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Nanoscale multilayers of binary metallic systems, such as nickel/aluminum, exhibit self-propagating

exothermic reactions due to the high formation enthalpy of the intermetallic compounds. Most of

the previous modeling approaches on the reactions of this system rely on the use of mass diffusion

with a phenomenological derived diffusion coefficient representing single-phase (NiAl) growth,

coupled with heat transport. We show that the reaction kinetics, temperatures, and thermal front

width can be reproduced more satisfactorily with the sequential growth of Ni2Al3 followed by

NiAl, utilizing independently obtained interdiffusivities. The computational domain was meshed

with a dynamically generated bi-modal grid consisting of fine and coarse zones corresponding to

rapid and slower reacting regions to improve computational efficiency. The PDEPE function in

MATLAB was used as a basis for an alternating direction scheme. A modified parabolic growth law

was employed to model intermetallic growth in the thickness direction. A multiphase enthalpy func-

tion was formulated to solve for temperatures after discrete phase growth and transformations at

each time step. The results show that the Ni2Al3 formation yields a preheating zone to facilitate the

slower growth of NiAl. At bilayer thicknesses lower than 12 nm, the intermixing layer induces oscil-

lating thermal fronts, sharply reducing the average velocities. VC 2015 AIP Publishing LLC.

[http://dx.doi.org/10.1063/1.4921906]

I. INTRODUCTION

Self-propagating exothermic reactions (SPER) in multi-

layer films/foils (MF) of reactive metallic systems such as

nickel (Ni) and aluminum (Al) have been increasingly stud-

ied since the earlier work by Munir et al.1 Such reactive

systems can be used for joining temperature-sensitive com-

ponents due to the localized nature of heat generation, or for

bulk synthesis and near-net in-situ forming of intermetallic

parts.2–12 Although the MFs of the Ni-Al system have been

characterized by increasingly sophisticated characterization

methods such as dynamic transmission electron microscopy

(DTEM)13–15 and X-Ray diffraction (XRD) using synchro-

tron radiation,16–19 the exact nature of the reactions has

remained elusive. This is due to the limitations of these

methods to resolve details of a reactive propagating at high

reaction speeds that can reach 13 m/s at individual bilayer

thicknesses on the order of 20 nm for the Ni-Al system and

correspondingly thin reaction zones.20 This complicates

modeling efforts, the accuracy of which depends heavily on

the proposed reaction mechanism and phase formation

sequence.

Differential scanning calorimetry (DSC) studies of the

nanoscale Ni-Al multilayers show that phases form incre-

mentally at temperatures as low as �500 K starting with

Ni2Al9 or NiAl3, followed by more Ni-rich phases such as

Ni2Al3 or NiAl depending on the overall composition and

the bilayer thickness.21,22 This behavior is different from the

results of experiments performed by immersing solid Ni rods

in liquid Al, which show that the major phase that forms is

Ni2Al3 at temperatures up to 1190 K, accompanied by the

formation of NiAl3 in small amounts.23,24 Interestingly, the

NiAl phase is not observed, which forms at much lower

temperatures during DSC analysis of MFs. Additionally, the

phase formation sequence observed during DSC is consistent

with slow reacting geometries such as powder mixtures or

coarse multilayers with lower reaction rates. In these cases,

in-situ XRD results25 or thermal analysis9 verify a sequential

formation of phases NiAl3, Ni2Al3, and NiAl, although the

temperatures are much higher, more closely following equi-

librium limits in the Ni-Al phase diagram.9 Nanocalorimeter

experiments performed in a DTEM system up to heating

rates of �103 K/s showed a phase formation sequence similar

to DSC analysis with lower heating rates.26 In-situ analysis

methods on reacting MFs with DTEM12–14 or XRD with syn-

chrotron radiation still lack the required angular17 and/or

temporal resolution16,18 required to distinguish the phases

that form during SPER of nanoscale MFs, which have self-

heating rates on the order of 106 K/s. The Ni-Al system is

especially difficult to characterize as most of the phases have

overlapping diffraction peaks that make accurate identifica-

tion challenging. Rapid quenching is another approach,

where results with foils with front velocities around 9.5 m/s

show the formation of multiple zones within a width of

approximately 10–30 lm, which are attributed to solid and

liquid diffusion and nucleation of NiAl grains within the

a)Author to whom correspondence should be addressed. Email: igunduz@-

purdue.edu. Tel.: (765) 494-0066. Fax: (765) 494-0530.
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melt.27,28 This result is not compatible with an overall

