g)

As f,g € H were arbitrary, we have ¢(t) = ay(h ® k*) for all t € R. Therefore, h ® k*
is analytic for {oy}ier in the WOT. By equivalence of analyticity for {oy}ier and dp, we

conclude h ® k* € A(dp). O
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Theoreny 1.1 The set of analytic vectors for op is SOT-dense in B(H).

Proof. Proposition 3.26] implies F(A(D), R~![A(D#)]) is contained in A(dp), so
F (AD), R[ADH))) € A(dn) N F(H).

By Lemm and Nelson’s Analytic Vector Theorem, F (A(D), R™[A(D#)]) is norm-
dense in IC(H). Thus, A(dp) NF(H) is norm-dense in I(H). Therefore, A(dp) is SOT-dense
in B(H). O
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Chapter 4

Kernel Stabilization

The main theorem of this chapter, Theoren 1.2] states that for any self-adjoint operator D

on a Hilbert space, ker 0}, = ker dp for all n € N. We call this property kernel stabilization.

4.1 Motivating Example

Throughout jsection 4.1} we denote the standard orthonormal basis for ¢*(Z) by {e¢; : j € Z},
and we denote the matrix representation of an operator z € B(¢*(Z)) with respect to the

standard orthonormal basis by [z,.] where
Tpe = (x€, €,) for all r,c € Z.
Example 4.1. Define (Df)(j) := jf(j) for f € Dom(D), where

Dom(D) := {f € (*(Z) : Y _j*|f(j)|* < oo}.

jez
Then
(i) the operator D is self-adjoint.

(ii) an operator x € B((*(Z)) is n-times weakly D-differentiable if and only if for every
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k < n, x(Dom(D¥)) € Dom(D*) and the matrix [i*(r — ¢)*z,.] with dense domain

Dom(Dk) extends to a bounded operator on £%(Z). When either condition is satisfied,
[5% ($)rcHDom(Dn) = [Zn(T - c)"xrc].

(iii) for any g € ¢>°(Z), 6p(M,) = 0.
(iv) for all n € N, ker 0}, = diag({>°(Z)).
Proof. (i) See Example 7.1.5 of [22].

(il) Matrix multiplication shows for any r,c € Z,
d"(x)pe = i*(r — )"z

Given z € B({*(Z)) such that z(Dom(D*)) C Dom(D¥) for each k < n, the domain of
d*(z) is Dom (Dk’) Theoremm states x is n-times weakly D-differentiable if and only
if for every k < n, z(Dom(D*)) C Dom(D*) and d*(z) is bounded on Dom(D¥). It
follows that « is n-times weakly D-differentiable if and only if 2(Dom(D¥)) C Dom(D*)
and [d*(z),.] = [i*(r — ¢)*z,.] is bounded on Dom(D¥). As D is self-adjoint, Dom (D¥)
is dense in (?(Z) for all k € N. Therefore, [d*(z),.] extends to a bounded matrix on all
of (*(Z). By Theoren| 3.7, the closure §%(x) is the extension of [i"(r — ¢)"z,.] to all of
*(Z).

(iii) Fix g € (>°(Z), and let f € Dom(D). We show M, f € Dom(D). Observe

S M HGP =D 1igi I < llgll, (Z !jf(j)IQ) < 0.

JEZ JEL. JEZ.



o1

As f € Dom(D) was arbitrary, M,(Dom(D)) C Dom(D), and hence, the commutator
[iD, M,] is a well-defined linear operator on Dom(D). Furthermore, iD and M, are
diagonal matrices with complex entries (which commute), so the commutator [iD, M|
is simply a restriction of the 0 operator to Dom(D). Theoren 3.2)implies M, € Dom(dp)
and 0p(M,) is the extension of [iD, M,] to all of H. In particular, p(M,) = 0. Hence,

M, € kerdp, and since g € £>°(Z) was arbitrary, diag(¢>(Z)) C kerdp.

(iv) Part (c) quickly implies diag(¢>°(Z)) C ker 67, for all n € N. We now show if §7,(z) = 0,
then x € diag(¢>*(Z)). If x € Dom(d%) and 6% (x) = 0, then z € B(¢(*(Z)) and 6} (). =

0 for every r,c € Z. By part (b),

[5?)(x)r0]|Dom(D”) = [i"(r — ¢)" x|,

thus, i"(r — ¢)"z,. = 0 for every r,c € Z. If r # ¢, it must be that z,. = 0, i.e., x must
be zero off the diagonal. As z € B((*(Z)), we conclude z € diag(¢*°(Z)). Therefore,
ker 07, = diag(¢>(Z)) for all n € N.

[

This kernel stabilization phenomenon initially appears unique to the setting of Exam-
pld 4.T} the self-adjoint operator has a complete set of eigenvectors which forms our choice
of orthonormal basis. However, Theoreny 1.2 shows that this example is not unique; kernel

stabilization holds for every self-adjoint operator on any Hilbert space.

4.2 General Kernel Stabilization of p

Proposition 4.2. Let H be a Hilbert space and D a self-adjoint operator. The algebra ker dp

18 a von Neumann algebra.
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Proof. The identity I of B(H) is easily shown to be in ker dp. Let « € ker dp. As Dom(dp) is
a *-algebra by Theoreny 3.3 2* € Dom(dp). Since dp is a *-derivation, dp(z*) = dp(z)* = 0.
Therefore, z* € ker dp. Finally, if z,y € ker0p, then zy € Dom(dp) and dp(zy) = op(z)y +
xép(y) =0, so xy € ker dp.

Let (zx)aea C kerdp be a net converging in the WOT to some x € B(H). We show x €
Dom(dp) and dp(x) = 0. Because dp(zy)) = 0 for all A € A, we trivially have dp(xy) REON
as A — oo. By Theore, the graph of dp is WOT-closed. Therefore, x € Dom(dp) and

dp(z) = 0. We conclude ker dp is a von Neumann algebra. O

Notation 4.3. Let &p denote the collection of all spectral projections for D obtained

through the Spectral Theorem for Unbounded Self-Adjoint Operators. Also, let
Mp = 2.
Lemma 4.4. Suppose x € B(H) satisfies x(Dom(D)) C Dom(D). If P € &p, then
[P, [D,x]|h = [D, [P, x]|h for all h € Dom(D).

Proof. Let B(R) be the bounded Borel functions on R, and for R € R, define idg : R - R
by

t; -R<t<R
ldR(t) = .

0; else

The Spectral Theorem, stated as in Theorem 7.2.8 of [22], provides a bounded Borel func-

tional calculus for D, that is, a x-homomorphism ®p : B(R) — B(H) satisfying ®p(1) = I,

Dom(D)={h e H: Rlim |®p(idr)h|| < oo},
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and

Dh = I%im Op(idg)h for all h € Dom(D).
—00
We claim for each P € &p, P(Dom(D)) C Dom(D) and PDh = DPh for all h € Dom(D).

Given P € &p, there exists some Borel set ' C R such that P = ®p(xg). Note that

t; t€ EN[—R,R]
(idr - xE)(t) = .
0; else

Thus, for any h € Dom(D),
R—00 R—00 R—o0 R—o00

Therefore, Ph € Dom(D), and as h € Dom(D) was arbitrary, P(Dom(D)) C Dom(D).

Furthermore,

|DPh — PDh|| = Jim [®p(idr)Pp(XE)h — Pp(XE)Pp(idr)A|
= lim [|®p(idr - xp)h — Pp(xp - idr)h|
= lim [|®p(idp - xp)h — Pp(idr - xp)h|

=0.
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Given z(Dom(D)) C Dom(D), for any h € Dom(D) we observe

[P, [D,x]|h = P(Dx — xD)h — (Dx — xD)Ph
= PDxh — PxDh — DxPh + xDPh
= DPxh — PxDh — DxPh + xPDh
= DPxh — DxPh + xPDh — PxDh
= D(Px — 2P)h + (xP — Px)Dh
= D(Pz — xP)h — (Px — xP)Dh

= [D, [P, z]|h

Hence, [P, [D,z||h = [D, [P, z]]h for all h € Dom(D), and as P € &p was arbitrary, this

equality holds for any spectral projection of D. O]
Proposition 4.5. Mp C kerdop = M.

