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Octonionic Maxwell Equations

B. Shaw, C. Torre
May 1, 2019

Abstract

An introduction to Quaternions and Octonions is given, and the Maxwell Equa-
tions are formulated in terms of each. The conventional, source-free relativistic theory
of eight dimensional electromagnetism is introduced and examined. Similarly, the
source-free Octonionic Maxwell Equations are developed, and it is shown that the
seven dimensional electric and magnetic fields—pure Octonions—each admit plane wave
solutions. An Octonionic Faraday tensor is constructed and compared with the con-
ventional Faraday tensor, and it is shown that, in the source-free case, the conventional
and Octonionic theories are equivalent.

1 An Introduction to Quaternions and Octonions

The general form of a complex number is a + bi, where a and b are real numbers, and
i = v/—1. Quaternions can be thought of as an extension to the complex numbers, and their
general form is a + bi + ¢j + dk, where a, b, ¢, and d are real numbers, 2 = j? = k2 = —1,
and 17k = —1. We note from this rule of multiplication that Quaternions are not, in general,
commutative: ijk = —1 = 42 implies that jk = i, ijk = —1 = k? implies that ij = k, which
two conditions reveal that jij = ¢, or that, multiplying both sides by j, —¢7 = j¢. Using
these formulas, first discovered by William Rowan Hamilton in 1835 [1], one can construct
a unique multiplication table for the Quaternions.

The general form of an Octonion is similar to that of a Quaternion, only with eight
components instead of four. By convention, subscripts of the letter e are used to denote
square roots of —1, with eg used to denote the real number 1. Thus, the general form of
an octonion is ageg + aijeq + ases + ases + azey + ases + ageg + arer, with each a; a real
number. Like Quaternions, Octonions are not commutative. In addition, Octonions are
not associative [1], making them notoriously difficult to work with. Octonions are, how-
ever, alternative [2], which is condsidered a weak form of associativity: for Octonions X
and Y, X(XY) = (XX)Y, and (XY)Y = X(YY). The Real numbers, Complex numbers,
Quaternions, and Octonions form the only normed division algebras [1]. Quaternions are
an extension to the Complex numbers in the sense that the Quaternions can be constructed
from the Complex numbers using the Cayley-Dickson construction [1]. It is in this sense
that the Octonions are an extension to the Quaternions, and that the Complex numbers are



an extension to the Real numbers.

Where the rules of multiplication of Quaternions define a unique multiplication table for
the Quaternions, there is no unique multiplication table for the Octonions. While there is a
rigorous approach to explaining this result, we adopt a more intuitive explanation. We in-
voke the strong correlation between pure Quaternions and vectors in Cartesian coordinates,
which is expounded upon in the next section: let i, j, and k define the three orthogonal
directions in Cartesian space. We can begin by pointing in any direction and defining that
to be the ¢ direction. Now, we can point in any direction that is perpendicular to the ¢
direction and define that direction to be the j direction. This leaves us with only one choice
for the direction of k, since the k direction must be orthogonal to both ¢ and j. Now, we
repeat the experiment in seven dimensions. Having chosen our first two directions, which we
now call e; and e, we now find that we have more than one choice for the direction of e3,
since there are more directions than one which are orthogonal to a two-dimensional plane
in seven dimensional space. Notwithstanding the difficulty in truly comprehending seven
spatial dimensions, we find that this non-uniqueness in the orthogonality of a line with a
plane in seven dimensions is the starting point of the non-uniqueness in the multiplication
table for the Octonions.

In this study, due in large part to the difficult nature of performing calculations with
Octonions, Maplesoft™ has been used to make direct calculations: in particular, the “Dif-
ferential Geometry” package was used!. Relevant calculations made using this software have
been included as an appendix to this report.

2 Differential Operators and the Maxwell Equations

We will now consider the multiplication of two Quaternions. For Quaternions of the
form a+ bi+ cj + dk, the so-called “imaginary” part of a Quaternion is bi 4+ c¢j + dk, while the
“real” part is just a. Thus the multiplication of two Quaternions ()1 and ()5 is the sum of
the real and imaginary parts of the product: Q1Q2 = Re(Q1Q2) +Im(Q1Q2). A Quaternion
whose real part is zero is called a “pure” Quaternion.

As it happens, there is a strong correlation between pure Quaternions and ordinary three-
dimensional vectors in Cartesian coordinates, as was alluded to in the preceding section—
correlated in the sense of the transformation ¢ — #, j — g, and k¥ — 2. The imaginary
part of the product of two pure Quaternions is correlated with the cross-product of two
vectors in zyz space, and the real part of the product of two pure Quaternions is correlated
with the Dot product. Just as the z, y, and z directions are orthogonal in the sense that
the dot product of any two of them which are different is zero, ¢, j, and k are orthogonal in
the sense that the real part of the product of any two of them which are different is also zero.

'The “DifferentialGeometry” package is the product of the “Differential Geometry Software Project,”
and is maintained at Utah State University by faculty members Dr. Anderson and Dr. Torre. It is available
at https://digitalcommons.usu.edu/dg/



We now ask whether classical, source-free Electomagnetism can be formulated in terms
of Quaternions instead of ordinary vector calculus. We define the differential operator to be
the pure Quaternion

0 . . 0

V= 8$1Z * 61‘2] * al‘gk

which resembles the Cartesian differential operator. With this differential operator, and

with the dot and cross product defined in terms of the Quaternion product, we define the

curl of a pure Quaternion to be the cross product of the differential operator and the Quater-

nion; similarly, we define the divergence of a pure Quaternion to be the dot product of the

differential operator and the Quaternion. We pose the source-free, Maxwell equations for
Quaternions as

V-E=0 (1)
OB

V-B=0 (3)
OE

VXB—[LEE (4)

Where E and B are meant to represent the Electric and Magnetic fields, respectively.
They are pure Quaternions with coordinate-dependant coefficients—“Quaternion fields,” meant
to resemble Vector fields. As it turns out, Maxwell originally formulated his equations in
terms of Quaternions, later reverting to Vectors as Vectors became the convention [3].

Now, we ask whether 7 4+ 1 dimensional Electromagnetism can be expressed in terms
of Octonions. We say 7 + 1 instead of 8 to distinguish the single time coordinate (which
corresponds to the ey direction) from the seven spatial coordinates. There is already a theory
of 7+ 1 dimensional Electromagnetism, which is formulated in terms of the Faraday Tensor,
which will be explained in a coming section. However, we propose a theory in terms of
Octonions, whose source-free equations will have the form of equations 1-4, though with
Octonionic fields in place of Quaternionic fields, and with

0 0 0 0 19) 0 0
V = e1 + + es3 ey
6.734 8565

3 The Wave Equation

With the source-free Maxwell equations given, it is useful to find solutions for the Electric
and Magnetic Fields. We will show that both fields satisfy the wave equation. We begin by
taking the Curl of both sides of equations 2 and 4:

0B
VXVXE——VXW (5)
VxVxB:que%—? (6)



Now, we consider some very useful facts about our differential operators. Even with
Octonions, scalars factor out, the curl operator commutes with partial derivatives, and the
Curl of the Curl is the Gradient of the Divergence less the Vector Laplacian:

VxVxE=V(V-E)-V°E (7)
OE %)
V x ,LLEE = ,U/Ea(v X E) (8)

where the gradient is defined as in ordinary Cartesian coordinates—which it can be, seeing
as the divergence of an Octonion or Octonionic field has no imaginary component. Therefore,
equations 5 and 6 reduce to the following:

V(V-E) - V’E = —%(v x B) (9)

0

V(V-B)—V’B = pe—

(V-B) pem

We can now substitute from equations 1-4 to obtain wave equations for both the Electric
and Magnetic fields, which we emphasize is in terms of Octonions.

(V xE) (10)

1 0’°E
VE = Gom (1)
1 0’°B
2
VB=Gor (12)

4 Wave Equation Solution to Maxwell Solution

It can be shown that the following are solutions to equations 11 and 122:

E = Eei(k-xfu}t) (13)
B= Bei(k-xfu}t) (14)

Now we have introduced the “wave vector” and “position vector” as k and x, respectively,
as well as E and B. They are each pure octonions with arbitrary, constant coefficients. These
solutions to their respective wave equations can also be constrained to become solutions to
the Maxwell equations, which we show now. We begin by taking the divergence of equations
13 and 14, which actually turn out to be exactly what one would expect:

V-E=ik-E (15)
V-B=ik-B (16)

2Tt was later realized that there is some ambiguity in using i in these solutions, as it may correlate to
one of the unit vectors in the Vector Space of Octonions: i.e. we may have ¢ = e;. In this case, it may be
appropriate to use a solution of the form cos(k-x —wt). However, the distinction is nearly inconsequential to
what will become the proposed function relating the components of the Octonionic and conventional Faraday
tensors, and so the complex exponential form will be used, seeing as it was used in the original calculations.



However, the divergence of both fields are zero by the Maxwell equations: hence, both
k-E and k- B are zero, meaning that the wave vector k must be orthogonal to both E and
B. We can impose another crucial condition, and that is using equation 2. The following
can be shown:

VxE=ikxE (17)
0B :
5 = —iwB (18)

Thus, by equation 2, we get the following:

1
B=-kxE (19)
w
Thus, we can write the Magnetic field in terms of the Electric field, which we find of use
later.
5 The Octonionic Faraday Tensor

We can now construct an electromagnetic tensor for the Cctonions (F™), and we will do so
by borrowing the formulas from the conventional 3 + 1 dimensional theory:

Fij == EijkBk (21)

which we modify to the following:
FYi= _pi0 = (22)
F7 = —Re(Im(ese;) B) (23)

This gives us a tensor whose indices are shown below in the form of a matrix, in a basis
of our choosing. The subscripts in this case indicate the component of the given quantity.

0 E, Ey, Ey Ey FEy FEg Iy
—E; 0 By —-By By —B, —B; DBs
~FEy, -Bs 0 B, Bs B, —B, —Bs
—E3 BQ —B1 0 B7 —B6 B5 —B4
—E4 —B5 —B6 —B7 0 Bl Bg B3
—E5 B4 —B7 B6 —Bl 0 —Bg Bg
—-Es By By —Bs —By Bj 0 —-B
~FE, -Bs Bs By -B; —-B, B, 0

= (24)

Because we can write the components of the Magnetic field in terms of the Electric field,
we can express F* in terms of the components of k and E, which we suppress due to the
longevity of the expression.



6 The Source-Free Conventional Maxwell Equations

We now turn our attention to the conventional approach to 7 + 1 dimensional electromag-

netism, where there is no cross product. The Maxwell equations have only a tensorial repre-

sentation, which was the primary motivation behind constructing an Octonionic tensor. In
tensor notation, the conventional, source-free Maxwell equations are as follows:

Fr, =0 (25)

Fw/;/\ + Fw\;u + F/\u;v =0 (26)

The solution of equation 26 is the following:

F;w = AM;V - Au;u (27)
We call A the vector potential, and now invoke equation 25 to constrain the nature of
A.
F®, = (0"A* — 0t AY),, = 0,0" A" — 0,0"A” = 0,0" A" — 0,0"A” =0 (28)
However, in the Lorenz gauge, the second term in the last expression vanishes, and we
are left with
0,0" A" =0 (29)

Which is nothing more than the wave equation. We choose a solution of the form

A” = Agilkeet) (30)

Here, A is a vector with arbitrary, constant coefficients. Now, the Faraday tensor can be
written as follows, via equation 27, where n and m are indices ranging from 1 to 7:

FO = —ik" A® —iwAY (31)

Fr0 =k A + jw A" (32)

F™m =gk™m™A™ — k™A™ (33)

e A L (34)

7 Comparison

Now, we consider whether the components of the Octonionic and conventional Faraday
Tensors can be equated. Because both tensors have each entry multiplied by the same expo-
nential expression, what remains to be seen is whether there is a solution for the coefficients
A and E. After analyzing what becomes a rather large system of equations, we propose that
the following formula is a solution:

EY = —iwA” — ik" A° (35)



This formula has an inverse, though as first sight it may appear as though it does not,
due to the seven components on the left and eight on the right. However, recall that A was
chosen to be divergenceless: this implies that

iwA® = ik" A"
which means that there are only seven independent components of A. Using the con-

ventional relation between A° and the scalar potential V', we then generalize our formula in
equation (35) as follows, in correlation with the 3 + 1 dimensional case:

8 Conclusion and Further Study

We conclude that source-free, 7 + 1 dimensional Electrodynamics can be formulated
either conventionally or in terms of Octonions. Where there are interesting differences be-
tween the two theories, such as the existence of a Magnetic field, both theories make the
same predictions about Electrodynamics in 7 + 1 dimensional space-time.

Now, there is a question as to whether the general Maxwell equations can be formulated
in terms of Octonions. Since the source-free equations admit plane wave solutions, it is
thought that the general equations may have solutions which are superpositions (possibly
infinite) of the plane wave solutions, demonstrating that the general Maxwell equations can
indeed be formulated in terms of Octonions. However, that question is left for another study.
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9 Appendix

Below is the appendix, which includes all relevant calculations to this report. It has been
organized in sections and contains minimal commentary to aid in the study thereof.



with(LieAlgebras):

with(Tensor):

L1:=AlgebraLibraryData("Octonions",0):

Oct:=DGsetup(L1,'[e0,el,e2,e3,e4,e5,e6,e7]',[omegal);
Oct := Algebra: O

> Query(O,"Associative");
false

> Basis:=[el,e2,e3,e4,e5,e6,e7];
Basis == [el, e2, e3, e4, €5, eb, e7 |

> extBasis:=[e0,el,e2,e3,e4,e5,e6,e7];
extBasis == [ e0, el, e2, €3, e4, 5, e6, e7 ]

> MultiplicationTable();
O |e0 el e2 e3 ed e eb e’
el | el el e2 e3 ed e eb e’
el el —el e3 —e2 eS —ed —e7 eb
e2le2 —e3 —el el eb e/ —ed —e5
e3 |e3 e2 —el —el e/ —eb e5 —ed
ed|led —e5 —eb6 —e7 —el el e2 e3
eS|es e4d —e7 e6 —el —el —e3 e2
eb | eb e’ ed —e5 —e2 e3 —el —el
e7|e7 —eb e5 ed —e3 —e2 el —el

¥ Jacobi idendity

_In this section, we discover that the traditional Jacobi identity fails.

O > A:=DGzip([seq(a[i],i=1..7)],Basis,"plus");
B:=DGzip([seq(b[i],i=1..7)],Basis,"plus");
C:=DGzip([seq(c][i],i=1..7)],Basis,"plus");

A=ayel +a2e2+a3e3+a4e4+ase5+a6e6+a7e7

B = blel +b2e2+b3e3+b4e4+bse5+b6e6+b7e7
C:= clel +czeZ+c363+c4e4+cse5+c666+c7e7

0 > evalDG(DGIm(A.DGIm(B.C))+DGIm(C.DGIm(A.B))+DGIm(B.DGIm(C.A)));
(3a2b4c7—3a2bsc6+3a2b6c5—3a2b7c4—3a3b4c6—3a3b5c7+3a3b6c4+3a3b705—3a4b2c7
+3aybycg—3a,bgey +3a,b,c, +3agbycp +3asbyc; —3agboc, —3agb, ey —3agb,cy

—3agbyc, +3agbycy +3agbsc, +3a,b,¢, —3a,by¢5 —3a,b,¢, +3a,b cS)el—(3a1b4c7

67572 77472 775
—3a1b506+3a1b605—3a1b7c4—3a3b405+3a3bsc4+3a3b6c7—3a3b7c6—3a4blc7
+3a4b305—3a4b5c3+3a4b7cl+3a5blc6—3a5b3c4+3a5b4c3—3a5b6cl—3a6b1c5

—3a6b3c7+3a6b5c1+3a6b7c3+3a7blc4+3a7b3c6—3a7b4cl—3a7b6c3)e2+(3a1b4c6
+3a,bsc; =3a bgey —3a bycg—3a,bycs +3aybsc, +3a,bgc, —3a,b,c0—3a,b, ¢
+3a,bycy—3a,bsc, +3a,bsc; —3asb,c; —3asbyc, +3asb,c, +3a5b,cp+3a.b, ¢,
—3agbyc; —3agb,c; +3agb,c, +3a,b,¢5+3a,byc —3a;b5¢; —3a,b c)e3+(3a1b207

67772 77175 77672
—3a1b3c6+3a1b603—3a1b702—3a2blc7+3a2b305—3a2b503+3a2b7cl+3a3blc6
—3a3b205+3a3b5c2—3a3b6cl+3a5bzc3—3a5b3c2—3a5b6c7+3a5b7c6—3a6b1c3

—i-3»516b3cl +3a6b5c7—3a6b705 +3a7b162—3a7b2c1 —3a7bsc6+3a7b6c5) e4—(3albzc6

@)
)
©)
(4)

()

(1.1)

(1.2)



+3a,byc;—3a bgc, —3a b,y —3a,b, ¢y +3a,by3¢, —3a,b 05 +3a,bocp —3ayb, ¢y
—3a3b,¢, +3a3byc, +3a3b,¢) +3a,byc5 —3a, by, =3a,boc, +3a,b,cs+3a0b ¢,
—3a6bzcl+3a6b4c7—3a6b7c4+3a7blc3—3a7b3c1—3a7b4c6+3a7b6c4) e5+(3a1b2c5
+3a,byc,=3a bycy—3a bsc,—3a,b,¢g —3aybyc; +3a,bgc; +3a,b,¢5 =3a3b,¢,
+3aybyc; +3ayb,¢) —3ay3b,¢,+3a,b,¢3 =3a,bycp —3a,bse, +3a,b,¢5+3a5b, ¢,

37277 37772 47577
—3a5b201+3a5b4c7—3a5b7c4—3a7b203+3a7b3c2—3a7b405+3a7bsc4) e6—(3a1b2c4
—3a1b305—3a1b4c2+3a1b503—3a2blc4—3a2b3c6+3a2b4cl+3a2b6c3+3a3b1c5

—i-3a3bzc6—3a3b5c1 —3a3b6cz+3a4b162—3a4b2c1 —3a4bsc6+3a4b665—3a5b1c3
+3asb3c1 +3a5b4c6—3a5b6c4—3a6bzc3 +3a6b3c2—3a6b4c5 +3a6bsc4) e’

¥ Orthogonality

[Here, we define orthogonality.
O > evalDG(DGRe(A.DGIm(A.B)));
0e0 (2.1)

O > evalDG(DGRe(DGIM(A.B).B));
00 (2.2)

¥ Magnitude

| Here, we verify different formulas for the magnitude.

|_This is (abs(AxB))"2:

O > AxB:=DGIm(A . B);

AxB = (ayby —ayby +a, by —asby —agby +a;bg) el —(a by —ayb —aybg —asby, +aghy +a, by (3.1)
) e2 +(a1b2 —a,b, +a,b; —asb, +ag by —a7b4) e3 — (alb5 +a,bs +ayb; —asb, —agb,
—a7b3) e4 +(a1b4 —ayb; +ayby—a, by —agb, +a7b2) e5+(a1b7 +a,b, —aybs —a,b,

i +a5b3 —a7b1) eb — (a1b6 —a2b5 —a3b4 +a4b3 +a5b2 —a6b1) e’

[0 > evalDG(-DGRe(el.AxB));

] (ayby —ayb, +a,bs—ash, —aghs +asby) el (3.2)

0 > comp:=GetComponents(AxB,Basis);

comp = [cz2b3 —ayb, +a,bs —asb, —agb;, +a, b, -a by +ay by +a,bs +asb, —agb, —a;bs,a, b, (3.3)
—azb1 +a4b7 —a5b6 +a6b5 —a7b4, -a, b5 —a2b6 —a3b7 +a5b1 +a6b2 +a7b3,a1 b4 —a2b7
+a3b6 —a4b1 —aéb3 —l—a7b2,al b7 +a2b4 —a3b5 —a4b2 —I—a5b3 —a7bl, -a, b6 —|—a2b5 +a3b4
—a4b3—a5b2+a6bl]

[0 > sgmagAxB:=sum((compl[i])*2,i=1..nops(comp));

sqmagAxB = (a2b3 —ayb, +a,bs —asb, —agb, —|—a7b6)2 + ( ~a, by +ay;b, +a, by +asb, —agb, (3.4)
—a;bs)* + (a by —ayb, +ayb, —agh +aghs —a; b)) + (a, by —aybg —ay b, +agh,

2 2

+agb, +a7b3) + (a1b4 —ayb; +ayb,—a,b; —agb, +a7b2) + (a1b7 +a,b, —aybs
—ayby +agby —a;b )+ (~a b +a,bs +ayb, —a,by —asb, +agh)?

;The following is the proposed formula for the magnitude (squared):

O > AdotB:=GetComponents(evalDG(-DGRe(A.B)),[e0])[1];

R R)



| AdotB:= a, b, +ayb, +ayby +a, by +asbs +agbs +a,b, (3.5)
[0 > compA:=GetComponents(A,Basis);
sgmagA:=sum((compA[i])*2,i=1..nops(compA));
compA = [al, a,, Ay, Ay, ds, A, a7]
sqmagA = a% + a% + ag + aﬁ + ag + aé + a% (3.6)

=O > compB:=GetComponents(B,Basis);
sgmagB:=sum((compBJ[i])*2,i=1..nops(compB));

compB = [bl’ b2, b3, b4, bs, b6, b7]
sqmagB = b? +b§ +b§ +b§ —|—b§ —l—bé—i—b% (3.7)
0 > costhetasq:=((AdotB)"2)/(sqmagA * sqgmagB);
sinthetasqg:=1-costhetasq;
(a,by +ayb, +ayby +a b, +agbs +agbg +a;b,)?

2 2 2 2 2 2 2 2 2 2 2 2 2 2
(a1 +a2+a3+a4+a5+a6+a7) (b1 +b2+b3+b4+b5+b6+b7)

costhetasq =

2
(alb1 +a2b2+a3b3+a4b4+a5b5+a6b6+a7b7)
(a$+a§+a§+aﬁ+a§+a§+a§) (b§+b§+b§+bﬁ+b§+b§+b§)

(3.8)

sinthetasq == 1 —
=O > magsqg:=simplify((sgmagA) * (sqmagB) * sinthetasq);
magsq = (b3 + b5 + by +b3 +bg +b3) a; —2b, (ayb, +ayby +a,b, +ashs +agbg +abr)a+( (3.9)
by + b3+ by + b5 + by +b3) @y —2b, (ayby +ayby +aghs +agbg +a,by) ay + (b] +b5 +b;
b3 by +b3) a3 —2by (ayby +ashs +aghg +ayby) ay+ (b +b3 + b3 b +bp +b3) a)
—2b, (asbs +aghg +a,by) ay, + (b] + b3+ b3 + by +bg +b3) af —2bg (aghg +ayb,) as+ (
| DA B b B BT) ag — 2aga,boby +ag (b )+ b3+ by 405+ 1)
O > simplify(magsq-sqmagAxB);

0 (3.10)

V¥ Vector Procedures: curl, etc

This section defines procedures that were central to this project. One must execute this section
| before examining the "Maxwell's Equations" section.
O >Z:=DGzip([seq(z[i](x0,x1,x2,x3,x4,x5,x6,x7),i=0..7)],extBasis,"plus");
Z:=z, (x0,x1, x2, x3, x4, x5, x6,x7) e0 + z) (x0,x1,x2, x3, x4, x5, x6,x7) el + zZ (x0, x1, x2, x3, x4, x5, x6, (4.1)
x7) e2 + Z (x0,x1, x2, x3, x4, x5, x6,x7) e3 + zZ (x0,x1, x2, x3, x4, x5, x6,x7) e4 + Zs (x0,x1, x2, x3, x4,
x5, x6,x7) e5 + 26(x0, x1,x2, x3, x4, x5, x6,x7) e6 + Z (x0, x1, x2, x3, x4, x5, x6,x7) e7

=O > Curl:= proc(G)
evalDG(add(evalD(_S(add(eva'lDG(diff(GetComponents(DGlm(G),Basis)[j],x||i)*
DGIm(elli.e[]j)),i=1..7)),j=1..7));
end proc;

Curl == proc(G) 4.2)
DifferentialGeometry:-evalDG ( add ( DifferentialGeometry:-evalDG ( add ( DifferentialGeometry:-
evalDG ( (diff ( DifferentialGeometry:-GetComponents ( Differential Geometry:-DGIm( G), Basis) [j], x
|[7) ) * DifferentialGeometry:-DGIm(e||i . e||j)),i=1.7)),j=1.7))

_end proc

O > Div:= proc(G)
eva]DG(—l*add(e\(aIDQ(ad_d(evalDG(diff(GetComponents(DGIm(G),Basis)[j],
x[[1)*DGRe(elli.e[]j)),i=1..7)),j=1..7));




end proc;

Div := proc(G) 4.3)
DifferentialGeometry:-evalDG ( — add ( DifferentialGeometry:-evalDG ( add ( Differential Geometry:-
evalDG ( (diff ( Differential Geometry:-GetComponents ( DifferentialGeometry:-DGIm( G) , Basis) [j], x

|[7) ) * DifferentialGeometry:-DGRe(e||i . e||j)),i=1.7)),j=1.7))

_end proc

[0 > Grad:= proc(G)
DGzip([seq(diff(GetComponents(DGRe(G),extBasis)[1],x]|]i),i=1..7)],Basis,
"plus™);
eﬁd pro)c;

Grad = proc(G) 4.4
DifferentialGeometry:-DGzip ( [ seq ( diff ( Differential Geometry:-GetComponents ( Differential Geometry:-
DGRe(G), extBasis) [ 1], x||i),i=1..7) ], Basis, "plus")

_end proc

[0 > VLaplacian:= proc(G)
DGzip([seq(add(seq(diff(GetComponents(DGIm(G),Basis)[i],x]||j$2),i=1..7),
j=1..7))],Basis,"plus");
end proc;

VLaplacian := proc(G) 4.5)
DifferentialGeometry:-DGzip ( [ seq ( add ( seq ( diff ( DifferentialGeometry:-
GetComponents ( DifferentialGeometry:-DGIm( G ), Basis) [i], x||j$2),i=1.7),j=1.7)) ], Basis,

"plus")

_end proc

[0 > evalDG(Curl(Curl(2Z))+VLaplacian(Z)-Grad(Div(Z2)));

i 0e0 (4.6)

;The following is the "generalized" operator. Caution: the sign of the divergence is now negative.

O > DivNcurl:= proc(G)
evalDG(add(evalDG(add(evalDG(diff(GetComponents(DGIm(G),Basis)[j],x]|]i)*
evalDG(elli.ell})),i=1..7)),j=1..7));
end proc;

DivNcurl = proc(G) 4.7
DifferentialGeometry:-evalDG ( add ( DifferentialGeometry:-evalDG ( add ( DifferentialGeometry:-
evalDG ( (diff ( DifferentialGeometry:-GetComponents ( Differential Geometry:-DGIm( G), Basis) [j], x
||7) ) * DifferentialGeometry:-evalDG (el|i . el|j) ),i=1.7)),j=1.7))

| end proc

[0 > evalDG(evalDG(-Div(Z)+Curl(Z))-DivNcurl(2)) 49
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¥ Maxwell's Equations

This section is the bulk of the project. We first define Maxwell's equations using the vector
procedures. We then check for plane wave solutions and constrain them using Maxwell's equations.
We conclude by constructing an Octonionic Faraday tensor in tandem with the conventional faraday
tensor and show that they can be equated.

