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' ABSTRACT

Hassoun, Marwan M. M.S., Purdue Umversity Decemberv1§84 A STUDY

- OF A SEMI-DIRECT METHOD FOR COMPUTER ANALYSIS OF LARGE-

- SCALE CIRCUITS. Major Profmor P M. Lm

A

ln thxs thesis a study of a Senu-Dxrect method for the solutlon of. large '
.scale cxrcuxts is presented. The method combmes features from the Newton-
Raphson method and the Gauss-Seidel method. These two methods are both
illustrated. The Semi-Direct method is presented both theoretically and empir-
ically usin}g‘ three pfogra.ms devéloped .fbr this purpose. The Semi-Direct;
v‘method and the Newton-Raphgon metﬁod are compar.ed. The comparison
includes speed (number of iterations and execution time) and storage require-
-ments. The Semi-Direct method definitely has storage advantages over the
Newton-Raphson method at all circuit levels of 2 or more nodes. If so_mé set
conditions are met in the circuit, the Semi-Direct method will reqd,iré less CPU

" time to reé,ch,the solution than the Newton-Raphson method.



CHAPTER 1
INTRCDUCTION

" The size of circuits has been growing at a rapid rate in the past two
decades. The new technologies and advances in integrated circuits has
-supporfed this growth. The task of analyzing such large circuits using
computer analysis programs involves two basic considerations, speed- and_
storage. The larger the circuit, the more variables: node voltages, and branch
currénts. Ther‘efore, memory storage requirements are increased, and grow
quadrati.cally with the number of variables in the circuit. To solve a circuit
with .n variables we need n characteristic equations that describe the circuit. A
lumped nonlinear circuit can be characterized in the time domain by é set of
differential algebraic equations of the form

f(x,x,t) =0 (1.1)

where x is, as considered in this report, the vector of node voltages and branch
currents. These variables are functions of time t (the case where x(t) =

constant is possible). The x vector is the derivative of x with respect to t.

The formulation of these equations from a large scale circuit involves the
task of decomposing it into several smaller subcircuits. This is done because it
is easier and less time consuming to solve these subcircuits individually and
then interconnect the solutions. Other advantages are that similar subcircuits

have to be solved only once and the latency and near-latency of the subcircuits



can be exploited [14]. .Sever_al tearing techniques have been proposed [8,17].

The node tearing technique [17] has become the most pbpular one used.

The soiution of the equations eq. (I.1) can be reached us,in;g"two
approaéhes: direct and semi-direct;' The latter methods are sometimes referred
to as "rela‘mxation‘jmethods [15].  The solution of eq. (1.1) at succ‘e.ss.iv.e time
points would produce a wave for each variable with respect to time. The
' procesé is called transient analysis. A speciai case of eq. (1.1) would be when

all vériabies are independent of time (all input sources are constant).. For the
majority of practical circuits, there is only one solution point, the process is
called de analysis. The variable t would not be involved in the process. - |
o In the transient a‘nalysis case the variables in X are replaéed by“fan-impliciﬁ
and stifly stable integration form’tﬂas. A wideiy used method is the;back;v_ard_
differentiation formula (BDF) introduced in [2]. After substituting the BDF
formﬁla in eq. (1.1) for % the solution at times to,t;,t5 * - - is to be_bbtainéd. '
| Th;_er'process' involves set_t‘ing t = t; and then using an iterative scheme tb solve
the- resulting nonlinear algebraic‘\’ equations. The solution at t; iS ob_téin'ed'and '
stored away of outputted. Thé values of x, x and t are then updated for t; 4
and the iterative scheme 1s repeafed; “The process at a certain tiﬁxe point
- resemBles a dc analysis case. The collection of these de-like ‘solutions prddlice
the waveform with res’pec’t to time}. This approach is called “incremental in
time”. "An early termination of the pfocess does not‘aﬁ'ecvt the validity of the
solutions at previous» time steps. Another éﬁproach called “Global in' time” _.of
“Waveform relaxation” [10] gradually updates the waveform over .th_e whole
ti‘n‘le»' interval. The ‘accepta'ble sc;lution reached is for.'the entire time _intér.v.al. E
T‘e_l"m_ination of the process beforé its completion does not valida'tethe solution

.,ftqr. any time point. Methods using the global in time approach have only



recently been used successfully ‘with MOS digital circuits. Most simulation

programs use the incremental in time approach for transient analysis.

~ In this thesis an incremental in time semi-direct method proposed by Odeh
an‘d" Zein [15] is studied. It is referred to from this point on as the Semi-Direct
method. The algori.thm and its convergence properties are discussed in
Chapter 4.. In Chapter 5 a dc analysis comparison between the conventional
Newton-Raphson method and the Semi-Direct method is studied. Chapter 6
_ inéludes' a similar comparison for the transient analysis case where the
‘advantages of the Semi-Direct method are clear. Five programs written in
FORTRAN where developed for the purpose of this study, two for the dc
analysis case, one implementing the Newton-Raphson method and the other
| implementing the Semi'—Diréct method, two more for the transient case and the
last for the convergence properties of the Semi-Direct method. These programs
are listed in the appendix. Chapters 1 and 2 are dedicated to the illustration
of the basic building blocks of the Semi-Direct method, the Newton-Raphson

“method and the Gauss-Seidel method.



CHAPTER 2
 THE NEWTON-RAPHSON METHOD

~ The Newton-R-aphson method or simply the Newton method 1s one of the
most ‘well-known and widely used numerical fnethods to solve a set of (linear or
'noh'lihear)' n eqﬁa‘tion‘é (where n = 1,23 ... ). The case where n = 1 is the
scalar case, that is, one equation in one unknown. The solution to such an
"equati'onv can be obtained analytically if it was linear, ’qu-adratic, cubic or even
quartic. A solution formula ‘does exist for these cases, but by thé time we gv,et'
, ,toi'the'»:(‘:ubic. case the equation becomes too long and cumbersome. We resort to
: anv_‘ iterative scheme to get the solution, usually for equaﬁions of degree three or
higher. The scalar case {n = 1) gives an intuitive way of how the Newton

method works.

21 Scalar Equations
. Any equation can be written in the form
| ) =0 (2.1)
“where ‘the only unknown is x. ‘Let ‘rffbe'a'va}lid solution for equation (1.1), that
Iis,'-r satisfies f(r) = 0. The Newton -algorithm to find r consists of repeated

solutions-of the following iterative formula [5]:



N

,e‘quation (2.3) can be written

 wherei = .0,1,2, ... x° is the initial guess and x! is the value of x in the
ith jteration. |

~ This formula can be derived from the Taylor pol‘ynomial fe)rpansion for f(x)

'about r (see [3]), or by a geometric interpretation of the iterations as shown
below and illustrated in Figure 2'.'1. ' . |

tan0 = f'(xl) = _{(X_lz_ B (2.3)

‘ _ X —x o o '

x2 = xl - fx) . S (2-4)

SRR ((xl)- A |

Sequentlal apphcatlon of equatlon (2 4) can be produced in the form of '

o :equatlon (2 2).

For an 1n1tlal guess x° the Newton 1teratlon can converge, dlverge or

, oscillate between two pomts Thrs is 1llustrated in Flgures (2 2), (2 3) and (2 4)

respectlvely
The termination of the Newton 1teratlons 1s ba.sed on two crlterla, o
A ) The absolute 1ncrement and
-+ 2) The number of 1teratlons '
| The:absolute increment is defined as.b. o
d=|xi*tl-xi| (25)
B | where i= 0 12,. i the iteration number

So for a user specrﬁed absolute increment crlterlon ‘e” the iterations can be

‘ '_termlnated when el <e. A problem may arls_e though if ‘the 'lterations ere}
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Figure 2.1: Geometric interpretation of scalar case.



- Figure 2.2: Convergent case.



- Figure 2.3: Divergent case.



N’

o Figufe 2.4; -‘Os_cill'a'toi'y case.
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,diverging or oscillating, the absolute increment‘ would be increasing or stay
‘constant, respectively. In this case, the second criterion takes effect. A user
specified maximum number of iterations would terminate the process. Since
the Newton algorithm in general has a quadratic rate of convergence (see sec.
2.3), if the algorithm does not converge after a number 6f iterations that
depends: on the problem, the initial guess and the machine on which the
algorithm is running, then the iterations are not converging to the solution or is

converging but not fast enough.

2.2 Veétor Equations

.Thé Newton algorithm is also used to solve a set of n equations in n
unknowns provided there is a solution to the system. An intuitive géometric
interpretation of the method does not exist on this level (n > 1) like in the
scalar ca.ser(n = 1). The solution scheme is obtained by the use of Linear

Algebra techniques. Consider the equations in the form:

fl(xl, e ,Xn) = 0
X 0

fn(x;,,_. .. ,Xp) =0
which in vector form can be written as
f(x) = 0 (29
Tile solution using Newton's algorithm is obtained by [11]:
xit! = xi - J(x)f(x) ' (2.7)

where i = 1,2,..., x° is the initial guess vector, and



1

ot of, o
Ox; 0%, " ox,
a1,
B | S
Jx) =1: B I (2.8)
| P '
i

is the Jacobian ‘matrix of ’the’ system of equations When iniplementing this
scheme on a dlgltal computer, ﬁndmg an inverse of a matrix is quite
cumbersome. It takes time and a lot of storage. To get around this we
mampulate equation (2.7) moving x' to the left hand side and multiplying by

J(x), assummg J(x) is nonsingular

30 =) 29)
The above equation cannot be derlved geometrlcally as explalned earlier, but
~ the use of the Taylor polynomlal expansion would lead to the same 1terat1ve

“equation [11]. Let us define Axi as:
| | A = Xtlox R v(2.10)
vSo equation (2.9) becomes |
I(x) Axt = —f(x1) : e

This isin the form Ay = b which can be solved at each iteration using several
numerical methods like Gaussian-back ~substitution or LU factorization
methods. The LU factorization method was used in 1mplement1ng the
| programs for this thesis. The method can be illustrated as follows [4]:

) :‘,LU, | 1)

~ and hence
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LE)UE)AX = fx) [(2.15)
o , | o BT
U(xi)Axi =§ | B | o : v(2;.’,14)

So we first solve | "
| LoOY =) (2.15)

for y, and then solve equation (2.14) for Ax'. The last step to compute x'*!1

we get from equation (2.10)

xitl=xi + Axi o (218)

The same stopping criterions are used as in the scalar case (sec.f2.2) but

we haife to define a different absolute increment. We use the 2nd norm of the
* vector Ax', which is defined as [13] | ”

1AX 1, = (Ax])? + (Axf? + -+ (A2 (217)

‘as the absolute increment and we check if l1AxIl, < e, where e is the user

specified absolute increment.

23 Convergence
. One of the properties ‘that makes the Newton method so widely used is -
' ‘_thaf if the initial guess is sufficiently close to the true solutioh,. then the
algorithm- convergeé and the rate of convergence is in general quadratic. |

We show the quadratic convergence of the Newton algbrithm using the
Téylér ‘éeries expansion for the case where f (r) # 0. Let r be a solution for f(x)

7 7=f 0 and let
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il = glxl) A yi- X)L | (2.18)
- sog(r) =r and we can write R

x! 1 —r = g(x') - g{r) N o (2.19) »
Now expanding g(x!) as a Taylor series in terms of (x-r) with the second-

~ derivative term as the remainder:
) ) k T} ‘ | '
olc) = gl + £ @) + £1D i (220

where ¢ lies in the interval from x' to r. Since

ZAE (&1 | (221
because f(r) = 0, we have ’ |
) =g+ £ g ey

but g(xi) =xi*! and g(r) = r so by substituting back into équation (2.22) and

letting x'—r = & we get, (assuming 'g”(r) #£0),

o = xitr = gyg) = S g (aog)
Letk - 'sv_éf);a
&t = (6)? O (2.)

~ This ﬁsays that the error in the i+1' iteration is directly proportional to the
square of the error at the i*! iteration. So when the iterations get cloée to the -
solutio_n and &' is less than 1, (6)? becomes less than & and the quadratic

convergence prevails.
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Example 2.1:
As an example consider a system of two nonlinear equations f;(x) and fy(x)

in two unknowns x; and x,.
fl(X) = X]? + 10 Xl + Xz'— 31
fz(X) = 2(X]""X2_1)3 — Xog + 19
the solution to this system is
X; =2, Xg =3

Using the Newton algorithm we first find the Jacobian matrix of the system

of, of,
BXI 6X2
I=) =1a, a1,
3xl aX2 j
where

of,

ox, 3xf + 10

of

_.._1_ - 1

229

of,

E = 6(X1—X2—1)2

of, '

Ex: = —6(x 1—x2—1)2—1

" Solving by the use of equations (2.11), (2.16) and an initial guess

xf = x5 =1 produces the following results: where i is the iteration number

and deltax is the increment (delta x = xi*! - xi),



000000

x 1

. 100000e+01
. 220619e+01
. 199718e+01
. 199796e+01
. 199996e+01
. 200000e+01
. 200000e+01

(2 NeRoNeloNoke

deltax 1

. 120619e+01
. 209006+00 -
. 7823702-03
. 1994972-02
. 435395e-04
. 214871e-07
. 520838e-14

15

0000000

X 2
100000e+01

. 43195%e+01
. 334200e+01
. 304483e+01
. 300098e+01
. 300000e+01
. 300000e+01

deltax 2

. 331959e+01
. 977583e+00
. 297179e+00
. 438442e-01
. 981709e-03
. 484090e-06
. 117693e-12

To see the quadratic convergence rate we look at the delta x1 and delta x2

- exponents starting at iteration 3. The exponents almost double after each

iteration which is a quadratic relationship. We say almost beca.usev, of the veﬂ'ect

of thésconstant k in equation (2.24) and the fact that deltax = ,'(xi‘fil—xi) not

(x1+1-p),



16

CHAPTER 3
THE GAUSS-SEIDEL METHOD

The Gauss-Seidel method is an iterative method designed specifically for
solving a set of n linear equatiohs, where (n=2,3,4...) [17]. The case where
n=1, that is the scalar case, we have one linear equation in one unknown in the
form |

ax =b (3.1)
The solution is simply
X = b/a | (3.2)

and no iterative scheme is needed.

8.1 The Algorithm

Let us consider the set of n linear equations

311X + 312){2 +...+ a1nXn = bl

a91X; + 890Xy +...+ agx, = b,
, , (3.3)

anlxl + a.n2X2 +...+ a.nnxn = b

n

which can be written in matrix form as
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Ax =B ' (3-4)
The system 'Will have a unique solution if and only if det A # 0. That matrix
A vis called the coefficient matrix and its determinant, the coefﬁcient
detérminant.v There exist many itérative techhiques to solve such a system of
equatiohs [3], but the Gauss?Seidel method is specifically useful if the cb_efﬁciént
matrix has many zero terms. - ' .

It is essential to assume that the diagonal elements of A be non-zero for

reasons we will see in the follbWing. Let us solve the j** equation of (3.3) for x;.

' 1 , ;
Xy = = (byaypXgmagXg 1 T 8ypXy)
_ 1 ' N
Xg = = (bgmagXymag3Xg ~ ¢ -+~ agxy) _ Lo
a9 S .
_ 1 _ . : -
- Xp — a (bn_a‘_nlxl_a_'n2x2_ - —"a'n,n—lxn—l)

nn} .
The necessity for the diagonal of A be non-zero is now obvious. The terms-
R . _ _
23 . 392 , Anp

where -one or more of the diagonal elements is zero, a rearrangement of the

have to exiét in order for the scheme to work. In the case

order of the equations is possible in order to satisfy this conditidn.

The iteration process begins | by a choice of an initial guess vector
x® = (x{xd, ... ,x)T. The first equation is evaluated using this initial guess

and a new value for x, is obtained, x{. Now the second equation is evaluated

using x° but w»ibth the x! replaced by the updated value X/ Therefore the
choice of x has no effect or the iteration on the evaluation prbcessés because it

“is actually never used. Now we have two updated values x; and x4 resulting

’fro,nr’n' the evaluations of the first two equations of (3.5). These updai;e'd values
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and the rest of x° are used to evaluate xJ from the third equation, and the

process continues. So when we reach the n*h equation the x° vector would be

x° = (x{,%3,X3, . .. ,xg)T. xQis then evaluated and we have a new value for x
called x! = (x{,xJ,...,x))T, and the first iteration is completed. ‘The pf-déess-
is then repeated starting with the first equation again to obtain x2,bx3,.... The

termination of the process depends on two criteria:

1) The number of iteration equals or exceeds a user specified maximum

number of iterations.

2) The second norm of x*—x*! is less than a user specified increment e
[18]. That is o
il 2 ((xfHx ) + (P xd? o IV (36)

less than e. Termination of the process under the first criterion
means that the iterations are either diverging or converging at a very
slow rate. Termination under the second criterion implies that the
~ iterations Aa.re close enough to the true solution, that is, they are
converging. The rate of convergence of the Gauss-Seidel method is

linear. This is illustrated in the next section.

3.2 Convergence

The greatest advantage of the - Newton-Raphson method is its
unconditional convergence if the initial guess is chosen close enough to the true
solution. This does not apply to the Gauss-Seidel method. The method is not
always convergent. It will converge if, in the coefficient matrix, each term on
the main diagonal is larger (in absolute value) than the sum of the absolute

values of all the other terms in the same row [19]. That is,
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ag] > 3 fal  foralli=n2..n (3.7)
' j=1 . o '

j= '
~will guarantee convergence of the iterations to the true solution. A tﬁatrix that
‘, satisfies equation (3.7) is said to have a dominant diagonal. So by rearranging

fhe' equations we can try to create a diagonal dominant coefficient matrix.

‘Ex_a,mpl‘_e 3.1:
| Consider the equations

x; +3x=9

2x; + x93 =8
The solution to the system is known

%, =3, Xy = 2

The coefﬁcient‘ matrix is A = % :ﬂ, obviously the diagonal elemel';'t.;s'; ._<Iio.-. not -
satisfy equation (3.7). That is the diagonal is ﬁot doininant. Perfortﬁing .the'
v itératioﬁ with x° = (1,1) - |

X’l =9- 3X2

X2=8—2X1



~.OOQO'O‘OO)O‘OOOOOOOOOOOO‘ONOOOf N

. 100000e+01
. 600000e+01
. 210000e+02
."111000e+03
. 691000e+03
. 389100e+04
. 233310e+05
. 139971e+06
. 839811e+06
. 503885e+07
. 302331 e+08
. 181399e+09
. 10883%e+10
. 453035e+10
.391821e+11
. 235092e+12
. 141055e+13
. 846333e+13
. 507800e+14
. 304680e+15
. 182808e+16
. 109685e+17
. 65810%9e+17
. 394865e+18

‘f £f1v 

:oooooooooooooobooooooooo
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deltaxkl

. 500000e+01
. 150000e+02
. 900000e+02
. 540000e+03
. 324000e+04
. 194400e+05
. 116640e+06
. 699840e+06
. 419904e+07
. 251942e+08
. 151165e+09
. 906993e+09
. 544196e+10

. 326517e+11

. 195910e+12
. 117546e+13
. 705277e+13
. 423166e+14
. 253900e+15
. 152340e+16
. 914040e+16
. 548424e+17
. 329054e+18
. 197433e+19

’.x 2

. 100000e+01
. 400000e+01
. 340000e+02
. 214000e+03
. 129400e+04
. 777400e+04
. 466540e+05
. 279934e+06
. 167961e+07
. 100777e+08
. 604662e+08
. 362797e+09
. 217678e+10
. 130607e+11
. 783642e+11
. 470185e+12
.282111e+13
. 169267e+14
. 101560e+15
. 609360e+15
. 365616e+16
. 219370e+17
. 131622e+18
. 789730e+18

‘deﬁféx 2

. 500000e+01
. 300000e+02
. 180000e+03
. '108000e+04
. 648000e+04
. 388800e+05
. 233280e+06
. 139968e+07
. 839808e+07
. 503885e+08
. 302331e+09
. 18139%9e+10
. 108839e+11
. 6953035e+11
. 391821e+12
. 235092e+13
.141055e+14
. B46333e+14
. 507800e+15
. 304680e+164
. 182808e+17
. 109685e+18
. 65810%e+18
. 394865e+19

C]early the iterations are diverging. If we rearrange the equations as follows:

2X‘1+X2:8
X1+3X2=g

so that A;' = [% ;l has a dominant diagonal, we have -

Use x° = (1,1) we get

Xy =

Xo




: x 1

7 Vdeitax ‘1 |
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x.2

" deltax 2

0. 100000e+01 0. 230000e+01 0. 100000e+01 = 0. 833333e+00
- 0.350000e+01  -0. 416667e+00 0. 183333e+01 = 0. 138889e+00
© 0.308333e+01  —~0. £694444e-01 0. 197222e+01 = 0. 231481e-01
0.301389e+01 -0.115741e-01 . 0. 199537e+01 0. 385802e-02
0. 300231e+01 —-0. 192901e-02 0. 199923e+01 0. 443004e-03
- 0.300037e+01  -0. 321502e-03 0. 199987e+01 - 0. 107167e-03
- 0.300006e+01 -0, 535837e-04 0. 199998e+01 0. 178612e-04
0. 300001e+01 -0. 893061e-05 0. 200000e+01 0. 297487e-05
0. 300000e¢+01 -0. 148844e-05 0. 200000e+01 0. 496145e-06
- 0.300000e+01  ~0.248073e-04 0. 200000e+01 0. 826909e-07
- 0.300000e+01 ~0. 413454e-07 0. 200000e+01 0. 137818e-07
- 0. 300000e+01 -0.6890909-08 0. 200000e+01 0.229697e—oe

The 1tératlons converge to the trﬁe solution on 11th iteration (accurate to 8
digits that ise = 107%). |
The condition of diagonal dominance is a}sufﬁcient but not a necessary,'
one. A set of equatlons with a coefficient matrix A not satlsfymg equatlon
(3. 7) could converge. Example 3.2 illustrates that | |
‘ Exémp}é 3.2: 4
’Consider the equations w_ith solution x; = 2 and )%2 =3
o 8x, + 3%, =25
7x; + 7x9 =26
‘ ’Ii‘he: coeﬁicient matrix A = [?ﬂ does not have a dominant diagbnal" Since-
a22 < a21 Solvmg the system using the Gauss-Seidel method w1th 1n1tlal guess
(1 1) produces
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. 100000e+01 -

. 275000e+01

. 249219e+01
. 232300e+01 .