Proof. Let P € &p. By the previous lemma, [D, P] = 0 on Dom(D), so P € Dom(dp) by
Theoren| 3.2 Moreover, dp(P) is the bounded extension of i(DP — PD) to all of H, which
is 0. Therefore, P € kerdp. Because Mp is generated as a von Neumann algebra by the
projections in Zp, Proposition[ 4.2 implies Mp C ker dp.

Let € ker dp. By Theorenf3.7, 2(Dom(D)) € Dom(D) and 6 () |pom(n) = [D, Z]|pem(n) =
0. Then, by Theorem X.4.11 of [7], zf(D) C f(D)x for any f € B(R). In particular, when
f = xg for some Borel subset £ C R and P denotes the corresponding spectral projection
for D, xP = Px. Hence, x commutes with all projections in &p, and as Mp is generated
as a von Neumann algebra by these projections, it follows that x € MID.

Let z € M’,. For each t € R, €™’ € Mp. Thus, ay(z) = ¢Pre P = g for all t € R. In
particular, for any h, k € H, the function ¢ — (ay(z)h, k) = (xh, k) is constant, and thus is

continuously differentiable with derivative 0. Therefore, x € ker §p by Proposition[ 3.5, O
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We now present our kernel stabilization result.

Theoremy 1.2] If D is any self-adjoint operator on a Hilbert space H, then for everyn € N,

ker 67, = ker 0p.

Proof. We first show ker 6%, = ker dp. The inclusion ker p C ker 6%, is clear. Let = € ker §%,.
Propositio states ker 0p = M. Thus, it suffices to prove x € M',, which holds if and
only if [P,z] = 0 for every P € &p. By Proposition 3.6 if 2 € Dom(63), then

(i) z(Dom(D)) € Dom(D),
(ii) dp(z)(Dom(D)) C Dom(D), and
(i) 6% (%) Ipom(p) = [iD, dp(x)].

Since 0% (x) = 0, it must be that [1D,dp(x)] = 0. Thus, Theorem X.4.11 of 7] implies dp(z)
commutes with the bounded Borel functional calculus for D, so, in particular, [P,dp(x)] =0

for every P € &p. Because dp(z) and P both preserve the domain of D, so does the
commutator [P, dp(x)]. Thus, Lemmae[ 4.4 implies

0= [P7 5D<£>]|Dom(D) = [Pu [ZDa :C]HDOIH(D) = [Z-D7 [P7 x]”Dom(D)-

As [P, z] € B(H), [P, z](Dom(D)) C Dom(D), and [iD, [P, z]] is bounded on the domain of
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D, Theoren| 3.2 implies [P, z] € ker §p. Hence, by Proposition 4.5, [P, z] € M,. Therefore,

[P,z] = (P + P[P, z](P + P*)
= P[P,z]P + P[P,z]P* + P*[P,z]P + P*[P,z]P*
= P[P,z]|P + PP*[P,z] + P* P[P, z] + P*[P,z]P*
= P(Pz —xP)P+ 0+ 0+ P*(Px — 2 P)P*
=PxP—PxP+0+0+0

=0.

As P € &p was arbitrary, € M/,. By Proposition] 4.5, € ker dp.

We proceed by induction on n. The case when n = 1 is vacuous. Suppose ker 6% = ker §p
for some k € N. Let 2 € ker §5™. Then dp(z) € ker 6%, which equals ker 6p by the inductive
hypothesis. Hence, z € kerd%. Since we have already shown ker §% = kerdp, we have

x € ker 0p. Therefore, ker 67, = kerdp for all n € N. O

Remark 4.6. Let n € N be arbitrary, and let € B(H). By Christensen’s Theorem| 3.7|

kernel stabilization of dp is equivalent to the following statement: If

(i) the domains of the iterated commutators d*(x) for k = 1,...,n contain a common core

% for D,
(ii) d*(x) is bounded on & for all k =1,...,n, and
(iii) the continuous bounded extension of d"(z) to all of H belongs to My,
then [iD, z]|¢ = 0.

Less formally, if [iD, ..., [iD, z]] and all lower commutators are well-defined and bounded
—_—

n times
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on a common core for D, then

[iD,...,[iD, z]] = 0 implies [iD,z]| = 0.
——

n times

This rephrasing of Theorem[ 1.2]in the case when n = 2 is equivalent to Theorem 1.6.3 of [17]
in the self-adjoint setting. Putnam’s proof relies on techniques in the proof of Fuglede’s
Theorem, whereas our proof is direct. Establishing the equivalence of these statements

requires use of Christensen’s work in [5].

Equivalence of Kernel Stabilization to a Result of C.R. Putnam

Theorem 4.7 (Putnam, 1.6.3 [17]). Suppose D is normal and z,y € B(H). If
1. xD+y C Dz and
2. yD C Dy,

then y = 0.

We claim that when D is self-adjoint, Theorem| 4.7 is equivalent to Theoren| 1.2] in the
case when n = 2. To show this, we show hypotheses (1) and (2) of Putnam’s Theoremny 4.7

are equivalent to the hypothesis in Theorem| 1.2

(1) Note that the domain of xD + y is Dom(D) because y is bounded, and

Dom(D)x = {f € H:xf € Dom(D)}.

To say xD + y C Dx is to say that there is an inclusion of these operators’ graphs.
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Hence,

I'(zD +vy) C I'(Dx) <= {(h,aDh+yh): h € Dom(D)} C {(k, Dxk) : k € Dom(Dz)}
<= Dom(D) C Dom(Dz) and xDh + yh = Dxzh Yh € Dom(D)
<= Dom(D) Cc {f € H:xzf € Dom(D)} and [D,z]h = yh Vh € Dom(D)

<= z(Dom(D)) C Dom(D) and [D,z]h = yh Vh € Dom(D).

(2) Similarly, yD C Dy is an inclusion of these operators’ graphs. Note that the domain of

yD is the domain of D, while

Dom(Dy) ={f € H:yf € Dom(D)}.

Thus,

['(yD) Cc T'(Dy) <= {(h,yDh) : h € Dom(D)} C {(k, Dyk) : k € Dom(Dy)}
<= Dom(D) C Dom(Dy) and yDh = Dyh Yh € Dom(D)
<= Dom(D) C{f € H:yf €Dom(D)} and [D,ylh =0 Vh € Dom(D)

<= y(Dom(D)) C Dom(D) and [D,y|lh =0 Vh € Dom(D).

The content of T heore in the case when n = 2 is ker 5,% C kerdp. We break the

hypothesis that x € kerf) into two simpler hypotheses:
(I) = € Dom(dp)
(II) y :=ép(z) € Dom(dp) and dp(y) = 0.

Below we rewrite (I) and (II) using Christensen’s Theoremn 3.2}
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(I) By Theoreny 3.2}

x € Dom(6p) <= 3y € B(H) st. [iD, z]|pom(p) = ¥|Dom(D)
<= Dz — zD is well-defined on Dom(D)
and Jy € B(H) s.t. [iD, z][pom(p) = Y|pom(p)
<= z(Dom(D)) C Dom(D) and Jy € B(H) s.t. [iD,z]h = yh Yh € Dom(D)

— (1).

