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CHIAPTER T

INTRODUCTION AND REVIEW OF LITERATURE

Introduction

If experimental data are obtained according to an experimental
design for which analysis of variance (AOV) is appropriate, the
result of the analysis is one of the following deeisions:

1. A significant difference exists among treatment effects.

2. No significant difference exists.

Interpretation in the first case has been studied very thoroughly
by many statisticians resulting, for example, in the multiple compa-
rison procedure. Too often, in the second case, the AOV analysis is
thought to be completed with no further attempt to interpret a non-
significant outcome.

0f the many possible explanations for significance in the first
case, the multiple comparison procedure seeks to find the most plau-
sible explanation. Similarly, there are two possible explanations
for the non-significant result:

1. There is truly no meaningful difference among the treatments.

2. The experimental design did not offer sufficient precision

to detect differences which may be of interest.

In this paper a method is sought which gives some indication of

the most plausible explanation for a non-significant result.




There are two main objectives for developing this report.

1. To develop an analysis following a non-significant AOV result
that provides a plausible interpretation of the reason for
non-significance.

2. To present the analysis procedure in such a way that experi-
menters not highly trained in statistics can easily perform
the calculation.

In order to attain these objectives, the power calculation pre-
sented by Henry Scheffe (1959) provides a good starting point for the
main part of this work. His procedure will be modified to accomplish
the first objective. Since he described in detail the power calcu-
lation for the one-way layout, it is necessary in order to accomplish
the second objective that his work be extended in detail to a general
balanced fixed effect factorial experiment. This extension will be
modified as needed for the purpose of this report.

The entire balanced analysis of variance is reviewed including
the expected mean square and the multiple comparison procedure. This
review is intended to place the problem of a non-significant result
from an analysis of variance in its proper context.

Some notation and definitions is presented in order to make the
reader familiar with the terms that are used in the procedure. Then
an interpretation of the meaningful difference between effects is pre-
sented, and also the nature and use of the available tables and charts
for determining the power of the F distribution. The power calculation
will be presented using the non-centrality parameter.

A detailed description of the procedure will then be given in a

non-statistical term to describe the analysis by summarizing the




procedure in steps to make it easier to follow. Several examples using
difference experimental designs will be worked out for illustration of

the procedure.

Definitions and Notations

Let: H, be the null hypothesis

H, be the alternative hypothesis
o be the type I error. It is called the significant level.
o = Pr(reject HO/H1 true).

Thus a is the probability of rejecting the null hypothesis, when it

18! true.
B be the type II error.
B = Pr(accept IIO/H1 true).

Thus g is the probability of accepting the null hypothesis when the

alternative hypothesis should be taken.

The power of the test is (1-B) and it is the probability of
rejecting the null hypothesis when it should be rejected.
f1 is the degrees of freedom for the numerator of the F-test
ratio.

f, is the degrees of freedom for the denominator of the F-test
ratio.

n is the number of observations on each treatment in one-way
layout, or the number of observations in each cell for higher-
way layout in the balanced case.

§ 1is the non-centrality parameter for the non-central F distri-

bution. For convenience in later work, define ¢ by
S

v+l

¢=




Review of Literature

There is very little written that specifically addresses the pro-
blem described previously. However, the computations to be used in
the solution of the problem are those associated with the standard
power calculation.

On this subject there is a great deal written. Henry Scheffe
(1959) wrote about the power calculation of the F-test in the analysis

of variance in his bock, The Analysis of Variance, and he did that for

just one-way layout and stated ''calculation for other experimental
designs are similar'. An example in Section 3.3 (example on power
calculation) is given in his book. He uses both Pearson and Hartley
charts and Fox's charts.

An early paper on this subject by Tang (1938), discussed the
linear hypothesis for the analysis of variance including type I and
type II error, and the power. He wrote his paper in a theoretical
manner and finished it with applications in which he summarized his
procedure into six steps and he gave two examples. Also, he tabulated
the second type error B which is (1-power).

Pearson and Hartley (1951), give charts for the power function of
the analysis of variance tests derived from the non-central F-distri-
bution.

In this paper they started with the distribution of non-central
chi-square and F-distributions, then they discussed applying the power
function on the analysis of variance and derived the non-centrality
parameter for special cases such as one-way classification, two-way

classification with one observation in each cell, two-way classification




n observations per cell and latin square. They used the true effect
in deriving the ncn-centrality parameter, then they interpreted the
power function through examples. They constructed charts for power
function of the F-distribution through examples. They constructed
charts for power function of the F-distribution using v;, v, as
degrees of freedom for the numerator and denominator, ¢ which is a
function of the non-centrality parameter and the significance level,
a. These charts were used to calculate the power.

As an extension of Tang's tables, Tiku (1967) has given tables
for type II error which is (l-power). The advantage of these tables
compared with Tang's tables is that these tables have smaller incre-
ments for the value of ¢ than Tang's tables have, and more values for
the degrees of freedom for the numerator. He did the tables for two
values of a, .01 and .05, but in 1972 he added another set for o = .1.
He discussed the computation of the tables.

Fox (1956) has constructed eight different charts for different
power values and two different a's, .01, .05, and two other charts for
interpolation of the power and states an example to show how to use
them.

Fox and Odeh (1975) extended the previous charts by using a com-
bination of many levels of significance o and more levels for the
power. They were trying to find the appropriate sample size for an
experiment using specific power value. This procedure was applied on
one and two-way layouts.

There are many books which include a discussion of hypothesis

testing, type I and type II error and experimental design, such as




¢

Lindgren (1962), Anderson and McLean (1974), Winner (1971) and Hicks
(1974).

Tables and charts are available for calculating the power. The
first tables for the power of the F-test were constructed by Tang
(1938). He tabled type II error which is (1-power) for a given a, fl,
f2, and ¢, such that:

o = .01, .05

f
1

1(1)8 (f; value starting at one and increasing by one until
8)

£ =2, 4, 6(1) 30, 60,

N

¢ = 1(.5)3(1)8(¢ value starting at one and increasing by .5 until
three then increasing by one until 8)
An extension of Tang's tables have been done by Tiku (1967). The

parameters for Tiku's tables are:

@ = .005, .01, .025, .05
£, = 1(1)12

£, = 2(2)30, 40, 60, 120, =
&= B0, 212.90.43

In 1972 he added another set of tables with a = .1 and the same
values for the other parameters to use it for bigger a. In these
tables, as Tang did, he tabulated type II error B8 which is equal to
(1-power).

Pearson and Hartley (1951) constructed charts to calculate the
power function for the analysis of variance test using the non-central

F-distribution with these parameters:




a = ,01, .05

1l
—
—~
[
p—
o

£, = Yy (in his charts)

6 (1) 10, 12, 15, 20, 30, 60, .

Hh
1]

5 (in his charts)
The parameter ¢ differs from one chart to another.
Martin Fox (1956) constructed charts for the power of the F-test.

Each chart has several curves indexed by the parameter ¢ for a given

level of significance and power.

o w=n01h 005

power =, 5 i S8 Y
fl =3 (1) 10 (2) 20 (20) 100, 200, .
f,=4 (1) 10 (2) 20 (20) 100, 200, =,

There are eight charts for different combinations of o and power.
In addition to these, two ncinograms for a = .01, .05 are provided to
allow for interpolation in the power.

In 1975 Martin Fox and Robert E. Odeh again prepared the previous
charts with more levels for a and power.

To discuss how to use the tables and the charts for calculating

the power, an example is presented. Assume in an experiment f1 = 5,

I

f, =42, ¢ = 2.6, and the significant level a <01, From Tiku's

tables go to the table which has f; =5 and o 401 ‘column 2.6 for ¢

and row 40 for f, the B = .01; the power = 1 - 8 =1 - .01 = .99,
In Pearson and Hartley charts, enter the chart which is for £
S5, for ¢ = 2.6 and for a = .0l. Find the curve with fl = 42 (between
30,60) and note the power line you hit. The power is seen to be .99.
The charts are easier than the tables to use and do not require

linear interpolation for the values of fl’ 1 However, Fox's charts

¢




are more convenient to use if you want to determine the sample size

for a given power. Pearson and Hartley charts are better for finding

the power.