. 221197e+01
. 213910e+01
. 209129¢+01
. 205991e+01
. 203931e+01
. 202580e+01
. 201693e+01
.201111e+01
. 200729e+01
. 20047%e+01
. 200314e+01
. 200206e+01
. 200135e+01
. 20008%e+01
. 200058e+01
. 200038e+01
. 200025e+01
. 200016e+01
. 20001 1e+01
. 200007e+01
. 200005e+01
. 200003e+01
. 200002e+01
. 200001e+01
. 200001e+01
. 200001e+01
. 200000e+01
. 200000e+01
. 200000e+01
. 200000e+01
. 200000e+01
. 200000e+01
. 200000e+01

. 200000e+01

. 200000e+01
. 200000e+01
. 200000e+01
. 200000e+01
.’ 200000e+01
. 200000e+01

. 200000e+01 -

deltax 1

0.175000e+01
0. 257813e+00
0. 169189e+00
). 111031e+00
. 728638e-01
. 47816901
. 313798e-01
. 205930e-01

. 135142e-01
. 886867e-02
. 582006e-02
. 381942e-02
. 250649e-02
. 164489e-02
. 107946e-02
. 708393e-03
. 464883e-03
. 305080e-03
. 200208e-03
. 13138703
. 862226e-04
. 565836e-04
. 371330e-04
. 24368504
. 159918e-04
. 104946e-04
. 688711e-09
0. 451966e-05
. 296603e-05
. 194646e-05
. 127736e-05
. 838269e-06
. 550114e-06
. 361012e-06
. 236914e-06
. 155475e-06
. 102031e-06
. 669575e-07
. 439409e-07
. 288362¢-07
. 189238e-07
. 124187e-07
. 814978e-08
. 53482908
. 350982e-08

x 2

. 100000e+01

. 168750e+01

. 213867e+01

. 243475e+01

. 262906e+01
. 275657e+01
. 284025e+01
. 289516e+01
. 293120e+01

. 295485e+01
. 297037e+01
. 298056e+01
. 298724e+01
. 299163e+01
. 299450e+01
. 299&63Fe+01
. 299763e+01
. 299845e+01
. 299898e+01
. 299933e+01
. 299956e+01
. 299971e+01
. 299981 e+01
. 299988e+01

. 299992e+01
. 299995e+01
. 2999962401
. 299998e+01
. 299998e+01
. 299999e+01
. 299999e+01
. 300000e+01
. 300000e+01
. 300000e+01
. 300000e+01
. 300000e+01
. 300000e+01
. 300000e+01
. 300000e+01
. 300000e+01
. 300000e+01
. 300000e+01
. 300000e+01
. 300000e+01
. 300000e+01

deltax 2

. 687500e+00
.451172e+00
. 296082e+00-

. 194304e+00
. 127512e+00
. B36795e-01

. 549147e-01

. 360378e-01
. 236498e-01

. 155202e-01
.101851e-01

. 668398e-02

. 438636e-02
. 287855e-02
. 188905e-02

. 12396%e-02
. 813545e-03
. 53388%e-03
. 350365e-03
. 229927e-03
. 150890e-03
. 990212e-04
. 649827e-04
. 42644%e-04
. 279857e-04
. 183656e-04
. 120524e-04
. 790941e-05
. 519055e-05
. 340630e-05
. 223538e-05
. 146697e-05
. 962700e~06
. 631772e-06
. 414600e-06
. 272081e-06
. 178553e-06
.117176e-06
. 768965e-07
. 504633e-07
. 331166e-07
. 217327e-07
. 142621e-07
. 935951e-08
. 614218e-08
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o 95-3x,y
Xy - g
' _ 26-73(1
. X,Z - 4 :

The lteratlons converge to the tlme solutlon although A - does not have a

'dommant diagonal.
“To ﬁnd a more strict convergence condltlon than that of equatlon (3. 7),
' that is a sufficient and necessary one, we partltlon the coefficient. matrlx A of
equatlon (3.4) mto two matrices P and Q so that
"A'=P+Qv | 39
P consists of the diagonal elements of A in addition to the lower triangular
- elements. | Q consists of the u’pper triangular elements of A. The Gauss-Seidel
method for solvmg equatlon (3 4) may be described by the followmg dlﬁ‘erence
equatlon ' o .
le+1 = _an + B (39

where 1 = 0,1,2 and x0 ls the lmtlal guess vector

Ex ainple 3.3:

Consider the fo‘llowing_system‘ of equatiens

2 1|1
-1 6 2|[x,| = |24
3 -2 8l | |32

~the matrices P and Q are |
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4 oof  Jo21
P=|-1 60 Q=002
3 -2 8 000
Substituting in equation (3.9) we get
4 00 021 18
-1 6 0|xit' =—J0 0 2|xi + |24
3 -2 8 000 |32

which represenfs the iterations of the Gauss-Seidel method.
The matrix P is nonsingular because its diagonal elements which are the

diagonal‘»elements of the coefficient matrix A must not contain a zero (see

section 3.1 and equations (3.5)). So equation (3.9) can be written in the form
xitl =-p7lQ x' + P7'B - (3.10)
The Gauss-Seidel method described by equation (3.10) will converge( to the
solution of Ak = B if an only if all eigenvalues of the matrix P!Q ’have
magnitude less than unity [20].
For a given matrix C a way to determine whether all its eigenvalues have

- magnitudes less than unity is by the use of Gersgorin circle theorem [20]. The

theorem states:

The eigenvalues of a matrix C lie in the union of the circles 1.
to n, where each circle j is centered at ¢;; with a radius =) lcjm| .
' : m#j
So the Gauss-Seidel method will converge for equation (3.4) if the union of

the Gersgorin circles for the matrix P1Q lies within the unit circle.
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The convergence rate of equation (3.10) (the Gauss-Seidel method) can be
‘determmed usmg the eigenvalue with largest magnitude, X\, of the matmx
P 1Q (see equation (3 8) and (3. 4)) Deﬁmng the error el at xteratlon ias
follows '

eji = (xjiy— ;) R '(3.11)

: where xji is the value of the j*b variable at iteration i, and r;j is the true value -of

.- The convergence rate of the Gauss-Seldel method is hnear and can be given
ol | S

] = Dl <[] ey

The case where |\, | >1 = |e‘+l| > |e | and the 1teratlons dlverge

The. case where l)‘ml <1l= ge'”] < le | and the iterations converge
Example 3.4:

For the first case of example 3.1 the 1terat10ns dlverged To conﬁrm that )

we compute the eigenvalues of P~ IQ

asfi- i

00
—1’ o 3_'0
PQ -2 1]fo o = Jo

IQ has only one elgenvalue A= —6 which has. mag‘mtude greater than umty

=pI+Q :

conﬁrmmg the dlvergence of the lteratlons

For the second case of example 3. 1 where the 1teratlons converged we had
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Ple= [o 1667 03333][ ] [0 01667] |

=P+Q

P_IQ has one eigenvalue A\ = 0.1667 which has magnitude less than _unity
c,on;ﬁr'ming _the. convergence of the iterations. - |
To show the linear rate of c'onvergence, equation (3.12), we look at the
‘results of the iterations of example 3.1, the convergent case. At iterations 9
and 10 we have
delta x§ = ~0.248073x10°
© delta x{ 10 = _0.413454x 10”7
delta x§ = 0.826909x10°7
delta x3° = 0.137818x 107"

there delta x‘ =x J‘” —X| I applying equation (3. 12) but usmg delta X; mstead.
of e ' we get '
delta x{® _ ~0.413454x107

 delta x} —0.24807 x l()'6

= 0.1667 = X

delta X21° _ _"0;137818')’(10{7
deltax3 . 0.826909x107

and = 0.1667 = )\

- As another case con51der example 32, The max1mum elgenvalue of PIQ is
_)\- = 06563 which implies a slower convergence rate than the above case.
‘ That is why it ‘took 44 iterations to’ get within ~1078 of the true solutlon We

‘check this out
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~delta x £2 » o 1n—8 A
lta ;7 _ —0.814978x10 o663 =,
delta x#!  —0.124187x1077 :

delta x3? _ 0.142621x1077
delta xg' o.217327‘x10-7

=0.6563 = Am

| To determlne the convergence condltlon of a system of equatlons in pra,ctlcal"
-apphcatlons the dlagonal domlnance condltlon is much easier to evaluate then
-the elgenvalues magnltudes condltlon “The ca.lculatlon of the eigenvalues of a
‘ matrlx requires a fair amount of computer executlon tlme and storage. The |
diagonal domlnance condition can only conﬁrm 1f the Gauss»Seldel method will
»converge but cannot determrne if a system will diverge. . The elgenvalues -’

condltlon can state precnsely 1f a system w111 converge or dlverge
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CHAPTER 4
TEARIN G AND EQUATION FORMULATION

' v,In' any_ circuit anélysis p-rogrsm- the fundamental process is to solve a set of
nonlinea,r algebraic equations. ' Theway in which ; circuit is translated into a |
set of equatlons has a s1gn1ﬁcant aﬁect on several aspects of the solution like
the time it takes to reach it and the amount of storage. requlred Solving
, larg’escale elrcults. starts with some decomposnlon technique to break the
circuit into several smaller subcircuits. The purpose is to obtain a Jacobian
matrix,vrefer”r_ed to from now on as a ‘‘dependency matrix” [6] of a bordered
block-.diagonal form as in Fig. 4.1. The advantages of such a form are: ’

1) The diagonal blocks can. either be processed in parallel‘ for savings in

‘ processing time or in sequence for savings in storage requirements.

2) The repetitiveness of some vdia_gon-al- blocks will have speed and storage
adVantages. Only one block has to be processed and saved. A set of
pointers can relate th_e- similar blocks.

3) The latency of some parts of the circuit may be exploited for more saving

in time during transient analysis.
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- Figure 4.1 Bordered bl_ock-diagoﬁa;l matifix foifr'.rfl;‘
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4.1 ‘vTearing Techniques

Thé process of decomposing a circuit into subcircuits is referred to as
tearing or diakoptics [9]. Several tearing ‘techniques would result in a
‘ dep,end‘e‘ncy';‘ matrix of the form of Figure 4.1. We will use a node tearing

technique [17,21] that produces the dependency matrix of Figure 4.1.
" The circuit is partitioned into m subcircuits as shown in Fig. 4.2.-

The blocks labeled F! through F™ correspond to the subcircuits we have
chosen and the H block, which is é subciréuit itself, correspond to the resf of
the circuit elements. There are nu nodes contained in block G in Figure 4.2.
These nodes connect the subcifcuits together, they are called the tearing nodes
[17]. ;The tearing nodeé are labeled as u;'s, (1 <j < nu), and referred to as
the -vector u (u = (upuy, ... ,u,)T). The G block can be thought of as a
subcircuit with no internal nodes. The node-to-datum voltages of the tearing
nodes are used as variables in the equation formulation process. Each of the
- other subcircuits has a number of internal nodes not shared vwith any other
subcircuits. The node-to-datum voltages of these nodes in addition to selected
brénch currents are used as variables in the equation formulation process. The
H subcircuit variables are labeled z,'s, (1 < k < nz), where nz is the number
of variables in H. The vector z consists of all the 2z variables
(2 = (2,22, - - - ,2n)")- The F! subcircuit variables are labeled x{’s,
1< < nfi), where nf! is the total number of variables in subcircuit Fi. The

vector x' consists of all the x! variables (x! = (xixi, ... ,ngi)T).‘ The total

~ number of x variables in all the F subcircuits is nx.
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" Figure 42 Tearing the circuit.
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4.2 Modified Nodal Analysis

In formulating the equations for a circuit we use the modified nodal
analysis approach, abbreviated MNA [7]. We start with the node-to-datum
voltégés and then write an equation for each node using Kirchhoff’s .current law
such that the summation of all currents leaving the node is equal to zéro._ ‘For
a _cii',cuit containing only linear conductances and capacitan(;es,, and
independent current sources, -ﬁhe first portion of the MNA equations at a
certain time instance t would ha.vé the férm [7] |

YV=1J @)

where "Y is the node admittance matrix, V the node-to-datum voltage vector
and J the current soufce vector. Capacitors are replaced by a linear model,.
Figure 4.3 [4]. The value of v(t-h), where t is the time variable é,nd h is the
time step taken, is the voltage at the previous time point. The value of v(t-h)
would be readily available from the solution of equation (4.1) at t-h. The next
step is introducing some branch currents as additional variables and the
correspondiﬁg voltage-current branch relationships as additional equations.
These additional variables are chosen to be the currents through voltage
“sources and any controlling currents (e.g. inductor currents). Adding voltage
sources and linear inductances to the above circuit, thé MNA equations would
have the form [7]

v
I

1Y

B J |

where Y* excludes contribution due to branches whom currents are variables.

The contributions are covered in B as *1’s. C and D repreéent the branch

voltage-current relationships. J and K are excitations (#oltage -and current
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M Ege ® i)

Figufe 4.3 Linear model for a capacitor using 1st order BDF (see section 7.1)
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sources values). Inductors are replaced by a linear model, Figure ‘4.47_'[4]. _Ifr,is,
obvious that a previous value for the inductor current is needed ‘a,t.':-tim-é't41i.

That is why it is introduced as a variable in MNA:equatidns.

4.3 ‘_iEtiﬁz‘;tion Formulation
Thé" MNA approach is used to formulate the eqtiationé for each of the' |

' Subcifcuits described in section 4.1. Each subcircuit is treated as an individual

circuif"in ‘the formulation process. Given a circuit, the equation fOi‘iﬁﬁ]aﬁon

_process proceeds as follows:

1) »Re:p_la,cé all devices which have three terminals or more by their

appropri_ate models (e.g. replace a BJT-transistor by its Ebers-Moll_ :modgl

[4]).

2) - Tear the circuit into subcircuits labeling the node and éurrent.ﬂv‘ariabl'es-afs,

déscrib;ad in section 4.1; (refer to Figure 4.2). | o
'3)‘ * Write the nonlinear algebraic equations using MNA for the circuit treating
each block in Figure 4.2 as an individual circuit with some constraints. as
illustraﬁ;ed below: | |
a) - The G block has nu variables, so we write nu nonlinear equations by
applying Kirchhoff's current law at each tearing node u;. The
equ#tions will be functions of u in addition to xs a,n'd"‘z'.. In :t.he
“solution process for u, using the Semi-Direct method, z and xi are‘
- treated as constants. The equations can be expressed in thé following

form
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Figure 4.4 -~ Linear model for an mductor usmg 1st order BDF
(see section 7.1) :
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G(x'x%..x™z,u) =0 : | (4.5)

'b) The H block has nz variables. At the node variables. we appiy

Kirchhoff’s current law, and for the current variables we é.pply the

voltage-current branch relationships. The result is nz equations of the

~ form of equation (4.4).‘ These equations are a function of i and u
~ only. -They are not connected to any of the vFi subcircuits. In the

 solution process for z using the Semi-Direct method, u will bé treated

as a constént vector. This ‘bloék of equations can be written as

H(z,u) =0 (4.6)

Each F! block has nf' variables. At the node variables we apply

Kirchhoff’s current law, and for the current variables we apply the

‘voltage-cul"rent branch i'elé.tionships. The result is nf' equations for

each block Fi in the form of equation (4.4).‘ These equations are

functions of x' and u only. They are not connected to th.e" H | |
"‘s‘ubcir’cuit. In the solution process for x!, using the ‘Semi-Direct

 method, u will be treated as a constant vector. The blocks of

equations can be written as
F'(x',u)
- F¥(x*u)

.

0
0

F™(x™u) =0
or in a more compact form

F'i,(xi,u) =90 : - (’4-7)‘

~ The result of step 3 is m+2 blocks of equations, each has an equal

number of assigned unknowns (variables) and equations. That is, for
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@& we have nu equations in nu unknowns, for H nz equations in nz

unknowns, and for each Fi nfi equations in nfl unknowns.
'4)  Write the Jacobian Matrix (equation 2.6} for the system as follows:

S ‘a) For the Newton-Raphson method: Equations (4.5), (4.6) and (4.7) are
~all conéidered as one system of equations. Let the totai number of
variables in the system, which is the same as the total number of
equations kbe | | |

. m ' :
n®* = ¥ nf' + nz + nu | - (48)

i=1

We have a system of equations that has n'* equations in n**

unknowns and is to be solved using the NewtdﬂfRaphson method
described in section 2.2. The Jacobian matrix will ha\‘?e"diﬁxensions
n***xn** and have a bordered block-diagonal form _(F,igu;ev'4.1).‘ We
partition it as follows:
Agr L A
A ' Ay
: ’ : o *
J(xi,z,u) = e .
- A Aun

S ’ Ass(m-i-l)’ Asr(m+l) :
Arsl Ars2° . ' Arsm Arsm : Arr : J R

A, Asr] | |

" As AL oo (49)

The algorithm used is described in section 4.4 which is a special case
of the Newton-Raphson method designed to make.use; of the above

~bordered block-diagonal form of the Jacobian matrix.
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b) For the Semi-Direct Method:
Each block is treated as an independent system of equationé, So we
write a Jacobian matrix for each block taking into ‘c‘o,ljlsideration
which variables are to be treated as a constant in each biock as
| ; déscribed in step 3. These smaller Jacobian matrices -can‘be related to

“equation (4.9) as follow:

Jo(x') = Ay (4.10)
Ju(Z) = Aggm+1) _ o (411)
3w =A, o aa

‘The Semi-Direct. method is then used to solve the system. The

~algorithm is described in chapter 5.
5) Input the equations into the appropriate algorithm.
From the above discussion we can see an advantage for the Semi-Direct
‘method. There is no need to calculate the partial derivatives in the

submatrices A, and A,. This means they do not have to be stored either

which accounts for computer storage space savings. The relationship between

the subcircuits and the equations can be easily illustrated by labeling the
- blocks of equation (4.9) (Figure 4.5).

- To illustrate the above procedure, consider this example:
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X X2 XM 7

B!

F2

FM

bFigure 4.5 The Jacobian rhatrix.

N oA




40

Example 4.1
Consider: the circuitv in Figure 4.6 which has nonlinear resistors as
illuStrated. The circuit is partitioned into three subcircuits nsing two tearing -
nodes. - | |
" Applying Kirchhoff cnrrent laws at the node. variables and voltage current
relationships for the current variables we would obtain 4 F! equations, 3F?
equations, 4 H equations and 2 G -equations. The Jacobian matrix ‘will have
the form of Figure 4.5 where A, is a 4x4 matrix, A, is a 3x3 matrix, A, is

a 4x4 matrix and A, is a 2x2 matrix. (See example 5.5).

1‘4.‘4 A Newhon-Raphson Algorithm for Bordered Block-Diagonal -
B 'Matrices _ Lo

We ‘have seen in sections 4.1-3 how the dependency matrix is formulated
in bordered block-dlagonal form We must note that a common reference node
is assumed to be shared by all the torn subcircuits (each subcircuit should have
a branch connected to the reference node) The reason for such an éseumption
which is a very practical one, is to simplify the bordered block-dlagonal form of
the depende}ncy matrix. If floating reference nodes are used by each subcircuit
the dependency matrix would have a form as in Figure 4.7. An algor-ithm
usrng the Newton-Raphson method to solve a system with such a dependency
matrlx was proposed in [21]. A simplified vers1on is extracted to serve the
s1mpler dependency matrix form of equation (4 9). |

The regular Newton-Raphson algorithm illustrated in section 2.2 would be

suﬁicient to obtain a solution for any general case, but to make use of the

sparsity of the dependency matrix we have to utilize the simplified algorithm.
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Figure 4.6 Tearing a circuit
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Figui‘e 4.7 Bordered block-diagonal form of a depehdency matrix for a cir-
cuit with a floating reference node.
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Referring to Section 2.2 the equation to be solved at a time instant t is

equati‘on (2.9) which is in the form
Ax=b - (4.13)
We are assuming A has the form of the dependency matrix in equation (4.9) 50

As Al]
u|

Ax =
AYS Al'l'
The restriction on the block diagonal matrices is that they be nonsingular

b, .
br] (419

where the z's are included in x,.

or else this algorithm fails. We solve equations (4.5) by solving for u from
(Alfi_Ars As_slAsr)ur = (br‘_‘ArsAs_slbs) ‘ (4. 15)
then for x, from | |

| Ay xg = (bs_Asrur) (416)

The inverse of A, is simply the direct sum of the inverse of the diagonal

" blocks. The procedure can be restated in terms of LU factors which s

convenient for pi‘ogramming. There are five steps to the procedure:
1) ( LU decomposition
' | ' A, =L, U, o
2) Solve for | | |
| $; from Ly é; = Ay = | o : (4.‘i8)

o difrom i Ug=Ay | o (a19)
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El from ' Lssi fi = bsi | : - v ,  ' '(4:20)

’3) Solve for u from
1 mtr m+1 | | )
o [Arr_ Y ¢i¢i]ur = [br— ¢i£i] : (42
i=1 | | o

4) Solve for Y from
' "“LssiYQi. = [bsi—Asri ul. | , | e (4.22)

, 5) :.Sol‘vve for x; from

Ugi X5 = Y | : » | SN (4.23)

The ad&antages are clearly the same as stated in the opening of this chapter.

‘ 45 Re:marks“

| The teaﬁng and equatioﬁ formulation techniques in additidn to 'thé- :
New‘toh‘-Rxaphsﬂon algorithm explained in this chapter have some restrictions.
Such féétrictiéns are common and practical ones. They are listed below with a

justification of their practicality.

1) Cofnmon reference node: Almost all Integrated >C;ircuits‘ fulfill this
requirement.

2) Nonsingularity of the block-diagonal matrices of the dependenéy ‘- matr‘ix.

Each block ‘represénts a subcircuit, the' possibility of it b'eing} ‘sing'lvllar is

- very slim in real ciréuit application. Even if it occﬁrs, an vadditidn of a

~ small conductance in ‘paralle?l to some element in the circuit would take

. , care of that problem.
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~3) Non-zero diagonal entries on the diagonal of the dependency matrix. This

is for LU factorization purposes. This can be satisfied by exchanging one

O more rows.

4) An ideal voltage source connected to one of the u nodes. This would
require the introduction of the current through the source as an extra w
variable. The ideal voltage source though is nonexistent in feality SO fhe
introduction of a small resistance in series (an extra node variable) would

enable us to keep the tearing configuration as in Figure 4.2.
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CHAPTER 5
THE SEMI-DIRECT METHOD

j':-’;Théf Semi-.Direct method -proposed in [15] makes use of the two numerical
) analysis methods 'illﬁstrated in Chapters 1. & 2, namely the Newton-Raphson
. and :thé Gauss-Siedel methods. The equatlons to be solved are in the form of

Eq (4 5), (4. 6) and (4 7) which are

(x u)=0 1<1<‘m S '(5‘.1)‘
G(’v‘l'""”*m"z’u) = ob o | _ R | v (53)

~ and the dependency matrix has -the form of eQilé,tion (4.9); “where F;,

" H, G, x, z and u are all as defined in Chapter 4.

5 1 Algornthm '

The Seml-Dlrect method if used to solve equatlons (5 1), (5. 2) and (5 3)

: would take the following steps:
N 1) Make an initial guess of the vector u.

: - 2) Solve equatlons (5.1) and (5.2) for all xi and z vectors, (sequentlally or in

parallel)
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3) Using the new values of x;'s and z solve for an updated value of u using

equations (5.3).

4) Repeat steps 2 and 3 until some . termination criterion is met Each

iteration of steps 2 and 3 is called a sweep.

Let us consider a speclal case where the u vector has length 1 and there is

only one xi vector and it is of length 1. So we only have two equatlons in two

unknowns x and u sich that

=0 (6

vwm=0_»'~1* f*wm

Using the above Semi-Direct algorithm to solve equatlons (5. 4) and (5 5) we

take a look at two cases: .‘

- 1) fand g are linear equations in which case they cau be reduced to the

. explicit forms

‘x=f§.(‘_u.) o | i = (5.6)

e 6

: Applymg the Seml-Dlrect algonthm in this case would reduce to the ’

Gauss Seidel method. Steps 2 and 3 can be dlrectly evaluated from

s ‘equatlons (56) and (5.7}

).

£ and g are nonhnear equatlons in whlch case steps 2 and 3 have to be‘

executed usmg some numencal analysm techmque (We are. assummg a

general case where { and g are of order >2) The algorithm in- this case

s v1s sometlmes referred to as a nonhnear Gauss-Seldel method [15]
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The Newton-Raphson method is used to execute steps 2 and 3. it was_
chosen because of its convergence characterlstlcs advantages (Chapter 1).

»A geo'metrlc mterpretatlon for the 2-dimensional case discuSsed"above does
hex1st - The two equatlons (5 4) and (5.5) can be plotted as shown in Figure 5.1.
The initial guess is u®. Then tracing steps 2 through 4 of the previous
algorlthm would - produce the dotted hne whrch is converging to the solutlon
point P ‘There are cases however that the system can diverge or oscillate as
v1llustre\te‘d in Figures 5.2 and 5.3, respectively. The case where the graphs i _1n
.Figure,5.1, 5.2, and 5.3 are straight lines is the 1inear case of the Semi-Direct
method which is sinrp'ly the Gauss-Seidel method.

The stopping criteria for the algorithm are the same as for the Newltoh-.
Ra}phson, method and the Geu'ss-Seid'e'l method discussed in Chapters 1 and 2
_ respectively. They'ar‘e |
- 1) The increment AX; 41 becomes less than a user specified increment e.

Which implies the sweeps are converging.
2)The number of sweeps exceed a user specified ma.ximum‘humbjer in

which case the sweeps are divérging, oscillating or converging too slow

for a satisfactory performance.

Example 5.1:
Let f and gin equations (5.4) and (5.5) be _
| f(x,u) = x3+10x+u-31 =0 | (5.8)
g(x,u) = 2(x-u-1)3-u+19 =0 - (5.9)

. Using the Newton-Raphson algorithm and an initial guess of x° =1 and w° = 1
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- Figure 5.1: "Convergejnt' 'vcase (Semi-Direct)
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Y

Figure 5.2: Divergent case (Semi—Direct)
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Figure 5.3: Oscillatory case (Semi-Direct)



we get the following results:

0000000

2”xI1 

. 100000e+01
. 220619e+01
. 199718e+01
. 199794e+01
. 1999956e+01
. 200000e+01
. 200000e+01

deltax 1

. 120619e+01
. 209006e+00
. 782370e-03
. 199497e-02
. 435395e-04
. 214871e-07
. 320838e-14
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OCO000CQCO00

The algorithm converges to the solution x

get the solution using the Semi-Direct method. Let us define u

x 2

. 100000e+01
. 43195%e+01
. 334200e+01
. 304483e+01
. 300098e+01
. 300000e+01
. 300000e+01

deltax 2

. 331959e+01
. 977583e+00
. 297179e+00
. 438442e-01
. 981709e-03
. 484090e~-06
. 117693e-12

=2 and u = 3 in 7 iterations. To

and X;j as ‘the

jth sweep results. We first treat u as a constant in equation (58) and ilsihg '

eqﬁation (2.2) we can write

J

1

k —

f(x jk7uj)
o
0 |x=xt

(5.10)

where k = 0,1,2,..., is the 1itelfati0n number for x. We evaluation the partial

derivative from

A = ze2 4 10

Ix

(5.11)

After obtaining a solution from (5.10) for x; we substitute that value into the

iterative expression for equation (5.9)

‘where

K+
Y;

|

, k
;uk-Jgiﬂﬂl—

g

au U'=ujk

(5.12)
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%8 - —8(x—u—1)*-1 (5.13)
Ou

- The result of this iteration process would producé U;4+; Which is thén,_used_ in
, place of u; (updating the value of u) in equation (5.10) to obtain xj'ﬂ and the

process continues. The followmg are the sweep results, it took the Semi-Direct

method 8 sweeps to rea.c_h the solution x = 2 and u = 3.