(II) Again by Theorem| 3.2

y € Dom(dp) and dp(y) =0 <= [D,y] is well-defined on Dom(D) and [D,y]|pomp) = 0
<= y(Dom(D)) € Dom(D) and [D,ylh =0 Vh € Dom(D)

— (2).

We have established that the statement of Theoren| 1.2 in the n = 2 case is equivalent
to Theorem| 4.7] in the self-adjoint setting.

The proofs of both Theoremg 1.2]and [4.7 rely heavily on the Spectral Theorem for normal
operators. However, the kernel stabilization result depends only on independently-proven
facts about commutators of x € B(H) with spectral projections for D, while Putnam’s
theorem is stated as a corollary to Fuglede’s Theorem. Of course, Fuglede’s Theorem makes
great use of spectral projections for normal operators, but our proof is more direct. We then

applied a simple inductive argument to get kernel stabilization for all higher powers of dp.
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4.3 Applications

Abstract Derivations on (C*-algebras

Given a self-adjoint operator D, our proof of kernel stabilization of dp relied on the relation-
ship between dp and commutation with D. Intuitively, then, kernel stabilization is likely to
occur for a derivation § on an abstract C*-algebra that can be implemented, under an appro-
priate representation, as commutation with a self-adjoint operator. Theore provides
sufficient conditions for when a derivation on a C*-algebra has such a representation.
Under this representation, Bratteli and Robinson construct an essentially self-adjoint
operator S which implements the derivation’s action as commutation with S. Once this
essentially self-adjoint operator is defined, we use its self-adjoint closure D = S to generate
a corresponding weak-D derivation dp. We shall show dp extends d o m and then apply

Theoren| 1.2] (kernel stabilization of 6p) to obtain kernel stabilization of 4.

Theore (Bratteli-Robinson, 4 [3]). Let § be a derivation of a C*-algebra A, and
assume there exists a state w on A which generates a faithful cyclic representation (7, H, f)
satisfying

w(d(a)) =0 for all a € Dom(d).

Then ¢ is closable and there exists a symmetric operator S on H such that

Dom(S)={h e H:h=mn(a)f for somea € A}

and w(d(a))h = [S,7(a)]h, for all a € Dom(d) and all h € Dom(S). Moreover, if the set A(J)
of analytic vectors for ¢ is dense in A, then S is essentially self-adjoint on Dom(S). For
x € B(H) and t € R, define

ay(x) == 'Sty i5t
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where S denotes the self-adjoint closure of S. It follows that ay(m(A)) = 7(A) for all t € R,
and {aitier is a strongly continuous group of x-automorphisms with closed infinitesimal

generator 5 equaling the closure of 7o &|a(s).

The condition that there exist a state w on A which satisfies w(d(a)) = 0 for all
a € Dom(0) physically represents the presence of an equilibrium state for the C*-algebra
A of observables for a physical system with time evolution described by . If § were the
infinitesimal generator for a one-parameter group of *x-automorphisms {f;};cg on A, then
w(fi(a)) = w(a) for all t € R would be an equivalent condition to require, and this condition
more commonly describes an equilibrium state. However, ¢ is an abstract derivation on A
with norm-dense domain, so there may not be a one-parameter group of x-automorphisms
for which ¢ is the infinitesimal generator.

Under the representation 7w, however, ¢ is implemented by commutation with S, whose
closure provides unitaries from which we can build a one-parameter group of *-automorphisms
{a}er on B(H). We relate the infinitesimal generator 6 for {c}ier in Theoremm to a

derivation 9, studied by Christensen.

Definition 4.8. Let D be a self-adjoint operator on a Hilbert space H. An operator z €
B(H) is uniformly D-differentiable if there exists y € B(H) such that

oitD pe—itD _

t

X

lim
t—0

- yH =0. (%)

We denote this by € Dom(d,) and set d,(z) = y, where y satisfies condition (x).

Remark 4.9. Let S and 0 be as in Theore, and let D = S. Then & from Theorem| 1.3

and 0, from Definition 4.8 are the same derivations with the same domains.

Proposition 4.10. If D is a self-adjoint operator, then ker d,, = ker dp.
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Proof. Theorem 4.1 of [6] states € Dom(d,) if and only if x € Dom(dp) and t — a4 (dp(z))
is norm-continuous. Moreover, dp extends ¢,. Thus, ker d,, C kerdp.

Let « € kerdp. Then t — ay(dp(x)) = 0 is norm-continuous, and hence, € Dom(d,).
Moreover, 0,(2) = [0p|pom(s,)](®) = 0. Therefore, z € kerd,. We conclude ker ép = ker d,.

U
Corollary 4.11. For alln € N, kerd;! = ker d,,.

Proof. Fix n € N and let o € ker ). Then x € Dom(d]}) C Dom(0%) and 03 (z) = 0}/(x) = 0.
Therefore, z € ker 67, so by Theoren| 1.2 « € ker dp. By Proposition| 4.10] ker §p = kerd,,

so we conclude = € ker d,,. Thus, ker d;; = ker 9, for all n € N, as claimed. O

Lemma 4.12. If 6, A, m, and § are as in Theore then
ker 0" N7 (A(6)) = 7 (ker 6") for all n € N.

Proof. Fix n € N. If a € A(d), then a € Dom(0") and 6"(a) € A(§). Theoreny 1.3| states
5(x(b)) = w(6(b)) for all b € A(8). Thus, as 6"(a) € A(S), we have 6"(n(a)) = 7(6"(a)).
Suppose 0"((a)) = 0. Then 7(8"(a)) = 0"(w(a)) = 0, and since 7 is faithful, 6"(a) = 0.
Therefore, m(a) € m(ker §™).

Conversely, suppose a € ker§". Then a € A(d) because §’(a) = 0 for all j > n and

o Z—k, |65 (a)|| = o % |6%(a)|| < oo for any choice of ¢t > 0. Similar to above, o (m(a)) =
7(6"(a)) = 7(0) = 0. Therefore, 7(a) € ker 0" N x(A(d)). As a € A was arbitrary, ker 6" N
m(A(0)) = m(kerd™). Finally, because n € N was arbitrary, this equality holds for all n €
N. O

Theorem 4.13. If 6, A, 7, g, and S are as in Theore then ker 6™ = ker 0.

Proof. Fix n € N, and let a € keré”. Then a € A(d) and m(a) € kerd” by Lemma 4.12|
Note § = 8, where D = S, so Propositio implies ker 6" = kerd for all n € N. Hence,
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7(a) € kerd N w(A(8)). By another application of Lemma 4.12] we get a € ker 8. Therefore,
ker 0" = ker ¢ for all n € N. O

The Heisenberg Commutation Relation

Our second application of Theoren| 1.2 gives a sufficient condition for when two self-adjoint

operators which satisfy the Heisenberg Commutation Relation must both be unbounded.

Definition 1.5 Let A and B be two (possibly unbounded) self-adjoint operators on a
Hilbert space H, with domains Dom(A) and Dom(B), respectively. We say A and B satisfy

the Heisenberg Commutation Relation (HCR) if there is a dense subspace K of #H such that
(i) K C Dom([A, B]) and
(ii) [A, B]k =ik for all k € K.

Definition 4.14. The classical example of a pair satisfying the HCR is the Schrodinger
pair, the quantum mechanical position operator @@ and momentum operator P on L?*(R)

from Exampleq 2.6 and
Let S(R) denote the Schwartz space on R:

S(R) = {f € C®(R) : Vm,n € N, |[Q"P"f||. < oo} .

Proposition X.6.5 of [7] shows S(R) is dense in L*(R), and it is clear from its definition that
S(R) is contained in Dom(Q) N Dom(P) and is invariant under both @ and P. Hence,
S(R) € Dom([@, P]). Furthermore, [@, Plg = ig for all g € S(R). Therefore, ) and P
satisfy the HCR.