CHAPTER I1I

REVIEW OF THE ANALYSIS OF VARIANCE

Underlying Assumption

When the analysis of variance is used to summarize the properties
of the data, no assumption is needed to validate them. On the other
hand, when the analysis of variance is used as a tool of statistical
inference to make inferences about the population parameters from which
the data was drawn, a certain assumption about the population and the
sampling procedures must be fulfilled if the inferences are to be
valid. The analysis of variance can be used with two types of pro-
blems:

1. To investigate the existence of and to estimate the parameters

of a fixed relation among the population means.

2. To investigate the existence of and to estimate the components

of variance.

There are assumptions associated with each of these types of pro-
blems. Since the first type is the most important in this report, the
assumptions associated with this type of problem will be considered
below.

Assumption 17 (Random variable or random sampling procedure)

The sampling of individuals should be completely randomized, i.e.,
in an experiment for study in the effects of four doses of drugs on six
rats allocated to each dose, the rats used within each dose must be

selected at random.
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The purpose of randomization is to avoid introducing a systematic
bias, e.g., if one were to select rats in the order they are caught,

the more active energetic ones may be in the last group.

Assumption 2: (Addivity)

If there is one observation per cell in a multi-way layout, some
assumption of no interaction is required. The cell mean must be

explained by u, the grand mean and a. the effect of A treatment; bj

>
the effect of B treatment, etc. If the response is not explained by
these, there must be another term which is the interaction between the
treatments. In this case, we can say that the treatments are not

additive.

Assumption 3: (Equal variance and zero correlation)

The Yij's are homoscedastic and mutually uncorrelated, they have

2

a common variance, o<, and all covariances among them are zero.

Assumption 4: (Normality)

The Yij's are jointly distributed in a multivariate normal distri-
bution. This assumption is used to conduct exact test of significance.
The error terms Eij's are independent and identically distributed
as normal with mean zero and common variance, o?. If the assumptions
two through four are all satisfied, then the analysis of variance is
a good device for analyzing and making inferences about the population

parameters, if not the data might be transformed in order to meet

assumptions by using the appropriate transformation.
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Analysis of Variance Tables for Some
Fixed Effect Model Designs

In this section some tables will be presented to summarize the
analysis of variance degrees of freedom, sums of squares, means of
squares, expected mean square (EMS) for fixed effect model and F-ratio
for the one-way layout, two-way layout, three-way layout and latin

square.

Multiple Comparison Procedures

Interpretation of a significant F-test in the analysis of variance
usually leads to discussion about the means and the multiple comparison
procedures. There are several multiple comparison procedures, i.e.,
least significance difference (LSD), Student-Newman Keuls procedure,
Duncan Multiple Range test, Tukey Significant Difference, Scheffe, etc.

These multiple comparison procedures are prepared to determine
which treatment (s) led to the significant difference.

In the multiple comparison procedures, one or more critical value
for each procedure is calculated and the difference between any pair
of means is compared to the corresponding critical value. If the
difference between a pair of means exceeds the appropriate critical
value, the means are declared significantly different, otherwise the

difference is considered non-significant.




TABLE 1.--Analysis of variance table for one-way layout with equal number of observations per cell.

Source of Degrees of Mean Expected Mean
Variation Freedom Sum of Squares Square Square (Fixed) F-Ratio
L'ov'n ¢
s '21 '21 ‘5 5S t t . MS Trt
> 1 i=1l j= _ reatment g n 9 T
Treatment I-1 _Z - n T-1 o F =y z ay —MSE_
a=1 i=1
Error nl-I SS total - SS treatment SS_error 02
nl-I
I n £
3
R 121 izl 4
Total b )R SN
nl-1 L 13 In
Corrected i=1l j=1

I = number of treatments




TABLE 2.-- Analysis of variance table for two-way layout with one observation per cell

Source of Degrees of Mean Expected Mean
Variation Freedom Sums of Squares Square Square (EMS) F-Ratio
i 2
: '21 jzl Y13 SSA g MSA
= 9 g = = d o0/ 9 il MoA
o T iZI i i 1 e izl % MSE

[é g -
Y.
; ho : ;
=1 a3=1 SSB 2 I 2 MSB
B, J-1 Z Lie e J — g% + — z b:
¥ =1 =1 MSE
j = j 1J J c J o1 ]
SS o -
Error (I=1)4J=1) SS total corrected-SSA-SSB TT?T§%§t%3_ e
I J 2
wne S bomnle el
Total 1J-1 Z Z YE o . ;il_l%é_,_d 2 1§?§a
Corrected i=1 §=1 *J ; A
I = number of levels of factor A
J = number of levels of factor B




TABLE 3.--Analysis of variance for two-way layout with n observations per cell

Source of Degrees of :
e Mean Expected Mean F-Ratio
Variation Freedom Sums of Squares Square Square (EMS)
rI J n 5
T Y2 LZ z z Yljk
A ] Fosoe o NEL IRl o) SSA e
i &N Tin = e o MSA
= i=1 MSE
I J n
2.
S 21 =1 kélYlJ;] L
B, J-1 J e MESE E SSB gt .+ } bt MSB
] . In IJn J-1 gl o1 J e
Iel g 3= MSE
e ) 0
AB. . (I-1) (J-1) Y2, /n - Y2 [/In- SSAB 5 n 2
; e e e = e s, MSAB
i i=1 j=1 *J el 1) e (I—])(J-l)izl jgla i
] g
2
3 al R
2 =1 j=1 k=1 1J
LYy L Ton
Jed
= 2 g N 2
Error IJ (n-1) SSt tal SSA SSB SSAB SS error i
1J (n-1)
I J n
B d n Lzl 'Zl 1\21 1]](]L
Total I1J n-1 Z Z Z ?'k JI]K SS total
Corrected i=1 j=1 k=1 1J ’ IJn - 1

vl




TABLE 4.--Analysis of variance table for three-way layout

Source of Degrees of B oF Soithvas Mean Expected Mean HoRardl
Variation Freedom 4 Square Squares (EMS)
L E T,y
2 & 14 L Y.,, < e
X I-1 % i __L;lj:l k=1 1=1 1Jk1] ?”A o2 4 JKn % 2 MSA
io1 JKn IJKn I-1 e I-1 421 & VSE
i J K n
J Y2, [‘Zl '21 kzl 121Yi”"1]2 L 1K
B 3-1 e e o2 + == } b2 MSB
521 o 1JKn J-1 e J-1 .2k e
% K n
: ad b Vel = 2
(Y2 LR S
G e g Yk L=l Ge1 =D 1 OE e 2 , Lin % o2 o
I0n TJKn K1 ‘o o0 k e
k=1 k=1 MSE
R ng | Yi 85,5 -
AB (R T=) yoo) = e ) = et g2 g MSAB
iop 42y Ka L, JKn (I-1) (O-1 e (I-1)(J-1) T
s 2 i g ab?
e o ij
; Y?i.. Eé; 121 kzl 151 13kg =gl
jzl T TJKn

