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INTRODUCTION

We have compiled here many interesting results concerning a
particular collection of knots called torus knots. Torus knots are
merely simple closed curves imbedded in an unknotted torus T2 in E3. We
show that the fundamental group of T2, m (T2), is the direct product of
the additive group of integers with itself. The ordered pair (p,q) in
z G@ Z determines an equivalence class of loops on the torus, and we
show in Section II that the class [(p,q) ] contains a loop whose image is
a simple closed curve if and only if p and q are relatively prime. A
torus knot in the loop class [(p,q)] is denoted K . It is natural to

P

ask which of the knots Kp . are equivalently imbedded in E3.

9

One means of answering this question is to observe the algebraic

structures of the corresponding knot groups TT(E3 - K q). If it can be

P
shown that n(E3 -l(p q) and Tr(E3 = Kr S) are not isomorphic, then it
9 ?
follows that E3—Kp and E3 - Kr . are not homeomorphicj consequently
9 9
K and K arz not equivalent knots. The definition and general pro-

pPsq TS

perties of the fundamental group of a topological space are discussed in
Section I of this report. In Section IV the fundamental group of Ea-Kp,q
is shown to have the group presentation { a,bl & = Hq}. We will show
that these groups are determined by the integers p and q, from which it
follows that there are infinitely many non-equivalent torus knots.

Illustrations are used extensively to aid the reader, and an entire

section is devoted to the develcpment of an algorithm for picturing torus

xnots, This algorithm, SectionIll, provides us with an intuitive feeling
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for the significance of p and g in determining Kp,q' Finally, in Section
V, a second knot type invariant, called the genus of the knot, is develop-
ed. The genus of a knot is a nonnegative integer assigned to the knot in
a particular way. We will show that there exist torus knots of arbitrary
genus and construct an infinite collection of knots, all having genus 1,
none of which is a torus knot.

The material in this report comes from many sources. Inmany cases
the proofs and illustrations were created by the author. We do not know

of any similar compilation of facts relating to a specific class of knots

and we hope that this report might be of use to other students of knot

theory.




I. THE FUNDAMENTAL GROUP

For a topological space X and a point X, in X we will define an as-

sociated group. We define a path in X to be a continuous map f: [ 0,1 ] = X,
If f and g are two paths in X such that f(1) = g(0), then the product of

_ [f(2t), for te[0,3]
g(2t-1), for te[%,1].

f and g is defined to be (f°g)(t)

A path f is said to be based at a point x,eX if f(0) = f(1) = x;» and a

1

path based at x, i1s called a loop based at x,.
L

1.
If f and g are paths in X such that f(0) = g(0) and f(1) = g(1) then

we define f and g to be equivalent if and only if there exists a contin-
uous function F: [0,1] x [0,1] -> X such that F(t,0) = f(t), F(t,1) = g(t),
F(0,t) = f(0) = g(0), and F(1,t) = f(1) = g(1). This relation is an
equivalence relation.

To form a group we will consider equivalence classes of loops based

at a fixed point x, £X. Each equivalence class is called a loop class,

1
and the loop class determined by the loop f is denoted by [ f].
We define the product of two loop classes [f] and [g] to be [f-.g].

The set of all loop classes, with the above product is a group called the

fundamental group of X based at X3 and is denoted by n(X,xl) [4].

Suppose ¢ 1s a continuous map of X into Y, and let f and g be two
equivalent loops in X. Since f and g are equivalent there exists a contin-
uous map F : [0,1] x [0,1 ] = X such that

F(t,0) = £(t), F(t,1) = g(t).

F(0,t) = £(0) = 5(0),

and F(l,t)

f(1) = g(1), for te[0,1].
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Consider the composition of F with ¢, ¢F:[0,1] x[0,1 ] Y. Now ¢F

is continuous and  (¢F)(t,0) = (¢f)(t), @®F)(t,1) = (og)(t),

11

@F)(0,t) = 6 £)(0) = (¢9)(0),

and @EF)(1,t) = @f)(1) = (¢69)(1), for tel[0,1] . Hence

¢f and ¢g are equivalent loops in Y, with base point ¢(¥L)’
Theorem 1. If X and Y are topological spaces and ¢ is a continuous

map of X into Y, then 1(X,xl) and n(Y;¢(xl)) are homomorphic.

Proof: Let [f ] be a loop class in X, and let f',f"¢ [ f]. Then the
composed maps ¢f' and ¢ f" are equivalent loops in Y. Hence we use ¢*([f])
to denote the loop class in Y containing ¢f' and ¢f". We will now show
% is a homomorphism. Thus let [f] and [g] be two loop classes in

(X ,x Now ¢(f-g) is the composition of f.g with ¢; hence ¢(f+g)(t) =

).

1
fos(2t)) _ RN ey (4
o(g(2t-1)) 49 (2t-1)

It follows that ¢,([f1lgl) = ¢x([£1) ¢, ([a]).

The function ¢*, defined in the proof of Theorem 1, 1s called the
homomorphism induced by ¢ : X —3 Y. Ify 1is a continuous map of Y onto
%9 then (1 ¢)* = Yy by

Theorem 2. If X and Y are topological spaces and ¢ is a homeomorph-
ism of X onto Y, then n(X,x) and m(Y,¢(x))are isomorphic.

Proof: Let the kernel of induced homomorphism ¢, be K, and let
[ fleK. Let [ex] and[e¢(x)] be the identity elements of = (X,x) and
n{Y,0(%), respectively. Then o, ([£1) = [e¢(X>L Since ¢, is a homo-
morphism ¢, ( h}]) = [e¢(X>L Now ¢_l is continuous and ¢ is a bijection,

hence [ex] = [f]. Therefore K = {[eX]}, and ¢, is an isomorphism.

Two maps f and g: X = Y are called homotopic if and only if there

exists a continuous map F :Xx[ 0,1]— Y such that, for xeX, F(x,O) = f(x)




and F(x,1) = g(x). Two maps f and g:X — Y are homotopic relative to

the subset A of X if and only if there exists a continuous map

|
[
—~
x
~

F:Xx [0,1] — Y such that, for xeX, F(x,0)

F(x,l)

|
Q
—~

x
~

and F(a,t) = f(a) = g(a), for acA, t €f0,1].

The relation of "homotopic to" induces an equivalence relation on the set
of continuous maps of X into Y.

A subspace A of X 1s called a retract of X if there exists a contin-
uous map r:X —> A such that r(a) = a, for each aeA. In this setting r
1s called a retraction. 1If a retraction r:X — A is homotopic relative

to A to the identity map i,:X — X then we call A a deformation retract

X
of X.

Theorem 3. If A is a deformation retract of X, then the inclusion
map i:A—> X induces an isomorphism of n(A,a) onto g (X,a), for any a in A.
Proof: Let r be a retraction of X onto A, let ay be any point in A,

and let [f] be any loop class in W(X,a ). As before let i*:w(A,al) -

1

m(X,a,) be defined by i,( [a]l) = [ial. To show i, is an epimorphism we

1 *

prove that f and rf are equivalent. Thus consider the map ¢: [0,1 Jx
(0,1 ] - X x[0,1] given by ¢(tl,t2) = (f(tl)’ t2); it is clear that ¢
is continuous.