If two operators are unitarily equivalent to a direct sum of copies of the Schrodinger pair,

they are certainly both unbounded, and it is well-known that no two bounded operators may
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satisfy the HCR. Below is a well-known example of a pair of operators satisfying the HCR

where one operator is bounded.

Example 4.15. For f € L*([0, 1]), define (Af)(x) = zf(x) for a.e. € [0,1]. In contrast to
its unbounded analogue @, the operator A is contractive. Let AC([0,1]) denote the set of

functions which are absolutely continuous on [0, 1], and let

Dom(B) = {f € AC[0,1] : f' € L2([0, 1)), £(0) = f(1)}.

For g € Dom(B), define Bg = —ig’. Example X.1.12 of |7] shows the operator B with this

particular domain is self-adjoint. Due to boundedness of A,

Dom([A, B]) = {f € Dom(B) : Af € Dom(B)}.

Choose
K :={f e AC([0,1]) : f" € L*([0,1]), f(0) = f(1) = 0}.

Example X.1.11 of [7] shows K is dense in L*([0, 1]) as it contains all polynomials p on [0, 1]
satisfying p(0) = p(1) = 0. Furthermore, we claim K is invariant for A. Indeed, products
of absolutely continuous functions are again absolutely continuous, so (Ag)(z) = xg(x) for
a.e. = € [0,1] defines an absolutely continuous function. The a.e.-defined derivative of Ag
is equivalent to Ag’ + g by the product rule. Moreover, Ag’ + g belongs to L%([0,1]) as
g € L*([0,1]) and A € B(L*([0,1])). Lastly,

(Ag)(0) =0-9(0) =0=1-0=1-g4(1) = (Ag)(1).
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Thus, AK C K. As aresult, K C Dom([4, B]). For k € K, observe

[A, Blk = A(—ik') — B(Ak) = —iAK — (—i)[AK + k] = ik.

Therefore, A and B satisfy the HCR.

We claim the boundedness of the operators in Exampleq 4.14] and [ 4.15|is due to the rela-

tive size of Dom([@, P]) in L*(R) versus Dom([A, B]) in L*([0, 1]). In particular, Dom([A, B])

does not contain a core for A or B, while Dom([Q, P]) contains a core for both @) and P.

Theoreny 1.6l Let A and B be self-adjoint operators which satisfy the HCR on a dense
subspace K C H. If K is a core for A and B, then A and B are both unbounded.

Proof. Suppose that K is a core for both A and B. It is well-known that A and B cannot
both be bounded and satisfy the Heisenberg Relation. Thus, without loss of generality,
the only possibilities are that A is bounded and B is unbounded, or both A and B are
unbounded. Suppose that A € B(H). Note that [A, Blk = ik for all k£ € K if and only if
[iB,Alk =k for all k € K.

As K is a core for B and ||[iB, A]|k|| = 1, we have that A € Dom(dg). Furthermore,
dp(A) is the continuous extension of the bounded and densely-defined operator [iB, A]|x to
all of H, and thus, d5(A) = I. Trivially, I € Dom(dg) and d5(I) = 0, so A € Dom(d%) and
6%(A) = 0. Since A € ker 6%, Theoreny 1.2 implies A € ker §5. But then

0=10p(A)|x = [iB, A]|x = |,

which is absurd. Therefore, A cannot be bounded. We conclude that if A and B satisfy the

HCR on a common core for A and B, then A and B must both be unbounded. n
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Chapter 5

A Covariant Stone-von Neumann Theorem

5.1 (G, A, «a)-Heisenberg and Schrédinger Representations

Throughout, G is a locally compact abelian group with Haar measure p and dual group G
with Haar measure fi. As defined in Definition| 1.8] the Schrodinger representation (A, V') for
a locally compact abelian group G is an example of a Heisenberg representation for G. We
seek to generalize the definition of this pair to a representation of a C*-dynamical system

(G, A, «) on a Hilbert A-module.

Definition 5.1. A (G, A, «)-Heisenberg representation is a quadruple (X, p,r,s) with the

following properties:

(i) X is a full Hilbert .A-module.

(ii) p: A — L(X) is a nondegenerate x-representation.

(iii) 7 : G — U(X) is a (strictly continuous) unitary group representation.
(iv) s: G—U (X) is a (strictly continuous) unitary group representation.

(V) 8415 = y(x)rys, for all x € G and v € G

(vi) (p,7) is a nondegenerate covariant homomorphism of (G, A, «) into X.
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(vil) p(a)s, = syp(a) for all a € A and v € G

When A = C, we recover the definition of a classical Heisenberg representation. To define
the (G, A, a)-Schrodinger representation, consider the right Hilbert A-module L*(G, A, a),
defined in Exampld 2.30, which we recall here for convenience. For each ¢ € C.(G, A) and
a € A, define

(¢ ®a](z) = f(x)as(a) for all x € G.

Then e makes C,.(G, .A) into a right A-module. For ¢, ¢ € C.(G,.A), define

(1) == /G s ()" () dp(z).

We denote the completion of C.(G,.A) with respect to the induced norm ||-||,, := ||{-| )H}L(Z

by L*(G, A, a). Next, consider the map M : A — L(L*(G, A, a)) defined on ¢ € C.(G, A) by
M(a)é](x) := ad(z) for all x € G.

Proposition 5.2. M : A — L(L*(G, A, a)) is a well-defined nondegenerate x-representation.

Proof. Fix a € A. First we show M(a)|c,(g,4) is bounded with respect to |||, , and by |[-||,-

density of C.(G, A) in L*(G, A, ), we may continuously extend M(a) to all of L*(G, A, a).
Recall that for any element d of a unital C*-algebra B with unit e, d*d <p ||d||2 e, where

<p is the ordering on the positive elements in B. Let ¢ € C.(G,.A). Using an approximate

identity argument and Theorem 2.2.5(b) of |15], we have that

o(x)*(a"a)p(z) <a ¢(x)* la*al| ¢(x) = ||al® $(2)"¢(x).
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Observe

(M(a)¢ | M(a)¢) az1((ad(x)) ap(x)) du(z)

I
S—o

o1 (6(2) " a(x)) dp(x)
<4 /G ot ([laly 6(2) 6()) dp()
= llall (¢ | 6)

Theorem 2.2.5(c) of [15] implies |[(M(a)¢ | M(a)g)| 4 < ||a||?4 1{¢| #)|| 4 - Therefore,
IM(@)]l; < llall’ 14115,

so M(a)

c.(G,A4) 18 ||-|| ,~continuous. Similarly, so is M(a*). For ¢, € C.(G, A),

w M@o) = |

G

az-1(Y(x) a(x)) du(r) = / az-1([a"P(2)]"o(x)) du(z) = (M(a")¥ | ¢) .

G

As M(a) and M(a*) are both ||| ,-continuous, this equality of inner products holds on
arbitrary elements of L?(G,A,a). Therefore M(a*) = M(a)*, so M(a) € L(L*(G, A, a)).
Moreover, M is clearly linear, multiplicative, and *-preserving, so M is a well-defined *-
representation of A. We now show M is nondegenerate.