Define the equations

O >E:=DGzip([seq(Epsilon[i](t,x1,x2,x3,x4,x5,x6,x7),i=1..7)],Basis,
"plus™);
B:=DGzip([seq(betai](t,x1,x2,x3,x4,x5,x6,x7),i=1..7)],Basis,"plus");

E:=E, (¢ x1,x2,x3, x4, x5 x6,x7) el + E, (¢t x1,x2,x3,x4,x5 x6,x7) e2 + E, (t x1,x2, x3, x4, x5, x6,




x7) e3 + E, (¢ x1,x2,x3, x4, x5 x6,x7) e4 + E; (t,x1,x2,x3,x4,x5 x6,x7) e5 + E¢ (t x1,x2,x3, x4,
x5,x6,x7) e6 + E, (t x1,x2,x3, x4, x5 x6,x7) e7

B =P, (& x1,x2,x3, x4,x5,x6,x7) el +B,(t,x],x2,x3, x4,x5,x6,x7) e2 + B, (£, x1, x2, x3, x4, x5,x6,  (5.1.1)
x7) e3 + [34 (t,x1,x2,x3,x4,x5,x6,x7) ed + BS (t,x1,x2,x3,x4,x5,x6,x7) e5 + B6 (t,x1,x2,x3, x4,
x5, x6,x7) e6 + B7 (t, xI,x2,x3,x4, x5 x6,x7) e7

0 > J:=DGzip([seq(j[i](t,x1,x2,x3,x4,x5,x6,x7),i=1..7)],Basis,"plus");
J:Zjl(t, x1,x2,x3, x4, x5, x6,x7) el +j2(t, x1,x2,x3, x4, x5,x6,x7) e2 —|—j3(t, x1,x2,x3, x4, x5, x6,x7) e3 (5.1.2)

+J4 (¢ x1,x2,x3,x4, x5, x6,x7) e4 +Js (4, x1,x2, x3, x4, x5, x6, x7) €5 + j, (t x1,x2, x3, x4, x5, x6,
x7) e6 +J; (tx1,x2,x3,x4,x5 x6,x7) e7

0 > dBdt:=DGzip([seq(diff(GetComponents(B,Basis)[i],t),i=1..7)],Basis,
llplusll);
dEdt:=DGzip([seq(diff(GetComponents(E,Basis)[i],t),i=1..7)],Basis,
"plus");

0 0 0
dBdt := > [3] (t,xl,x2,x3,x4,x5 x6,x7) el + 7 [32 (t,x1,x2,x3, x4, x5 x6,x7) e2 + > [33 (t,x1,x2,
0 0
x3, x4, x5, x6,x7) e3 + > [34 (t,x1,x2,x3,x4,x5,x6,x7) ed + > [35 (t,x1,x2,x3,x4,x5,x6,x7) e5

0 0
+ 7 Bﬁ(t, x1,x2, x3, x4, x5, x6,x7) e6 + > [37(t, x1,x2, x3, x4, x5, x6,x7) e7

0 0 0
dEdt = o E, (t x1,x2,x3,x4,x5,x6,x7) el + o E, (1 x1,x2, x3, x4, x5, x6,x7) €2 + o E.(txl,x2, (5.1.3)

0 0
x3, x4, x5,x6,x7) e3 + o E4 (¢ x1,x2,x3,x4,x5,x6,x7) e4 + o E5 (¢ x1,x2,x3,x4,x5,x6,x7) e5

0 0
+ o E, (tx1,x2,x3, x4, x5 x6,x7) e6 + o E, (tx1,x2,x3,x4,x5 x6,x7) e7

O >eqgl:=Div(E)=evalDG((rho(t,seq(x]|i,i=1..7))/epsilon)*e0):
eg2:=Curl(E)=evalDG(-1*dBdt):

eq3:=Div(B)=evalDG(0*e0):

B eq4:=Curl(B)=evalDG(evalDG(mu*J)+evalDG(mu*epsilon*dEdt)):

O >eqgnl:=DivNcurl(E)=evalDG(-1*evalDG((rho(t,seq(x]|i,i=1..7))/epsilon)*
e0)+evalDG(-1*dBdt));

1= - — E 1,x2, x3 5, x0, — E 1,x2,x3 5, X0, — E 1 (51 )
: a [ t’ b b b b b b az t’ b b b b b b a 3 t’ b - -
eqn ( 1( x1,x2,x3, x4, x5, x6,x7) + 2( xl, x2, x3, x4, x5, x6,x7) + 3( X 4

0 0
x2,x3, x4, x5,x6,x7) + — E,(t x1,x2, x3, x4, x5, x6,x7) + s Es(t, x1,x2,x3, x4, x5, x6,x7)

avs Dl

0 0 0
+ Y3 E6(t, x1,x2,x3, x4, x5, x6,x7) + w7 E7(t, x1,x2,x3, x4, x5, x6,x7) ) el — ( el Ez(t,

0
x1,x2,x3, x4, x5, x6,x7) — ( (tx1,x2,x3, x4, x5, x6,x7)} + — E4(t, x1,x2, x3, x4, x3,

— E
2 3 s

0 0
x6,x7) — (@ Eq (1 x1, x2, x3, x4, x5, x6,x7)) — (— E6(t, x1,x2, x3, x4, x5, x6,x7)j

a7 * s

0 0
E7(t, x1,x2,x3, x4, x5, x6,x7) j el +( w3 E, (¢ x1,x2,x3,x4, x5, x6,x7) — ( EYl E3(t, x1, x2,

0 0
x3, x4, x5, x6,x7)) — (% E4(t, x1,x2, x3, x4, x5, x6,x7)) — (@ Eq (1 x1, x2, x3, x4, x5, x6,
7) | + 0 E 0
* )) a2

0
ad 6(t, x1,x2,x3, x4, x5, x6,x7) + s E7(t, x1,x2,x3, x4, x5, x6,x7) j e2 — [

0 0
El(t, x1,x2,x3, x4, x5, x6,x7) — (@ Ez(t, x1,x2, x3, x4, x5, x6,x7)) + o E, (1 x1,x2, x3, x4,




0
x5, x6,x7) — E (t,x],xZ,x3,x4,x5,x6,x7)) + — E6(t,x1,x2,x3,x4,x5,x6,x7)

( a6 s

E, (tx1,x2,x3, x4, x5 x6,x7) + —

E7(t, x1,x2, x3, x4, x5, x6,x7) ) j e3 +( o6

_(@ xS
Et]234567—i—a E,(t x1,x2, x3, x4, x5, x6, x7 0 E.(t,x1,x2, x3, x4
o (%1, x2,x3, x4, %3, x6,x7) + == Ey(txl,x2, x3, x4, x5, X6, x7) (ax] s (4 x1,x2,x3, x4,

x5,x6,x7)) - (—

a2 E6(t, x1,x2, x3, x4, x5, x6,x7)j — (

a3 E, (¢ x1,x2,x3, x4, x5, x6,x7)j

0 0
)e4—( ot E (tx1,x2,x3, x4, x5, x6,x7) — (@ Ez(t,x],x2,x3,x4,x5,x6,x7)) + %

0
E3(t,x1,x2,x3,x4,x5,x6,x7) — ( a7 E (txl,x2,x3,x4,x5,x6,x7)j — ( a3 E, (¢ x1,x2,x3,
0 0
x4, x5, x6, x7) ) + @ E7(t, x1,x2,x3, x4, x5, x6,x7) ) ey — ( a7 E (#x1,x2,x3, x4, x5, x6,x7)

0 0 0
+ ™) E, (tx1,x2,x3, x4, x5 x6,x7) — (% E3(t,xl,xZ,xS’,x4,x5,x6,x7)j — (@ E4(t,x1,

0
x2, x3, x4, x5, x6,x7)j + — E.(t x1l,x2,x3, x4, x5, x6,x7) — E (# x1,x2,x3, x4, x5, x6,

ax3 515 E > > ( ax]

0
x7) ) ) e6 +( w6 E, (¢t x1,x2,x3, x4, x5, x6,x7) — ( E, (¢ x1,x2,x3, x4, x5, x6,x7) )

a5

0 0 0
- ( ad E (t,x],x2,x3,x4,x5,x6,x7)) + @ E4(t,x1,x2,x3,x4,x5,x6,x7) + @ Es(t,xl,
0
x2, x3, x4, x5, x6,x7) — ( a7 E, (¢ x1,x2,x3, x4, x5, x6,x7) j j e7 =
0 0
_ p(t,xlax%xiex"’xim’” ) e0— o By (631, 32,53, x4, 65,36,27) ef = = By (4 x1, 32,33,

0 0
x4, x5, x6,x7) e2 — > [33 (t,x1,x2,x3,x4,x5,x6,x7) e3 — > [34 (t,x1,x2,x3,x4,x5,x6,x7) ed

0 0 0
% Bs (4 x1,x2, x3, x4, x5, x6,x7) e5 — P Be (4 x1,x2, x3,x4, x5, x6,x7) e6 — " B, (4 x1,x2,

x3, x4, x5,x6,x7) e7

=O > eqn2:=DivNcurl(B)=evalDG(-1*evalDG(0*e0)+evalDG(evalDG(mu*J)+evalDG
(mu*epsilon*dEdt)));

0
eqnl = — ( Bl(t, x1,x2, x3, x4, x5, x6,x7) + s Bz(t, x1,x2,x3, x4, x5, x6,x7) + [33(t, x1, (5.1.5)

il 3

0 0
x2,x3, x4, x5, x6,x7) + i B4(t, x1,x2, x3, x4, x5, x6,x7) + 5 [35(1,‘, x1,x2, x3, x4, x5, x6,x7)

0 0
+ v Bé(t, x1,x2, x3, x4, x5, x6,x7) + w7 [37(t, xl,x2,x3, x4, x5, x6, x7) ) el — ( 33 Bz(t, x1,

0 0
x2, x3, x4, x5, x6,x7) — (@ [33(t, x1,x2, x3, x4, x5, x6,x7)) + s [34(t, x1, x2, x3, x4, x5, x6,
Bs(t, x1,x2,x3, x4, x5, x6,x7)) — (

0
*7) = Be (4 x1, x2, x3, x4, X3, x6,x7)) + —

0
( w4 w7 a6
B7(t, x1,x2,x3, x4, x5, x6,x7) J el +( % Bl(t, x1,x2, x3, x4, x5, x6,x7) — ( % [33(t, x1, x2, x3,
x4, x5,x6,x7)) - (% [34(t,x1, x2, x3, x4, x5, x6,x7)j — (% Bs(t, x1,x2,x3, x4, x5, x6,x7))
+ i B6(t, x1,x2,x3, x4, x5,x6,x7) + % B.,(t, x1,x2, x3, x4, x5, x6,x7) ) el —

ax4 Bl(t7XIa

0
=



0 0
x2, x3, x4, x5, x6, x7) — (@ Bz(t, x1,x2,x3, x4, x5, x6,x7)) + o [34(t, x1,x2,x3, x4, x5, x6,

0 0
x7) - (% BS(t,xl,xZ,xS’,x4,x5,x6,x7)j + % B6(t,x1,x2,x3,x4,x5,x6,x7) - ( B7(t’

e
0 0
x1,x2,x3, x4, x5, x6,x7) ) ) e3 + ( — [31 (t,x1,x2,x3, x4, x5, x6,x7) + 6 [32 (t,x1,x2, x3, x4,

x5
0 0
x5,x6,x7) + v B3(t,xl,xZ,x3,x4,x5,x6,x7) - (@ BS(t,x],xZ,xS,x4,x5,x6,x7)j - (@
0 0
Bé(t, x1,x2,x3, x4, x5, x6,x7) j - ( ) [37(t, x1,x2,x3, x4, x5, x6,x7) ) ) ed — ( i Bl(t, x1, x2,

0
x3, x4, x5, x6,x7) — ( Bz(t, x1,x2,x3, x4, x5, x6,x7)j + v B3(t, x1,x2,x3, x4, x5, x6,x7)

&7
0 t,xl,x2,x3, x4, x5, x6, x7 0 t1234567—i-a t
(axl B4(,x,x,x,x,x,x,X)) (ax3 Bé(,x,x,x,x,x,x,x)j P B, (7,

0 0
x1,x2, x3, x4, x5, x6,x7) ) e5 - ( 7 Bl (t,x1,x2,x3,x4,x5,x6,x7) + ] B2 (t,x1,x2,x3, x4, x5,

x6,x7) — (% B3(t, x1, x2, x3, x4, x5, x6,x7)j - (% [34(t, x1,x2,x3, x4, x5, x6,x7)) + ]
Bs(t, x1,x2,x3, x4, x5, x6,x7) — ( % B7(t, x1,x2,x3, x4, x5, x6,x7) ) j e6 +( % [31 (t,x1,x2,
x3, x4, x5, x6,x7) — (% Bz(t, x1, x2, x3, x4, x5, x6,x7)j - (% [33(t, x1, x2, x3, x4, x5, x6,
a7 Pslt

0
x7) ) + el B, (t x1,x2,x3, x4, x5,x6,x7) + =l

BS (t,x1,x2,x3,x4,x5,x6,x7) — (

0
x1,x2, x3, x4, x5, x6,x7) ) ) e7=U ( ( a El(t, x1,x2,x3, x4, x5, x6, x7) j € +jl(t, x1,x2, x3, x4, x5,

0
x6,x7) j el +u ( ( o Ez(t, x1,x2,x3, x4, x5, x6,x7) j € +j2(t, x1,x2,x3, x4, x5, x6,x7) j e2

0 0
—I—u( (5 E3(t,x1,x2,x3,x4,x5,x6,x7) ) e—|—j3(t,x],x2,x3,x4,x5,x6,x7) ) e3 —I—u( (5 E4(t,

0
x1,x2,x3, x4, x5, x6,x7) ) € +j4(t, x1,x2,x3, x4, x5, x6,x7) ) ed +u ( ( o ES(t, x1,x2, x3, x4, x5,

0
x6, x7) ) € +j5(t, x1,x2,x3, x4, x5, x6,x7) ) eS+ LU ( ( & Eé(t, x1,x2,x3, x4, x5, x6,x7) ) € +j6(t,

0
x1,x2,x3, x4, x5, x6,x7) ) e6 + LU ( ( o E7(t, x1,x2,x3, x4, x5, x6,x7) ) € +j7(t, x1,x2, x3, x4, x5,

x6, x7) ) e’
0 > evalDG(egnl+eql-eq2);

evalDG(rhs(egnl)+rhs(eql)-rhs(eq2));
evalDG(lhs(egnl)+lhs(eql)-lhs(eq?2));

0el=0e0
0el
i 0 e0 (5.1.6)
[0 > DivNcurl(lhs(eql));
DivNcurl(rhs(eql));
DivNcurl(lhs(eq3));
DivNcurl(rhs(eq3));
0
0




"ComplexCoordinates”

|Error, (in DifferentialGeometry:-DGconjugate) module does not export

Y Wave Equation in Vacuum?

I:This section explores whether the wave equation can be recovered for the Electric and Magnetic
fields. This discussion relies heavily on what vector identities hold for octonions.

V Electric Field

O >sl:=DivNcurl(lhs(egnl))=DivNcurl(rhs(egqnl));

sl= — [ iz El(t,xl,xZ,x3,x4,x5,x6,x7) — (
a3

a3 E, (tx1,x2,x3, x4, x5, x6,x7) )

E, (t,x1,x2,x3, x4, x5, x6,x7) ) + iz
s

2
+ g El(t, x1,x2,x3, x4, x5, x6,x7) — ( FWEW:

Es(t, x1,x2,x3, x4, x5, x6,x7) ) + ﬁ E1 (#x1,
a4’

E, (% x1,x2, x3, x4, x5, x6,x7) — ( P

x2, x3, x4, x5, x6,x7) — ( ax?zam E4(t, x1,x2, x3, x4, x5, x6,x7)) + % El(t, x1,x2, x3,
x4x5x6x7)—( e E(tx1x2x3x4x5x6x7))+iE(tx]x2x3x4x5
b b b ax]ax7 7 & b 2 b b 2 b ax62 1 & b b b b b

2
/o6

x6,x7) — ( E6(t, x1,x2,x3, x4, x5, x6,x7) j ) el — ( & Ez(t, x1,x2, x3, x4, x5, x6,

32
o2
A lax2

x7) — ( i E3(t,xl,xZ,xS’,x4,x5,x6,x7)j — (

32003 E, (¢ x1,x2,x3, x4, x5, x6,x7) j

+ i Ez(t, x1,x2, x3, x4, x5, x6,x7) + i Ez(t, x1,x2, x3, x4, x5, x6,x7) — ( @
al? a6 206

E

E6(t,xl,x2,x3,x4,x5,x6,x7)) + % Ez(t,x],x2,x3,x4,x5,x6,x7) — ( ax§26x7 7(t,xl,

x2, x3, x4, x5, x6,x7)) + % Ez(t, x1,x2,x3, x4, x5, x6,x7) — ( aszax4 E4(t, x1,x2, x3,
x4,x5,x6,x7)) + % Ez(t,xl,xZ,x3,x4,x5,x6,x7) — ( pYew- Es(t,xl,xZ,x3,x4,x5,

x6,x7) ) ) e2 — ( - ( axgzax.? Ez(t, x1,x2,x3, x4, x5, x6,x7) ) + % E3(t, x1,x2, x3, x4, x3,

x6,x7) — ( a3 El(t, x1,x2, x3, x4, x5, x6,x7)j + % E3(t, x1,x2,x3, x4, x5, x6,x7)
+ i E, (¢t x1,x2, x3, x4, x5, x6,x7) — (i E (t,x],x2,x3,x4,x5,x6,x7)) + i
a2 3 ax3a7 7 a6’

E3(t, x1,x2,x3, x4, x5, x6,x7) — ( Eé(t, x1,x2, x3, x4, x5, x6,x7)) + & E3(t, x1,
a5

36

?
35

Eq (4, x1, %2, x3, x4, x5, x6,x7)) + % By (4, x1, %2, %3,
e

x2, x3, x4, x5, x6,x7) — (

2
ax 34

2
ax4ax5

x4, x5, x6,x7) — ( E4(t, x1,x2,x3, x4, x5, x6,x7) j j e3 — [ & E4(t, x1,x2,x3, x4,

a5

x5, x6,x7) — ( ES(t, x1,x2, x3, x4, x3, x6,x7)) + % E4(t, x1, x2, x3, x4, x5, x6,
6

x7) — ( aszaxti E6(t,x],x2,x3,x4,x5,x6,x7)) + % E4(t,x1,x2,x3,x4,x5,x6,x7)

(5.2.1.1)



— (% E7(t, x1,x2, x3, x4, x5,x6,x7)) — (% El(t, x1,x2, x3, x4, x5,x6,x7))

2
Qe20x4

2
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+ iz E4(t, x1,x2,x3, x4, x5, x6,x7) — ( Ez(t, x1,x2, x3, x4, x5,x6,x7)) +
ax/

E4(t,xl,x2,x3,x4,x5,x6,x7) - [ ax?26x4 E3(t,x],xZ,xS,x4,x5,x6,x7)) + % E4(t,x],
x2, x3, x4, x5, x6, x7) J ed — ( —( dars E4(t, x1,x2,x3, x4, x5, x6,x7) ) + % Es(t, x1,

x2, x3, x4, x5, x6,x7) + % Es(t, x1,x2,x3, x4, x5, x6,x7) — ( ax?26x7 E7(t, x1,x2, x3, x4,
x5x6x7))+£E(tx1x2x3x4x5x6x7)—( @ E (t x1,x2, x3, x4, x5, x6,
b b ax62 5 & 2 2 b b 2 b axjax6 6 & b b b b b b

x7)J — ( ax?zax5 E, ( x1, x2, x3, x4, x5, x6,x7)] + _63212 E, (1 x1, x2, x3, x4, x5, x6, x7)

B ( axg)zax_s Ey (4, x1,x2, x3, x4, X5,X6,X7)) + —ai; E (t x1,x2, x3, x4, x5, x6,x7)

— @ E, (¢ x1,x2, x3, x4, x5, x6,x7) | + il E (¢t x1,x2, x3, x4, x5, x6,x7) | e5 —
2 a2

Qc20x5

(o2
x6dx7

(i E6(t, x1,x2,x3, x4, x5, x6,x7) — ( E7(t, x1,x2,x3, x4, x5, x6,x7))

E4(t, x1,x2, x3, x4, x5, x6,x7)) + ) E6(t, x1,x2,x3, x4, x5, x6,x7)

E5 (t,xI,x2, x3, x4, x5, x6, x7) t,xl,x2,x3, x4, x5, x6,x7)

26(

E, (¢ x1,x2,x3, x4, x5, x6,x7) E, (¢ x1,x2,x3, x4, x5, x6,x7)

E, (¢ x1,x2,x3, x4, x5, x6,x7) E, (¢ x1,x2,x3, x4, x5, x6,x7)

E, (t x1,x2,x3, x4, x5, x6,x7)

)
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)
)

E, (¢ x1,x2,x3, x4, x5, x6,x7) ) e6 — (

—( e E6(t, x1,x2,x3, x4, x5, x6,x7) ) + E7(t, x1,x2,x3, x4, x5, x6,x7)

— E5 (t x1,x2,x3, x4, x5, x6,x7) | + E7 (¢ x1,x2,x3, x4, x5, x6,x7)

52

E4 (t,xI, x2, x3, x4, x5, x6,x7) | + E7 (¢ x1,x2,x3, x4, x5, x6,x7)

2

=2

P E, (¢ x1,x2,x3, x4, x5, x6,x7)

‘ 3

E, (t,x1,x2,x3,x4,x5 x6,x7) | + E, (¢ x1,x2,x3, x4, x5, x6,x7)

22

( )
( )
_ ( ® (41,32, x3, x4, x5, x6,x7) ) +
( )

(

i El(t, x1,x2,x3, x4, x5, x6,x7) ) +

3"%

E, (¢ x1,x2,x3, x4, x5, x6,x7) ) e/ =

(& [3](t,x],xZ,x3,x4,x5,x6,x7) + @ Bz(t,xl,x2,x3,x4,x5,x6,x7) + %

—Q t,
orax ] oax2 B3 (%

x1,x2,x3, x4, x5,x6,x7) + % B4(t,xl,x2,x3,x4,x5,x6,x7) + % Bs(t,xl,xZ,x3,x4,



-

x5, x6,x7) + 6tﬁx7

(t,x1,x2,x3, x4, x5, x6,x7) + B7(t, x1,x2,x3, x4, x5, x6,x7) ] el

@
g s
@
2

2

2
+( — Bz(t,x],xZ,x3,x4,x5,x6,x7) - ( s

03 B3(t, x1,x2, x3, x4, x5, x6,x7) ) +

@
o7

2

[34(t, x1,x2, x3, x4, x5, x6,x7) — (m

Bs(t, x1,x2,x3, x4, x5, x6,x7)) - (

2
ordx 3

By (11,

2

2, x3, x4, x5, x6,x7) | + ——
x,x,x,x,x,x)) G

[37(1, x1,x2,x3, x4, x5, x6,x7) ) el — ( Bl (t,x1,x2,x3,

o
orox

2

x4, x5, x6,x7) — ( W

[33 (t,x1,x2,x3, x4, x5, x6, x7)) ( B4(t, x1, x2, x3, x4, x5,

x6,x7)) - (% Bs(t,xl, x2,x3, x4, x5, x6,x7)) 61214 B6 (t,x1,x2,x3,x4,x5,x6,x7)

+ & B, (t x1,x2,x3,x4, x5, x6,x7) ) e2 +(

s [31 (t,x1,x2,x3, x4, x5,x6,x7)

o
o2

-
7

P2

02
— | = 1, x2 7 1,x2, 7 —
( vy B, (4 x1,x2,x3, x4, x5, x6, x )) By (4 x1,x2, x3, x4, x5, x6,x7) — ( ey

*?

Bs (£, x1,x2, x3, x4, x5, x6,x7 ) ) + pre

Bé(t,x], x2, x3, x4, x5, x6,x7) — B7(t, x1,

2
( Ordx4
x2, x3, x4, x5, x6, x7) ) J e3 — ( &
06
2

ox7

[31 (t,x1,x2,x3,x4,x5,x6,x7) + Bz (t,x1,x2,x3,

@
5
@

(¢ x1,x2,x3, x4, x5, x6,
Orox / 5

x4, x5, x6,x7) + B3(t, xl, x2, x3, x4, x5, x6,x7) — (

2
o3
@
a7

B7 (t,x1,x2,x3, x4, x5,x6,x7) )

2
X7)j_(atax2 BGtx1x2x3x4x5x6x7)) (

)e4+( 61?;4 Bl(t, x1,x2, x3, x4, x5, x6,x7) — ( Bz(t, x1, x2, x3, x4, x5, x6,x7))

+ at?izx6 B3 (t,x1,x2,x3,x4,x5,x6,x7) — (% B4(t,xl,x2,x3,x4,x5,x6,x7)) - (%
Bé(t, x1,x2, x3, x4, x5, x6,x7) ) + % B7(t, x1,x2, x3, x4, x5, x6,x7) ] es +( E)t?)zx7 Bl(t,

P2

x1,x2, x3, x4, x5,x6,x7) + e B3 (t,x1,x2,x3,

% B, (4 x1,x2,x3, x4, x5, x6,x7) — (

@
)

*?

Free) BS (t,x1,x2,x3, x4, x5,

x4, x5, x6,x7)j — (

2
e 1

[.’)4 (t,x1,x2,x3, x4, x5, x6,x7) ) +

Bl (t,x1,x2,x3, x4, x5, x6,

2
x6,x7) — ( [37(t, x1,x2,x3, x4, x5, x6,x7) J ) e6 — ( e

2

2
x7) — (— Bz(t, x1,x2,x3, x4, x5, x6,x7)) — (m

Bies By (4 x1, x2, x3, x4, x5, X6, x7) )

2
i /

+ & B4 (t,x1,x2,x3,x4,x5,x6,x7) +

3 Bs (4 x1,x2, x3, x4, x5, x6,x7) — (

2
2
[.’)6 (t,x1,x2,x3, x4, x5, x6,x7) ) ) e’

0 > GetComponents(rhs(sl),extBasis)[1]

@ (tx1,x2,x3, x4, x5 x6,x7) + [32 (t,x1,x2,x3, x4, x5 x6,x7) +

mﬁl By (4 x1, x2, 5.21.2)

o e
20 30
[35 (t,x1,x2,x3, x4, x5, x6,

x3, x4, x5, x6,x7) + é)xa52 ot

&
a6 o

:Because the Divergence of B is zero:

axajf) B, (2 x1,x2,x3, x4, x5,x6,x7) +
B6(t, x1,x2, x3, x4, x5, x6,x7) + & [37(1,‘, x1,x2, x3, x4, x5, x6,x7)

x7) + Py



O >s2:=evalDG(subs(GetComponents(rhs(sl),extBasis)[1]=0,s1));

02

§2:i= — [ % El(t,x],x2,x3,x4,x5,x6,x7) — ( a3 E3(t,xl,x2,x3,x4,x5,x6,x7)]
2 2 2
+ — E (¢, x1,x2,x3, x4, x5 x6,x7) — Ez(t, x1,x2,x3, x4, x5, x6,x7) | + —=
a2’ cldx2 a5

El(t, x1,x2,x3, x4, x5, x6,x7) — ( Es(t, x1,x2, x3, x4, x5, x6,x7)) + iz El(t, x1,
x4

QeldxS

x2, x3, x4, x5, x6,x7) — ( E4(t, x1,x2, x3, x4, x3, x6,x7)) + % El(t, x1,x2, x3,
7

Qr/ox4

2
acldx7

x4, x5, x6,x7) — ( E7(t, x1,x2, x3, x4, x5, x6,x7)) + % El(t,xl, x2, x3, x4, x5,

x6,x7) — ( E6(t, x1,x2,x3, x4, x5, x6, x7) ) ) el — ( axi (t,xI, x2, x3, x4, x5, x6,

@
ax /a6 2 2
@
/a2

x7) = ( axgzax_g E3(t’x1’x2sX3’x49X5,X6,X7)) - ( El(t,xl,x2,x3,x4,x5,x6,x7))

+ i Ez(t, x1,x2,x3, x4, x5, x6,x7) + il Ez(t, x1,x2,x3, x4, x5, x6,x7) — (
a2 a6’

2
Qx20x6

E6(t,x],x2,x3,x4,x5,x6,x7)) + % Ez(t,xl,x2,x3,x4,x5,x6,x7) - ( ax§26x7 E7(t,x],

x2, x3, x4, x5, x6,x7)) + & Ez(t, x1,x2, x3, x4, x5, x6,x7) — ( E, (2 x1, x2, x3,
a4

2
Qe 20x4

x4, x5, x6,x7)] + % Ez(t, x1,x2,x3, x4, x5, x6,x7) — ( axgzax5
2

x6,x7) ) ) e2 — ( - ( axgzaxS Ez(t, x1,x2,x3, x4, x5, x6,x7) ) + @ E3(t, x1,x2, x3, x4, x5,

E5 (t x1,x2,x3, x4, x5,

x6,x7) — ( El(t, x1,x2, x3, x4, x5, x6,x7)) + % E3(t, x1,x2,x3, x4, x5, x6,x7)

a [ax3
2
6>

2
+ ﬁ E3(t, x1,x2,x3, x4, x5, x6,x7) — ( PVErw

E, (t,x1,x2,x3, x4, x5, x6,x7) ) +

2
36

E6(t, x1,x2, x3, x4, x5, x6,x7)) + ﬁ E3(t, x1,
a5

E3 (¢ x1,x2,x3, x4, x5, x6,x7) — (

&
Q35

x2, x3, x4, x5, x6,x7) — ( E5 (¢ x1,x2,x3, x4, x5, x6,x7) ) + ﬁ E3 (¢ x1,x2, x3,
a4

2
34

2
Qedaxs

x4, x5, x6,x7) — ( E4(t, x1,x2, x3, x4, x5, x6, x7) ) J e3 — [ & E4(t, x1,x2, x3, x4,
as?

Es(t, x1,x2,x3, x4, x5, x6,x7) ) + % E4(t, x1,x2, x3, x4, x5, x6,
[5)90)

x5, x6,x7) — (

x7) = ( aszax(g E¢ (£, x1, x2, x3, x4, x5, X6,X7)J + _62272 E, (4 x1,x2, x3, x4, x5, x6, x7)

2
Qr /x4

x4ax7
2 2
+ w E4(t, x1,x2, x3, x4, x5, x6,x7) — (m

— ( i E7(t, x1,x2, x3, x4, x5,x6,x7)) — ( El(t, x1,x2, x3, x4, x5,x6,x7))

2

E2 (t,xI,x2, x3, x4, x5, x6, x7) ) + —=
ax2

E4(t,xl,x2,x3,x4,x5,x6,x7) — ( ax?zw E3(t,x1,x2,x3,x4,x5,x6,x7)) + % E4(t,x1,
x2,x3, x4, x5, x6,x7) | e4 — -( @ E(1x1x2x3x4x5x6x7))+iE(tx]
2 o b 2 2 &4&5 4 ¢t 2 2 2 b 2 2 &42 5 & b

(5.2.1.3)



x2, x3, x4, x5, x6,x7) + % E5 (¢ x1,x2,x3, x4, x5, x6,x7) — ( E7 (¢ x1,x2,x3, x4,

cSx7

x5, x6,x7)) + % Es(t, x1,x2, x3, x4, x5, x6,x7) — ( 6x?26x6 Eé(t, x1,x2, x3, x4, x5, x6,

x7)J — ( @ El(t,xl,xZ,x3,x4,x5,x6,x7)J + % E, (% x1, x2, x3, x4, x5, x6, x7)

Qe/dxS

N ( axg)zax_s E; (1, x1, x2, x3, x4, X5,X6,X7)) + —aiz E (1 x1,x2, x3, x4, x5, x6,x7)

— ( axgzaw Ez(t, x1,x2, x3, x4, x3, x6,x7)) + % ES(t, x1,x2,x3, x4, x5, x6,x7) ) es —

2
c6dx7

(i E6(t, x1,x2,x3, x4, x5, x6,x7) — ( E7(t, x1,x2,x3, x4, x5, x6,x7))

E4(t, x1,x2, x3, x4, x5, x6,x7)) + ) E6(t, x1,x2, x3, x4, x5, x6,x7)

E5 (t,xI,x2, x3, x4, x5, x6, x7) t,xl,x2, x3, x4, x5, x6,x7)

26(

E, (¢ x1,x2,x3, x4, x5, x6,x7) t,xl,x2,x3, x4, x5 x6,x7)

2> 6

E, (¢ x1,x2,x3, x4, x5, x6,x7) E, (¢ x1,x2,x3, x4, x5, x6,x7)

5 )
E, (t x1,x2,x3, x4, x5, x6,x7) ) E, (¢ x1,x2,x3, x4, x5, x6,x7) ) e6 — (

—( @ E6(t, x1,x2,x3, x4, x5, x6,x7) ) + E7(t, x1,x2,x3, x4, x5, x6,x7)

E5 (t,x1,x2, x3, x4, x5, x6, x7) E7 (¢ x1,x2,x3, x4, x5, x6,x7)

E7 (¢, x1,x2,x3, x4, x5, x6, x7)

E, (¢ x1,x2,x3, x4, x5, x6,x7)

@ E4(t, x1,x2, x3, x4, x5, x6,x7) ) +

E, (¢ x1,x2,x3, x4, x5, x6,x7) E, (¢ x1,x2,x3, x4, x5, x6,x7)

— ( @ E3(t, x1,x2,x3, x4, x5, x6,x7)

E, (t x1,x2,x3, x4, x5, x6,x7) ) + E, (¢ x1,x2,x3, x4, x5, x6,x7) ) e’

a2

=0e0 +( % Bz(t, xl,x2,x3, x4, x5, x6,x7) — ( % [33(t, x1,x2,x3, x4, x5, x6,x7) )
2 2

v 1,x2 S
Otoc4 Bs(tax , X ,X3,x4,x5,x6,x7)) ( o7

S

+ % B4(f,XI,x2,x3,x4,x5,x6,x7) — (

2
t o B (
2
el By (

*?