SiL




TABLE 4.--Continued

Source of Degrees of " Mean Expected Mean ’ 3
Variation Freedom Ul of Squdres Square Squares (EMS) B
1 K
Z Z Y2 i 2 Z Y2 >
o (1-1 ol U R RO - 5Sac ) Jn MSAC
-1) (K-1) = e e 02 4 ot JoX
n £ K TJn (I-1) (K-1) e  (I-1)(K-1) MSE
N <
I J! K n z z C2
Z Z Y, ~k1]2 =1 k—la ik
LU=l g=1 k=1 1=1 1] ke |
IJKn
cov2 ) )
o Bt % Eygk,_ %Yiy._ E\nk.+ ngfT” fois i MSBC
b1 ks I L T T 4T =1y -1 e (J-1) (K-1) MSE
5
s DR < .
L e
i=1 j=1 k=1 121 -JK! e
IJKn
ISR R SS
5 $ e e o s ABC 2 n MSABC
ABC (I-1) (3-1) 121 j§1 kzl s -SSA-SSB-SSC-SSAB I D) %o * D D) (RT) HSE
(K-1) i G TR it R
L ER R ] 1 1abc,
SSAC-SSBC - k=1 j=1 k=1 1=1 1J @l S=1 k=l R -
(o))

IJKn




TABLE 4.,--Continued

Source of Degrees of = = Mean Expected Mean i !
Variation Freedom ALl Sgrgres Square Squares (EMS) e
. SSE 2
Error IJK (n-1) SStotal - SSA - SSB - SSC - SSABﬂ T (-1) B2
o o
i J K n SS

- T 2 total
Total 1JKn-1 .Z .Z 1 i e
Corrected i=1l j=1 k=1 1=1 ~-

I = number of levels of factor A

I

number of levels of factor B

1]

number of levels of factor C

—
~




TABLE 5.--Analysis of variance table for latin square

Source of Degrees of S G Sauaes Mean Expected Mean
Variation Variation 2 e Square Squares (EMS)
FW
§ Yi [iil jleij J SS}J 2 K 3(: 2 MSR
Rows K-1 R, Rl — g% + R e
& 5 oE
o1 K K2 K-1 e K-1 j21 & MSE
K K
2!
Kl '21 ZlYijF] SS . ik
Columns K-1 ] =2 —=J e ol ] 6
j=1 K2 j=1
e
v 2
K Y2 [z b ‘1yq Ss K
t i=l j=1 treat 2 K 2 MST
Treatment K-1 Z —— = e + z gt oE
2 K K2 K-1 e K-1 a0 t MSE
ot (K-1) (X-2) Sbtotal—sscolumns_Ssrow—sstreat TKT%§§%¥§T 02
K K 55
Total K2-1 o g
i=1 j=1 *J

K = number

of rows, columns and treatments

81
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CHAPTER III

EVALUATION OF A NON-SIGNIFICANT ANALYSIS

USING THE POWER FUNCTION

Method of Deriving the Non-Centrality Parameter

In order to find the non-centrality parameter, the appropriate
model for the design, the hypothesis to be tested, and the sums of
squares should be presented. The non-centrality parameter is a func-
tion of both the true effect and o2 which is estimated by the mean
square error used in the denominator of the F-ratio.

To discuss the procedure for deriving the nen-centrality para-
meter, a simple one-way layout example will be presented.

In an experiment six different teaching methods were used on a

sample of 48 students (eight students for each method).

dels v s = . =

Mode ylj u o+ al + 813

where & TN SR
i

L3 =il 2y eyl

Y., is the score for jth student in the ith method.

HO: ap = az = ...a; (testing whether the methods are the same
or not?)
1
o Y S 2
BR, =it J (Rl =0
i=1




where Yi is the mean score for the ith method

EREY/Rs BT

Y is the overall mean score (over all groups)

‘\ .o

If in the sum of squares used in the numerator of the F-ratio

each value of y is replaced by its expected value, then this value
would be equal to the non-centrality parameter o282,

Hence, 0262 = n ) (ai - a)?

where ai is the true effect of the ith method and
a=1 %
- A. .
I io1 1

It can be seen that given o2, the § depends upon the effect
values ai, 1=t o ey L
Let A represent the maximum meaningful difference between any pair

of effects, i.e.,

A = max ai - a.

38
By meaningful, it is meant that differences which are less than A
are not worth detecting in a practical sense. Differences greater than
A are important and worth detecting. Since the power of the F-test is
monotone increasing with §, we shall use the following criteria for

determining 8. There are many possible values of § given a value of

A.
I B
If & = min [n ) (ai—a)2/02]
ai 1=l
The constraint max |ai - a,,| = 4, then § represents a conservative

choice for the non-centrality parameter (that is, given A the power of

the test is at least as great as that computed using §).
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It will now be shown that §%¢2 will be minimum if two of the aj‘s

differ by A or more and the remaining (I - 2) ai's are equal to the
average of the two.

This can be shown analytically as follows,

I
0262 = n ] (a, - a)2

i=1 *
I -
min 0262 = min n Z (ai - a)2
i=l
I -
Conditions on minimizing n E (ai - da)“ are
i=1k
a; = min (a,)
i
a,:m: -v
a, ax (al)
32—81=A
a2=al+A
Now we can write
I 0 . _ I %
Z (a. - a)2 = (a; - a)? + (a; + & - a)? + Z (a. - a)? (1)
i=1 * i=3 *

To minimize this value, it should be differentiated with respect to
a, and the derivative set equal to zero.

The partial derivative taken with respect to a; is

: 5 = 2
I |2(a; - a)(l - %J +2(a; + A -3 - TJ
3 ] {8y - @) e 52

oa. \
i

Hgtr i 1
; Zizs(ai e TJ

Vif i #1
Ny




If 49 =1
- = 2 : - 2
2 =g s T) + 2(a; + 4 - a)(l - TJ =0
(a1 - &) + (a1 + 8 - &) = 0
= - A
2a1+A—2a=0'“*a=31+—2—
If il
I -
2.Z~(ai -a)(l - TJ =0
i=3
% :
(a. - a) =0
i=3 *

There are many solutions for this equation, one of the solutions is
obtained when

ai=al+—2—=a i, bl

Going back to equation (1)

I I
1 (e, ~8)°= (8 =8)" *(ag ¥ & -a)°+ | ila -a)
—] ':3

1 1
In the right hand side of this equation, plug in a for each a. in the
term i 5

igs(ai 9]

So this quantity will go to zero and

I

) (ai -a)2=(a; - a)2+ (a; + A -2a)2

i=1

will be minimum if the usual assumption that Z a, = 0 is used.
i

This implies that a = 0, and




(S}
(O3}

fl/2 A for the two extremes
lai] S
KO for the others
i A2 A2
02=n(4 B
A2
— nf—’

o o TAS

202

& ol ﬂé;

2

Therefore,

To show how to calculate §, assume in our previous example we
tested the hypothesis that there is no difference between the six
methods and we fail to reject. Assume also that we found the mean
square error to be 100(62 = 100) and the meaningful difference for us

is (A = 10). This gives

Further derivation for the non-centrality parameter for different
balanced factorial designs will be presented in the power calculation
section,

Power Calculation for Specific Balanced
Factorial Designs

In calculating the power function for the F-test in the analysis
of variance, we need these parameters: o, f;, f,, o2, ¢.

If an AOV is done, we will get all these parameters except ¢. But
¢ will be found by deriving the non-centrality parameter, since ¢ is a

function of the non-centrality parameter
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In this section the non-centrality parameter will be derived for
the main effects and interactions in different balanced experimental
designs and from this non-centrality parameter we will obtain the value
of ¢ needed to enter the tables or the charts to calculate the power.
The first derivation will be for the simplest design, a one-way layout,
then the general balanced case will be considered. The derivation

method discussed before will be used throughout this section.

One-way layout:

This case has been discussed before and the result was

e
5 f SE
292
Since ¢ = =i
Yy ® 1
; 2
Thus, e

2(f; + 1}g2

The power of the test will be found in the tables or chart using

the parameter ¢.