Fix ¢ € C.(G, A). As Range(¢) C ¢[Supp(¢)]U{04}, and as Supp(¢) is a compact subset
of G, we see that Range(¢) is contained in a compact subset of A. Compact subsets of metric
spaces are separable, and subsets of separable subsets of metric spaces are separable, so in
particular, Range(¢) is a separable subset of A. Let D be a countable dense subset of
Range(¢). If B denotes the C*-subalgebra of A generated by Range(¢), then B is also the

C*-subalgebra of A generated by D. Hence, B is a separable C*-algebra, which means that
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it possesses a sequential approximate identity (e,), .. Now, for each n € N,

16 — M(ea)dll, = 16 — M(en)d | 6 — M(en) o)1

2

am%W()—emM@VW@ﬂ—&@@ﬂ)WA@

A

/ o (0(0) = st 662) — exdlal)lLy o)

1
2

IA

1
2

= [ 106001 = extto 600) — eatLe o)

2

— | [ 160 - st dnto)|

Next, notice for all n € N and = € GG that

o) = end(@) % < 6] 4 + llend(@)]] 4]*
< [l¢@)lly + llenlllle(@)]| 4
< [le@)lls+ llo@) L] (As leall s < 1)
= 4]|()II%-

Hence, the R-valued sequence of functions {||¢(-) — €,&(-)|| }nen is dominated by the in-
tegrable function x +— 4||gz§(x)||?4 As this sequence converges pointwise to 0, the Lebesgue

Dominated Convergence Theorem yields
lim [[¢ = M(en)9ll, =

Finally, an g-argument shows that for any ® € L2(G, A, a) and any € > 0, there exists an

a € A such that [|® — M(a)®||, < e. Therefore, M is nondegenerate. O
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Next we define u : G — U(L*(G, A, a)), where for each ¢ € C.(G, A),

[ued](y) = au(¢(a'y)) for all y € G.

A similar argument as in Propositior 5.2 shows that u, € L(L*(G,A,«)) with adjoint

*

ur = u,—1 for each x € G. Note u,

c.(GA) = 0golt,. Thus, as o, € Aut(A) and

Ilt, € Aut(C,(G, A)) are norm-continuous, strict continuity of the map x — uz|c, (¢ 4) follows
immediately. Finally, ||| -density of C.(G, A) in L*(G, A, «) implies strict continuity holds
for the mapping = — u,. Therefore, u : G — U(L*(G, A, ) is a strictly continuous unitary

group representation.

Last, consider v : G — U(L2(G, A, o)) given by 7 — v., which acts on ¢ € C.(G, A) by

[vy@](y) == v(y)d(y) for all y € G.

Note [|vy¢ — ¢

can = -o=9llcca = IIv =1 - 9]
Corollary] 2.33] we have |lv,¢ — ||, — 0 as v — 0. Therefore, v — v,|c.(c,4) is strongly,

Co(GA) T 0 as v — 0. By

and thus strictly, continuous. By ||| -density of C.(G,A) in L*(G, A, «), strict continuity
holds for the mapping v + v,. We conclude v : G — U(L2(G, A, @) is a strictly continuous

unitary group representation.
Definition 5.3. The (G, A, a)-Schridinger representation is the quadruple (L?(G, A, a), M, u, v).
When A = C, we recover the classical Schrodinger representation (A, V') of G.

Proposition 5.4. The (G, A, a)-Schridinger representation is a (G, A, o)-Heisenberg rep-

resentation.

Proof. Fullness of L>(G, A, a) is established in Theorem| 5.7, and nondegeneracy of M is given

in Propositio. By above, u and v are (strictly continuous) unitary group representations
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of G and G, respectively. Fix 2 € G and v € G. Then for all y € G and ¢ € C.(G,A),

([vyua] @)l (y) = ¥ (y) - [uad)(y)
= (zz7'y) - au(p(a™"y))
=(x) (@ 7'y) - au(a™'y))
=7(@) - au([y- ¢l(z7'y))
= (@) [uzv,8] (y)-

As y € G was arbitrary, [v,u,]¢ = Y() - [uv,]¢ for all ¢ € C.(G,.A), and as ¢ € C.(G, A)
was arbitrary, this holds for any ¢ € C.(G, A). By ||| ,-density of C.(G, A) in L*(G, A, @)
and ||-|| ,~continuity of both u, and v, we have v u, = y(z)-u,v,. Asx € G and v € G were
arbitrary, this equality holds for all x € G and v € @, so the pair (u,v) satisfies the Weyl
Commutation Relation.

Next we show (M, u) is a covariant homomorphism for (G, A, ). Fix z € G and a € A.

For any ¢ € C.(G,.A) and y € G, observe

([uaM(@)]@)(y) = awlad(z™'y)) = as(a)au(d(z'y)) = (M(au(a))us]d)(y).

As y € G was arbitrary, [u;M(a)]¢ = [M(ay(a))us]¢. As ¢ € C.(G,A) was arbitrary, this
holds for all ¢ € C.(G, A). By ||||,-density of C.(G, A) in L*(G, A, «) and ||| ,-continuity
of the adjointable operators u,, M(a), and M(a,(a)), we have u,M(a) = M(a,(a))u,. Since
x € G and a € A were arbitrary, this equality holds for all x € G and a € A. Therefore,

(M, u) is a covariant homomorphism.

Last, for fixed v € G and a € A, note that for each ¢ € C.(G,A),

([vyM(a)]o)(y) = v(y) - ad(y) = a(v(y) - o(y)) = ([M(a)v,]p)(y) for all y € G.
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By similar reasoning as above, we have that v,M(a) = M(a)v, for any v € G and a € A. It
follows that v and M are commuting representations. Therefore, (L*(G, A, ), M,u,v) is a

(G, A, a)-Heisenberg representation. ]

The ultimate goal of this chapter is to prove Theorem| 1.11] which states that every
(G, KC(H), a)-Heisenberg representation is unitarily equivalent to a direct sum of copies of the
(G, K(H), a)-Schrodinger representation. We call this the “Covariant Stone-von Neumann

Theorem.”

5.2 Green’s Imprimitivity Theorem

The Stone-von Neumann Theorem relies on the C*-isomorphism C,(G) x, G = K(L*(G)).
In [25] this isomorphism is given by the integrated form of the covariant pair (M, \), where
M : C,(G) — B(L*(Q)) takes f € Co(G) to the bounded multiplication operator M; and
A G — U(L*(@Q)) is the left regular representation. Our required generalization of this

isomorphism is achieved via Green’s Imprimitivity Theorem and Proposition 3.8 of [1§].

Definition 5.5 (Rieffel). Suppose C and D are C*-algebras and X is a left Hilbert C-module,

a right Hilbert D-module, and a C-D bimodule. Then X is a C-D imprimitivity bimodule if
(i) X is full as both a Hilbert C-module and Hilbert D-module and
(i) (z|y)ez=xo(y|z), foralz,y,zeX

where (- |-) denotes the inner product on X as a left Hilbert C-module and (-|-),, denotes

the inner product on X as a right Hilbert D-module.

Remark 5.6 (Brown-Mingo-Shen, 1.9 [21]). As a consequence of (i), a C-D imprimitivity

bimodule X also satisfies

lred|ly) = (x|yed) foral z,y € X, de€D
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and

(cox|y)p=(x|c"oy)y foral z,y € X, ceC.
Moreover, the norms induced on X by C and D coincide: ||z||, = ||z||,, for all z € X.

Given a C*-dynamical system (G, A, a), let o denote the “diagonal action” on C,(G, .A)
by G, i.e., for each z € G, 0, = a, o It,. Below we state Green’s Imprimitivity Theorem in

our specific context.

Theorem 5.7 (Green’s Imprimitivity Theorem). Let B, := C.(G x G, A). If (G, A, «) is a

C*-dynamical system, then C.(G,.A) is a B,-A pre-imprimitivity bimodule with actions

w-fxm=;Lp@4»wﬁﬁﬂwdu@>ﬁwaubesmye<1

(fea)(r) = f(x)ay(a) foralla e A, z € G,

and inner products
s, (f 1))@, y) = [f - 0.(9)(y) = f(W)azlg(z""y)"] for all 2,y € G

<ﬂmA:L%ﬂumwu»mw.

Moreover, the completion Z of C.(G,A) with respect to the norms induced by B, and A
(which coincide) is a B-A imprimitivity bimodule, where B := C,(G,A) X, G contains a

dense copy of B, and acts on Z by the extension of the action of B, on C.(G,.A).