[36 (t,x1,x2,x3, x4, x5, x6,x7) ) Frvel

t,xl,x2,x3, x4, x5, x6,x7) j el — (

@
A6

B, (1

x1,x2,x3, x4, x5, x6,x7) — ( t,x1,x2,x3, x4, x5, x6,x7)) — ( B4(t, x1, x2,

@
a7

*?

x3, x4, x5, x6,x7)) — ( + S

[35 (t,x1,x2,x3,x4,x5,x6,x7) j [36 (t,x1,x2,x3, x4,

x5, x6,x7) + t,x1,x2,x3, x4, x5 x6,x7) ) e2 + ( & Bl (t x1,x2, x3, x4, x5, x6,

2 B.(

oxs 7 o2

x7) — (i B, (2 x1,x2,x3, x4, x5 x6x7)) +£ B, (t xI,x2,x3, x4, x5, x6,x7)
ataxl 2 & b b 9 b b 9 atax7 4 & b 9 b b 9 b



- (% BS(t,x], x2, x3, x4, x5, x6,x7)j at?)zxj B6(t x1,x2, x3, x4, x5, x6,x7) — (%

B7(t, x1,x2,x3, x4, x5, x6,x7) ) J e3 — ( % [31(1, x1,x2, x3, x4, x5,x6,x7) + e Bz(t,

x1,x2, x3, x4, x5, x6,x7) + % B3(t,x],x2,x3,x4,x5,x6,x7) - ( agiz [.’)5 (t,x1,x2,x3,
2

BG(t, x1,x2, x3, x4, x5, x6,x7)) - (% B7(t, x1,x2,x3, x4, x5,

2 2
x6,x7) ) ) ed + ( et [31 (t,x1,x2,x3, x4, x5, x6,x7) ( 7
2

7)) + % B3(t, x1,x2, x3, x4, x5, x6,x7) — (W [34(t, x1, x2, x3, x4, x5, x6,x7))

_ (_61213 Be (4 x1,x2, x3, x4, X3, x6,x7)) agiz B, (% x1,x2,x3, x4, x5, x6,x7) ) e5 +
( 02 B(tx1x2x3x4x5x6x7)+iB(1x1x2x3x4x5x6x7)_(i
7% o720 R ofeg T2\ BN S X XD X9, X0, s

[33(t, x1,x2,x3, x4, x5, x6,x7)) - (% B4(t, x1,x2, x3, x4, x5,x6,x7)) + % Bs(t, x1,

&

— 1, x2 7 - = 1,x2
(ataxl B, (4 x1,x2, x3, x4, x5, x6, x )))66 (6tax6 B, (4 x1,x2,
&2

x3, x4, x5,x6,x7) — ( 61‘215 [32 (t,x1,x2,x3, x4, x5, x6, x7)) (W B3(t, x1, x2, x3, x4,

P2

x4,x5,x6,x7)) — (@

B, (% x1,x2, x3, x4, x5, x6,

x2, x3, x4, x5, x6,x7) —

@
i3
®
_ ( s Bl x2,x3, x4, x5, x6,x7) ] ) e7

:evalDG(CurI(CurI(F))+VLapIacian(F)-Grad(Div(F)));
O > evalDG(lhs(s2)+VLaplacian(E)-Grad(Div(E)))
0e0 (5.2.1.49)

2
x5, x6,x7)) [34 (t,x1,x2,x3,x4,x5,x6,x7) + —— v Bs(t, x1,x2, x3, x4, x5, x6,x7)

0 > Grad(rhs(eql));
0 0
a p(t xI,x2,x3, x4, x5, x6,x7) @ p(t xl,x2,x3, x4, x5, x6,x7)
el + e2 (5.2.1.5)

€

€
0
— p(txl,x2,x3, x4, x5, x6,x7) w p(t x1,x2,x3, x4, x5, x6,x7)

o3
+ c e3 + c

eq

0
— p(txl,x2,x3, x4, x5, x6,x7) — p(tx1,x2,x3, x4, x5, x6,x7)
ax6
+ c ej + c eb

™ p(txl,x2,x3, x4, x5, x6,x7)
< e’

+

:In a Vacuum, rho is zero, and so the divergence of E is zero:
O >s3:=evalDG(subs(lhs(s2)=evalDG(-1*VLaplacian(E)),s2));

§3:= — [ % El(t, x1,x2,x3, x4, x5, x6,x7) + i El(t, x1,x2,x3, x4, x5, x6,x7) + i (5.2.1.6)
ax2? a3

E, (t,x1,x2, x3, x4, x5, x6,x7) + & El(t,xl,x2,x3,x4,x5,x6,x7) + & El(t,xl,x2,
a4 a5

% E, (4, x], %2, X3, x4, x5, x6,

x3, x4, x5,x6,x7) + iz El(t, x1,x2,x3, x4, x5, x6,x7) +
a6 a7




x7) j el — [ i Ez(t,xl, x2, x3, x4, x5, x6,x7) + i Ez(t,xl, x2, x3, x4, x5, x6, x7)
a2 ax2?

+ % Ez(t, x1,x2, x3, x4, x5, x6,x7) + % Ez(t, x1,x2, x3, x4, x5, x6,x7) + % Ez(t,

xI,x2, x3, x4, x5, x6,x7) + % E, (1, x1,x2,x3, x4, x5, x6,x7) + % E, (1, x1,x2,x3, x4,
a6 a7

x5, x6,x7) ] e2 — ( % E, (¢ x1,x2,x3,x4, x5 x6,x7) + % E, (¢ x1,x2,x3, x4, x5, x6,
ax/ a2

x7) + % E, (t,x1,x2,x3,x4,x5,x6,x7) + % E, (1 x1,x2,x3, x4, x5, x6,x7) + %
a3 a4 a5

E3(t,x],x2,x3,x4,x5,x6,x7) + ﬁ E3(t,x],x2,x3,x4,x5,x6,x7) + ﬁ E3(t,x1,x2,
a6’ a7

2

x3, x4, x5, x6, x7) ) e3 — ( — E, (t,xI, x2,x3, x4, x5, x6,x7) + i E4 (t,x1, x2, x3, x4,
a2 a2’

x5, x6,x7) + & E4(t, x1,x2,x3, x4, x5, x6,x7) + & E4(t, x1,x2,x3, x4, x5, x6,x7)
a3 a4
2 2 2
+ Q E4(t, x1,x2,x3, x4, x5, x6,x7) + w E4(t, x1,x2,x3, x4, x5, x6,x7) + @ E4(t,

x1,x2,x3, x4, x5, x6,x7) j ed — [ iz Es(t, x1,x2,x3, x4, x5, x6,x7) + iz Es(t, x1, x2,
ax/ a2

x3, x4, x5,x6,x7) + il Eq (t,x1,x2,x3, x4, x5, x6,x7) + il Eq (t x1,x2,x3, x4, x5, x6,
a3 s

x7) + iz Es(t,xl,x2,x3,x4,x5,x6,x7) + iz Es(t,xl,x2,x3,x4,x5,x6,x7) + iz
%) 6 a7

E5 (t,x1,x2,x3, x4, x5, x6,x7) J e5 — ( & E6 (t,x1,x2,x3, x4, x5, x6,x7) + & E6 (t,xl,
a2 ax2?

x2, x3, x4, x5, x6,x7) + & E, (t x1,x2,x3, x4, x5 x6,x7) + & E, (t x1,x2,x3, x4, x5,
a3 a4

X6,x7) + ﬁz B, (4 x1, x2, x3, x4, x5, x6,x7) + ﬁz B, (4 x1, x2, x3, x4, x5, X6, x7) + ﬁz
a7

61 o

E6(t, x1,x2,x3, x4, x5, x6,x7) J e6 — ( iz E7(t, x1,x2,x3, x4, x5, x6,x7) + iz E7(t, x1,
ax/ a2

x2, x3, x4, x5, x6,x7) + il E, (¢ x1,x2,x3, x4, x5 x6,x7) + il E, (# x1,x2,x3, x4, x5,
32 s

x6,x7) + iz E7(t, x1,x2,x3, x4, x5, x6,x7) + iz E7(t, x1,x2,x3, x4, x5, x6,x7) + iz
x5 6 a7

E7(t, x1,x2, x3, x4, x5, x6,x7) J e7=0e0 +( % Bz(t, x1,x2, x3, x4, x5, x6,x7) — ( %

02

@
" s

— t,xlI
atax4 BS( ax ]

B3(t, x1,x2, x3, x4, x5, x6,x7)) [34(t, x1,x2, x3, x4, x5, x6,x7) — (

>

W B7(t, x1,x2,x3,

x2, x3, x4, x5, x6,x7)) - [ [36(t, x1,x2, x3, x4, x5, x6,x7)) +

x4, x5, x6,x7) ] el — [ % [31(1, x1,x2, x3, x4, x5, x6,x7) — (% B3(t, x1, x2, x3, x4, x5,

ox6

2

e B5 (t,x1,x2,x3, x4, x5, x6,

2
x6,x7)) - (% [34(t,x1,x2,x3,x4,x5,x6,x7)j - (

x7) ] + _at?a; Be (& x1,x2, x3, x4, x3, x6, x7) + _ag; B, (t x1,x2,x3, x4, x5,x6,x7) ) e2 +



02
BT

B6(t’ xj:

at?)le B, (% x1,x2, x3, x4, x5, x6, x7))
2
s

>
% Bl (¢ x1,x2,

i (t,x1,x2,x3, x4, x5, x6,x7) —
o2 1
2

0fx6
B7( t,xl,x2,x3,x4,x5,x6,x7) ) ) e3 — (

B4(t, x1,x2, x3, x4, x5, x6,x7) — ( BS (t,x1,x2,x3, x4, x5, x6, x7))

2

x2, x3, x4, x5, x6,x7) — (m

x3, x4, x5, x6,x7) + B3 (t,x1,x2,x3, x4, x5, x6,

2
x7) ( vy Bs(t, x1,x2,x3, x4, x5, x6,x7)) (

B, (4 x1,x2,x3, x4, x5, x6,x7) + ——

@
)

- 2
6 ox7

B6( t,xl,x2,x3,x4,x5,x6,x7) )

- ( ang |37(t, x1,x2, x3, x4, x5, x6, x7) ) ) ed +( 61214 Bl(t, x1, x2, x3, x4, x5, x6,x7)
2

t,xI, x2, x3, x4, x5, x6, x7 -
(t,xI, x2, x3, x4, x5, x6,x7) — (atax]

2
2

_ ( e [32(;, x1,x2,x3, x4, x5, x6,x7) ] at?)zw B3

o7

2
0rox 3
[31 (t,x1,x2,x3, x4, x5, x6,x7) +

@
2

B4(t, x1,x2, x3, x4, x5, x6,x7)) - ( B6(t, x1,x2,x3, x4, x5,x6,x7)) + B7(t, x1,

2 2
x2, x3, x4, x5, x6,x7) ) es +( 7 ey Bz(t, x1,x2,x3,
2

ot 5 B, (4 x1,x2,x3, x4, x5,

B3(t, x1,x2, x3, x4, x5, x6,x7)) - (

)
ol P
@
5

x4, x5, x6,x7) — (

02
x6,x7)) T [.’)5 (¢ x1,x2,x3, x4, x5, x6,x7) — ( (# x1,x2,x3, x4, x5, x6, x7))
Bz(t, x1,x2, x3, x4, x5, x6,x7) )

*?

- (i B3(t,x],x2,x3,x4,x5,x6,x7)j + % B4(tx1 x2, x3, x4, x5, x6,x7) + T

Ordx4
2
| oo 1
O > bigsub:=DGzip([seq(diff(GetComponents(Curl(B),Basis)[i],t),i=1..7)
],Basis,"plus");
bigsub = — ( % Bz(t, x1,x2, x3, x4, x5, x6,x7) — (
2

+ s By (t x1,x2,x3, x4, x5,x6,x7) —

) e6 — ( % Bl(t, x1,x2, x3, x4, x5, x6,x7) — (

Bs(t, x1,x2, x3, x4, x5, x6,x7) — ( B6 (t,x1,x2,x3,x4,x5,x6,x7) ) ) e’

02

v By (4 x1,x2, x3, x4, x5, x6, x7)) (5.2.1.7)
2

Bs(t, x1,x2, x3, x4, x5, x6,x7) ) - (W

2

Ox 3

( 2
04
B7(t, x1,x2, x3, x4, x5, x6,x7) ] el +(

@
A6

Bé(t, x1,x2,x3, x4, x5, x6,x7) ) + Bl(f,

2
i 1

BS (t,x1,x2,x3,x4,x5,x6,x7) ]

0rox6
B3(t, x1,x2, x3, x4, x5, x6,x7)) - (

2
B4

x1,x2,x3, x4, x5, x6,x7) — ( B4(t, x1,x2,

*?

T Be (4 x1,x2, x3, x4,

x3, x4, x5, x6,x7)) — (

[31 (t,x1,x2,x3, x4, x5, x6,

[37(t, x1,x2,x3, x4, x5, x6,x7) J el — ( %

@
a7

&

ordx 5

x7) —(i B, (2 xI x2x3x4x5x6x7))+
ataxl 2 ¢l b b 9 b b b

x5, x6,x7) +

[34 (t,x1,x2,x3, x4, x5,x6,x7)

2
— 1, x2 7)) — | ——
s B6(t,x ,x2,x3, x4, x5, x6,x7) ( d
2 2
5 Bl(t,x],x2,x3,x4,x5,x6,x7) + 6

_ (_azas Bs (4, x1,x2, x3, x4, x5, x6, x7 ) ) +

[37(t, x1,x2, x3, x4, x5, x6,x7) ) ) e3 —I—( Bz(f,

x1,x2, x3, x4, x5, x6,x7) + B3 (t,x1,x2,x3,x4,x5,x6,x7) — (% Bs(t, x1, x2, x3,

i 7



x4,x5,x6,x7)) - (% [.’) (t,x1,x2,x3, x4, x5, x6,x7) ) ( v B7(tx1 x2, x3, x4, x5,
x6,x7) ) ) ed — ( % Bl(t, x1,x2,x3, x4, x5, x6,x7) ( 6t6x7 txl x2, x3, x4, x5, x6,

2
x7)) + — 6 B3(t x1,x2,x3, x4, x5, x6,x7) ( ey [34(1,)61,X2,X3,x4,x5,x6,x7))
2

2
- ( — [36(t,x1, x2, x3, x4, x5, x6,x7) ) vy

03 B, (4 x1,x2,x3, x4x5x6x7))e5—

@
s

Bs(ta x19

[32 (t,x1,x2,x3,x4,x5,x6,x7) — (

2
a3

(% Bl(t, x1,x2,x3, x4, x5, x6,x7) + %
% By (4 x1,x2,x3, x4, x5,x6,x7)) +

o
0x6

B3(t, x1,x2, x3, x4, x5, x6,x7)j - (

2

vy B, (4 x1,x2,x3, x4x5x6x7)))e6+(

x2, x3, x4, x5, x6,x7) — ( Bl (t,x1,x2,

x3, x4, x5, x6,x7) — (% Bz(t, x1, x2, x3, x4, x5, x6,x7)j - (% B3(t, x1, x2, x3, x4,
x5, x6,x7) | + S B, (t xI,x2,x3, x4, x5, x6,x7) + S B (1, x1,x2,x3, x4, x5, x6,x7)
9 b atax3 4 & 9 b s 9 b b ataxz 5

_(at?ile B (4 x1, x2x3x4x5x6x7))) e7

"0 > evalDG(rhs(s3)+bigsub);
0e0 (5.2.1.8)

Therefore, the rhs of s3 is the time-derivative of the curl of B. The Curl of B is equal to the time derivative of E,
|_assuming J is zero.

O >dE2dt2:=DGzip([seq(diff(GetComponents(dEdt,Basis)[i],t),i=1..7)],
Basis,"plus");

dE2dt2 = % E, (t x1,x2,x3,x4,x5,x6,x7) el + % E, (1 x1,x2,x3, x4, x5, x6,x7) 2 + % (5.21.9)

E3(t, x1,x2,x3, x4, x5, x6,x7) e3 + % E4(t, x1,x2,x3, x4, x5, x6,x7) e4 + % ES(t, x1, x2,

x3, x4, x5, x6,x7) e5 + (;ﬁ E6( t,xl,x2,x3, x4, x5 x6,x7) e6 + % E7 (¢ x1,x2,x3, x4, x5, x6,

x7) e7
[0 > s4:=evalDG(subs(rhs(s3)=-mu*epsilon*dE2dt2,s3));

s4 = - [ iz El(t, x1,x2,x3, x4, x5, x6,x7) + iz El(t, x1,x2,x3, x4, x5, x6,x7) + iz (5.2.1.10)
ax/ 2 3

E, (4 x1, x2,x3, x4, x5,x6,x7) + ® g (1, x1,x2,x3, x4, x5,x6,x7) + @ g (t,x1,x2,
! Y ns? !

x3, x4, x5, x6,x7) + i E1 (t,x1,x2,x3, x4, x5, x6,x7) + i E1 (# x1,x2,x3, x4, x5, x6,
a6’ a7
2 2
x7) el —| —= E2 (t,x1,x2,x3,x4,x5,x6,x7) + ——= E2 (tx1,x2,x3, x4, x5, x6,x7)
a2 ax2?

+ i Ez(t, x1,x2, x3, x4, x5, x6,x7) + i Ez(t, x1,x2, x3, x4, x5, x6,x7) + i
2 s 52

E, (1 x1,x2,x3,x4,x5,x6,x7) + iz E, (1 x1,x2,x3,x4,x5,x6,x7) + iz E, (tx1,x2,
a6 a7

x3, x4, x5, x6,x7) ) el — ( iz E, (t x1,x2,x3, x4, x5 x6,x7) + iz E, (t x1,x2,x3, x4,
ax/ 2



x5, x6,x7) + ﬁ E3(t, x1,x2,x3, x4, x5, x6,x7) + ﬁ E3(t, x1,x2,x3, x4, x5, x6,x7)
a3 a4’

+ iz E3(t, x1,x2, x3, x4, x5, x6,x7) + iz E3(t, x1,x2, x3, x4, x5, x6,x7) + ﬁz
x5 X6 a7

E3(t, x1,x2,x3, x4, x5, x6,x7) ] e3 — ( iz E4(t, x1,x2,x3, x4, x5, x6,x7) + iz E4(t,
axl a2

x1,x2,x3, x4, x5, x6,x7) + iz E4(t,x1, x2, x3, x4, x5, x6,x7) + iz E4(t,x1, x2,x3, x4,
a3 )

x5, x6,x7) + il E4(t, x1,x2,x3, x4, x5, x6,x7) + il E4(t, x1,x2,x3, x4, x5, x6,x7)
&5 w6

+ i E4 (¢ x1,x2,x3, x4, x5, x6,x7) ) ed — ( i E5 (¢ x1,x2,x3, x4, x5, x6,x7)
a7 a2

+ % Es(t, x1,x2, x3, x4, x5, x6,x7) + % Es(t, x1,x2, x3, x4, x5, x6,x7) + %
2 %) x4

Es(t,xl,x2,x3,x4,x5,x6,x7) + & Es(t,xl,x2,x3,x4,x5,x6,x7) + & Es(t,xl,x2,
a5 a6

x3, x4, x5, x6,x7) + iz E, (¢ x1,x2,x3, x4, x5, x6,x7) ) es — ( iz E, (t x1,x2,x3, x4,
a7 ax/

X5, x6.x7) + % E, (4, x1, x2, x3, x4, x5, x6,x7) + % E, (1, x1,x2, x3, x4, x5, X6, x7)
2 3
2 2 2
+ 5 E6(t, x1,x2,x3, x4, x5, x6,x7) + o E6(t, x1,x2,x3, x4, x5, x6,x7) + 5
x4 s 6
E6(t, x1,x2,x3, x4, x5, x6,x7) + ﬁ E6(t, x1,x2,x3, x4, x5, x6,x7) J e6 — ( ﬁ E7(t,
a7 a2

x1,x2,x3, x4, x5, x6,x7) + i E7 (#x1,x2,x3, x4, x5,x6,x7) + i E7 (& x1,x2,x3, x4,
ax2? a3
2 2
x5, x6,x7) + —— E7 (t x1,x2,x3, x4, x5 x6,x7) + —— E7 (¢ x1,x2,x3, x4, x5, x6, x7)
a4 a5

+ B (401, 52,53, 94,65, %6,57) + O, (1 x1, 52, 53, ¥4, x5, X6,17) ) e7=
a6 a7

—Ue [ % E, (t x1, x2, x3, x4, x5, x6,x7) J el —ue ( % E, (1 x1, x2, x3, x4, x5, x0,

x7) j el — e ( % E3(t, x1,x2,x3, x4, x5, x6,x7) ) e3 — Ue ( % E4(t, x1,x2, x3, x4, x5,

x6,x7) ) ed — e ( % Es(t, x1,x2,x3, x4, x5, x6,x7) J e5 — e [ % E6(t,x1, x2, x3, x4,

x5, x6,x7) J eb — lLe [ % E7(t, x1,x2,x3, x4, x5, x6,x7) j e’/

=O > sh:=evalDG(-s4)
2

§5 = ( iz E1 (t,xI, x2, x3, x4, x5, x6,x7) + iz E1 (t,xI, x2, x3, x4, x5, x6,x7) + T) (5.2.1.11)
ox/ 2 3
E, (t,x1,x2,x3, x4, x5, x6,x7) + & E, (t,x1,x2,x3, x4, x5, x6,x7) + & E, (t,xI,x2,
s s>

x3, x4, x5, x6,x7) + ﬁz E, (4 x1, x2, x3, x4, x5, x6,x7) + ﬁz E, (4 x1, x2, x3, x4, x5, 6,
a6 a7

x7) j el +[ iz Ez(t,xl, x2, x3, x4, x5, x6,x7) + iz Ez(t,xl, x2, x3, x4, x5, x6, x7)
ax/ a2




+ % Ez(t, x1,x2, x3, x4, x5, x6,x7) + % Ez(t, x1,x2, x3, x4, x5, x6,x7) + %
%) x4 x5

E,(t x1,x2, x3, x4, x5, x6,x7) + & E,(t x1,x2, x3, x4, x5, x6,x7) + & E, (¢ x1,x2,
2 ne 2 a2 2

x3, x4, x5, x6,x7) ) e2 + ( iz E, (t,x1,x2,x3, x4, x5 x6,x7) + iz E, (t x1,x2,x3, x4,
ax/ a2

X5, x6.x7) + % B, (1, x1, x2, x3, ¥4, x5, x6,x7) + % E, (1, x1, x2, x3, x4, x5, X6, x7)
3 4
@ @ @
+ ) E3(t, x1,x2,x3, x4, x5, x6,x7) + 5 E3(t, x1,x2,x3, x4, x5, x6,x7) + ~a
acs a6 a7

E3 (#x1,x2,x3, x4, x5, x6,x7) J e3 + ( ﬁ E4(t, x1,x2,x3, x4, x5, x6,x7) + ﬁ E4(t,
a2 a2’

x1,x2,x3, x4, x5, x6,x7) + i E4(t,x1,x2,x3,x4,x5,x6,x7) + i E4(t,x1,x2,x3,x4,
a3 a4

x5, x6,x7) + & E4(t, x1,x2,x3, x4, x5, x6,x7) + & E4(t, x1,x2,x3, x4, x5, x6,x7)
a5 a6’
2 2
+ > E4(t, x1,x2,x3, x4, x5 x6,x7) | e4 + s Es(t, x1,x2,x3, x4, x5, x6,x7)
a7 ax/

+ & B (40, x2, 53, 14,55, x6,x7) + % E, (1, x1, x2, x3, x4, x5, x6,x7) +

ax2? s

E. (4 x1, x2,x3, x4, x5,x6,x7) + ® g (t,x1,x2,x3, x4, x5,x6,x7) + ® g (t,x1,x2,
5 a2 a6 0

x3, x4, x5, x6,x7) + i E5 (t,x1,x2,x3, x4, x5, x6,x7) ) es + ( i E6 (t x1,x2,x3, x4,
a7 a2

x5, x6,x7) + ﬁ Eé(t, x1,x2,x3, x4, x5, x6,x7) + ﬁ Eé(t, x1,x2,x3, x4, x5, x6,x7)
a2’ a3

+ iz E6(t, x1,x2, x3, x4, x5, x6,x7) + iz E6(t, x1,x2, x3, x4, x5, x6,x7) + ﬁz
x4 x5 X6

Eé(t, x1,x2,x3, x4, x5, x6,x7) + iz Eé(t, x1,x2,x3, x4, x5, x6,x7) ] e6 +( iz E7(t,
a7 ax/

x1,x2,x3, x4, x5, x6,x7) + iz E7(t,x1, x2, x3, x4, x5, x6,x7) + iz E7(t,x1, x2,x3, x4,
2 a3
2 2
x5, x6,x7) + — E7(t, x1,x2,x3, x4, x5, x6,x7) + — E7(t, x1,x2,x3, x4, x5, x6,x7)
a4 a5
2 2
+ — E7(t, x1,x2,x3, x4, x5, x6,x7) + —— E7(t, x1,x2,x3, x4, x5, x6,x7) | e7
a6’ a7

=le ( % El (¢ x1,x2,x3, x4, x5, x6,x7) ) el + e [ % Ez(t, x1,x2, x3, x4, x5, x6,

x7) J e2 + e ( % E, (1 x1,x2, x3, x4, x5, x6, x7) ) e3 + e ( % E4(t, x1,x2, x3, x4, x5,

x6,x7) ) ed + e ( % Es(t, x1,x2,x3, x4, x5, x6,x7) ) eS + e [ % E6(t, x1,x2, x3, x4,

x5, x6,x7) ] e6 + e [ % E7(t,x1, x2, x3, x4, x5, x6, x7) j e’

=O > GetComponents(lhs(s5),Basis)[1];
GetComponents(rhs(s5),Basis)[1];




\ 4

i E1 (¢ x1,x2,x3,x4,x5,x6,x7) + ﬁ E1 (t,xI, x2,x3, x4, x5, x6,x7) + i E1 (tx1,x2,
6x12 axzz ax32

x3, x4, x5, x6,x7) + i E1 (tx1,x2,x3, x4, x5 x6,x7) + i E1 (¢ x1,x2,x3, x4, x5, x6,
v as?

x7) + —622 E, (t x1,x2, x3, x4, x5, x6,x7) + —622 E, (4 x1,x2, x3, x4, x5, x6, x7)
ax6 7
ne [ % E, (£ xI,x2, x3, x4, x5, x6,x7)) (5.2.1.12)
Magnetic Field
O > Egn2:=DivNcurl(B)=evalDG(-1*evalDG(0*e0)+evalDG(mu*epsilon*dEdt));
0 0 0
Egn2 = —| — 1,x2 7 — 1,x2 7 —
qn ( oy B, (4, x1,x2,x3, x4, x5, x6,x7) + P B, (t x1,x2,x3, x4, x5, x6,x7) + 53

0 0

[33(t, x1,x2, x3, x4, x5, x6,x7) + ] [34(t, x1,x2,x3, x4, x5, x6,x7) + s BS(t,x], x2, x3,
0 0

x4, x5,x6,x7) + 6 B6(t, x1,x2, x3, x4, x5, x6,x7) + a7 B7(t, x1,x2,x3, x4, x5, x6,x7) ) el

+_
s

d
_ ( 53 Bo(txl,x2,x3, x4, x5,x6,x7) — (@

B3 (t,x1,x2,x3,x4,x5,x6,x7) )

0 0

B4(t,x],xZ,x3,x4,x5,x6,x7) - (@ Bs(t,xl,x2,x3,x4,x5,x6,x7)) - (w Bé(t,xl,xZ,
0 0
x3,x4,x5,x6,x7)) + w6 [37(t,x1,x2,x3,x4,x5,x6,x7) ) el +(@ Bl(t,xl,x2,x3,x4,x5,
0 0

x6,x7) — (@ [33(t,x1,x2,x3,x4,x5,x6,x7)J - (% B4(t,x1,x2,x3,x4,x5,x6,x7))
0 t1234567+a t]234567—|—a t,
(EM Bs(t x1,x2,x3, x4, x5, x6, x )j ez Po (b1, x2,x3, x4, x5, x6,x7) + == B, (4

0 0
x1,x2,x3, x4, x5, x6,x7) ) el — ( e Bl(t, x1,x2, x3, x4, x5, x6,x7) — ( i Bz(t, x1, x2, x3,

0
x4, x3, x6,x7)j + w7 B4(t, x1,x2,x3, x4, x5, x6,x7) — ( Bs(t, x1, x2, x3, x4, x5, x6,

a6

7+aBt1234567 a[3125’4567 3+
— - | — B, (¢

x)) a5 o (5, x1,x2,x3, x4, x5, x6, x7) (ax4 7(,x,x,x,x,x,x,x)J)e

0 ]
(% [31(t,x],x2,x3,x4,x5,x6,x7) + v Bz(t,x],x2,x3,x4,x5,x6,x7) + o B3(t,x],

0 0
x2, x3, x4, x5, x6,x7) — (@ Bs(t, x1,x2,x3, x4, x5, x6,x7)) - (@ [36(t, x1, x2, x3, x4,
0 0
x5, x6,x7) ) — ( el B7(t, x1,x2,x3, x4, x5, x6,x7) ) ) ed — ( i [31 (t,x1,x2,x3, x4, x5, x6,
0
x7) — (@ Bz(t,xl,x2,x3,x4,x5,x6,x7)) + s [33(t,x1,x2,x3,x4,x5,x6,x7) - (@

0 0
[34(t, x1,x2,x3, x4, x5, x6,x7)) - (@ B6(t, x1,x2, x3, x4, x5,x6,x7)) + s [37(t, x1, x2,

0 0
x3, x4, x5, x6, x7) ) e5 - ( 7 Bl (t,x1,x2,x3,x4,x5,x6,x7) + ] B2 (t,x1,x2,x3, x4, x5,

t,xl,x2, x3, x4, x5, x6,x7) )

0
B7(t, x1,x2, x3, x4, x5, x6,x7) ) ) e6+( —

0 0
x6,x7) — (% [33(t,x1,x2,x3,x4,x5,x6,x7)) — (@ B4(

0 0
+ 3 Bs(t, x1,x2, x3, x4, x5, x6,x7) — (@ 6

(5.2.2.1)



] 0
Bl(t, x1,x2,x3, x4, x5, x6,x7) — (% Bz(t, x1,x2,x3, x4, x5, x6,x7)) - (@ [33(t, x1, x2,

B4 (t,x1,x2,x3,x4,x5,x6,x7) + BS (t,x1,x2,x3, x4, x5, x6,

3, x4, x5, x6,x7) | + —
x,x,x,x,x)) a2

a3
7 0 t,xl,x2,x3, x4, x5 x6,x7 7= aEt123456
x) (axl B6(sxsx9xsxsxyxsx)))e_He(at 1(,X,x,x,x,x,x,

0
— Ez(t, x1,x2,x3, x4, x5, x6,x7) ) e + e ( o E3(t, x1,x2, x3, x4, x5, x6,

0
e3 + e ( - E4(t, x1,x2,x3, x4, x5, x6,x7) ) ed + e ( 5 E5(t, x1,x2, x3, x4, x5, x6,

0
E6(t, x1,x2,x3, x4, x5, x6,x7) ) e6 + e ( o E7(t, x1,x2, x3, x4, x5, x6,

=O >rl:=DivNcurl(lhs(Egn2))=DivNcurl(rhs(Egqn2));

rl = — [ % Bl(t, x1,x2,x3, x4, x5, x6,x7) — ( ax?zaxj’ [33(t, x1,x2, x3, x4, x5, x6,x7)) (5.2.2.2)
2 2 2
— 1,x2 7) — | ———= 1, x2 7 —
+ s B, (4 x1,x2,x3, x4, x5, x6,x7) ( pyT B, (4 x1,x2,x3, x4, x5, x6, x )) + s

Bl(t, x1,x2,x3, x4, x5, x6,x7) — (ﬁ Bs(t, x1,x2, x3, x4, x5,x6,x7)) + % Bl(t, x1,

e
72

2

ax x4 B, (£ xI,x2,x3, x4,

x2, x3, x4, x5, x6,x7) — ( [34(t, x1,x2, x3, x4, x5,x6,x7)) +

&
dcldx7

x5, x6,x7) — ( B7(t, x1,x2, x3, x4, x5,x6,x7)) + % Bl(t, x1,x2,x3, x4, x5, x6,x7)

N ( ax?zaw B (4, x1,x2, x3, x4, x5, x6, x7 ) ) ) el - ( % B, (4 x1,x2,x3, x4, x5, x6,x7)

2 2
— 1, x2 — 1, x2
( FeTE B3(t,x , X ,x3,x4,x5,x6,x7)) ( peT Bl(t,x , X ,x3,x4,x5,x6,x7))
% B, (% x1,x2,x3, x4, x5, x6,x7) + % B, (4 x1,x2,x3, x4, x5, x6,x7) — ( axgzaxtﬁ

Bé(t, x1,x2,x3, x4, x5, x6,x7)) + % Bz(t, x1,x2, x3, x4, x5, x6,x7) — (% B7(t, x1,

®

ad B, (xI,x2,x3,x4,

x2, x3, x4, x5, x6,x7)) + & Bz(t, x1,x2,x3, x4, x5, x6,x7) — [
a4

?
e20xS5

622 Bz(t,x1,x2,x3,x4,x5,x6,x7) - (

x5, x6,x7) ) + 5 [35 (t,x1,x2,x3, x4, x5, x6,

x7)))62—[-(% Bz(t,xl,x2,x3,x4,x5,x6,x7)J +% [33(t,x1,x2,x3,x4,x5,x6,

x7) — ( & Bl(t,x],xZ,xS,x4,x5,x6,x7)J + % By (4 x1,x2, x3, x4, x5, x6,x7)
1

acldx3
+ % [33(t, x1,x2,x3, x4, x5, x6,x7) — ( a>c§2ax7 [37(t,x1, x2, x3, x4, x5, x6,x7)j + %
B, (2 x1,x2,x3, x4, x5, x6,x7) — ( e B (t,x],x2,x3,x4,x5,x6,x7)) + ® B, (2 x1,
3 306 "6 52 3

Bs (4 x1,x2,x3, x4, x5, x6,x7) ) + % By (4 x1,x2,x3, x4,

2
2, x3, x4, x5, x6,x7) — | ———
x2, x3, x4, x5, x6,x7) [ax36x5




x5, x6,x7) — ( % B4(t, x1,x2,x3, x4, x5, x6,x7) ) ) e3 — ( % B4(t, x1,x2,x3, x4, x5,

2

*6,x7) = (m

[35(t, x1,x2, x3, x4, x5, x6, x7) ] + i [34(t, x1,x2, x3, x4, x5, x6, x7)
a6’

- ( @ B6(t, x1,x2,x3, x4, x5, x6,x7)) + iz B4(t, x1,x2, x3, x4, x5, x6,x7)
7

Ox40x6
—(iﬁ(txlx2x3x4x5x6x7))—(

aodany 76X XS X5, X4 X0, X6,

& @
+ w B, (£ x1,x2, x3, x4, x5, x6,x7) — (m

2
P — 1, x2 7
o B, (4 x1,x2,x3, x4, x5, x6, x ))
2
(tx1,x2,x3, x4, x5, x6,x7) j + —
£ 22

B4(t, x1,x2, x3, x4, x5, x6,x7) — [% B3(t, x1,x2, x3, x4, x5, x6,x7)) + % B4(t, x1,
x2,x3, x4, x5, x6,x7) |ed — | - ( 2 B, (¢t x1,x2,x3, x4, x5, x6,x7)) + & Be (8 x1,
xdaxs 4 a2 S

x2, x3, x4, x5, x6,x7) + % BS(t, x1,x2,x3, x4, x5, x6,x7) — (% B7(t, x1,x2,x3, x4,
x5 x6x7)) +£ Be (2 x1,x2, x3, x4, x5, x6,x7) — (i B (2 x1,x2,x3, x4, x5, x6.
b 2 ax62 5 2 b b 2 b b 2 ax'5ax.6 6 2 2 b b 2 b b

x7)j — (ﬁ [3](t,x],x2,x3,x4,x5,x6,x7)) + % Bs (4 x1,x2, x3, x4, x5, x6,x7)

2 2
- (m B3(t, x1,x2, x3, x4, x5, x6,x7)) + Q Bs(t, xl, x2,x3, x4, x5, x6, x7)

% Bs( x1,x2,x3, x4, x5, x6,x7) ) es —

- (% Bz(”“’x%xix%x5,x6,x7)) +

2
ax60x7

B., (t,x1,x2,x3, x4, x5,x6,x7) )

P2

B3(t,x],x2,x3,x4,x5,x6,x7) + — B6(t,x],x2,x3,x4,x5,x6,x7)

36

[31(1, x1,x2,x3, x4, x5, x6,x7) | + —= [36(1, x1,x2,x3, x4, x5, x6,x7) ) e6 — [
ax

[36 (t,x1,x2,x3, x4, x5, x6,x7) J + [37 (t,x1,x2,x3,x4,x5,x6,x7)

_ ( &
a6 7

Bs(t,xl,x2,x3,x4,x5,x6,x7) + F B7(t,xl,x2,x3,x4,x5,x6,x7)

2
axs5ax7

+ & B, (t x1,x2,x3,x4, x5, x6,x7)
e’

B4 (t,x1,x2,x3, x4, x5,x6,x7)

307 BS(LXIB-X2’xj7X49-X5’x6’X7) + g B7(t,x1,x2,x3,x4,x5,x6,x7)

+ - 02 [37([, x1,x2,x3, x4, x5, x6, x7)
a2?

