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g ABSTRACT L

- .Dav1d J Klsh M S E E Purdue UnlverS1ty August 1989 The DQ Analy51s_

B of a Varlable Reluctance Stepper Motor MaJor Professor Paul Krause

Variable reluctance stepper motors are commonly used 1n apphcatlons o |

N ‘,where 1ncremental motlon 1s de51red Recentl}’, these motors have been used in- - E

i _"'Sltua,tlons whlch call for a large stepplng rate, s0 large in fact that the motor

RS turns contlnuously Although the equatlons wh1ch descr1be the stepper motor

'_tlons It is found that thls tra.

: .1n thls mode are decoupled they are not t1me 1nvar1ant In order to ehm1nate -

.‘the tlme varylng terms, Park’s transformatwn is applled to the motor equa— "

R .}tlons tlme 1nvar1ant so an averagmg technlque is employed Whlch does prov1de =

J ‘b‘.'”,the desued t1me 1nvar1ance The averaged model is evaluated by comparlng 1ts{ '

o ;_dynamlc response w1th that of a detalled 51mulat10n of the motor 1n a varlety

o \’of .operat1ng modes It is found that the averaged model does not adequately

'atlon does not render the system equa-» o



. CHAPTER1
o INTRODUCTION

_ Th1s thesis deals w1th stepper motors In general there are two types of‘ :
| stepper motors, the permanent magnet motor -and the varlable reluctance '
motor The latter type i is the subJect of th1s thesis.

} The name" stepper motor is approprlate since there- are a dlscrete s

- number of locations at which the rotor will come to rest When the Wlndlngs of
che motor are supphed by a dc source,. “When the dec source. is applied to the.; '
dlfferent w1nd1ngs successively, the motor steps from: pos1tlon to position.

' -».Stepper motors have often been used in conJunctlon W1th dlgltal control‘ N
"systems If each discrete rotor’ p051t10n is represented by a blnary number, S

~1nterfac1ng the digital output of the controller with the motor 1s not’ dlfﬁcult

Pos1t10n1ng systems Whlch use stepper motors can be qulte preclse, in
» "fact these motors have been used to- position_ radar antennas to within 30

1 -~ seconds’ of arc of a des1red location. Another application which takes

' »advantage of both the pos1tlon1ng capablhtles of the motor as well as 1ts
- inherent digital system compat1b1hty is a computer disc drive. Here, the dlscv
head is -accurately moved from “sector to sector 1n order- to read the =

o ~1nformat10n stored on the disec.

-7 Stepper. motors have certain practlcal features - whlch make them
~ partlcularly ‘attractive to 1ndustry in terms of both manufacturlng and
»apphcatlons First, stepper motors are relatlvely easy to assemble. Becausev ‘
these motors are designed with "teeth” on the stator, it is not dlfﬁcult to wind

. the’stator. From an economic standpomt step motor drive systems can be

) de31gned which use only one power semiconductor per ‘machine phase. -Also,
, 5control systems can be quite simple, as the motor’s posrtlonmg capabilities do
" _‘not require a closed-loop controller lee induction motors, stepper’ motors do

- —not have slips rings or brushes which are features of de and synchronous

machines. For this reason, stepper motors can be used in hostile, possibly
’ explosive environments where the, use of a motor W1th brushes is not advisable.



’ For the most part these motors have been used in the positioning
~ applications for which they are particularly suited. Recently, stepper motors

"~ have been used in both open and closed loop systems for continuous speed

operatlon In this mode, stepper ‘motors can produce more power per given

' ‘volume than can an induction motor with about the same power factor. |
'Rotor heatlng is. reduced in the stepper motor since: the machine is not
;-des1gned to have rotor currents ﬂowmg

The familiar torque speed curve of an 1nduct10n machlne is qu1te useful in
| the design of systems using this motor. This curve can be predicted
* analytically [1],[2];' however, in the case of the stepper motor, such curves are
often obtained experimentally. Transfer function formulations are helpful in
- system design; in fact, the transfer functlon of a dc motor is often used as a
practical example of a transfer functlon in control systems texts [3].

corresponding simple transfer function for the stepper motor does not ex1st
When stepper motors are operated in the continuous mode (also referred to as
high frequency operatlon)f a velocity “oscillation is superlmposed on the
s}'nchronous speed of the motor. These oscillations can reduce the torque
. _produced by the motor and cause a loss of synchromsm ThlS loss of
synchromsm is referred to as parametrlc 1nstab111ty a ‘

A means of analysis Whlch would prowde an express1on for a torque speed

. curve wh1le also showing the parametrlc 1nstab111ty of the motor would be

_~useful Perhaps equally useful is'a technique by which the machine equations
can be couched to permit llnearlzatlon and a transfer functlon formulation.
Reference frame theory has been used for such purposes with both 1nductlon
and sYnchrOnous' machines, and” it 'Will”b"e ‘applied in the analysis which
follows. - This thesis is divided into ﬁve “additional - chapters. - Chapter 2
'd1scusses the operat1on of a varlable reluctance stepper motor and presents the
basic equatlons which are used in’ 1ts analys1s In Chapter 3, the equations
‘Whlch were derived in Chapter 2 are transformed to the dq reference frame,
‘and certain sxmphfymg assumptlons are made Chapter 4 and Chapter 5 -
} ! present s1mulatlon results for the complete and simplified models of the motor.
~Finally - in - Chapter 6, 51mulatlon results " are summarlzed and
recommendatlons on the use of the s1mpllﬁed model are made SRS



’ CHAPTER 2 o B
DESCRIPTION OF A VARIABLE RELUCTANCE
B STEPPER MOTOR

2 1 Introductlon

The machme to be analyzed isa two pole, three stack varlable reluctancei ‘
‘ ’;."vstepper motor "This part1cular dev1ce has two rotor te h‘ and - two stator"r.’
o ecth. F1g -2 1 Shows a Ccross. sectlon of a three stack var1able reluctance
| '\'f'_machlne Whlle thlS ﬁgure ShOWS ‘the phys1ca1 constructlon of a variable

reluctance stepper motor, it 1s more comphcated than the one under analymsn o

- ength is obtalned ~Next, an electrlcal_model of the motor w1ll be developed
"by exammlng one phase (stac_ o3 the motor The mechanlcal equatlons”
” fw 1ch descnbe the motor will be e ; a1ned and a state varrable representatlon'
. jof the motor wrll be obtalned L B o :

. 2 2 Motor Operatlon

,f“-due= to a greater number of stator and rotor teeth. In- thrs chapter, a general o
; ; natlon of. motor operatlon w1ll be prov1ded and an _expression. for step - .