Note that Z as a right Hilbert A-module is precisely L?(G, A, ), so Green’s Imprimitivity

Theorem actually says L%(G, A, ) is a C,(G,A) x, G-A imprimitivity bimodule.
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Proposition 5.8 (Raeburn-Williams, 3.8 [18]). If X is a C-D imprimitivity bimodule, the
map ® : C — L(Xp) defined by (c)x := cex for allx € X is an isomorphism of C onto
K(Xp).

Since L%(G, A, ) is a C,(G, A) X5 A - A imprimitivity bimodule, Proposition] 5.8 implies
C,(G, A) x, G = K(L*(G, A, «)), where L*(G, A, «) is viewed as a right Hilbert .A-module.
We now give an explicit definition of ® in this setting. Consider the map = : C,(G, A) —
L(L*(G, A, «)) defined on ¢ € C.(G, .A) by

(E(N]@) (x) := f(x)¢(z) for all x € G.

Note [|[E(N)]¢llcca = I1f0
is ||| c.(c,4-continuous.  Following an argument similar to the proof of Propositio,

2(f)
Checking Z(f)* = Z(f*), where f*(z) = f(z~!)* for each € G, confirms that =(f) is an ad-

cven) < Iflleyc,a - 19llc, G4, so the operator Z(f)|c.(c,a)

Co(G,a) 18 ||-|| ,-continuous, so we may continuously extend Z( f) to act on all of L*(G, A, ).

jointable operator on L?(G, A, ). Therefore, = is a well-defined x-representation of C,(G, A)
on L2(G, A, a).

To explicitly describe @ : C,(G, A) x, G 5 K(L*(G, A, «), we also require the A-valued
Fourier transform F for G, where F : Co(G, A) = C,(G, A) is defined on f € C,(G,.A) by

Fhl(z) = /G F(7)(x) diif) for all z € G

Denote Ff by f . Consider the C*-dynamical system (@,A, t) with trivial action ¢. Note
that F is just the restriction of the C*-isomorphism ¢, : A %, G = C,(G, A) in Lemma
7.3 of [25] to the dense *-subalgebra C,(G, A) of A x, G.

Lemma 5.9. The x-representation = : C,(G, A) — L(L*(G, A, «)) is equal to (Mxv)oF 1,

where M X v is the integrated form of the covariant homomorphism (M, v) for (G, A, ).
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Proof. Note that F(C.(G, A)) is dense in C,(G, A). Fix f € C.(G, A). For ¢ € C.(G, A),

G

(M5 0) 0 7)o = (M )0 = ( [ M, i) o= [ MT0))00 die).

D' Vv

€ L(L2(G,A,x)) € Ce(G,A)

where the last equality is a standard property of this vector-valued integral. The reader is
referred to Section 1.5 of [25] for details. Since point evaluation is a linear functional on

Co(G, A),

for every x € G. As x € G was arbitrary, as was ¢ € C.(G,.A), we have that

[1]

(f) ceca) = [(Mxv)o F)

C.(G,A)-

By density of C.(G, A) in L*(G, A, a), this equality holds on L*(G, A, ). Then, by density
of F(C.(G, A)) in C,(G, A) and continuity of = and (M x v) o F~!, we have Z(g) = [(M x
v) o F1(g) for all g € C,(G, A). O

Having established = = (M x v) o F~1, we know that Z is nondegenerate. We now show

(Z,u) is a covariant homomorphism of (G, C,(G, A), o) into L(L*(G, A, a)). Fix z € G and
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f e C'C(CA;, A). Let ¢ € C.(G,.A) be arbitrary. Then for all y € G,

N A

As y € G was arbitrary, [u,Z(f)]¢ = [E(0.(f))us]o. Also, ¢ € C.(G,.A) was arbitrary,
and C,(G, A) is ||| ~dense in L%(G, A, ), so u,Z(f) = E[o.(f)]u. as adjointable opera-
tors. By density of .F(CC(G,A)) in Co(G,A), [|ll¢, -continuity of = and o, suffice to
conclude u,=(g) = [E(0.(g))]u. for all g € Cy(G,.A). Thus, (Z,u) is a nondegenerate co-
variant homomorphism for (G, C,(G, A), o) whose integrated form yields a nondegenerate

s-representation = X u : C,(G, A) x, G = L(L*(G, A, a)).

Proposition 5.10. The isomorphism ® : Co(G, A) x, G — K(L*(G, A, «)) in Proposi-

tior] 5.8 is the integrated form = x u.

Proof. 1t suffices to check that ®(F) = (2 x u)F for all F € C.(G,C,(G,.A)) by density of
C.(G,Co(G, A) in C,(G, A) x, G. Let ¢,1) € C.(G, A), and observe
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RN
i)
X
£
=
£
I
S
S

(0| [E(Fy)uy)(¥)) duly) [ by Lemms 2.51]]

() ay (0(y~"2)] du(w)) duly)

T~ N
S
o
&\
=
=
e

[ e oty Fle) ay(w(ua)] duto) ) du)
(2) 0y (0 )) du<y>)} ()
o [qb(:c)* ( [ F@ ) du(y)ﬂ ()

g1 [p(z)" (F o) (x)] du(x) [ by Green’s Imprimitivity Theorem |

I
T —— oo
Q
=N
B
=
S
o

= (@[ @(F)¢) .

By density of C.(G, A) in L>(G, A, ), we conclude ®(F) = [Exu](F). Moreover, C.(G, C,(G, A))

is dense in C, (G, A) X, G, so we finally establish that & = = x u. O

The isomorphism C,(G) x; G = K(L?(G)) relates nondegenerate *-representations of
C,(G) %y G with the nicely classified nondegenerate *-representations of K(L*(G)). For
our purposes, then, the utility of Proposition 5.8 follows only from having an analogous
classification of representations of K(X) where X is a Hilbert A-module for some C*-algebra
A. Without more assumptions on A, however, such a classification for representations of

KC(X) does not exist. Hence, we restrict our attention to Hilbert K(H)-modules.

5.3 Representations of Hilbert K(H)-modules

Henceforth, X denotes a Hilbert /C(#)-module. The main result of this section, Theorem|5.14]

generalizes the following theorem to representations of K(X) as adjointable operators on
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Hilbert K(#)-modules. It will be useful to keep Lemma 2.56|in mind.

Theorem 5.11 (Arveson, 1.4.4 |2]). Let A be a C*-subalgebra of K(H), and let w be any
nondegenerate representation of A. Then there is an orthogonal family {m;} of irreducible
subrepresentations of w such that m =Y. m;, and each m; is equivalent to a subrepresentation

of the identity representation id: A — B(H).

Definition 5.12. Let A be a C*-algebra. A projection p € A is called minimal if and only

if p # 04 and the only sub-projections of p in A are 04 and p itself.

Note that the minimal projections in K(H) are simply the rank-one operators, and recall

that every nonzero Hilbert KC(?)-module is full by simplicity of K(H).

Lemma 5.13. The C*-algebra K(X) acts irreducibly on X, that is, X has no nontrivial

IC(X)-invariant closed K(H)-submodules.