( )
[ a )
[ )"
( )

Bz( t,xl,x2,x3,x4,x5,x6,x7)



_ ( i Bl(t, x1,x2,x3, x4, x5, x6, x7) ) + % B7(t, x1,x2,x3, x4, x5, x6, x7) ) e7 =

dcldx7

—ue( agi] E (t,xI, x2, x3, x4, x5, x6,x7) + % E (¢t x1,x2,x3, x4, x5 x6,x7) + %

E3(t,xl,x2,x3,x4,x5,x6,x7) + % E, (t,x1,x2,x3, x4, x5 x6,x7) + % Eq (¢ x1,x2,

x3, x4, x5, x6,x7) + % E (¢t x1,x2,x3, x4, x5 x6,x7) + % E7(t, x1,x2, x3, x4, x5, x6,
2

Fre E, (¢ x1,x2,x3, x4, x5, x6,

x7)je0—ue(% Ez(t,xl,x2,x3,x4,x5,x6,x7) — [

& »
B, (4x],x2 - E, (£ x],x2
7)]+ Py (¢ x1,x2,x3, x4, x5, x6,x7) (6th4 (t,x,x,x3,x4,x5,x6,x7))

— ( % E6(t, x1,x2,x3, x4, x5, x6,x7) ) + % E7(t, x1,x2,x3, x4, x5, x6,x7) ) el

— e ( —( 62;3 E (t,xl,x2,x3,x4,x5,x6,x7)) + % E, (¢ x1,x2,x3, x4, x5, x6,x7)
+- 2 g (t,x1,x2, x3, x4, x5,x6, x7) +i Eq (1, x1,x2, x3, x4, x5, X6, x7) —(i
azax6 4 & b b b b b b atax 9 b b b b b b azax4
2

@ @
orax S orax2
2
orx 1

E7(t, x1,x2,x3, x4, x5, x6,x7) ) ) e2 — e (

*?
E, (t x1,x2, x3, x4, x5, x6, x7 +—Et1,
(,x,xxxxxx)) 7 (tx
>

Es(t, x1,x2, x3, x4, x5, x6,x7)) + % E (t,x1,x2, x3, x4,

E6(t, x1,x2, x3, x4, x5, x6,x7)) — (

E, (¢ x1,x2,x3, x4, x5, x6,x7) — [

02

2,x3, x4, x5,x6,x7) — | ——
x2,x3, x4, x5, x6,x7) (ataw

x5, x6,x7) — ( % E7(t, x1,x2,x3, x4, x5, x6,x7) ) ) e3 — Ue ( - ( e E, (#x1,x2,x3,
x4,x5,x6,x7)] — (i E (t,xl,x2,x3,x4,x5,x6,x7)) — (i E, (¢t x1,x2, x3, x4, x5,
o6 2 w7 3
x6. x7)) + 2 E.(t, x1,x2,x3, x4, x5, x6,x7) + 2 E, (1 x1,x2, x3, x4, x5, x6, x7)
’ oxl T T Ox2 T T
+ & E (t,x1,x2,x3, x4, x5, x6,x7) ) ed — e ( @ (t, x1,x2,x3, x4, x5, x6,x7)
0rdx 3 0rdx4
— (% Ez(t,xl,xZ,x3,x4,x5,x6,x7)) + % E, (¢ x1,x2,x3, x4, x5, x6,x7) — (%
E4(t,xl,x2,x3,x4,x5,x6,x7)) — ( @ E (t,xl,x2,x3,x4,x5,x6,x7)) + & E (¢ x1,
03 02

x2, x3, x4, x5, x6,x7) ) e5+ e ( (% El(t,x],xZ,xS,x4,x5,x6,x7)J — (% E, (1,
2

x1,x2, x3, x4, x5, x6,x7)] + % E (¢ x1,x2,x3, x4, x5, x6,x7) + % E4(t, x1,x2,x3,
iE(tx])ch3x4)c5x6x7) +iE(tx1x2x3x4x5x6
atax3 5 2 b b 2 b b 2 atax & 2 2 > 2 2 b

x7) ] e6 — e ( - ( % El(t,x],xZ,x3,x4,x5,x6,x7) ) + e E, (¢ x1,x2,x3, x4, x5, x6,

x4, x5, x6,x7) — (

05

2 *?

x7) + —— E;(t,x],x2,x3,x4,x5,x6,x7) — | ———
) (t,x1,x2,x3, x4, x5, x6,x7) (ataxj’

ad E4(t, x1,x2,x3, x4, x5, x6,x7) j

— ( 6%12 E (t,x],xZ,x3,x4,x5,x6,x7)) + % E, (¢ x1,x2,x3, x4, x5, x6, x7) ) e’

=O > GetComponents(rhs(rl),extBasis)[1]
(5.2.2.3)



E, (1 x1,x2, x3, x4, x5, x6,x7) + & E. (1, (5.2.2.3)

‘Me( axaja E (tx1,x2,x3, x4, x5, x6,x7) + PREPVRL

ax2 o

Py E4(t, x1,x2,x3, x4, x5, x6,x7) + % E, (¢ x1,x2,x3, x4,

% E7 (t,xI,x2, x3, x4, x5, x6, x7) )

x1,x2,x3, x4, x5, x6,x7) +

x5, x6,x7) + Eé(t, x1,x2,x3, x4, x5, x6,x7) +

&
ax6 o
evalDG(Div(dEdt))

O >
E (t XI x2 X3 x4 x5 X6 x?) + — E (t x] x2 x3 x4 x5 X6 x?) + — E (t x] (5224)
aa ] gl > ’ s > ’ s aa 2 pANE ’ s B H s 2 at())c3 4 )

x2, x3, x4, x5, x6,x7) + % E4(t,x1, x2, x3, x4, x5, x6,x7) + % E (t x1,x2,x3, x4, x5,

x6,x7) + % E, (¢ x1,x2,x3, x4, x5 x6,x7) + % E7(t, x1,x2,x3, x4, x5, x6, x7) ] el

=O > evalDG(evalDG(GetComponents(rhs(rl),extBasis)[1])*eO+evalDG(mu*
epsilon*(Div(dEdt))))
0e0 (5.2.2.5)

[ Because the divergence of E is zero (and because partial derivatives commute), we can replace the first
|_component with zero.
O >r2:=evalDG(subs(GetComponents(rhs(rl),extBasis)[1]=0,r1));

2= — [ % Bl(t, x1,x2,x3, x4, x5, x6,x7) — ( ax?zaxj’ [33(t, x1,x2, x3, x4, x5, x6,x7)) (5.2.2.6)

_®
ac[ax2

[32 (t,x1,x2,x3, x4, x5,x6,x7) ) + iz
x5

+ & Bl(t, x1,x2, x3, x4, x5, x6,x7) — (

22
o2

2
— & B.(tx],x2,x3, x4, x5,x6,x7) | + —— B, (£ x1,
ol [35( x1, x2, x3, x4, x5, x x)) ) [31( X

Bl (t,x1,x2,x3,x4,x5,x6,x7) — (

x2,x3, x4, x5, x6,x7) — (% [34(t, x1,x2, x3, x4, x5,x6,x7)) + % Bl(t, x1,x2, x3, x4,
x5x6x7)—( i B, (2, xI,x2,x3, x4x5x6x7)) ® B, (t,x1,x2,x3, x4, x5, x6,x7)
9 b axjax7 7 ax62 1 ¢t b s 9 b s 9

N ( ax?zaw B (4 x1,x2,x3, x4, x5, x6,x7) j ) el - [ % B, (4 x1,x2,x3, x4, x5, x6,x7)

2 2
_ (— B3(t,x1,x2,x3,x4,x5,x6,x7)j — (m Bl(t,x],xZ,x3,x4,x5,x6,x7)]

x20x3
% B, (% x1,x2,x3, x4, x5, x6,x7) + % B, (4 x1,x2,x3, x4, x5, x6,x7) — ( axgzaxtﬁ
Bé(t,xl,x2,x3,x4,x5,x6,x7)) + % Bz(t,xl,x2,x3,x4,x5,x6,x7) — ( axgzaﬂ B7(t,x1,

x2, x3, x4, x5, x6,x7)) + % Bz(t, x1,x2, x3, x4, x5, x6,x7) — (% B4(t, x1,x2, x3, x4,
2

e20xS5

x7) ) j el — [ -( axgzaxS Bz(t, x1,x2,x3, x4, x5, x6,x7) j + % [33(t, x1, x2, x3, x4, x5, x6,

x5, x6,x7)) + iz Bz(t, x1,x2, x3, x4, x5, x6,x7) — ( [35(1,‘, x1, x2, x3, x4, x5, x6,
x5

x7) — (% Bl(t, x1,x2, x3, x4, x5, x6,x7)) + % B3(t, x1,x2, x3, x4, x5, x6,x7)

B, (4 x1,x2,x3, x4, x5, x6,x7) j + %
]

*? *?
+ ﬁ [33(t,x],x2,x3,x4,x5,x6,x7) — (m
2

2
B6(t x1,x2, x3, x4, x5, x6, x7)) ax52 BS(t, xl,

By (4 x1,x2,x3, x4, x5, x6, x7) — ( .



x2, x3, x4, x5, x6,x7) — Bs(t x1, x2, x3, x4, x5, x6, x7)) aiz B3(t, x1, x2, x3, x4,

( &
Q35

x5, x6,x7) — [ % B4(t, x1,x2, x3, x4, x5, x6, x7) ) ) e3 — ( % B4(t, x1,x2, x3, x4, x5,
x6,x7) — (i B (t,xl,xZ,x3,x4,x5,x6,x7)J + 2 B, (t xI,x2,x3, x4, x5, x6, x7)
dedas O w4

&2 @
B ( 46 B6(I,XI,xZ,x3,x4,x5,x6,x7)) + a7 By (4 x1,x2, x3, x4, x5, x6,x7)

B ( s Pl a2 s X6’X7)) - ( e By (a2, x4, x5 x6,x7)j
* - By (£, x1,x2,x3, x4, x5, %6, x7) — (i B (f,xl,XZ,x3,x4,x5,x6,x7)] + @2
ar? ac20vd 2 )

[34(t, x1,x2, x3, x4, x5, x6,x7) — [33(1,‘, x1,x2, x3, x4, x5, x6,x7)) + % [34(1,‘, x1,

( 2
ax 34

x2, x3, x4, x5, x6, x7) ] ed — ( - ( B4(t, x1,x2,x3, x4, x5, x6,x7) ) + iz Bs(t, x1,
x4

2
ax4axs
2

2,x3, x4, x5,x6,x7) + —
x?'x"xix DX"x) ax5ax7

[35 (t,x1,x2,x3,x4,x5,x6,x7) — ( B7 (t,x1,x2,x3, x4,

w7
)c5x6x7))+i B (2 xl )c2x3x4)c5x6x7)—(i B (1 xI,x2,x3, x4, x5, x6,
b b ax62 5 & b b b b b b axjax6 6 9 b b b b b b

x7)j — (ﬁ [31(t,x],x2,x3,x4,x5,x6,x7)) + % Bs (4 x1,x2, x3, x4, x5, x6,x7)
2

[33(1, x1,x2,x3, x4, x5, x6,x7) ) + i [35(1, x1,x2,x3, x4, x5, x6,x7)
a3’

B ( Ax3axs

- ( 2 Bz(t, x1,x2, x3, x4, x5, x6,x7) ) + iz Bs(t, x1,x2, x3, x4, x5, x6,x7) ) e5 —
ax2

de20xS5

B7 (t,x1,x2,x3,x4,x5,x6,x7) )

& @
( B(tx] x2, x3, x4, x5, x6,x7) — (W

a7
( ador B4(t, xl,x2,x3, x4, x5, x6,x7)) + % B6(t, x1,x2,x3, x4, x5, x6,x7)
( ?2 Bs(t,xl,x2,x3,x4,x5,x6,x7 )—i— txl x2, x3, x4, x5, x6, x7)
*? 62
Bz(t, x1,x2,x3, x4, x5, x6,x7) | + ——= 5 tx] x2, x3, x4, x5, x6, x7)
Qv 20x 2
@ t1234567+it1234567
YT [33xxxxxxx 2 (t xI,x2,x3, x4, x5, x6,x7)
2 2
a6 Bl(t,xl,x2,x3,x4,x5,x6,x7 + — o txl x2, x3, x4, x5, x6,x7) | e6 —
- (t,xl,x2,x3,x4,x5,x6,x7) | + —= B,(t,x1,x2, x3, x4, x5, x6, x7
(6ax7|36xxxxxxx)) a)662|3(xxxxxxx)
(ax5ax7 (t,xl,x2,x3,x4,x5,x6,x7) )+ (t,x1,x2,x3, x4, x5, x6,x7)
( B4tx1x2x3x4x5x6x7)+aii2 (t,x1,x2,x3,x4,x5,x6,x7)
(ax3ax7 B3tx1x2x3x4x5x6x7)+ i L (8, x1,x2, x3, x4, x5, x6, x7)



2 2
_ (W Bz(t, x1,x2,x3, x4, x5, x6,x7)) + 5 B7(t, x1,x2,x3, x4, x5, x6, x7)

_ ( ax?zax7 Bl(t, x1,x2, x3, x4, x5, x6,x7)) + % [37(1, x1,x2,x3, x4, x5, x6,x7) ) e7
2

—— E 1, x2
2 3(t,x,x,x3,x4,x5,x6,

=OeO—ue( 03 E, (t x1,x2,x3, x4, x5, x6,x7) — (

Ox5 o4
2

—— E

o 7 (

7)) + i E,(t x1,x2,x3, x4, x5,x6,x7) — (i E5(t,X1,X2,X3,X4,X5,X6,X7))

— (% E6(t,xl,x2,x3,x4,x5,x6,x7)) +

t,xl,x2,x3, x4, x5 x6,x7) ) el

ar 1

+ -2 E(txlx2x3x4x5x6x7)+i E(txlx2x3x4x5x6x7)—(i
alax6 b b b b b b atax b b b b b 9 atax4
®

2

s )
2
A 1

— e ( - ( % E, (4 x1,x2, x3, x4, x5, x6, x7) ) + & E; (% x1,x2, x3, x4, x5, x6, x7)

E6(t, x1,x2,x3, x4, x5, x6,x7) ) — ( E7(t, x1,x2,x3, x4, x5, x6,x7) ) ) el — e (

El(t, x1,x2,x3, x4, x5, x6,x7) — ( Ez(t, x1,x2, x3, x4, x5, x6,x7)) + % E4(t,x],
x2, x3, x4, x5, x6,x7) — e

b b b b b atax6
2

ordx4

E5(t, x1,x2, x3, x4, x5, x6,x7)) + % E (tx1,x2,x3, x4,

x5, x6,x7) — ( E7(t, x1,x2, x3, x4, x5, x6,x7) ) ) e3 — Ue ( - ( E, (¢ x1,x2,x3,

2
a7

o5
2

e E3 (t x1,x2,x3, x4, x5,

x4, x5, x6,x7)j — (

2 2
7 —— E; 1, x2 — E 1,x2
x6, x ))+ 7 (¢t x1,x2,x3, x4, x5 x6,x7) + 2 (¢ x1,x2,x3, x4, x5, x6,x7)

E2(t, x1,x2, x3, x4, x5, x6,x7)) — (

+ % E (#x1,x2,x3, x4, x5, x6,x7) ) ed — ne ( 8t662x4 l(t, x1,x2,x3, x4, x5, x6,x7)
2

— (% Ez(t,xl,x2,x3,x4,x5,x6,x7)) + e E, (¢ x1,x2,x3, x4, x5, x6,x7) — (

&2

2
a3

E6(t,x],xZ,xS,x4,x5,x6,x7)) + % E (# x1,

E4(t, x1,x2, x3, x4, x5, x6,x7)) — (

x2, x3, x4, x5, x6, x7) ) e5 + e ( - ( _agzﬂ El(t,xl,xZ,x3,x4,x5»x6aX7)) - ( 624 E, (1,

x1,x2, x3, x4, x5, x6,x7)j + % E (¢ x1,x2,x3,x4,x5,x6,x7) + % E4(t, x1,x2, x3,
2

x4, x5, x6,x7) — ( 03 @

E (¢ x1,x2,x3, x4, x5, x6,x7)) + Fre E, (t x1,x2, x3, x4, x5, x6,

x7) j e6 — e ( - ( % El(t,xl,x2,x3,x4,x5,x6,x7) ) + i E (¢ x1,x2,x3, x4, x5, x6,

Ot 5
2 0?2
x7) + —— E;(4,x1,x2, x3, x4, x5, x6,x7) —
) (¢ x1,x2,x3, x4, x5, x6,x7) ( 3

d E, (tx1,x2,x3, x4, x5, x6,x7) J

- ( agig Eq (1, x1, x2, x3, x4, x5, X6’X7)) + _at?;xl E, (% x1,x2,x3, x4, x5, x6,x7) ) e’

=O >evalDG(Curl(Curl(B))-lhs(r2));
0

;evalDG(CurI(CurI(F))+VLapIacian(F)-Grad(Div(F))); the Divergence of B is zero.
O >r3:=evalDG(subs(lhs(r2)=-1*VLaplacian(B),r2));

r3:= - [ iz [31(t,xl,xZ,x3,x4,x5,x6,x7) + iz [31(t,xl,xZ,xS’,x4,x5,x6,x7) + %
ax/ ax2 ax3

ofax 1

(5.2.2.7)

(5.2.2.8)



[31 (t,x1,x2,x3, x4, x5, x6,x7) + ® Bl (t,x1,x2,x3, x4, x5, x6,x7) + ® Bl (#,x1,x2,x3,
acd ax5*

x4, x5,x6,x7) + & B, (& xI,x2,x3, x4, x5,x6,x7) + & B, (& x1,x2,x3, x4, x5, x6,x7)
a6 a7

&2

) el — ( iz B, (& x1,x2, x3, x4, x5, x6,x7) + iz B, (4 x1,x2,x3, x4, x5, x6,x7) + Y
ax/ ax2 x3

Bz(t, x1,x2, x3, x4, x5, x6,x7) + —622 Bz(t, x1,x2, x3, x4, x5, x6,x7) + —622 Bz(t, x1,x2, x3,
x4 x5

x4, x5, x6,x7) + i |32(t, x1,x2, x3, x4, x5, x6,x7) + il Bz(t, x1,x2, x3, x4, x5, x6,x7)
a6’ a7

*?

) el — ( & By (& x1,x2, x3, x4, x5, x6,x7) + i By (4 x1,x2,x3, x4, x5, x6,x7) + —
a2 22 a3?

[.’)3 (t,x1,x2,x3, x4, x5, x6,x7) + ® B3 (t,x1,x2,x3, x4, x5, x6,x7) + ® B3 (#,x1,x2,x3,
acd ax5”

x4, x5, x6,x7) + [33(1‘, x1,x2, x3, x4, x5, x6,x7) + —af:z2 B3(t, x1,x2,x3, x4, x5, x6,x7)
7

6>

&2

) e3 — ( iz By (t x1,x2, x3, x4, x5, x6,x7) + iz By (4 x1,x2,x3, x4, x5, x6,x7) + )
Ox/ ax2 ax3

B4(t, x1,x2, x3, x4, x5, x6,x7) + —622 B4(t, x1,x2, x3, x4, x5, x6,x7) + —622 B4(t, x1,x2, x3,
x4 x5

x4, x5, x6,x7) + |34(t, x1,x2,x3, x4, x5, x6,x7) + % B4(t, x1,x2, x3, x4, x5, x6,x7)
7

a6

*?

) ed — ( & Bs (& x1,x2, x3, x4, x5, x6, x7) + i Bs (4 x1,x2,x3, x4, x5, x6,x7) + —
a2 ax2? n3?

[.’)5 (t,x1,x2,x3, x4, x5, x6,x7) + & BS (t,x1,x2,x3, x4, x5, x6,x7) + ® BS (#,x1,x2,x3,
acd a5

x4, x5,x6,x7) + & Bs(t x1,x2,x3, x4, x5,x6,x7) + & Bs (1 x1,x2,x3, x4, x5, x6,x7)
a6 a7

) e5 — ( iz Be (& x1,x2, x3, x4, x5, x6,x7) + iz Be (4 x1, x2,x3, x4, x5, x6,x7) + iz
Ox/ ax2 ax3

BG(t, x1,x2,x3, x4, x5, x6,x7) + —622 B6(t, x1,x2,x3, x4, x5, x6,x7) + —622 B6(t, x1,x2, x3,
x4 x5

x4, x5, x6,x7) + i |36(t, x1,x2, x3, x4, x5, x6,x7) + il Bé(t, x1,x2, x3, x4, x5, x6,x7)
a6’ a7

) e6 — ( & B, (& x1,x2,x3, x4, x5, x6,x7) + i B, (4 x1,x2,x3, x4, x5, x6,x7) + &

a2 a2 a3

[37(t, x1,x2,x3, x4, x5, x6,x7) + % B7(t, x1,x2,x3, x4, x5, x6,x7) + —622 B7(t, x1,x2,x3,
4 s

x4, x5,x6,x7) + & [37(1‘, x1,x2,x3, x4, x5,x6,x7) + & B7(t, x1,x2, x3, x4, x5, x6, x7)
w6 &7

)672060—u6(% E, (t x1, x2, x3, x4, x5, x6,x7) — (% E, (1 x1, x2, x3, x4, x5, x6,
x7))+i E,(txI xe3x4x5x6x7)—(i E.(t xI x2x3x4x5x6x7))
6@5 4 ¢t 2 2 2 b 2 2 atax4 5 & 2 2 2 2 2 b

— ( % E( (£, x1,x2, x3, x4, x5, x6, x7 ) ) + % E, (% x1,x2,x3, x4, x5, x6, x7) ) el



@ ®
“E( ( 303 E (t’XI>xz’X3sX4>X5,X6,X7)) + vy E, (£, x1,x2, x3, x4, x5, x6, x7 )
02
+ -2 E
ox6 4 ’ ’ o7
02
[9/(0,90}
02

o 1

(¢t x1,x2,x3,x4, x5 x6,x7) + & E, (tx1,x2,x3, x4, x5 x6,x7) — (%

*?

E6(t,x],x2,x3,x4,x5,x6,x7)) — ( A2

E (¢ x1,x2,x3, x4, x5, x6,x7) ) ) el — e (

02
El(t, x1,x2,x3, x4, x5, x6,x7) — ( E, (¢ x1,x2,x3, x4, x5, x6,x7)) + e E4(t,x1,
E. (1, x1,x2, x3, x4, X5, x6,x7)) + -2 E (1, x1,x2,x3, x4,

x2, x3, x4, x5, x6,x7) — s

e
Orx6
2 2
x5, x6,x7) — ( Frw E7(t,xl,xZ,x3,x4,x5,x6,x7) ) ) e3 — Ue ( -( s E, (¢ x1,x2,x3,
2

Ox 7

*?

PP E (¢ x1,x2,x3, x4, x5,

x4, x5, x6,x7)j — (

x6,x7)) + % E; (¢t x1,x2,x3, x4, x5 x6,x7) + % E, (t x1,x2,x3, x4, x5, x6,x7)

E (tx],x2,x3,x4,x5,x6,x7)) — (

2 2
+ 03 E (tx1,x2,x3, x4, x5, x6,x7) ) ed ue( it E (¢ x1,x2,x3, x4, x5, x6,x7)
2

- (_32;7 Ez(’ax1’x2=x3,x4,x5,x6,x7)) + Savg (b1 x2,x3, x4, x5, x6,x7) — (

@
i /
@

E4(t,x],x2,x3,x4,x5,x6,x7)) — ( a3

2
E_(t x1,x2, x3, x4, x5, x6,x7 —Et]
(x,x,x,x,x,x,x))Jraa2 (t x1,

E (t,xl,xZ,xS’,x4,x5,x6,x7)j — ( @ E2(

2 7 -
x2, x3, x4, x5, x6, x )je5+ue( ( d

ox7

x1,x2, x3, x4, x5, x6,x7)j + % E (¢ x1,x2,x3,x4,x5,x6,x7) + % E4(t, x1,x2, x3,

Eq (t x1,x2,x3, x4, x5, x6,x7)j + % E, (# x1,x2, x3, x4, x5, x6,

2

x4, x5, x6,x7) — ( 03

x7) ] e6—ue(—( 63316 E (t,x],xZ,x3,x4,x5,x6,x7)) + i E (¢ x1,x2,x3, x4, x5, x6,

[9/(0,90}
2 02
7+—Et1234567— —
) (t,x1,x2,x3, x4, x5, x6, x7) (ataxj

d E, (t x1,x2,x3, x4, x5, x6,x7) )

2 *?
i ( o2 E (t,x],xZ,x3,x4,x5,x6,x7)) + ] E (tx],x2,x3,x4,x5,x6,x7))e7
;the rhs(r3) is the time-derivative of the curl of E. The curl of E is the negative time-derivative of B, so:
O >dB2dt2:=DGzip([seq(diff(GetComponents(dBdt,Basis)[i],t),i=1..7)],
Basis,"plus");

dB2dt2 = % B, (xI,x2,x3,x4,x5,x6,x7) el + % B, (£ x1,x2,x3,x4,x5,x6,x7) €2 + % (5.2.2.9)

B3(t, x1,x2,x3, x4, x5, x6,x7) e3 + % B4(t, x1,x2, x3, x4, x5, x6,x7) ed + % Bs(t, x1, x2,

|36 (t,x1,x2,x3,x4,x5 x6,x7) e6 + il [37 (¢, x1,x2,x3, x4, x5, x6,

x3, x4, x5, x6,x7) e5 + il
o

P
| x7) e7
[0 >r4:=evalDG(subs(rhs(r3)=-1*epsilon*mu*dB2dt2,r3));
rdi= — [ iz B, (& x1,x2,x3, x4, x5, x6, x7) + % B, (& x1,x2,x3, x4, x5, x6,x7) + iz (5.2.2.10)
ax/ ax2 a3

Bl(t, x1,x2,x3, x4, x5, x6,x7) + % Bl(t, x1,x2, x3, x4, x5, x6,x7) + Bl(t, x1, x2,
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x3, x4, x5,x6,x7) + ® Bl(t, xl,x2,x3, x4, x5, x6,x7) + ®_ Bl(t,x], x2, x3, x4, x5, x6,
a6’ a7

x7) J el — [ & [32(1‘, x1,x2, x3, x4, x5, x6,x7) + & Bz(t, x1,x2,x3, x4, x5, x6,x7)
acl? a2’

+ iz [32(1,‘, x1,x2, x3, x4, x5, x6,x7) + iz Bz(t, x1,x2, x3, x4, x5, x6,x7) + iz
3 x4 x5

B, (2 x1,x2, x3, x4, x5, x6,x7) + & B, (2 x1,x2,x3, x4, x5, x6,x7) + & B, (1 x1,x2,
2 2 M2 2 M2
a6 ax 7
2 2
x3, x4, x5,x6,x7) | e2 — | —= B, (t x1,x2, x3,x4,x5,x6,x7) + —= B, (¢, x1,x2, x3, x4,
a2 3 a2 3

x5, x6,x7) + i [33(t, x1,x2,x3, x4, x5, x6,x7) + i [33(t, x1,x2,x3, x4, x5, x6,x7)
a3 s

+ % B3(t, x1,x2,x3, x4, x5, x6,x7) + iz B3(t, xl,x2,x3, x4, x5, x6,x7) + %
s 6 7

2
By (t x1,x2,x3, x4, x5,x6,x7) + w By (4 x1,

B, (t x1,x2,x3, x4, x5,x6,x7) |e3 —| —=
3 ax /2

x2, x3, x4, x5, x6,x7) + % [34(t, x1,x2, x3, x4, x5, x6,x7) + iz [34(1,‘, x1,x2, x3, x4, x5,
3 x4

x6,x7) + iz B4(t,xl,x2,x3,x4,x5,x6,x7) + iz [34(t,x1,x2,x3,x4,x5,x6,x7)
x5 ax6

& BS (t,x1,x2,x3, x4, x5, x6,x7) + il
a2 a2?