Two-way layout with one observation per cell:

The model: Y.. = n#a + b, % g.,
1] L J 1]

where R Ag Rk R R




o
w

and I ;
Joa. =  hi=10 e, NID (0,02)

In this case we assume no interaction between the two factors and
we wish to test the following two hypotheses:

H: aj=a;=...=a

This case is similar to the one-way layout. For this case we just
change n, the number of observations in the one-way layout, to the num-
ber of levels in the other factor for finding the non-centrality para-

meter. So the non-centrality parameter for factor A is:

A2

:
5, =/

20«

and

el

2(f; + 1)o?
For factor B the necessary parameters are:
5 —/—LAZ
B 2a%
and

AT

2(f; + 1)o?




Two-way layout with more than one
observation per cell:

Model e ¥ o=kl ais i e tabas bl el
ij it j il ijk

where {/i Sl fn2 shesten LT

1]
(=N
-
[N
-
-
(=

/—
P
1]
i
N
j=]

and

€..: 38 N ( 2
i is NID (0,0<)

In the two-way and higher order layout, there are three different

situations to consider in deriving the non-centrality parameters.

Situation A:
In this situation we test for the main effects with no additional
assumptions about interactions.
To test the hypothesis that there is no treatment effect.
For factor A

H: a3 =4a;=...=a

0 1|

To calculate the power, the non-centrality parameter should be

derived.
I
& Y, YT 2.
s = @ o Ld
=1
and I
go6% = nJ Z ai

i=1

where ai is the true effect of the ith level of factor A.




To find the minimum §, as it was shown before, the two extreme
a; differ by A and the remaining (I1-2) are equal to the average of

these two.

(1/2 A for the two extremes

la;| =4
\g,for the others
2 2 2
2(52 i e _A___ & é_
o = nJ (A4 + 4) nJ 5 s
§2 - nJ A2
2 g2
S
§ o /DA
2 o°
/ J A2
Therefore, ¢ = ———;lll—-—»—
2608 + 1)

where o2 is estimated by the mean square used in the denominator of the

F-ratio.

For the other factor (B), ¢ would be the same except that J should

be changed to I since

2
Therefore, PRI CERG 0 R

20(f 1+ 1)

where A is that for factor B.

Now the power is easy to find using either the tables or the

charts.




Situation B:

In this situation we test for the main effects assuming that the
interactions are zero (no interaction effects). That means that we
throw the interactions in the error. So this situation will be the

same as situation A except that f, would be IJn - I - J + 1.

Situation C:
In this situation, testing the hypothesis that the interactions

are zeros (no interaction effect).

HO abij = 0

£, = 0-1)(@J-1),

f, = 1J(n-1)

£ o i b Sl
5Syp ~ “igl jgl(yij. i T N N
where

—ij. is the mean of the ijth cell

Yi.. is the mean of the ith level in factor A

Y.i. is the mean of the jth level in factor B

Y is the grand mean.

15 (abij) is the true effect of the ijth cell, then
I &
0262 = n.z .Z (abij)z
i=1 j=1
To find min 62 the two extreme (abij) will differ by A and the remaining

(1J-2) will be equal to the average of the two
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/

{1/2 A for the two extremes

lab. .| = 1
e (O for the other
2 2 2
0262 = n(G—+ ) = nG)

50 EQE.+,5 g /nn?

202 202

AR S

2(£5. # 1)o2

Therefore,

-
1}

Then the power can be easily found from the tables or the charts.

Three and higher-way layout:

For three-way layout, the model is:

N L e R b“jk i e | s TR
where /’1 i I el
i
g =g, e
5
T , K
\ ol =2 S0
and
I J K I J
ja. =0, §b. =0, Ye =0, §ab,. = }ab,. =0,
i=1 * j=1 k=1 ¥ i=1 Y 51 M
J K I K
Ybeo = Y hbea = 0, Jeac =t foac,, =0
je1 J& g1 K = B
I J K
Z aben == Z abcrer 5= Z abe. . =0
X iik
BT = L
€. NID (0,02).

ijkl
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In order to calculate the power, an analysis of variance table
should be produced including the expected mean squares (EMS).
In deriving the non-centrality parameter, as in the two-way AOV,

there are three situations with which we must be concerned.

Situation A:

In this situation we test for the main effects with no additional
assumption about the interactions.

For factor A :

HO: ap = a2 = ... = a;
1 = - 2
88, =nIK ) (V. - =¥ 92
A ; e IR S Eo.C
i=1
i
and 0262 = nJK Z ar
i=] *

where a; is the true effect of the ith level of factor A.
To find min § the two extreme ai's should differ by 4 and the
remaining (I-2) should be equal to the average of the two. So

fi/z A for the two extremes

a.l =1
1
{0 for the rest
5 A2 A2
282 _ e vl L
Oé‘nJK(4+4)’
A2
=HJK7
20,1 nJKA2

202
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/ 2
Therefore, ¢ = HG: L.

202(f; + 1)

For factor B substitute I for J and specify A, which is considered
as a meaningful difference for the factor.

For factor C substitute I for K and put A associated with factor
C. o2 will be estimated by the mean square in the denominator of the
F-ratio for each factor.

In general, if we want to find the non-centrality parameter for
any factor of a higher order layout, just multiply A% (the square of a
difference that is meaningful to detect a significant difference in
that factor) by the levels of the other factors and the number of
observations per cell (n), and divide by [252] and take the square root
of that quantity.

For example, suppose we have an experiment with five factors. A
contains I level, B contains J level, C contains K level, D contains L

level, and E contains M level. To find the non-centrality parameter §

for A
/ JKIMn_A
§, = bl P
3 202
2
Therefore, ¢ = /4_;H9£@LJL__

202(f; + 1)

and the other factor would be the same except changing some number, i.e.

for B substitute I for J etc., and o2 would be estimated by mean square




for the denominator in F-ratio and f; is the degrees of freedom for the

numerator. The power may then be easily computed.

Situation B:

In this situation, we are testing for the main effects assuming no
interaction. In this case, we include the interaction sum of squares
with error. The procedure here would be the same as in situation A
except that the degrees of freedom for the denominator will change, and
for a higher-way layout in general it would be the same as in situation

A.

Situation C:

In this situation we are testing for the interaction. For a
three-way layout we have two kinds of interactions: interaction
between any two factors and interaction between all the three factors.

Two-way interaction. We have three-two way interactions each of

which has two factors present and the third one absent. To derive the
AB interaction non-centrality parameter, we follow the same procedure

as before.

SSAB

S S i . 5 ’
Kt and e o L R G
R 1 e Tees e oo las

I J
g282 Kn Z z (abi_:)2

i=1 j=1 g

To find min § the two extremes (abij) will differ by A and the
remaining (IJ-2) will be equal to the average of these two.
(3/2 A for the two extremes
Lot S )
{ 0 for the others




(93}
[ON]

0262 = Kn(éE + —3)
4 A2
A2
= Kn—
2 3
<2 _ kna?
202
5 = Kna?
202 3
AZ
Therefore b= /- e

202(f; + 1)

To find the non-centrality parameter for (AC) interaction, replace
K by J and use the same formula above for (BC) interaction and replace
K by I and use the same formula as above. Now we can calculate the
power for any two-way interaction.

Three-way interaction: Also in three-way layout, there is one

three-way interaction (ABC) deriving the non-centrality parameter § for

this interaction is as follows:

S
i gy NG L I R
ABC fa1. jai del ik, 1 ik 3K
v v 7 _ g 2
i ¢ Y.j.. ¥ Y. k 1.
and
It J K
¢26%2 =n}  J 3 (abc..k)2
i=1 j=1 k=1  *J°

To find the min §, the two extremes (abcijk) will differ by A and the
remaining (IJK-2) equal to the average of these two. So

f&/Z A for the two extremes
]abc..kl = 9
1] lp for the others
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: i
0282 = n(—-4— + —Z) 4
A2
o n—7 ’
§2 Eéi
202
5 V/nAz
202 :
2
Therefore, ¢ = L

264 (Fy + 1)

For higher-way layout interaction, if we have K factors, there
) K : : K : :
will be (2) two-way interactions, (3) three-way interactions,
and one K-way interaction.
To derive the non-centrality parameter for any of these inter-
actions, just multiply A? by the number of observations per cell (n)
and by the levels for the absent factor. In the previous example with

tfive factors, A, B, C, D, and E.