Since A is a deformation retract there is a continuous map
F: X x[0,1] — X such that F(x,0) = r(x), F(x,1) = iX(x) = X, for xeX,
and F(a,t) = r(a) = a, for aeA and te[0,1]. Consider the composition of
¢ with F, F¢:[0,1] x [0,1] = X. Now F¢ 1is continuous and

r(£(t)) = rf(t),

F¢(t,0) = F[(f(t),0)]

FL(£(t)y 1)]

£(t),

Fo(t,l)




Fo{o,t) = FI(£f(0),t)] = rf(0) = a, = £(0),

Fo(l,t) = F(£(1),t)) = o£(1) = a; = £(1).
Therefore, f and rf are equivalent loops in X. Hence i*([rf]) =[rf] =
[f] and i, is an epimorphism.

We will next show i, is a monomorphism. Let [f] and [g] be two dis-
tinct loop classes in W(A,al). If if and ig are equivalent, then from
the remarks preceeding Theorem 1, r(if) and r(ig) are equivalent.

Since ri is the identity map on A it follows that f and g are equivalent
and hence that[f] and [g] are not distinct. This is a contradiction,

hence i, is a monomorphism. It follows that i, is an isomorphism.

Recall that a path X is a continuous map f:[0,1] — X. We define

the inverse of a path f to be f_l(t) = f(1-t), te[0,1]. If [f] is a

L -1
path class, then [f] = (f 71

Theorem 4. 1If X is arcwise connected, then N(X,x) and ﬂ(X,y) are
isomorphic, for any x, yeX.

Proof: Let x and y be any two points in X. Since X is arcwise
connected, there is a path class [f] with f(0) = x and f(1) = y. Define

sm(X,x) = n(X,y) bye([g]) = [f "+g-f] and pru(X,y) = w(X,x) by

w([(h]) = [f'h'f-l]. If [fle m(X,y) then [fﬂf_l]e m(X,x). Therefore

sCLE2£711) =1 L], Now ¢([gl-[h]) = ¢([g-h]) = (£

(g egeres ™ enet] = (£ egee] o[ £ hof] = 6([g)) *6([h]). Thus ¢ is

«g*hef] =

an epimorphism.
suppose [dle m(X,x). Then wo([{1) = w([e™ +le£]) = [£o£ 1 eees™) -

[] . Hence ¥¢ is the identity on m(X,x). If [i&] and [QQJ are twa

1) =

loop classes in m(X,x) such that ¢([Ql]) = ¢([Q2]), then w¢([fl

wQ([kq]), and since ¥¢ is the identity on W(X,x) it follows that [Yl] =




[QQJ. Thus ¢ is a monomorphism. Therefore ¢ is an isomorphism.

<

Theorem 5. The fundamental group of the product space,

(X xY,(x,y)) is isomorphic to the direct product ﬂl(X,x)Qgﬂl(Y,y) of
the fundamental groups.

Proof: Let PX* and P be the homomorphisms induced by the project-

Y*

ion maps P, and P respectively. Define ¢:7(X x Y, (x,y)) —

X y?
m(X,x) @™(Y,y) by ¢([f]) = (PX*([f])’ PY*([f])),where [f] is a loop
class in m(X x Y,(x,y)).
To show ¢ is bijective we show f,ge[f] if and only if P_f, ng are

equivalent and PYf, PYg are equivalent. Let f,ge[f]. Hence there exists

a continuous map F: [0,1] x [0,1] = X x Y such that

F(t,0) = f(t) F(t,l) = g(t),
F(0,t) = £(0) = g(0),

and F(l,t) = f(1) = g(1), for te[0,17.

Now PXF is a continuous map from [0,1] x[ 0,1] into X and clearly

(PXF)(t,O) = (Pyf)(t),

(PyE)(t51) = (P g)(t),

1l

(PyF)(0,t) = (Py£)(0) = (P,g)(0),

and (PyF)(L,t) = (Pxf)(l) = (ng)(l), for t€0,1].

Hence Pxf and PXg are equivalent. A similar proof shows PYf and Pyg are

equivalent.

Conversely, suppose Pxf and ng are equivalent and PYf, PY

, and FQ:[O,H X

g are
equivalent. Then there exists continuous maps F
[041] 2 X x Y such that

F (t,0) = (Py£)(t), F (t,1) = (Pyg)(t),

FL(0,t) = (P,£)(0) = (Pya)(0),




and Fl(l,t) = (pr)(l) = (ng)(l), for t el 0,1l .
Similarly,

F,y(t,0) = (P f)(t),y Fy(t,1) = (Pyg)(t),

(Py9) (0),

Fz(l,t) = (PYf)(l) = (PY g)(1), for te[0,1].

F,(0,t) = (pyf) (0)

The continuous map F = (Fl,F ) : [0,1] x [0,1] = X x Y gives us the

2
equivalence between f and g.
Since PX* and PY* are homomorphisms it follows immediately that ¢

preserves the product operation. Hence ¢ is an isomorphism.

Theorem 6. The fundamental group n(Sl,(l,O))is the infinite cyclic

group generated by the loop { defined by £(t) = (cos 2 wt, sin 2 mt)

(CA 8




II. TORUS KNOTS

In this section we will describe the fundamental group of a torus
and determine which loop classes, if any, contain a loop whose image
is a simple closed curve. By definition a torus T2 is Slx SL; however,

. . . 2 . . .
in this section we consider the torus T pictured in Figure 1 and con-

T (P

taining Jl><J2’ where J2 = {(x,2) | (x-2 )

2 gy

Uxyy) | X% +y

Figure 1
From Theorems 2 and 6 in Section I it follows that “(Jl’xl) and
ﬂ(J2,xl) are each isomorphic to the group Z of integers under addition.

Now "(Ji’xl) is generated by [Ji] which we may assume to be iden-
tified with the element 1 in Z under the isomorphism, where Ji has the

orientation indicated in Figure 1.
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Since the torus is arcwise connected it follows from Theorem 4,
Section I, that the fundamental group of the torus is independent of

the choice of i»ase point. Hence we let Jl(\J2 = {xl} be the base point

2

and will refer to W(TQ,X ) as n(Tz). Now T® = JliQ; therefore,

2)

1
n(19) = 7(3»%) ®1(J,5%) ¥ 2®2Z . Thus we see that R
thought of as a set of ordered pairs of integers. The pair (1,0)
determines the loop class containing J2; hence, [(l,O)] contains a
loop whose imaze is a simple closed curve. Similarly we think of
[(0,1)] as the loop class containing a loop whose image is Jl. A
sitple closed curve imbedded in E’ is called a knot. We say that two
knots Kl and K2 are equivalent if there exists a homeomorphism h of

E3 onto itself such that h(Kl) = K,. Equivalent knots are said to be
of the same knot type. Those knots equivalent to the unknotted circle
{(x,y)] x2+ y2 = 1} are called trivial. We shall restrict our discus-
sion to tame knots; a knot is called tame if its type has a polygonal
representative. We define a torus knot to be a knot on the torus T2 =
In general a torus knot is a knot on a torus in E3which is

Jlx J2.

imbedded in B just as Jl X J2 is imbedded (see Figure 2).

With the aid of the following lemmas we will prove that the loop
class [(p,q)] contains a loop whose image in T2 is a torus knot if and
only if p and q are relatively prime.