process governed by a single diffusivity value, where the

maximum reaction width can be estimated to be much

sharper about �3 lm at the same conditions.

There is extensive literature aimed at modeling the reac-

tions in the Ni-Al system starting with early simple analyti-

cal methods applied to MFs10,29 to more sophisticated

computational methods taking into account melting or vari-

able thermal diffusivity30,31 in 1D to 3D geometries.32 All of

these studies consider heat generation from mixing/reaction

in a continuous diffusive field characterized with a single4,32

or multiple33 ad-hoc diffusivity values coupled with a ther-

mal field to match the velocity measurements. Although this

phenomenological approach is powerful for estimating

velocities, it cannot describe accurate transient microstruc-

tures. Most of these computational studies employ the

adiabatic reaction assumption and symmetric boundary con-

ditions applied to a single bilayer, where the heat losses due

to conduction within a substrate, convection, and radiation

heat transfer and variations in temperature along the thick-

ness of the foils are ignored. More recent studies used

reduced models to simulate substrate heating or 2D thermal

wave kinetics within reasonable computational times.32,33 In

contrast, our previous work proposed a different approach

employing a two-step reaction with the sequential 1D growth

of Ni2Al3 and NiAl laterally using independently measured

interdiffusivity values,30 which can successfully predict the

experimentally measured reaction velocities and better

reflect the observed phase formation observed in solid Ni

and liquid Al experiments.1,23,24 The model however was

limited to a single bilayer and suffered from numerical insta-

bilities due to Crank-Nicolson method.

This paper employs an extension of Ref. 30, assuming a

similar two-step reaction scheme with the sequential forma-

tion of Ni2Al3 and NiAl over a dynamic bi-modal grid, aim-

ing to not only obtain thermal profiles but also in-situ
microstructural evolution within a multiple layer foil during

the reaction. Furthermore, a nodal enthalpy polynomial was

formulated to enable the incorporation of the growth and

transformation of multiple discrete phases into the continu-

ous thermal field. For the numerical solver, a robust

MATLAB module (PDEPE) was used sequentially in multi-

ple dimensions to minimize numerical errors and spurious

oscillations.

II. NUMERICAL MODEL

The numerical model is based on the following assump-

tions: (1) the intermetallic growth takes place only in the

thickness (lateral) direction (1D) within a grid element (mass

diffusion between adjacent grid points is ignored), is diffu-

sion limited, and obeys a parabolic growth law for Ni2Al3
and NiAl; (2) the intermixing at the interfaces due to

co-sputtering can be modeled as an equivalent layer of

Ni2Al3 to simplify the analysis; (3) the dissolution of Ni in

liquid Al is ignored; and (4) the intermetallic phases and the

liquid NiAl are assumed to be stoichiometric. The seven

phases that are considered in the model are solid and liquid

Al, solid and liquid Ni, solid and liquid NiAl, and solid

Ni2Al3. The phase fractions for all nodes, which consist of a

half-bilayer at a single temperature, are stored in matrices at

each time step (Figure 1). The computational grid consists of

a fine zone where the fast reactions and primary thermal dif-

fusion occurs, which is surrounded by a coarser grid where

the temperature transients are lower.

Fine grid sizes in the in-plane directions were varied

depending on the bilayer thickness from 250 nm to 4000 nm

for bilayer thicknesses of 10 nm and 160 nm, respectively,

with time steps between 0.5 ns and 10 ns. The spatial and

temporal steps were chosen to minimize temperature over-

shooting due to rapid intermetallic growth at the maximum

front temperature and oscillations, as described in Ref. 30.