The non-centrality parameter for ABC interaction would be:

/ 2
§ Ly Ml
Al 202
/ A2
Therefore, o = DR v
202 (£f; + 1)

where 4 is the meaningful differences for detecting a significant dif-

ference. In testing for this interaction, o?

can be estimated by the
mean square used in the denominator of F-ratio. The value f; is the
degrees of freedom for one numerator. It is now easy to find the power

for the main effects and the interactions in factorial experiment.
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Latin Square
Latin square is an experimental design in which the levels of each
of three factors is combined only once with each level of two other
factors.
Latin square is K by K square with three factors which are usually
designated row, column and treatment.
The model: Y.. =np + Ri + Cj + Tt + e,

1ty fi s

/
where {Ri is the effect of the ith row
N\ Cj is the effect of the jth column

T, 1s the effect of the tth treatment

and
K K K
F R, B G = 3T =0
i:l L j:l J t:l t
. 2
55t NID (0,02)
and also (I=J=t=1, 2, ..., K),

if we test the null hypothesis Tt = 0.

To find the non-centrality parameter:

K
ssT = K Z

To find the min § let the two extremes of Tt differ by A and the
remaining (K-2) equal to the average of these two as before. So,
§1/2 A for the two extremes

T | =
. ZO for the others
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2 2
252 K B
gegci=r K 2t 4) -
A2
-K——2— 3
SESE Eéi ;
202
2
P
202
/ 2
Therefore, o= S B

202 (f; + 1)

Since in latin square I=J=t=K and f; + 1 = K, thus K in the nume-
rator of ¢ will cancel with (f; + 1) in the denominator, and

2
g ki

2

The non-centrality parameter for the rows and columns would be
the same as the one for treatment which has been given above, then it

is easy to find the power from either the tables or the charts.

Presentation of Post AOV Analysis

After designing the experiment and doing the appropriate analysis
of variance for the hypotheses tested, the outcome will be one with
these two results.

1. A significant difference exists among the treatments tested.

2. No significant difference exists. The first result can be

interpreted by finding which is the most different treatment




using multiple comparison. In the second result, there are

one of these decisions:

a. There is truly no meaningful difference, or

b. The experimental design did not offer sufficient precision
to detect difference.

For the second case, investigation of which is the primary goal in
this report, we have to use the non-centrality parameter and ¢ as
derived in this chapter. If the experiment has high power, the deci-
sion should be there is truly no meaningful difference. If the power
is low, it is indicated that the experimental design does not permit
sufficient precision to detect the difference.

In this section some steps will be presented.

Step 1: Design the experiment and state the appropriate model for
the experiment according to the best information available.

Step 2: State the hypotheses that you are interested in and the
alternative hypotheses also.

Step 3: State the significance level o that you are going to use
in your test,

Step 4: State the difference to be detected in order to consider
it as a meaningful difference A.

Step 5: Do the analysis of variance for your experiment.

Step 6: Compute § from the previcus equations, since you know A,
o2, fy1, number of observations per cell and the levels of each factor.

Step 7: Compute ¢ using the equation

§
y{fy #.1]
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Step 8: Now since you know a, f;, fy, and ¢, enter the charts
or the tables in the appendices at the end of this report and find the
power. If the power is high enough, stop and conclude that there is
truly no meaningful difference otherwise continue these steps to find
the appropriate sample size.

Step 9: Specify the power you need and enter the tables or the
charts with f; from the AOV table and f, = « and a, find ¢ value.

tep 10: Solve for n from the value of ¢ you found in Step (9)
and round it to the next largest integer.

Step 11: Using the latest value of n compute the value of f, and

Step 12: Return to the tables or the charts with the value of ¢
in Step 11, f; and the power specificed in Step 9 and ¢ to find the
value of fj.

Step 13: If the value of f; in Step 11 is less than in Step 12,
increase n by one and go back to Step 11, otherwise this is the desired

value n for specified power.




CHAPTER IV

ILLUSTRATIVE EXAMPLES ON THE EVALUATION OF
A NON-SIGNIFICANT AQV RESULT
Layouts

One-way layout

Example 1. An experimenter wishes to investigate three methods
(fixed) of teaching. Five students are assigned randomly to each

method. The improvement score is recorded below for each student.

TABLE 6.-- Teaching method

I T FEL
185 182 179
175 183 181
171 184 186
165 191 188
182 162 158

e 878 902 892

?i. 175.6 180.4 178.4

Y = 2672

17

o

Model: Y.. = u+ M. + ¢, .
ij 1

Ho: No difference between the three methods.

Ml = Mz = M3
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TABLE 7.-- AOV table-a

Source d.f. MS EMS F-ratio
5 I
Methods 2 29.06665 o2 + > ) M2 . 266
e 20 il
1=l
Error 12 109.1333 oé
Total corr. 14

The conclusion in this case is fail to reject the hypothesis, i.e.,
there is no significant difference among the three methods. To inves-
tigate the reason for a non-significant result, we compute the power of
the test using the meaningful difference A. Assume that A = 15 has

been determined by the experimenter. Then for this data

£1= D, £5 = 12, 6% = 100,1333
_/nA2 _/f Silse - B
e TS e e 18785
i 8 L BIE g
Ve + 1 V3

Enter the charts with fj = 2, fo' = 12, o = .05, ¢ =41.31.

The estimated power is seen to be .40 with this design using the
estimated 62 = 109.1333. Thus, the probability of detecting the
meaningful difference A is only .4, indicating that the experiment had

little chance of detecting the difference even if it exists.
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Since the power is very small (.4), he may decide to see how many
observations one ne.ds in order to conduct a more powerful experiment
(say power .9).

Now enter the charts with f; = 2, f5 = @, and power = .9. It is

found that ¢ = 2.05 for a = .05. To find the value of n

i n(15)%
e R L
n(15)2
———e = 2025
(10, 1555~ 19945
Therefore n= 12:23 o0r n = 13
Thus fr, = 3(13-1) = 36
// 13(15)2
Mo i
Enter the charts with f; = 2 power = .9, ¢ = 2.11 and a = .05

and find f». It will be found that

£, = 60

Since 36 < 60, increase n by one
n=13+1-=14

Therefore, f, = 3(14-1) = 39, and

[ s e
¢ ‘“/2(109.1333)3 = e

Enter the charts with f; = 2, power = .9, ¢ = 2.2, and a = .05
to find f,. It will be found that
f2 = 20, since 39 > 20.

Stop and the sample size should be n = 14 in order to make the power .9.
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Two-way layout with onc observation
per cell.

Example 2. (From Design of Experiments, V, L. Anderson and R. A.

McLean). In an experiment on stress-rupture life of material used to
make turbine blades in fan jet aircraft engines, two factors: blade
temperatures, which might be encountered at take-off "of the aircraft",
and alloys or materials that are of interest to the research engineer,

are to be investigated. The data for this experiment are given below.