, As 1ts name 1mpl1es, the operatlon of thls motor depends upon the o "
. vanable reluctance path the deV1ce prowdes to- the flux developed by current* :

‘,‘m each phase Wlndlng In a coupled electro-mechanlcal system, a force is

deVeloped in order to- mlnlmlze the reluctance path seen. by the flux hnkages S

L A fam111ar apphcatlon of thls pr1nc1ple is an ordlnary electromagnet ‘When: -

B i;,current ﬂows in the magnet W1nd1ngs, a force is developed wh1ch p1cks up a S
. plece of metal Orlglnally, there Was a hlgh reluctance a1r-gap between the =

_ v,electromagnet and the metal. When the metal and magnet are touchlng, there
- 'is very httle a1r gap, rather, a low reluctance path through the metal ex1sts for

i _the ﬂux hnkages The force generated by the magnet acted to mlnlmlze the

o reluctance in the system '

o Examlnatlon of the geometry of the stepper motor shows there is. a
S j mlmmum and max1mum reluctance posﬂnon F1g - 2 2 shows the mlmmum N






o reluctance rotor pos1t10n for the motor, Whlle the max1mum reluctance» S
: pos1t10n is shown in Flg 2.3. When the. wmdmgs are energlzed the ﬂux must -
' €ross a large air. gap in the maximum reluctance posﬂnon In the mlnlmum
(reluctance posmon, the - ﬂux is for the most part contamed Wlthln the stator-

back iron and the rotor. Smce a force (torque) is developed to mlnlmlze the : :

reluctance path, it is expected that a. torque to move ‘the rotor from the ‘
‘posmon shown in Flg 2.3 to that of F1g 2.2 exists. If the rotor is p031t1oned’,
~in the minimum reluctance posmon, such a torque should not ex1st Thls is
: =What occurs in practlce ' '

Assume the Wlndlngs in’ stack A have a current ﬂowmg 1n them The '
rotor will move to. the minimum reluctance position and - remaln there. Now

B the m1mmum reluctance pos1t10n for stack A i is not the mlmmum reluctance

5 pos1t10n for stack B or stack C. If the current ﬁowmg in- stack A is shut off,
and’ at’ the same tlme, a current is made to ﬂow in’ the Wlndmgs of stack B, -
he rotor w1ll move to the m1n1mum reluctance p051t1on of stack B. The. rotor
ust stepped from one mlnlmum reluctance pos1t10n to another

: e A_n‘ expressmn for the d1stance between these mlnlmum reluctance ‘
. pos1t1__,, is desued ‘The. tooth P; (TP), 1e the angular d1stance between'
‘.}two rotor teeth is deﬁned as T L

P .RT . '

"where RT represents the number of rotor teeth If each stack is exclted 1n':“ .

(20;2-.1)' -

e e

:turn, .e’.‘fg' i as, bs, cs, as the rotor Wlll move one tooth p1tch The step length'g o
v ;(SL) then is glven by o - ER
R 2 |
SL = g
RT N ( )

"}:The symbol N in EQ (2 2-2) represents the number of stacks in the machme

- So far, step operatlon has been d1scussed for a no-load cond1t1on on the ‘
: ;machlne : A brief explanatlon of motor operation Wlth a load torque follows :

: ""-,:If a mechanlcal load is attached to the ‘rotor whlle a set of Wlndlngs is-
A_energlzed the motor Wlll develop .a torque to. try to move the rotor to the
' 'fmmlmum reluctance position. The load will oppose thls motlon, and the rotor

E {Wlll come to rest at a posmon 5 Where

| ,."u:-When the next W1nd1ng in the exc1tat10n sequence 1s energ1zed the rotor will

- ) ';'move to a pos1t1on dlsplaced from the new mlmmum reluctance pos1t1on by '



q-axis 4

as-axis
and
d-axis

Figure 2.3 'Maxiimumvreluctance rotor position.



the same angle 5 of course, 1f the load torque exceeds the electrlcal torque,
the step motlon will not occur. Instead the rotor will: rotate in the direction
' speclﬁed by the load torque.

2 3 Blpolar Drlves

) The motor Wlll be drlven by a blpolar, square wave voltage Fig - 24
shows the voltage applled to phase A of the motor, ‘The first term in the
Fourler Serles for this voltage Waveform is ‘also shown in Fig - 2. 4 this term
W1ll be used to model the voltage appl1ed to motor throughout the work which
folloWs Additional explanatlon of .motor operation W1th such a Voltage
‘Waveform is requlred before proceeding. In the prev1ous sectlon, it was

establlshed that the rotor will 1move to p031t10n itself in a minimum reluctance

'conﬁguratlon ThlS pos1t1on does not depend upon the polarlty of the applled

voltage There are two 1mphcat1ons which result from this property. First,

there will be two phase A minimum reluctance p051tlons in each per1od of the
'phase A voltage Secondly, the motor will operate in the so-called reverse
will turn at twice the speed it would with
a d1rect10n ‘opposite that which would be

double speed mode, i.e., the rotor

umpolar excltatlon and Wlll rota

. ,expected if the voltage phase seque ng were con51dered alone

2 4 Electrlcal Model for the Motor

B The electrlcal model of, the varlable reluctance stepper motor will be
' ~der1ved by examlmng one stack of the machme Once the model for one stack
is obta1ned the equatlons for the rema1n1ng stacks are- obtalned by a s1mple ’
.change of varlables :