00000000

x i

. 100000e+01
. 208873e+01
. 199612e+01
. 200017e+01
. 199999e+01
. 200000e+01
. 2000002+01
. 200000e+01

rdeifax i

. 108873e+01
. 926058e~01
. 404477e-02
. 176493e-03
. 770152e~05
. 336066e-06
. 146647e~07
. 639914e-09

CO0O000000

.x,éwmw.

. 1060000e+01
. 308517e+01
. 299628e+01
. 300014e+01
. 29999%e+01
. 300000e+01
. 300000e+01
. 300000e+01

V d é ]‘.Vt'a X 2:'

. 208517e+01
. 888955e-01
. 388301e-02
. 169433e~-03
. 739346e-05
. 322624e-06
. 140781e-07
. 614318e-09

The dependency matrix of example 5.11is a degenerate form of eq. (4.9), it

has the form

| J(x,u) =

3x2+10

+6(x—u-1)?

s the submatrices of eq. (4.9) would be

and

ssl

1

—6(x—u—1)%-1

= [3x%2+10] ,

A = ["6()(“11"1)2] ’

A, =1,

A, = [6(x—u-1)*1]

 (514)

"":"?’j‘ﬁ,(s-l#"’)
 sa8)

i,    (§,17)

(5..158')
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The Seml-Dlrect method only needed the two submatrices. Assl and A,

'. _(equatlons (5.15) and (5.16)) to calculate the solution for x and u in equatlons

" (5:8).and .(5 9). There was no need to calculate or store the expresswns for Ay

~and A,s which in this example are half the entries to the dependency matrix.
‘These savmgs may be further amplified in a more general case of. the

depeud_en_cy matrix as in example 5.3 i in the next section.

5.2 ‘:Co_nve.r‘g‘ence

“We expect the Semi-Direct orv the nonlinear Gauss-Seidel rnethod to-have
.~=;c0nirergeh'ce : properties simil'ar to the regular l_inear Gauss-Seidel  method
' -’.,(Chap_ter 3). .
Theglobal ‘convergence properties of the Semi—Direct method "is":dijscué.sed
in 2. The_y are derived and stated in terrns of the contractions 'requiremeut on
the'fu'nctio.n'. ‘These conditions are extremely difficult to apply in "praétice‘{ e.g.,
’"a computer: program. A more practical approach would be to study the local ,
convergence properties of the method. Since we will use the Seml-Dlrect
‘method mainly in transient analysisv applications, the solution at a certain time

point using a sufficiently small time step, which usually is the case in.transient

" analysis, can be considered within the local area of the solution at the next

”_tim,e'p'oiut. So the initial guess at a time point will be relatively close to the“
- time éolution if the result at the previous time point is used and even closer if a |
predlctor formula in tlme is used to approxnmate the next solutxon _: |

The Gauss-Seldel method was de31gned to solve a set of hnear equatnons

 (equations (3.3)) of the form
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Ax=B G (5.19)
E The coefficient matrix A in'this'}'case is simply the same as ,the -Jacebian
' k'nia,t'rix' “equations (3.3). As the sweeps of the Semi-Direct method approaches
~the fti-ue’ solution the nonlinear equaf;ions can be approximated. by_y a linear
versiovn.‘ In which case th‘e‘ Jacobian Matrix of the nonlinear _system at the
solution point can be considered’ as the coefficient matrix of --the linearized

system So, the convergence conditions for the linear Gauss-Seidel method can

be apphed to the Jacobian matrix evaluated at the solutlon pomt
‘Consider the 2 nonlinear equation case of equations (5.4) and (55)

" The Jacobian matrix at the solution x and u

Jor ot o
J,(x’u) - Qg_ Og | x=x L (520) o
' Ox Ou}ju=e |
which can be written as
or o1 o 2l
o ox _O ‘ 0 dul- |

The system ~will converge 1f and only if the elgenvalues of P lQ have

o magmtude less than 1. That is the elgenvalues of

_ 1 o
1
o P el 0_5 al |
1ox | 3“ ) Bu 8u ' o
ox ou} 7 - | 1 Bx | Bu % Bu

 evaluated at X =x and u=u should have magnitudes less than 1
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et o] - |
_| 8w  ox |
M=le e <t 6
ox 3u

”The convergence rate is linear and is given by
Jepoa] = max [ |e1| e
¢ =a-a | o (529)
and a can be any x, y or z variables. (see sectlon 3. 2). As an approx1mat10n

for (5. 24) when the sweeps are close to the time solutlon We can write -
B PO e N Y N 8
where | o | |
| Aajni 8417 8 | - (5;27) :

.E')vcampl.e 5 2
For equatlon (5.8) and (5. 9) in e)tample 5.1 we can evaluate thelr Jacobian

, matrix (equation (5.14)) at the solution x =2 u=3

22 1
J(27_3) = [24 _25]

: Separatlng into P and Q we have

0N ol

The convergence condltlon then is that the magnitude of the elgenvalues of

lQ be less than 1.
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22 of'fo 1]
- |24 -25] [0 of
~Jo oo0ss5§
~ |0 0.04364
The eigenvélue Aof PIQis 0.04364_ Wh0se magnitude is less thdn, 1. .
So the system is convergent and the results were obtained in exandple 5.1

Checking values of x and u close to the solution and usmg equatlon (5. 24)'

we should obtaln this approxnnate relatlonshlp, :

Ty |® M - 6
and
Au.'v ) . '
j+1 ~ . : _

From exémple 5.1 Semi-Direct results we have

Sl Axq ) | . -9 o
| BX1p _ | -0.6309140x100 | _ g, R
| Axg 0.146647x1077 | |
Aw 1 oa 09 S
Up| - | Z0.BL4BI8X1070 | _ 0 ag, - N
Auy | | 0.140781x107 |
| Axg| | -0.336066x107C. R
2| = | QIOIXI0 | - g 04364 = |3
Aug .»:eo.322624x10f6 - b

For the general case of the dependency matrix in the form of equatlon-_

‘(4 9) the Seml-Dlrect method converges 1f and only if the elgenvalues of PlQ



58

(see sec. 4.2) evaluated at the solution point have magnitude lesé timn ﬁﬁity.’-
l‘Sov as we get close to the solution point the equations can be wfitten'in the
form of equation (5.19), where A is the Jacobian matrix of the nonlmear'
system evaluated at the solution point. It can be rewntten as

Ass Asr X
Ars An|x: -

(5.30)

The Semi-Direct iterations can be expreésed in the form of a difference equétion

- (see sqction 4.2)

x+1 = -PlQx; + P‘,‘B (5.31)

2 where .
P=‘Aﬁ:s 0]and Q‘ [0 Asr]

A, A, 0 o
we bave. |

| A;s‘ 0

PP= Lasa.az

$0 P;IQ has the form
0 AJA,

PlQ = B} _ (5.32
. Q 0 Ar'rl‘41's~A:s‘slAsr ( o )

The eigenvalues of P!Q (equation (5.32)) are 0 and the eigenvalues of
AJ'TAA'A,. So, the Semi-Direct iterations converge if and only if the
maghitud'e of the eigenvalues of

Al;lArsAs;lAsr » R (5'.33)'

are all less than unit‘y.
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The rate of convergence is linear and is equal to the engenvalue of (5 33)

with the largest magnltude as explained earller in this section.

Example 5.3:

Consider this system of 10 equations in 10 unknowns.

Fx(1)= x(1)#%3 + 10#x(1) + x(2) ~u(l)##2+2#y(2)##2-60
£x(2)= 2#(x(1)-x(2)-1)%#3 -x(2) +6*u(1)*u(2)--16 '
jac(i, 1, 1)= B*K(I)**Q + 10
Jac(i,1,2)= 1
jac(i, 2, 1)= &#(x(1)=x(2)—1)##2
jac(l, 2,2)= —6#{x(1)- x(2)-1)%%2 -1
Cfx(3)=x (D) #u3+10#x(3)+x(4) —u(i)**2+2*u(2)**2+27
fx(4)= 2#(x(3)-x(4)—-1)#%3 —-x(4) +o#u{i)#u(2) +216
S jac(2, 1, 1)= 3#x(3r#u2 + 10
Jac(2, 1, 2)= 1 B
jac(2: 2, 1)= 6#(x(3)—x(4)—1)#%2
Jac(2,2, 2= —-6#(x(3)-x(4)~1)%¥2 ~1
fx(s) x(S5)+ 4#x(&)#%3 +u(l)##3-u(2)#%3 +84
Fx(b)r=—x{L) 812+ x(S)**2+x(6) +2#u (1) #23+u (2} -69
jac(3, i, 1) =1
jac(3, 1, 2)= 12#x(4)##2
Jac(3, 2, 1)=x(35)%2
jac(3,2,2) = -2#x(é6) + 1
£x(7) = uCi)#ad —u(2) +z(1)#%2 +2(1) +2(2) —-29
*x(@) z(1)+u(i)&*3+u(2)**3+4*(2(1)*2(2))**2~176 e
Jac(4, 1, 1) = 28z(1) +1
Jac4, 1, 2)=1
Jac(4, 2, 1)=1+8%z (1) #z2(2)##2
Jac(4, 2, 2)=g#z(2)#z2(1)##2
'%x(?)-x(1)**2+x(3)**2+x(6)**2+10*u(1)**2+u(2)*u(1)
L +2#z(1)#2(2)+120%u(1)-490+120%u(1)~-490 -
fx(lO)—x(2)**3+x(4)**2~x(5)**2+u(1)—150*u(2)+z(1)**3
L +z (2)##3+26%9
Jjac(9, 1. 1)= 120+u(2)+20*u(1)
Jac(3, 1, 2)=u(l)
jac(s, 2, 1)=1
jaci(s, 2, 2)=-150
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Thevsystjleim is partitioned as follows:
el -k
el e
N

The solution to the system is

o=f] e=[3 =[]

Cefen

The matrix of equation (5.33) is

[

o 4. _|o018 0.004f
ArAhsAa = | 1184 0152
which has eigenvalues of
N = —0.04009
- and ) = 0.17465
~Since | )\2| > | \y| then the convergence rate of the system is X,. This can be
.vsveen' from the output of the Semi-Direct method for some chosen variables.

(The stopping criterion is e = 107%).



0000000000000 0000000000000

C00O00000R0O00D |

. 100000e+01
. 304499e+01
. 295091 e+01
. 299592e+01
. 299909e+01
. 299985e+01
. 299997e+01
. 300000e+01
. 300000e+01
. 300000e+01
. 300000e+01
. 300000e+01
. 300000e+01

x 5

. 100000e+01

87740%9e+01

. 300081e+01
. 499114e+01
. 499901e+01

499981e+01
499997e+01

. 499999e+01

500000e+01
500000e+01

. 500000e+01
. 500000e+01
. 500000e+01

-

. 100000e+01
. 299275e+01
. 300106e+01
. 300005e+01
. 3000C1e+01
. 300000e+01
. 300000e+01
. 300000e+01
. 360000e+01
. 300000e+01
. 300000e+01
. 300000e+01
. 300000e+01

0000000000000

|
QOO

Q0000 LOAOR0

. 4501 35e~-01
. 316198e-02
. 762710e-03
. 124398e-03
. 220868e~-04
. 384271e-05
. 671730e-06
. 11729%9e-06
. 204876e~-07
. 357820e-08
. 624947e-09
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deltax 1

2044992+01
940797e-01

deltax S

. 77740%e+01
. 377328e+01
. ?67315e-02
. 78723%e-02
. 792014e-03
. 160807e-03
. 270943e-04
. 477082e-05
. B315%94e-06
. 145307e-06
. 253756e-07
. 443205e-08
. 774068e-09

deltax 9

. 199275e+01

. 830794e-02
. 100535e-02
. 368315e-04
. 118950e-04 _
. 184083e-05
. 330865e-06
. 573924e-07
. 100396e-07
. 175280e-08
. 30615%e-09
. 534707e~-10
. 933892e-11 -

CO0O0000OOC00O00

I O00000CO00000

¥ 2

. 100000e+01
. 317124e+00
. 408344e+01
. 400970e+01
. 400203e+01
. 400034e+01
. 400006e+01
. 400001e+01
. 400000e+01

400000e+01

. 400000e+01
. 400000e+01
. 400000e+01

x 6

. 100000e+01
. 285182e+01
. 297363e+01
. 299813401
. 2999562+01
. 299993e+01
. 299999e+01
. 300000e+01
. 300000e+01
. 300000Ce+01
. 300000e+01
. 300000e+01
. 300000e+01

%10

. 100000e+01
. 219863e+01
. 201833e+01
. 200401e+01
. 200067e+01
. 200012e+01

. 200002e+01
. 200000e+01
. 200000e+01
. 200000e+01
. 200000e+01
. 200000e+01 .
. 200000e+01

deltax 2

. 68287&e+00
. 376632e+01
. 737360e-01
. 767571e-02
. 16839%e-02
. 281423e-03
. 497403e-04
. 866470e-08
. 151429e-05
. 26443%e-06
. 461868e~-07
. 80666208
. 140887=2-08

~de1té;76A”

. 385182e+01
. 121813e+00
. 244918e~01
. 143163e-02
. 370123e-03
. 895356e-04
. 106037e-04
. 184343e-05
. 322308e-06
. 5627792-07
. 982972e-08
. 171677e-08
. 299841e-09

deltax10

. 119863e+01

. 180298e+00
. 143212e-01

. 33395%e-02
. 548953e-03
. 973105e-04
. 169375e-04
. 296060e-05 .
. 516981e-06
. 902966e-07
. 157705e-07
. 275438e-08
. 481061e-09
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. 100000e+01
. 304499e+01
. 781824e+01
. 425574e+02

' _x'3

. 100000e+01
. 207643e+01
. 1010072402
. 425414e+02

. 100000e+01
. 497782e+01
. 943236e+01
.- 425777 e+02

x 7

.. 100000e+01
. 295403e+01
.. 102032e+02
. 425353e+02

-0

o.
-0

0.
-0.

-0

-0.
- 0.
-0.

0.
- =0.

0.

-0.

- -0.
. 527385e+02
- -0.
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deltax 1

204499e+01
128632e+02
523756e+02

666501 e+04
deltax 3

.'307643e+01
802425e+01

526421 e+02
666500e+04

deltax 5

397782e+01

144102e+02

520101e+02
. 666503e+04

deltax 7

395403e+01 .

724920e+01

666499e+04

0..100000e+01

0. 317124e+00
- 0. 464810e+01

0. 102276e+03

X &

0. 1000002+01

0. 171704e+01
0. 452572e+01

0.102270e+03

) 6%ﬁm,

0. 100000e+01
. 312236e+01

0. 452340e+01
0. 102264e+03

x 8

0. 100000e+01
. 568195e+01
0. 425919e+01

0. 102254¢+03

Cx 9

. 100000e+01
. 358239e+02
. 388873e+03
. 567719e+06

-0
0.
0.
Q.

“ideltax 2

. 36823%9e+02
424696e+03

567326e+06

162841e+11

abxio

0. 100000e+01

. 3345206e+02
0. 191934e+03
0. 553508e+06

x”év”"Awm

i E
0. 682876e+00
0. 433097e+01
0. 976279e+02
0

- 0.307951e+04

' deltax 4
0. 717040e+00

. 977447e+02
0. 307952e+04

-0
0. 280868e+01
o
0

. deltax 6

0. 412236e+01
0. 764576e+01
0. 97740%e+02
0. 307952e+04

" deitar 8

-0. 668195e+01

0.994114e+01
0. 979945e+02
0. 307954e+04

deltax10

~0. 355206e+02

0. 226454e+03
0.553316e+06

- 0.161863e+11
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| _vEXampl.beE5;5:
Con51der the circuit of ﬁgure 4.6. Formulatmg the equatlons for the

system produces the followmg equations:

CEx(1) = 3%x(l) - u(l) —-x(2)
- fx(2) = x(2) -2 :
£x43) = x(2) —x(1) + x(3)
£x(4) = x(4) = u(1)##3 + u(l)

L gactl, 4, 4) = 1
e jJac(l.I.I) = 3
- gac(1,1,2) = ~1
Jac(l,2,2) = 1
Jac1,3,2) = 1

S Jac(i, 3, 1) = ~1
Jac(I,S.S) = 1

_************************************************,
- fx(B) = 2%#x(6) =u(2) ~ x(7)
£x(7) = x(7) — (x(5) —~ x(6) )#x3 + (x(5)- x(6))
’ Jac(2,303) -1
- jac(2,3, 1) = 3#(x(D) = x(&6))##2 +1
. Jac(2,3,2) = 3 (x(5)=x(6) ) #x2 ~1
oojac(2,1, 1) 2 ‘
T ;'"Ja_C(g.o 1,3)= 1 -
Jac(2,2,2) = 2
Jac‘go 2: 3) = ~1 ‘
_ w************************************************;
- #x(8) = 3.9%z(1) ~-1.5%z2(3) +2(2) - u()
£x(9) = 2(2) - (z(l)—u(l))**a + (z(1)-u(1))
£x(10) = 2(3) - 2
S fx(11) = 2(3) - z2(1) +. 1(4)
T gac(3,1,1)=3.9
oo Jac(d 1, 2)=1
Fjac(3, 1, 3)=-1. 5
Jac(S:Z,1)——3*(2(1)-u(1))**2+1
Jac(3d, 2, 2)=1
- Jac(3, 3, 3)=1
© o yac(3, 4, 1)=-1
s Jac(3., 4,3)=1
. Jac(d 4, 4)=1 *
vn*************************************************.
S fx(12) = x(4) +2%u(l) —x(1) -u(2) ~-z2(2) :
- #x(13) = S#u(2) —1(1) =~u(l) =-x(3) -x(&)
-.Jac(4,1,1) = 2
Jac(4,1,2) = -1
Jac(4,2,1) = -1
- Jac(4, 2,2 = 5 o
. ************************************************;
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- " The rate of convergence is 0.2728 and the‘solution is:

A samplé oufput looks like this.l

x; = 0.9210

X, =20 Xy =-1079
‘ &=*ﬂ3w91x5=QMﬂ. xs=QwM<»*
g = 02037 2, =L115 gz, = —0.3085. |
’.23 =90  12,=-08848 u, =07629
Uy = 0.5945 IR o

St

."100000e+01
.-100000e+01
. 108332e+01
. 107840e+01
. 107866e+01
. 107890e+01
. 107899e+01
. 107902e+01
. 107903e+01
. 107903e+01
. 107903e+01
. 107903e+01
. 107903e+01
. 107903e+01
. 107%03e+01
. 107903e+01

'S S

. 100000e+01 .

. 80305&6e+00
. 849874e+00
. 8760972+00
. 882560e+00
. 884235e+00
. 884678e+00
. 884796e+00
. 884828e+00
. 884836e+00
. 884839e+00
. 884839e+00
. 884840e+00
. 884840e+00
. 884840e+00

. 884840e+00

deltax 3

. 200000e+01 -
. 833179e-01
. 491768e-02
. 264129e~03
. 235310e-03
. 898942e-04
. 289776e-04
. 863616e~05
. 250601e~05
.707341e-06
. 197058e~06

. 544608e-07
. 149766e-07
. 410570e~08
. 112333e-08 -
. 304960e—09

deltax1i

. 180306e+01
. 46818%9e-01
. 262227a-01
. 64631%e-02
. 167506e-02 -
. 4422428a—03
. 118137e-03
. 317728e~04
. 8584639e~-05
. 232777e-05
. 63235606
. 172013e-06
. 468306e-07
. 127566e~07

.347612e~08
. 947436e-09

0000000000000 000

X 4

. 100000e+01

e+00

. 328093e+00
. 317454e+00
. 318051 e+00
. 318580e+00
. 318782e+00
. 318847e+00
. 3188646e+00
. 318872e+00
. 318873e+00
. 318874e+00
. 318874e+00
. 318874e+00
. 318874e+00
. 318874e+00

-0.
-0,
0.
-0.
-0.
..0
-0.
-0,
=0,
-0.
0.
-0.
-0.
-0.
-0.
-0,

Cx12

. 100000e+01
. 7500462+00

. 764799e+00
. 764007 e+00

. 763301 e+00

. 763031e+00 -
. 762944e+00
. 762918e+00
. 76291 1e+00
. 762909e+00
. 762908e+00
. 762908e+00
. 762908e+00
. 762908e+00
. 762908e+00
. 762908e+00

-0.
0.
-0.
~-0.
-0.
—o.
-0.
-0.
-0,
-Q.
~0.
e ¢
-Q.
-0,
~0.
=-0.

" deltax 4

100000e+01

'328093e+00"

106387e-01
596618e-03
529096e~03
201525e-03
648911e-04
194447e~04
560933e~05
158323e-05
441068e-06
121897e-06
335215e-07
918961e-08
251429e-08
687055e-09

- deltaxi2

2499548400

147530e-01
792387¢~03
705929e-03
269683e~03

-869327e-04

260585e-04
751804e-05
212202e-05
9?1175e~06
163382e-06
449298e~07
123171e-07
336998e-08
920880e~09
251440e-09
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| Example 5.6:

Consider the two stage transistor circuits of figure 54 The two
tr‘a‘,ns‘ist’ors are replavced by their Ebers-Moll d¢ model and the c’ircnit is
pertitioned as in figure 5.5. The current variables X4, X5, Xg, X19, 22, z4 and zsb
are all added optionally.v We may choose not to include some or alt ef them in
the 'tferrnulation if there is not a need for their values as an ontput. Assuming
tlre diodes are ideal, their current iy can be expressed as |

iy 2L ekT o - (5.34)
where vy is the voltage across the diode, q is the electron charge k is
B Boltzmanns constant T is the absolute temperature and I is. the reverse'
saturatlon current Using room temperature (T=300"K) and I = 10'14 A,

equatlon (5.34) becomes
iy = 1071 (3865 Va | LT 95‘(5‘__35)
The equations for the circuit are:

' Fl:tfx(l) (x(1)=u(2))% 001 - x(4) - . S5#x(3)

£x(2) = x(23%#.01 - x(5) + . ?8%x(4)
fx(3) = (x(3)~u(1))% 001 + . 02#x(4) + . S#x(5)
 Fx(4) = x(4) - 1. e-14*exp(38 6O#(x(3)~ x(l)))
£Xx(5) = x(5) — 1.e—14%exp(38. 65#(x(3)~x(2)))

' ********************************************************
F2: fx(&) = (x(6)-u(2))# 001 - x(F) - . F#x(10)
£x(7) = x(7)%.01 - x(10) + .98*x(9) o .
 Fx(8) (x(8)~u(1))# 001 + . 02%x(?) + . 5#x(10)
£x(9) x(9) — 1. e-14%exp(38. 65%(x(8)-x(6)))
£x(10) = x(10) - 1.e-14#exp(38. 65*#(x(8)-x(7)))
R R b R R i Rk
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. RC1

A4

Figure 5.4: 2-stage transiétor circuit
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F2

F1
FommmTm T T

e i
X1o| ‘Io 0.98X9
X9| § (} 0.5X10

e GED GEp GED D =n

L

100

-5V

Q
21

221

Figure 5.5: Labeled circuit
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H o fx(1il)

= z(1) + 3
£x(12) = (z(1)-u(3)}/7100. + z2(2)
£x(13) = z(3) + 4
£x(14) = (z(3)-u(1)}/90. + z(4}
Fx(15) = z(S5} + 4
£x(1b) = (z{(9)~u(2)3/790. + (&)

30 3000 3333 30 B IS0 SIS N 2 S I I S S
G : £x(17) = (u(1)=x(3))/71000. + (u(l})-z(3))/90.
£x(18) = (u()=-x(83)/1000. + (u(2)~z(3)}/50.