Proof. Suppose Y were a nontrivial IC(X)-invariant closed K(H)-submodule of X. Let p be
a rank-one projection in K(#). By Lemme| 2.56] Y @ p and X e p are Hilbert spaces, and
furthermore, Y o p is a closed subspace of X e p. We claim that Y e p is (X e p)-invariant.
Let b € K(X o p). By Theoren] 2.57, b has the form a|xs, for some a € X(X). Thus,

b[Y @ p| = alxep[Y @ p] = a[Y e p] = (aY)ep S Yep

by IC(H)-linearity of a. As b € K(Xep) was arbitrary, Yep is I(Xep)-invariant. Furthermore,

(Yep)e K(H)=Y

by Propositio so since Y is nontrivial, Y e p must be nontrivial. Last, Y e p is a proper
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subspace of X e p. Indeed, if Y @ p = X @ p, then applying Propositio twice implies

Y=(Yep)e(H)=(Xep)e K(H) =X,

which contradicts the assumption that Y is a proper K(#H)-submodule of X. Therefore, Y o p
is a IC(X e p)-invariant proper nontrivial closed subspace of X e p. This is a contradiction
to the fact that given any Hilbert space H, there are no K(H)-invariant proper nontrivial
closed subspaces of H. Since Xep is a Hilbert space, we have reached a contradiction. Thus,
there can exist no nontrivial K(X)-invariant closed K(H)-submodules of X, so K(X) acts

irreducibly on X. O]

Theorem 5.14. Let X and Y be Hilbert IC(H)-modules. If 7 : IC(X) — L(Y) is a nondegen-
erate x-representation, then T is unitarily equivalent to a direct sum of copies of the identity

representation id : IC(X) — L(X).

Proof. Our proof is an adaptation of Arveson’s proof of Theorem| 5.11} Fix a rank-one

projection p € K(H), and consider the composition 7 given by

T K(Xep) S K(X) D LY) S B(Y ep),
where [(Ux)|cxep)] ™t : K(X @ p) S K(X) and Wy : L£(Y) S B(Y e p) are provided by
Theoren| 2.57} As 7 is nondegenerate and 7 is the composition of T with C*-isomorphisms,
7 is also nondegenerate. Note that X @ p and Y e p are both Hilbert spaces by Lemma 2.56]
so in fact, 7w is a nondegenerate x-representation of the compact operators on the Hilbert
space X @ p as bounded operators on the Hilbert space Y @ p. Thus, by Theoren[ 5.11] there
exists an index set J and a unitary W : @;c;Xep — Y e p such that 7(a) = ady o @®;a for all
a € K(X ep). However, Theore does not necessarily lift W to a unitary w: ©;X =Y,

so we proceed to construct the desired unitary w : ©;X —Y.
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By Arveson’s proof, there is a rank-one projection ¢ € K(X e p) such that m(q) # 0.
Furthermore, Theore yields a minimal projection £ € K(X) such that ¢ = E|xap.
Since w(q) # 0, it must be that 7(F) # 0. By Corollary| 2.54, there is a linear functional

fq : K(X ®p) — C which satisfies f,(S)g = ¢Sq for all S € K(X ep).

Define a linear functional g : IC(X) — C by ¢(T") := f,(T'|xep). For each T € K(X), notice

(ETE)|xep = Elxep T'lxep Elxep = ¢(T|xep)q = fo(Txep)q = fo(T'xep) E|xep = [9(T) E]|xep-

By Theoren| 2.57, we conclude ETE = g(T)E for all T € K(X).

Consider the KC(H)-submodule E[X] of X. Note that E[X] is nonzero since E # 0, and
E[X] is closed because E is a projection. Thus, E[X] is a nonzero Hilbert K(H)-module.
Similarly, 7(E)[Y] is a nonzero Hilbert K(H)-module. Hence, by Corollary[ 2.55 there exist
€ € B[] and n € F(E)[Y] such that (¢|€) = p and (n]n)y = p.

Define a map w' : [(X)EJo/C(H) — [F(KC(X))nok(H) by S0, Ti(€oas) - S0y 7(T:) (e
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a;). By virtue of being an isometry, w’ is well-defined: for Ty, ..., T,, € K(X), a1, ..., a, € K(H),

<Z #(T)(n e a)

=1

Z%(Tj)(n'aj)> =D @(T)(nea) | F(T))(nea)y

i=1 K(H)

3,j=1 K(H)

n

= 11D FT)([F(En) o a) | F(T)([7(E)n] » a;))y

2,j=1

K(H)

n

=Y (FTE)(n e a) | F(TE)(n e a;))y

1,j=1

K(H)

n

=|I>° FETTE)mea)[nea),

i,j=1

n

= > GU@TIE mea) | neas),
by K(H)

n

= 1> 9(T;T) (R(E)(n e a:) |neaj)y
ij=1 K(H)

n

= 1> 9(T;T) (neai|nea),

1,j=1

n

=D 9T T a; (nl )y ay

wI=t K(H)
= 1> 9(T;T)a;pay
W= K(H)
Following a nearly identical computation yields
(Sorteew|Sricen) | | S AT v
i=1 j=1 vl ij=1 k(1)

Therefore, w’ is a surjective isometry which extends by continuity to w’ : X' — Y’ where

X' = [K(X)¢] o K(H) and Y :=[7(K(X))n] ® K(H).
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Note that X’ is a nonzero closed K(X)-invariant K (#)-submodule of X. Thus, by Lemma[5.13]
X =X'. Hence, w' : X — Y’ is a surjective isometry, which, moreover, is IC(H)-linear. Thus,
w' : X = Y’ is unitary.

We claim w'T = [7(T)|y/|w’ for all T € K(X). Fix T" € K(X) and let T}, ...,T,, € K(X)

and ay, ..., a, € K(H) be arbitrary. Then

w'T (Z Ti(S o aﬁ) = (Z TTi(E e ai))
= Z T(TT;)(n @ ai)

n

= Y FAOFRT) e a)

=m(T) (Z m(Ti)(n e ai)>

=1

=7(T)w (Z T;(E e a,»))

By density of [K(X)¢]e/C(H) in X and continuity of both w'T and (7(7T')|y/)w’, we have w'T =
(7(T)|y)w'. Thus, the map K(X) — L(Y’) given by T +— 7(T)|y: is a nondegenerate *-
representation of C(X) on Y’ which is unitarily equivalent via w’ to the identity representation
id : K(X) = L(X).

Complementability of Hilbert IC(#)-modules allows us to apply this argument to the
subrepresentation 7'+ 7(T')|ynr of T : K(X) — L(Y). An exhaustive argument and
application of Zorn’s Lemma yields a family {Y;},c; of closed IC(H)-submodules of Y and
unitaries {w; : X — Y;}je; such that Y = @,Y;. Then w := @®;w; is a unitary from @;X

onto Y such that w[®,;T] = 7(T)w for all T € K(X). This completes the proof. O
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5.4 Correspondence of (G, C,(G, A), lt®a)-Covariant Homomorphisms

and (G, A, a)-Heisenberg Representations

Let (G, A, a) be a dynamical system. Suppose s : G-U (X) is a unitary group representa-
tion on a Hilbert A-module X and p : A — £(X) is a nondegenerate *-representation such
that p(a)s, = s,p(a) forall a € A, v € G. Then the integrated form p x s : A x, G — £(X)
is a nondegenerate *-representation by Proposition[2.50] Define II, s to be the composition
I, : Co(G,A) T Ax, G248 L(X). As F~! is a C*-isomorphism and p X s is a nonde-
generate *-representation of A X, é, the map II,; is a nondegenerate *-representation of

Co(G, A).

Theorem 5.15. If (X,p,r,s) is a (G, A, a)-Heisenberg representation, then (I1,4,r) is a

nondegenerate covariant homomorphism for (G,Co(G,A), o) into L(X).

Proof. Fix x € G and f € C’c(@,A), so f € Cy(G, A). Let & : G — C denote the copy of
z € G acting as an element of the dual of G by z(y) = v(x) for each v € G. For ally € G,

note

[F(f - 2)I(y) Z/éf('y)mv(y) dﬂ(v)Z/@f(v)v(l’ly) dir(v) = f(z™"y) = [t ()] ()-
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It follows that o, o F(f - Z) ) Ux(f) since o, = « o It,. Thus,

plaa(F ()] 75, diy) [ by covariance of (p,r) |

= [ ot FO A@s,r i) [ 7 and s satisfy the WOR ]
= ([ ot @nls, o))

= ([ slauttr - alonls, i) o

= [(pxs)(az o (f-2))lre
=[(px5) o F[Flago (f - 2))]re
=11, sJa, 0o F(f - Z)|rs

= Hp,s(ax(f))m [ by (%) ].