TABLE 8.-- Temperatures

Material 1 2 3 Total
a 185 182 182 549
b 175 183 184 542
c 171 184 189 544
d 165 191 189 545
Total 696 740 744 2180

Let us assume that for part of the experiment 12 treatment combinations
(4 material x 3 temperature) are the only ones of interest and that
these combinations can be run completely at random in the experiment.
It can be analyzed as a fixed two-way AOV with only one observation

per cell

The model: Y.. =u+ M. +T. % &_,
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TABLE 9.-- AOV table-b

g E :
Source d.f. Mean et F-Ratio
Square Mean Square
3 Il
Material (M,) 3 2.89 o2+ 2 )M <1
il e S
i=1
P
Temperature (T.) 2 177..34 aﬁ * 5 2 B 357
] e j=1 J
Error 6 48.56 aé
Total Corrected 11

.14

(93]

F(3; 65 «05) = 4,76 and E(2, 6, .05) =

The conclusion is that no effects are significant at the .05
level. To investigate the recason for a non-significant result, we
compute the power of the test for each factor using the meaningful
difference A

Assume that values A = 25 for temperatures and A = 20 for material
have been determined by the experimenter.

Then for temperatures:

f, =2, £ = 6, 02 = 48,56 using o = .05

2
Sl Z82 LF AU ¢ gua
202

2(48.56)

Enter the charts with £ = 2, f, = 6, @ = .05, and ¢ = 2,93,
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The estimated power is seen to be .94 for temperature with the
design using the estimated o2 = 48.56. Thus the probability of detecting
the meaningful difference A among the temperatures is .94. Thus indi-
cating that we have a good chance of detecting the difference if it
exists, but it seems that there is no meaningful difference among the
temperature levels.

For the material:

N

f1 = 3, 5 = 6; 6< = 48,56, using o = .05 and A = 20.

5 = JA° :J/;3(20)2 & 5 BT

252 (48.56)
§ = — - 2BL Ly g
Vfl + 1 /Z
Now enter the charts with £y = 3, £5 =6, o« = .05, and ¢ = 1.7575.

The estimated power is seen to be .55 for material with this
design, using the estimated o2 = 48.56. Thus, the probability of
detecting a meaningful difference as defined by A is only .55, indica-
ting that the experiment might not detect the difference even if it
exists.

Since the power is small, the experimenter might decide to see the
number of observations one needs in order to conduct a more powerful
experiment with power equal to say .95.

Now enter the charts with f; = 3, f, = », and power = .95, ¢ would

be 2.07 for a = .05, To find the wvalue of n
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/_éﬁlggl;__ =907
5 (48.56)4 :
1200n j
ol ol S8 SO )
T R e

n= 1.387 or n = 2

£ = (3)(@)(2 - 1) = 12

 [EE0E.
¢ _/2(48.56)4 A

1}

S
Ui
.

Enter the chart with f; = 3, power = .95, and ¢ = 2.49, and o
and find f»
£ = 11

Since 12 > 11, we stop and the sample size should be n = 2 to gain

.95 power.

Two-way layout with n observations

Example 3. An experiment was conducted to see the effect of price
and advertising on television sales. Two levels of prices were used.
Sales were examined with and without advertising. Four stores were
chosen at random for each combination. The data represent the total

units sold in these four stores. The pooled variance was 100.

Price
$60 $65 Total
Advertising 110 92 202
No Advertising 170 104 274

Total 280 196 476
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jk i j i) ijk
HO a, = 0 Hy: a; #.:0
L e=rI() b 2R0
J J
=0 . 0
ablJ abiJ #

TABLE 10.-- AOV table-c

Source diEs M.S. f EMS
Total 15 140, 6
A 1 441 4.41 o2 + 8ra?
e s I
B 1 324 3.24 o2 + 8%bh2
e j
A x B 1 144 1.44 02 + 4%%ab?.
e 1]
Error 12 100 o2

The conclusion is that no effects are significant at the .05

level. To investigate the reason for a non-significant results we
compute the power for the main effects and the interaction using
meaningful difference A,

The meaningful difference for factor A: Since factor A is two
different prices, A should be the difference that will give at least
the same profit before reducing the price in order to be a meaningful
difference. Assume that the cost is $55; therefore, the profit is
$10 per unit before reducing the prices and $5 per unit after redu-
cing the price.

The profit before reducing the price = 196 x 10 = 1960. To find

the total units that will give the same profit after reducing the
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. 96( =
price: 196(10) = 5X. X = 13%3-: 392
9?2 (
therefore, A = S ST 24.5
8 8
From that /—‘7—*
_/nJA
20%
. /4(24.5)7 s
= 2(100) = 3.46
Thus ¢ = s'fé = 2,45
Enter the charts with £3 = 1, £5 = 12, a.= ,05 and ¢ = 2,45,
The probability is seen to be .89 for price effect using ¢2 = 100.

Thus, the probability of detecting the meaningful difference A is .89,
indicating that the experiment has a good chance of detecting the dif-
ference if it exists. But since a non-significant AOV resulted, we
can conclude that there is probably no meaningful difference existing
among the price levels.

For factor B it can be done as in factor A considering the fact
that there is an additional cost which is the advertising cost.

The interaction: When reducing the price and advertising the
demand should be higher, therefore, the meaningful difference A for the
interaction should be that which at least gives the same profit as
before. Assume the cost before advertising is $55 and the cost of
advertising is $1 per unit, therefore, there is a $10 profit before
advertising and reducing the price, but after reducing the price and
advertising it is $4 per unit. To gain at least the same profit

92(10) = 4X
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X = 9§9-= 230 , therefore
25001 92 .
A—-'—4-————4"—\)4.5
From that
§ s
202
_/4(34.5) a
gl g
PRI U L
Vfl+l /2‘
Eniter the charts with £1 =1, 5 = 12, a = .05 and ¢ = 3.45. The power

is seen to be 100% for the interaction effect using o2 = 100, indicating
that we have a good chance of detecting the meaningful difference if

it exists, but probably it does not exist.

Example 4. 1In an experiment there is two factors A with 4 level
and B with 5 level, each cell has five observations replaced by the sum

within each cell. Assume that mean square error = 4.6

B
1 2 3 4 5 Total Mean
1 21.0 2205 14.4 19.0 175 93 3472

2 15,2 24.3 23.2 21.9 16:2 100.8 4,032

A
3 11651 30.8 26..5 26,1 20.2 119.7 4,788
4 14.2 211 28.1 16.7 19.8 99.9 3.996
Total 66.5 97 .7 92.2 83.7 75.3 413.4
Mean 55325 4.885 4.61 4,185 3,665 4.134
Model: Y.., = u+ a. +b. + ab.. + ¢.

ijk il j ij ijk
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. s 1
H: a; =0 Hy: a. # 0
b. =10 b. 0
j 5
ab.. =0 ab £ 0
ij ij

TABLE 11.-- AOV table-d

Source d.f. MS F EMS

Total 99

A 3 5.238 1.14 o2 4 22 5 a2
(5] %) 1

0 2 S, 157

B 4 8 3581 Jaee ]! Oe e 50 l.’)j

Ax B 12 3.0378 <1 02 + > 53 ab?

Error 80 4.6 OZ

The procedure has failed to reject the above three hypotheses, i.e.
there are no significant differences existing among the main effects
or the interaction. To investigate the reason for a non-significant
result, we compute the power of the test for the main effects and the
interaction using the meaningful difference A.

Main effects: Assume that A for A is 2, A for B is 3 has been

determined by the experimenter. Then for A

s =/fﬁi§§- o BB 5oy
20

2(4.6)
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Now enter the charts with f; = 3, f, = 80, o = .05, and ¢ = 1.65.

The estimated power is seen to be .82 for factor A with this design
using the estimated 02 = 4.6. Thus the probability of detecting the
meaningful difference A is .82, indicating that the experiment has a
good chance of detecting the difference if it exists. But it might
not exist, so we can conclude in this case that there is probably no
meaningful difference existing among the level of factor A.

For factor B:

T [ ) (3)2
s /Db z/-(al(% (3D _ 4.4233
o2 2(4.6)

PRl A o B

/fla-l A 1

Enter the charts with £, = 4, f, = 80, a = .05, and ¢ = 1.98. The
power is seen to be .96 for factor B with this design using 6% = 4.6.