Fx(19) = (u(3)-x(1}1/1000. + (u(3)- x(é))/lOOO +

o (u(3)~2(1))/100.
3303 S 32 33T I I I IS RN

The a_halyéis was done using a set of equations that combined the two resistors

R, and Rg; as one 1050 ohm resistor, and the two resistors Rp, and Rg,y as

one 1050 ohm resistor. This is a case where an ideal voltage source is
“connected to a tearing node. This forces the currents through the source to be

intro'duced as u variables. Figure 5.6 illustrates the new labehng We now

have 5 u vanables and 2 z variables. The equations take the form

CFi: £x(1) = (x(l)—u(E))* 001 - x(4) - S*X(S)
£x(2) = x(2)%.01 — x(5) + .98%#x(4) - .
£x(3) = (x(3)-u(i3)/1050. + .O02%#x(4) + .5%x(5)
£2(4) = x{4) - 1. e~14%exp(38. 65#(x(3)-x(1)))
£x(9) = x(5) = 1. e-14%exp(38. 65%(x(3)~x(2))}

SEIb 3636 336 SIS0 I H R R RN R H RN W N NNNN

Fil: fx(&) = (x(5)=u(2}))#% 001 - x(9) ~ . S#x(10)
. Fx(7) = x(73%.01 - x(10) + . 98#x(9) _
£x(8) = (x(8)-u(3)}/1030. + .02%x(9F) + 5*:(10)
Fx(9) = x(9) - 1. e-14#exp(38. 65#(x(8)- x(6)))

fx(10) = x(10) — 1. e~-i4#exp(38. 65%(x(8)-x(7)))
******************%************************************_

CH O fx(11) = z(1) +5
O fx(12) = (z(1)=u(2))%. 01 +2(2)
'******#*********%**%***********************************

G fx(13) = u(l} +4
o fx(14) = (u(2)-z(1)¥%, 01 + (u(2)~- x(l))* 001
+ (u(2)-x(6) )% 001
fx(13) = u(3) +4
£x(16) = (u(l) - x(3))/1050. +u(4)
Fx(17) = (u(3) - x(B))/1050. + u(5)

***************%**ﬁ******%*****************#***********
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10002

F igure 5.6: Model used in the analysis .



The matrix equation (5.33) becomes -

CADAAZA, =

56)

. 463125e+01

—4.631

. 906994e-09

0
0.01508
0 .
10.93x10°% 0.16x107¢ 0
0.93x10°% 0.18x107* 0

0
0.0159
o

OO

~ The only eigehvalue for the above matrix is

X = 0.0158636

Xg = X3 =
Xg = x4 = 0.00031 X10 = X5 = 0.0
23 = 5.0 2, = 0.000612
. u, =-4.0 | Uy, = —4.939
Cug = uy = —0.6156x107° | |
‘The output for a few selected variables are listed below. -
. jxl b‘ , . deltax &6 X7
'0.100000e+01 0. 287212e+00 0. 100000e+01
0. 128721e+01 -0. 107&6%1e+02 0. 574425e-01
-0. 94818%e+01 0.123014e+01 0. 541917e+00
-0. 825176e+01° 0. 127127e+01 - 0. 245468e+00
-0. 69804%e+01 = 0. 127141e+01 - 0. 140976e+00
-0. 570907e+01 0. 106323e+01 - 0.371414e~-01
-0. 464584e+01 0. 143581e~-01  -0. 462891e~-01
-0. 463148e+01 0. 3227182e~03  -0. 303301e~01
=0. 463126e+01 0. 360390e-05  -0.301178e-01
~0. 463125e+01 0. 571726e~07  —-0. 301145e-01
0

. 301144e-01

o000

o000

‘wh‘ic_h has magnitude less than 1. The solution is as follows (apply to figure :

Xy =X, =-0.0301 xXg = x3 = —4.008

.. deltax 7

. 942558e+00
. 484474e+00
. 296449e+00
. 104492¢+00
. 103834e+00
. 834305e~-01
: 159590e~01
. 212252¢~03
. 335746e-05
. 532607e~07
. 844934e-09



‘.kiéfbf

.100000e+01
. 600000e~01
. 104787e=01
. 746982e-02
. 541959e—02
. 330081e-02
. 118179e-02
. 590265e-03
. 614195¢-03
. 614574e-03
. 614580e-03

deltaxi2

2

~0. 940000e+00

—Q.
~0.

OCO0QO000QC

179485e-01
. 205023e~02
. 211878602
. 211902e-02
. 177206e-02
. 239302e~04
. 378637e=06

. 6006496-08

. 952877e-10

. 'Ex‘ample 5.7

49521301

- x14

. 100000e+01
. 3952136401

. 574698e+01
. 554196e+01
. 533008e+01
. 511818e+01

. 494097e+01

. 493858e+01
. 493854e+01
. 493854e+01

-0.
-0,
. 205023e+00
. 211878e+00 -
- 2119026 +00
. 177206e+00
. 239302e-02
. 378637e+04 -
.600649e-06
.952877e-OB

'O00O00O0000

. 493854e+01

deltax14

495213e+01

179485e+01

;1511§§gj09

The transmtor—swﬂ;ch cucult in ﬁgure 5.7 is con51dered 1n thls example

' ThlS s a case where the convergence condltlon is margmally satlsﬁed So

large because of the slow convergence rate.

although convergence does occurs, the number of sweeps it takes becomes veryv

The transistor is replaced by its

Ebers-Moll model and the ideal diode equation (equation (5.35)) is used in the

; formulatlon

equatlons extracted from the circuit are:

'fx(l)
. fx(2)
Cfx (3

P

CH o fx(&)

£x(8)

IIHJP

x(137100. + 1. e-
(x(2)~u(2))/1000.
(x(2)=u(1))/50. + .02#x(4) +

z(3}

+ 1. e—4udxdt(l) +

The clrcult is partitioned as illustrated in ﬁgure 5 8. The

. 5#%(5) ~x(4)

+ . 98#x(4) —- x(5)

. 5#x(5)
Fx(g)y= x(4) - 1. e—14*exp(38 A9 (x(3)~ x(l)))

Cfx(S)= x(5) = 1.e-14%exp(38. 65#(x(3)-x(2)))"
***************************************************

= 2 e-b#(dzdt(1)-dudt(1)) + (z(l) 2(2))/1000.

£x(7) = z(2) -. 01

+ (2(2)~- z(l))/iOOO

S fff***************************************************
e #x(9)

£x(10) ‘
fx(11) = (u(2)—u(1))/100000 + (u(2)= x(2))/1000

+ u(1)/27000.

= y(2) - 10

S+ u(3)

(4(1)=x(3)32750. + (u(1)-u(2))/100000..

+ 2. e—é*(dudt(l) dzdt(l))

**************************** ***********************
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The matrix of equation (5.33) becomes (at t=0, dc solution)

e 0088 0 0
A’l‘f A'I’SASS A’Sl’ = 0 0 0
" |~0.001 0.001 0

- which has an eigenvalue
A = 0.9886
The convergence rate of this circuit is very slow and reaching a dc-solution

would take an access of 100 sweeps (where e = 107%). The Semi-Direct method

in this case is very impractical.
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, Rs _911_ ‘ Rb
+ >
_ RUR:

Figure 5.7: Transistor switch [4]
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Figure 5.8: Labeled transistor switch-circuit.
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CHAPTER 6
COMPARISON BETWEEN THE NEWTON-RAPHSON
AND THE SEMI-DIRECT METHODS

The previous chapters were devoted to the explanation of the features and
theoretical aspects of the Semi-Direct method. The application of the method
in circuit analysis is explored in the next two chapters. The dc-case is studied
first because, as explained earlier in chapter 1 the Semi-Direct method is an
incremental in time method. A transient analysis is a collection of dc-analysis
cases . at successive time points. The comparison with respect to the
conventional (Newton-Raphson) method, which is currently used in most
computer-aided analysis programs, is made through the use of Vthe Fortran
programs we developed for this study (Appendix). The comparison is made in

two categories, computer storage requirements and execution time (CPU time).

6.1 Storage

The main stora.ge requirement is storing the Jacobian matrix elements that
result from tearing the circuit (Chapter 4). The matrix has the bordered
block-diagonal form of figure 4.1. To solve the system using the Newton-
Raphson algorithm for bordered block-diagonal dependency matrices (section
4.4), which is used throughout this thesis, we need only store the elements of

the submatrices A (1 < i, <m+1), A, A, and A,,. To solve the system
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using the Semi-Direct method we only need to store the A, and A,
submatrices. Each A,,; submatrix corresponds to a subcircuit and Aﬂ.
corresponds to the tearing node variables which can be consndered as a
subcu‘cult with no internal nodes and will be in the next discussion.
- Assume we have m F‘ subclrcults The total number of subcu-cults.
(1nclud1ng H and G, see ﬁgure 4.2) is then | _
"k=m+2 . T
.; At this point let us consider equal size subcircuits each with n variables for a
total number of variables for the torn circuit of kn. The dimensions of the
| Jacoblan matrix would then be (kn)2. The number of elements that are needed
for the Semi-Direct method would be kn2. For the Newton-Raphson method
we . would need to store the same kn2 elements in addition to the elements of
the; submatrices A,s and A, each of size n(kn-n) So the total number of

elements needed for the Newton-Raphson method is

kn® + 2n(kh—n)
= kn? + 2n2(k—1k)“
= né(k+2kf2)- |
= n2(3k-,2) elements

s The savings ratio that the Semi-Direct method exhihitso#éfthe‘Ne’wton—

Raphson method is ca.lcula.ted from
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bAsr

A, - A

|e— o —>j—

L — kn-n - » —n —

Figure 6.1: A, and A,, dimensions.
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pumber of elements in Semi-Direct (6.2)

. tio = 11— .
Savings rato number of elements in Newton-Raphson

So
e kn?
savings ratio = 1 — —(/—————
, n%(3k—2)
which can be written
savings ratio = 1 — _k_ (6.3)
3k—2

The Savings for a large scale circuit where it is torn into a large number of

subcircuits so that 3k >> 2 we have
savings ratio ~ 1 - -;?: 0.6667 (6.4)

or 66.67%.

No§v iet us do an analysis on the savings ratio for a mofe general case -
where the number of va.riables per subcircuit varies. Let Do be the numﬁer
of \iafiables in the largest subeircuit and ng;, the number of variables in the

smallest subcircuit. So for the Semi-Direct method we have
Total number of elements to be stored < kn2,. = (8.5)
and for the Newton-R aphson method we need to find the minimum size for the

submatrices A, and A,. From figure 6.1 we see that the size is minimal when

A is D i, XNy because we have in the case of equal size subcircuits

size of A,; = (kn—n)n

‘taking the derivative of the above expression we get
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i(%il’fl = on(k-1) (6.6)

from equation (6.1) we know k > 2, so equation (6.6) is always positive for
positive‘- n. Which means the size of A, increases as n increases. So the
minimum size of A occurs when n is minimal. The same argument applies to

A, since they always have the same dimensions. -So for the Newton-Raphson

method we have
~ Total number of elements to be stored > knZ2,, + 202, (k-1)  (6.7)

So the savings ratio for a certain circuit can be approximated by

. . ~ knx%a.x »
Savings Ratio = 1— — > (6.8)
kng oy +2nmin(k—1) =

for the case where k >> 1 we have

2

2
~ n
Savings Ratio = 1 — 2—'"—“-7
' Nax +2nmin
or

2
~ 2nmin

Savings Ratio (6.9)

2 2
Dmax + 2Ilmin

Equation (6.9) is optimized when n_; = n_, where the savings rafio is
0.6667 which is the same case where all subcircuits are of the same size. For
the application in a computer program we have to dimension the arrays that
store the elements of the submatrices of the dependency matrix. These arrays
have a fixed dimension that is equal for all the submatrices (subcircuits). So
the users instructions would include a maximum subcircuit size (number of

variables/subcircuit) that can be inputted. The storage savings ratio is then



81

fixed for a ceftain computer program and approaches 86.67% as the number of
~ subcircuits becomes large. N |

e for a certain compﬁtér ‘program to implement the _abbvé élgorithms a |
, ‘co'nsvtlant ‘number of variables should be declared to store theialﬁes of the
"fuiﬁcti;ins‘ih equﬁtions' (4.5), (4.6) and (4.7). In addition to some iﬁfermediate
' revs‘u»];tv va_'riables. and .loop> ‘counters. Thisbl constant number of variables is
abpfo#imately equal for implementation of both methods. ’fhe_‘ effect of the
| "con_stant‘o'n the saﬁﬁ_gs ‘ratio decreases as the programs are designed to solve
large circuits, but it will have a significant effect in decreasing it for programs
designed for smaller circuits. o
'_:_,‘The following examples. will illustrate the above. The bdiscussio‘ns are |

applied to IBM 360 series computers [8,18]. |

Exarhple 6.1.

‘:' ‘b First, let ﬁs consider a program designed to handle a maximum of 10
subcircuits at a maximum of 5 variables per subcircuit for a total of 50
’ ‘vajri‘able's. Using double precision floating point operations, each ﬂOating point
variable would need Gé-bits to 'storve, that is 8—Bytes. The 'integers would
require 32-bits that is 4-bytes. | | -

| The storage spacev needed, that is common in 'both‘progl»rams can be

a,ppi'oximated as follows:
.~ 50 circuit i?ariables' at 8-bytes for a total of | . 400-bytes
50 function values at 8-bytes for a total of | o o 400-bytes

- 50 error variables at 8-bytes for a total of '40”0_-bytes-~-
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20 miscellaneous at 8-bytes for a total of |

40 integers at 4-bytes each

Including Jacobian matrix elements:

The Semi-Direct method needs

10 x 52 function values at 8-bytes for a total of

- So total bytes needed

B The:Newton-Ra.phson method needs:

e

R ‘1'152 (3 x 10-2) function values at 8-bytes for a total of

- So Total bytes needed

which gives us a savings ratio of

3520

= 0.5056
7120 v

1

16¢bytes
160-bytes

Total 1520-bytes

2200-bytes

3520-bytes

~5600-bytes
-7120-bytes

" instead of 0.6667 as expected earlier due to the 1520-bytes added to both

. cdmputations. The programs developed for this thesis, (see Appendix), has the

~ limitations described in the above example. The actual storage the programs

: reserv‘e for the data are as follows:
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Semi-Direct ' : j 3772-bytes
Newton-Raphson - 7212-bytes
So the savings ratio is
. Co_ 3772
tio =1 - —— = 0.4770
saylngs ratio 7919

which is very close to the value predicted above.

Example 6.2:
. NoW let us increase the maximum number of subcircuits allowed fo "10'00
and the number of variables per subcircuit allowed to 100 for a total of 1100,000

~ variables. The storage space needed can be approximated as follows: -

100,000 ‘circuit variables | 800,_000¥bYtes_ -
100,000 function values 800,006-bytes_
100,000 | error variables _ | 800,000-bytes
20 miscellaneous - 180-bytes
100,030  integers | 400,120-bytes

Total - ’ ' 2,800,280—bytes

Ihclhdihg the Jacobian matrix elements:

The Semi-Direct methods needs:

1,000 x 100% function values 80,000,000-bytes
Total needed 82,800,280-bytes
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" Th_e N’ewtbn-Raphson method needs:

100? (3x1000—2) function values 239‘,840’,000-bytes
Total needed 242,640,280-bytes

‘which gives us a savings ratio of

_ 82,800,280

= 0.6588
242,640,280 ’

Thié figure is a lot closer to 0.6667 as predicted earlier. -

The two examples above illustrate the savings advantage that the Semi-
Direct would have in an ideal case. From a more practical point of view we
can study the results of analyzing the circuits of figures 6.1, 6.2 and 6.3 in

section 63 using the programs developed during this study.

6.2 Exécution'Time
v Thére are two criteria to be considered when studying execution time.
One that depends on the circuit properties and the other on the computer

program structure. They are:

1)  The number of iterations or sweeps, and

~2)  Execution time of each iteration or sweep, respectively.

In the dc case the number of iterations or sweeps depends on the
cohvergence rate of the method and the initial guess. For the Newton-Raphson
method the rate of convergence is quadratic for almost all practical circuits as

long as the initial guess is within a certain range of the solution. If the initial
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guess is somewhat far from the solution quadratic convergence will not take

| eﬁ‘ect until the iteration reach some local range of the solution. An “example of

o lthat 1s the circuit of figure 5. 6 Results from the Newton-Raphson solution is

. rllustrated in example 6.3. Examlmng ‘the exponent of the delta X column we

B notlced that the quadratic convergence starts takmg eﬁ'ect at the 17th

‘ 1teratlon (initial guess is O for all variables). The Semi-Direct method has a
' hnear convergence rate determmed by the ergenvalue of the matnx P lQ (see
sectlon 5.2). Looklng at example 6. 3 the convergence rate is 0. 01572 and takes
| eﬁ‘ect at the 4th sweep of the Seml-Dlrect method In general the convergence

' rate ‘we have dlscussed for both methods. is a local one and takes eﬂ'ect when

.Ax -became less. than 0.01 where Axi = "” - xi and x 1s the value of the

o slowest convergent variable of a g1ven system So the main conSIderatlon is

o how close does the 1n1t1al guess have to be in order that the hnearly convergent

"Semr-Dlrect method take as many sweeps (or even less) as the quadratlcally
conv}ergent Newton-Raphson method ‘would take in rteratlons?;:The -answer |
o deﬁ)ends‘ on the circuit and its rate of convergence. For the case- of 'ex’am'ple 6.3

vthe Seml-Dlrect method converges in 8 sweeps while the Newton-Raphson takes
" '20 1teratlons to reach the same solutlon For the case of example 6. 4 the»
Semr—Dlrect -method. converges in 17 sweeps whlle the Newton-Raphson
. 'converges in 13 1teratlons For local convergence the Newton-Raphson method
vrs a faster convergent method than the Seml-Dlrect “but - they can - be
compatlble if we start at the very close mrtlal guess where only one or two ,'
' 'v1teratrons are needed to reach a SOlllthIl wrthm an ‘error lnmt of the true‘
SOlllthIl This is the case in translent analys1s where for a small enough tune
rstep the solutron at one tlme pomt is w1th1n the local area of the solutlon at

: the next t1me pomt This crlterlon lS 1llustrated through examples 6. 3 and 6.4.
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The tlme that each lteratlon takes depends more on the structure of the

algorlthm and the problem size and is mdependent of the convergence rate

We have to note that the time the Semi-Direct method consumes durlng
' ’one sweep could vary from sweep to sweep in the same problem The reason is

in steps 2 and 3 of the algorlthm (see section 5.1), we use the Newton—Raphson
method to solve for the variables the subclrcults These sublteratlons could
vary: dependlng on the closeness of the initial guess. It was found that in
general a Seml-Dlrect sweep and a Newton-Raphson iterations take the same
.alnount. of‘ execution time when steps 2 and 3 of the Seml—Dlrect method take
on the average 1.5 subiterations. So if the Semi-Direct method takes the same
num’ber of sn/eeps as the Newton-Raphson would take in iterations, with only
one -subiterations per sweep, the Senli-]jirect method would have a time. savings

'advantage because of the added calculat1ons associated with Ars and Agr (see

sectlon 4. 4)

Example 6.3:

vConsider the 2-stage transistor circuit of figure 5.6. If we start at an
. initial ‘guess of 0‘ for all the variables, the Semi-Direct sweeps would converge to
. ~ the solution (e=107%) after 8 sweeps. On the other hand it would take the
NeWton-Raphson method 20 iterations with the same initial guess. Each
Newton-Raphson iteration takes ~0.0966 seconds. A Semi-Direct sweep takes

~ ~0.1625 seconds with no limit on the number of subiterations. So for this case

Total CPU time Semi-Direct ~ 1.300 seconds
Newton-Raphson ~ _ 1.932 seconds
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For the case where we allow only 2 subiterations per sweep, each sweep would
take ~0.1167 s'ecohds, but now it takes 12 sweeps to converge to the solution.

S0

Total CPU time, Semi-Direct ~ ’ - 1.400 seconds

For the case where we allow only 1 subiteration pér sweep, each sweep would

take ~0.0582 seconds, but it takes 18 sweeps to converge to the solution.
" Total CPU time, Semi-Direct ~ 1.0476 seconds -

oo If we choose an initial 'guess close enough to the true solution so that both
methods start their local convergence rate properties. The initial guess in this
case is 0.1% away from the true solution. The Semi-Direct method results are

listed in table 6.1 below.
Table 6.1: Semi-Direct results (1). -

# substitutions | # sweeps | Total time (seconds)

unlimited 6 1 09750

2 8 £ 0.7002
1 1 s 0.3492

" The Newton-Raphson method on the otherb hand takes 3 'itexy'ations to

converge, and the |

Total CPU time, Newtons’Raphson ; - = 0.2898 seconds
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whieh: is less than any of the time figures for the Semi-Direct method.

Now we examine another aspect Let us reduce the incnement‘al stopping-‘.
'cnterlon from e = 10 8 to e = 107, which for most analysis purposes is a
sufﬁclent ﬁgu_re. The 1n1t1al guess is still 0.1% away from the time solutlon

. The ;Sen_ﬁ-_Direct results are listed in table 6.2 below.
 Table 6.2: Semi-Direct results (2)

# substitutions | # sweeps | Total time (seconds) -

unlimited | 3 0.4875

) 3 0.3501

1 3 0.1746

- The- Newton-Raphson method takes 2 iterations in this case for a total |

| -CPU time of 0.1932 seconds. In this case the Semi-Direct method is faster.

A summary of the results for example 6.3 are listed in table 6.3.. The local
convergence rate does not take effect for either method until the 1n1t1al guess is

within ~O.2% of the true solution.

For an initial guess outSIde the local area of convergence for a system,
either method could have the speed advantage. That depends very much on
the problem itself. In the case of example 6.3 the Semi-Direct method had" the
' edge while in the next example the Newton-Raphson method will be faster :
| ThlS thesis is concerned w1th the convergence in a local area of the solutlon,_

- since that is the case in tranSIent analys-ls. Let us study another example.
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~ Table 6.3: CPU times for example 6.3

- Incremental stopping criterion

~ Initial Guess (app) Method  107¢ 1078 ,10&4'
. D 0. 0.2910  0.2328
1% SYD 0.3492 ) |
N-R  0.3864  0.2898 0.2898
S- ) X 1746
0.1% SD 03492 02010 0.174

N-R 0.2989 0.2808 0 1932

Exa.mple 6.4:

'Ctv)nside‘r' the following 10 equation in 10 unknowns.

Fx(l)= x(1)##3 + 10#x(1) + x(2) —-u(1)##2+2%#u(2)#%#2-60
fx(2)i= 28 (x(1)=x(2)=1)##3 -x(2) +6#ull)#u(2} ~14 o
R R e TR L L L T T T ey
Fr(3)=x (3)#u3+10#x (3} +x(4) —u(1)##2+2%#u(2)#3#2+27
Fx(4)= 2#(x(3)~x(4)~1)##3 —x(4) +6#u(i)#u(2) +216

- *#*%*-N-**-N-*******-ﬁ-ﬁ'********************************,****

Fx{3)= x(3)##3 + 10#x(J) + x(6) —u(1)#a2424u(2)##2-171
Fx(b)= 2#(x(D)=x(6)-1)##3 —-x(6) +b&#u(l)u(2) =725 .
Ll A R bR S St s S S L L e S R R e

Cfx(7)= z(1)##3 + 10%z(1) + z(2) -u(l)**2+2*u(2)**2+60

Fx(B)= 2#(z(1)=-z(2)-1)##3 -z(2) +&#u(1)#u(2) =22
IS N H IR I 3 IS I3 SIS

£x(P)=281+x(1)##2 + x(3)##2 + x(6)**2-100*u(1)+u(2)

: +z(1)+z2(2}
Fx(10)=156+x(2)#%#3 + X(4)##2-x (5)##2+2%u (1)~ 100*0(2)
+2(1)+2(2; ,
******************************************************_,

The System is partitioned- a.s illustrated in example 5.3.
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... For the ease where e = 1078 and we start at a far initial guess (0's), the
_SemJ-Dlrect method converges in 17 sweeps while the Newton-Raphson method

~ converges in 13 iterations.

Total CPU time, Semm-Direct ~ 1.5 seconds

Newton Raphson = 0.4 seconds

Any attempt to reduce the number of subiterations did not lmprove the time
for the Seml-Dlrect method The first two sweeps needed at least 3
'sublteratlons in order to reach convergence. Let us consider a local area of the
solution, where the Semi-Direct method only needs 1 subiteration during a

sweep. CPU times are

- CPU time/sweep =~ 0.0281
- CPU time/iteration = 0.0332

v.The‘-i‘ésnltsk from this example are listed in table 6.4. For the Semi-Direct
method to exhibit faster convergence, we needed an initial guess and : an
incremental cnterlon where it ‘would only take both methods only one iteration

or sweep to converge to the true solution.