The remaining areas are modeled using a coarser mesh on

each side of the thermal front, and additional 10 grid points

with the fine grid size were introduced between the fine and

coarse grids to minimize numerical errors at the transition

points. The limits of the fine zone are taken as the first occur-

rence of the adiabatic temperature behind the thermal front

and 1 K above initial temperature ahead of the front. In the

thickness direction (z), the half-bilayer thickness is the natu-

rally arising grid size. Since this is usually much less than

the longitudinal grid size (x), a certain number of half-

bilayers corresponding to the thickness grid sizes are lumped

in a grid point to match the x grid size. For example, for a

half-bilayer thickness of 20 nm and an x grid size of

1000 nm, it was assumed that 50 half-bilayers have identical

phase percentages and temperatures, so that the grid size in z

direction is also 1000 nm. For thinner foils, a lower number

of half-bilayers was used (2 for 125 nm foil thickness).

The volumetric nodal enthalpies Hnode
t can be expressed

as a function of temperature and phase fractions

FIG. 1. A typical stable thermal profile (bilayer¼ 40 nm) demonstrating the

domain boundaries for fine and coarse grid zones in the x-direction (in

plane), along with the lumped bilayer nodes consisting of different phases.

214904-2 Gunduz et al. J. Appl. Phys. 117, 214904 (2015)
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(1)

where T is the temperature, ai is the volume fraction of phase

i, and Ai to Ei are the coefficients of the integral of the volu-

metric specific heat polynomial for phase i (Table I). This

expression and its temperature derivative can be used to

calculate the nodal specific heat and enthalpy, given the tem-

perature and phase fractions. Conversely, given phase frac-

tions and nodal enthalpy, the temperature can be calculated

from the roots of this 4th order polynomial as well. The cor-

rect root is easily selected as the other three roots are either

complex or below the initial temperature of 300 K in all

cases. This is used for updating temperatures when the phase

fractions change due to intermetallic growth at constant

enthalpy within the time step.

For each node, the intermetallic thicknesses Xint as a

function of time t can be expressed using the parabolic

growth law

Xint ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2cDintt

b

s
; (2)

where Dint is the interdiffusivity of the intermetallic that has

an Arrhenius form Dint ¼ D0 � exp � Q
R�T

� �
, c is a constant

for modifying the growth rates within experimental uncer-

tainties (where 1 is the nominal value), and b is a growth

factor derived from mass conservation given by

b ¼ Nint � NAlð Þ NNi � Nintð Þ
NNi � NAlð Þ ; (3)

where Nint, NAl, and NNi are the mole percents of the inter-

metallic, the Al-rich side, and the Ni-rich side of the interme-

tallic, respectively.34 The Ni-Al phase diagram shows that

Al-rich solid phase has almost no Ni solubility and the com-

position is always close to 0 at. % Ni. The Ni-rich phase has

some Al solubility and can have compositions within the

range of 80–90 at. % Ni depending on the temperature. For

an average value of 85 at. % Ni, b is approximately 0.2 for

the two intermetallics NiAl and Ni2Al3. Equation (2) in this

form cannot be directly used as the temperature changes

during the intermetallic growth. By rearranging the terms, an

equivalent time teq can be calculated using

teq ¼
b

2cDint Ttð Þ
� Xint

t

� �2
; (4)

which is the time it would take for the intermetallic to grow

to the current thickness Xint
t at the current temperature Tt.