The voltage equatlon for 2 s1ngle stack of the motor is -

v=r 1“+ E.X = - - : (24-1) '
‘where - . -
'., X—Li-__ - L (249)
An express1on for the 1nductance, L, ln EQ (2'4 2) is needed in or'der to

contlnue our Work It is known that 1nductance is 1nversely proportlonal to
reluctance, also, from the previous . dlscuss1on, the reluctance varies between a
max1mum and minimum value. In fact, from exammatlon of Fig - 2. 2 and Fig



Phase A Voltage

25 =

20

10 —

,-10- o | . ... o ::.'
-15— . . .'».,'v_”,.‘

-20 =

] ] 1 1
0 0.005 0.01 0.015 0.02
‘ time

Figure 2.4 =~ Phase A of bipolar voltage waveform.



- 2.3, it is clear that there are two maximums and two minimums of
reluctance in every rotation of the rotor. Therefore, the machine’s inductance
“will be modeled as ' ’ :

| L=A-— ~ Beos(26;), o _ ' (2.4-3)
| where 0, is defined in Fig - 2.2. ‘Substituting EQ (2.4-2) and EQ (2 4-3) into
| EQ(2 4-1), the voltage equation is found to be

N i) ,(2,4_45

where
od, - B T

For an n-phase machme, the ax1s of each phase is d1splaced from the

,prev1ous axis by -2111' Therefore, the time varying 1nductance of the ith stack
is '

L=A _ Beos(2(6, — %)) | B (246)

Replacmg the "L" terms in EQ (2.4-1) and EQ(2 4-2) with EQ (2 4-6), a
general voltage equation for each phase is obtained. Each voltage equation. is
comblned and written as the single matrlx equatlon ’

Cr ' . s1n(20,) 0 0 = o
Val " |r 00 i; : . on’ fia] - o
[Vb = [0 T 0 lib] +2Bw,| ° ‘ S",I,G(o" - —3‘)) 0 N [ibl

00 el ;
v ! 0 0 sin(2(6, + 2| L°

[

1¢

a
v

:A—Bcos(fér)' ‘ 0 0 1o ' a
. . : 1a|. ) ’ S
o ‘o + A~Beos(2(f; - -231)) ' 0. :t llbl o (2‘4'7.)
o - 0 A-A;Bcos(Z(Qr + -231)) - o ‘ o

2.5 Electrical Torque
‘ The electrical torque that the variable reluctance stepper motor is
“capable of developing can be obtained from the partial derivative of the so
called coenergy with respect to 6;..In a linear magnetic system, the coenergy
is equal to the energy stored in the magnetic field. From the study of circuit
theoty, it is known that the energy stored in a system of inductors is
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E=-§-1 1 SR S o (25-1)

,If we take the partlal derlvatlve of EQ (2 5-1) with respect to 0,, we ﬁnd the
electrical torque is given by = - :

0
a0, =

Substltutlng the a, b and ¢ phase currents, as well as the expressmns for the -
inductances in each phase into EQ (2.5- 2) yields

,T-__1

(215.2)

T;=“B[ia iy ic] sin(2(6; — ——)) N

o [ (2.5-3)

il -

sxn(20,) 0 0 ‘ - l

2.6 Sha.ft Dynamlcs

O If the motor is to turn, a net torque must a.ct to accelerate the rotor, i.e.,

T -—Tl-—Ja(-i—w, +Bour - ” - v (26—1)'

In EQ (2.6-1), Jis the combmed inertia of the rotor and load a.nd Bisa .
viscous damping coefficient. The torque generated by the motor for a speclﬁc' '
operating condltlon is glven by EQ (2.5- 3) : :

2.7 State Vari#ble Model

The goal of this section is to build a state variable model of the variable -

reluctance motor. The required state variables are the motor currents, rotor

angular position and the rotor’s angular velocity. EQs (2.4-5), (2.4-7) and

© (2.6-1) must be solved for the derivatives of the state variables, EQ (2.5-3) is

the necessary expressmn for electr1cal torque. The matrlx differential equa.tlon
which describes the motor is - '



Ya
A—Bcos(20,)
Vb
la
i A—Bcos(2(6; — -25”—)) : : :
d |. . : ’
T ;c = — Ve + » (2.7-1)
T A—Bceos(2(6, + 2n )
w; 3
0
_Tl_Te
J
| r + 2Buw,sin(26,) 0 ' 0 0 o

‘A —'Beos(26,)
r + 2Bwsin(2(0; — 2%))

0 - 3 0 0 0 |is
A — Beos(2(0, — Tﬂ ) ip
li
t + 2Bwsin(2(d; + =) .
0 0 3 ol
A — Beos(2(, + 2?’—”)) Wr
0 o 0 0 1
-B

0 —=
0 0 ) 0 7
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S CHAPTER 3
 THEDQ TRANSFORMATION APPLIED TOA
. VARIABLE RELUCTANCE STEPPER MOTOR =

3 1 Motlvatlon for DQ Analy51s

The equatlon which describes the electrical characterlstlcs of the stepper '
- :motor, EQ (2. 4—7), is decoupled i.e., a phase current depends only upon the
voltage applied to the phase and the electrical parameters of the phase.