‘We know that the Newton-Raphson method has, in general, quadratic
convergence. Then for an initial guess 1079 away from the solution, the ith
iteration “will be k(-1-10724 away from the solution, (see Section 2.3). The
convergenee rate for the Semi-Direct method is the magnitude of the largest
eigenvelue (in magnitude) of the matrix of equation (5.33), call it . Then for
an initial guess 107 away from the solution the jth sweep will be l x],ilo‘q
-awh_y ﬁ-Om the true solution. Assuming a specified 'increment’ e=10"’, the

iterations or sweeps will stop when
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Table 6.4: CPU times for example 6.4.

Incremental stopping criterion

Initial Guess (app) Method' 1078 1075 10-4
1% SD 03653 02520  0.1967

: N-R 0.1328 0.6996 _ 0.0996
0.1% - S-D 0.3372 0.1967 0.1405

N-R 0.0996 0.0996 0.0664

0.01% S-D 0.2810 0.1405 0,0843

| N-R 00098 00684  0.0064

0.001% S-D 0.2810 - 0.0281  0.0281.

N-R 00332 00332 00332

ke D1g¥ag 10t | "f (6.10)
~ and

A0 < 107 g @1)

respectively. If each iteration takes t; seconds and each sweep takw t; seconds
of CPU time to run, then for the Semi-Direct method to be‘,vfaster, than the

- Newton-R aphson method we need |
Chi<ti (e
where j = number of sweeps and i = number of iterations. We-ean rewrite this
requirement asv | | -
J<t—l o B ( S E)

5

_Six;ce_ﬁve don’t want to give up any aécuré.cy we have to require.thgt o
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|>\|i10-§ < k2102 | (6.14)
that is o
i< .——k(izf?_zﬁ - o (615)
w’hivch finally reduces to
o I >‘|'i < k(Z-1)10(1-2)a o | (6.16)

If equdtions (6.13) and (6.16) are satisfied, and the initial guess‘is within the
| local convergence area, the Semi-Direct method will converge faster than the
Newtbn?Raphson method.

Equatlons (6.13) and (6.16) involve variables that are related to the
‘ Newton-Raphson method. An express1on that only involves Selm-Du'ect
method varlables may be derived. | ‘

| Assume we have an absolute maximum error requirement of 10"9 and an

initial guess that is 1079 away from the true solution. If we require that

1) the initial guess is within the local convergence area for the Semi-

Direct method,

2) only one subiteration per block ih each sweep is allowed, and

3) the method converges to the solution in only one sweep,
- the Semi-Direct method guarantees a faster convergence than the Newtoh-
Raphson method. The reason is the time one Semi-Direct sweep takes is less
than the time of one Newton-Raphson iteration, and either method needs at
~ least one sweep or iteration to reach the solution if 1079 > 107%. After one
sWee.pthe_absolute error becomes |)\| + 1079, which has to be within the error

limit 107¢, that is
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|7 - 1078 <wt - (817)
or |
|x| <10H e ', (6.18)

| .v: As an easy test we choose to use the Semi-Direct method 1f the mrtxal

_ guess is such that 1091 is in the order of magnitude of YR An example case

'. rs when ¢f = -1, that 1s when equatron ] (5 33) largest (in magmtude)

. ergenvalue has a magmtude in the order of 1071,
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CHAPTER 7
TRANSIENT ANALYSIS

For performing a transient analysis on a circuit we need to model the

“dynamic elements (capacitors and inductors) of the circuit at each time point.

Two approaches can be taken:

1

Replacing each of the dynamic elements by a model that incorporates
static elements (resistoi's and sources). The values of these elements
are then updated at each successive time point. Section 4.2 and figures

4.3 and 4.4 explain and show the models used for capacitors and

. inductors.

9

Expressing the inductor voltages and the capacitor currents in the
equations using
=1 o 7.1
: and
i, =c e 79)
lc - dt ( * )

Then the computer algorithm would incorporate ‘some numerical

integration formula to replace the two derivatives in equations (7.1)

~and (7.2). This approach is more user oriented and is implemented in
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the programs developed for this thesis.

7.1 Integration Methods

The numerical intvegjra,tionb formulae used are the first order and second

order backward differentiation formulae (BDF). A predicator fogmula is also

used to improve the initial guess at the next time point, and a truncation error
estimation formula [1]. |
o So for a system characteri‘zed‘ by

fixit) =0 o (7.3)
x can bg app_roximated using the BDF. The equation to“be solved at .a certain -

time point t, then becomes

=0 4

‘A‘ suitable numerical analysis method like the Newton-Raphson method or the

Semi-Direct method could then be used to solve equation (7.4) for x(t,).

" The first order BDF, sOmétime referred to as backward Euler formula,

estimates x(t) at some time‘p‘oint ty ’as

() = tn_l [x(tn) x(tn-l)] (7.5)

: wheré to-g is the previous time pomt (ta—ty-p) is the tlme step “h” taken

The second order BDF has the form

'YX(tn) g[tn—tn-l '+ ¢ —tn—2 ]>‘(tn)
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._[ tn_th—§ }(vt o
(ta—to_1)(to—g—=to_2) ‘( a-1)

t;,—tn;l ' |
+ [ ]X(tn-z) - | (7.6)

(tn_tn—2)(tn—l"_:tn—2)

For the case where we are taking uniform time steps, that i,

tita-1 = tn_l*tn_z = h, equation (7.8) becomes
sy 1 | .
x(t,) = i—[l.Sx(tn) - 2x(t,—y) + 0.5x(tn_2)] | (7.7)

To help the numerical analysis algorithm used to solve equation (7.4) a
predicat@r formula can be used to predict the value of x(t,+;). This would

produce a closer initial guess which implies a faster convergence.

The first order BDF predicator formula can be written as

t,—th—2 t,—t,— o o :
M) = T x(lyy) F T wes)  (78)

n-1"tn-2 oo~ ta1
~ For the uﬁiforin fime step case this becomes.

XA(t) = 2x(ty)) = X(tad) (7.9)
The second order BDF predicatof formula is | |

(tn_t n—2)(tnmt n—3)
n-1"tn-2)(tp-1"tn-3

‘Xé(tn) ‘= (t ) x(tn—l)

A (tn—tn—l)(tn—tn—!i) .
Cozte oz tcs)

(t'nmtn—l)(tn"-t n—2) x
(tn—3— tn-l)(tn—S—tn-SZ)

(tn-3) o » (7'10)

which reduces, for uniform time steps, to
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XAty ) = 3X(tn—1) ‘ 3X(tn-z) + x(tn—3)

, The truncatlon error may be estlmated usmg ﬁrst order BDF as‘

t ' n 1 i
( n) Tt x(tn)—x ()|
n-2 ,
or for uniform til_ne steps as | o
I PN
e(tn = 2] X(tn_)"x »(tn) .
" For the second order BDF’, the t,runc‘ation»error estimate is

oty = St "[x(t,.)-x (t,.)]

n-3

~ or for the umform time step a

e(tn) = [x(tn)-x (t..)]

(7.11)

| | (7.12)

(7.13)

(7.14)

(7.19)

“Thls estlmatlon of the error at a tlme pomt n is very helpful in gettmg a better

estlmate of the denvatlve usmg the BDF formulae The aspect to notice in

: these formula lsbthat the smaller the tlme_ step is the b_etter the estlmate‘ ;s.

.2 Applications of the Semi-Direct Method

The transnent analysns algonthm developed usmg the Seml-Du'ect method |

| ’1mplements the above formula to estunate the capacltor currents and the

1nductor voltages
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Example 7.1:

B Considet fhe,R_C circuit in figure 7.1. The circuit has eés‘eni;i;zlly two
éohstants, one effective for the rise part and one for the fall part. Figure 7.2
illustrates the labeled variables and the values of the elements. The capacifor
cﬂrrénté- ‘are expressed using equation (7.2). The derivative is appré#imated at
eachb time point by the "2nd order BDF as in eqﬁation (7.7). Tl‘le. equatidns

extracted from the circuit are: ’

Fi: #x(1}) = 3.e—?*dxdt(1)+x(1)/500.+2.e—b*(dxdt(l)-dkdt(Z),
' £x(2) = 2. e—6#(dxdt(2)-dxdt (1)) + (x(2)-u(1))/1300.

1*******************************************************

H : £x(3) = z¢1) - . 1
' £x(4) = .02%(z(1)=u(1)) + 2(2)

****************************************************%**

C : £x(5) = .02#(u(l) - z(1)} +(u(l) - x(1))/1500.
‘ f%#f*f?***ﬁ********ﬁiﬁiﬁi**f@*iﬁiﬁiﬁi************4*&&&&

The rise time constant is determined using
R202 = 1.5 ms

while the fall time constant is approximated using

(Rl +RS)CI =3.1ms

- The output for the transient analysis of this circuit using both, the Newton-
: Raphsbn- method and the Semi-Direct method are listed in the appendix. The
rise analysis is made from t = 0 up to t = 10 ps using a time step h =01 ys.

The fall analysis is made from t = 0 up to t = 20 ms using a time step h = 0.2
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ms.r Since the.equetions are ‘l‘inear at any time peint, the Semi-Direct method
- takes less time to execute than the_Newtou;RaphSOnbmethod. Only one sweep v
| "iis ‘needed at each time. point and one subiteration internaily. ‘Ouly one

' iteration -is needed, also, hut- a sweep  takes less. timethan an .iteratiou (lv

subiteration/sweep is the case here)..» .

Exaruple 7.2
' New let us ‘introduce some noulinearity' in the RC circuit of figure 7.1.
The new nonhnear clrcult is lntroduced in ﬁgure 7.3. The currents through the

, nonhnear resrstors are glven by |

i= l(Vl_Vn)
"I‘:he:{element values are-illustrated in ﬁgure 7.3. The output uSiug beth' the
Newton-Raphson method and the Semr-Drrect method are hsted in the ‘

appendlx The equatlons for the c1rcu1t are -

Fi: £x(1) = 3. e-9ndxd(1) + (xci)-xcr)**a)lsoo
o + 2. e-&u(dxdt(1)~-dxdE(2)) '
CAX(2) = 2 e—6w(dxdt()-dxdE(1}) - ((u(1)=x(2))
| S = (u(1)=x(2))%%3)/1500.
Lot ******************%********************************
Mo #x(3) = 2(1) - .1 :
T #x(a) = . 02%(z(1)—u(1)) + 2(2)
: ’ *******“*****ﬁ************************************
e fx(5) = . 02#(u(1)-2(1)) + ((ull)- -x(2)). |
S - (u(1)=-x(2))#%3)/1500. ‘
, **************************************************

The-’ tune ‘s‘t'ep fer which the Semi-Direct method takes as many vsweeps as the
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Newton-Raphson iterations per time point is h < 0.15 ps for the rise part of
the response (1 subiteration/sweep). We can assume our time step guarantees
that the solution at (t-h) is within the local convergence area of the solution at
t. The time step would have to become very large in order to contradict the
above assumption. For example 7.2 the time step could be 3 times thé time

‘ cqnstant' and we still would be within the local convergence area.

The constraint on the time step is as follows: We want h such that
| xP(t,)x(t,)] < 1079, so that 1077 is in the order of | \(t,)|, (see section 8.2
and equation (6.20)), where 107 is the incremental stopping criterion fqlf the
sweeps or iterations at certain time point. If we assume e. = 10—? ‘we would
re(juife a prediction at t, that is at ﬁost 1079 away from the »solution at t,.

Fi'om, equations (7.12) and (7.14) we want for 1st order BDF

¢t _ ,

| efty)] < 1078 2L (7.16)
n 'n-2

and for 2nd order BDF.
| | bt
| eft,)| <1070 222 (7.17)
n t—t

n 'n-3

In Example 7.2 the value of h for which the Semi-Direct method would do
the transient analysis faster than the Newton-Raphson method was
experimentally determined to be ~0.15 us for the rise time response of the

circuit.
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 CHAPTERS
CONCLUSIONS

We have studied in this thesis the algorithm and the: prop‘e:rties of the
'Sernf-'Dire'ct_ method. Its apphcatlon in computer-alded clrcult analys13 was
v:'i‘llustra_tted using several examples. It was found that the method has a hnear,'

'converge'nce rate. | The method was then compared to the Newton-Raphson
a method ‘which lS w1dely used ln most computer analysrs programs nowadays. |
1 The Seml-Dlrect method has computer-storage advantages over the. Newton- ‘
Raphson ‘method. As the circuits get larger the savings ratio approaches‘
~66.67%. ,Therefore, the method is most suitable in the analysrs of* -large scalev
| circuits' ’The execution time comparison revealed that the Semi-Direct methOd' | 4
can be faster than the Newton-Raphson method under certain. condltlons |
These condltlons are usually satlsﬁed in transient analysrs apphcatlons
'Therefore the Seml-Dlrect method would be very apphcable 1n the transrent
’analys1s of large scale clrcults The Semi-Direct method can be studled further

in ‘these areas:

1) The local convergence condltlon of the Serm-Dlrect method is that the
' elgenvalues of the matrix of equatlon (5.33) all have magnltudes less than
;un,_rt_y " The matnces A, A,S, Ass and A, in the case of linear CH'CIIltS are

. ! sub-rna,tnc_es of the modified nodal analys1s matrix, equation (4.4). How is the

ma_trix,' 'of equation (5.33) and its eigenvalues related to the'ci'rcuit p,arameters?



104

: That 1s, can we write the convergence condrtlon in terms of the physrcald :
.:v: propertles of the clrcult? |
s '2) The Semi-Direct method will vconverg'e faster than the New._ton'-ﬁophson
’ -rrrethod 1f the initial guess satisfies eQuations {6.14) and (6 16) | In transient
analysrs the 1n1tlal guess at time tn+l is the solution at time t, (or a predlcted
i'value based on it). What srze time step can be taken in order to guarantee the
comparable or faster convergence of the Semi-Direct method? An equatronto
compute the time'.step in terms of the v,other parameters could then be included
in the transient analysis 'progrom A time step- that would guerantee 5' faster
| convergence could then be computed before the analysxs at each tlme pornt
:3) Modify the programs developed in this- thesis to accommodate larger

crrcul__ts and experrment'wrth transient analysrs of some large-scale circuits.
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APPENDIX A
Program Listings
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361162606 30 30 36 3 H 0 0 3636 3636 36 20 4 6 0 30 0036 96 30 30 30090 H 0 20 36 30 06 30 0 20 M H BRI AR H B BB

IR USERS® INSTRUCTIONS 33338338588 5 HHHH #0130 H RS

363030 3626 36 36 3630 3 3303 236 3020 036 30 96 330 3030 30 3 290 3 320 3G S0 I H H I H IR R R

For "semx—dlrect.dc.F“ and "sem1—d1rect tran51ent I

The equations: :

t.imit: 50 equations (10 blocks at S equat1ons/block)

Write in a file "out2" as FORTRAN statements (all Fortran

rules apply) in the form:

fx(i) = .. .. (all listed sequent1a11gaF1,H then G equations)

jac(a,b,c)=... (jac is db/dc where b and c are the equation #
and variable # within the block a)

Program Parameters:
Create a file “initial2" with the following FDRTRAN
statements (all FORTRAN rules apply):

nblks = . # of blocks (10 max)
nequ = .. total # of equations (S0 max)
.nf(i) = .. # of equations/block (3 max)
nu = .. # of u variables
nz = .. "% of 2 varilbles
msteps = max # of sweeps (default 20)
.. ssteps = max # of subiterations (default 20)
_merror = sweep increment, for termination (default 19—8)
serror = .. subiteration termination (default le-8)
miter = 1 or O sweep print control (yes or no)
siter = 1 or O subiteration print control (yes or no)
x(i) = initial guess for ith x (default O)
z¢i) = initial guess for ith x (default 0)
u({i) = initial guess for ith x (default 0)

(for "sem1 direct. transient. £" only)
h = .. time step
limit = upper time limit
- subout=_ 1 or O print sweeps or only t1me p01nt result
order = 1 or 2 ist or 2nd order BDF
t= 1 or 0O  wuse predlctor formula or not

Reﬁblts:» ' o »
Final result is always in file "result". Other requested
data are in files "resultil", "result2",..,"resulté")

***.***‘*****.*‘#******.*-*##**-***##****#-**

*************************************************************
For “newton. dc. £" and "newton. transient. £#":
The equations:
Limit: S50 equat1ons (10 blocks at 5 equations/block)?
Write in a file "out" as FORTRAN statements (all Fortran
rules apply). Same as "out2" above plus.

“asr(p,q) = .. asr is d(£x(p))/du(q) v

ars(q.p) = .. ars is d(fx(nvar-nu+q))/dx(p)

Program Parameters
Create a file “"initial® wzth the Follouzng FORTRAN
statements (all FORTRAN rules apply):

nblks = .. # of blocks (10 max)

nvar = .. total # of equations (50 max)

nf(i) = .. # of equations/block (5 max)

nu = . # of u variables

N EEEEEEEEEEEREEE:
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3 n = .. # of z varilbles

#* steps = .. max # of sweeps (default 20)

# error = iteration termination (default 1e-8)
-#  iter = 1 or O iteration print control (yes or no)
¥ x(i) = initial guess for ith x (default 0)
# z(i) = initial guess for ith x (default O)

3 u(i) = initial guess for ith x (default O)

# (for "newton. transient. £" only) '

#  Same as for “"semi—direct. transient. £" above.

% .

# Results: _ , .

o Final result is always in file “"res". Other requested
# data are in files “resl", “res2%",..,"resbd")

#,

) %*%*******************&*%******%***************************** -

# For "convergance. £":

* The equations: :

# File "out2" from above and file solution that is

# - ¢reated by program “newton. dc. #". The eigenvalues of

# the matrix of equation (5.33) are computed. The matix

# elements are printed., too.
%*****************%*%***%************************************
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- gemi~direct. dc. ¥

< ¥

- 40 -

41

a3
44
45
46
47

48
- 49 .

51

52

55
56

% This is a program that implements the Semi-Direct method

D0 OB

**********************************************************H*

# to solve a set of nonlinear (or linear) equations. /
INPUT: files out2 that contains the equations and their
dirivatives, and initial2 that contains the

partitioning information and the initial guess.

* % ok % ok %

- QUTPUT: +inal solution in a file calied result;'The sweep#
- are in files resultl,result2, .. (4 variables/file)¥
**********************************************************&**

deodk ook %

double précision norm.merror.serror,x(SO).u(S)oz(S).

+ _ xi(50), sum, £x(350)
integer miter, siter,msteps, ssteps
+ , »nblks, nequ, nf{(10), nz, nu, pos
c . .
common /data/nequ, nu, nz
c ,

¢ This is to set the default values for the print control
c and the initial guesses.

data miter, siter/1,0/

data msteps.ssﬁeps.merror,serror/2*20.2*1e~8/

data x.u, 276080/ ‘ ;

c .
cThe file "initial2" includes the initial print control

c variables, the initial guesses and the partitions.
€

include "initial2"

nfi{nblks—-1) = nz

nf(nblks) = nu

€ .

cxi saves the previods sweep vélues for error and

enorm calculation purposes.

nn = nequ — nu - N2z
do 13 i=1l,nn
13 xi(i) = x(i) i} :
c Concatenate u‘s and 2's to the end of xi array.
' do 14 j=1l,nz ' : o
xi(i) = z2(j)
x(i} = z(3) -
i4 i=1i+1
do 16 j=l,nu
xi(i) = u(y?
o oxCi) = w(y)
16 i=1i+1

¢ The title for the final result.

open ( unit=11, file="result", status="new")
write(11, 800} ' o
write(11,301) nequ
write(11,302) msteps
write(11,303)merror
write (11,310)
write(11,305) ( i, x(i),i=1,nequ )
: write(11,307) .
800 #format(/’'The Semi-Direct Method (dc analysis) ‘)
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57 301 format(/’'Number of Equations: ‘,i2)
S8 302 format(/'Max Number of Iterations: ‘, i2)
59 303 format(/’Error (Criterion: ‘,ei0. 4)
- 60 310 format(s/’'Initial Conditions: ')

61 ¢ . ‘
&2 ¢ The headings of the sweep results:
&4  if (miter.eq. 1) then
&S ¢ ‘ ' _
bb& , open{unit=2, file="regsultl”, status="new")
&7 0 write(2,309)(i. i, i=1, 4)
&8 if (nequ.gt. 4) then
69 open(un:tas,f1le="result2“.status=“new“)
70 wr1te(30309)(1.1.i=5.8)
v B end ié
72 it (nequ.gt.8) then
73 open{unit=4, file="result3d”, status="new")
- 74 write(#.SO?)(1.1.1$9.12)
73 end if
76 it (nequ.gt. 12) then
77 open(unit=7, file="result4", status="new")
- 78 : wr:te(7:309)(1.1.1 13, 16}
79 end if :
80 if (nequ.gt. 16} then
ei , open(un1t=8.¥1le=“result5”ostatus-“neu“)
82 write(8,309)(i, i,i=17,20)
83 end if
a4 if (nequ.gt.20) then
85 open(un1t=9.¥1le=“resu1t6":status="new“)
86 ' - write(9,3093(i, i, i=21, 24) :
87 . end i® ;
88 end if
90 309 format{/* i *,2x.,4(" x“,i2, 7x, " deltax", i2, &
21 ¢ Do ’ ‘ S
92 nsave=ssteps
93 do 700 i=1,msteps
24 ¢ ,
95 ¢ This to control th@ number of Newton subiteratxons
96 o if (ni.eq. i) then
L A if (i. le.n2} then
98 ' o sst@ps=nsteps
99 - @alse
1060 . sstepssnsave
o1 end if
102 _ end 1&
163 ¢ - : ' _
104 cThis is ‘to solve each block usxng the Nemton method
105 - pos = 1 B
106 do 710 4=1,nb1ks ‘
107 . call newton(;.xa¥x.nf(J).serror.ssteps.stter.pos,u
108 710 pos = pos + af(y) : v , .
109 ¢ '

110 c This calcultates the 2nd norm of the vector X
111 sum = @
112 . do 720 j=1,nequ -



© 413

114
115

116

117

118

720

€

119

120

121

122
123

124

125

127

128

€

129

130
131

132
133

135
136

137

138

139

140
141

142
143
144

145-‘l
146

147
148
149

150"
151
152
153
154

187

 ise

159
160 -
161

162
163
164
165
166
167
- 307

168

€

910
- 700
€

[ <

900

113

CPxlg)y o= x(y) - xity)
sum = sum + fx(g)**z
‘norm = sqrt(sum)

€ Sueep print statements
€

if (miter eq i) then

"1# (nequ gt.4) then

write(2, 110) i, (xi(y), fx(J).J=1 4)
if (nequ.gt.8) then :
. write(3,110) i, (xi(y), £x03), J=5.B)
i (nequ.gt. 12) then -
Cwrite(4,110) i, (xi(y). Fx(4).4=9.12)
it (nequ.gt. 16) then
write(7,110) i,(xi(J).fx(J).Jslaolb)
if (nequ. gt.20) then
write(8,110) i.(xi(3).¥x(4).4=17.20)
if# (nequ.gt.24) then =
C write(9,110) i.(xz(J) Fx(J).4=21 24)
-else
write(%?, 110} 1.(xi(4) Fx(J).J=21.nequ)'
end if
else
urite(B.llO) i.(xi(J) FX(J):J=17'RQQU7
end iéf :
else ' ' o .
- write(7,110) i.(xi(J) fx(;).4=13.nequ),
end if .
else : ' =
urzte(4.110) 1.(:1(4),fx(3).4=9.nequ)
end if
else
write(3,110) i.(xz(J).Fx(J).Jssonequ)
end if '

else :
urxte(?.ilO) 1.(x1(J) ?x(;).;=1.nequ)}xv“

- end if

format(i2, 2x, 4(e13. 6, 2x, e13. 6, 3x))

end if

.¢. Check if increment stopping criter;on has been ache:ved

if {(norm. lt. mervror) go to 900
do 9210 =1, nequ
xi(j) = x(J)
continue

€ This is to. print the final solutiou

write(11,307)
-write(11, 300}
write(11,303) (i, x(i), i=1.nequ)

8ormat(//"******************************************



171

169
170
172

173
174
175
176
177

178
179

180 |
181

182
183

184

185
186

187
188
- 189
»,191

,192‘

194

195

198

197

198

199
200

201

203
204
205

206

207

209
' 210v
211
-
213
214
215
216
217
219 -
220
221

. 223
- 224

€ .
€ Trans#er the Jacobian of a block to lu subroutine

€

;c,

114

’ +*******************************************“)
300 tormat{//"Salution: ) .
305 format(/74(" X .i2,“=”.elof4)) '
‘ end : ‘ . .