Lemma 1. Let X be a compact connected subset of E2, and let L be
a straight line interval of length L in E2 with both endpoints of L on

X. Let a and b be two positive numbers such that a+b = f. Then there

exists a straight line interval L' parallel to L in E2 with endpoints

on X such that L' has length either a or b.




Ml

Figure 2

Proof: We begin by assuming that L is horizontal, and that there
exists a and b such that a+b :‘Q -+ the conclusion of the lemma does
not hold. Translate X the distance a to the right of the left endpoint

of L. Call the image under this translation Xa' We define Xb and Xa+b

similarly.
Now Xa(\X :gb. For, if not, let (xa,y)axaf\x. Then correspending

to (xa,y) is a point (x,y) such that x = x-a and (x,y)e X, but then *he

line segment (;j§7Zxa,y5 is parallel to L and of length a, contrary to
our assumption.

Similarly we see that Xb(\X = ¢ However Xa+bﬂX %¢ since the
left endpoint of L is translated the distance a+b to the right endpoint
of L, which by assumption is in X. Furthermore, Xa(jxa+b =§b- For,
if (x,y)EXa()Xa+b, then (x-a,y)€X and (x—a,y)exb, contrary to the fact

that X, NX = @.

Now X_ is compact; hence, there exists pcints (Xl’M) and (xz,m)
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such that if (x,y)gxa, then mysM. Let R oe the vertical ray extend-

ing from (xl,M) to +oo and Rm be the vertical ray extending from (xz,m)

to -oc.
I claim that B = RmL)RML)Xa separates the plane into at least two

disjoint sets; one containing X and one containing Xa To prove this

+b*
we suppose B does not separate EZ. Let Py and Py be two points whose
coordinates are (xl -1, M+l) and (xl +1, M+l) respectively. Since each
connected open subset of E2 is arcwise connected there exists an arc A
in E2—B with endpoints Py and Py Now A and the line segment
EIT§17M:T7 are compact, hence A(WEITYI:M?TT is compact. It follows that
there is a point pi = (x',M+1) in A(WEI(?I:M?I7 such that x'>x, for all
(xsM+1) in A(\éIKQIZMITF. Similarly, there is a point p} = (x"4M+1)
such that x"<x, for all (x,M+l) in A(W(QI?M?T?AEQ.

Consider the simple closed curve A(Jﬁ{ﬁg. Since ﬁIﬁg'perpendicu—
larly bisects Rm’ there is a pcint of Rm either above or below (xl,M+l)
in the interior of the simple closed curve At)ﬁ{bg. Otherwise A would
intersect R_ (see Figure 3).

I1f the interior of the simple closed curve A\Jﬁ{ﬁg contains a

point of Rm above (xl,M+lL then all of the connected set

]

RM—((xl,M)(xl,M+l)) must lie in the interior of A Uplpé, since
— 2
A(in pé separates E~ into disjoint sets. Thus we obtain a contradic-

tion. Similarly, we arrive at a contradiction 1f the interior of

AL)pipé contains a point of RM below (xl,M+l) because

RijXaL/((xl,M) (xl,M+l)) is connected.
Therefore pi and pé lie in different components of E2-B. Let R

be the horizontal ray with right endpoint pi, and let R' be the vertical

ray extending from the point (xl—a,M) in X to positive infinity.
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Figure 3

rrom the definition of pi it follows that R'MR f!¢; hence we conclude

1~ I 2 -
that X 1s in the same component of E -B as pi. A similar proof shows

us that Xa+b is in the same component of E2—B as pé. It follows that
X and Xa+b lie in distinct components, contrary to the fact that
XNx .. 1O

Therefore, we conclude that there exists a straight line interval
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L' paraiiel to L in E2 with endpoints on X such that L' has length
either a or b.

A covering space of a topological space X is a pair (f,(@

consisting of a spaceqi-and a continuous surjection ¢: X =X

such that the following condition holds: Each point x € X has an
arcwise connected neighborhood U (elementary neighborhood) such that
each component of $l(U) is mapped homeomorphically cntc U by ¢.

Lemna 2. Let (X,4) be a covering space of X, let ;o € X,
and let X, = ¢(§5). Then for any path in X with initia: point Xy
there exists a path g in X with initial point ;o such that
¢9 = f.

Proof: If the path f: I —>X has an image f(I) contained in
an elementary neighborhood U, then each component of ¢-l(U) would
contain a subset A homeomorphic to f(I). Let h = 6| A. Then h is
a homecr:iorphism of A onto f(I) and ¢(h—lf) - f. Thus h™'f is the
desired path.

If f(I) is not in an elementary neighborhood, then we iet
{U,} be a covering of X by elementary neighborhoods. Hence the
collection {f—l(qx)} is an open cover of I = 0,1]. Choose n so
that % is a Lebesgue number for this cover. Divide the interval
L2102,

I into n subintervals [0,=],[ =,= —="}!

’ Now f maps each of
n n’n

these supintervals into an elementary neighborhood. Let

i-1 1
fr[ Qi n] - fi'
i-1

As mentioned above, the path fi:[ s—]— X lifts to a corres-

3 |-

n
ponding gi:[lii,%]—a X such that ¢gi = fi'

Consider the path g: [0,1]—> X defined by
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’él(t)’ if te [ O,%}_‘],
. 12
ng(t), if te [H’H]’
g(t) = ¢«
|
|
I|I
&.gn(t), if te [ Dﬁi,l]
o . .
49, (t), if te [ 0,20,
3 1 25
¢g2(t), if te | ol
Hence 09(t) = <

\og_ (t), if te [ 22h,1)
fl(t), it k|

| f2(t), if te [

F(t), if te [Q-r;—l,l]
= f(t). It follows that g is the desired path.

We will now exhibit a map ¢ such that (E2,¢) is a covering
space of T2. Consider the disk 12 =[ 0,11 x [041]. We can obtain
T2 by identifying opposite sides of 12 as pictured below.

We divide the plane into square disks whose vertices have integral
coordinates and we let ¢:E2~9 T2 map each disk onto T2 as described
above,

More precisely, let ¢ be a continuous map which sends points

with integral coordinates to szWJl, wraps horizontal lines with

integral ordinates on Jl, wraps vertical lines with integral

abscissa on J,, and such that ¢(xl,yl) = ¢(x2,y2) if and only if
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o

"A' ///// , —— =
; [

| ;/ // e W (\“gy

Figure 4

there exists positive integers N and M such that X, = Xyt N and
yl = y2 + M.,

We now describz the elementary neighborhoods for various
locations of x in T2. First we consider the case in which x is

in T2 - (Jl/WJ2). In this case there is an open disk U containing x

such that U C T2 - (JleJQ) and ¢—1(U) is the union of disjoint

open disks, one in each square disk of E2. See Figure 5 which
illustrates this case. Next we consider the case in which x is on

Jl(JQ)' In this case there is an open disk U, containing x such

that U, is a subset of T° - J,(T° - J). Now ¢"'(U)) is the union

1l

of disjoint open discs overlapping the solid squares on the

horizontal (vertical) lines. Finally we examine the case in which
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Figure 5

the point x is in Jl (] J2. Again there is an open disk U2
containing x such that ¢W1(U?) is the union of disjoint disks each
of which contains the common corner of four solid squares. Each
such corner lies in exactly one ﬁ—l(UZ).