-~ Notice however, the 1nductances in EQ (2 4-7) are time varying. If possible,

the time varying terms should be eliminated from this equation and the state
equation (2.7-1). The approach taken is to apply the ubiquitous dq

| transformatron developed by RH Park [4]. This change of variables, when

‘ apphed to synchronous machmes, produces a system of differential equations
in: WlllCh the t1me varymg 1ndu: nces become ‘constants. The s1m11ar1ty

synchronous machlne suggests that the transformation may prove useful in
this application. In fact, VD Hair [5] has applied the dq transformation to a
“single stack variable reluctance motor where the coefficients of both the self
and mutual inductance are ecjual-. o ' | ’ |

3.2 EQ Analysm -

The equatlon Wh1ch 1mplements the dq transformatron is | » . L
; . fqu —Kfa.bc . _ : o ‘ : S ' "(3 2’1)

T In EQ (3 2—1), f can represent current Voltage or flux hnkages Flrst a word

about notation. Throughout this work, variables subscripted as "abe" refer to

machine quantities, i.e., non-transformed variables. Variables which ‘have
__been transformed to the dq reference frame are identified by the "qd0"

~ subscript. This notation is developed by PC Krause [1]. The transformation
is defined as - : o



P 'The 1nverse transformatlon is~

ke ey m -y eer L (329

12 2 S T

. . : 005(91‘) . - R sln(gr) : RERT . SR R o
cos(0 + ——-) sm( + ___) 1 ‘ .‘ : ’ : : o . .

oo In order to see how ‘to apply the dq transformatlon, ‘EQ (2 4-7) 1s"'_' ,
'}"“rewrltten symbohcally as : : '

' Vabc R Ia,bc + Aabc : ‘v e (3 2'4): v |

e rApplylng the transformatlon to EQ (3 2- 4) and premultlplymg by K glves

L ,vexpress1on s

- quo’—Rquo +erdq° + Aqu _‘_ ;,__,';: :,‘ v' (3 2_5)
B ,‘ Note that the ﬁux hnkages, A, have been transformed SO that RSP - o | “ .
A=K A kY, 28
and the followmg deﬁmtlon has been made R e
S RN RS LRI B N
e TR S

o Tt is not surprxsmg that the torque expressmn is modlﬁed by the
apphcatlon of the dq transformatlon to our model The modlﬁed torque

| '1" 5
"T “‘_2" qu(K l)t

~or equlvalently

)

S e SRR 0. s 3“13:9:- [ S : SRS :. R -
Te: —2—B[ ld 10] : _1— 0 B —Cossar lfi" R B EETRR .. (3'2 9)
) 5 sm39 -c0330 0 ' '

g ~-‘;"Excludmg the changes made to the electncal torque express1on Just dlscussed |
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EQ (2. 6-1), _ the relation for shaft dynamlcs, is unaﬁ'ected by the dq
transformatlon . SRR B S o

3.3 Effect of the DQ Transformation on YF.lux Linkagés ,
_The stated goal of the previbus section was to obtain a time-invariant

matrix equatlon which would describe the electrical behavior of the varlable '
reluctance motor. - The new ﬂux lmkage matrix is ‘

(2A B) 0  —Beos3s,
Na| iy - ‘
Aggo = M= o —2—(2Av+ B) —Bsin3d;| [ia. - 2 (3.3-1)
N ‘ : B iq

: 1.,
——12-Bc933€,. —?Bsmw, A

The desired result has not been obtained; the flux linkage matrix still contains
time varying terms in the third row and third column. :

~ Certain problems in electric machine -analysis have been made more‘
amenable to solution by averaging techniques. One example of the apphcatlon'
of such techmques is in the analysm of unbalanced stator voltages applied to a
two phase induction motor. In that analysm 6], positive and negative
sequence currents are used to cor e posmve and negative sequence torque.
A so called "pulsating torque" "al86 exists under these operating conditions.
The torque-speed curves for such a device are adequately represented by
averaglng the positive sequence, negative sequence and pulsatlng torque. Thls

average torque is expressed as R

Te(ave) = Ter — Te—r ., ’ - (3:3-2)
" In the above expreSsion, the pulsating torqueuis‘not-included since it has an
average value of zero.

An averaging technique w111 be applied to the ﬁux linkage. matrlx of EQ
(3. 3-1) If it is assumed that i 1q, ig and ip are dc, the sinusoidal, off-diagonal
~ terms will contribute an average value of zero, 50 the averaged ﬂux lmkages

become
51 litea-B o 0
Nl 12 ’ R iq
Aqu = >‘d = 0 : L(zA 4+ B) 0 131, (3.3'3)
5y . 2 io
0
0 0 - A

If the currents are not dec, the above formulation will not give the correct
~average flux linkages; however, inclusion of the necessary terms to give the
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R correct result would produce a non—d1agonal ﬂux l1nkage matrix. ThlS is .‘ |
. undes1rable, so the above formulatron will be used regardless of the form of

‘ the model currents. Notice that’ th1s is not the inductance matrix that would

- have_been obtained had the abe. flux linkages been averaged, nor is it the
1nductance matrrx commonly found in dq analys1s of synchronous mach1nes

3.4 Transformed Voltage Equatrons

" The matrix differential equat1ons descr1b1ng the electrical circuits of the
’ Tmotor will be presented in this section. When the inductance matrix is not.
averaged, the expressions for the der1vat1ves of the qd0 currents are qulte
involved. For this reason, the voltage equations will not be solved exphcrtly

-vfor these currents, rather, the equat1ons Wlll be shown as ' '

[\'d] = ~%(2Af3)‘ gy .»0 [ld] + : o e (3,4-1)

T Yol s i : o
S R R J DU o
o e v"o o aemde, i) [2acB 0 —mBeosan] fig]
- l_l.'.Bw,. 0 I —4'cos39, ia +.1_ L0 ' 2A+B —2Bsm30 :tﬂ igl:
3sm39 —3c0139 0. - |lio —Bcos30 -Blm30 © 2A ig