The amount of growth dXint
t arising at this initial state (teq,

Xint
t , Tt) after the time step Dt can be calculated by

dXint
t ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2cDint Ttð Þ � teq þ Dtð Þ

b

s
� Xint

t : (5)

For the interdiffusivities, we used the reported value for

Ni2Al3
35 and NiAl at a composition of Ni(0.47)-Al(0.53), the

overall composition in sputtered foils without vanadium

(V).36 Values of 0.4 and 2 for c were used for Ni2Al3 and

NiAl, respectively. It was assumed that the fastest growing

phase at a given temperature grows first, which was Ni2Al3
at all temperatures. For the effects of intermixing layer that

forms during sputtering, an initial Ni2Al3 layer with a thick-

ness of 2.35 nm was used for all bilayer thicknesses, based

on the amount of heat output during DSC,20 which produced

the best match to the velocity curve. The thermodynamic

and physical properties used are shown in Table I.

The numerical solution was performed using the PDEPE

nonlinear PDE solver function in MATLAB over the bi-

modal grid. PDEPE solves initial-boundary value problems

for systems of parabolic and elliptic PDEs in the one space

variable x and time t. The solver converts the PDEs to ODEs

using a second-order accurate spatial discretization based on

a fixed set of user-specified nodes in a manner described in

Ref. 37. The time integration is done with the stiff ODE

solver ODE15S, which adjusts the time step dynamically

within the time range given. PDEPE was employed sequen-

tially for each coordinate to use it as an alternating direction

scheme. Since the rapid heat generation due to intermetallic

growth limits the time steps to a few ns, this does not intro-

duce significant errors in the temperature field. The solver

was used to solve the temperature profile for a single time

step (0.5–10 ns), where the previous solution step was used

as the initial condition for the next step. This enables incor-

poration of non-linear heat generation through the use of the

parabolic growth and phase transformation results that were

used to directly calculate the temperatures while avoiding

iterative methods. After the new temperatures are calculated,

TABLE I. Enthalpies (J/mole), molar volumes, prediffusion factor, and activation energy (kJ/mole) of interdiffusivity of the phases considered.9,35,36,38–40

A� 10�5 B� 10�3 C D� 103 E� 106 Molar volume (cm3/mole) Interdiffusivity (D0, Q)

Solid Al38 3.6 �10.014 31.38 �8.2 6.91667 9.993

Liquid Al38 0 �0.795 31.75 0 0 11.31

Solid Ni38 T<¼ 631 �3.18 �3.939 11.17 18.89 0 6.594

T> 631 �15.4 �2.4 20.54 5.04 0

Liquid Ni38 0 �9.549 43.1 0 0 7.424

Solid Ni2Al3
39 0 �315.5 106.06 17.155 0 41.669 9.772� 10�3, 19935

Solid NiAl38 0 �131.489 41.84 6.905 0 14.16 4.54� 10�5, 23536

Liquid NiAl38 0 �111.75 74.85 0 0 16.65 1.404� 10�6, 51.4840

214904-3 Gunduz et al. J. Appl. Phys. 117, 214904 (2015)



the new transition temperature locations are determined to

update the grid if necessary. All the nodal specific quantities

such as temperature and phase fractions are evaluated at the

new node positions using the PDEVAL interpolating func-

tion in MATLAB. The solution steps are shown in Figure 2,

where T and a represent the temperature and phase fractions

at the current time step for each node, respectively.

Since the phase transformations and the corresponding

temperature changes are explicitly determined, the heat

equation with no source term is used for time stepping the

temperature

qCp
@T

@t
¼ k � r2T; (6)

where q is the density, Cp is the specific heat, and k is the ther-

mal conductivity with a volume averaged value of 150 W/mK.

The product qCp was evaluated from the derivative of the en-

thalpy polynomial, so it is a volume average of all the phases

at each node at a given temperature. Instead of using a source

term, local temperatures at each time step are obtained from

intermetallic growth or phase transformations using Eqs.

(1)–(5). The resulting temperatures and updated nodal proper-

ties (q, Cp) are used as the initial condition to evolve the tem-

perature field in the next time step. Convective and radiative

boundary conditions were also imposed to include heat loss

effects. The ignition was initiated by holding one boundary at

the calculated adiabatic temperature for a limited duration until

the front became self-propagating.