Thus, the probability of detecting the meaningful difference A is
.96, indicating that the experiment has a very good chance of detecting
the difference if it exists. But since a non-significant AOV resulted,
we can conclude that there is probably no meaningful difference exis-
ting among the level of factor B.

Interaction: Assume that A for the interaction is 5.5.

5 o/ DT /518 50

= 4,055
22 2(4.6)

G = 8 b 4.055 _ 1.125
Vfl + 1 /1_3

Enter Tiku's tables with f; = 12, ¢ = 1.125, f, = 80 and a = .05 will

£ind that B = .30.
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Power =1 - B =1- .30 = .70
The estimated power is .70 for the interaction with this design
using the estimated o2 = 4.6. Thus, the probability of detecting the
meaningful difference A is .70 indicating that the experiment has a
good chance of detecting the difference if it exists. Because this
probability is high, we can conclude that there is no meaningful dif-

ference among the levels of the main effects and the interaction.

Three-way layout.

Example 5. In an experiment of the effect of three kinds of fer-
tilizer and two soils and three types of irrigation, the data recorded
below is the yield in tons per acre. The experimenter is interested
in only these levels of each factor (fixed).

TABLE 12.-- Yield in tons per acre

Soil 1 Soil 2
Irrigation Irrigation

1 2 3 1 2 3 Total

28 32 40 38 30 25
1 16 15 25 e T A
Fertilizer 2 15 16 28 48 200 47 243

27 30 35 23 30 32

15 32 29 38 15 27
. 31 18 40 21 29 13 aps
Total 152 143 197 180 189 L0156 947

. my 3, Q

The model: yijkl = U + Fi + oj + Ik + FSij + FIik + SIjk + FSIijk +




where fi =1l e 2,3

//J’—'l,z
k=1, 2, 3
l.=1, 2

Ii1 =3z % lg =10

Fsij =0
FIjk = 0
FIik = 0
Sljk =0
FS[ijk =0

Using STATPAC/LIBRARYA program, the analysis of variance table is

listed on the following page.

In this problem none of the hypothesis associated with the above
effects are significant. To find out what is the reason for non-
significance of our results, we compute the power of the test using
the meaningful difference A for each of the main effects and the inter-

actions.

Main effects.

Assume that the meaningful differences were determined by the

experimenter for the main effects as

A for fertilizer = 8
A for soils = 6
A for irrigation = 10




TABLE 13.-- AOV table-e

Source di f MS EMS F-Ratio
I
Fertilizer (F) 2 49.695 oé +6 ) rf .49
i=1 "
_ )
Soil (S) 1 .25 oé F18 et .0025
j=1 "
) K
Irrigation (I) 2 105. 86 02 + 6 ) 15 1.05
k=1 "
, A e
F xS 2 100.75 g2 5. 85 ) ) pSE 998
e : 5 1.3
i=1 j=1
1
B %1 4 33.07 Bl BL .328
i=1 k=1
I %
(6 T 2 a72
5% 1 2 166.584 o2+ 3 ) ) SI%y 1.651
j=1 k=1
ETI i e -
2 < a1 2 7
Fxs§x1 4 37.71 o2 + Z’.Z .Z ) FSIZ 374
i=1 j=1 k=1
Error 18 100.9167 oé
Total 35 84.1611
Fertilizer.

£f1 =2, f5 = 18, 62 = 100,9167 using o = 0.5

Ak 2B
; ‘“/“;gz—"' -/ (2}100 ol = L1951




e 8 Lobafnl e 1.13

Vgl vl /3

Enter the chart with f, Zts =l Bt = L B Sand o =051

The estimated power is .35 for fertilizer with this design, using
the esimate 02 = 100.916. Therefore the probability of detecting the
meaningful difference A is only .35, indicating that the experiment had
little chance of detecting the difference even if it exists.

Because the power looks very small, the experimenter might be
interested to see how many observations one needs in order to conduct
a more powerful experiment (say power .85). To find out about this, go
back to the chart with f; = 2, f5 = =, power = .85 and o = .05, you will
find that ¢ = 1.09.

Te. £find n

¢=/gmm2 iy

2023

9

n(2)(3)(8)? -
@) (100.9167)(3) - >°!

(8)2n

005167 - o9

64n = 364,31

_ 364.31

——"6—4-'-= 5.69 = 6

fo = (3)(2)(3)(6-1) = 90

= (ZV36)(8) "
¢ "“/(2)(100.9167)%3) = 1.951

Now enter the chart with f; = 2, power = .85, ¢ = 1.951 and a = .05

to find fy, from the charts. You will find that f, = 60. Since 90 > 60,
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stop and the sample size should be n = 6 to gain .85 power for the

fertilizer factor.

Soil.

£, = 1, £, = 18, ¢% = 100.9167 using & = .05

JIm@®?Z /B BI6)Z
s =/ _//2(100.9167) Al

202
p=—2— =18 gy
VEp + 1 V2
Enter the charts with f; = 1, f, = 18, ¢ = 1.14 and a = .05. The

power estimated is .35 for soil with this design, using the estimated
02 = 100.9167. Therefore the probability of detecting the meaningful
difference A is only .35, indicating that the experiment had little
chance of detecting the difference even if there is any.

Since the power is very low, the experimenter might be interested
to see how large the sample should have been in order to conduct a more
powerful experiment (say power .9). To find out about this, enter the
chart with £, = 1, f5; = », power = .9 and o = .05. You will find that
¢ = 2.3,

To calculate n

S S
(b‘// IKnA =3 %
202(f; + 1)

n(3) (3) (6)2
(2) (100.9167)(2) - >

324n

403.6668 = °+29

Therefore, n = 6,59 or n = 7
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£o = (3)(2)(3)(7-1) = 108

B (T
@ _//(2)(100.9167)(2]

N

o5

Enter the charts with f; = 1, power SO b =112057 Sand o = 05 to. find
o',

fo = 30
Since 108 » 30, stop and the appropriate sample size to get .9 power

1S m s 7,

Irrigation.
£f1 =2, f = 18, 62 = 100.9167 and o = .05

s o/ T . GNEEIR0TE -
g2 (2)100.9167 :
¢ = : et bl 1.41
Vfl + 1 /g

Enter the charts with f1 = 2, fo = 18, ¢ = 1.41 and a = .05. We
can see that the estimated power is .53 for the irrigation with this
design using the estimated 62 = 100.9167. Therefore the probability of
detecting the meaningful difference A in irrigation is only .53, implies
that the experiment had little chance of detecting the difference even
if it exists.

Since the power is low, the experimenter might be interested to
see the sample size that provides good power (say .80), to find out enter
the charts with f; = 2, f, = «», power = .80 and a = .05. You will find

that ¢ = 1.8.
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To find n

s _/__LinA“ Eie
202 (f1 + 1)

n(3) (2) (10)2
2(100.9167) (3)

= 3.24

100n

00 9167 - "

fs = (3)(2)(3)(4-1) = 54

o ATl
? _//(2)(100.9167)(3) = 1.991

Now enter the charts with f; = 2, power = .8, ¢ = 1.991 and a = .05,
to find f, from the charts you will find that f», = 20. Since 54 > 20,

stop and the sample size would be n = 4 in order to gain 0.8 power.

Two-way interactions.

In this problem we have three two-way interactions. The power for

one of these interactions will be calculated as an example.

Fertilizer x irrigation. Assume that the meaningful difference

for fertilizer by irrigation A = 20. Then we have

f1 = 4, f, = 18, 62 = 100.9167 and o = .05.