In all three cases the components of ¢_1(U), ¢_1(Ul) and
¢—1(U2) are mapped by ¢ homeomorphically onto U, UP and U2, respec-
tively.

Hecdll that a loop f is a continuous map of I into a
topological space X, however we shall sometimes think of the image
of f, f(I), as a loop. We remarked earlier that we would prove that
the loop class Ilpsq)] contains a loop whose image in T2 is a simple
closed curve if and only if p and q are relatively prime. To say

that the loop class [(p,q)] contains a simple closed curve means that

[(psq) ] contains a loop f:I— T xh that the image f(I) is a simple

closed curve. It is quite often convenient to use this notation
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and we will do so in the statement and proof of the following
theorem.

Theorem 1. The loop class [(psq) ] contains a simple closed curve
if and only if p and q are relatively prime.

Proof: We will assume that p and q are positive since the
proof is similar in case one or both are negative. Let (E2,¢)
be a covering space for T2, with ¢ defined as in the preceding
remarks.,

(=). Let f be a loop in the class [(p,q)] whose image is a simple
closed curve in T2. Suppose p and g are not relatively prime.
Then there exists an integer k > 2 and integers r and s such that
p = kr and q = ks. Lift f to a path a in E% from (0,0) to
(p,q) in accordance with Lemma 2 such that ¢a = f. We will
ultimately reach a contradiction by exhibiting two distinct points in
o (I), one of which is neither (0,0) nor (p,q), such that their
images under ¢ are equal.

Let L be the straight line segment from (0,0) to (p,q).

Now L has length #LQ + q2. It follows that JbQ + q2 :V/k2r2 + k252 =

\/1“2 + 52 + (k - l)Jr2 + 52. Hence, by Lemma 1, there exists a
straight line interval L' with endpoints in o(I) parallel to L
such that L' has length either V;2 + 52 or (k - l)\J/r2 + 52.

If L' has length 442 + 52, then there exists points (x,y) and

(x + Ty vy + s) such that d((x,y), (x + T, vy + s)) = J&E + 52, and
(xsy) and (x + ry y + s) are ina(I). It follows that ¢ (x,y) =
6(x + 1y y +s). Therefore fo(I)) is not a simple closed curve

contrary to the assumption that f(I) = ¢ (a(I)) is a simple closed curve.
o

The proof is similar if L' has length (k—l)\/r2 + s .
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(<%=). Suppose p and q are relatively prime. Let L be the straight
line segment from (0,0) to (p,q). We know there exists a homeomorphism
h of I = [0,1] onto L such that h(0) = (0,0) and h(1) = (p,q), thus
it will suffice to show that ¢(L) =¢ h(I) is a simple closed curve and
that ¢h is in the class [(p,q)].

Suppose there are points Py and Pys different from (0,0) and (p,q),
such that p ¥ p,, but ¢(pl) = ¢(p2). If p, is the point (x,y)3; then
it follows, from the definition of ¢ 4 that there exists integers M<p
and N<q such that Py = (xtM, y+N).

Now, L has slope % = %. Therefore pN = Mg and p divides Mg. Since
p and q are relatively prime there exists integers r and s such that
pr + gs = 1. Hence Mpr + Mgs = M. Since p divides Mpr and Mq it
follows that p divides M. Since M<p we have obtained a contradiction.

Therefore ¢(L) is a simple closed curve. Let A be the union of
the straight line segment (6:67(5:65 with the straight line segment
(5?67T5:57. Now, there is a homeomorphism h' of I onto A such that
h'(0) = (0,0) and h'(1) = (p,q). Clearly the paths h and h' are equiv-
alent in EQ. Since ¢((6:67(5:67) E[Jl]p and ¢(TE?67TETET3E;[J2]q it
follows that ¢h' is a loop in the class [(p,q)]. Because continuous
maps preserve equivalence it follows that ¢h is in the loop class
[(p,q) J. Now ¢h(I) = ¢(L), and thus the loop class [(p,q)] contains a

loop whose image is a simple closed curve.

A knot in the class [{p,q)] is called a torus knot of type (p,q)

and is denoted by Kp o We will now show that the knots K and

) Ps

Kq b are equivalent knots. We will consider 83 as the identification
b

space obtained by identifying points on the boundaries of the two dis-
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joint solid tori T, and T2 (for our purposes we insist that T, and T

1 1 2
be unknotted). Let Kp be on the boundary of Tl. Let h be a homeo-

L

morphism of 83 onto itself such that h(Tl) = T2. The image of Kp . under
2

h is a knot of type (p,q) on the boundary of T2, since continuous maps

preserve equivalence. Figure 6-a illustrates this in the case (p,q) =

(1,2).

(b)

Figure 6




Under the identification map, a knot Kp : on the boundary of T2 is a
9

knot K on T.. Hence h(K ) =K on T., and it follows that K

gq,p 1 pPsq q,p 1 ’
and K are equivalent knots.(see Figure 6-b).

9

Now we will examine the knots Kp and K with p and gq positive.
, -

The map FrES>ES defined by f(x,ysz) = (x,y,-z) is a homeomorphism, and
we now show that f takes Kp . onto Kp of If the original coordinate
9 9

system is considered to be right handed, we see that the image underf is
a left handed system. In fact the orientation of J2 is reversed by f.

. 2 .
Now f(Kp ) is a knot of type (p,q) relative to f(T”). However, since

sq

=K rela-
P»q) Ps-q

tive to the original torus T2, Figure 7 illustrates this for (p,-q)

J2's orientation is reversed by f it follows that f(K

(1,-1). The proof that K ~ K is similar, with f taking the
P9 -Psq

Figure 7

point (x,y,z) to (-X,¥,2z). In this case f reverses the orientation of

Jl and fG(p ) = K relative to the original torus T2.
9

q -pPsq
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Next we consider the knots K and K where p and g are both
Psq -Ps-q

positive. The argument is similar to that given above; the difference
being that f takes (x,y,z) to (-x,ys-z). Here the orientations of Jl

and J, are both reversed by f and f(K ) =K .
Z P»q -p.-q
We have thus shown that K ~ K K K K K
Psd  dsP’ p,a”™ -P»q’ P,q ™ p,-q’

and that K ~ « These results allow us to assume q>p>0 whenever

K
Psq -Py-q

we so desire.
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III. AN ALGORITHM FOR PICTURING A TORUS KNOT

It is often useful to have a picture of a representative knot
of type (p,q) at our disposal. The following is an algorithm for pic-
turing a knot Kp,q on T2. Now, the intersection of T2 with the xy-plane
is the union of twoconcentric circles centered at the origin. We begin
by assuming g> p> O and labeling g points on the inner circle of the
torus; Oy 1y eeey -1l On the outer circle we label the diametrically
opposed points O', 1', ..., (gq-1)', respectively.

Beginning at O' traverse T2counter—clockwise to the point labeled
p. From p, traverse under T2 to the point p', diametrically opposed to
p. We repeat this process with an arc from 1' to (l+p)(mod q) and
under to{(l4p)(mod q))'. This process is continued until return-
ing to the point labeled O'. Of course we are careful not to cross
any arcs already drawn.