Ea I B I o B

subroutine nemton (nuu.xo#x,nvaraerrornsteps.1ter,pc
+* L uszd

common /data/nequanu.nz '
double precision Jac(10.5.5).fx(SO).error.norm.tenp(-
g - s aum z{nz),uinu), x(nequ)l
1nteger nvar.steps.count.nu.nz.nequ,ci.cz.pos

if (iter.eq. 1) then
write(é:; 320)num
320 format (//”Block Number “.12)

end if
c .
3 o g -
- dorlo count=1.steps’
c

c here we insert the equations and. thexr derxvatzves_
: include "out2" . “ o

2 =1
do 500 i=1, nvar .
- do 800  J=1,nvar
temp(c2>=45c(num.3.x)
$00 c2 = c2+1 :

call lu(fx(pos).temp.nvar)

€
c this will output the subxterations~
i# {iter.eq. 1} then:
2 . writel& 110) counto(x(i).fx(i).i=pos.nn)
110 format(i2, 2x,4(el3. 6.2x.613 6»3:).5(/4x.4(013 6
o+, 2%, e13. 6;3x))) o .
" end z? : : :
c .
c
c : L
c Compute second norm of x and calculate new x,v A
nn=pos+nvar-1.“ o T
. sum = 0
do 100 i=pos.,nn
o sum = sum+fx(i)**2
ioe » k(i) = x(i) + Fx(:)
o norm = sqrt{sum)

cfthis is'to coﬂpenﬁate.fof'thefu‘ffand z%s in the originaL



' 225
224

227

228
229
230

231

235
237
239
240
241
242

243

244
245
246
247

248
249

251

252
253
254 -

285

256
257

258
259

260

261
262
263
264
265

266
267

268

269
270

271

272 -

273

274

273

276

277

279
280

115

K

c: equations in the file out2

311

312

R

nn =nequ — nu — nz +1
if (pos. eq. nn) then
cl = pos: .
do 311 1=1.nz
z¢(i} = x (cl)"
cl =¢cl1 + 1
‘end if
if (pos. eq. nn+nz) then
cl=pos
do 312 i=l,nu
v(i) = x (1)
€l =¢1 + 1
end if

€ Check for increment stopping criterion

€t
10

200

an-ﬁﬂhﬂﬂ

Ly

11

15

40

50
278

95

+

i# (norm. 1t. error) go to 200
otherwise go do another subiteration

cantinuve ~
end

th:s is the LU subroutxne called once each subxteratxon
1t factors the jacobian into lower and upper triangular
‘matrices. and then solves for deltax. (result returned

in #x vector).

subroutine lu(fx, jac.nvar)

double precision sumlul.sumluz.Jac(nvar.nvar) : £x(nvar)
‘ .1(5.5).u(5.5)
equivalence(l.u)
integer s,nvar
do 11 i=1, nvar
#£x(i)=—Fx(i)
continve
s=1
Ji=s
do 30 il=s,nvar
sumlul=0
do 20 k=1, ji-1
v sumlul= sumlui+1(il.k)*u(k.41)
I(iI.Jl)-Jac(ilygl) ~ sumlul

if (y1. ge. nvar) go to 59

i2=s

g =8 *+ 1

do 50 j2=s,nvar
sumiu2 = O
do 40 k=1,i2-1
; sumlu2 = sumlu2 + 1(12.&)*u(k.42) _
u(i2, j2) = (jacli2, y2) - sumlu2) / 1(12.12)
go to 15 v
do 70 i=1l,nvar
£x(i) = £x¢i) 7 1(i, i)



281
282
283
284

285

286

287

- 288

289 -

270
291

292

293
294
295
296
297

&0
70
c, .

80
€ s

90

116

do 70 J=1,1i-1
1¢i, g2 = 10i ) / 1¢i, i)
continue
solve for y answer stored in fx
do 80 j=1i,nvar
do BC i=4*1,nvar
¢x{i) = $x(y) # (“1(1.3))+ ?x(i)
continue
slve for delta x answer is in fx
do 90 js=1.nvar
J = nvar = jgs + 1
do 90 k=js+i.nvar
i =nvar — k + 1
£x(i} = fx(J) # (=u(i, 3)) + £x(i)
continue

end



sem;—d:rect transient. £

aa@&asaua«wuwa

- # This is a program that implements the Semi-Direct method

v ***********************************************************“

- # to perform a transient analqsis on a set of time varging
% set of equations _
INPUT ‘#iles out2 that contains the equations and their
' dirivatives, and initial2 that contains the
partitxoning information and the dc solutxon

. # * %k %

DUTPUT Solutions for the whole time interval are in the
 files vresultl,result2,.. (7 variables/file)
j*************************************************************

*?# ® % i'i

double precision norm-merror.sorror.x(SO).u(S).:(S).
v +xi(50), sum. time. h, secd, limit, x1(50), x2(50), xp (50)
N integer uniform, miter, siter, equ, incon, msteps, ssteps
“.Glag.nblks.nequ.n?(iO).nzonu.pos.order.reads.pred:ct

P + s subout

[ common /data/nequ. nu, nz, secd

- common ordev.x,x2.x1, h.flag »

e ;

¢ This is to set the default values For the print control

‘¢ and program options.

data subout.siter.miterlE*O.1/ .

data msteps.ssteps.merrer.serror/?*ao.z*le—ib/
data.x.reads.predict/SO*O.Q*l/ . o
data v, 27100/ = v ' T N
v data x2/30#0/ 7 o R ;f‘ T
c.

chhe file *initial2" xncludes the tnxttal print control

c varxables plus the initial guesses.

c

o include xnitxalE”

' v

€ This is to read the solution at =0 (dc solutxon) stored is
€ ~a file called "solution" on unit 10. We get solution from

(25 running the original dc prgram once with capacitors replaced
€ by valtage sorces. : , :

it (reads.eq. 1) then
nn = nequy ~ nu — ne '
open(unit=10.fxle=“solution“istatus="old“) .
. read(10,43) (x(i). i=l,nn). (2(i), i= 1., nz). (uti), i=1.nu)
- read(10,43) h.limit ’ _
read(10, 44) subout, order, predict
read(10, 43) ssteps
read(10, 43) merror, serror
o end ié - ‘ ’
- format (i)

44 - format(il)

43 format(el3. &) R
. n#finblks~1) = nz T
’f;nftnblks) = nq' ST ‘ -

norm calculation purposes.ﬁxa and x1 are used for the

‘.t
e xi saves the previous main iteratxons values for error and
c
c-calculat:on of the derivatxves using BDF Formulas
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5 57 
s8
- 9%

63
L
&5

. 69 ‘
70
71

81

83
B84
83

86
87

89

”.,§0 .
91

99
100

101
102
103
108
- 109

106

0107
1100
a1

annann

94
95
-3

13

14

7%
75
76
77

78
79

16

The

o us

da 13 1=1.nn

gpCi) = xli)-
x1(i) 313(131“
x2¢i) = x(i)
xi¢i) = x{i)

‘¢ Concatenate u‘s and ‘s to the end of x1 arraq;

- do 14 Jy=1l.nz
xi(i) = z(})

Coxtiy =zl
ox2¢iy = x(id

Cxpli) = x(i)}
xi¢i) = x(i}

i=1i=%1

do 16 j=1linu o

Cxifi) = ou(gy

x€(i) = wlyd
x2¢i¥ = x{id -
xpli) = x{i)
x1{i) = x(i}

+ 1 '

i=1

prbgramvﬁarameters'Used.in filg'resq;t

open ¢ uﬂitsli.Files“result“astatusa“neu“)*
write(11,800) = : ‘
ie(ovrder. eq. 1) then
mrxte(lIoBOI)
else
' writ@(li.ﬁoz)
end i#
writed(il,301) nequ
write(il. 3023 msteps

» write{(1i,303)merror
- write{ii,304)1limit

800
801
802
301

. 302

303
304

- 314

310

mrzte(ii.314) h

write (11,310) :
write(11,305) ¢ 1.x(1).x=1:nequ ¥
write{11.307)

iformat(/'?he Time Solutxon Using The Semi—Direct Meth
format(/’'Transient Analysis (using First Order ‘BDF) ")

format(/‘Transient Analysis (using Second Order BDF )

" pormat(/’Number of Equations: ‘,i2)

format(/’nax Humber of Iterations: .12)
format(/ ‘Error Criterion: ‘,elC. 4}

format(‘Time Limit: ‘,el10. 4)

format(‘Time Step: ‘,el0.4: (uniform time step) )
format(/’Initial Conditions:’) : C .

 i# (miter.eq. 1} then
. i# (subout.eq.1? then

op@n(unitgao911e=“result1".status=“new“) R
write(2:309)(ioi:i=1:4) AR

 1¢ (nequ gt 4) then



119

113 open(unit=3;#ile=“result2“.status="nem“)»

114 write(3,309)(¢i, i, i=5.,8)

115 end if :

116 if (nequ.gt.8) then

117 open(unit=4.File=“result3“.status=?new“)'
118 : write(4,309) (i, i, i=9, 12) .
119 . end it

120 it (nequ. gt. 12) then c :
121 ' open(unit=7,file=“result4“.status="nem“)
122 write(7, 309) (i, i, i=13, 16) ’

123 ‘ end if

124 if (nequ. gt. 16) then

129 - _ open(unit=3.¥i1e=“result5“.status="neu“)
126 write(8, 309)(i, i, i=17,20) '

127 end if '

ize if (nequ.gt.20) then . .
129 open(unit=9.¥i1e=“resu1t6“.status="new“)
130 - write(9,309) (i, i, i=21,24)

131 end if

132 else : )

133 open{unit=2 file="result1".status="new")
134 uritg(z.saa)(i.i=1.7) ,

135 if (nequ.gt.7) then o ‘
136 dben(unit=3.Gi1e="result2“.status="nem“)
137 o write(3,333) (i, i=8, 14}

138 v end if

139 " if (nequ.gt.14) then

140 - open(unit=4.?ile=“result3“.status=“neu“)
141 write(4,333)(i, i=15,21)

142 . end if '

143 if (nequ.gt.21) then v
144 open(unit=7o#ile=“result4“.status=“new")
145 - write(7,333) (i, i=22,28) ' o
146 ' end if

147 end if

148 end if

149 <« : ' ‘
150 309 format(/"txh “, 2x, &4(" x*, i2, 7x. " deltax", i2, 6x))
151 333 format(/6x, " time “.7x,7(" x", i2, 8x))
152 ¢ ' ' ‘
153 ¢ The Time loop starts here.

154 flag=1 :

155 o time =h

156 ¢ Compute the derivative of the BDF
157 701 if ((order.eq.l).or.(flag.eq.i)) then

158 secd = 1./h
159 else
- 160 secd = 1.9/t
161 end if
162 ¢ v
163 ¢ This is the Semi-Direct method to solve the equations at
164 ¢ a certain time point. (dc program). ' » :
165 ¢
166 do 700 i=1,msteps
- 167 pos = 1

168 : de 710 j=1.nblks



169
710

170

171

172
173
174 .

175
178
177

178

S 179
- 180

i1

182

183
184
185

. 186

i87.

ER L GE

720

' iBB_‘

- 189

190

191

192

193

194

195

196
197

198

199

200

201
202

203

204

205
206
207
208 -

210 -

211

212

213
214
215
216;7
217
218
a9
220
.2215
222
o 223,
224

910
700

120

call newton(;.x.nf(J).serror.ssteps.sxter.pos.u.zah)
pos = pos 4 nf(;) S _

‘sum = O
~do 720 3=1.nequ
ply) = x{3) — xi(y)
sum = sum + xp{jIaw2
o nerm = sqrt(sumb

if (subout. eq. 1) then -
if (miter.eq.1) then

 print‘statement§'f'

. if (nequ.gt.4) then

write(2,110} 1.(x1(4).xp(;).4=1.4)
if (nequ. gt.8) then
Cwrite(3,110) 1,(x1(3).xp(4).J—5.8)
if (nequ.gt. 12) then
write(4,110) 1.(x1(4).xp(4).J=9.12)
if# (nequ. gt. 1&) then C
write(7,110) 1.(xi(4).xp(4).4=13.16)
N X (nequ gt.20) then » o
write(8,110) 1:(Xi(J)oXP(J):J‘17:20)
i (nequ. gt.24) then S
wrxte(?.ll@) i.(xx(;).xp(;).;=21o24)'
else : ’ -
write(?.IlO) i.(xx(4).xp(4).3=21.nequ) o
end i¢®
else -
wr:te(B:liO) i.(x:(;).xp(g).3=17.nequ)
end if
else. , ' '
wr:te(7.110) i.(xx(J).xp(J).J=13,nequ)
end if f
else o
wrxte(4.110) i.(xx(;).xp(J).J=9.nequ)
) end if S
- else y ' -
.wrxte(S,iIO) i.(x:(J).xp(J).J=5:nequ)
end if

‘else

-wrzte(&.llO) 1.(x1(J).xp(J).J=1.nequ) 5“be
end if o , ' ‘-«n;"'

eornattiz;gx,4(e13f6;2x.exa.b.ag)) '

end if
end if ' ‘
if (norm. 1t. merror) go to 900
“do 910 y=1,nequ

xi(y) = x(J)

con&xnue



227

230
231

234

235 -
236

237

238
280

‘241

242

248 -

245
244

287
248

249

253

254 -
‘255
256
257
- 258

- 250

251 -
252 . v

- it1 format(4x.8(913 &:.2x))

900 1? (subout. nevl) then ,

write(11,307)
write(11,300) time
‘write(11,3035) (1.x(i).1—1,nequ)
- write(11,307) ' ‘
else
-if (nequ. gt. 7) then
. write(2,111) txme.(x(4).4—1.7)
if (nequ.gt. 14) then
write(3,111) txme.(x(4).3=8.14)
it (nequ. gt.21) then S
write(4,111) txme.(x(J).J-is.zi) g
it (nequ. gt.28) then :
write(7,111) txme.(x(;):J—zonB)
else
write(7,111) txme.(x(J).J=22:nequ)
- end i
else ' _ R
write(4,111) t1me.(x(4).4=15.neq0!"v
"end if ’ ' j‘
else ’ ‘ BN
: mrxte(s.ili) time.(x(;).4=8.nequ)
end if
else :
mrite(z.lii) tlme.(x(J),J-l.nequ)
end i#
end if

'307 . format(//“*********************************&********

259

- 260

261

L 262
T 263
264

) ht)ﬂ

265
266

. 267
268
L 269

- 270

2n

-a272
273

+********************************************")

300 ° format(//“"Solution at t= ", e1d4. 9, " :ﬁ)

3095 format(/4(" x", i2, "=",e10. 4})
’ if (time. gt. limit) go to 703
time = time + h

Update the initial guess for the next time step by
~yging the solution obtaxned or use of a predzctor
foramula xh _
: it ((order. eq. 1). ovr. (flag eq 1) then o
tlag = O
"do 569 i=1,nequ
’xp(i) = 2#x{(i) - x2(1) '
x1€i) = x2¢i) :
Cx2¢i) = x(i) v ' '
i (predict.eq. 1) x(:) = xp(;)
xi¢i) = x(i)

569 . continue

274
275

276
277
278

279

280

else
do 571 i=1, nequ ' SO
xp(i) = 3wx(i) - 8*:2(1) + xl(i) .
x1(i) = x2(i) , ‘ R
x2¢(i) = x(i)» ' -
it (predict. eq 1) x(x) = xp(i)j
xi(i) = x(i).

871 continue



281
282

283
284
285

286

287

289
290

- 291

292
293 .
294
- 299

296

298
299
300

301,
302 -

303

305

306
- 307

308
309
310

311
312

313

314
315
316 "
317
318
319

- 320

321
322
323

324

325
326

327

330
331

333 -
334
335
e

MERA N

"

" nr:ni

122

end if : , o
nn = negu-nu-nz+i
~do 311 i=t,mnz
z(i) = x(nn)
811 em=an + 1
- ' ‘do 312 i=l.nu
) . (i} = x(nn})
312 nn =nn +1
' go to 701
703  end

‘subroutine newton(num, x,nvar,error, steps: iter, pos, us 2.

2]

common /data/nequ.nu.nz.secd
double precision Jac (10, 5. 3, fx(SO).error:norm.temp(za
+ : ih.secd, dxdt, sum, 2(nz),u(nul, x(nequ)
- integer nvar.steps.count.nu.nz.nequ.c1.c2.pos '
i (iter.eq.1) then o o
. . write(é&, 320)num '
320 Format(//"slock Number“.x&)
. end if ,

_this is to compensate for the u's and z s in tho original
equations in the #file outz : .

~do 10 countsi.steps
nn =nequ ~ nuU - N2 +1 
if (pos.eq. nn) then
cl = pos
do 3ii i=1l.,nz
, o z{i) = x(cl}
311 cl =cl + 1
- end if ‘ '
i (pos. eq. nn+nz) then
. el=pes
do 312 i=1,nu
: i) = x(cl) .
312 - et = cl + 1
’ end if '
c
c

¢ heve we insert the equations and thozr derivat:ves .

include “outa“"'
c
c .
' 2 = 1 o
do 500 i=i,nvar
.do 800 j=i,nvar
temp(c2>=Jac(num.J.1)

900 e2 = c2+1

c . -



339

- a1

342

344

345
€

3464

347

- 348

349
s

351

- 353
354
355

B 356

358
- 359
360

n ﬁf?n "

361-‘”

383

La}

7 100

123

call lu(£x(pos), temp, nvar)

na=pos+nvar—1
sum = 0O
do 100 i=pos.nn
sum = sumtfx(i)#s2
‘ x(i) = x(i) + £x(i)
- norm = sqrt(sum)

- this will output the data

110

10
200

L Beq4

-
366
%7

369
370

371
372

@73
. 374
o 375
376
377

- 378

- 379

1;5

S

20

30

Cag1

384
~ pss
386

387
386

390
391
a92

30
50

',55

&0
70

i (iter.eq. 1) then

write(é, 110} count.(x(:) #x(x),xapOﬁ.nn)
‘format(/i2, 2x, 4(el3. 6, 2x, el13. 6,3%), o o
end if TS A A A {elT. b Em?ﬁiﬁa&vﬁx})}”

if (norm. 1¢. error) go to 200
otherwise go do another 1teratxon ,
-~ continve :

. end :

Soluiton of blocks using LU factorization.

o subroutzne lu(fx.Jac.nvar)

double preczsxon sumlul.sumluz.Jac(nvar,nvar) #x(nvar)

- +, 1(5, 5), u(S, 85)
 equivalence(l,u)

integer s,nvar
do 11 i=1, nvar
£x(id)=—fx(i)
continue
s=1 -
Ji=s :
‘do 30 il=s,nvar
sumlul=0 S IR
do 20 k=1, yi~i - RN
- sumlul= sumlu1+1(11.k)*u(k.41) BT
l(il,Jl)—Jac(xi.Jl) - sumlul :

1¥ (41 ge. nvar) go to 55

 j2=¢

s =g+ 1 .
do 850 j2=s,nvar
sumiu2 = O o
do 40 k=1, i2-1
sumluz = sumlu2 + 1(12.&)*u(k.32)
uli2, 342) = (gac(i2, y2) -~ sumlu2) / 1(12.123
"go to 15 :
d0 70 i=1.nvar
£x(i) = £x(i) / 1(1.1)
do 70 j=t1,i-1 '
1(i, §) = 1(1.4) / l(i.i)
continue



124

393 ¢ solve fbr u'ansuer‘stdred*in,fx  |

3724 . do BO =1, nvar o
- 395 - do 80 i=4*1.nvar .

396 : £x(i) fx(;) # (- 1(1:4))+ fx(i)
397 80 : continue ,
398 ¢ solve for delta x ansmer is in @x,»

399 do 90 js=1,nvar :
400 .. ' J = nvar - js + 1
-401 do 90 k= Js+1.nvar

402 : i =nvar - k + 1
403 o €x(i) = §x(4) * (-u(z.g)) -+ ?x(:)
404 90 - continue. ’

- 409 ¢ e '
406 end
407 ¢

08 ¢
409 ¢ this #unction is to evaluate the dirivatives using BDF of
410 c»order 1 or 2 . , v
411 ¢

412 function dxﬂt(z) o :
813 ’_ double precision x(SO)ox2(50).x1(50).h.dxdt
414 ‘integer flag. order : | _

. 819 : COMmRON order.x.xZ.xl.h.#lag

Ca16 ¢ S
417 Y 2 ((order eq. 1). or. (flag. eq. 1)) then i
418 dxdt = (x(i) —~ x2(i} )/ R ‘.;{‘
419 i else S ' ’
420 dxdt = (1. 5*:(1) - 2*:2(1) +. s*xl(i) )/h
421 - end if R
422 . return

423 . end



125

newton. dc.

|
\

**************************************************************

-2 % This is a program that implements the Newton-Raphson method¥
3 # to solve a set of nonlinear (or linear) equations. ' ¥
4 # INPUT: files out that contains the equations and their *
5 = dirivatives, and initial that contains the *
& .partitioning information and the initial guess. 3
‘g # OUTPUT: final solution in g¢ile called res. The iterations ¥
- % in files resi,res2,.... (4 variables per file). *

- 10 **************************************************************
11 ¢ _ e '
12 double precision norm.sum.b(S).phiCZSJwerfor5i€50).u(S).r
13 +.ars(5:45);asr(45:5):move(25),fx(50),Jac(10,555)

14 o integer k.pos.c.nblks.nvar.steps;nu,nﬁ(IO)

15 ¢ ' : :

16

17 ¢ . ; . ,

18 ¢  This is to set the default values for the print control

19 ¢ and the initial guesses. : ' : o o

20 data steps, error, iter/20,1. e-8, 1/

2t - data X, ast, ars, jac/50%0: 450#0, 250#0/

22 , data z,u/10%0/

23 ¢©

24 cThe file vjnitial” includes the initial print control
25 ¢ variables. the initial guesses and the partitions.

26 ¢
27 include "initial"
28 nf(nblks—1) = n
29 ' nf(nblks} = nu
30 c - ‘ ,
31 ¢ Concatenate u's and 2's to the x array.
32 S k=nvar -nu — nz+l ‘
33 L do 13 y=i.,nz
34 : x(k} = z(§)
35 i3 k=k+1
.36 do 16 j=1l,nu
37 x{(k) = u(y)
a8 16 k=k+1
3% '
40 ¢ The title for the main result
41 open unit=11.file=“res“.status=“new")'.
42 v write(il, 800)
43 write(11,301) nvar
44 ' write(11,302) steps
45 write(1i1,303)error
44> write (11,310} ‘
47 write(11,305) ( i, x(i), i=1,nvar )
48 write(it,307)

- 49 800 format(/’Modified Newton—-Raphson Method {block diagonal)
50 301 format(/’Number of Equations: vi2y A

51 302 +format(/’Max Number of Iterations: /, i2)

52 303 format(/’Errvor Criterion: ‘,e10.4)

83 310 format(/’Initial Conditions: ') ‘

54 ¢

55 ¢ Headings for the iteration results

56 i# (iter.eq. 1} then
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N\, A

.59

15%
S8

60

-3
62
63

64
65

-
&7

T &8
69

70
71
72

73

74

A

76

77 .

78
79
80
81

- :

83
84

85

86
87
88
58

0

1
93

P4

95

Q46 -

97

o8

9

100
101
ioz2:

103

104
105
106

108

109

110

111

112

92

c

- 309

<

no

noon

702

€

c

c

open(
w

open(

126

un1t=2.fxle="resl“4status-“new“)
rite(2,309)(i, i, i=1,4) ’

if (nvar.gt. 4) then

unxtsa.Fx1e=“re52”.status=“new“)

write{3,302})(i,i,1=5,8)

end if
if (nv
open

end if

ar.gt. &) then ~ T
unit=4, file="res3", status="new")

write(4,3092)(i, i, i=9, 12’ R

it (nvar.gt. 12) then

open(

unit=7, file="res4”, status= "new")

write(7,309)(i, i, i=13,16)

end it

it (nvar.gt. 16} then

openl

unxt=8.Fxle=“re55“,statuss“new") , : 

urxte(B.GO?)(x.1.i=17.20)

end if

it (nvar.gt. 20) then

open(

un1t=9:6ile=”res6“;statusw“new“)

mrxte(9.309)(1.1,i=21.24)

end if

end if

format(/" i ", 2x,4("  x",i2,7x,"  deltax”, i, bx

This is the iteration loop

701

777

do 700 i=1asteps

these do loops zero the arrags Jac.asr and ars because t
are used for storage purposes :

do 702 j=1i.nblks
do 701 k=i,n#f(})

do

701 l=1,nfly)

Jac(y, k, 13)=0
do 702 k=1,nvar

asr(k: §}=0

ars(j, k)=0

includ

£x(y

¢ the #ile out contains the equat;ons and their derivat;ve

e "out"

do 777 =1, nvar

) = —fx(y)

¢ This part makes use of the boardered block dxagonal form

,'pos
‘do
c=1

¢ of the Jacobxan The algorithm is expla1ned in section 4.