“In this form, the dq transformatmn has not brought about much
- ‘computatlonal s1mpl1c1ty ‘ ‘ o

. The equatlons Wh1ch make use of the averaged 1nductance matrlx are
con51derably s1mpl1ﬁed The voltage equatlon becomes L

Vel T ——(2A—B) ,r" ,0' fd o L (3.4-2)

) FERURY SRR bl

Lo

S fA-B o 0] el o
>l 0 4B 0 :e o
R RN T =

. , Unhke EQ (3. 4—1), it is easy to solve for the der1vat1ves of current in. EQ (3.4-
) The state equatlon for the case of averaged flux hnkages is




2Vq
2A B
1q . 2vq
. ig 2A + B
wfo|=| X | (3.4-3)
16, A .
wel . 0
| B Te
7
—-2r _‘")r(2A + B) 0. 0.0
2A—B 2A-B | 1
w,(2A - B) ~2r 0 0 1
A+ B " 2A+B H
r 1g.|.
X0 o
0 0 X 6,
0 0 0 0 1 [l
0 0 0 0 % :

The matriﬁ: differential equation has been simplified by the change of
variables. Time varying elements in the electrical portion of the state model
have been eliminated, however, the equation is still non-linear.

One particularly interesting property of the "averaged” state equation is
apparent For a constant speed s__‘utlon in the steady state, the q, d and 0
currents can be found without use of numerical integration. The steady state
assumption implies that the derivatives of the currents are zero, hence, the

steady state currents in EQ (3. 4-3) can be found using the relation
) . ar A

—9r —w(2A + B) 0 vy
: 2A-B 2A-B. 2A-B
. _
o = | {2A—B) & B | (3.4-4)
. 2A + B 2A +B 2A + B
10 . -
. T Vo
0 0 Al | ®
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‘CHAPTER 4
 COMPARISON OF RESULTS FOR DETAILED
~ AND AVERAGE DQ SIMULATION

4.1 Introduction

In this chapter, contlnuous operatlon of a variable reluctance stepper‘ :
motor WIH be examlned In particular, a motor will be simulated using the
equatlons Whlch were obtained from the dq analysis. The results of this
simulation” will be compared with those obtained using the "averaged"
- inductance matrix. Machine currents, represented in qdO variables will be
shown, and plots of machine torque will be presented ‘These results were
obtained via a numerical mtegratlon procedure. This procedure is the subJect
of the sectlon to follow ‘

» 4.2 Numerical Integration
Essentlally, the problern at hand deals with the solutlon of

CX=FXBYy - (4.2-1)

via numerlcal techniques. One approach to solving such a problem uses what
are termed predictor methods to evaluate the integral. ‘The fourth order
Runge-Kutta method is one such scheme. It is interesting to note that this
scheme requires four functional evaluations to obtain an estimate for a new
 state. Alternatively, a so called predictor-corrector method can be employed.
With such a method, previous state vectors are used to estimate the value of
the new state vector. This new vector is. used to re-evaluate the function.
The estlmate is then adjusted appropriately, and the process continues. While
a predlctor method may only require one new functlonal evaluation per
integration step, the value of the function at several successive time instants
must be known. The approach taken in the simulations employed in this
thesis is to use the fourth order Runge-Kutta method to generate four state
estimates. Once the state vectors at these initial time instants are known, the
Adams-Bashforth predictor-corrector method is wused to compute the
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. remaining state‘n'estimates.- A more‘detailed,discus'_sion of these topics can be .
found in [7] and [8]. R T L, S

- 4.3 Device Pa.ra.meters a.nd Mode of Operatlon : B

‘ The 31mulatlons in thls the31s deal with constant speed operatlon In
,'other words, it is desired to have the rotor turning contlnuously rather than
moving in discrete steps. A need for this type of motion may arise in a line
printer where a form feed is requested. Alternatively, the application could be
Ca computer disc drive Where it is necessary to move the head to a new,
i relatlvely distant, sector ‘of the disc. In these apphcatlons, the accurate
' posltlomng capability of the motor is not needed. What is needed is to move
qulckly to a new position where the stepping capablhtles of the motor will be
used. The motor will be studied in this mode. Except Where noted, the.
o system parameters found in Table 4.1 are those used throughout ‘this Work ’

, 4.4 Currents a.t Constant Speed
In the studles Whlch follow, the motor is supplled by a b1polar drive

. circuit of the type descrlbed in Chapter 2. The motor is assumed to be

rotating at its base speed of 377 rad/s, and the rotor angle, 6, is. held at 0°.

- 'Fig - 4.1 shows the q, d, and 0 currents obtained from the machlne simulation

with the detailed inductande matr1x The motor has reached steady state, and
we see that there is a sinusoidal variation about an average value in ‘each of
‘the currents. This is to be compared with the currents shown in Fig - 4.2
‘which were ‘obtained by runmng a 81mulatlon Wh1ch ‘makes use of the average
inductance matrix.. ‘The average values of i 1q, ig, and ip obtained from the

- ~detailed qd0 s1mulat10n are. compared with the ' values from averaged
' »s1mu1at10n in Table 4 - 2. It i is'seéen that the averaged model has predlcted the = =

average value of the machlne currents quite accurately. The reason for the
dlscrepancy in average currents Wlll be explalned in the sectlon which follows.
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Table 4.1 ~ Motor parameters.. -

SYMBOL

__ _PARAMETER

| Base Voltage o
- | Base Current -
~|'Base Torque -
| Base Speed
| Stator Resistance
. ?Inerti’a _
‘| Inductance constant A

Vs

e

{24:’0'V
0.6 A

200

0.050H

38.2 N*mm |
377rad/s

12.7 g-em?®

Inductance constant B

- Table42 ' Comparison of machine currents. ]

0.019H

| CURRENT AVE.FIG4.1

0.424
iy 0.307

_AVE.FIG 4.2 % DIFF.