To show that the knot K constructed is really in the class
[(psq)], we refer to the proof of Theorem 5, Section 1. There we showed
that two loops f and g are equivalent in T2 = J xJ_. if and only if the
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projections of f and g are equivalent in Pl(Tz) = J. and P2(T2) =J

1} 29
respectively. That is, the loop K is in the class [ (p,q) ]1if and only
if Pl(K) €[le] in W(Jl) and P2(K) E[qu] in n(Jé). Clearly, from

the construction of K, this is the case. The algorithm is illustrated

in Figure 8 with (p,q) = (2,3). We may "remove" the torus to obtain

a clear picture of the knot K

2,3’ and we see that K2,3 is the trefoil knot.
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IV. THE FUNDAMENTAL GROUP OF E3 - K

Psq

We define a knot group to be the fundamental group of the
complement of the knot in E3. In this section we will give a

presentation for the knot group n(E3 - Kp q)' To do this we will

’

use the following form of Van Kampen's Theorem.
We take X to he a topological space which is the union of two
open subsets A and B such that A/)B is arcwise connected, and we let

p be in A(VB. Suppose it is known that {z V4 ooy zt} generates

1’ “2?

n(ANB,p), that m (A,p) has a presentation {xl, Xos seesy X
T

12 e rm}, and that m(B,p) has a presentation {yl, cees Vo

Sys eees sk}. The inclusion maps i,: ANB —A and i,: ANB B

1 2

induce homomorphisms as pictured:

m (A)
=
iy~
= (ANB)
S w(B).

Van Kampen's Theorem. Under the conditions stated above,

ﬂ(X) = ﬂ(AUB) = {Xl, eeey Xn, yl, ecey yTl I‘l, Y I‘m, Sl’ ceoy Sk,

il*(zj) = i2*(zj) for j = 1, 2, weey t} [4].

Theorem 1. The knot group Tr(E3 - Kp q) has a presentation
9

{a,b |aP = b%).
Proof: Let T be the solid torus bounded by T2, and let Kp q
9

be in T2. Let NE be a tubular e- neighborhood of K whose
9

clcsure is denoted by RL. Let S be the interior of a solid torus




containing T, obtained by uniformly expanding the interior of T

by €.,

We define A to be S - NE and B to be E3 - T - ﬁe = Now A and B

are open and E3 - ﬁg = AUB. The center circle of S is a deformation
retract of A and hence, from Theorems 3 and 6, Section 1, m(A)

is infinite cyclic. We also see that looped through the hole of T

is a simple closed curve that generates the fundamental group of B and
hence w(B) is infinite cyclic.

Now AMNB is a thickened open annulus obtained by removing

N from a thickened torus. Hence ANB has a knot of type (psq)

&3

as a deformation retract. Thus m(ANB) is also infinte cyclic.
It follows that m(A), m(B) and n(ANB) have presentations ial=1;

{b|-}, and {z|-} respectively.

Now il*(z) = ap and 12*(2) = bq; thus, by Van Kampen's Theorem,

n(E3 - NE) - n(AUB) = {a,b|a® = b3}, Expand N¢ slightly to obtain a

neighborhood N; such that E3 - N{ is a deformation retract of E3 - ﬁg.

Now it follows that E3 - Né is also a deformation retract of E3 - K o

Psq
From Theorem 3, Section 1, we see that ﬂ(E3 - Kp q) 3. ﬁ;) e
9

n(E3 - Né) and hence that 7(E3 - Kp q) has a presentation

9

o~ T(E

{a,b\ap - b3},

We now have a presentation for n(E3 - K ) written in terms of
9

the integers p and q. With the aid of the following definitions and
lemmas we will show that there are infinitely many groups which
appear as the fundamental group of the complement of a torus knot.
We will denote fa,bja” = b%} by G .
pPsq
Let G and H be groups having the presentations {gl, 9o g3,...

As By Cy +o.} and {hy, hys hyy ...

P, Q, R, ...}, respectively.
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We define the free product GxH of G and H to be tle group with the

presentation {gl, 959 933 eeeo hl’ hz, h Ay By Cy euey Py Q) Ryeur}o

3, LN
The groups G and H are called the free factors of G¥H., Note that the

free factors G and H are isomorphic to subgroups G and H of GxH
(under the obvious isomorphism) such that E(Wﬁ = {1l}s It is customary
to identify G with G and H with H.

In the following discussion we will be concerned with finite

cyclic groups of order n having the presentation Gn = {g|gn

1}.

The free product of two cyclic groups Gn and Gm is Gn*Gm =

{a,bla" =1 = b™. It can be shown that the abelianization

(G%G )' of G G has the presentation {a,bla" =1 = b", ab = ba

[3]. In fact, if the integers n and m are relatively prime, then
Ve . . . - - nm
(Gn*qn) is isomorphic to the cyclic group G = {c]c =1}.

We will show this by making a series of transformations that ultimately

m

transform the presentation {a,b’an =1=>b", ab = ba} into{:lcnm =1}.

Since n and m are relatively prime there exists integers x and y such

that xn + ym = 1, from which it follows that (ab)Xn = b and

(ab)ym - a. Let c = ab. Then the relations ¢ = b, JM a, and
cMo_ are consequences of the given relations and may be added to
the presentation of (Gn*Gm)'. Thus (Gn*qn)' has the equivalent

n
presentation {a,b,c!an - p" - l, ab = bay, ¢ = ab, ¢ mo l, a = Cym,

b = ¢}, Similarly, we may delete the relations a' = 1, b™ = 1,
ard ab = ba since they are merely consequences of the other relations.
The generaters a and b are powers of c, hence they may be dropped and

we obtain the presentation {c|cnm =1}, It follows that (C%*CR)'

has order nm,

Suppose x is an element in Gn*qn. Since Gn*qn is generated by
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el g3ba4 en-len

a and b, x is a product a b€2a ceed b~ ", where ej and € are
integers.

Lemma 1. The only elements of Gn*CB having finite order are the
elements of Gn and qn and their conjugates.

Proof: Suppose x ¢ Gn*Gm and x” = 1. It follows that x is a
product 9195+« 9y where each 95 is a powsr of either a or b and
95 and gi+l are not powers of the same element. We will prove the
lemma by induction on k. Thus, let S ={ k|If xe GG , x =

9195e <9 where each 9; 1s a power of a or b and 9 and g, are

i+l
not powers of the same element, and x has finite order, then x is
an element of Gn or Gm or a conjugate of an element of Gn or qﬂ}.
Clearly 1 €S,

Suppose k €S and x has finite order p, where x = Q9o oo Jpyrt
If 9 and 941 23TE in difrerent free factors, it follows that x is
not of finite order; consequently 9, and 941 2TE in the same free
factor. Since 9 and sl are in the same free factor we express
their product h as a power of either a or b. Thus, gilx g, =

1

92"'gkgk+lgl = g2...gkh. It follows from the inductive hypothesis that
-1 . ;

9, x9 = 92...gkh is an element of Gn or Gm or a conjugate of an elem-
ent of Gn or Gm. Thus x 1s an element of Gn or qn or a conjugate of an

element of G or G .
n m

An immediate consequence of this is the following:
Lemma 2. The maximum order of any element of Gn * G of finite
- m

order is the maximum of n and m.