& [34(t, x1,x2,x3, x4, x5, x6,x7) ) ed — (
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[Ss(t, x1,x2, x3, x4, x5, x6,x7) + % Bs(t, x1,x2,x3, x4, x5, x6,x7) + Bs(t, x1, x2,

as?

x3, x4, x5,x6,x7) + ® BS (¢, xI,x2,x3, x4, x5,x6,x7) + i BS (t, xI,x2, x3, x4, x5, x6,
a5 a6’

x7) + & Bs (2, x1,x2, x3, x4, x5, x6, x7) ] e5 — ( @2 Be (4 x1,x2, x3, x4, x5, x6, x7)
a7 a1

iz Be (4 x1, x2,x3, x4, x5, x6,x7) + iz Be (4 x1, x2,x3, x4, x5, x6,x7) + iz
2 3 x4

BG(t, x1,x2,x3, x4, x5, x6,x7) + % B6(t, x1,x2,x3, x4, x5, x6,x7) + B6(t, x1, x2,
x5

a6’
2 2
x3, x4, x5,x6,x7) + — B6 (t,xI,x2,x3,x4,x5,x6,x7) |e6 — | —= [37 (t,x1,x2,x3, x4,
a7 >

x5, x6,x7) + axi [37(t, x1,x2, x3, x4, x5, x6,x7) + axi [37(t, x1,x2,x3, x4, x5, x6,x7)

2? 3
2 2 2
+ — B7(t, x1,x2,x3, x4, x5, x6,x7) + s B7(t, xl,x2,x3, x4, x5, x6,x7) + —
x4 axy 6

B (t,x1,x2,x3,x4,x5,x6,x7) + % [37(t,x],x2,x3,x4,x5,x6,x7)) = —eu( ;22

[31(t,xl,xZ,xS,x4,x5,x6,x7 )el —eu[ txl x2, x3, x4, x5, x6, x7) ] e2 — el ( %

(=3}

%

Bs(t, x1,x2,x3, x4, x5, x6,x7) ) e5—eu [ 2:2

(=3}

B3(t,x],xZ,x3,x4,x5,x6,x7 je.?—eu[ txl x2, x3, x4, x5, x6, x7) J ed — el ( %

il

(# x1, x2x3x4x5x6x7)]e6—eu( 2

(3]



[.’)7 (t,x1,x2,x3, x4, x5, x6,x7) J e’

=O >r5:=evalDG(-1*r4);
r5 = (iz Bl(t, x1,x2,x3, x4, x5, x6,x7) + % Bl(t,x], x2, x3, x4, x5, x6,x7) + iz (5.2.2.11)
ax/ ax2 3
2 2
B, (& x1,x2,x3, x4, x5,x6,x7) + — B, (t x1,x2,x3, x4, x5,x6,x7) + — B, (4 xI,x2,
x4 x5
2 2
x3, x4, x5, x6,x7) + — Bl(t, x1,x2, x3, x4, x5, x6,x7) + — Bl(t, x1,x2, x3, x4, x5, x6,
ax6 ax7

x7) j el +[ iz Bz(t, x1,x2,x3, x4, x5, x6,x7) + iz Bz(t, x1,x2,x3, x4, x5, x6,x7)
ax/ ax2

iz Bz(t,xl,x2,x3,x4,x5,x6,x7) + ﬁz Bz(t,xl,xZ,x3,x4,x5,x6,x7) + iz
3 x4 a5

[Sz(t, x1,x2,x3, x4, x5, x6,x7) + i Bz(t, x1,x2,x3, x4, x5, x6,x7) + & Bz(t, x1, x2,
a6’ a7

x3, x4, x5, x6,x7) ) e2 + ( ® B3 (¢, xI,x2,x3, x4, x5,x6,x7) + ®_ [33 (t, x1,x2, x3, x4,
a2 a2?

x5,x6,x7) + & B, (4 x1,x2,x3, x4, x5,x6,x7) + & B, (4 x1,x2,x3, x4, x5,x6,x7)
3 s

iz [33(t,x1,x2,x3,x4,x5,x6,x7) + iz B3(t,xl,x2,x3,x4,x5,x6,x7) + iz
5 ax6 ax7

B3(t, x1,x2,x3, x4, x5, x6,x7) ] e3 +( % B4(t, x1,x2, x3, x4, x5, x6,x7) + iz B4(t, x1,
ax/ ax2

x2,x3, x4, x5, x6,x7) + il [34 (t,x1,x2,x3, x4, x5, x6,x7) + il [34 (¢, x1, x2, x3, x4, x5,
32 s

x6,x7) + i [34(t, xl,x2,x3, x4, x5, x6,x7) + & [34(t,x1, x2, x3, x4, x5, x6, x7)
a5 a6’

+ —622 B4(t, x1,x2,x3, x4, x5, x6,x7) ) ed + ( —622 BS (t, xI,x2,x3, x4, x5,x6,x7) + —622
ax7 ax/ 2

2 2
Bs(t x1,x2,x3, x4, x5,x6,x7) + Q Bs (4 x1,x2,x3, x4, x5,x6,x7) + w Bs (4 x1,x2,
2 2
x3, x4, x5, x6,x7) + — Bs(t, x1,x2, x3, x4, x5, x6,x7) + — Bs(t, x1, x2, x3, x4, x5, x6,
x5 ax6

x7) + iz Bs (£, x1,x2, x3, x4, x5, x6, x7) J e5 +( iz Be (4 x1,x2, x3, x4, x5, x6, x7)
ax7 ax/

iz [36(t,x1,x2,x3,x4,x5,x6,x7) + ﬁz B6(t,x1,x2,x3,x4,x5,x6,x7) + iz
a2 a3 x4

[36(t, x1,x2,x3, x4, x5, x6,x7) + % [36(t, x1,x2,x3, x4, x5, x6,x7) + [36(t, x1, x2,

6>

x3, x4, x5,x6,x7) + ® B6( t,x1,x2,x3, x4, x5, x6, x7) ) e6 + [ i B7 (t, xI,x2, x3, x4,
a7 a2

x5,x6,x7) + & [37(t, x1,x2, x3, x4, x5, x6,x7) + & B7(t, x1,x2, x3, x4, x5, x6, x7)
a2’ a3’

& (t,x1,x2,x3, x4, x5 x6,x7) + & (tx1,x2,x3, x4, x5 x6,x7) + 2
2 M7 2 7 2]
4 1) a6

B7(t, x1,x2,x3, x4, x5, x6,x7) + % B7(t, x1,x2,x3, x4, x5, x6,x7) ) e7=¢€l ( % Bl(t,




x1,x2,x3, x4, x5, x6,x7) j el +epn ( % Bz(t, x1,x2,x3, x4, x5, x6, x7) j el +eu ( %

B3(t, x1,x2,x3, x4, x5, x6,x7) ) e3+ep ( i B4(t, x1,x2,x3, x4, x5, x6,x7) ] ed +ep [
or
Bs(t, x1,x2,x3, x4, x5, x6,x7) ) e5+eu [ % [36(t, x1,x2,x3, x4, x5, x6,x7) ] e6+ecu (

R 3w

B7(t, x1,x2,x3, x4, x5, x6,x7) ] e7
=O > GetComponents(lhs(r5),Basis)[1];
GetComponents(rhs(r5),Basis)[1];

@ [31 (t,x1,x2,x3, x4, x5, x6,x7) + il Bl (t,x1,x2,x3, x4, x5 x6,x7) + i [31 (t,x1,x2,
a2’ a3

/>
2 2
x3, x4, x5, x6,x7) + —= [3] (t,x1,x2,x3,x4, x5 x6,x7) + ——= [31 (¢ x1,x2, x3, x4, x5, x6,
e’ a5

x7) + & B, (t x1,x2,x3, x4, x5,x6,x7) + & B, (£ x1,x2, x3, x4, x5, x6, x7)
a6 a7

0 ( % [31 (t,x1,x2,x3, x4, x5, x6,x7) ) (5.2.2.12)

¥ Wave equation solution to ME solution

;We now impose additional constraints to the wave equation solutions.
O > bwave:=VLaplacian(B)=evalDG(epsilon*mu*dB2dt2);

2 2 2
bwave = (m Bl(t, x1,x2, x3, x4, x5, x6,x7) + g [31(1, x1,x2, x3, x4, x5, x6,x7) + Q Bl(t, (5.3.1)

x1,x2, x3, x4, x5, x6,x7) + iz Bl (t,x1,x2,x3,x4,x5,x6,x7) + iz Bl (t,x1,x2,x3, x4, x5, x6,
x4 x5

P

@ Bl(t, x1,x2, x3, x4, x5, x6,x7) + % Bl(t,xl, x2, x3, x4, x5, x6,x7) j el + [ —_—

x7) + —=
a6® 12

Bz (t,x1,x2,x3, x4, x5 x6,x7) + i |32 (t,x1,x2,x3, x4, x5, x6,x7) + il B2 (t,x1,x2, x3, x4,
a2’ a3

x5, x6,x7) + iz Bz(t,x],x2,x3,x4,x5,x6,x7) + % Bz(t,xl,x2,x3,x4,x5,x6,x7) + iz
a4 s 6

[32 (t, xl,x2,x3, x4, x5, x6,x7) + & [32 (t,x1,x2,x3, x4, x5, x6,x7) j e2 + ( & [.’)3 (t,x1,x2,x3,
ax 72 a2

x4, x5,x6,x7) + & By ( x1,x2,x3, x4, x5,x6,x7) + i B, ( x1,x2,x3, x4, x5, x6,x7)
a2? a3’

2 2
P By (4 x1,x2,x3, x4, x5, x6,x7) + Pl By (4 x1, x2,x3, x4, x5, x6,x7) + PVl By (4 x1, x2,

x3, x4, x5, x6,x7) + % B3 (t,x1,x2,x3, x4, x5, x6,x7) ) e3 + ( iz B4 (t,x1,x2,x3, x4, x5, x6,
ax7 Ox/

x7) + il B4(t,x1,x2,x3,x4,x5,x6,x7) + il B4(t,xl,xZ,x3,x4,x5,x6,x7) + i |34(t,
a2’ a3 s

x1,x2,x3, x4, x5, x6,x7) + i [34(t, xl,x2,x3, x4, x5, x6,x7) + & [34(t,x1, x2, x3, x4, x5, x0,
a5 a6’




x7) + —622 B, ( x1,x2,x3, x4, x5, x6,x7) ) ed —i—[ —622 Bs (4 x1,x2, x3, x4, x5, x6,x7) + - 622

a7 ax/ 2

b %1, X2, %3, x4, %5, %6,x7) + —Cn B (1 x1, x2, X3, x4, x5, %6,x7) + —n B (4 x1, 2, x3, x4

Bs(t x1,x2,x3, x4, x5, x6,x7) P Bs(t x1,x2,x3, x4, x5, x6,x7) of Bs(t x1,x2,x3, x4,
2

x5,x6,x7) + — Bs(t,xl,x2,x3,x4,x5,x6,x7) + iz Bs(t,x1,x2,x3,x4,x5,x6,x7) +—
x5 ax6 ax7

[35 (t,x1,x2,x3,x4,x5,x6,x7) j e5 + [ iz B6 (t,x1,x2,x3,x4,x5,x6,x7) + % B6 (t,x1,x2,x3,
ax/ ax2

x4, x5, x6,x7) + il B6(t, xl,x2,x3, x4, x5, x6,x7) + il [36(t,x1, x2, x3, x4, x5, x6, x7)
a3 s

2

? Bé(t, x1,x2,x3, x4, x5, x6,x7) + % [36(t, x1,x2,x3, x4, x5, x6,x7) ~+ [36(t, x1, x2,

72

x3, x4, x5, x6, x7) ) e6 + ( ® [37 (t,x1,x2,x3, x4, x5, x6,x7) + ® B7 (# x1,x2, x3, x4, x5, x6,
a1 a2’

*? 2 2
x7) + _ax32 [37(1, x1,x2, x3, x4, x5, x6,x7) + _ax42 [37(t, x1,x2, x3, x4, x5, x6,x7) + —asz [37(13

x1,x2, x3, x4, x5, x6,x7) + iz B., (t,x1,x2,x3,x4,x5,x6,x7) + iz [37 (t,x1,x2,x3, x4, x5, x6,
ax6 ax7

x7) ) e7=¢€l ( % Bl(t, x1,x2, x3, x4, x5, x6,x7) ) el +ep ( % Bz(t, x1, x2, x3, x4, x5, x6,

x7) ) e2 +eu ( % [33(t, x1,x2, x3, x4, x5, x6,x7) ) el +eu [ % B4(t, x1,x2, x3, x4, x5, x6,

x7) ) ed + el ( % Bs(t, x1,x2,x3, x4, x5, x6,x7) ) eS+ep [ % Bé(t, x1,x2,x3, x4, x5, x6,

x7) ) e6+el ( % B7(t, x1,x2,x3, x4, x5, x6,x7) ) e’

=O > ewave:=VLaplacian(E)=evalDG(epsilon*mu*dE2dt2);
ewave = (% El(t, x1,x2, x3, x4, x5, x6,x7) + % El(t, x1,x2, x3, x4, x5, x6,x7) + % El(t, (5.3.2)

x1,x2, x3, x4, x5, x6,x7) + i E1 (t,xI,x2, x3, x4, x5, x6,x7) + i E1 (t,xI, x2, x3, x4, x5, x6,
s’ 52

x7) + iz El(t, x1,x2,x3, x4, x5, x6,x7) + iz El(t, x1,x2,x3, x4, x5, x6,x7) ) el +( iz
a6 a7 ax/
Ez(t,xl,xZ,x3,x4,x5,x6,x7) + iz Ez(t,xl,xZ,x3,x4,x5,x6,x7) + iz Ez(t,xl,xZ,x3,x4,
2 3

x5, x6,x7) + % E, (1, x1,x2,x3, x4, x5, x6,x7) + % E, (1 x1,x2,x3, x4, x5, x6,x7) + i

a4 s a6’
E2 (#,x1,x2,x3,x4,x5,x6,x7) + i E2 (# x1,x2,x3, x4, x5, x6,x7) ) e2 + [ i E3 (tx1,x2,
a7 a2

x3, x4, x5, x6,x7) + ﬁ E3 (¢ x1,x2,x3,x4,x5,x6,x7) + ﬁ E3 (¢ x1,x2,x3, x4, x5, x6,x7)
a2’ a3

+ & E3(t,xl,x2,x3,x4,x5,x6,x7) + & E3(t,xl,x2,x3,x4,x5,x6,x7) + & E3(t,xl,
a4 a5 a6’

x2, x3, x4, x5,x6,x7) + iz E, (1, x1,x2, x3, x4, x5, x6,x7) j e3 +[ iz E, (1 x1,x2,x3, x4, x5,
a7 ax !

P2

x6,x7) + % E4(t, x1,x2,x3, x4, x5, x6,x7) + % E4(t, x1,x2,x3, x4, x5, x6,x7) + >
a2 a3 x4




E4(t,x1,x2,x3,x4,x5,x6,x7) + i E4(t,x1,x2,x3,x4,x5,x6,x7) + i E4(t,x1,x2,x3,x4,
a5 a6’

x5,x6,x7) + & E4(t, x1,x2, x3, x4, x5, x6, x7) j ed + [ & E, (t x1,x2,x3, x4, x5, x6,x7)
a7 a2

+ iz E; (¢t x1,x2,x3, x4, x5 x6,x7) + iz Es(t,xl,x2,x3,x4,x5,x6,x7) + iz Es(t,xl,
a2 a3 4

x2, x3, x4, x5, x6,x7) + iz E; (tx1,x2,x3, x4, x5 x6,x7) + iz E; (tx1,x2,x3, x4, x5, x6,x7)
s a6

+ % Eq(1,x1,x2,x3,x4,x5,x6,x7) | 5 + % E, (1,x1,x2,x3,x4,x5,x6,x7) + % E, (1,
% dx ! a2

x1,x2,x3, x4, x5, x6,x7) + i E6 (t,x1,x2,x3, x4, x5, x6,x7) + i E6 (# x1,x2, x3, x4, x5, x6,
a3 a4’

x7) + % E6(t, x1,x2, x3, x4, x5, x6,x7) + % E6(t, x1,x2, x3, x4, x5, x6,x7) + % E6(t,

xl,x2,x3,x4,x5,x6,x7))e6+[ 6321 E (t,xI, x2, x3, x4, x5, x6,x7) + azz E (t,xI, x2, x3, x4,

x5, x6,x7) + iz E, (t,x1,x2,x3,x4,x5,x6,x7) + iz E, (t,x1,x2,x3,x4,x5,x6,x7) + iz
a3 a4 a5

E, (4, x1, x2, x3, x4, x5, X6, x7) + iz E, (4, x1, x2, x3, x4, x5, X6, x7) + iz E, (4 x1,x2, x3, 4,
a6 a7

x5, x6,x7) j e/ =e [ % El(t,xl,xZ,x3,x4,x5,x6,x7) j el + e ( % Ez(t,x],xZ,x3,x4,x5,

x6, x7) J e + e [ ﬁ E4(t, x1,x2, x3, x4, x5, x6,

%

Es(t, x1,x2,x3, x4, x5, x6,x7) ) eS + e [ %

E3(t,x1, x2, x3, x4, x5, x6, x7) j e3 + e ( %

x7) ) ed + e ( ﬁ Eé(t, x1,x2, x3, x4, x5, x6,

%

x7) ) eb + e ( % E7(t, x1,x2,x3, x4, x5, x6,x7) ) e’
O > kvec:=DGzip([seq(k[i],i=1..7)],Basis,"plus");
kvec =k el +k,e2 +kye3 +kyed +kse5+kyeb6 +k e7 (5.3.3)
O >xvec:=DGzip([seq(x]|]i,i=1..7)],Basis,"plus");
xvec:=xlel +x2e2 +x3e3 +xded +x5e5 +x6e6 +x7e7 (5.34)
O >E0:=DGzip([seq(EO]|]|i,i=1..7)],Basis,"plus");
E0 = EO0I el + E02 2 + E03 e3 + E04 e4 + E05 e5 + E06 e6 + E07 e7 (5.3.5)
O >B0:=DGzip([seq(BO]|]i,i=1..7)],Basis,"plus");
B0 = B0l el + B02e2 + B03 e3 + B04 e4 + B05 e5 + B06 e6 + B07 e7 (5.3.6)
O > kdotx:=GetComponents(DGRe(-1*kvec.xvec),extBasis)[1];
kdotx = x1'k; +x2k, +x3ky + x4k, +x5ks +x6k; +x7k, (5.3.7)

=O > ewavesol:=evalDG(EO*exp(I1*(kdotx-omega*t)));

-1 ((Dt—k xl—k x2—k x3—k x4—k_x5—k x6—k x7)
ewavesol == e ! 2 3 4 > 6 E0l el (5.3.8)

—I(wt— kxl ka kx3 kx4 kx5 kx6 kx7
E02e2

E03e3

—I
E04 e4

o
I((l)l kxl—kx2 kx3 kx4 kx5 kx6 kx7
o
-

)
)
wt— kx] kx2 kx3 kx4 kx5 kx6 kx7)
)

ot— kx] kx2 k3x3 k4x4 kx5 kx6 k_x7

7 JE05e5



—I ((Dl—kl xl—k2x2—k3x3—k4x4—k5x5—k6x6—k7x7)

+e E06 e6

—I((x)t—k xI—k x2—k x3—k x4d—k_x5—k x6—k x7)
te 1 2 3 4 5 6 7 EO07 7

™ > seq(diff(GetComponents(ewavesol,Basis)[1],x]|]i),i=1..7)

I((Dt x]k —x2k —x3k —x4k —x5k —x6k —x7k)
Ik e 6 E01, (5.3.9)

I((Dl‘ ka 7x2k 7x3k 7x4k 7x5k —x6k 7x7k)

Ik [§ EO01,
I((x)t xlk —x2k —x3k —x4k —x5k —x6k —x7k)

Tk e 34 7 Eol,
I(mt x]k —x2k —x3k —x4k —x5k —x6k —x7k)

Ik e "V Eo1,
I((Dl‘ ka 7x2k 7x3k 7x4k 7x5k —x6k 7x7k)

Tk e "V Eo1,
I((x)t xlk —x2k —x3k —x4k —x5k —x6k —x7k)
Tkye 34 7 Eol,
I(mt x]k —x2k —x3k —x4k —x5k —x6k —x7k)
lke 7V Eo1

0 > bwavesol:=evalDG(BO0*exp(l*(kdotx-omega*t)));
—l(mt—k xl—k x2—k x3—k x4—k_x5—k x6—k x7)

bwavesol == e ! 2 3 4 > 6 B01 el (5.3.10)

=1 (thkxl ka kx3 kx4 kx5 kx6 k_x7

—I(ot— kxl—kx2 kx3 kx4 kx5 kx6 k_x7

=1

~

o
o
I(mt kx] kx2 kx3 kx4 kx5 kx6 k_x7
o
o

—1(ot— kx] kx2 k3x3 k4x4 kx5 k6x6 k_x7

~

)
)
)
wr— kx] kx2 k3x3 k4x4 kx5 k6x6 kx7)
)
)

— (mt—k xl—k x2—k x3—k x4—k_x5—k x6—k_x7
te 1 2 3 4 5 6
;Check solutions are solutions of the wave equation:
O > GetComponents(DGRe(kvec.kvec),extBasis)[1]

] H-B-B-R-R-K-# (65:311)
[0 > DGzip([seq(diff(GetComponents(DGzip([seq(diff(GetComponents(bwavesol,
Basis)[i],t),i=1..7)],Basis,"plus"),Basis)[i],t),i=1..7)],Basis,
"plus");

—I((Dt—k xI—k x2—k x3—k x4—k_x5—k x6—k x7)
e 1 2 3 4 5

2
— 0

B0l el (5.3.12)

Imt—kx] kx2 k x3—k x4-— kx5 k x6— kx7)
34 6 B02 e2

—I(owt— kxl ka kx3 kx4 kx5 k x6—1k_x7
—I

o
o
I((l)l kxl—k x2— kx3 kx4 kx5 k6x6 k_x7
o
I(

)
)
ot—k x] kx2 kx3 kx4 kx5 kx6 kx7)
)

ot— kx] kx2 k. x3—k x4— kx5 k x6—1k_x7
3 4 6

_ m2 e B07e7

=O > bwch:=evalDG(VLaplacian(bwavesol)-evalDG(epsilon*mu*DGzip([seq(diff
(GetComponents(DGzip([seq(diff(GetComponents(bwavesol,Basis)[i],t),i=

— (o)t—k xI—k x2—k x3—k x4—k_x5—k x6—k x7)
1 2 3 4 5 6



1..7)],Basis,"plus"),Basis)[i],t),i=1..7)],Basis,"plus")));
ewch:=evalDG(VLaplacian(ewavesol)-evalDG(epsilon*mu*DGzip([seq(diff
(GetComponents(DGzip([seq(diff(GetComponents(ewavesol,Basis)J[i],t),i=
1..7)],Basis,"plus"),Basis)[i],t),i=1..7)],Basis,"plus")));

—l(mt—k xI—k x2—k x3—k x4—k_x5—k x6—k x7) 2
1 2 3 4 5 6 (eum —kf—k%—k%—kﬁ—kﬁ—ké
2
(eno’ R -E-£-8-
—I(mt—k xl—k x2—k x3—k x4—k_x5—k x6—k x7) 5
1 2 3 4 5 6 (euw —k?—k%—k%

—I (mt—k x]—k2x2—k3x3—k4x4—k5x5—k6x6—k x7)

bwch = B0l e
—I((J)t—k xl—k x2—k x3—k x4—k_x5—k x6—k x7)
— i) el +B02e o2 s s e

- —#~)e2+B03e

5 6 7

SRR -R)e3tBoe (ene? -2 -
k2_k2_k2_k2_k2_k2> —I((Dt—klx]—k2x2—k3x3—k4x4—k5x5—k6x6—kx7) 2
2R -R-R—-R-R)ed+Bo5e (enw
R-B-R-R-R-B-E)es

—I (a)t—klx1—k2x2—k3x3—k4x4—k5x5—k6x6—k x7) 2
s aose (6 -R-R-B-R-R -8

—I(u)t—k xl—k x2—k x3—k x4d—k_x5—k x6—k x7>
—k%) e6 + B07 e 1 2 3 4 5 6 7

R -E)er

—I((J)t—klx1—k2x2—k3x3—k4x4—k5x5—k6x6—k x7)

(w? —R-B-EB-R-R-£ (5313

—I(wt—k x]—k2x2—k3x3—k4x4—k5x5—k6x6—k x7>

ewch = EQl e
(e~ ~B 8 £ -

—l(mt—k xI—k x2—k x3—k x4—k_x5—k x6—k x7) 5
1 2 3 4 5 6 (eum —kf—k%—k%

— ) el +E02e

-k —R)e2+E03e

5 7
—I (u)t—k xI—k x2—k x3—k x4—k_x5—k x6—k x7)
2 3 4 5 6

—kﬁ—kﬁ—ké—k%)e3+EO4e (epmz—k%—
k2_k2_k2_k2_k2_k2) —I((Dt—k]xl—k2x2—k3x3—k4x4—k5x5—k6x6—kx7) 5
2-R-R-R-R-R)ed+E05e (epo
R -R-K-R-R-R-E)es

—I(mt—klx]—k2x2—k3x3—k4x4—k5x5—k6x6—k x7) 5
+ Bo6e (cnsd ~B-B-B-E-E-E

fI(wtfklx17k2x27k3x37k4x47k5x57k6x67k7x7>

— 1) e6 +E07e (eno’ —B-B-B-2-

| K-R-8)
O > eval(subs(epsilon*mu*omega”2-k[1]*2-k[2]"2-k[3]"2-k[4]*2-k[5]" 2-K[6]
N2-k[7]"2=epsilon*mu*omega”2-k*2,ewch),[k*2=epsilon*mu*omega”2]);
eval(subs(epsilon*mu*omega”2-k[1]"2-k[2]"2-k[3]"2-k[4]"2-K[5]"2-K[6]
N2-k[7]"2=epsilon*mu*omega”2-k"2,bwch),[k?"2=epsilon*mu*omega”?2]);

Oel +0e2+0e3+0e4d+0e5+0e6+0e7
i 0el+0e2+0e3+0e4d+0e5+0e6+0e7 (5.3.14)
;Impose extra conditions to make them solutions to ME:
O > Div(ewavesol);

—I((ot—k xl—k x2—k x3—k x4—k_x5—k x6—k x7)
Ie b2 2 v s o T (E0Lk + E02k, + E03ky + EO4k, + E05ks  (5.3.15)

+ E06 kg + E07 k) €0

=O > DGRe(EO.kvec);
= (EO0Iky +E02k, + E03 ky + E04 k, + E0S ks + E06 kg + E07 k;) 0 (5.3.16)

=O > Div(bwavesol);



—I (mt—kl x]—k2x2—k3x3—k4x4—k5x5—k6x6—k7x7)

le (BOIk, +B02k, +B03 ky + BO4k, +B05 ks (5.3.17)

+ B06 k, +B07k7) el

"0 > DGRe(BO.kvec):
= (BOI ky + B02k, + BO3 ky + B04 k, + BOS ks + BOG6 kg + BO7 k;) 0 (5.3.18)

|_This implies that the wave vector is orthogonal to both E and B.