0.412 -
0.314
0.0

2.8
=23
0.0

11y 0.0

Table 4.3  Comparison of machine torques.

Clm o oa

0.37

| TORQUE (N*em) AVE.FIG 4.3 _AVE. FIG 44 % DIFF. |

. -=15.6
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Machine Currents

1.0m | | o
0.5~ , S 1y

Curi'ento 0 I s ‘ : 0
(amperes) ™" : . ' <

-0.5
1.0 —— — e — — o —
0300 0307 - 0.315 © 0.323 0.330

time (sec)

Figure 4.1 Machine currents {(steady state, detailed inductance matrix).
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Machine Currents "

10-

T T .

” _id_

. ‘Current P

7 0.300° 0307 0315 0323
I C time (sec) - -

. Figure 42 . Machine currents (steady state, p.vgraged,iﬁdg,(:tgﬁce;zga,trii)ﬁ' .
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4.5 Machlne Torques |

The truly useful feature of any electr1c motor is its ablhty to produce a
- torque. Therefore, it is only natural that a comparison should be made
between the torque obtained from a simulation which makes use of an
’averaged inductance matrix and one which does not. When the state model
with the detailed inductance matrix is employed, the torque shown in Fig - 4.3
is obtained. An average and siXth_ barmonic of torque are clearly seen. The
torque obtained using the averaged model is shown in Fig - 4.4. As is
expected, there are no oscillations present in the plot. Table 4-3 compares
the average torques obtained through use of the two models. The difference in

average torque is somewhat unexpected since the agreement between models

for the machine currents was much closer.  The source of this difference can be
found in the expression for torque given in EQ (3. 2-9) If this equation is
expanded, the followmg result is obtalned

T = -——B(lqld + 21qlosln39 21d10cos39 ) 3 - (4.5-1)

Notice that EQ (4.5-1) contains terms in which iy is modulated by terms
,1nvolv1ng sm39 and cos36.. These products will produce components of »
torque which are at de and sixth harmonlc Clearly, it is the third harmonlc
present primarily in iy which in ‘this case reduced the average value of the

. torque Also, this same mteractron gives the sixth harmonic fluctuation which

is present in the torque obtalned from the detailed state model. A 31mllar» .
1nteract10n occurs with the machine currents expressed in qdo Varlables The
third harmonlc current in ip 1nteracts ‘with terms that vary smusordally Wlth'
»39 to produce an average value and a sixth harmonie Varlatlon
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Machin§ Tordue

4.0 | |

3.0

A ~Torqﬁeq
©(N*m X 107%)

2.0 - U UU ]

10—

0.0- . .

0300 - 0307 . 0315 0323 0330
e ’ ' * time (sec) ’ '

' Figure43 Machine torque from the detailed model.
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Machine Torque

5.0 =

4.0

3.0

Torque
(N*m X 10~°)

2.0

1.0 ~

0.0- — T 1 T
0.300 0.307 - .0.315 0.323 0.330
‘ time (sec)

Figure 4.4  Machine torque from the averaged model.
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CHAPTER 5
APPLICATIONS OF THE AVERAGE MODEL

5 1 Introductlon

In thls chapter, certain applications are simulated and a comparlson is
made between the detailed and average dq model. First, however, the effect of
a change in motor parameters, namely resistance, is 1nvest1gated Both models
‘are then used to generate plots of torque as a function of rotor angle, é.
Fmally, the motor is sunulated runnlng at base speed When a step change in

load torque is applied.

5.2 Impact of a

nge in Motor Re51stance

; ‘Model efﬁcacy as electrical parameters are changed is to be studled In
'partlcular, the impact of a change in resistance will be exammed in the section
which follows.. The stator resistance of the motor was increased by a factor of
10 to 200 ﬂ and the simulations were rerun. The results are shown in the
followmg figures. '

‘The average currents and torque obtalned from the two state models are |
shown in Table 5.1.

Tdble 5.1 Compai'ison of state models.

PARM. DETAILED. SIM. AVE. SIM. 9% DIFF.

i, 75.69mA . 7575mA  -0.07
1 5.76 mA 578 mA  -0.46
jp . 00mA 0.0mA 0.0

|T.  42pNm 12.5 yNm  -200
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Machine Currents

80.0 —
60.0 ~

-40.0 —

Current
(mA)

20.0 =

-20.0 - ; ~ l ;
0.300 - 0.307 0.315 0.323 0.330
time (sec)

Figure 5.1  Machine currents (detailed model, R = 200 (2 ).
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. Machine Currents .

| 6016,"‘

v "46..0 -

‘ Cuﬁ-éﬁt
(mA)

20.0 =

.- 0:300 _0.307 © 10315 ¢ - 0.323 0.330
et i , time (sec) ' ‘

Figure 5.2  Machine currents (averaged model, R = 200 ).
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RITTIn

Torque.

(N*mx 107) >0

0.0 -

-5.0 -

0300 - 0.307 0315, . 0.323 . 0.330
Tl '; . P time (sec) - c ) T .

'Figure’5;3, | H‘M’achihe t6rqﬁé frdﬁl_ thé detailed model ( R = 200 O ) o



20.0 —

15.0 —

29

Machine Torque

10.0 —

 Torque
(N*m X 107%)

5.0 —
0.0 —

-5.0 —

-10.0

0.300

F igure 5.4  Machine torque from the averaged model ( R == 200 2).