III. RESULTS

A. Velocity dependence on bilayer thickness

The velocity of the flame front as a function of bilayer

thickness is given in Fig. 3, along with experimentally

measured values and other modeling results.20 The calcu-

lated values follow the measured values closely, reproducing

both small and very large bilayer trends. The agreement is

more precise than Ref. 20 but very comparable to more

recent results in Ref. 33 that uses three different diffusion

coefficients. The intermixed layer arising from co-sputtering

starts dominating the kinetics below a bilayer thickness of

12 nm, where the average velocity abruptly decreases due to

the onset of oscillations of the reaction front. This results

from a reduction in the amount of available energy and the

subsequent drop in the adiabatic temperature. This type of

behavior is different from analytical solutions, which pro-

duce a more gradual transition in velocity at lower bilayer

thicknesses. The analysis here was performed in 2 nm steps

in the bilayer range of 10–20 nm and predicts a rather large

velocity spike before oscillations set in. Unfortunately, there

is no experimental data for this bilayer range except at 10 nm

and 20 nm, so a direct comparison with experiments or other

numerical studies was not possible. For the larger bilayer

thicknesses, the effect of intermixed zone becomes negligi-

ble, where an expected inverse proportionality with velocity

based on diffusion limited growth is observed.

B. Thermal fronts and corresponding microstructures

A typical steady-state thermal profile is shown in Fig. 4

for a bilayer thickness of 20 nm. The profiles are character-

ized by a heated zone ahead of the front (Zone 1), a rapid

temperature rise zone dominated by Ni2Al3 growth (Zone 2),

a gradual temperature rise zone due to the slower growth rate

of NiAl (Zone 3), and a fully reacted area (Zone 4). After the

initial ignition stage, Zone 3 width reduces or increases

depending on the way ignition is imposed and eventually

reaches a unique steady-state value. This is due to the vary-

ing thermal gradient and the heat fluxes between Zones 2–3

and Zones 3–4. The width of the areas where there is a phase

change such as Al and Ni melting and peritectic decomposi-

tion of Ni2Al3 are very narrow and confined to a few lm,

indicating that the reaction releases enough heat to allow

these endothermic transformations to progress rapidly. In

general, the widths of all the zones increase with increasing
FIG. 2. The numerical solution steps where T and a represent the tempera-

ture and phase fractions at the current time step for each node, respectively.

FIG. 3. Computational results for velocity variation with bilayer thickness

along with experimental measurements and previous simulations.20

214904-4 Gunduz et al. J. Appl. Phys. 117, 214904 (2015)



bilayer thickness, as the slower kinetics allow heat to diffuse

further from the reaction front, as shown in Fig. 5.

For an oscillating case with a bilayer thickness of

10 nm, the evolution of the thermal profile is shown in Fig.

6, where the adiabatic temperature is �1638 K. The front

evolves with super-adiabatic excursions followed by cool

zones. Boundary 2 initially moves at a high velocity,

expected from the inverse proportionality to the bilayer

thickness. Boundary 3 is not able to sustain this velocity

because of the lower adiabatic temperatures (compared to

1911 K) and NiAl growth rates, causing Zone 3 to widen. At

some point, this stalls the motion of Boundary 2 because of

the reduction in the thermal gradient, causing a widening of

Zone 2 with more thermal diffusion. The growth of Ni2Al3
within this zone continues but NiAl does not form because

the temperature remains below 1406 K. As Boundary 3

approaches the stalled Boundary 2, the heat flow into Zone 2

is increased. This, coupled with the growth of Ni2Al3 within

a wider area, results in overshooting of the local tempera-

tures above the adiabatic value, reaching �1800 K, while at

the same time leaving behind a low temperature area around

�1300 K. This recovers the high velocity of the Boundary 2,

and the process is repeated. This oscillating motion leaves a

wake of thermal waves, which eventually reach a uniform

temperature of �1638 K, i.e., the adiabatic temperature.