O > eqF:=Curl(ewavesol)=DGzip([seq(diff(-1*GetComponents(bwavesol,Basis)
[i],t),i=1..7)],Basis,"plus");

—l(u)t—klxI—k2x2—k3x3—k4x4—k5x5—k6x6—k7x7)

eqF = —le (E02ky — EO3 ky + EO4k; — E0O5k,  (5.3.19)

—I (mt—k xI—k x2—k x3—k x4—k_x5—k x6—k x7)
—E06k, + E07 k) el +Te A R A

— E04k6 — E05 k7 +E06k4 +E07k5) e2
-1 (O)Z—k xI—k x2—k x3—k xd—k_x5—k x6—k x7)
1 2 3 4 5 6 7

(EO] ky — E03 k,

—le (EO]kz—E02k1+E04k7—E05k6

—I ((otfk xI—k x2—k x3—k x4d—k_x5—k x6—k x7)
+E06ks — E07 k) e3 +1e A

+ E03 k, — EOSk, — E06k, — EO7k;) o4
—I (u)t—k xl—k x2—k x3—k x4—k_x5—k x6—k_x7
1 2 3 4 5 6

(EO1 ks + E02 kg

—Tle (EO1 ky — E02 ky + EO3 kg — EO4 k,

—I (mt—k xI—k x2—k x3—k x4—k_x5—k x6—k x7)
—E06ky +E07ky) e5 —Te bz s s e

— E03 k5 — E04 k2 -I—E05k3 — E07k1) eb
-1 (O)Z—k xl—k x2—k x3—k xd—k_x5—k x6—k x7)
1 2 3 4 5 6

(EO] k, +E02k,

+1e (E01k6—E02k5—E03k4+E04k3

—I ((otfk x]7k2x27k3x37k4x47k5x57k6x67k x7)

+ E05 k, —E06k)e7=10)e B0l el

or— kx] kx2 k x3—k x4— kx5 k x6—1k_x7
3 4 6

~

—1(ot— kx] kx2 k x3—k x4— kx5 k x6—1k_x7
3 4 6

=1

I((,ot kx] kx2 kx3 kx4 kx5 k6x6 k_x7
(cot kx]—ka kx3 kx4 kx5 kx6 k_x7

)
)
)
wr— kxl—k x2— kx3 kx4 kx5 k6x6 kx7)
)
)

~

—I((ot—k xl—k x2—k x3—k x4—k x5—k x6—k_x7
+Ime 1 2 3 4 5 6

O > GetComponents(lhs(eqF),Basis)[1];

GetComponents(rhs(eqF),Basis)[1];

-1 (mt—xlkl—x2k2—x3k3—x4k4—x5k5—x6k —x7k )

-Te (E02ky — EO3 ky + E04 ks — EO5 ky — E06 k;

+ E07 k)

I(a)t xI1k —x2k2—x3k3—x4k4—x5k —x6k6—x7k)
Twe
O > DGIm(kvec.ewavesol);

—I(mt—k xI—k x2—k x3—k x4—k_x5—k x6—k x7)
—e 1 2 3 4 5 6 7

BOI (5.3.20)

(E02ky — EO3 ky + E0O4 kg — E0O5k, — E06k;,  (5.3.21)

—I(wt—k xI—k x2—k x3—k x4—k_x5—k x6—k x7>
1 2 3 4 5 6

+E07 k) el +e ( (EO1ky — EO3 ky — EO4 kg




—I(wt—k xl—k x2—k x3—k x4—k_x5—k x6—k x7>
— E05ky + EOGky + EO07ky) 2 — e ka2 k sk xd—koxS ko x6 =k,

—E()Zkl +E04k7 —E()5k6 +E06k5 —E07k4) e3
—I (mtfk xl—k x2—k x3—k x4—k_x5—k x6—k x7)
1 2 3 4 5 6 7

(EOI k,

+e (EO1 ks + E02 kg + E03 ky — EO5 ky

—I (o)t—k xI—k x2—k x3—k x4—k_x5—k x6—k x7)
—E06k, — E07ky) e4 — ¢ bz s s e

+ E03 kg — E04k, — EOG ky + E07k,) e5
—I (u)t—k xI—k x2—k x3—k x4—k_x5—k x6—k x7)
—e 1 2 3 4 5 6

(EOI ky —E02k,

(EO1 ky + E02 k, — E03 ks — E04 k,

-1 ((Dl—k xI—k x2—k x3—k x4—k x5—k x6—k x7)
+E05ky — E07 k) 6 +e 2o s T

—E03k, + E04 ky + EO5 k, —E06k1) e’

(EO] ke — E02 kg

|_This implies that B=1/omega * kCrossE:

O > bwavesolE:=evalDG(1/omega*DGIm(kvec.ewavesol));
1 —I((nt—klx]—k2x2—k3x3—k4x4—k5x5—k6x6—k x7)

bwavesolE == — — (e

. (E02ky — E03ky +E04ks  (5.3.22)

—E05k, — EO6 k; +E()7k6) ) el

1 fl(mtfk xl—k x2—k x3—k x4—k_x5—k x6—k x7)
+_(e 1 2 3 4 5 6 7

. (EO1ky — EO3 ky — EO4 kg — EO5 k;

1 —I((Dt—k xl—k x2—k x3—k x4—k x5—k x6—k x7)
+E06k4+E07k5))e2— —(e b2 3 s

. (E0I k,

—E02k + E04k;, — EO05 kg + E06 kg —E()7k4) ) e3

1 fl(mtfk xl—k x2—k x3—k x4—k_x5—k x6—k x7)
+_(e 1 2 3 4 5 6 7

(EO1 ks + E02 kg + E03 ky — EO5 k,
()

1 —I((Dt—k xl—k x2—k x3—k x4—k x5—k x6—k x7)
_E06k2—E07k3))e4——(e 1 2 3 4 5 6

. (E0I k,

—E02k7 +E03k6 —E()4k1 —E06k3 +E07k2) ) es
1 fl(mtfk xl—k x2—k x3—k x4—k_x5—-k x6—k x7)
(e 1 2 3 4 5 6 7

(EO1ky + E02 k, — E03 ks — EO4 k,

(0]
1 —I((Dt—k xl—k x2—k x3—k x4—k x5—k x6—k x7)
—I—E05k3—E07k1))e6+—(e bz e s 6 (EO01 kg
®
| E02ks — BO3ky + EO4 Ky + E05ky — EOG Ky ) ) e7
0 > GetComponents(ewavesol,Basis)[1];
-1 (mt—xlk —x2k —x3k —x4k —x5k —x6k —x7k)
e L e A R (1) (5.3.23)

=O >convert(exp(l*(kdotx-omega*t)),trig)

cos( @t —xl kg —x2k, —x3ky — x4k, — x5k — x6kg —x7k;) — Isin( o1 —xlky —x2k, — x3k (5.3.24)

i —x4k4—x5k5—x6k6—x7k7>

[0 > convert(GetComponents(ewavesol,Basis)[1],trig)

(cos( @t —xlk —x2k, —x3ky — x4k, —xSks — x6ks —x7k;) —Isin( ot —xlk —x2k, —x3k  (5.3.29)
— x4k, — xSks —x6kg —x7k;) ) EO1




O > convert(GetComponents(bwavesolE,Basis)[1],trig)

= ((cos(@r—xlky —x2ky —x3ky —xdky — x5ks — x6k; —x7k; ) —Isin( ot —xIk; — x2k, (5.3.26)
®

—x3ky — x4k, —x5ks —x6ks —x7k;) ) (E02ky — E03 ky + E04 ks — E05 k, — E06 k;
+E07kg) )

V Test solutions in ME's

;We now test that these are solutions to Maxwell's equations.
O >tkvec:=evalDG((1l/sqgrt(2))*k*el+(1l/sqrt(2))*k*e2);

thvec = @ el + @ el (54.1)

;The following works as long as the magnitude of the wave vector is k.
O > DGRe(-1*tkvec.tkvec);

| i e0 (5.4.2
[0 > tkdotx:=GetComponents(DGRe(-1*tkvec.xvec),extBasis)[1]
thdotx = %\/Tkxl + % V2 kx2 (5.4.3)
=O > kdotEO:=GetComponents(DGRe(-1*tkvec.EQ),extBasis)[1];
kdotE( := %ﬁ kEOI + % V2 kE02 544
=O > indets(kdotEO,name);
{E0I, E02, k} (5.4.5)

O > orthcond:=solve(GetComponents(DGRe(-1*tkvec.EQ0),extBasis)[1]=0,indets
(kdotEO,name),useassumptions) assuming k::positive;
orthcond == {E0l = -E02, E02 = E02, k=Fk} (5.4.6)

O > tEwavesol:=evalDG(eval(evalDG(EO*exp(I*(tkdotx-omega*t+phi))),
orthcond));

L (T ket VT kx2—201420) L Tkt +yT kx2—201+2¢)
tEwavesol == — ¢? E02el +e¢? E02e2 5.4.7)

L (T kst VT kx2—201+20) L (VT ksl VT kx2—201+20)
+e? E03e3 +¢? E04 e4

L (T ket VT kx2—201420) L (VT ket VT kx2—201+20)
+e? E05e5 +e? E06 e6

L (T ke VT kx2—206420)
+e? E07 e7

0 > tBwavesol:=evalDG(1l/omega*DGIm(tkvec.tEwavesol));
L (VT ket VT kx2—201+20)

2
tBwavesol := V2 ke £03 el (5.4.8)
20
L (VT ket VT kx2—201+20) L (T kxi VT kx2—201+20)
2 2
2 ke EO03 V2 ke E02 .
20 (0]

L (VT ket VT kx2—201+20)
2 ke? (E05 + E06)

2

ed




L (VT ksl VT kx2—201+20)
N J2 ke? (E04 — EO7)

2

es

L (VT ksl VT kx2—201+20)
N V2 ke? (E07 + E04)

2

eb

L (VT ksl VT kx2—201+20)
N V2 ke? (-E06 + E05)

20

=O > dBWdt:=DGzip([seq(diff(GetComponents(tBwavesol,Basis)[i],t),i=1..7)],
Basis,"plus");

% (VT kxl +VZ kx2—2 0t +2¢)

e’

dBWdt == — %ﬁ ke E03 el (5.4.9)

L (T ket VT kx2—201420) L (VT ket VT kx2—201+20)
+%\/7ke2 E03e2 — 12 ke? E02 e3

L (T kst VT kx2—201+20)
+%\/7kez (E05 + E06) e4

L (T hxt VT kx2—201+20)
—%\/Tkez (E04 — E07) 5

L (T ket VT kx2—201420)
—%\/Tkez (E07 + E04) e6

L (T kst VT kx2—201+20)
2 (-E06 + E05) e7

—%ﬁke

=O > dEWdt:=DGzip([seq(diff(GetComponents(tEwavesol,Basis)[i],t),i=1..7)],
Basis,"plus");

L (T kxi VT kx2—201+20) L (VT ksl VT kx2—201+20)
dEWdt = 1we? E02el —1me? E02e2 (5.4.10)
L (VT ke VT kx2—201420) L (VT kxt +VT kx2—201420)
—lwe? E03e3 —1me? E04 ¢4
L (T kst VT kx2=201+20) L (T kxi VT kx2—201+20)
—Twe? E05e5 —1oe? E06 ¢6
L (VT ke VT kx2—201420)
—lwe? E07 e7
O > Div(tEwavesol);
0e0 (5.4.11)
[0 > evalDG(Curl(tEwavesol)-evalDG(-1*dBWdt));
_ 0 (5.4.12)
O > Div(tBwavesol);
0e0 (5.4.13)

O > evalDG(eval(evalDG(Curl(tBwavesol)-evalDG(mu*epsilon*dEWdt)),[omega=
c*k,epsilon=1/(c”"2*mu)]));
i Oel+0e2+0e3+0ed+0e5+0e6+0e7 (5.4.14)
;Construct the Faraday "Tensor"
O > newE:=subs([seq(GetComponents(tEwavesol,Basis)[i]=Epsilon[i],i=1..7)
],tEwavesol);
newk :=E el +E,e2 +E,e3 +E,e4 + E;e5 +E e6 +E, e7 (5.4.15)

=O > newB:=subs([seq(GetComponents(tBwavesol,Basis)[i]=betali],i=1..7)],




tBwavesol);

(10101011

—_

emat =

o o o o o o @

S O O O o o o o

0

0
0
0
Emat ==
0
0
0

0

[0 >seq(DGIm(el|l.e|lj),j=1..7);

k=1..7)]);

NS

S O O O o o o

0

0

0

Jm

S O o o o O

0

E, E,

0

0

0

g

S O O o o o

0

0

0

0

es]
9

S O O o o O

0

E; Eq E;

0

0

0

o9l
o)

S O O O O o o

=O > Emat:=emat-LinearAlgebra:-Transpose(emat);
0 El E2

0

0

0

0el,e3, —e2,e5, —ed, —e7, eb

=O >subs([seq(e||li=beta[i],i=1..7),seq(evalDG(-e||i)=-betali],i=1..7),
evalDG(0*e0)=0],[0,seq(DGIm(e]||ll.e|lj),j=1..7)]);

[09 0e0, B:;’ _Bza B5> _B4’ _B7a B6]

=O >subs([seq(e||]i=beta[i],i=1..7),seq(evalDG(-e||i)=-betali],i=1..7),
evalDG(0*e0)=0],[0,seq(DGIm(e||2.e]llj),j=21..7)]);

[O’ ~By, 00, By, B, Bys ~Bys 'Bs]

=O >seq(subs([seq(e]||li=betali],i=1..7),seq(evalDG(-e||i)=-beta[i],i=1.
.7),evalDG(0*e0)=0],[0,seq(DGIm(e]||k.el]j),j=21..7)]) ,k=1..7)

[0.0€0.By. By Bs. By By B . [0. ~By. 0€0.By. By By -y ~Ps]. [0. B ~By. 001 By. - Bs
By ). [0, -Bs By, By 020, By, By, Bs | [0. By, ~Br By, By 020, =By, B, [0. By, By, ~Ps, -By
By 00, -B, |, [0. By Bs. Byr ~By. -B,. By 00]

newB =B, el +B,e2 +Pye3 +B,ed +Pse5 +Pge6 + B, e7
=O >emat:=Matrix([[0,seq(GetComponents(newE,Basis)[i],i=1..7)],[1.[1.11,

o5
~

S O O O o o o

0

0

0

(5.4.16)

(5.4.17)

(5.4.18)

(5.4.19)

(5.4.20)

(5.4.21)

(5.4.22)

0 > Bmat:=Matrix([[],seq(subs([seq(e||]i=beta[i],i=1..7),seq(evalDG(-e]|]i)
=-betali],i=1..7),evalDG(0*e0)=0],[0,seq(DGIm(e]||k.e]|l]),j=21..7)]) ,



[«

0e0 Bg _Bz B5 _B4 _B7 B6
0 _B3 0el Bl B() B7 _B4 _B5

Bmat := (5.4.23)

=O > Fmat:=Emat+Bmat;

Fmat = (5.4.24)

=O > DGIm(e3.e6);

o5 (5.4.25)

¥ Octonionic and conventional Faraday Tensors: equality of Tensors.

[ In this section, we first introduce the Octonionic Faraday Tensor. We then construct the
conventional tensor in terms of the vector potential and show that these two tensors can be

_related.
O > DGEnvironment[Coordinate]([seq(x]|]|i,i=0..7)],M);
Manifold: M (5.5.1)

=M >testF:=convert(Fmat,DGtensor,[["con_bas","con_bas"],[]]);
testF:=E 0 ®) +E 0 ®)_ +E, 0 ®) +E,0 ®) +E0 ®) +E 0 ® +E 3 ®d_(552)
1750 x1 27x0 x2 37%0 x3 4750 x4 57x0 x5 6 "x0 x6 77x0 x7

—E 9,89 ,+0e00 @3 +P;9 ®3,—B,0 ®3 +P9 ® —B,9 ®3 —p9 @9
+ B6 6x1®6x7— E2 6x2®6x0 — B3 8x2®6x1 + 0606x2®6x2 + [31 6x2®6x3 + B6 6x2®6x4 + [37 6x2®6x5
— B, 0,89 —Bs0,®9  —E; 9,89 45,0, ,89 B 9,89, +0e00 @) +B,0 @0
~ B0, @0+ Bs0,®9 —B0 @9 —F,9 ®3 —Psd @) —BeI ®I, B0 @3,

+009 ®9 +B9 @9 +B,0 89 +B9 @9, —E9 @3 +B,9,® —B9,®9,
+ B6 6x5®6x3 - Bl 6x5®8x4 + 0608x5®6x5 — BS 6x5®6x6 + B2 8x5®6x7— E6 6x6®6x0 + [37 6x6®6x1

+ B4 ax6®ax2 B BS a)66®ax3 B Bz a)66®ax4 + B3 ax¢5®ax5 +0 eoax6®ax6 B Bl ax6®ax7 B E7 ax7®axO




— B 6x7®6x1 + Bs 6x7®8x2 + B, 6x7®6x3 - B, 6x7®8x4 - B, 6x7®6x5 + B, 6x7®8x6 +0 e08x7®6x7

™ > testB:=convert(Bmat,DGtensor,[["con_bas","con_bas"],[1]);
testB:=0e00 ®0 +P,0 ® —PB,0 ®9 +P0 ® —B,0 ® —p,0 ® +B 9 ®I (5.5.3)

—By9,89  +0e09 89, +B, 9,89 +B;9,89 +B,9,89 —B,9, 89 —B;9, @,
+0,0,89, =B 9,89,+0e00 ,®9 +P,0, 89 —Ps0,®9 P59, ®9 —P,9, 09,
—Bs9,®9, — B9, ®9,—B;9, 89 ,+0e09 &I +B;9 &I +B,9 &I +Bi9 ®I,
+ B4 6x5®6x1 — [.))7 6x5®6x2 + B6 ax5®6x3 — [.))1 6x5®6x4 + 0606x5®6x5 — [33 6x5®6x6 + BZ 6x5®6x7
+ B7 6x6®6x1 + B4 6x6®6x2 - BS 6x6®6x3 — B2 6x6®6x4 + B3 ax6®ax5 + 0606x6®6x6 — [31 6x6®6x7
— B6 6x7®6x1 + [.))5 6x7®6x2 + B4 ax7®6x3 — [.))3 6x7®6x4 — Bz ax7®6x5 + [.))1 6x7®6x6 + 0606x7®6x7

0 > newb:=DGIm(1/omega*kvec.newE);
kB, —k By +kE, —k, B — k, E, + k E,

newb = — el (5.5.49)
(O
kKE, —k By =k E, —kEs +k, E, +kE, o
®
B kyE, —k E, + kB, —k Es +ksE, — K, E; o
(0]
ksE, +kE, +k, E, =k E; =k, E, — K E,
+ ed
®
B kyE, =k E, +k E, =k E, — kg E, + K E, o5
®
B kB, +k,Ey —ksEy — kB, + k3 Es — K E; o5
(0]
keE, —ksBE, =k E; + k5 By + Kk, Es — k E(
+ e7

®
O > GetComponents(newb,Basis)[1];
i E ky —Ejk, + E kg —Esk, —E k, + E kg

(5.5.5)

®
[0 > testF3:=subs([seq(beta[i]=GetComponents(newb,Basis)[i],i=1..7)],
testF);
testF3:=E 0 ®9 +E, 0 ®) +E. 0 ®) +E0 ®) +Ed ®)_+E 0 ®) +E,0 ®0_(55.6)
1 %0 x1 27x0 x2 37°x0 x3 47%0 x4 57x0 x5 6 "x0 x6 77x0 x7
kE, =k E, +k E, —k B +k E, — k, E,

0 ®0
o xl x2

—E,0 ® +0e00 ®) —
x1 x0 x1 x1

kyE, —k E; — kB, —k E + k, E, + k E,

- 0 ®0
® x1 x3
k,E, — kB, +k E, —k E, — kB, + ky E,
— 0 ®0
) x1 x4
| B kB kB kB kB —kE
x1 x5

®




kyE, —ksE, — k, By + kB, + &k, Es — k Eg
0 ®0
) x1 x6
kE, +k,E, —k.E,—k E, +k,E. —k E
771 472 573 2 74 35176®a—E6®6
o x1 x7 2°%2 x0
kE —kE,+kE, —k E.+kE —kE
21 172 774 65 5776 476@64—0606@6
) x2 x1 x2 x2
ks E, — kyE; + kB, — k, Eg — k, B, + k, E,
0 _®0
) x2 x3
kyE, +k,E, — ksE, — k) B, + k; B — k E,
0 ®0
o x2 x4
k E, — kE, — k,E, + K E, + k E; — k E,
0 _®0
) x2 x5
kSEl+k6E2+k7E3_klES_szé_k3E7
0 _®0
) x2 X6
k,E,—kE,+k E,—k E, —k,E_.+kE
41 72 63 174 376 276®a—E6®6
o x2 x7 37%3 x0
k,E, —k By — k E, —k E, +k, E, +kE,
0 ®0
) x3 x1
kE,—k E,+kE, —k,E.—k E_+kE
372 273 5774 45 776 676®6+0e06®6
) x3 x2 x3 x3
ksE, — ksEy — k, By + ky B, + & Eg — k, Eg
0 ®0
® x3 x4
k E, +k,E, — kB, —k, E, + k; E. —k E,
0 ®0
) x3 x5
k,E, —kE, + k B, —k E, — k, E, + k, E,
0. ®0
) x3 X6

ksE, +k E, +k By —k Es —k E, — k5 E;

0 ®0_—E, 0 ®0
x3 x7 4 x4 x0

(O]
k,E, —k E, +kE, —k E, — k,E, + k E,
0 ®0
) x4 x1
kE +k,E —k.E,—k E, +kE.—k E
71 472 573 2 74 375 1 76 ®9

® x4 x2

ksE, — ksE, — k, Ey + ky B, + &, Es — k, Eg

0 ®9 _+0e00 ®0
x4 x3 x4 x4

(O]
kyE, — k) E; + kB, —k, Eg — k, B, + k, E,
0 ®9
® x4 x5
ky B, — k By — k E, — k) Eg + k, E + ks E,
0 ®0
® x4 x6

k,E, —k E, +k E, —k Es +kE  —k,E,

9 ® —E, 0 _®0
o x4 x7 x5 x0



ksE, +kE, + 1k, E; =k Es =k, E, — K E,

® X. x1
KB kB kB R Bt E kB
o x5 x2
By kB kB kB thE—kE
) x5 x3
LB —hB HkE K E kB tRE
) x5 x4 x5 x5
, oB kB T kB — kB HkE —kE
o x5 x6
B TR B B kB B R RE,
) x5 x7 6 "x6 x0
, KBy B~k Bt E T E kB
[0) x6  xI
L B kB H B kB kB —kE
o x6 x2
N kyE, — kB, +k E, =k E, =k E, + K E, 5 ®0
) x6 x3
BB kB kB kB Tk ETKE
) X x4
kB —kE +kE, —k E.+kE —FkE
e W ) 774 6 5 576 476®a+0606®6
o x6 x5 x6 x6
b By Tk By kB kB kB kB
) x6 x7 77x7 x0
L oB B kB kBt E —kE
0] x7 x1
B kB kB kB kBT hE
o x7 x2
N kSEl+k6E2—|-k7E3—klES—k2E6—k3E7 5 ®9
) x7 x3
BB kBt B K E T KB kE
) x7 x4
B kB kB kBt R E T KE,
® x7 x5
b By kB kB kB kBt RE
) x7 x6 x7 x7
Compare with conventional
M >eta:=evalDG(-dx||0 &t dx||0 + add(dx|[i &t dx|[i,i=1..7)):
N:= —dx0Q®dx0+dxl ®dxl +dx2Qdx2 + dx3®dx3 + dx4®dx4 + dx5®dx5 + dx6 ®dx6

+dx7®dx7

0 _®0

(5.5.1.1)



M > Gamma:=Christoffel(eta);

r=v, 9 =09 (5.5.1.2)
| x0
M > formbasis:=DGinformation("FrameBaseForms");
| formbasis = [ dx0, dx1, dx2, dx3, dx4, dx5, dx6, dx7 ] (5.5.1.3)
M > vectorbasis:=DGinformation("FrameBaseVectors");
vectorbasis == [0 ,0 ,0 ,0 ,0 ,0 ,0 6] (5.5.1.9)
X0 xI' x2 x3 x4 x5 x6 x7

=M >A:=DGzip([seq(a[i]l(seq(x]]j,j=0..7)),i=0..7)],formbasis,"plus");
A= aO(xO, x1,x2,x3, x4, x5, x6,x7) dx0 +a1(x0, x1,x2,x3, x4, x5, x6,x7) dxl +a2(x(), x1, x2, (5.5.1.5)

x3, x4, x5, x6,x7) dx2 + a, (x0,x1, x2, x3, x4, x5, x6,x7) dx3 + a, (x0,x1, x2, x3, x4, x5, x6,
x7) dx4 + as (x0,x1,x2, x3, x4, x5, x6,x7) dx5 + ag (x0,x1, x2, x3, x4, x5, x6, x7) dx6
+a, (x0,x1, x2, x3, x4, x5, x6, x7) dx7
=M > dA:=CovariantDerivative(A,Gamma);
dA = 0 (xO x1,x2,x3, x4, x5,x6,x7) dx0®dx0 + ai] 0(xO, x1,x2,x3, x4, x5, x6,x7) dx0 (5.5.1.6)

&0
®al]+a 01234567dO®a’2+a 0, x1, x2, x3, x4, x5, x6.
X a2 ay(x0, x1, x2, x3, x4, x5, x6, x7) dx X a3 ay(x0,x1, x2, x3, x4, x5, x6,
0 0
x7) dx0®dx3 + Y] ay(x0,x1,x2, x3, x4, x5, x6,x7) dx0 ®dx4 + s a,(x0,x1, x2, x3, x4,
0 0
x5,x6,x7) dx0®dx5 + Y3 aO(xO, x1,x2,x3, x4, x5, x6,x7) dx0Qdx6 + w7 ao(x(), x1, x2,
0 0
x3, x4, x5, x6,x7) dx0Qdx7 + — a, (x0, x1, x2, x3, x4, x5, x6, x7) dxI @dx0 + — a, (x0,
ax0 ax/
0 0
x1,x2,x3, x4, x5, x6,x7) dx] ®dxIl + £ a, (x0,x1, x2, x3, x4, x5, x6,x7) dxI @ dx2 + £%)
0
a, (x0,x1, x2, x3, x4, x5, x6,x7) dx1 ®dx3 + Forid (x0,x1,x2, x3, x4, x5, x6,x7) dxI @ dx4
0 0
+ = a (x0,x1, x2,x3, x4, x5, x6,x7) dxI @dx5 + Y3 a, (x0,x1,x2, x3, x4, x5, x6, x7) dxI

%)
0 0
Rdx6 + w7 a, (x0,x1, x2, x3, x4, x5, x6, x7) dxl @dx7 + — a, (x0, x1, x2, x3, x4, x5, x6,

a0
7alZ®alO+a 01234567a’2®a’]+a 0,x1,x2,x3, x4
x7) dx X o az(x,x,x,x,x,x,x,x ) dx X a2 az(x,x,x,x,x,
0 0
x5,x6,x7) dx2 ®@dx2 + ) az(xO, x1,x2,x3, x4, x5, x6,x7) dx2 @dx3 + Y] az(xO, x1,x2,
0 0
x3, x4, x5,x6,x7) dx2 @dx4 + s a2(x0, x1,x2,x3, x4, x5, x6,x7) dx2 ®dx5 + Y3 az(x0,
0 0
x1,x2,x3, x4, x5, x6,x7) dx2 @dx6 + w7 a, (x0,x1,x2, x3, x4, x5, x6,x7) dx2 Qdx7 + w0
0
a3(x(), x1,x2,x3, x4, x5, x6,x7) dx3 ®dx0 + wl a3(x0, x1,x2,x3, x4, x5, x6,x7) dx3 @dxl
0
+ w2 a3(x0, x1,x2,x3, x4, x5,x6,x7) dx3 @dx2 + w3 a3(x0, x1,x2,x3, x4, x5, x6,x7) dx3
0 0
Qdx3 + Y] a3(x0, x1,x2,x3, x4, x5, x6,x7) dx3 @dx4 + s a3(x0, x1, x2, x3, x4, x5, x6,

0 0
x7) dx3®dx5 + w6 a3 (x0,x1, x2, x3, x4, x5, x6,x7) dx3 ®dx6 + w7 a, (x0,x1, x2, x3, x4,

0 0
x5,x6,x7) dx3 ®dx7 + w0 a4(x0, x1,x2,x3, x4, x5, x6,x7) dx4 @dx0 + EYl a4(x0, x1, x2,




x3, x4, x5, x6,x7) dx4 ®dxI + % a, (x0,x1, x2, x3, x4, x5, x6,x7) dx4 @dx2 + % a, (x0,
x1,x2,x3, x4, x5,x6,x7) dx4 ®dx3 + % a, (x0,x1, x2, x3, x4, x5, x6,x7) dx4 @ dx4 + %
a, (x0,x1, x2, x3, x4, x5, x6,x7) dx4 @dx5 + % a, (x0,x1,x2, x3, x4, x5, x6,x7) dx4 @ dx6
+ w7 a, (x0,x1, x2, x3, x4, x5, x6,x7) dx4 ®dx7 + % a (x0,x1, x2, x3, x4, x5, x6, x7) dx5
®dx0 + % as (x0,x1,x2, x3, x4, x5, x6,x7) dx5QdxI + % as (x0,x1, x2, x3, x4, x5, x6,
x7) dx5 ®@dx2 + % as (x0,x1, x2, x3, x4, x5, x6,x7) dx5 dx3 + % as (x0,x1, x2, x3, x4,
x5, x6,x7) dx5 ®dx4 + % as (x0,x1,x2, x3, x4, x5, x6,x7) dx5 Qdx5 + % as (x0,x1, x2,
x3, x4, x5,x6,x7) dx5 @dx6 + % as (x0,x1, x2, x3, x4, x5, x6,x7) dx5®dx7 + % ag (x0,
x1,x2,x3, x4, x5, x6,x7) dx6 ®dx0 + % ag (x0, x1, x2, x3, x4, x5, x6,x7) dx6 @dxI + %
ag (x0,x1, x2, x3, x4, x5, x6,x7) dx6 @dx2 + % ag (x0,x1, x2, x3, x4, x5, x6, x7) dx6 @ dx3
+ @ ag (x0,x1, x2, x3, x4, x5, x6,x7) dx6 @ dx4 + % ag (x0,x1, x2, x3, x4, x5, x6,x7) dx6
Rdx5 + axi ag (x0,x1, x2, x3, x4, x5, x6, x7) dx6 @ dx6 + % ag (x0, x1, x2, x3, x4, x5, x6,
x7) dx6 @dx7 + % a7(x0, x1,x2, x3, x4, x5, x6,x7) dx7 ®dx0 + % a, (x0,x1, x2, x3, x4,
x5,x6,x7) dx7 @dxl + % a, (x0,x1, x2, x3, x4, x5, x6,x7) dx7 @dx2 + % a, (x0, x1, x2,

0 0
x3, x4, x5, x6,x7) dx7 @dx3 + @ a, (x0,x1, x2, x3, x4, x5, x6,x7) dx7 @ dx4 + % a, (x0,

0 0
x1,x2,x3,x4,x5,x6,x7) dx7 @dx5 + w6 a, (x0,x1, x2, x3, x4, x5, x6,x7) dx7 @ dx6 + o

a7(x0, x1,x2,x3, x4, x5, x6,x7) dx7 ®dx7

=M > F1l:=Symmetrizelndices(2*dA,[1,2],"SkewSymmetric");
0

Fl = (a aO(xO, x1,x2,x3, x4, x5, x6,x7) — ( al(xO, x1,x2,x3, x4, x5, x6,x7) ) ] dx0®d (5.5.1.7)

0 0
xI — ( wl ao(x0, x1,x2,x3, x4, x5, x6,x7) — (% a, (x0,x1, x2, x3, x4, x5, x6, x7) ) ) dxl

0 0
Rdx0 —I—( @ aO(xO, x1,x2,x3, x4, x5, x6,x7) — ( % az(xO, x1,x2,x3, x4, x5, x6,x7) ) ] d

a0

0
x0®dx2 — ( a2 ao(xO, x1,x2,x3, x4, x5, x6,x7) — (@ az(x0, x1,x2, x3, x4, x5, x6,x7))

3

0 0
) dx2 Qdx0 —I—( — aO(xO, x1,x2,x3, x4, x5, x6,x7) — ( % a3(x0, x1,x2, x3, x4, x5, x6,
7) | | dx0®dx3 0 0,x1,x2, x3, x4, x5, x6, x7 0 0,x1,x2, x3, x4, x5
x))) X X (axS ao(x,x,x,x,x,x,x,x) (axO a3(x,x,x,x,x,x,

0 0
x6,x7) ) ) dx3 ®dx0 —I—( @ aO(xO, x1,x2,x3, x4, x5, x6,x7) — ( % a4(x0, x1,x2,x3, x4,

0 0
x5, x6,x7) ) J dx0®dx4 — ( a ao(xO, x1,x2,x3, x4, x5, x6,x7) — ( w0 a4(x0, x1,x2, x3,




0 0
x4, x5, x6,x7) j ) dx4 ®dx0 +( % ao(xO, x1,x2, x3, x4, x5, x6,x7) — ( % as(xO, x1, x2,

0
x3, x4, x5, x6,x7) ) ) dx0®dx5 — ( s a, (x0,x1,x2, x3, x4, x5, x6,x7) — (xO x1,

[ ¢

0

0
x2, x3, x4, x5, x6, x7) ) ) dx5 ®dx0 +( a6 (x0 x1,x2, x3, x4, x5, x6,x7) — ( —

a0 ag (x0,

0
x1,x2,x3, x4, x5, x6,x7) ) ) dx0®dx6 — ( w6 ao(xO, x1,x2,x3, x4, x5, x6,x7) — ( w0

0
ag (x0, x1,x2, x3, x4, x5, x6,x7) ) j dx6 @dx0 + ( % a, (x0,x1, x2, x3, x4, x5, x6, x7)

0
— ( a0 (x0 x1,x2,x3, x4, x5, x6,x7) ) ) dx0®dx7 — ( o aO(xO,xl, x2, x3, x4, x5, x6,

0 0
x7) — ( a0 (xO x1,x2,x3, x4, x5, x6,x7) ) ) dx7 ®dx0 +( @ al(xO, x1,x2, x3, x4, x5,
0 0
x6,x7) — ( w az(xO, x1,x2,x3, x4, x5, x6,x7) ) ) dx] ®@dx2 — ( w2 a, (x0,x1, x2, x3, x4,

0 0
x5,x6,x7) — | — a,(x0,x1,x2,x3, x4, x5, x6, x x2Q®dxl +| — a,(x0,x1,x2,x3,
5, x6,x7) ol 2(01234567) dx2Q®dxl1 a3 1(0123

0 0
x4, x5,x6,x7) — | — a,(x0,x1,x2, x3, x4, x5, x6, x7) dx1 ®dx3 —| — a, (x0,x1,x2,
s 3 a3 1

0 0
x3, x4, x5, x6,x7) — ( a a3(x0, x1,x2,x3, x4, x5, x6,x7) j ) dx3®dxl1 +( @ a, (x0,x1,

0 0
x2, x3, x4, x5, x6,x7) — ( wl a4(x0, x1,x2,x3, x4, x5, x6,x7) ) ) dx] @dx4 — ( ™) a, (x0,

0
x1,x2,x3, x4, x5, x6,x7) — ( — a4(x0, x1,x2,x3, x4, x5, x6,x7) ) ) dx4®dxl1 +(

axl s

0
a, (x0,x1, x2, x3, x4, x5, x6,x7) — ( w7 as (x0,x1, x2, x3, x4, x5, x6, x7) ) ) dx] ®@dx5 —

0
( % a, (x0,x1,x2, x3, x4, x5, x6,x7) — ( @ aS(XO, x1,x2,x3, x4, x5, x6,x7) ) ) dx5®dxl