= 1 .
70 5 =1,nblks-1

do 330 1=1,nf(y)
do 330 k=t,nf(y)
move(c) = jac(j, k. 1}



113
114
115
116
117
iig
119

120

121
122
123
124
125
126
127
128
129
130
131
132
133
134
135
136
137
138

139

140
141
142
143
144
145
146
147
148
149
150
151

152

153
154
155
156
157

158
159
160
161
162
163
164
165
166

1167

. o -

330

331

320

&6a7

8886
70

L X I
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c=c+1
call lu(nf(}), move)
e=1
do 331 l=i.nf(})
1zz=1+pos—1
b(1) = £x(1z2)
do 331 k=t.nf())
Jac(y, k, 1} = move(c)
c=c+1
call lsolve(move,b,nf(y), 1)
=1
do 345 l=1l,nu
do 345 k=pos,postnf(j)—-1
phi(c)=ars(l. k)
c=c+1
c=1
do 344 l=1,nf(})
do 344 k=1.n#())
if(k.eq. 1} then

move(c) = 1
else ‘
move(c) = jac(j, 1.k}
end if
c=c+i

call lsolve(move,phi,nf(}), nu)

=1

do &68 1=1,nu

- do &68 k=1, nf(y)
ars(l, k) = phi(c)
c=c+l

c=1
do 320 l=1i,nu
do 320 k=pos,pos+nf(j)-1
phi(cr=asr(k, 1)
c=c+1
c=1
do &67 1l=1,n#(y)
do 667 k=1.nf(}y)
move(cr=gjac(j, ki l?

c=c+1

call lsolve(move, phi,n¥(j):nu}
do 888 1=1,nu :
1zzx= l+nvar—-nu

do 889 k=1,nu

do 887 m=1,nf(})

Jac(nblks.l.k)-Jac(nblks.l.k) - ars(l.m)
' continue v st Cmd e

do BB8 k=1, nf())
£x(lzz)=fx(lzz)-ars(l, k)*b(k)
continue

pas=pas+nf ()
e=1
do 910 l=1,nu
do 910 k=i.nu
move(c)=jacinblks, k. 1)

PR N

1) F

433



128

169 -call lu(nu.move) : :
170 call lusolve(move.#x(nvar-nu+1).nu)
- 171 S pos=1 :
172 de 950 ngnanRS“I
173 c=1 _
174 ' do 920 1 1.nf(y)
175 ’ do 920 k=1,nfy)
176 . move(c)SJac(J:ksl)
177 20 c=c+i
178 ' do 921 I=pus,pos+nf(3) i
179 : do 921 k=1i.nu
180 . - ku=k+nvar—nu
igl fx(1)=fx(1)—asr(lak)*fx(ku)
ige - 921 continue
i83 call lusolve(move;#x(pos).nF(J))
184 950 pos = pas+nf(3)
185 ¢
186 ¢ Itevation print statement.
187 ¢ L
iss - if (iter.eq.1) then
189 ¢ B
190 if (nvar.gt. 4) then
191 write(2,110) i, (x(}3), #x(j); j=1, 4}
- 192 I - if (nvar.gt.8) then
193 . write(3, 110} 1:(:(4).9:(J).J=5»8)
194 ‘ it (nvar.gt. 12) then :
195 . write(4,110) i, (x(g), fx(4).3=9,12)
1946 , if (nvar. gt. 16) then
27 write(7,110) i, (x(y), £x(3), y=13.: 16)
198 it (nvar.gt. 20} then
199 ‘ , write(8,110) 1.(:(;).6:(4).J=17.20)
200 ' it (avar.gt.24) then
201 _ write(9,110) 1.(:(3).#:(4).J-21 24)
202 o else
203 : write(?, 110) i.(x(;).fx(J).J=21:nvar)
204 ' ‘ end if
205 : else '
206 v . write(8, 110) 1.(:(4).fx(J).J=17,nvar)
207 » _ - end if :
208 ‘ else ’ ’
209 ‘ mrxte(?»iIO) is(xC3d, fx(J).J=13.nvar)
- 210 end if ‘
211 else
- 212 - ' write(4,110) 1.(x(J).Fx(J).J=9.nvar)
213 - end if
214  else
215 . write(3, 110} 1.(x(J}.¥x(J),J=5.nvar)
216, o end if
217  else ‘
218 write(Q.llO) i.(x(J),fx(Jlugsl,nvar)
219 . end if : , -
220 « |
221 ¢

222 110 format(i2, 2x, 4(eld. &, 2x, e13. 6, 3x))
223 «¢ . ' . e
224 . end if



- 225
- 226

227

228

. 229

- 230
. 231
232
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240

= 241Q
C 242

243

«244%.

245
246
247

,1248 ‘F
249
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-
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. 258

- 259

260
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262
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265

. Dab

267

270
27

o272

278

C 279
276
277
278 .
279
.. 280,

- 720 R = x() + Exl)

ArnannANn

129

e . _ ‘
€ Calculate the second norm o¥ the vector x
c and update the value of x :
sum = 0O
~do 720 §=1.nvar
‘sum = sum + fx(;)**a

" norm = sqrétisum}

. 233 ¢ Update u and z.
g

k=nvar -nuy - nz+l
do 14 j=1,nz
Lo z(3} = x(k}
14 0 k=k+l

v - do 17 j=1i,nu
: u(g) = x(k)
17 k=k+1

c Check i¢ error stopping criterion has been achexved
: if (norm. 1¢. error) go to Q00
700 continue

k 4

€ This is to print the final solution

900 . write(11,307)

- write(11,300}

S write(11,309) (i,x(i),i=1,nvar)
- 307 .format(//"****************&******************************u

336 335353636 3 6350 336 36 3 363 2636 3L 33 I I IR )
. 300 format(//"Solution: ")
305 format(/4(" x*", i2, "=, e10.4))
c the file solution contains the solution for the use of the
€ program convergance. £ . Co
open ( unit=10.fxle=”solutxon“.status=“new“)
nm= 1
urxte(10.332)nn,nvar.nu.nblks.(nf(;) i= I.nblks)

’ 5§2  format(i2)

‘ urzte(iO.SGS)(x(i).1=1.nvar)
333 format(el3. 6}
end .

Ly éactorizition

,subroutine lu(nvar.Jac)

)

double precision sumlul.sumluz.Jac(nvar,nvar) 1¢5,5)

equivalence(l, u) B o, u(E,5)
integer s.k.nvar S

s=1 :

15 yi=s

-do 30 il=s,nvar .
sum1u1=0
do 20 k=1, j1~1

20 sumlul= sumlui+1(ii.k)*u(k.J1) i
.30 1(i1.41)=4ac(11.;1) - sumlul S
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289
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287
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290

291
. .292

. 295
- 296
297

298

301
302
303

304

305
306
. 507

. 309
310

311

312
313

40

99

nMnNn

"

n o

- 99

20

c

314

315

316

317
318
319

320
321

322

s
324 -
325
326.
327
328

329
330

a3t
333 -

80
solve for x answer is in fx

c

20

c

334
335

336

S5

56

" if (y1.ge.nvar) go to S5

i2=g
s =g +.1
do 30 j2=s,nvar
sumlu2 = O
do 40 k=1,i2-1
sumlu2 = sumlu2 +1(12;k)*u(k.J2)
uli2, g2 = (JaC(IZ,JQ) - sumlu2) /1(i2,i2)
" go to 15 , _ .
do 1 i=i1,nvar
do 1 Jai.nvar
‘ Jét(l:J)Sl(iaJ)
end .

Solve an LU factorxzed Jacobxan for doltax
subroutzne 1usolve(Jac,fx.nvar)

double preczszon Jac(nvar.nvar),fx(nvar)

‘solve LY = FX for Y storing 1t in ?x

normalize pivot
- do 70 i=i,nvar .
fx(iy = #x(i) 7/ Jét(l:i)
do 70 y=1,i-1. '
Cgac(is ) = Ja:(:.;) / Jac(z.z)
- continuve y
solve for y answer stored in fx /=
~ do 80 j=i,nvar
‘do 80 i=j+1,nvar
fx(i} = ?x(J) * (-Jactx.J))+ ?x(x)
‘continue ,

“do 90 gs=i.,nvar
j = nvar - js + 1
de 90 k=js+1,nvar
‘i =nvar - k + 1 . .
, fx(i) = ?x(;) * (‘J&C(I:J)) + 6x(1)
continue : : :
end

Solve a Jacobzan tbat is in lower tr;angular form.
’ subroutxne lsolve(Jac.fx.nvar.nu)

double precision Jac(nvar.nvar).fx(nvar.nu)

" solve LY = FX for Y storing 1t in fx

normalize pivot
do 70 i=i,nvar BT
take care of mhole row in #x
do 56 k=1, nu
£x¢i k) = #x(i, k) / Jac(xaz)
do 70 j=1,i-1
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337 jacli, y) = jgac(i, j) / jacli, i}

338 70 continue

339 ¢ solve for y answer stored in fx

340 do 80 j=1,nvar

341 do BO i=j+1,nvar ,

342 do 80 k=1, nu :

343 ex(i, k) = fx(g, k) # (—gac(i, y))+ Fx(i, k)
344 80 continuve

345 ¢

346 end
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newton. transient. £

306 36 30 309 3 96 3 303 36 36 35 30 6 636330 3 30 30 3 30 0 303 3 3030 0 303030 90 T30 30 3696 36 35 38 36 36 26 3096 3696 36 95 2 56 4596 30

# This is a program that implements the Newton—Raphson method

# to perform a transient analysis on a set oF time varying

# set of equations.

" INPUT: ¢files out that contains the equations and their
dirivatives, and initial that contains the
partitioning information and the dc solution.

OUTPUT: Solutions'Fdr the whole time intervél afe in the
files resl,res2,.... (7 variables per file).

*® R K % ok %k

365 55 34 36 36 35 36 HE 36 96 36 36 36 3 363096 36 3 6T J0 6 38 36 3636 36 35 36 36 95 36 36 I 36 H 636 36 36 36 36 36 36 36 36 36 3637 36 36 36 36 3 36 30

C , .
' double precision norm, sum b(3), phi(25), error, x(50), x1 (¥
+ , x2(50), 1limit, secd, h, time, XD(SO)I u(d), 2(5), JEC(IOJ S:5
+ ars(9, 45): asr (45, 5), move(23), £x(50)
integer k»pos.c»nhlks.nvar:steps;nu.nF(IO),order:unlfor
+ predict, subout .
common order, X, x2, flag, x1, h

This is to set the default values for the pr:nt control
and the initial guesses.
data steps,error,iter/20,1. e~16,0/
data x,asr,ars, jac/50#1, 450#0, 250#0/
data reads;predict/Q*l/

A nNn.on

c Lo :
cThe file "initial” includes the initial prlnt control
¢ variables plus the initial guesses. Do
c .
include "initial"
nf{nblks) = nu
nf(nblks~1) = nz v
¢ This is to read the soluiton at t=0 (dc solution) stored im
¢ a file called "soluiton" on unit 10. ' ’
¢ R : . .
if (reads.eq. 1) then
“open ( unit= 10,Flle*"solutlon";status—"old“)
read(10,43) (x (i), i=i, nvar)
read(10,43)h, 1limit
- read(10, 44) subout.order,predlct
read(10,44) i »
read(10,43) error
end if .
44 format(il)
43 Format(elB.é)
c
¢ Initial x1 and x2 that are used to store the prev1ous
c values of x for the use in BDF.
do 13 i=1, nvar
xp(i) = x(i)
} x1¢(i) = x(i)
13 x20i) = x{i)
c : .
C Write program parameters used in file res
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65
&b

&8

69
70
71
72
73
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75
76
77
78

80
81
a2
83
.84
-85
86
87

88

89
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91
92
- 93
94
95
96

97

98
99
100
101
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103
104

105

106

107

108
109
110
111
112

79

800

801

802

301

302
303
304
314

- 310
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open ( unit=11, file="res", status="new")
write(11, 800) '
if(order.eq. 1} then
write(1i1,801)
else’
write(11, 802)
end if
write{(11,301) nvar
write(11,302) steps
write(il, 303)error
write(11,304) limit
write(11.314) h
write (11,310) :
write(11,305) ( i, x(i),i= l.nvar )
write(11,307)
format(/ ‘Newton—-Raphson Method (block dlagonal)’)
format(/‘Transient Analysis (using First Order BDF) ‘)
format(/‘Transient Analysis (using Second Order BDF) 7))
format(/‘Number of Equations: ’,i2) ‘ :
format(/’Max Number of Iterations:’,i2)
format(/‘Error Criterion: ‘,el0. 4)
format(/’Time Limit : ‘. el10.4)
format(/‘Time Step : ‘,e10.4)
format(/‘Initial Conditions: ')

if (iter.eq. 1) then
if (subout.eq.1) then
open{unit=2, file= "resl".status “new")
write(2; 309 (i, i, i=1, 4)
it (nvar.gt. 4) then
open(unit=3.¥ile=“r952“.status=“new")
write(3,309)(i,i,i=5 8)
end if
if (nvar.gt. B) then
open({unit=4, file= ="prps3", status="new")
ur1te(4,309)(1:1,1—9:12) '
end if
if (nvar.gt. 12) then
open(un1t~7,F1IE""res4".status*“neu")
write(7, 3092)(1i,1i,i= =13, 16)
end if
if (nvar. gt 16) then
open(un1t~8,P119“"r955",status-“neu")
wr1te(8,309)(1.1.1 17.20)
end if
it (nvar.gt.20) then
open(unltw9,Flle—"resb“.status="neu“)
ur1te(9,309)(1.1,1-21 24)
end if
else
open(un1t~2;$11e="resl“ status="new")
write(2,333)(i, i=1,7)
i# (nvar.gt.7) then
openf{unit= =3, file="res2", status="new")
write(3,333) (i, i=8, 14)
end if
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113 if (nvar.gt. 14) then

114 open(unit—4,File-"res3".status="new”),
113 urzte(4,333)(i.1 15, 21)

116 end if

117 it (nvar.gt.21) then

118 open(un1t~7,Flle*"res4",statUS”"neu")

119 s write(7,333) (i, i=22, 28)

i20°  end if :

121 ' end i#f

i22 end if

123 ¢ ' S

124 309  format(/" j ".2x,4(" x",i2: 7x, "  deltax",i2, 6x)
125 333 format(/6&6x, " time ", 7x,7¢(" = x",i2,8x))
126 ¢ . o :
- 127 ¢ The time loop starts here

128 . flag=1

iz29 "~ time = h

130 ¢ Compute the derivative of the BDF . '

131 766 if ((order.eq.1).or. (flag.eq. 1)) then :
132 o . secd=1./h

133 o else

134 - ‘secd = 1. 5/h

135 end if

136 ¢ This is the Newton method to solve the equatxons at

‘137 ¢ a certain time po1nt (dc program)
138 ¢

139 _ do 700 1=1.5teps

140 ¢

141 ¢ these do loops zero the arrays Jac,asr and ars because tha
142 ¢ are used for storage purposes
143 @ ¢.

144 do 702 J=1,nb1k§

145 do 701 k=i,nf(j)

144 -do 701 1=1,nf(j)

147 701 jac(j, k, 1y=0

148 do 702 k=1, nvar .

149 - asr(k, j)=0 '

150 702 ars(j, k)=0

151 ¢ ool :

152 k=nvar -nu - nz+l
153 : do 14 j=1.,nz

154 : ozl jr = x (k)

155 14 k=k+1

156 : - do 17 j=1l,nu ~

157 uljy = x(k)

158 17 k=k+1 »

159 ¢ the file out contains the equatlons and thexr derivatives
160 . include “out"

161 €

162 do 777 j=1,nvar. -
163 777 £x(j) = —fx(j)
144 ¢ :

165 ¢ Steps 1 and 2 are executed using the subroutine sums
166 ¢ : Lo : : f

167 : pos = 1

168 : do 70 j =1,nblks~-1
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174
175 _
176 -

177

178

179

180

181
182
183 ;.

i84

185

186
187

188

189
190
191

As2
193
194

195
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197
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201 -
202
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o205
206

207

- 208
209

- 210

o212
ﬂ213, : :
214 0
215
216
217
218
219
220
S-7-3
o 222
o 223

345  c=c+l

668 c=c+l

»667: c=c+1

c=1 - '
do 330 1=1.nf(j)
do 330 k=1l,nf(j)
: S move(c) = JBC(J}kll)
330 c=c+1 ' ,
call lu(nF(J).move) N
c=1 »
do 331 1=1,nf(j)
lzz=1+pos—1
b(l) = £x(lz2)
do 331 k=1,nf(j)
JaC(J;k:l) = movelc)

331 c=c+l

call lsolve(moveabonf(J) 1)
c=1
do 345 1=1,nu ' 2
do 345 k*pos,pos+nF(J) -1
phi(c)=ars(l, k) .

c=1

do 344 1=1,nf{j)
do 344 k=1.n¢(j)

- if{k.eq. 1) then
- .move{c) =1

_else ,
move(c) = jac(jil.k)'
end if ' '

‘2384 c=c+1

. eall lsolve(move,ph1,nF(J),nu)
c=1
 do 668 1=1,nu
do 668 k=1,nf(j)
ars{(l, k) = phi(c)

e=1
do 320 1= l,nu : '
do 320 k‘pos.pos+nF(J) -1
S : philci=asr(k, 1) :
320  c=c+l
c=1
do 667 1= 1.nF(J)
do 667 k=1,nf(j)
" . move(c)= Jac(J.k:l)

call lsolve(move,phl,nF(J),nu)
do 888 1=1l,nu
lz2z= l+nvar-nu
do 889 k=1,nu
do 889 m=1,nf(j) '
jac{nblks, 1, k)= Jac(nblks,l k)—ars(l.m)*ph1(m+(k 1)*nF(J)
- 889 - continue
’ do 888 k=1,n#(j) :
£x{lzz)= Fx(lzz)—ars(l k)*b(k)

888 continue
70 -pos=pos+nf( )

c=1
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do 910 1=1,nu
do 910 k=1,nu
" move(c)= Jac(nblks,k,l)
c=c+1 .
call lu(nu,move)_ .
call lusolve(move.fx(nvar-nu+1).nu)1
pos=1 , , ‘
do 950 j= l,nblks-l
c=1
do 920 l—l;nF(J).
do 920 k=1,nf(j)
move(c)= J&C(Jak:l)
c=c+1 ,
do 921 1=pos.pos+n£(j)—1
do 921 k=1, nu
ku=k+nvar—nu -
fx(1)= fx(l)-asr(l,k)*Fx(ku)
continue
call lusolve(move,Fx(pos),nF(J))
pos = pos+n¥(J) ' o :

iF-(subduf.eQﬁi) then:
if (iter.eq.1) then

print statements

" if (nvar. gt. 4) then

write(2,110) i, (x(j), Fx(J).J =1,4)
if (nvar.gt.8) then - R
write(3,110) 1:(X(J) Fx(J).J=5.B)
if (nvar.gt. 12) then :
write(4,110) 1:(X(J):FX(J):J—9012)-
if (nvar.gt. 16) then- . ,
write(7,110) i, (x(j), Fx(J).J 13.16)
if (nvar.gt.20) then
write(8,110) i, (x(j), FX(J):J 17.20)
if (nvar.gt.24) then
write(?,110) 1;(x(J) Fx(J).J=21a24)
else
write(9,110) 1,(x(J).Fx(J).J-21.nvar)
end if
"else -
wrlte(B,IIO) 1;(x(J).Fx(J).J 17,nvar)
end if .
else '
_ ur1te(7;110) 1:(X(J) #x(J),J 13,nvar)
end i#
- else ’ ‘,vg '
urxte(4.110) 1.(x(J).Fx(J),j=9.nvar)
-end if . R
else ‘ ’ o
wr1te(3.110) 1,(x(J),fx(J),J=5.nyar).7
end if ‘ Co

'else
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281 Cwrite(2,110) i, (x(j), £xC(j), j=1,nvar)
282 : end if _ :

283 ¢

284 ¢ | | :

. 285 110 format(i2, 2x,4(el13. &, 2x,e13. 6, 3x))
286 ¢ : o »

287 ¢ :

288 : end if

289 Cend if

290 sum = O

291 do 720 j=1,nvar

292 . .sum.- = sum + Fx(J)**Q

293 = 720 x(j)y = x(j) + £x(j)

294 . norm = sqrt(sum) ol
205 ¢ Check if error stopping criterioen has been ach91ved
296 if (norm. lt. error) go to 900 '
297 700 continve

298 ¢

299 200 if (subout.eq. 1) then

300 write(11,307)

301 write(i1, 300) time

302 write(11,305) (i,x(i), i=1,nvar)

303 , write(11,307) :

304 ‘else

305 if (nvar.gt.7) then

306 write(2,111) time, (x(j)i j=1.7)

307 if (nvar.gt. 14) then

308 , write(3,111) time, (x(j), j=8,14)
309 , if (nvar.gt.21) then

310 , ) write(4, 111) time, (x(j), j=15,21)
311 if (nvar.gt. 28) then

32 write(7,111) tlme:(X(J):J—QQIQS)
313 else

- 314 write(7,111) t1me.(x(3);4=22.nvar)

315 ‘ end if ‘

316 , else

317 write(4, 111) time, (x(]j), J= 15.nvar)
318 , end if

319 else.

320 write(3,111) t1me;(x(J).‘-B,nvar)
321 end if

322 else

323 write(2,111) tlme.(x(J);J 1,nvar)

324 end if

1325 - end if
326 ‘111 format(4x,8(el3. &, 2x)) :
az7. . 307 Format(//"******************************************
328 o3 33 S 3R 30 3R 2 2 AR SF SR I R R RIS I SR B B R )
329 300 format(//"Solution at t= ",e14.9," 1 ")

330 305 . format(/4(" x",i2, "=",e10. 4)) '
331 R if (time. gt. limit) go to 703
332 - time = time + h -

333 ¢ » , - ‘
334 ¢ Update the initial guess for the next time point
335 ¢ by using the solution obtained or a pred1ctor

c formula. :

,336
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it ((order eq 1) or, (Flag eq 1)) then
flag = O
do 569 i=1,nvar o
' xp(i) = 2#x(i) - x2¢i)
x1¢(i) = x2¢i) R
x2¢i) = x(i) , N PRI
if (predict.eq. 1) x(x) = xp(i)
continue S -
else
do 571 i=1,nvar L L :
xp(i) = 3#x(i) - 3#x2(i) + x1(i)
x1¢i) = x2¢i) T C L
x2(i) = x(i) » S
if (predict. eq 1) x(1) = xp(i)
continue ' :
end if
‘go to 766
end

LUVFactorizatiQn

subroutine lu(nvar,jac)

double prec;sxon 5um1u1:sum1u2;Jac(nvar.nvar)r

o+ 105,58, u(5,5)

15

20
30

40

S0

S5

equivalence(l, u}
integer s, k.nvar

s=1

Ji=s o

do 30 il=s,nvar
sumlul=0

do 20 k=1, j1-1
sumlul= sum1u1+l(11 k)*u(k,Jl)

C1C¢it, j1)= =jac(il, j1) - sumlui

1F (gt ge nvar) go to 55

' i2=g

s =5 + 1
do 350 Jz-s.nvar
sumlu2 = 0 '
do 40 k=1,i2-1
sumlu2 = sumlu2 +1(12.k)*u(k,J2)
u(12.J2) ='(Jac(12.32) - sumluz) /1(12,12)
go to 15
do 1 i=1,nvar
do 1 j=1,nvar
JBC(I;J) 1(1.J)
'end
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Solve lu factorized jacobian
subroutine.iusolvé(jécifx,nvar)
“double precision jac{nvar,nvar), fx{(nvar)

solve LY = FX for Y storing it in fx
normalize pivot

99 do 70 i=1, nvar

fx(i) = £x(i) / Ja:(1.1)
do 70 j=1,i-1
jacti, j) = jacti, j) / Jacf1:1)

170 continue

C

splve for y answer stored in £x
do 80 j=1,nvar
do 80 i=j+1,nvar
£x(i) = Fx(J) # (- JaC(I:J))+ Fx(1)

‘80 - continve

solve for x answer is in £x
do 90 js=1,nvar
j = nvar - js + 1
do 20 k=js+l,nvar
i = nvar - k + 1
£x(i) = #x(j) # (- JaC(l:J)) + £x(i)

90 continue

end

c

(=
[

c
c

c

c Solvé a lower triangular jacobian

subroutine lsolve(Jac,Fx.nvar,nu) w

- double precision Jac(nvar:nvar) fx(nvar;nu)
solve LY = FX for Y storing it in fx
. normalize pivot

55 do 70 i=l,nvar
-

take care of whole row in fx
do 56 k=1.,nu

56 Cfx{i.sk) = £x(i, k) / jacli,1i)

 do 70 j=1,i-1
- jacti, j) = jacti, j) / jacti,i)

70 "~ continue

solve for y answer stored in f£2
do 80 j=1,nvar ' :
do 80 i=j+l, nvar
do 80 k=1,nu » : o
' fx (i, k) = Px(J. k) # (=jac(i, j))+ £x(i, k)

80 continue

end

this Punct1on is to ‘evaluate the dlrlvatlves us1ng BDF of
order 1 or 2 .