AR )
= s -/ 000 9167) " oo

2.8
¢ = o = - = 1.26
s/fl + 1 )/’§

|
S
[
=
(e}
m
N
1]
==t
(0]
©-
il
e
NS
(@)
[
S
o
Q
1}
()
(9a]

Enter the chart with f; =
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The estimated power is .52 for Fertilizer x Irrigation with this
design using the estimated o2 = 100.9167. Therefore, the probability
of detecting the meaningful difference in Fertilizer x Irrigation
interaction is only .52, indicating that the experiment had little
chance of detecting the meaningful difference even if it exists.

If the experimenter is interested in seeing the number of obser-
vations needed to perform more powerful experiment (say .9) enter the
charts with f; = 4, f2 = @, power = .9 and o = .05, you will find that

¢ = 1.75. To calculate n

o

e
e S

202(f1 + 1)

n(2)(20)2

2(100.9167)(5) - 1-7°
800n s
1009,167 - 3-0025
n = 3.8 > 4
f2 = (3)(2)(3) (4-1) = 54
/ L
o AL 28] 1.781

® =¥ 77100.9167)5

Now enter the charts with f1 = 4, power = 9, ¢ = 1.781 and a = <05;=to
find f, from the charts

fo = 60

Since f, found from the chart > f, calculated increase n by one.
Therefore, n = 4 + | =%

£

(3)(2)(3)(5-1) = 72
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" (2
e S0 le .

Now enter the table with f; = 4, power = .9, ¢ = 1.99 and o = .05. It
will be found that f, = 18. Since 18 < 72, stop and the appropriate
sample size would be n = 5 in order to gain .9 power for Fertilizer x

Irrigation in this experiment.

Three-way interaction.

In three-way interaction, Fertilizer x Soil x Irrigation, assume
that the experimenter considered any difference more than or equal to
40 is a meaningful difference. Therefore

A = 40

Now we have f; = 4, f, = 18, 0% = 100.916 and o = .05.

ey e
s o BR 7,(2)(401 o' = 31982
o2 7(100.9167)
e ; 3.%§2 STy
vl + 1 V5

The power is .82 for Fertilizer x Soil x Irrigation with this
design using the estimated o2 = 100.9167.

Thus the probability of detecting the meaningful difference for
Fertilizer x Soil x Irrigation A is .82, indicating that we have a good
chance of detecting the meaningful difference A if it exists. As before
we conclude no meaningful difference exists since the probability of
detecting that difference is estimated to be high (.82) if it exists

for the given design.




Latin Square

Example 6. In a latin square design experiment on explosive
switches, there were five (fixed) levels treatments, which is five
levels of packing pressure (A = 10,000, B = 15,000, C = 20,000, D =
25,000, E = 30,000 PSI), five fixed machines (rows), and five fixed

men (columns). The data below represent the firing time.

TABLE 14.-- Firing time

60

Machine 1 2 3 4 5 Total
I 25 1.7 18 22 32 114
©) (B) (A) (D) (E) '
1I 12 26 25 12 20 95
(B) (D) (E) ©) (A)
LEL 19 53 16 24 25 117
(A) (E) (€) (B) (D)
IV 200 25 27 2 19 119
(D) (A) (B) (E) ©)
V 21 22 21 ¥, 23 104
(E) ©) (D) (A) (B)
Total 104 123 107 96 119 549
Model: Yijt = = Ri + Cj + Tt + Eijt
He o Ry s ()
o i
Gex =20
J
=0
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TABLE 15.-- AOV table-~f

Source d.f. Sum of Square Sgiige EMS F-Ratio
fik
Row (men) 4 81.36 20.34" o e ) R? .91
e kel i
i=1
Col KKz
olumn Q ' 2
G 4 98.16 24.54 9% = = a§1cj 1.1
v K
Treatment 4 206.16 51.54 02 + — J T? 7.3
e L t
t=1
Error 12 269.28 22.44 oé
Total 24 654.96 27.29

The conclusion in this analysis is that none of these effects (row,
columns, and treatment) are significantly different at .05 significance
level. To investigate the reason for a non-significant result, we com-
pute the power of the test for each factor using the meaningful dif-
ference A for each factor.

Assume the meaningful difference was determined by the experimenter
as follows:

10, A for colum = 12, A for treatment = 15,

A for row

Row .,

2 = 22,44, A = 10

Q>
1

£, = 4, f, = 12,

3

7 7
Therefore, § =/KA Ll 10 = 3.34
= 2(22. 44)




e $ _ 8.0l 1.49

Vfl+l

Enter the charts with f; = 4, £, = 12, ¢ = 1.49, and o = .05.

The estimated power is 0.60 for the row with this design using
the estimated o2 = 22.44, indicating that the experiment had little
chance of detecting the difference even if it exists. The experi-
menter might be interested to find the sample size that will provide
a good power for his experiment (say .9). Now enter the charts with
f1 = 4, fo = », power = .9 and a = .05. It is found that ¢ = 1.75, to

find the value of n

» nkKAZ f SIS
0 =/ ) ‘¢/2(22.44)5 et
202(f; + 1)

1.37 ot 1 = 2

1}

Therefore, n
fo = 25
L/ 2(51 02
b =V 3Gz ams - 211
Now enter the charts with f; = 4, power = .9, ¢ = 2.11 and a = .05.
It is found that f, = 14. Since 25 > 14, stop and the appropriate

sample size is n = 2,

Columns.

£, =4, £, = 12, 62 = 22,44 and A = 12,

//EZT’ L7 5(12)2

500y - w00

o =

202
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g $ S 400 - 1.79

vEy + 1 /g

Now enter the charts with f; = 4, fo = 12, ¢ = 1.79 and a = .05.

The estimated value of the estimated power is seen to be .76 for
the columns using the estimated 02 = 22.44. Thus the probability of
detecting the meaningful difference in columns A is .76, indicating
that we have a good chance of detecting this difference if it exists

but it might not exist.

Treatment.

£1 =4, £ = 12, 62 = 22.44 and A = 15

Therefore Vi 9)
KA 5(15)~
S i = 5.01
5 .
262 2(22.44)
b 8 . D01 - 2.24
)’fl + 1 /5—

Now enter the charts with f; = 4, £, = 12, ¢ = 2.24 and a = .05. The
estimated value of the power is seen to be .93 for the treatment using
the estimated o2 = 22,44,

Thus, the probability of detecting the meaningful difference among
the treatment levels (A) is .93, indicating that we have a very good
chance of detecting the meaningful difference if it exists, but it
might not exist. So we can conclude that there are probably no meaning-
ful differences existing among the treatment levels.

All the power calculated in these examples are the estimated powers

because the variance used here is the s-mple variance.
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CHAPTER V
SUMMARY AND CONCLUSIONS

The result of the analysis of variance for an experiment is one of
these two outcomes:

1. A significant difference exists among the treatments.

2. No significant difference exists among the treatments.
Interpretation of the second outcome is the major emphasis of this
report. Most of the experimental design and analysis of variance books
devote little or no attention to the interpretation of a non-significant
result. If they do, no quantitative evaluation is suggested. Since a
non-significant result may be due either to poor design or lack of
true difference, it seems that any information which can be obtained
to help explain the result should be useful.

Interpretation of the non-significant result has been developed
here through the power calculation. This calculation is based upon the
difference between treatment effects which is meaningful as determined
by the investigator. The power is an estimated power because the
variance o? is estimated by the sample variance.

If the power is reasonably high, we can say that there is truly
no significant difference among the treatments, otherwise the experi-
mental design does not offer sufficient precision to detect the diffe-

rence. This might be because we did not have enough observations in
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our experiment, in order to find the difference or else additional
sources of variation should be identified.

If it is determined that the design had low power, an increased
sample size may be all that is needed to improve the design. The pro-

cedure for estimating sample size from prior data is reviewed.
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APPENDILCES




APPENDEX A

Charts to Find the Power

by

E. S. Pearson and H. O. Hartley

Biometrika, 38, (1951)
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