Lemma 3. If (p,q) =1, (rys) =1, and Gp * Gq is isomorphic to

Gr * Gs’ then p = r and q = ss0or p = s and q = r.
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Proof: We begin by observing that the abelianizations (Gp * Gq)

and (G_ * G )' are isomorphic whenever G * G and G * G are isomorphic.
i3 s p q r s
Thus pg and rs are equal if Gr * GS and Gp * Gq are isomorphic since pq
and rs are the orders of their respective abelianizations.
Suppose p # r and p # s. Then either p or q is greater than both
r and s; or one of r and s is greater than both p and q. We may
assume p>r and p>s. Thus p>max{r,s} and, from Lemma 2, the maximum
order of any element of Gr & Gs’ of finite order, is equal to max {r,sl.

However, the generator a of Gp has order p in Gp ¥ G and its image under
q
any isomorphism must be of order p. Thus we obtain a contradiction,

and p =T or p =s. If follows that p=r and q =sy or p = s and q = r.

Theorem 2. If torus knots qu and Krs are equivalent (of the same
[ 1)

knot type), and if p,q,r and s are all greater that 1, then either p = r

and q = syor p = s and q = r.

P

Proof: Let N be the subgroup generated by a" in the group G

Psq
fasb | a® = b%}. Note that a® a = a a” and that aP b = b% = bb9 = baP.

%

It follows that a= commutes with every element in Gp o and hence

9

that N is normal. Let @ and b be the cosets of a and b; respectively,

relative to N in G « It is clear that Gp q/N is generated by 3 and Db.
9

Psq

We also see that Ep = aPN =N :vi, and similarly that P9 - 1. It follows

that Gp,q/N has the presentation {S,E‘lép -9 - 1) . From this presenta-
tion we see that Gp,q/N is the free product Gp * Gq- Similarly,
Gr,s/<gg> is Gr * GS. Since ap commutes with every element in G ; we
see that N lies in the center Z of Gp,q' Suppose x is in the center Z'

of G q/N =G * G. Then xa = ax and xb = bx, which implies that x is
Ps p q

in the center of each free factor Gp and Gq. Since Gpr)Gq ={1}1it fol-

lows that z' = {1}. Let n be the homomorphism of Gp . onto Gp q/N given
b 9
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by n(x) = xN. Then n(2) cz = {1}. Since N is the kernal cf N,

ZcN. It follows that N is the entire center Z of G . Thus the
Psq
quotient of Gp q by its center is Gp * Gq. Similarly, the quotient of

9

G by its center is G_ * G .
T,s T s

Now, if K is equivalent to K » then it follows frcm Theorem 3
Psq TyS

of Section I that G is isomorphic to Gr < Thus their quotient groups
9 9

by their centers, Gp * Gq and Gr * GS, are isomorphics and p = r and

q =5y Or p =s and q = r follows from Lemma 1.

Suppose p = 1. Then a presentation for TT(E3 - Ky q) is {a,b |a =
9
bq}. Since a is a power of b, a may be deleted from the presentationj

hence n(ES— K ) has the presentation {b[— }. Similarly, if q =1,

1,9
3
then =(E —Kp l) is infinite cyclic. The following theorem tells us that

b

the torus knots of type (p,q) with p or q equal to 1 are all equivalent;
in fact, they are all trivial. For this reason many authors restrict
their definition of torus knots to those types naving p>l1 and g>1.
Theorem 3. A knot K is trivial if and only if n(EJ—K) is infinite
cyclic [8].
Theorem 4. A torus knot Kp,q is non-trivial if and only if p>1
and g>1.

Proof: (=) Suppose p is O or 1. It follows that W(EJ-Kp q)
9

is infinite cyclic. Thus K is trivial. The proof is similar if
9

q 1is O or 1.
(& ). Suppose p>1 and 1. Then G /Z=G * G = {a,b|a® = 1 = b}
& ). Suppose p q b, 2= 8,6, b

where Z is the center of G . Now, the abelianization of Gp x Gq is a

]

finite group of order pg-1l. If K is the trivial knot, then the center

Po

of the group Gp . is the entire group; hence G q/Z ={1}. It follows
9 P

that K is non-trivial.
9
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Suppose K and K are two non-trivial torus knots and E3—K
Psq Tys Psq

is homeomorphic to E3—K « Then G is isomorphic to G , from which
Tys Psq Tys

it follows that p = r andq = s, or p = s and g = r. In the closing
remarks of Section II we showed that this relationship between (p,q)
and (r,s) implies K and K are of the same knot type. We now
Psq I'sS
summarize these results.
Theorem 5. If K and Kr o are non-trivial torus knots, then

Psq ’

K and K are of the same knot type if and only if p = r and q = s,
Psq L)

or p=sandq-=r.
It follows from Theorem 5 that there are infinitely many non-
equivalent torus knots. Another interesting corollary (to the proof

of Theorem 5) provides a partial solution to an unsolved problem in knot

theory.
. 3 3
Problem. Suppose Kl and K2 are two knots in E” such that E —K1
is homeomorphic to E3—K2. Are Kl and K2 of the same knot type? If
Kl and K2 are torus knots, the answer is in the affirmative.

In the proof that n(E3-K ) = {3,b ’ap - bY we constructed open

s
sets A and B such that w(A), m(B), and w(ANB) had the presentations

{al-}, {b]-}% and {z|-} respectively. Then we used Van Kampen's Theorem
to obtain {a,b\ap = b9} Hence, in the group {a -} ap = 1 implies p = O.
Previously, in the proof of Theorem 2, we showed that the center of

G = {a,blap = b31is Z = <aP>. It follows that the center of G

Psq Psq

is non-trivial. For if p = O, then Gp . is infinite cyclic and Z # {1}.
9

Furthermore, if p>1, then aP # 1. In fact, it has been conjectured that

torus knots are the only knots whose knot groups have non-trivial

centers [7 .




V. THE GENUS OF A KNOT

The genus of a knot K is a nonnegative integer associated with K
in a particular way. It is defined in such a manner as to be invariant
under space homeomorphisms. We will show that there exist torus knots
of arbitraty genus. Although we have already proven that there are
infinitely many nonequivalent torus knots, we point out that the work
in this section gives us the same result. It is also a consequence
of the work to be done here that there are infinitely many knots that
are not torus knots.

We begin by giving some standard terminology. A Hausdorff space
X 1s said to be a 2-manifold if each point in X is in an open set
homeomorphic to the open disk D = { (x,y)| x2 + y2< 1} in E2, In
this paper all manifolds considered will be metric spaces. A
connected 2-manifold is called a surface. We define an orientable

space to be a space that does not contain a Moébius Strip. Some

orientable surfaces are pictured below.

e

N
"

(a) V (®)
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A Vo

Figure 9 (c)

Illustration (b) shows how to think of a torus as a sphere-with-one-
handle. From figure (c) we can see that a double torus may be thought
of as a sphere-with-two-handles. A sphere with two handles is called

the connected sum of two tori. Similarly, a sphere with n handles is

called the connected sum of n tori. It can be shown that any compact

orientable surface 1s homeomorphic to a sphere or to the connected sum
of finitely many tori [4].

We define the genus of a compact orientable surface to be zero if
the surface is homeomorphic to a sphere and the genus is n if the
surface i1s homeomorphic to the connected sum of n tori.