1 T
0.307 - 0.315 0.323

time (sec)

0.330
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~ Although the estimates of the machine currents have improved, the torque

estimate has been made much worse. The magnitude of the torque oscillations

in Flg - 5.3 is large enough to reduce the average value well below that

‘predicted by the averaged model. This suggests that it may not be possible to
obtain good results from the average model for all types of variable 're_luctance '

~ stepper motors. ' ‘

' 5.3 Torque Delta Curves

The next step in model verification is to simulate both the electrical and
‘mechanical operation of the system. Before this is done however, it is
instructive to learn how the torque the motor can develop will change as the
rotor angle, ¢, changes Additionally, an indication of the maximum torque
the motor can produce will be obtained. Recall from Chapter 2 that a 180

degree change in rotor position produces a magnetic circuit which is identical

to that present before the rotation occurred. Accordlngly, it is expected that

torque will be periodic in § with perlod of m. From the study of synchronous |
‘machlnes, one would . ‘expect " that the torque variation would in fact be
sinusoidal.” Fig - 5.5 shows the variation in torque as a function of delta for

the detailed dq model while Fig - 5.6 shows the same variation obtained from.

the average model. Each of these ﬁgures shows a torque vs. d curve for several
different rotor speeds. _ ’
As expected, the torque - § curve is sinusoidal. Also, the maximum
torque produced by the average model is larger'than’ that produced by the
detailed rnodel This is not unexpected in hght of the constant speed results
of the prev1ous chapter ' o ' '

5.4 Dynamlc Simulation - Stea.dy Sta.te .

The varlable reluctance motor ‘was next 31mulated with the mechamcal
dynamlcs 1ncluded In order to reduce speed. osclllatlons, a damplng term was
introduced. The value of the damplng coefﬁclent used i is 8uN*m sec, at 377
"rad/ sec, a torque of

: - Ty=s. 02X10™*N*m

is apphed Results from snnulatlon of the detailed model are shown in Flg -
5.7 through Fig - 5.10; simulation results obtained using the averaged model
- are shown in Fig - 5.11 and Fig - 5.12. k



.Torque vs. §
* detailed simulation

.10.0—'-‘: _
50— |

e ','.,_”V.‘T?)»'riiue oo; .
C(*mX 10700 )

‘.}.‘ 0.6015 v

5.0 10wy

~ -10.0 -
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Figure 5.5 Machine torque vs. & (detailed model).
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Torque vs. §
averaged simulation

10.0 —

‘Torque 0.0 )
(N*m X 107%) ™ 0.4w;
0.601'
0.8w;
-5.0 — 1.0uw,

-10.0 - T | 1 T | ]
0 r & & & ST 3
4 2

4 4 2
J (radians) - v

Figure 5.6  Machine torque vs. § (averaged model).
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5.00 550 6.00 650  7.00

io

500 550 600 650 7.0
(sec)

Figure 5.7 Machine .currents and rotor
: - damping only). -
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» 0.10 i
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angle vs. tixﬁ_e (detailed model,



34

- Angular Velocity
38004
- 378.0]
o 378.0
374.0 —
-~ ar204
- 3700 p—— | ™1
500 550 6.00 650 7.00
- - time o
- (sec)

. Machine Torque

500 550 600 650  7.00
o " time

: .(’sec)v

Figure 5.8 Angular velocity and machine torque vs. time (detailed model,f
o damping only). : =
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Machine currents and rotor angle vs.
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An'guIar Velocity

380.0 —
£ 378.0 —
376.0 —
374.0 ~
372.0 —
, 870.0 | T b
5.00 5.01 -5.02 5.03
time
(sec)
Machine Torque
" 5.00 =

. 4,00 )

3.00—

X 107° _
2.00 —
0.0Q : T . T )
500  5.01 5.02 5.03
“time ’
(;ec)

Figure 5.10 Angular velocity and machine torque vs. time (detailed model,
expanded time scale, damping only). : :
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Flgure 5 11 Ma.chme currents and rotor angle vs. tlme (a.veraged model
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Flgure 5. 12 A.ngular velocxty and machme torque vs. txme (a.vera.ged model
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The steady state dynam1c s1mulat1on usmg the average model gives
. vresults qu1te similar to those obtained in Chapter 4. When. the detailed ‘model:

‘is used for the steady state dynamic s1mulat1on, some unexpected results are- '.
.found Flrst ‘notice that the rotor angle oscillates at a frequency of 0.68Hz.

.‘,_‘,In fact an. osc1llat1on is observed in all the machine Var1ables Ttis 1nterest1ng.
to notice that while the form of machine currents agrees with that of Chapter
4, e.g., 1q is. pr1mar1ly de with a sixth harmon1c oscillation, the magnltude of

the dc portion of Waveform is no longer accurately pred1cted by the average o

model In general, the results of these simulations agree with - those of the
‘ proceedlng chapter The average model gives constant currents and torques,

while a’ sixth harmonic i is present in igy 1q and torque When they are obtalned
from the detalled model Ip is found to-be primarily. thlrd harmonlc

Smce the results of the dynamic simulation are somewhat unexpected a
'means of Verlfymg that the slmulatlon g1ves the ‘correct. results is needed. -
' _There are two- methods Wh1ch can be used to check the s1mulat10n First, the,

_torque vs. delta curves can be used to predict the rotor angle which is
’necessary to meet the load: torque requ1rements Second it is expected that

the currents and torque should be similar to those found in Chapter 4 When - s

only the electrlcal system was. s1mulated Table 5. 2 compares the rotor angles
"obtamed from the two s1mulat1ons
- 5 6 Note that the average “value of delta obtalned from. the dynam1c .
's1mulat1on of the detalled model Was used in Table 5. 2

Table 5.2 »i Rotor. angle from 51mulat1ons compared W1th rotor angle from :
2 R torque vs. 0 curves.. :

'MODEL E Y 5-;__Simulated % DIFF
‘detailed model ’0,.‘222 T 0.202 5 - | 9.2
average model 0.311 . 0.315 -1.3 -

: The agreement shown in Table 5.2 is qulte close, and may in fact be closer

- since linear interpolation was used to find 8 from Fig - 5.5 and Fig - 5. 6. It