0 0
+( ax6 (xO x1,x2,x3, x4, x5, x6,x7) — ( wl a6(x0, x1,x2,x3, x4, x5, x6,x7) ) ) dxl1 ®d

0
x6—( " a, (x0,xI,x2, x3, x4, x5, x6,x7) — (a 6(xOx] x2, x3, x4, x5, x6x7)))dx6
0
®dxl +( o al(xO, x1,x2,x3, x4, x5, x6,x7) ( xO x1,x2,x3, x4, x5, x6,x7) J ) d
0
xI ®@dx7 — ( % a, (x0,x1, x2, x3, x4, x5, x6,x7) — ( w (x0, x1,x2, x3, x4, x5, x6,x7) )
0 0
)dx7®dx1 +( ) a2(x0, x1,x2,x3, x4, x5, x6,x7) — (@ a3(x0, x1,x2, x3, x4, x5, x6,
0 0
x7) j ) dx2Qdx3 — ( @ az(xO, x1,x2, x3, x4, x5, x6,x7) — ( @ a3(x0, x1,x2,x3, x4, x5,
0 0
x6,x7) ) ) dx3 ®dx2 +( ] a2(x0, x1,x2,x3, x4, x5, x6,x7) — ( w2 a4(x0, x1,x2,x3, x4,
0 0
x5, x6,x7) ) ) dx2 Qdx4 — ( @ az(xO, x1,x2, x3, x4, x5, x6,x7) — ( a2 (x0 x1,x2,x3,
0
x4, x5, x6,x7) ) ) dx4 ®dx2 +( s az(xO, x1,x2,x3, x4, x5, x6,x7) ( a2 x0 x1,x2,

0
x3, x4, x5, x6, x7) ) ) dx2Qdx5 — ( % a, (x0,x1, x2, x3, x4, x5, x6, x7) ( xO x1,



0 0
x2, x3, x4, x5, x6, x7) ) ) dx5Qdx2 +( a6 (x0 x1,x2, x3, x4, x5, x6,x7) — ( @ a6(x0,
0
x1,x2,x3, x4, x5, x6,x7) ) ) dx2 ®dx6 — ( w6 az(xO, x1,x2,x3, x4, x5, x6,x7) — ( a2

0
ag (x0,x1,x2, x3, x4, x5, x6, x7) ) j dx6 Qdx2 + ( % a, (x0,x1, x2, x3, x4, x5, x6, x7)

0
— ( %) a7(x0, x1,x2,x3, x4, x5, x6,x7) ) ) dx2®dx7 — ( o az(xO, x1,x2, x3, x4, x5, x6,

0 0
x7) — ( @ a7(x0, x1,x2,x3, x4, x5, x6,x7) ) ) dx7 Qdx2 +( @ a3(x0, x1,x2, x3, x4, x5,

0
a4(x0, x1,x2,x3, x4, x5, x6,x7) ) ) dx3 ®dx4 — ( — a3(x0, x1,x2,x3, x4,

6.x7) —
x6,x7) ad

0
=
5, x6, x7 0 0,x1, x2, x3, x4, x5, x6, x7 a’4®d3-|—a 0,x1,x2,x3
x5, x6,x7) (E)xS cu(x,x,x,x,x,x,x,x))) X X (ax5 a3(x,x,x,x,

0 0
x4, x5, x6,x7) — ( el aS(xO, x1,x2,x3, x4, x5, x6,x7) ) J dx3®dx5 — ( s a3(x0, x1,x2,

0
x3, x4, x5, x6,x7) — ( as (x0, x1,x2, x3, x4, x5, x6, x7) j ) dx5Qdx3 + ( % a, (x0,x1,

3

0 0
x2, x3, x4, x5, x6,x7) — ( ] a6(x0, x1,x2,x3, x4, x5, x6,x7) ) ) dx3®dx6 — ( v a3(x0,
0
x1,x2,x3, x4, x5, x6,x7) — ( @ a6(x0, x1,x2,x3, x4, x5, x6,x7) ) ) dx6 Qdx3 +( a7

0
as (x0,x1, x2, x3, x4, x5, x6,x7) — ( el a, (x0,x1, x2, x3, x4, x5, x6, x7) ) ) dx3®dx7 —

0
( @ a3(x0, x1,x2,x3, x4, x5, x6,x7) — ( @ a7(x0, x1,x2,x3, x4, x5, x6,x7) ) ) dx7 Qdx3

0
+( a0 (xO x1,x2,x3, x4, x5, x6,x7) — ( a5(x0, x1,x2,x3, x4, x5, x6,x7) ) ) dx4®d

ad

0
x5 — ( % a4(x0, x1,x2, x3, x4, x5, x6,x7) — (@ 5(x0 x1,x2,x3, x4, x5, x6,x7) j ) dx5
0
Rdx4 +( v a4(x0, x1,x2,x3, x4, x5, x6,x7) ( xO x1,x2,x3, x4, x5, x6,x7) J ) d
0
x4 Qdx6 — ( % a4(x0, x1,x2,x3, x4, x5, x6,x7) ( x0 x1,x2, x3, x4, x5, x6, x7))

) dx6 ®@dx4 + ( % a, (x0,x1, x2, x3, x4, x5, x6,x7) — ( @ (xO, x1,x2, x3, x4, x5, x6,
x7) j ) dx4Qdx7 — ( % a, (x0,x1,x2, x3, x4, x5, x6,x7) — ( % a7(x0, x1,x2,x3, x4, x5,
x6,x7) ) ) dx7 ®@dx4 + ( % a (x0,x1,x2, x3, x4, x5, x6,x7) — ( % ag (x0,x1, x2, x3, x4,
x5, x6,x7) ) ) dx5Qdx6 — ( & as(xO, x1,x2, x3, x4, x5, x6,x7) — ( ai (x0 x1,x2,x3,
x4, x5, x6,x7) ) ) dx6 ®@dx5 +( % as(xO, x1,x2,x3, x4, x5, x6,x7) ( P x0 x1,x2,
x3, x4, x5, x6, x7) ) ) dx5Qdx7 — ( % as(xO, x1,x2,x3, x4, x5, x6, x7) ( a5 xO x1,
x2, x3, x4, x5, x6, x7) ) J dx7 ®dx5 + ( % ag (x0,x1, x2, x3, x4, x5, x6, x7) ( o6

0
x1,x2,x3, x4, x5, x6,x7) j ) dx6 Qdx7 — ( @ ag (x0,x1,x2, x3, x4, x5, x6, x7) (



a, (x0,x1, x2, x3, x4, x5, x6, x7) ) ] dx7 @dx6

M > f:=RaiseLowerlindices(InverseMetric(eta),F1,[1,2]);

0 0
fi= - ( ) ao(xO, x1,x2,x3, x4, x5, x6,x7) — (@ al(xO, x1,x2,x3, x4, x5, x6,x7) ) ) 6x0®6x1(5.5.1.8)
0
a0

d
_ ( a5 (X0, x1,x2,x3, x4, x5, 36, x7) — ( »

a, (x0,x1, x2, x3, x4, x5, x6, x7) ) ) 0

0
®0 - ( — ao(xO,x],xZ,xS,x4,x5,x6,x7) — (

> a3 a, (x0,x1, x2, x3, x4, x5, x6, x7) )

a0

0
) 6x0®6x3 - ( Y] ao(x(), x1,x2,x3, x4, x5, x6,x7) — ( a4(x0, x1,x2,x3, x4, x5, x6,

a0

0 0
x7) J ) axo ® 6x4 - ( s a, (x0,x1, x2, x3, x4, x5, x6,x7) — ( w0 a (x0, x1, x2, x3, x4, x5,

0 0
x6,x7) ) ) 6x0®6x5 - ( Y3 ao(x(), x1,x2,x3, x4, x5, x6,x7) — ( w0 a6(x0, x1,x2,x3, x4,

0 0
x5, x6,x7) ) ) 6x0®6x6 - ( o aO(xO, x1,x2,x3, x4, x5, x6,x7) — ( w0 a7(x0, x1,x2, x3,

0
x4, x5, x6,x7) j ) 6x0 ® 6x7 + ( w a, (x0,x1, x2, x3, x4, x5, x6,x7) — ( a, (x0,x1,x2,

0

x3, x4, x5, x6,x7) ) ) 6x1 ®6x0 +( % a, (x0,x1, x2, x3, x4, x5, x6, x7) — ( wl az(xO, x1,
x2, x3, x4, x5, x6, x7) ) ) E)x] ®6x2 +( % a, (x0,x1,x2, x3, x4, x5, x6,x7) — ( % a3(x0,
x1,x2,x3, x4, x5, x6,x7) J ) 0 ®0 5 +( % al(xO, x1,x2,x3, x4, x5, x6,x7) — ( %
a4(x0, x1,x2,x3, x4, x5, x6,x7) ) j E)x] ®6x4 +( % a, (x0,x1, x2, x3, x4, x5, x6,x7) — ( %
as(xO, x1,x2,x3, x4, x5, x6,x7) ) J axl ®6x5 +( % a, (x0,x1, x2, x3, x4, x5, x6,x7) — ( %
a6(x0, x1,x2,x3, x4, x5, x6,x7) ) j E)x] ®6x6 +( % a, (x0,x1,x2, x3, x4, x5, x6,x7) — ( %
a7(x0, x1,x2,x3, x4, x5, x6,x7) ) J axl ®6x7 +( % ao(xO, x1,x2,x3, x4, x5, x6,x7) — ( %
az(x(), x1,x2,x3, x4, x5, x6,x7) ) j 0 2®6x0 - ( % a, (x0,x1,x2, x3, x4, x5, x6,x7) — ( %
az(xO, x1,x2,x3, x4, x5, x6,x7) ) J 6x2®6x1 +( % az(xO, x1,x2,x3, x4, x5, x6,x7) — ( %
a3(x0, x1,x2,x3, x4, x5, x6,x7) ) j 6x2®6x3 +( % az(x0, x1,x2,x3, x4, x5, x6,x7) — ( %
a4(x0, x1,x2,x3, x4, x5, x6,x7) ) J 6x2®6x4 +( % az(xO, x1,x2,x3, x4, x5, x6,x7) — ( %
as(x(), x1,x2,x3, x4, x5, x6,x7) ) j 6x2®6x5 +( % az(x0, x1,x2,x3, x4, x5, x6,x7) — ( %
a6(x0, x1,x2,x3, x4, x5, x6,x7) ) J 6x2®6x6 +( % az(xO, x1,x2,x3, x4, x5, x6,x7) — ( %
a7(x0, x1,x2,x3, x4, x5, x6,x7) ) j 6x2®6x7 +( % ao(x0, x1,x2,x3, x4, x5, x6,x7) — ( %
a3(x0, x1,x2,x3, x4, x5, x6,x7) ) J 6x3®6x0 - ( % al(xO, x1,x2,x3, x4, x5, x6,x7) — ( %



a3(x0, x1,x2, x3, x4, x5, x6,x7) 6x3®6x1 - % az(xO, x1,x2, x3, x4, x5, x6,x7) —
a3(x0, x1,x2,x3, x4, x5, x6,x7) 0 3®6x2 + % a3(x0, x1,x2,x3, x4, x5, x6,x7) —
a4(x0, x1,x2, x3, x4, x5, x6,x7) 0 3®6x4 + % a3(x0, x1,x2, x3, x4, x5, x6,x7) —
as(xO, x1,x2,x3, x4, x5, x6,x7) 0 3®6x5 + % a3(x0, x1,x2,x3, x4, x5, x6,x7) —
aé(xO, x1,x2, x3, x4, x5, x6,x7) 63®6x6+ % a3(x0, x1,x2, x3, x4, x5, x6,x7) —
a7(x0, x1,x2,x3, x4, x5, x6,x7) 63®6x7+ % ao(x0, x1,x2,x3, x4, x5, x6,x7) —
a4(x0, x1,x2, x3, x4, x5, x6,x7) 64®6x0— % al(xO, x1,x2, x3, x4, x5, x6,x7) —
a4(x0, x1,x2,x3, x4, x5, x6,x7) 0 4®6x1 - % az(x0, x1,x2,x3, x4, x5, x6,x7) —
a4(x0, x1,x2, x3, x4, x5, x6,x7) 0 4®6x2 - % a3(x0, x1,x2, x3, x4, x5, x6,x7) —
a4(x0, x1,x2,x3, x4, x5, x6,x7) 0 4®6x3 + % a4(x0, x1,x2,x3, x4, x5, x6,x7) —
as(xO, x1,x2, x3, x4, x5, x6,x7) 0 4®6x5 + % a4(x0, x1,x2, x3, x4, x5, x6,x7) —

a6(x0, x1,x2,x3, x4, x5, x6,x7) 64®6x6+ % a4(x0, x1,x2,x3, x4, x5, x6,x7) —

/80 % ao(xO, x1,x2, x3, x4, x5, x6,x7) —
as(xO, x1,x2,x3, x4, x5, x6,x7) 65®6x0— % al(x0, x1,x2,x3, x4, x5, x6,x7) —
as(xO, x1,x2, x3, x4, x5, x6,x7) 0 5®6x1 - % az(xO, x1,x2, x3, x4, x5, x6,x7) —
as(xO, x1,x2,x3, x4, x5, x6,x7) 0 5®6x2 - % a3(x0, x1,x2,x3, x4, x5, x6,x7) —
as(xO, x1,x2, x3, x4, x5, x6,x7) 0 5®6x3 - % a4(x0, x1,x2, x3, x4, x5, x6,x7) —
as(xO, x1,x2,x3, x4, x5, x6,x7) 0 5®6x4 + % as(x0, x1,x2,x3, x4, x5, x6,x7) —
aé(xO, x1,x2, x3, x4, x5, x6,x7) 65®6x6+ % as(xO, x1,x2, x3, x4, x5, x6,x7) —

a7(x0, x1,x2,x3, x4, x5, x6,x7) 0 5®6x7 + % ao(x0, x1,x2,x3, x4, x5, x6,x7) —
aé(xO, x1,x2, x3, x4, x5, x6,x7) 0 6®6x0 - % al(xO, x1,x2, x3, x4, x5, x6,x7) —
a6(x0, x1,x2,x3, x4, x5, x6,x7) 0 6®6x1 - % az(x0, x1,x2,x3, x4, x5, x6,x7) —
aé(xO, x1,x2, x3, x4, x5, x6,x7) 0 6®6x2 - % a3(x0, x1,x2, x3, x4, x5, x6,x7) —
a6(x0, x1,x2,x3, x4, x5, x6,x7) 0 6®6x3 - % a4(x0, x1,x2,x3, x4, x5, x6,x7) —

ag (x0,x1,x2, x3, x4, x5, x6,x7) as (x0,x1,x2, x3, x4, x5, x6,x7) —

))so% -
JJesen
)Joso
J)esens
)00t
JJesen
))euet-
JJeen, -
JJeuota-|
JJeen+
JJeuotst
JJeon, |
a, (x0,x1, x2, x3, x4, x5, x6, x7) ) j 0 ,®9 +(
J)esen,-
))so, -
JJesen|
))sot-|
JJesen
)Jsort
JJesen
))so%|
JJesen
))so%-
JJeen -
)Jesot|



ag (x0, x1,x2, x3, x4, x5, x6, x7) ag (x0,x1, x2, x3, x4, x5, x6,x7) —

0

) oo+ (4 [

0 0
a7(x0, x1,x2,x3, x4, x5, x6,x7) J ) 6x6®6x7 +( o ao(x0, x1,x2,x3, x4, x5, x6,x7) — ( w0
a7(x0, x1,x2, x3, x4, x5, x6,x7) ) j 6x7®6x0 - ( % al(xO, x1,x2, x3, x4, x5, x6,x7) — ( %
a7(x0, x1,x2,x3, x4, x5, x6,x7) J ) 6x7®6x1 - ( % az(x0, x1,x2,x3, x4, x5, x6,x7) — ( %
a7(x0, x1,x2, x3, x4, x5, x6,x7) ) j 6x7®6x2 - ( % a3(x0, x1,x2, x3, x4, x5, x6,x7) — ( %
a7(x0, x1,x2,x3, x4, x5, x6,x7) J ) 6x7®6x3 - ( % a4(x0, x1,x2,x3, x4, x5, x6,x7) — ( %
(x0, x1,x2, x3, x4, x5, x6,x7) ) j 6x7®6x4 - ( % as(xO, x1,x2, x3, x4, x5, x6,x7) — (%
(x0, x1, x2, x3, x4, x5, x6, x7) J ) 6x7®6x5 - ( % a6(x0, x1,x2,x3, x4, x5, x6,x7) — ( %

)o

M >fl:=simplify(subs([seq(al[il(seq(x]|]j,j=0..7)) = Alphal[i]*exp(l*(add
(seq(k[o]*x||o,0=1..7))-omega*x]||0)),i=0..7) ],f));
Ix6k +1x2k +1x3k +1x4k +1x5k +Ixlk +1x7k —1x00
fl=—1e ¢ 2 3 4 5 17 (oA, +Ak) D ® (5.5.1.9)

Ix6k +1x2k +1x3k +1x4k +1x5k +Ixlk +1x7k —1x00
—Te 6 2 3 4 5 1 7

Ix6k +1x2k +1x3k +1x4k +1x5k +Ixik +Ix7k —1x00
—Te 6 2 3 4 5 1 7

Ix6k +1x2k +1x3k +1Ix4k +1Ix5k_ +1xlk +1x7k —1x0®
—Te 6 2 3 4 5 1 7

Ix6k +1x2k_ +1x3k +1x4k +1x5k +Ixlk +1Ix7k —1x00
—Te 6 2 3 4 5 1 7

Ix6k +1x2k +1x3k +1x4k +1x5k +Ixik +Ix7k —1x00
—Te 6 2 3 4 5 1 7

Ix6k +1x2k +1x3k +1Ix4k +1Ix5k_ +1xlk +1x7k —1x0®
—Te 6 2 3 4 5 1 7

Ix6k +1x2k +1x3k +1x4k +1x5k +Ixlk +1x7k —1x00
+le 6 2 3 4 5 1 7

Ix6k +1x2k +1x3k +1x4k +1x5k +Ixik +Ix7k —1x00
+le 6 2 3 4 5 1 7

oY
®
o)

Ix6k +1x2k +1x3k +1Ix4k +1Ix5k +1xlk +1x7k —1x0®
+le 6 2 3 4 5 1 7

gEeY
®
@

Ix6k +1x2k +1x3k +1x4k +1x5k +Ixlk +1x7k —1x00
+le 6 2 3 4 5 1 7

L@
®
cv

Ix6k +1x2k +1x3k +1x4k +1x5k +Ixik +Ix7k —1x00
+le 6 2 3 4 5 1 7

oY
®
o)

Ix6k +1x2k +1x3k +1Ix4k +1Ix5k_ +1xlk +1x7k —1x0®
+le 6 2 3 4 5 1 7

gEeY
®
@

Ix6k +1x2k +1x3k +1x4k +1x5k +Ixlk +1x7k —1x00
+le 6 2 3 4 5 1 7

Ix6k +1x2k +1x3k +1x4k +1x5k +Ixik +Ix7k —1x00
6 2 3 4 5 1 7

+1e 0 ®6



+1e

+1e

+1Ie

+1e

+1e

+1Ie

+1e

+1e

+1Ie

+1e

+1e

+1Ie

+1e

+1e

+1Ie

+1e

+1e

+1Ie

+1e

+1e

+1Ie

+1e

+1e

+1Ie

Ix6k +1x2k +1x3k +1x4k +1x5k +Ixik +1Ix7k —1x00
6 2 3 4 5 1 7

Ix6k +1x2k +1x3k +1Ix4k +1Ix5k_ +1xlk +1x7k —1x0®
6 2 3 4 5 1 7

Ix6k +1x2k_ +1x3k +1x4k +1Ix5k +Ixlk +1x7k —1x00
6 2 3 4 5 1 7

Ix6k +1x2k +1x3k +1x4k +1x5k +Ixik +Ix7k —1x00
6 2 3 4 5 1 7

Ix6k +1x2k +1x3k +1Ix4k +1Ix5k_ +1xlk +1x7k —1x0®
6 2 3 4 5 1 7

Ix6k +1x2k_ +1x3k +1x4k +Ix5k +Ixlk +1x7k —1x00
6 2 3 4 5 1 7

Ix6k +1x2k +1x3k +1x4k +1x5k +Ixik +1Ix7k —1x00
6 2 3 4 5 1 7

Ix6k +1x2k +1x3k +1Ix4k +1Ix5k_ +1xlk +1x7k —1x0®
6 2 3 4 5 1 7

Ix6k +1x2k_ +1x3k +1x4k +1x5k +Ixlk +1x7k —1x00
6 2 3 4 5 1 7

Ix6k +1x2k +1x3k +1x4k +1x5k +Ixik +1x7k —1x00
6 2 3 4 5 1 7

Ix6k +1x2k +1x3k +1Ix4k +1Ix5k +1xlk +1x7k —1x0®
6 2 3 4 5 1 7

Ix6k +1x2k_ +1x3k +1x4k +Ix5k +Ixlk +1x7k —1x00
6 2 3 4 5 1 7

Ix6k +1x2k +1x3k +1Ix4k +1Ix5k_ +1xlk +1x7k —1x0®
6 2 3 4 5 1 7

Ix6k +1x2k_ +1x3k +1x4k +Ix5k +Ixlk +1x7k —1x00
6 2 3 4 5 1 7

Ix6k +1x2k +1x3k +1x4k +1x5k +Ixik +Ix7k —1x00
6 2 3 4 5 1 7

Ix6k +1x2k +1x3k +1Ix4k +1Ix5k_ +1xlk +1x7k —1x0®
6 2 3 4 5 1 7

Ix6k +1x2k_ +1x3k +1x4k +Ix5k +Ixlk +1x7k —1x00
6 2 3 4 5 1 7

Ix6k +1x2k +1x3k +1x4k +1x5k +Ixlk +1x7k —1x00
6 2 3 4 5 1 7

Ix6k +1x2k +1x3k +1Ix4k +1Ix5k_ +1xlk +1x7k —1x0®
6 2 3 4 5 1 7

Ix6k +1x2k_ +1x3k +1x4k +Ix5k +Ixlk +1x7k —1x00
6 2 3 4 5 1 7

Ix6k +1x2k +1x3k +1x4k +1x5k +Ixlk +1Ix7k —1x00
6 2 3 4 5 1 7

Ix6k +1x2k +1x3k +1Ix4k +1Ix5k_ +1xlk +1x7k —1x0®
6 2 3 4 5 1 7

Ix6k +1x2k +1x3k +1x4k +Ix5k +Ixlk +1x7k —1x00
6 2 3 4 5 1 7
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(
(
(
(
(-A

-A ky, + Ak ) ax2®axl

Ay ky = Asky) 0 ®D
Arky—Ayky) 0 ®0
Ayks = Asky) 9 ®0
Ay kg = Agky) 0 ®0
Arky = Asky) 9 ®0
WAy +A k) 0 @0

A ky +Ak)63®61
X. X

A,k +Ak)63®62
X. X.

Ayky = A k) 0 ®0
Ayks = Asky) 9 ®0
Aykg = Aghky) 9 ®0
Ak, — Ak ) 0 ®0
WA, +Ag k)0 @9

Ak, + A, 1)a ®0
x4 x/
Ak+Ak)a ®0
x4 x2

-Ask, +Ak)64®63
X X.

Ayks —Asky) 9 ®0
Aykg = Agk,) 0 ®0
Ak, —Ask,) 0 ®0
WA+ Agks) 0 @

Ak+Ak)a ®a
Ak—I—Ak)a ®0
x5 x2

+Ak)a ®0
x5 x3



Ix6k +1x2k +1x3k +1x4k +1x5k +Ixik +1Ix7k —1x00
6 2 3 4 5 1 7

+1e (-Ayks +Agk,) 0 ®0
X X
Ix6k6 -‘1-I)c2k2 -‘1-I)c3k3 —0—Ix4k4 -‘1-Ix5k5 +1x/ k1 -‘1-I)c7k7 —Ix0® ( )
+1Ie Agk, —Agks) 0 ®0
576 x5  x6
Ix6k +1x2k_ +1x3k +Ix4k +1x5k_+1xlk +1x7k —Ix0®
+le ¢ 2 4 s LT (Asky = Ajks) 0 ®D
Ix6k +1x2k +1x3k +Ixdk +1x5k_+Ixlk +1x7k —1x00
+le ¢ 23 4 s LT (oA +Agk) 0 ®3
X x
Ix6k +1x2k +1x3k +1x4k +1x5k_+Ixlk +1x7k —1Ix00
+le & 22 4 s T (-Ajks+Agk) o ®0
X
lx6k6-i-lx2k2 +lx3k3 ~¥—Ix4k4+lx5k5-‘,-lxlk1 +lx7k7—lx0m( )
+1e Ak, + Ak, ) O ®6
672) “x6
Ix6k6 +Ix2k2 +Ix3k3 +Ix4k4 +Ix5k5 +1x! kl -Hx7k7 —Ix0m ( )
+1le Ayks FAGk) D ®9
376 673/ “x6
Ix6k +1x2k_ +1x3k +1Ix4k +1x5k +1xlk +1x7k —Ix0®
+Ile 62 2 4 s b T (-Agks +Agky) 0 ®0
X
Ix6k +1x2k +1x3k +Ixdk +1x5k_+Ixlk +1x7k —Ix0®
o CH (Ak+Ak)66®6
X
Ix6k6 +Ix2k2 +Ix3k3 +Ix4k4 +Ix5k5 +1x! kl -Hx7k7 —Ix0m ( )
+1le Ak, — 9 ®9
677
Ix6k +1x2k_ +1x3k +1x4k +1x5k +1xlk +1x7k —Ix0®
+le & 2 4 s T (0A; +A)k) 0 _®3
x X
Ix6k +1x2k +1x3k +Ixdk +1x5k_+Ixlk +1x7k —Ix0®
+le & 23 4 s T (-Ajk+Ak)0 ®0
X
Ix6k6 +Ix2k2 +Ix3k3 +Ix4k4 +Ix5k5 +1x! kl -Hx7k7 —Ix0m ( )
+1le Ay +A) D @9
772) “x7
Ix6k6 -‘1-I)c2k2 -‘1-I)c3k3 —0—Ix4k4 -‘1-Ix5k5 +1x! k1 -‘1-I)c7k7 —Ix0w ( )
+1e Ak FA ) D ®0
37 773) “x7
lx6k6-i-lx2k2 +lx3k3 ~¥—Ix4k4+lx5k5-‘,-lxlk1 +lx7k7—lx0m( )
+1e Ak A K) 0 @0
7 774) “x7
Ix6k6 +Ix2k2 +Ix3k3 +Ix4k4 +Ix5k5 +1x! kl -Hx7k7 —Ix0m ( )
+1le “Ask, + A k) D @D
775) “x7
Ix6k +1x2k +1x3k +1x4k +1x5k_+Ixlk +1x7k —1Ix00
+le & 2 4 s T (-Agk, + A k) 0 ®0
X

:Now, we will attempt to equate the conventional and octonionic faraday tensors.

M > f2:=simplify(eval(fl,[seq(Alphali]=alphali]*exp(-1*(add(seq(k[o]*

x||o,0=1..7))-omega*x||0)),i=0..7)]));

2= —(ImoclJrIklaO)a ®09 —(Imoc2+lk20c0) 6x0®6x2—(1(oa3+1k3a0) 9 ,®d -
(Tooy +1kay) 8 ®  —(loos +1k0)d @3 —(loos +1k0y)d ®9 —
(Iooa7+lk7oc0)6x0®a +(Icooc1+Ikloc0)6x]®6x0+(lk2al—Ik oc2)61®6x2+
(Vo —Thkjog) 9 ®9 +(Tkyoy —Thkjoy)d ®9 +(Tksoy —Thko5)d @9 +
(Thgoy =Tk ) 9 ®9 +(Tkyoy —lkjoy)d @9 +(lwo, +1k0y) 9,89 -~
(Vo =Tk 0y) 8 ,®9 +(lkyoy Tk o) d @9 +(1k, ocz—lkzoc4)6x2®6x4+
(Thsop —Thyos) 9 ®9 4 (ko — Tk o) d @9 +(Tko, —Tko,)d 9 +
(Toog +1kay) 8 ® —(lkoy —Tkoy)d ® —(lkgoy, — 1k 0L3>6x3®8x2+

(5.5.1.10)



(Tkyoy = Tk 0c4) 0, ®d +(lksoy —Tkyo5)d ® +(Tkgoy — ko) 9 ®
(Vg oy —Thkyog) 9 ®9 +(looy +1kay)d ®d —(lko —lkoy)d &9 -
(Tkyo = Tk 0c4) 0,0~ (lkoy—Tkoy)d ® +(lkso, —lkos)d ® +
(Thg oty =Tk 0 ) 9 ®9 +(Thkyory —Thyoy )9 @9 +(lwog +1ks0y) 9 &9~
(U0 =Tk os) 9 ®9 = (Tksoy —Thkyos) d ®9 = (Tksoy = Ik3oc5) 9. ®d -
(Thsory —Thy o) 9 ®9 +(Thkgog —Ths o) 0 @9 +(Thyog —Thso) 0 @9+
(Toog +1ksoy) 8 ® —(Tkgoy —Tkjog)d ®3  —(Thkgoy =1k oc6> 0 ®0 -
(Thgoy —Thy o) 9 ® = (Tkgory —Thy o) 0 @9 = (Thsog —Ths0g) 0 @9+
(1 —Ik60c7) 0 ® +(loo; +1ko)d @3 —(lko —1k a7) 9_®d -
(g0, —Thog)d ®9, = (lkoy—lko)d @9 —(lke,—Tko)d ) -
(105 = Ik50c7) 0, ®d  —(lkyog —Tksoy) 9 ®9

™ > GetComponents(f2,[seq(seq(evalDG(D_x]||i &t D_x]]j),i=0..7),j=0..7)]
)
[O,Icooc + 1k 0, Toon, + 1k, o, Tooy + 1k o, Loay, + 1k, o, Tooig + 1k o, Two (55.1.11)
+Ik60c0,10)0c +Ik70c0, Iu)oc1 —Ikl 0 0, —Ikzocl —i—Ikl 0,, —Ik30c1 —I—Ik1 0Ls, —Ik40c1
+1k 1 O -1k 50y +Ik Ois, -1k 60 +Ik Ol -1k 50 +1k 1 045 —Iu)oc2 -1k (xO,Ik o,
-1k ocz, -1k 3 0y + 1k 5 Oy, -1k 40, + 1k 5 Oy, -1k 5 0L + 1k 5 Ois, -1k 6 % + 1k 5 O, -1k 5 Oy

+1k o -loo, —Ik3 oco,Ik3 o, — 1k oc3,Ik3 o, —Ik2 o, 0, —Ik40c3 +Ik3 oy, —Ik5 0Ly

297
+Ik30c5, Ik60c3 +Ik3 o, —Ik7oc3 —Hk3 o, -looy, —Ik4oc0,1k4oc1 -1k 0c4,Ik o,
— Lk, oy, Lk, oy —Ik3OL4, 0, -Tkg o, +Ik4OL5, -1k 60y + 1k, 0, -1k oc4+Ik4oc7, -Too,
Iksoco,lk o, Ik1 ocs,Iksoc Ikzocs,lk 0Ly Ik30c5,1k 0y Ik40c5,0 Ik60c5

+Ik50c6, —Ik70c5 +Ik5 oL, —I(ooc6 —Ik6a0,1k6a1 —Ik1 oc6,1k6oc2 —Ikzoc6,1k60c3
—Ik3oc6,1k60c4 -1k 0c6,Ik60c5 — 1k 5 0, 0, -1k Ol +1k ¢ 0 “loa, -1k oco,Ik7oc1

=Lk oy, 1k, o, =1k, o, Lk, o — Ui o, T, o — Lk o, Tk, o — L o, Tk o

2 %7 3% 4 %y 597
Ik60c7,0]