A bordered 2-manifold is a Hausdorff space X such that each point in

X 1s in an open set homeomorphic either to the open disk

D = {(x,y) ] x2+y2 <1} or the subspace {(x,y)| x> O} of E2, As above,

a connected bordered 2-manifold is called a bordered surface. The

subset of a bordered 2-manifold X consisting of all points that lie
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only in open sets homeomorphic to the subspace {(x,y)| x >0} of =

is called the boundary of X.

Suppose the boundary of a compact bordered surface X has n com-
ponents. It can be shown that each boundary component is locally like
the line, and it follows from the compactness of X that each boundary
component is a simple closed curve. We can obtain a compact surface
X' by taking n closed disks and sewing the boundary of the ith disk to
the ith boundary component of X. It is clear that the orientability of
X' depends only on the orientability of X. If X is a compact orientable
bordered surface, we define the genus of X to be the genus of the
compact orientable surface X' obtained by "capping the boundary compon-
ents with disks" as described in the preceding sentences. We see that
by sewing the boundary of a disk onto the boundary of a disk we obtain
a sphere. Thus the genus of a disk is zero. The bordered surfaces
pictured below are all homeomorphic. The space shown in (a) is
obtained by removing an open disk from the torus and is called a disk-

with-one-handle. By stretching the hole (with a homeomorphism) as

indicated in (b), we obtain the spaces in (c). Finally, the junction
of the two intersecting bands of the figure in (c) is enlarged to ob-
tain a disk with two bands having one boundary component. As noted,
these spaces are homeomorphic and hence the construction is reversible.
It follows that the genus of each of the bordered surfaces above is 1.
We will now show that the genus of an orientable disk with 2n bands
having one boundary component is n. A band is simply a disk but the
word “band" is ordinarily used to denote a "long skinny" disk. We say

D i¢ 3 disk with 2n bands if D is the union of a disk D' with 2n dis-

joint bands {81,82,...,8

Qn} such that the intersection of D' with any
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= -9
P (e)
Figure 10

band Bi, i = 1, ¢eey 2n, is the union of two disjoint arcs. We will
assume that no band has an odd number of twists to guarantee that the
manifold is orientable (see Figure 11). Suppose B is one of the 2n
bands in D. Let a; and a, be the two arcs whose union is Bf\D'. Since
D has an even number of bands there exists another band B' disjoint from
B. In fact B' has the property that the intersection of B' with each

component of D' —(alL)aQ) is nonempty. For if not, then D would have

more that one boundary component. We call two such bands a band pair.

We show that no loss in genmerality is introduced by assuming the band
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pairs to be separated from one another by arcs spanning D'.

The following sequence of figures shows how to obtain a space homeO-
morphism that helps "untangle" the band pairs. We illustrate the pro-
cedure where n = 2. The shaded band is the one we wish to move. We
begin by "walking the band" around band B in the direction of the arrows.
This homeomorphism is the identity map outside the shaded disk (see Fig-
ure a). Similarly the space in (c) is obtained from the one in (b).
Finally, the bands are separated as shown in (d) by walking the shaded
band over band B in the direction of the arrows in figure (c). (The
bands may be "knotted" or "linked" about each other, but separation
of the band pairs in the disk D is all we require and can be accomplish-
ed as described above.) Thus we may assume that in a disk D with 2n
bands there exist n-1 arcs such that band pairs lie in different
components of D minus the arcs (see Figure 11-d). Next we make n-1
cuts along the separating arcs in the disk D so as to obtain n disks,
each of which has two bands. Now each of these disks-with-two-bands is
homeomorphic to a disk with one handle (see Figure 10 on page35 ).

The boundary of each disk with a handle contains an arc along which the
cut was originally made. When we sew these back together along the
original cut we obtain a disk with n handles. It follows that the
genus of D is n. The proof is pictured in Figure 12 for n = 3.

We will next show that a tame knot in E3 bounds a compact orientable
pordered surface in E3. Once this is accomplished we will define the

genus of a knot and obtain a formula for the genus of a torus knot of

type (2,9).




3

(d)

Figure 11
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Since we are concerned only with tame knots, we will begin by assuming

that we are given a polygonal knot in E3. Choose a plane such that the

Figure 12

knot can be projected into the plane with only a finite number of
singular points, and such that each of these points has exactly two
points in its pre-image, both of which are interior points of the
straight line segments making up the polygonal knot [1]. We may assume
that the plane P is horizontal, and we adjust the projection a little
to remove singularity at each singular point P+ One of the two pre-
images of Py is higher than the other, and we l1ift a small neighlior-

hood of the higher point (the neighborhood is on the straight
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line segment) out of the plane (see Figure 13). We call this new curve

C, and we note that C is now almost entirely in P and is homeomorphic,

Figure 13

by a space homeomorphism h, to the original curve. At each singular
point Py choose a round neighborhood Ni in E3 such that the lifting,
discribed above, at p. was done in the interior of Ni,_N;/\_NS :gﬁ,

for i % js and the intersection of N.l with the original projection is

homeomorphic to the letter;< . One such neighborhood is pictured below.

Figure 14
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We now assign an orientation to the curve C and we will now describe
iwow to choose a collection of mutually exclusive simple closed
curves J, (cailed Siefert circles) which covers C except for the
part of C which lies in '% Ni' We start at a point of

c - ( Q N;) and move along C in the diraction of C's orientation,
until a point of some BdN.l is reached. Observe that BdN.1 is
pierced four times by Cj; twice inward and twice outward. We move
along BdNi/]P to an outward piercing point, choosing the direction
so that we remain in the plane and so that we do not meet eiiher cof
the other two piercing points. We continue moving along C, in
direction of C's orientation, repeating the process at each Ni
until the original starting point is reached. Call this simple
closed curve J.., If Jl does not cover C - ( jSnt Ni)’ choose

1

another starting point, not on Jl’ and repeat the process.

Figure 15
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It is clear that this process gives us the collection of
disjoint simple closed curves described above. Each Jk »mounds
a disk in P. If these disks are disjoint, then we take them as
they are. However, they probably won't be., If the disks bounded
by the Jk's are not disjoint, then we replace them with disjoint
disks obtained by pushing the flat disks down below P. In this
way we obtain a collection of disks {Dk} such that the Dk‘s

are pairwise disjoint, BdD, = J, , and the interior of each D

k k k

lies below P,

There is also a collection of simple closed curves Ki’ one
for each singular point Py The curve K.1 is the union of the two
arcs of C which lie in N.l with the two arcs on the boundary of
N.l which are contained in the union of the Jk's. This curve bounds
a disk Ei in NZ such that no point of E.l lies below the plane P.

n
Hence the E.'s are pairwise disjoint, and [((}Dk)f7(l{ Ei)] =

n
[ﬂJJQ{)( %}BdNi)] (see Figure 16).

Figure 16
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Notice that the only boundary component of the resulting bordered
surface M' = [k}DQ(J( Q Ei)] is the simple closed curve C. Then

M = h-l(M') is the desired bordered surface whose boundary is the
original knot h-l(C).

We claim that M' is orientable. The proof depends on results
not yet mentioned in this paper. With the aid of the following
definitions and observations we will ultimately show that M'
cannot contain a Mobius Strip.