- function dxdt(i) '
double precision x(50):x2(50).x1(50);h dxdt’
integer order
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common order.x.xQ.Flag. ~

if ((order.eq.1). or. (flag. eq. 1)) then

dxdt = (x(1) - x2¢i} )/h

else : 7 L s
dxdt = (I.S*x(i) - Q*xa(i)'+¥g5¥x1(i)i/h
end if e DUl el ey T e
return

end
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coanvergance. f
TR AT P g SR R T 2 2 2 R R R R

This program computes the eigenvalues of the matrix

inv(ArT). Asr. inv(Ass). AsT

The input is the file out and the the file solution.

The file solution is set by the program newton.dc. f.

The output is the eigenvalues and optionally the above

matrix element. IMSL (International Mathematical and

Statistical Library) routines are used.
PR T S e X XA L 22 2 L R R S ek
* . '

FEEEEER,]
% ook ok ok ok ok &

double precision jac(10, 5, 5), x(50), £x(50), arr (35, 5)
+,z(5);u(5),ans(5;5)»ars(5,20).ass(5,5),assinv(5»5)
+,asr (20, 5); eigen(10)

integer nf(10)

data ans, jac/275%0/

open(unit=10.?ile="solution",status="01d")

read (10, 10) n, nvar,nu,nblks, (nf(i}, i=1,nblks)
write(s, 10) nvar,nu,nblks: (nf(i), i=1,nblks)
10 format(i2)

nn=nvar-nu-nz+l

read (10, 20)(x (i), i=1, nvar)

do 22 i=1,nz

z(i) = x(nm)
22 nn=nn+il

do 23 i=1l,nu

u{i) = x(nn)
23 nn=nn+1
c write(s, 11){(x(i), i=1,nvar)
11 format(ei3. &)
20 " format(el3. &)
include "out"

pos = 1 :
do 1 i=1l,nblks-1
do 15 1=1,nf(i)
l1i=1+pos-1
do 25 k=1,nf (i) ‘
25 ass(l, k¥=jac(i, 1, k)
do 15 k=1,nu
asr{(l, k)=asr(11, k)
ars{k, l)=ars(k, 11)
15 continue
call linvif(ass,nf(i), 5 assinv, 0, arr, ier)
call vmulfflars, assinv, nu, nf(i), nf(i), 5, 5 ass, S, ier)
call vmulff(ass, ast, nu: nf(id), nu, 5 20, arr, 5: iem™)
do 35 l=1,nu ‘
do 35 k=1i,nu
39 ans{l, k)=ans(l, k)+arr(l, k)
‘ _ write{é6,343)
- 343 format("ok")
1 pos = pos+nf(i)
do 40 i=i,nu
‘ de 40 j=1,nu
40 arr(i, j)=jac(nblks, i, j?
call linviftarr,nu, 5 assinv, 0, asm, ier)
call vmulff(assinv, ans, nu, nu, nu, 5, 5 ass, 5, ier)
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o8
39
60

61
a2
&3

b4
&5
&é
&7
68

-t
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¢ this statement write the resulting matrix from the

€ product inv{Aarr). Ars. inv(Ass). Asr.

- &00

70

.71

a3

if (n.eq. 1) write(6,600)((ass(i, j), j= l.nu).l 1, nu)
format(4el3. &)
call e1grf(ass:nu.5,O.e1gen.assinv.5;asr.1er)
format(/“eigenvalue #",i2, " —“.913 G+ j " eld b)
do 43 i=2,2%nu; 2
write(6.70) 1/2:8199“(1 1), eigen(i) ,
eigen(i)=sqrt(eigen(i-1)#x2+eigen(i)**2)
write(&,71) eigen(i)
format("Magnitude = ", el13. 6)
continue ’
end
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APPENDIX B
Results for Examples

7.1 and 7.2

(Semi-Direct and Newton-Raphson
have identical listings, therefore

_only one version is listed)



boooﬁooooooooooooooooooooooooooooo

.

0000000000000 0000

example 7.1 (rise)

time

. 100000e-06
. 200000e-06
. 300000e—-06
. 400000e-06
. 500000e-06
. 600000e-06
. 700000e~06
. 800000e—-06
. 900000e-06
. 100000e-05
. 110000e-05
. 120000e~05
. 130000e-05
. 140000e-05
. 150000e-05
. 160000e-05
. 170000e-09
. 180000e-05
. 190000e-05
. 200000e-09
. 210000e~05
. 220000e~-03
. 230000e-05
. 240000e-05
. 250000e-05
. 260000e-05
. 270000e-03
. 280000¢-03
. 290000e~05.
. 300000e-05
. 310000e-05
."320000e-05
.- 330000e-03
'340000e-0%
. 350000e-03
. 360000e-05
. 370000e-03
. 380000e-05
. 390000e-05
. 400000e—-05
. 410000e~05
. 420000e-03
. 430000e-05
. 440000e—-05
. 450000e—05
. 460000e—05
. 470000e-05
. 480000e-05
. 490000e—035
. 500000e-03
. 510000e-05
0. 520000e~05
0.
¢ B

$30000e~-09

$40000e-05

00000

0000000000000 0000000000000000000ONOO0O0OOOO00O000000

x 1 -
e+00

. 135468e-02
. 305937e-02
. 478035e-02
. 641075e-02
. 792205e-02
. 931190e-02
. 105863e-01
. 117536e-01
. 128222e-01
. 138005e-01
. 146960e-01
. 155157e-01
. 162659¢-01
. 169526e-01
. 175811e-01
. 181564e-01
. 186829e-01
. 191649e-01
. 196060e-01 -
. 200097e-01
. 203792e-01
. 207173e-01
. 210268e-01
. 213101e-01
. 215693~
218066e+01
. 220237¢~01
. 222224¢-01
. 224042e-01
. 225706e-01
. 227228e-01
. 228621e-01
. 229896e-01
. 231062e-01
. 232129e-01
. 233106e-01
. 233999e-01
. 234816e-01
. 235563e-01
. 236247e-01
. 236872¢-01
. 237444e-01
. 237967e-01
. 238445e-01
. 238882e¢-01
. 239281e-01
. 239647e-01
. 239981901
. 240286e-01
. 240564e-01
. 240819e-01
. 241051e-01
. 241264e-01
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00000

o'ooooooooooooooooooooooooooooooooooooooc':ooooopooo

n,m
e2+00

. 135680e-02
. 30642%e-02
. 478824e-02
. 642165e-02
. 793593e-02
. 932872e-02
. 106060e-01

117762e-01

. 128477e-01
. 1362688e-01
. 147270e-01
. 155494e-01
. 163023e-01
. 169917e-01
. 176229¢-01
. 182008e-01
. 187300e-01
. 192145e-01
. 196582e-01
. 200645e-01
. 204366e-01
. 207773e-01
. 210894e-01
. 213752e-01
. 216370e-01
. 218767e-01
. 220964e-01
. 222976e-01
. 224819e-01
. 226508e-01
. 228055e-01
. 229473e-01
. 230772e-01
. 231964e-01
. 233055e-01
. 234056e—01
. 234974e-01
. 235816e-01
. 236588e-01
. 237296e-01
. 237946e-01
. 238542e-01
. 239090e-01
. 239592e-01
. 240054e-01
. 240478e-01
. 240868e-01
. 241226e-01
. 241556e-01
. 241859e-01
. 242138e-01
. 242395e-01
. 242632e-01

O'OO0'0OOopOOOOOOOOOOOOOOOOOOOOOOOOOOO,OQOOH,OOOMOOO_IO_O.O,OOOOO

x5
. 967742201
. 968179e~01
. 96872%e-01
. 969284e-01
. 969810e-01
. 970297e-01
. 970746e-01
. 971157e-01
. 971533e-01
. 971878e-01
. 972194e-01
. 972483e-01
. 972747e-01
. 972989e~01
. 973211e~01
. 973413e-01
. 97359Fe-01
. 97376%e-01
. 973924e-01
. 974066e-01
. 974197e-01
. 974316e-01
. 974425e-01
. 974525e-01
. 974616e-01
. 974700e-01
. 97477be~01
. 974846e-01
. 974910e-01
. 97496%9e-01
. 975023e~01
. 975072e-01
. 975117e—-01
. 975158e-01
. 975196e-01
. 975230e-01
. 975261e-01
. 975290e-01
. 975317e-01
. 975341e-01
. 975363e-01
. 975383e~01
. 975401e-01
. 975418e-01
. 975434e-01
975448e~01
. 975461e-01
. 975472e-01
. 975483e-01
. 975493e-01
. 975502e~-01
. 975510e-01
. 975518e-01
. 975525e-01



10-206666 °

10-8166646
10-916C626

10-91666L6 "
TO-3166646 "

10-3166646 °

10-81466626
10-9166CL6"
10-9166626
10-8166646 "
10-916G6L6 "
TO-3068646
10-8066646 °
- 10-9066646 °
10-8066646 °
10~-8066646 °
10-8066G646 °
T10-9686CL6 -
- T0-9468G6G6L6
- T0-846866/46 ¢
10-9886646 "
10~-38B66L6
- T0-84866L6 !
10-8986646 °
10-9986646 "
10-8C8CCLS

10-3b8G6G L6

10-9E86GL6
10-9286646 °

10-2188646 "

10-3646646 "
10-8846646
10-99.6646
10-9446G26
| 10-8Z2L6646 "
T 10-2046646
 10-9£96646 "

10-8696G0L46 "

10-8296546
- 10-8B66GL6
- 10-8G8G6LL
- T0-8166GL6 -

o T0-8Lb86L6
 10-82Y66L6

 T0-8LEGELG
- 10-91E6CL6

jqooooogoooooooooooooobdoooodOcdoooooooboddo°oof

10-9€6.L6%2 °
10-81LL802 "
" 10-28YL6¥E
10-892L8vE
10-2€0L6%2
. 10-26L96¥2

 10-8G696HE
. 10-21E96HE
10-2€096%2
10-20866%2
10-2E£6E86HE
10-29266+2 °
. 10-286bEYE
- 10-869Y6YE

10-846EH0HE

10-380vEePC -
10-2g86v8 "
I0-3gvEcye
10-8L0EGYE °
10~-80L86%C °
“10-8ceesve
10-8g616VEC °

 10-80G1IcHE "
-~ 10-3c0IgHE "
10-28606V2
10-86006HE °
10-8.86bbE
. 10-2106b¥E
10-92¥8tve *
10-808Lt92 -
10~-8E1LYE
- 10-81v9vvE -
10-8C98YPE -
10-918bivE *
- 10-8946EPHE
| 10-320EYHE
. 10-3102vvE "
. 10-8C&0¥YE
C L 10-89L4EHE
. 10-2088EYE
. 10-9b1LEHE
. 10-9896EYE
10-860bEPE *
10-8LEEEVE
10-31C0EYE *
10-80882Y2 °

COO0000000O0000CO0O0000OCO00UO000000000O00O0000000COCCOCO0

. 10-2Y0EEYE
" 10-8LOEEYE
10-860EEPE *
- 10-211EEPE "
. 10-3ZIEEHE "
10-2€1EEHE °
10-a£1EEYE
10-3C1EEYE
10-921EEYE
10-301EEVE
. 10-2B0EEYE
10-3G0EEYE °
10-820EEYVE
- 10-8£62EVE
10-2142EPE
10-3¥B2EYE
10-89L2EYE
10-3/92EYE
10-8.82EYE
10-3vb2EYE
10-30EZEYE
10-8C12EVE -
10-8L61EVE
. 10-94L1EbE "
- 10-3¥CIEVE
 10-8621EHE "
- 10-3101EVE
10-20L0EYE
10-89E0EHE *
10-3Lb6EYE
10-26862YE °
10-28062¢2 °
- 10-89882b2
10-266L242
. 10-89E8/2¥2
 10-29992b8
10-30662V2
10-990622 °

10~-3E1HZ2PE
10-821EEvE

10-300cche -
10-88L0cvC ’
10-8Eb61IvbeE
10-896L1¥E "

10-3CEFIYE

10-980¥IvEC -’

BT

CO000CO0000CCCCC0000000000000000000U000CCC0CTT00

$0-3000001 °
- 60~-2000064 °
£0-3000086 °
£0~30000456 "
60-3000096 °
£0~-8000066
€0-30000v6 -
£0~20000E6
60~8000086 °
. 60-3000016

£0-8000006 °

£0-8000068

£0-2000088 *
£0-2000048 °
£0-2000098

£0-3000068 -

£0-20000+8 -

£0-30000€8 *

. 803000028 °

£0-2000018 °

€0-2000008
' 60-300006L
. §0-200008L °
- §0-9000024
' §0-300009L

S0-800008L "

€0-80000bL -

€0-80000EL °
£0-3000024 "
£0-9000014L "
€0-9000004 -
60-2000069 °
£0-8000089 °

' §0-8000049

£0-2000099
60-2000069
£0-30000%9 *
80-30000£9
80-2000029
80-9000019
£0-2000009 *

- 60-2000068

§0-8000086 °

- 80-3000046 °

£0-3000096 °

£0-8000066

'fooOppooQOpoooooooooboocooooooooooododooooqoeoo~*~””
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L time

. 200000e~03

. 400000e—-03
. 600000e~03
. 800000e-03
. 100000e-02
.120000e-02

.. 140000e—-02

. 160000e-02
. 18000002
. 200000e-02

. 220000e-02

. 240000e-02
. 260000e-02
. 280000e-02
. 300000e-02
. 320000e-02

. 340000e-02

. 360000e-02

. 380000e-02
. 400000e-02

. 420000e-02
. 440000e-02
. 460000e~02
. 480000e-02
. 500000e-02
. 520000e-02
. 540000e-02
. 560000e-02
. $80000e-02
. 600000e-02
. 620000e-02

. 640000e-02

. 660000e-02
. 680000e-02

. 700000e-02

. 720000e-02 -
. 740000e-02
. 760000e~02

. 780000e—-02
. 800000e—-02

. 820000e-02

. 840000e-02

. 860000e-02
. 880000e-02 -

. 200000e—02
..920000e-02

.ddoaaddboooboooooo00¢bbapﬁoboooboadoooaaﬁdqodﬁdddoboodfy*WWL”

. 940000e-02
. $60000e-02
. 980000e-02
.'100000e-01
.'102000e-01" -
. 104000e-01
. 106000e-01"
. 108000e-01

0O00000000000000000000000000000000000000ONDOO0O00000000

x 1
e+ 00

. 233962e-01
. 226451e-01
. 213323e-01
. 204702e-01
. 194843e-01
185219e-01

. 176122e-01
. 167464e-01
. 199225e-01
. 151393e-01
. 143945e-01
. 136864e-01
. 130131e-01
. 123729e-01
. 117642e-01
. 111855e-01
. 106352e-01
. 101120e-01
. 961453e-02
. 914154e-02
. 869182e-02
. 826423e-02
. 785767e-02
. 747111e-02
. 710357e-02
. 675411e-02
. 642184e-02
. 610592e-02
. 580554e-02
. 551993e-02
. 524838e-02
. 499018e-02
. 474469e-02
. 451128e-02
. 428934e-02
. 407833e-02
. 387770e-02
. 368693e-02
. 350555e-02
. 333310e-02
. 316913e-02
. 301322e-02
. 286498e-02
. 272404e-02
. 259003e-02
. 246262e-02
. 234147e-02
. 222628e-02
. 211676e-02
. 201262e-02
. 191361e-02
. 181947e-02
. 172996e-02

'ooooo000000000000000000000000oooopooOoooooooOooooooooQ 4

x2

 e+00
. 265508e-01
. 298578e-01
. 327404e-01
. 360055e-01
. 389921e-01.
. 418226e-01 =
. 445246e~01
. 470946e-01
. 495383e-01
. 518620e-01
. 540714e-01
. 5641722e-01
. 581696e-01
. 600688e-01
. 618745e-01
. 635914e-01
. 652238e-01
. 66775%e-01
. 682517e-01
£96549e-01

. 709890e-01 -
. 722575e-01
. 734636e-01
. 746104e-01
. 757007e-01
. 767374e-01
.777231e-01
. 786604e-01 -
. 795515e~01

. 803987e~01
. 812043e-01
. 819703e-01 -
. 826986e-01
. 833910e-01
. 840494e-01

. B446754e-01
. 852706e-01
. 858365e-01

. 863746e-01
. 868862e~-01
. 873727e-01
. 878352e-01
. 88274%9e-01
. B86930e-01
. B90906e~01
. 894686e-01
. 898280e-01
. 901697e~01

. 904946e-01
. 908035e~01 .
. 910973e-01 -
. 913765e-01
. 916421e-01

. 967742e-01
..97528%e-01
. 975047e-01
. 974623e-01
. 974345e-01
. 974027e-01
. 973717e-01

. 973423e-01

L 973144e-01

. 972878e-01
. 972626e-01
. 972385e~-01

. 972157e-01
. 971940e-01

. 971733e-01
. 971537e-01
. 971350e-01
. 971173e-01
. 971004e-01
. 970843e-01
. 970691e-01
. 970546e-01
. 970408e-01
. 970277e-01
. 970152e-01
. 970033e-01
. 96992101
. 969813e~01
. 969712e-01
. 94961 5e-01
. 949523e-01

. 969435e-01
. 9649352e-01

 °0;<'>'o__oio‘-::.,,‘-:)'‘t.)"o';.t:'-«_oo"c),t.)co.<§3::»o.<><:afc=,;<>c:"'n:)'o:;o*c)jt)o<'::'-::;ouofo,1'0’0,1'0°:0<3"v'5>7’<3'‘0“<‘.>°*<>f‘5<3‘7'<>'<-‘>--"i>,‘13"'0"°'.5<5ii.““-’vv“"” E

. 969272e-01
. 969197e-01
. 269126e-01
. 969058e~01
. 968993e~01
. 968931e-01
. 968873e~01
. 968817e-01
. 968744e~-01
. 968714e-01
. 968666e-01
. 968621e-01
. 94648577e~-01
. 968536e-01
. 968497e-01
.'968460e-01
. 968425e~01
.. 2683%1e-01
. 96835%e~-01
. 26832%e-01
. 968300e-01



0000000000000 000000000000000000000000000000000 +

. 110000e-01
. 112000e-01
. 114000e-01
. 116000e-01
. 118000e-01
. 120000e-01
. 122000e-01
. 124000e-01
. 126000e-01
. 128000e-01
. 130000e-01
. 132000e-01
. 134000e-01
. 136000e-01
. 138000e-01
. 140000e-01
. 142000e-01
. 144000e—-01
. 146000e-01
. 148000e-01
. 150000e-01
. 152000e-01
. 154000e-01
. 156000e-01
. 158000e—-01
. 160000e~01
. 162000e-01
. 164000e—-01
. 166000e-01
. 168000e-01
. 170000e-01

. 172000e-01
. 174000e~-01
. 176000e-01 -
. 178000e-01
. 180000e-01
. 182000e-01
. 184000e-01
. 186000e-01
. 188000e-01
. 190000e-01
. 192000e-01
. 194000e-01
. 196000e-01
. 198000e-01
. 200000e-01

OO0 0000000000000000000000000000000000000000000
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. 1644862-02
. 156394e—-02
. 148700e-02

. 141385e-02
. 13442%9e-02
. 127816e-02
. 121528e-02
. 115549e-02
. 109865e-02
. 1044460e-02
. 993212e-03
. 944351e-03
. 897894e-03
. 853722e-03 -
. 811723e-03
. 771790e-03
. 733822e-03
. 697721e-03
. 643397e-03
. &30761e-03
. 599731e-03
. 5702272-03
. 542175e~-03
. 515502e-03
. 490142e-03
. 466030e-03 -
. 443103e-03
. 421305e~-03
. 400579e~03
. 380872e-03-
. 362135e-03
. 344320e-03
. 327381e-03
.311275e-03
. 2959462e~-03
. 2814022-03
. 264755%9e~03
. 25439603
.241881e-03
. 229982e-03
. 218648e-03
. 207910e-03
. 197682e-03
. 187957e-03
.178711e-03
. 16991903

000000000000 000000000000000000000000000C0000G00

. 918946e-01

. 921346e-01
. 923629e-01
. 925799e-01
. 927862e~01
. 929824e-01
. 93168%9e-01
. 933463e-01
. 935149e-01
. 936753e-01
. 938277e-01
. 939727e-01
. 941105e-01
. 94241%e-01
. 943661e-01
. 944846e-01
. 945972e-01
. 947043e-01
. 948062e-01
. 949030e-01
. 949950e-01
. 950826e~01
. 951658e-01
. 952449e-01
. 953201e~-01 -
. 953917e-01
. 954597e-01
. 955243e-01
. 955858e-01 -
. 956443e-01
. 956999e-01
. 957527e-01 -
. 958030e-01
. 958508e-01
. 958962e-01
. 959394e-01
. 959805e-01 -
. 960195e-01
. 960566e-01
. 960919e-01
. 961255e-01
. 961574e-01
. 961877e-01
. 962166e-01 -
. 962440e-01
. 962701e-01’

0000000000000 0000000000000000000000000000000GC0

. 968273e~-01
. 268244e-01
. 268222e—01
. 968198e-01
. 968176201
. 968154e-01
. 268134e-01
. 9681 15e-01
. 268096e-01
. 96807901
. 968062e2-01
. 968047e-01
. 248032e~-01
. 968017e-01
. 9268004e-01
. 96799101
. R647979e-01
. 467967 e—01
. 967956e~01
. 967945e-01
. 967935e-01
. 96792601
. 967917e-01
. 967908e—01
. 9647900e-01
. 967892e~01
. 947885e-01
. 967878e-01
. 967871e-01
. 967865e~01
. 967859e-01
S P67853e-01
. 967848e-01
. 267842e-01
. 967837e-01
. 967833e-01
. 247828e~01
. 967824e-01
. 967820e-01
. 947816e-01
. 967812e-01
- 967809e-01
. 267806e-01
. 967803e-01
. 967800e-01
. 9&67797e—-01
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- time

. 100000e-06

. 200000e—-06

. 300000e—-06

. 400000e~06

. 500000e—-06

. 600000e-06
. 700000e-06

. 800000e-06

., 200000e—~06

. 100000e-05

. 110000e—05

. 120000e-05

. 130000e—-05

. 140000e~05

. 150000e-05
. 160000e-09
. 170000e-09
. 180000e-05
. 190000e~0%
. 200000e-05
. 210000e—-05
. 220000e-05
. 230000e—-05
. 240000e-0%

. 250000e-05
. 260000e~05
. 270000e-05
. 280000e~-05
. 290000e-05
. 300000e-05
. 310000e-05
. 320000e-05
. 330000e-05
. 340000e-05
. 350000e—-05
. 360000e-05
. 370000e-05
. 380000e—-03
. 390000e-035
. 400000e-05
. 410000e-05
. 420000e—-05
. 430000e-05
. 440000e—-05
. 450000e-05
. 460000e-05
. 470000e-05
. 480000e-05
. 490000-05
. 500000e-05
. 510000205
. 520000e-05
. 530000e-05
. 540000e-05

0<JOC)O€50()O()O()O{DO‘DO()O(DO()O()OIﬁo()0()O()O()0()0(DO(DO(DO()O(DO()O(DO()O(D
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ey

. 195933e-02
. 381049e-02
. 552536e-02
. 71025%e-02 -
. 854935e-02
. 987510e-02
. 110895e-01
. 122017e-01
. 132202e-01
. 141530e-01
. 150072e-01
. 1578%94e-01
. 165057¢-01
. 171616e-01
. 177623e-01
. 183123e-01
. 188160e-01
. 192772e-01
. 196995e-01
. 200862e-01
. 204403e-01
. 207646e-01
. 210614e-01
. 213333e-01
. 215821e~01
. 218100e-01
. 220187e-01
. 222097e-01
. 223846e-01
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