™ > nops(GetComponents(f2,[seq(seq(evalDG(D_x]||i &t D_x]|[j),i=0..7),j=
-7)1))

o4 (5.5.1.12)

=M > eqgns:=[seq(GetComponents(f2,[seq(seq(evalDG(D_x]||i &t D_x|[j),i=0
.7),j=0..7)])[h]-GetComponents(testF3,[seq(seq(evalDG(D_x||i &t
D_x]|]j),i=0..7),j=0..7)])[h]=0,h=1..64)];

eqns == |0=0,1o00, +1k o) +E, =0,100, +1k o, +E,=0,Ioo, +1k o, +E, =0, (5.5.1.13)

Iu)oc4 +Ik4(x0 —I—E4:0,Iomc5 +Ik50c0 +E5 ZO,Iu)océ +Ik6(x0 —I—E6:0,Iomc7 +Ik7oc0

+E7=O, -loo, —Ik1 o, —E =0,-0e0=0, -1k, o, +Ik1 o,



k

E k,—E, kg +E,k, —Esk, +E ks — E K,

— :0’
®

_ Bik —Byk —Egk —Bok Bkt Bk
0) b

Bk Bk Bk Bk Bk Bk
m 2

_ Bkt Bkt Bk —Bok Bk —Eiky
(l) b

_ Bik — Bk —Eiky 4Bk Bk —Ek
0) b

Bkt Bk Bk Bk tEk Bk

®

E k,—E,k, +E bk, —Esk;, + Ecks — E

—Iklocz—l—

7

—Ik3OL1 +Ikloc3

—Ik40c1 +Ik1 oy

—Ik5 o, +Ik1 0L

—Ik6OL1 +Ikloc6

—Ik7 o, +Ik1 o,

—Io)oc2 —Ik20c0 —E2 :0,Ik20c1

ky

()
E, k; — Eyk, + E ks — Eck, — Eghk, + E. k

—Ik40c2 +Ik20c4

—Ik5 o, +Ik2 0L

—Ik6a2+1k20c6

—Ik70c2 +Ik20c7

—Io)oc3 —Ik3 o —E3 :0,Ik3 o,

=0,Ik3 a, —Ik2a3

-0e0=0, —Ik4 0Ly +Ik3 oy

—Ik5 0Ly +Ik3 0L

—Ik6a3+1k3oc6

—Ik7 0Ly +Ik3 o,

— :O’
0
_g@+%@—%@—%@+%@—@@zo

m b
+Q%—%@—%Q+Q@+%@—%hzo
0) 2
_Q@+%%+%@—%h—%@—%@zo
m 2
+g@—%@+%%—%h—%@+@@20
m b
E ky —Ejk, —E k, —Esk, + E k, + E &
—Ikloc3—|—
o
+%@—%@+Q%—%Q—%@+%%:O
m 2
+g%—%@—%h+%@+%@—%@20
m b
+Q@+%@—%@—Q@+%@—%hzo
0) 2
_Q@—%@+%%—Qh—%@+%@zo
m 2
_g@+%%+%@—%h—%@—@@zo

®

E &,

—E, k +E;k, —E k, —E k5 +E,

—Io)oc4 —Ik4oc0 —E4 :0,Ik40c1

ky

— Ik o, +
1% o
N E k, +E,k, —E ks —E k, + Ecky —E &

771

(O}

=0,Ik40c2 —Ik2a4

:O,Ik40c3 —Ik3 oy

=0,-0e0=0, -k a, —szoc3



E k, —E ks —Ejk, + E ky + Eck, — Egk,

1% — ™" _ _
_ =0, -0e0=0, -Iks 0, + 1k, o
()
E, k, —E.k, +E, k. —E.k, —E k +E k
2B T TR T s T Re Yy 76:0"”‘60‘4"'”‘40‘6
()]
E k., —E.k, —E, k. —E .k +E_k, +E k
+13 31 46 5T 64 TS _ Tk o, +1k o
w
E k —E k +E,k —E.k +E k. —E k
122l 37 506 605 T30 oo —lko,—E =01k
()
E k. +E k +E.k, —E .k, —E _k —E k
~ Tk o + 1" TR T3 T Bsh T B 73:0’”(50(2_1,(2&5
(O]
_ Eikg— Bk —Eyky + By ky + Esky — Egk

=0,Ik. o, — 1k, 0
o 573 35

771

=0,lk.a, —1k, 0
° 5 %4 45

L BhTEL TEA Z Bk~ Bk T E &

- =0,-0e0=0, -1k, o, + 1k, 0,

+g@—g@+g@—%%+%@—%@

=0, -k, o + kg o,

o
E k, —E.k —E,k —E.k, +E k, +E. k
4173 831 4% 57 64 75=0,—Imoc6—Ik60LO—E6=O,Ik60c1
o
E k —E k. —E,k, +E,k, +E.k, —E k
SR VAR R e L B L L e e i R PP
o
E k. +Ek +E k, —E.k, —E k, —E k
T R e A B o B e B RO VAP P
o
E k, —E k +E.k —Ek —E k, +E. k
I b B B T B v s e RS VAP VI
o
E k,—E,k, —E, k., —E.k, +E k, + E £k
~12 31 a6 57 63 T35 _g ko~ lko,
)
E k,—E k +E,k, —E.k +E k. —E k
ST n T Rh T TR TN G gen—0, -1k o + Tk,
o
E k —E.k +E,k —E.k, —E k +E. k
237 BT TSR TR T G toa, — 1k oy — E, = 0,1k o
o
E k +E, k, —E ke —E, k +E.k, — E k
17 TEy ey — B s = Byl T RS Ky T By Ky
— Tk o, + o =0,1k 0, — Ik 0y
E k, —E k +Ek —E,k —E k, +E. k
S R S L e B B i R S PP VS
o
E k +E k +Ek —E k —E k —E k
T R e A R A o i e B RS VS P
o
E k —E k +Ek —E.k +E k. —E k
T B T R A R B S VAP M P

(O}



E k, — Bk, — Bk, — Eck, + E k, + E k

®

E,k; — Eyk, + E ks — Eck, — Eghk, + E. k

(O

[]
[]

™ > solve(egns,[omega])

[]

> seq(eqns[i],i=9..16);
-loo, —Ikloco—El =0,0=0, —Ik20L1 +Ik1(x2

E,k, — B,k +E k, — Eck +Eghks — E &,

(O

E ky—E kg =B,k —Ek; + E ky + E kg

()
E k, — B,k + Egk, — E k, — E ky +E &

(V)
E ks +E, kg + Eyk, —Esky —Eck, —E &y

E k

(O

1 6_E2k5 _E3k4+E4k3 +E5k2_E6k1

()
E k, +Eyk, — Eyks — B, k, + Egk, — E &,

eqns2 = 10=0, -loo, —Tk o, —E

—Imoc4 —Ik4oc0 —E

—Ik70c0 —E7=0, —Ikzoc1 —i—Ik1 o, —

—Ik3 o, +Ik1 oy —

®

1

4 =0, -Too, —Iksoc0 —Eq

E &

—E,k + Bk, — Egks + Egks — E

=0,Ik7OL6 —Ik6oc7

=0,-0e0=0

™ > solve(eqns,[seq(Epsilon[i],i=1..7)]);

=O >solve(eqns,[seq(alphali],i=0..7)]);

Solve the system of equations: solution to equality of tensors.
> seq(eqns]Ji],i=1..8);
0=0,Iwa, +1k oy +E, =0,1wa, +1k 0, +E,=0,l00, +1k o, +E, =0,1o00, +1k o, (5.5.2.1)

+E4:O,Imoc5+Ik50c0+E5:0,Ia)(x6+Ik6oc0+E6:O,Imoc7+Ik7oc0+E7:0

=0, —Ik3 o, +Ik1 0Ly

=0, Ik, o + 1k o,

=0, —Ik5 o, +Ik1 0L

=0, —Ik60c1 +Ik1 ol

=0, Tk o + 1k o

> eqns2:={seq(eqns][i],i=1..nops(eqns))};

=0, —Ioaoc6 —Ik6oc0 —E6=0, —Iwoc7

4

E &

—Eyk, — E k, — Esk,

()
+E k, +E k

)
E, kg —E;k, +E kg —Esk, —E k; + E kg

®

Bk ~Ek +Ejk ~Ek —Ek +Ek

®

=0, —Ik3 o, +Ik20c3

=0, -Ik, 0 +1k o

=0, —Ik40c2 +Ik20c4

=0,

(5.5.1.14)
(5.5.1.15)

(5.5.1.16)

(5.5.2.2)

=0, -loo, — Ik 0o, —E, =0, -lwo, — Ik oy — E; =0, (5.5.2.3)



E k, +Eyk, — Eyks — B, k, + Ek, — E &,

El k6 B Ez ks

®

—Eyk, + B ky + Egk, — Egk,

(O

E ks +E,k, +Ejk, — E k|

—E k

6 2_E7k3

E, ks

®

—E, ks — Byk, + E,ky + Eck, — E k|

®

E k, +Eyk, — Eyks — B, k, + Egky — E &,

()

E, k; — Eyk, + E ks — Bk, — Egh, + E. k
®

E ks — Ey ks — Eyk, + B, k; + Egk, — Egk,

®

E ks +E, kg + Eyk, —Esky —Eck, —E &y

(O

E k, — Eyk; +E ks — B k| — Eghky +E &

®

E k, — Eyk, — E k, — Eck, + E k, + E k

®

E k, — B,k +E k, — Eck + Eghks — E &,

(O

E k; +E,k, — Eyks — By by + Egky — Bk,

®

E k, — B,k + Egk, — E k, — E ky +E &

®

E, ks +E, ks + E k; — Eok,

E6 ky — E7 k3

E &

(O

— Eyk + Bk, — Egk + Egks —

E, ,

®

E k, — Bk, — E k, — Eck, + E k, + E k

®

, Bok —Byky + Bk — Esky — Bk, +Erkg

(O

=0,

=0,

:0’

=0,

=0,

:0’

:0’

=0,

:0’

:0’

:O’

:0’

:0’

:O’

=0,

:0’

—Ik4a3+1k3oc4

—Ik5 o, +Ik1 0L

—Ik5 o, +Ik2 0L

—Ik5a3+1k3oc5

—Ik5 (x4+1k40c5

—Ik6 o, +Ik1 ol

—Ik6a2+1k20c6

—Ik6 0Ly +Ik3 ol

—Ik6 oy +Ik4 ol

—Ik6a5+1k50c6

—Ik7 o, +Ik1 o,

—Ik7 o, +Ik2 o,

—Ik7OL3 +Ik3 o

—Ik7 oy, +Ik4 o,

—Ik7 O +Ik5 o,

—Ik7OL6 +Ik6oc7

=0,loa, +Ik1 a, +E =0,1ma,

+Ik2(xo+E2:0,I(ooc3 +Ik3oc0+E3:O,Iu)oc4+Ik4(x0—I—E4:0,I(ooc5 +Ik50L0+E5

=0,lway +Ik6OLO +E6=0,Icooc7 +Ik70c0 +E7=0,Ik20L1 —Ik1 a,

+

E k, — B,k +E k, — Eck + Eghks — E &,

(O}

:O,Ik3 o, —Ik1 0Ly



E k, — Bk, — Bk, — Eck, + E k, + E k

Ek&

®

—Eyk, + B ks — Egk, — Egk; + E kg

(O

E k, — B,k +Eyks — E k| — Eghky +E &

E k, +Eyk, —Ejks — E, k, + Ecky — E &

®

1

®

E kg — Ey kg — Eyk, + B, ky + Egky — Egk,
()

E ks +E ks + Eyk, — Eck; — Egky — B,k
®

E ks — Ey ks — Eyk, + B, k; + Egk, — Egk,

E k, +Eyk, — Eyks — B, k, + Egky — E &

®

1

(O

E, k; — Eyk, + E ks — Eck, — Eghk, + E. k

()

E k —E, ks —E;k, +E, k; + E.k, — E K,
®

E ks +E, k +E;k, —E.k, —E k, — E ks
(O]

E k, — B,k +Egks — B k| — Eghky +E &

®

E k, — Eyk, — E k, — Eck, + E k, + E k

E k, — Eyk, +E k, — Eck + Eghks — E &

®

4

E k, +E,k, —Eyks — B k) + Egky — E

(O

k

771

®

E k, — B,k + Egk, — E k, — E ky +E &,

®

E ks +E, k +E;k, —E.k —E k, — E ks

E k, — Eyk +E k, — Bk, +E ks — Bk

(O

4

®

E k, — Bk, — E k, — Eck, + E k, + E k

E, k,

®

— Eyk, + B ks — Egk, — Egk; + E kg

(O}

=0,Iky o, — 1k o,
=0,1k 0 =1k oy
=0,1k 0, — Ik, 0
=0,1k 0, — Ik
:O,Iks o, —Ik1 0L

=0, Tk o, — 1k, 0

=O,Ik5 0Ly —Ik3 0L

:O,Iks oy, —Ik40c5

=0, Tk, 0, — Tk, o
=0,Ik6OL2 —Ik20c6
=0, 1k, 0, — iy 0
=0, Tk, 0y — kg0
=0,Ik6OL5 —Ik50c6
=0,1k 0 — 1k

1

7
=0,1k o, — Ik, o,
=0,Ik7OL3 —Ik3 o
:O,Ik70c4 —Ik40c7

= 0,1k, o — kg oL,

=0,Ik7OL6 —Ik6oc7



> nops(eqns2);

nops(eqns);
57
64 (5.5.2.49)
[> eqns2[1];
i 0=0 (5.5.2.5)
[ > eqns3:={seq(eqns2[i],i=2..nops(eqns2))};
eqns3 = { -loa, — Ik o, —E =0, -loa, — 1k o, —E, =0, -loa, — Ik o, —E; =0, -loa, (5.5.2.6)
—Ik40c0—E4:0, —Iw(xS—IkSaO—ESZO, —Imoc6—1k6oc0—E6:0, —Iw(x7—1k7oc0
E k, —E k +E,k, —E.k. +E k. —E k
—E, =0, -lko, +1ko,— —>—=1 3T 356 635 T4 g jpq
0]
E k, —E.k, —E, k. —E.k, +E_k, + E £
+ 1k oy — 13 31 46 > 7 64 73 —o, -lky o, + 1k, 04
®
E k,—E .k, +E, k. —E.k, —E k, +E k
A 3% 4 "5 5" 6"7 76:0,—Ik40c1+1k10c4
®
E k,—E k +E. k. —E,k, —E_k, +E k
I ! 27 3% 4" 6"3 72:0,—Ik40c2+1k20c4
)
E k+E k, —E.k. —E,k, +E. k, —E. k
I 2" 3"5 4" 513 71:0’_U,%O%Jr“,%(x4
0]
E k. —E k.—E,k, +E k, +E.k, —E_k
B 215 3% 43 5" 61:0,—Ik50c1+1k10c5
®
E k.+E k +E.k, —E.k, —E_k, —E k
s 2 "6 3% 5% 6" 73:0,—Ik50c2+1k20c5
)
E k. —E k.—E.k, +E k, +E.k, —E_k
L 1% 215 3% 4 "3 5" 61:0,—Ik5a3+1k30c5
0]
E k +E k, —E,k. —E k, +E. k, —E_ k
B 2" 3 "5 4" 53 71:0’_”{50‘4_'_“(40(5
®
E k,—E.k,+E, k. —E.k, —E_k, +E k
A 3% 4 "5 5% 6"7 76:0,—Ik60c]+1k10c6
)
E k. —E k.—E.k, +E k, +E.k, —E_k
I 215 3% 4 "3 5" 61:0,—Ik6a2+1k2(x6
0]
E k.+E k +E,k, —E.k, —E k, —E. k
I 2" 37 5™ 6"2 73:0"”‘60‘3"'”‘30‘6
®
E k,—E k +E. k. —E,k, —E_k, +E k
I ! 27 3% 4" 6"3 72:0,—Ik60c4+1k4oc6
)
E k,—E.k, —E, k. —E.k, +E _k, +E Lk
i 3% 4 "6 57 6"4 75=0,—Ik6a5+1k50c6
0]
E k,—E k +E,k, —E_ k. +E k. —E. k
i 2 M 4 "7 5% 6"s 7420’_”{7&1_'_”(10(7

(O




Bk +Eyk —Ejk — Bk + Bk — Bk

1

®

L Bk =Byl +Eik —Byk —Egky +Eky
()

Bk + Bk +Esk — Esk —Eky —Ejky
®

Bk —Eyk +E.k — Bk +Eck — Bk,
®

L Bik —Byk — Bk~ Bok + Egky +Eoks
()

, Bk~ Byky + Bk — Esky — Bk +Eykg
®

+Ik20c0+E2=0,10)oc3 +Ik3ocO+E3=O,Iu)a4+Ik4oc0—I—E4=O,Iom5 +Ik50c0+E5

0, —Ik7OL2 +Ik20c7

0, —Ik7 0Ly +Ik3 o,

=0, -1k o, + 1k o

0, —Ik7OL5 +Ik50c7

0, —Ik7 ol +Ik6 o,

:O,Io)ocl —|—Ik1 o +E1 ZO,Imoc2

:O,Iwa6+lk6(x0+E6:0,Ia)oc7 +Ik70c0+E7:O,Ik20c1 —Ikloc2

N E k,—E, kg +E,k, —Ek, +E ks — E K,

()

, Bik —EByky —Bykg— Egky + Egky +Erks
®

Bk~ Byky + Bk — Esky — Bk, + kg
()

L Bk =Byl +Eik —Byk —Eky +Eky
()

L Bk Bk~ Bk~ Byl + Bk —Erky
®

_ Ejk —Eyk —Ejk + Bk +Esk —Ek
()

L Biks Bk ik —Bok — Bk — Erky
®

 Ejk —Eyk —Ejk +E.k +Esk —Ek
®

_ Ejk +Ek —Ejk ~Ek +Ek —Ek
()

, Bk~ Byky + gk — Esky — Egky +Eykg
®

. Bikg ~Byks —Eyky +Byky + Ecky —Eky
®

L Biks By kg + Bk — Bok — Bl — Erky

(O}

=0,Tky o, — Tk oy
=0,Ik3OL2—Ik2(X3
:O,Ik40c1 —Ik10c4
=0,1k 0, — Ik, 0
=O,Ik4a3—1k3oc4
=0,lkgo, — Ik

1@

5
=0, Tks o, — Tk, o

=O,Ik5 0Ly —Ik3 0L

:O,Iks oy, —Ik40c5
=0,Tks o — Tk o

=0,Ik6OL2 —Ik20c6

:O,Ik6a3 —Ik3 ol



E .k, —E k +E. k. —E,k, —E_k, + E. k
e S S A T T 4 W 72=O,Ik60L4—Ik4oc6
®
E. k,—E,k, —E, k. —E.k, +E k, + E. k
P T B TR T Es R T By 75:0’”‘60‘5_11‘50‘6
()

E. &k, —E k +E,k, —E.k. +E k. —E k
P T B TR T Es R T B s 74:051167%_11610(7
®

E k, +Eyk, — Eyks — B, k, + Ek, — E &,

+ =0,1k o, — 1k, o
o 7% 2%
_Ek-Bh+Bk-Ek-BhtEkL
o » 1 3%
E k. +E k +E.k, —E .k, —E k, —E k
15 T B T B3 ™ Bs Yy 62 7" _
+ =0,1k, 0, — Tk, a1,
®
E. k,—E k +E,k, —E. k. +E k. —E k
12~ =% 4 "7 5% T S6"s 7% _
+ =0, 1k o — Lk o,
®
_ BBk Bk —Esk +Bk tEk
o » 17 % 67
_%@—%@+Q@—%@—%@+g%zo
| ®
> nops(eqns3);
56 (5.5.2.7)
> 56/2;
| 28 (5.5.2.8)
> eqns3[28];
eqns3[56];
E.k,—E.k, +E, k. —E.k, —E_k +E £k
—Ik7oc6+1k6oc7+23 3% T gt st et T 1%
®
E, k,—E,k, +E, k. —E.k, —E k +E £k
Ik7OL6—Ik6(X7— 273 372 475 574 67 76 _ (5529)
o
[> |hs(eqns3[28])+lhs(eqns3[56]);
| 0 (5.5.2.10)
[ > seq(lhs(eqns3[i])+Ihs(eqns3[i+28]),i=1..28);
0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0, 0 (5.5.2.11)
[> eqns4:={seq(eqns3J[i],i=1..28)};
eqns4 == { -loa, — Ik oy —E =0, -loa, — Ik o, — E, =0, -loo, — Ik o, — E; =0, (5.5.2.12)

—Icooc4 —Ik40c0 —E4=0, —Ioaoc5 —Iksoco —E5 =0, —Icooc6 —Ik60c0 —E6=0, —Imoc7

E k, —E, k +E k —E k +E ks —E k

— ko, —E, =0, -lkyo + ko, — ——=2—21 2T 356 065 T4
(O]
E ky —Ejk —E k, —E k +E k, +E k

—Ik3ocl+1k1(x3— =0, —Ik3oc2+1k20c3

®




E,ky —E k, +E, k. —E.k, —E_ k, +E k

-2 5B TS BT I TN L, 1k o +1k, 0
©

E k,—E k,+E k. —E, k, —E_ k;, +E k

-t B T MR T B TR g ko + 1k
(O]

E k,+E,k, —E; k. —E, k, + E. k;, —E k
B S 2 S B S v S B 71:0,—Ik4oc3+1k30c4
®

E k —E k. —E,k, +E, k, +E.k, —E_k
e B T e S 2 Ml - 61:0,—Ik5a1+1k10c5
o

E k.+E k +E,k, —E.k, —E .k, —E k
s T E R TR T M T R 73:()’_11{5&2_'_1,(2065

(O]
E k. —E, k. —Ek, +E, kb, +E.k, —E _k
e B T B B T S B Bl B 61:0,—Ik50c3+1k30c5
©
E k,+E k, —E,k. —E,k, +E.k, —E k
p T Tl TS T MR TEE TN g, ko + 1k o
©

E, k; — Eyk, + E ks — Eck, — Eghk, + E. k

=0, -k o, +1k,
o 61 1%
E k —E k.—E k,+E, k, +E.k, —E_ k
1'% 2" 3" 4 "3 5" 61:0:‘1k60°2+1k20‘6
0}
E k. +E k +E,k, —E_.k, —E_k, —E k
I 2" 37 5 62 73:0:‘Ik60‘3+1k3°‘6
0
E . k,—E k, +E, k. —E, k, —E_k, +E. k
i 2 "7 3% 4™ 6"3 72:0,—Ik6(x4+1k40c6

()
E ky,—E;k —E, k. —E.k, +E_k, + E £
e 0 T S B B 7 A 755 —0, ~lkg ot + ks o
©
E k—E k +E,k, —E. k. +E k. —E k
L 1 T BN TR T BT T e s 74:0,—Ik7a1+1k1(x7
©

E k,+E k, —E,k. —E,k, +E.k, —E k
_ o T R T B T B T B S 71:()’_11{7&2_'_1,(2067
(O]
E k,—E k +E,k. —E,k, —E k, +E k
e 0 S e T T 4 W 72:0,—Ik7oc3+1k30c7
0]

E k. +Ek +E,k,—E.k, —E k, —E k
B U M R e R A R W ) 73:0,—Ik7a4+1k4(x7
©
E k,—Ek +E,k, —E. k. +E k. —E Kk
- R Tl SR TS T g, ko + Tk

)
E. k,—E,k, —E, k. —E.k, +E _k, + E. k
L BTN T R T B T R 155 0, -1k 0 + Tk o
o)
| Bk —Bik + Bk —Bok — Bk +E K
i o)
[> eql:={seq(eqns4[i],i=1..7)}

eq] = {—I(o(xl — Ikl ()(0 — El :O, —I(,l)()(,2 _IkZ(xO - E2 :0, —I(O(X3 - Ik3 (XO - E3 :O: —IO)OL4 (55213)




—Ik4oc0 —E, =0, -loo —IkS(xO—E
—E, =0}

s =0, -Too, —Ikéoco —E;=0, -lwo, —Ik7oc0

| The following is the proposed solution for the octonionic electric field:
> esol:=solve(eql,[seq(Epsilon[i],i=1..7)]);
esol = [ [E1 =-loa, — Ik oy, E, = -Two, — 1k 0y, E; = -loo, — 1k oy, E, = -loo, (5.5.2.14)
— Lk, 0, Eg = -lo0og — Lkg o, Eg = -looy — Tk 0, By = -loo, — 1k, o | |
[ The remainder of this section will be devoted to checking whether this is consistent with the system of
|_equations.
> ees:=seq(rhs(esol[1][i]),i=1..7)
ees: = ~-lwoy — 1k oy, -loo, — 1k, 0y, -Too, — 1k 0, -Too, — 1k, 0, -Toos — 1k o, (5.5.2.15)

—Ioooc6 — Ik60c0, —Ioooc7 — Ik70c0
B ees[1];
] -Tooy, — 1k o, (5.5.2.16)
> test:=subs([seq(Epsilon[i]=Epsilon]|i,i=1..7)],eqns4[8]);
El'k, — E2k + E4k, — E5k, + E6 k; — E7 k,
test:= ~Tk, o + Tk o, — =0 (6.5.2.17)
0]
> simplify(subs([seq(Epsilon||i=ees][i],i=1..7)],test));
] I (o ky —oghkg + 0l ks — ok, ) =0 (5.5.2.18)
[> switcheqns:={seq(subs([seq(Epsilon[i]=Epsilon]||i,i=1..7)],eqns4][j]),]j=
l..nops(eqns4))};

switchegns = { -looy — 1k oy — E =0, -loo, — 1k 0y — E2=0, -loo, — ko, — E3 =0, (5.5.2.19)

-looy, — Tk o, — E4=0, -looy —Ik50c0 —E5=0, -loog —Ikéoc0 —E6=0, -loo,

Elk, — E2k, + B4k, — ESk, + E6 k; — E7k,

— 1k, oy — E7 =0, -1k, 0 + 1k oy —

Q)
H@—BM—HQ—E@+%Q+H@
=0, —Ik3 o, +Ik1 Oy — =0, —Ik3 o,
0
EZk3 —E3k2 +E4k5 —E5k4 —E6k7 +E7k6
+Ik20c3— =0, —Ik40c1+1k10c4

0}
El'k, — E2k; + E3k, — E4k; — E6 ky + E7 k,
— =0, —Ik40c2+1k20c4
0}

El'k, + E2k, — E3k; — E4k, + E5ky; — E7 k;
— =0, -Tk, 0, +1k; 0,
0
El kg — E2k; — E3k, + E4ky + E5Sk, — E6 k;
+ =0, —Ik5a1+1k10c5
0]
El'ky + E2ky + E3k; — E5k; — E6 k, — E7 k;
— =0, —Ik5 o, +Ik20c5
)
El kg — E2k; — E3k, + E4k, + E5k, — E6 k,
+ =0, —Ik5 0y +Ik3 0L
0




El'k, + E2k, — E3k; — E4k, + E5ky — E7 k;
+ =0, —Ik5a4+1k4oc5
®
E2ky — E3ky + E4 kg — E5ky, — E6 k, + E7 kg
— =0, —Ik60c1+1k10c6
0}

El kg — E2ks — E3k, + E4k, + ES k, — E6 k,
- =0, ~Tkg o, + 1k, 0
®

El'ky + E2ky + E3k; — E5k; — E6k, — E7 k;
— =0, —Ik6a3+1k3oc6
®

El'k, — E2k; + E3k, — E4k; — E6 ky + E7 k,
— =0, —Ik60c4+1k40c6

)
El'ky — E3ky — B4k — E5Sk, + E6 k, + E7 kg
+ =0, —Ik6oc5+1k50c6
0
El'ky — E2k + E4k, — E5k, + E6 k; — E7 k,
+ =0, —Ik7OL1+Ik10€7
0]

Elk, + E2k, — E3 ks — E4k, + ES k; — E7k,

=0, —Ik70c2 +Ik20c7
)
El'k, — E2k; + E3k, — E4k, — E6 ky + E7k,
+ =0, —Ik7oc3+1k30c7
0]
El'ky + E2ky + E3k; — E5k; — E6k, — E7 k;
— =0, —Ik70L4+Ik4oc7
0]
El'k, — E2k + E4k, — E5k, + E6 kg — E7 k,
— =0, —Ik70c5+1k50c7
)
El'ky — E3k — E4k, — E5k, + E6 k, + E7 kg
+ =0, —Ik7oc6+1k6oc7
0]
B@—B@+M@—HQ—%@+H%:

+ 0

®
[> t1:={seq(simplify(subs([seq(Epsilon]|li=ees[i],i=1..7)],switcheqns[j])),
j=1..nops(switcheqns))};
t1:={0=0,1( -0k — 0k, +o,ky +ouk ) =0,1(0k,—oyk, —oyk +ok)=01( (55220)
—o ky ok — oy kg ok ) =0T (-0 kg oy kg — gk, Fok ) =0,T (o ks + o kg
— ok, —océkz) =0,I(0L1k2—oc2k1 —0L5k6+0c6k5) =O,I(—(x1k6+oc3k4—oc4k3
+oc6k1) :O,I(—0c1k4—0c3k6+0c4k1 +0c6k3) :0,1(—0c1k3+0c3k1 +0c4k6—0c6k4)
— sk _0‘71‘3) :O’I("xll%

=0,I((x1k7—oc3k5+(x5k3—oc7k1) :0,I(oc1k5+oc3k7

+ oy k, +0c5k7—oc7k5) =0,I(—oc2k5 — oy ky oy ky +0c5k2) =0,I((x2k4—oc3k5
=0y ky g k) =0, 1 (-0 ky + 0y ky — 04y kg + gk ) =0,1( -0 k; + 0 kg — 0t Ky
togky) =0,1( 0k +ogk, — ok, —onky) =0,1(0yk — ok, — o ks + ok ) =0,
I(oc4k7 — O kg + 0 ks —oc7k4) =0,1 ( -0y kg — 0l ks +oc6k4+oc7k5) =0,I(oc4k5

— 05k, — ok +ou k) =0}

> t2:={seq(t1[i],i=2..nops(t1))}:

(5.5.2.21)



12:= {1 ( -0k =

+ 0,k —0c4k7+0c7k4) :O,I(—oclk6+oc2k5—oc5k2+oc6k1) :O,I(oclk5+oc2k6
) :O,I(—oc kg + 01 ky — o, K

— 0k, —0c6k2) =O,I(0c key = 04y ky — 05 kg + 0 ks

+oc6k1) =O,I(—oc1k o kg + oy ko k ) =0, I( -0y ky o ky oy kg oc6k4)

Oy ky oy ky +onk ) =01 (o k, — oLk, — ok +Houk) =0,1( -0k (5.5.2.21)

=0,1 (04 ky —ogks +oghy —on k) =0,1 (0 ks + ok, —ogky — o ky) =0,1( -0k
+oc3kl+oc5k7—oc7k5) :O,I(—a2k5 oc3k4+oc4k3+oc5 2) (oc2 4~ O ke
—oc4k2+oc5k3) =0,I(—oc2k3+oc3k2—oc4k + 0 4) ( key + 0 kg — 0 K

+oc7k2) :O,I(oc2k6+oc3k7—oc6k2—0c7k3) :O,I(oczk3 —oc3k2—0c6k7+oc7k6) =
I(oc4k7—oc5k6+oc6k5 —0c7k4) =0,I(—0c4k6—0c5k7+0c6k4+0c7k5) :O,I(oc4k5
—oc5k4—oc6k7+oc7k6) =O}

[ Because the alphas and k's commute, each of these equations is true, and so the proposed solution for the
octonionic electric field is valid. Note that there are only 7 independent components of the conventional vector
| potential, due to our choosing a devergenceless vector.
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