The corresponding phase percentages also vary with

bilayer thickness as demonstrated in Fig. 7 for the bilayer

thickness of 20 nm. As the bilayer thickness increases, the

effect of intermixing, which represents an overall enthalpy

loss, diminishes and the percentage of molten NiAl increases

after the reaction, reaching the adiabatic limits. Even after

the temperature reaches 1911 K, the growth of NiAl contin-

ues since there are still reactants left, which results in further

NiAl melting. The resulting transient structure can be

expected to be a mixture of nanoscale solid NiAl particles

surrounded by liquid NiAl. Further numerical evolution of

the microstructures during the cooling stage has not been

investigated, as it includes different mechanisms like recrys-

tallization and grain growth.

Analysis of foils with an overall thickness of 125 nm

and bilayer thicknesses of 21 nm using an intermixing zone

width of 1 nm, resulted in a velocity of 13 m/s, which com-

pares favorably with the experimental results on the in-situ
morphology of the reaction front observed using DTEM for

different overall compositions (Ni:Al molar ratios of 3:2,

1:1, and 2:3).13–15 In Ref. 13–15, three characteristic areas

FIG. 4. Thermal profile for a bilayer thickness of 20 nm, showing the differ-

ent reaction zones within the front.

FIG. 5. Stable thermal profiles for different bilayer thicknesses. The width

of the reaction zone scales linearly with bilayer thickness until the intermix-

ing effects start to dominate at around 20 nm.

FIG. 6. Transient thermal profiles for the oscillating reactions at 10 nm

bilayer thickness. Each curve is marked with its relative time in

microseconds.

FIG. 7. Stable phase percentages of a single bilayer for a bilayer thickness

of 20 nm.
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were distinguishable: the area ahead of the reaction front

where the original structure remained, an intermediate zone

consisting of NiAl with possibly some of the original reac-

tants showing cellular morphology, followed by a fully

reacted area. It was noted that some of these structures

remained after cooling around certain areas of the foils.13

The reported formation of the intermediate zone had a de-

pendence on overall composition; it was absent at the stoi-

chiometric NiAl composition, but extended up to 40 lm at

Ni-rich compositions. The results from the simulations are

qualitatively similar to Figures 3, 4, and 6 and show that the

width of the area where Ni2Al3 forms and grows is very

small (around 2 lm) and lasts for �150 ns, which cannot be

resolved experimentally.13–15 The total width of the area

where NiAl grew from liquid Al and solid/liquid Ni until the

reaction was complete was about 20 lm. This value is com-

patible with the reaction width in quenching experiments

(�30 lm for 9.5 m/s).27,28 The observation of the cellular

morphology is possibly due to the remaining liquid that

incorporates into the NiAl phase,14 but the model in its cur-

rent form cannot capture this behavior and has to be modified

to allow such transitions. The heat losses for these foils were

negligible, which reacted near adiabatically reaching

�1911 K. This is in agreement with in-situ XRD results with

a very high angular resolution showing similar temperatures

for thicker foils (�55 lm) with a bilayer thickness of

�50 nm,16 where the temperature remained steady for a rela-

tively long time (�20 ms),16 indicating a two-phase mixture

of solid and liquid NiAl.

IV. CONCLUSIONS

The model developed successfully captures the experi-

mental velocity versus bilayer trends and thermal front prop-

erties for nanoscale Ni-Al foils using diffusion data of the

intermetallics Ni2Al3 and NiAl. The results show that the

rapid formation of Ni2Al3 within a few lm zone generates

enough heat to drive the growth of NiAl and to support the

thermal front velocities. The thermal front widths, where the

conversion of constituents to NiAl was complete, were esti-

mated to be between 20 and 120 lm for bilayer thicknesses

of 20–160 nm. In contrast to analytical solutions that predict

gradual decreases in velocity at low bilayer thicknesses

(<20 nm) due to intermixing, the numerical results show an

abrupt transition marked by the onset of oscillations. The

model can be used for simulations of large geometries to

determine transient thermal and phase fields, or for simulat-

ing other reactive systems that have diffusion limited

kinetics.
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