We make the assumption that any compact bordered surface S
can be triangulated [4]; that is, there exists a finite cover
{Tl, s00f Tn} of S consisting of n sets each homeomorphic to a
triangle in E2, having the property that any two distinct sets
T.1 and Tj are either disjoint, have a vertex in common, or have
an entire edge in common. We will call the elements of
{Tl, ooog Tn }triangles. Suppose a space S is triangulated
and each triangle has an orientation on its boundary which is
pictured as an arrow. If for each pair of triangles sharing an edge
the arrows on the common edge have opposite directions, then we say
S has an orientation preserving triangulation. For example
the arrows in the triangles of the disk below show that the disk has
an orientation preserving triangulation. Observe that an orientation
of the boundary simple closed curve of a disk induces an orientation
on the triangulation of the disk. Thus, in the manifold M', the
orientation assigned to the curve C induces an orientation preserving

triangulation of each disk D, and each band Ei' Let Dy and Dm be two

k i
disks connected by a band En' With the aid of Figure 18 we see that

the orientation induced by the orientation of C on triangulations
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WV

Figure 17

of Di’ Dm and En are compatible in the sense that the arrows

conflict at edges in the intersection.

Figure 18

We will next show that a Mobius Strip S cannot have an orientation
preserving triangulation. The boundary of S is a simple closed
curve, and it is clear that if S has an orientation preserving
triangulation it induces an orientation on the boundary. Consider
S as the identification space obtained by identifying opposite
sides of 12 as pictured below. Suppose S has a triangulation, and

let Tl be a triangle with one edge on the top of 12. Further,

suppose Tl has a clockwise orientation. It follows that there




Figure 19

is a chain of K triangles extending from top to bottom of

12 all having a clockwise orientation. Now Tl induces a direction
from left to right on the top of 12 (note that the top of

12 is part of the boundary of S), which in turn induces a direction
from left to right on the bottom of 12. Thus the orientations

conflict on the bottom of 12.

Figure 20

If M' contained a Mobius Strip S, then S would lie in the union of

some subcollection of the Dk‘s and Ei's. However, from what we said
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above we see that the orientation on the disks Dk and E.l would

induce an oreintation preserving triangulation on S, which is

impossible,

We define the genus Q(K) of a knot K to be the minimum genus of

all bordered surfaces bounded by K. A polygonal knot is alter-

nating if it can be projected into a plane with only a finite

number of singular points such that each of these points has
exactly two points in its pre-image both of which are interior
points of the straight line segments making up the knot, and the
overcrossings and undercrossings alternate around the projection
of the knot. A knot type is alternating if it has an alternating
representative. It can be shown that for alternating knots the
above algorithm produces the bordered surface of minimum genus [5 ].
Thus the genus of an alternating knot is just the genus of the
bordered surface obtained above.

The genus g(K) of an alternating knot K is determined as
follows: Construct an orientable bordered surface M bounded by
K in accordance with the algorithm. Recall that we obtain a

collection of r disjoint disks (the D, of the algorithm) connected

k
by n disjoint bands (the Ei of the algorithm). Since each disk
Dj must be connected to another of the Dk's by at least one band,
it follows that r - 1 < n. The union of the r disks with a parti-
cular set of (r - 1) of the bands is a topological disk. The
number n - (r - 1) of remaining bands is nonnegative since

r -1 <n. Furthermore if n - (r - 1) were odd we would have an

orientable bordered surface M homeomorphic to a disk with an odd

number of bands attached. Then we could separate one of the
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bands (as described on page37) and see that M would have at least
two boundary components. However, we have only one boundary component,
the knot itself. Thus n - (r - 1) is even and the bordered surface
obtained is a disk with n - (r - 1) = 2m bands and one boundary

n - (r-1)

component. It follows that g(K) =m = ——>—— . We illustrate

the procedure in the following picture, where we see that

L

Nje

.a”iésﬁf" (b)

Alternating projection obtained by the algorithm of Section III.

Remove singularities. Construct 2 Siefert circles.

Figure 21
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Thus g(K2 3) = §_:_£§_:_ll = 1, according to the formula derived
b

in the preceding paragraph. Similarly, the figure 8 knot has genus 1.

Figure 22

It is clear, from the algorithm for picturing a terus knot,
that any torus knot of type (2,q) is alternating. In fact, an
alternating projection is given by the algorithm and we will

use it to compute g(K ). It is clear that for arbitrary

2,q

g the number of Siefert circles is 2 and that there are g crossings.
By virtue of these results and the formula for the genus of an

alternating knot it follws that g(K2 q) = Q_E_L .
b

Now, 1f two alternating knots K, and K2 are equivalent under a

1

space homeomorphism h and K, bounds the bordered surface M, then

1

K, bounds h(M) and g(M) = g(h(M)). Thus g(K

5 = g(Kz). There fore,

)

if q 1s allowed to vary over the positive odd integers, we obtain a

countable infinite collection of nonequivalent torus knots.

Furthermore, we see, by letting q = 2n + 1, that for each non-




negative integer n there exists a torus knot K2,q having genus n.

We point out the fact that torus knots of type (p,q) with p> 2 and
q > 2 have no alternating projection [6] . However, an interesting
relation was given by R. H. Fox concerning the genus of a knot
of type (p,q) and the genus of the bordered surface bounded by the
knot obtained in accordance with the above algorithm [2]1. If we use
the projection of Kp, described in Section III, we see that there
are q arcs "under" the torus, each of which is crossed over p -1
times. It follows that there are q(p - 1) bands. It can be

shown that there are p nested Siefert circles. Thus, the knot

K boundsa disk with q(p - 1) - (p - 1) = (q - 1)(p - 1)

Psq

bands. It follows that the genus of the bordered surface is

{q - li}p =D . We remark that this number may not be g(Kp q);
b

nevertheless, this proves that g(K ) < LE:L%KQ:LI , and it is

9

well known that equality holds if K q is alternating [2].

P

We now construct an infinite collection of knots, each having

genus 1, none of which is a torus knot. Consider the torus T2

and the knot KO inside of T2 as shown in Figure 23 belav.

Figure 23
KO is called a trivial double-knot (or a doubled trivial knot).
The knot obtained from KO by slicing the solid torus vertically

through J, making one 360° twist of the right hand side of the torus
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in the direction of the arrow, and then connecting the knot back
together where the original cut was made is called a 1 - twist

knot. Similarly, a twist of 2m 1in the direction of the arrow

converts KO to a knot Kn called an n - twist knot. The knots

Kl and K2 are shown in Figure 24,

Ka Kl

Figure 24

It is clear that these knots are alternating. Thus we may use
the algorithm to determine g(Kn). We see that K is the trivial
knot and hence g(KO) = 0. Now, each twist knot has the original
two crossings as in Ko and two more crossings for each twists
therefore the number of bands in the bordered surface bounded
by Kn is 2n + 2. It can be shown by induction on n that the
number of Siefert circles is 2n + 1. Hence, from the formula

given on page 46, it follows that g(Kn) = {n +2) - £(2n +)-1]

2
2=].o
Since the twist knots are glternating and g(Kn) =1,

n > 1, the only torus knot that could be a twist knot is the

trefoil. It can be shown via another knot type invariant,
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called the Alexander polynomial, that the collection of twist
knots is infinite and that no twist knot 1s of the same type
as the trefoil [1] . We point out, however, that the knot obtained

by giving J one twist in the opposite direction is the trefoil.
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