~ has been shown that the currents and torques are indeed. similar to those of
‘.Chapter 4. Furthermore, the rotor speed oscillations are not unexpected in .
light of the work presented by Russell and Pickup [9]. Therefore, 1t 1s‘ff.
concluded that the srmulat1on is functlonmg properly ’ -

vith those predicted from Fig - 5 5 and Fig - L



R |-} response when the load was. apphed Flg - 5.20 clearly shows that the___

—

5. 5 Dynamlc Srmulatlon ‘Step Cha.nge in Loa.d Torque

Model response for.a step change in load torque was simulated: next. Af’
" load of 1 mN*m was applied to thé shaft of the motor after it was operating
~-in the steady state. 'In order not to exceed the max1mum torque llmltatlons of :
the motor, the the damping coefficient was reduced to luN*m*sec The
> s1mulatlon results are shown in- Flg 5.13 through F1g 5. 16

" There. is a huge dlﬁ'erence in the response of the models ‘The detalled' B
srmulatlon shows that the motor will lose synchronlsm and the rotor speed w1llf -
" fall. On the other hand, the" average model slows slightly, then pulls’ back into
- synchronism and operates with a new 65 The -applied torque exceeded the'__’:_ P
- transient stablllty limit for the detailed model but not the average model -

. The motor should be able to meet the required load torque In fact a‘”"j 3
| larger load was on the machine for the studies of section 5.4. It was declded
to re-run the simulation with the load present at startup After. the- motor _;"'
reaches steady state, the Joad w1ll be removed F1g 5 17 through Flg 5. 20’?
| dlsplay the results for this case T o

o As expected the motor ran w1th the apphed load The dynamlcs of the"
.detalled model are qulte slow, _however, it is clear that synchromsm 1s;'__ .
retalned The response of the -average model is practlcally a mirror image of

’machme torque- decreases after the: load is removed and it decays to the value o
needed to overcome: the damp7ng~term Notlce that whlle in th1s case, both o
,the detalled and average simulation show stable operatlon, the dynamlcs of ;
- 'che machme models are qulte different. In partlcular, it 1s ‘seen that the .
| parameters “of “the average model exhibit approxrmately 13 Hz osclllatlonsf_ o
‘ “about a constant value which" “decay with a time constant of about 4 35
" ““Seconds.. _On the other hand, the parameters of the detalled model osclllate at _

fabout 1. 2 Hz and hzve atrme constant whlch was too large to be measured

\\V”\; Lo

e 5. 6 Expla.na.tlon of Model Dlﬂ'erences

_ The factor which most- 1nﬁnences the discrepancies in results between the
, average and detailed dq model is' the third harmonic current Because ‘this
_current is not included in the average model larger torques are produced by :
y_the machme for a given rotor angle. Therefore, in steady state, the average-
‘mode] operates with larger §than the detailed simulation; for this reason, the
: -umachlne currents are not the same It ‘has also been demonstrated that the
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load applied).
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mechanical portion of the two models does not behave in the same manner.
The average model does not show the slow oscillations which are present in
the detailed model, and the dynamic response of the models after a step
change in load torque is different. This is best explained by transforming the
averaged flux linkage matrix back to abe variables. The flux linkage matrix
is:

B -B T -B 7
. A-— ?cos2€r' —-3——(:082(9,. - —é—-) 5~ cos2(0; + ?) s
a i :
= -B .
M| = -TB-COSZW, - %) A - %(:0:52(9r - ZTW) —3—(:052(?, +7) - || (56-1)
e’ ' ic

;3]3—(:c>s2(9r + %-) —“?’Ecosz(e, +7) A- %cosZ(&r + -231)
This inductance matrix is of the form that would be expected for a reluctance
machine with mutual coupling. Notice that the inductances have been
changed from the values found in the original inductance matrix of Chapter 2.
For this reason, it is not surprising that the two models exhibit a different
transient response. In light of the discrepancies shown in this section, it is
concluded that the average model does not adequately represent the operation
of a variable reluctance stepper motor. '



B : CHAPTER 6 :
‘ SUMMARY AND CONCLUSIONS

- In this thes1s, ‘a method of analysrs for a b'varial)'le réluctance ‘s.tepper ”

- motor has been proposed and analyzed. First, the salient characteristics of |

.stepper motors and part1cular appllcatlons Wh1ch can beneﬁt from ‘these
sal1ent points were discusséd. Motlvatlon for a new analysis" techmque came |
from dlfﬁcultles previous methods had in predlctmg such thlngs as parametrlc
‘ 1nstab1l1ty, pullout torque and torque speed curves - ‘

. A brief discussion .of the principles of operat1on of a stepper motor
- contrlbuted to the development of a mathematical model Wh1ch would predict
the . electrlcal and - mechanical characteristics of ‘the motor. Park’s dq
-transformatlon was applled to. the #iodel in an attempt to ehmmate the tlme
varylng terms present in the origitial imachine model. The time varying terms
were not eliminated by Park’s tratisformation, so, under the assumption that
~ the transformed currents wére d¢, an expression for the average flux linkages .

was obtained. A time-invariant, diagonal flux linkage ‘matrix was thus
»_ ’ obta1ned this formed the basis of the proposed new model '

‘Digital computer 51mulat1ons of the motor were developed and used to

’compare the results obtained from the averaged model with those from the
détailed model. The average model appeared. to give good results when only
electrical ‘dynamics were considered, however, s1mulat10ns which included the
v mechanical part. of the model showed certain dlscrepanmes between the

E 'models It appears that the averaged model is more -oscillatory than the

o reluctance stepper motor .

deta1led model, and the response of each model to a step change in load torque

,,,,,

: -usmg the averaged model for de51gn or analysrs of systems 1nvolv1ng a var1able
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