As f € C,(G, A) was arbitrary and F(C.(G, A)) is dense in C,(G, A), || e, (@.0)-continuity of
both I1, s and o, imply 7,11, (g) = 11, s(0,(g))r, for all g € C,(G, A). Therefore, since z € G
was arbitrary, (II, s, 7) is a nondegenerate covariant homomorphism for (G, C,(G, A),0). O

5.5 Proof of the Covariant Stone-von Neumann Theorem

Definition 5.16. Two (G, A, a)-Heisenberg representations (X, p,r,s) and (Y, 7,u,v) are

unitarily equivalent if there exists a unitary w : X — Y such that
(i) 7 = ad, o p, that is, 7(a) = wp(a)w™! for all a € A,

(i) u, = wryw™! for all z € G, and
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(iii) v, = ws,w™" for all v € G.

Theore Every (G,K(H), «)-Heisenberg representation is unitarily equivalent to a

direct sum of copies of the (G,K(H), «)-Schridinger representation.

Proof. Given a (G, K(H), o)-Heisenberg representation (X, p, 7, s), Theorem 5.15|states (I, 5, 7)
is a covariant homomorphism for (G,C,(G,K(H)),o). Since II,, is nondegenerate, the
integrated form II,; x 7 is a nondegenerate *-representation of C,(G,KC(H)) x, G into
L(X). Let Z := L*(G,K(H), ), and recall Proposititon an yield the isomorphism
Exu: Co(G,K(H)) %, G = K(Z). Thus, the composition

(Exu)~t

0:K(2) CL(GK(H)) %y G257 £(X)

is a nondegenerate x-representation of IC(Z) as adjointable operators on the Hilbert K(H)-
module X. As Z and X are Hilbert K(#)-modules, Theorenf 5.14] implies © is unitarily
equivalent to a direct sum of copies of the identity representation id : K(Z) — L£(Z). Specif-
ically, there exists a unitary w : X — @;Z such that ad,, 0 © = @,id.

We claim ad,, o p = ®;M, ad,, or = @;u, and ad,, 0 s = @;v. Note that for any covariant

homomorphism (7, q) for (G, C,(G,K(H)), o) into L(X), we have
(ad, o) x (ady, 0 q) = ady, o (7 X q) : Co(G,K(H)) ¥y G — L(DB;Z).
Thus, Propositio implies
M(adyyop). (aduos) X (adw 07) = ady 0 (s X 1) = ©;(Z X u) = [B;E] % [B;u].

By Proposition 2.50} the covariant homomorphisms (IL(aq,,0p), (adyos), adw 0 7) and (©;Z, ®;u)

for (G,C,(G,K(H)), o) must coincide since their integrated forms are the same nondegener-
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ate x-representation of C,(G,IC(H)) %, G into L£(&,Z). Therefore,

H(adwop), (adyos) = @,;= and adg,or = D,u.

Recall = = (M x v) o F~! by Lemmg 5.9 Hence,

[(ady,0p) % (adyy08)]0F ™ = Iadyop), (adwos) = BZ = [B;(Mxv)]oF ' = ([@;M]x[B;v])oF .

By another application of Proposition 2.50] we have that ad, o p = ®;M and ad, o s =
@®,v, as desired. We conclude (X, p,, s) is unitarily equivalent to a direct sum of copies of

(Z,M, u,v). 0
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Chapter 6

Conclusions and Future Directions

6.1 Weak D-Antidifferentiability and Extended Derivations

Given an unbounded self-adjoint operator D on a Hilbert space #, Christensen’s work in [6]
and [5] gives multiple equivalent conditions for when an operator x € B(H) makes the
commutator [iD,z]| defined and bounded on Dom(D). Recall that this family of operators
is precisely Dom(dp). A lingering question is when an operator y € B(H) arises as the
continuous extension of [iD, z]|pom(p) for some x € B(H), which, by Christensen’s work, is
simply when y € Range(dp).

If y € ker dp is nonzero, then y ¢ Range(dp). Indeed, if y = dp(x) for some z € Dom(dp),
then 6% (x) = dp(y) = 0. Thus, x € ker §3,, which, by Theoren| 1.2] implies = € ker 6p. This
contradicts the assumption that dp(z) =y # 0, so ker dp N Range(dp) = {0}. We are led to

ask:

(1) If we extended dp to act on unbounded operators that are affiliated with B(H), would

kernel stabilization for the extension Ap of dp still hold?

(2) Would operators in ker Ap be weakly D-antidifferentiable if we allow for antiderivatives

to be unbounded operators which are affiliated to B(#)?

Our resounding answer to (1) is “no,” and consequently our answer to (2) is “yes.” Let
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P be the momentum operator on L?(R) defined in Exampl, and let ) be the position
operator on L?*(R) defined in Exampl. Recall that the domains of P and () contain the
class of Schwartz functions S(R), which is a core for both P and Q. Let € be any common

core for P and . Ideally, we would define Ap so that @ € Dom(Ap), and

Ap(Q)lg = [iP,Qll¢ = Ile-.

As € is dense in L*(R), we have Ap(Q) = I, but A%L(Q) = Ap(I) = 0, so ker A% # ker Ap.
Furthermore, we could say that a weak P-antiderivative of I is ), or more generally, Q) + y
where y is any element of ker Ap.

The notion of defining or extending a derivation on an algebra A of bounded operators
to unbounded operators which are affiliated with A is studied in [11] of R. Kadison and Z.
Liu. Specifically, Kadison and Liu consider the extensions of an arbitrary derivation ¢ on a
von Neumann algebras M to a derivation A on the affiliated Murray-von Neumann algebra
2(M). The definition of their extended derivation in the case when M = B(H) and § = dp

may be a fruitful place to begin in the quest for Ap.

6.2 Further Generalizations of the Stone-von Neumann Theorem

Thanks to D. Pitts, the Covariant Stone-von Neumann Theorem has an interesting inter-
pretation we've not yet explored. Given a C*-dynamical system (G,K(H),«), note that
for each x € G, a, € Aut(K(H)) must be implemented by unitary conjugation, i.e., there
exists a unitary U, € B(H) such that a,(a) = U,aU; for all a € K(H). While {a,}.req
is a norm-continuous group, the family {U,},c¢ need not form a group. It does, however,
satisfy a 2-cocycle condition: U,U, = o(z,y)U,, for all z,y € G, where 0 : G x G — T
is a 2-cocycle. Then, the representation G — U(H) given by = — U, defines a projective

unitary group representation. So, we could consider our classification of representations of
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dynamical systems of the form (G, C(H),«) as a classification of projective unitary group
representations.

Delving more deeply into this interpretation may offer some insight on how we can ex-
tend our Covariant Stone-von Neumann Theorem without attempting to replace K(#H) with
a more general C*-algebra. On the other hand, if A were a C*-algebra such that any nonde-
generate x-representation of K(L%(G, A, a)) decomposed as in Theorem| 5.14] our statement
of Theoren 1.11] would hold if we replaced K(H) with A. Identifying C*-algebras with this
desirable representation property may require tools such as Morita equivalence and KK-
theory.

As an application of Theoren| I.11]in its current form, we are able to classify all pairs of
self-adjoint operators (A, B) on a Hilbert K(H)-module X which satisfy the HCR on some
dense {A, B}-analytic K(H)-submodule of X. This extends Huang’s main result in [9], and

will appear in an article on the arXiv this summer.
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