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Abstract

We consider solving the Laplace-Beltrami problem on a smooth two dimensional
surface embedded into a three dimensional space meshed with tetrahedra. The
mesh does not respect the surface and thus the surface cuts through the el-
ements. We consider a Galerkin method based on using the restrictions of
continuous piecewise linears defined on the tetrahedra to the surface as trial
and test functions.

The resulting discrete method may be severely ill-conditioned, and the main
purpose of this paper is to suggest a remedy for this problem based on adding
a consistent stabilization term to the original bilinear form. We show optimal
estimates for the condition number of the stabilized method independent of the
location of the surface. We also prove optimal a priori error estimates for the
stabilized method.

Keywords: Laplace—Beltrami, embedded surface, tangential calculus.

1. Introduction

We consider solving the Laplace-Beltrami problem on a smooth two dimen-
sional surface embedded into a three dimensional space partitioned into a mesh
consisting of shape regular tetrahedra. The mesh does not respect the surface
and thus the surface cuts through the elements. Following Olshanskii, Reusken,
and Grande [16] we construct a Galerkin method by using the restrictions of
continuous piecewise linears defined on the tetrahedra to the surface.

The resulting discrete method may be severely ill-conditioned and the main
purpose of this paper is to suggest a remedy for this problem based on adding
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a consistent stabilization term to the original bilinear form. The stabilization
term we consider here controls jumps in the normal gradient on the faces of
the tetrahedra and provides a certain control of the derivative of the discrete
functions in the direction normal to the surface. Similar terms have recently
been used for stabilization of cut finite element methods for fictitious domain
methods [1], [2], [12], and [14]. Note that none of these references involve any
partial differential equations on surfaces only regular boundary and interface
conditions.

In principle, it is possible, in this situation, to deal with the ill conditioning
problem in the linear algebra using a scaling, see [15]. Starting from a sta-
ble method has clear advantages in more complex applications that may need
stabilization anyway, such as problems with hyperbolic character or coupled
bulk-surface problems. It is also not clear that matrix based algebraic scaling
procedures is possible in all situations and thus alternative approaches must be
investigated.

Using the additional stability we first prove an optimal estimate for the
condition number, independent of the location of the surface, in terms of the
mesh size of the underlying tetrahedra. The key step in the proof is certain
discrete Poincaré estimates that are also of general interest. Then we prove a
priori error estimates in the energy and L? norms.

In a companion paper, we will consider the more challenging problems of
the surface Helmholtz equation and show error estimates for a stabilized method
under a suitable condition on the product of the mesh size and the wave number.

Finally, we refer to [3], [6], [7], and [8] for general background on finite
element methods for partial differential equations on surfaces.

The outline of the reminder of this paper is as follows: In Section 2 we
formulate the model problem and the finite element method, in Section 3 we
summarize some preliminary results involving lifting of functions from the dis-
crete surface to the continuous surface, in Section 4 we prove an optimal bound
on the condition number of the stabilized method, in Section 5 we prove a priori
error estimates in the energy and L? norms, and finally in Section 6 we present
numerical investigations confirming our theoretical results.

2. Model Problem and Finite Element Method

2.1. The Continuous Surface

Let ¥ be a smooth d — 1-dimensional closed surface embedded in R?, d = 2
or 3, with signed distance function p such that the exterior surface unit normal
is given by n = Vp. Let p(x) be the nearest point projection mapping onto
¥, i.e., p(x) is the point on ¥ that minimizes the Euclidian distance to x. For
d > 0 let Us(X) be the tubular neighborhood Us(X) = {x € R : |p(z)| < ¢}
of . Then p(x) = ¢ — p(x)n(p(x)) and there is a §p > 0 such that for each
x € Us, (X) there is a unique p(x) € . Using p we may extend any function v
defined on ¥ to Us,(X) by defining

v¥(x) =vop(x), = Us (%) (2.1)



2.2. The Continuous Problem
We consider the following problem: find u : ¥ — R such that

—Ayu=f onX (2.2)

where f is a given function such that fz f = 0. Here Ay, is the Laplace-Beltrami
operator defined by
Ay, =Vyx-Vy (2.3)

where Vy is the tangent gradient
Vs = PyyV (2.4)

with Py, = Px(x) the projection of R? onto the tangent plane of ¥ at € %,
defined by
Ps=I-n®n (2.5)

where I is the identity matrix, and V the R? gradient.

Let (v, w),, = [ vw and [|v]l, = (v,v), be the L?(w) inner product and norm
on the set w equipped with the appropriate measure. Let H™(X),m = 0,1,2
be the Sobolev spaces on ¥ with norm

[wlle = > 1(DE)*wlf3 (2.6)
s=0

where
(Ds)’w =w, (Df)'w=Vsw
(DEY?w = Py ((Vsw) ® Vy) = Px(V ® Vw) Py (2.8)

and the L? norm for a matrix is based on the pointwise Frobenius norm. We
then have the weak problem: find u € H'(X)/R such that

a(u,v) =1l(v) Yve HY(Z)/R (2.9)

where
a(u,v) = (Vgu, Vsv)s, (v) = (f,v)s (2.10)

It follows from the Lax-Milgram lemma that the weak problem has a unique
solution for f € H™*(X) such that [ f = 0. For smooth surfaces we also have
the elliptic regularity estimate

lullze S [1fll2 (2.11)

Here and below < denotes less or equal up to a positive constant.



2.3. Approzimation of the Surface

Let KCp, 0 be a quasi uniform partition into shape regular tetrahedra for d = 3
and triangles for d = 2 with mesh parameter h of a polygonal domain €y in
R¢ completely containing Us, (X). Let Vj, o be the space of continuous piecewise
linear polynomials defined on /Cp, 9. Let p, € Vi o be an approximation of the
distance function p and let 3; be the zero levelset

Yp = {w SVE ph(ili) = 0} (212)

Then Y, is piecewise linear and we define the exterior normal nj, to be the exact
exterior unit normal to X5. We consider a family of such surfaces {3 : 0 <
h < ho} such that (a) X;, C Us,(X), (b) the closest point mapping p : ¥, — X,
is a bijection, and (c) the following estimates hold

ol S h% lIn® = nallieis,) $h (2.13)

for 0 < h < hy. These properties are, for instance, satisfied if pj, is the Lagrange
interpolant of p and hg is small enough.

2.4. The Finite Element Method

Let
Kn={KeKno: KNy # ¢}, QO =Uger, K (2.14)

and
Vi = {U S Vh70|Qh : / v = 0} (2.15)
3

be the continuous piecewise linear functions defined on Kj with average zero.
The finite element method on X; takes the form: find u; € V}, such that

Ah(uh,u) = lh(v) Yv eV (216)

Here the bilinear form Ap(-,-) is defined by

Ap(v,w) = ap(v,w) + jr(v,w) Yo,w €V (2.17)
with
ap(v,w) = (Vg,v, Vg, w)s, (2.18)
and
Jrn(v,w) = Z (to[nr - V], [np - Vw]) (2.19)
FeFy

where Fj, denotes the set of internal interfaces in Kp, [np- Vo] = (np-Vou)T —
(ng - Vu)~ with w(z)* = lim;_ o+ w(x F tng), is the jump in the normal
gradient across the face F', np denotes a fixed unit normal to the face F' € Fy,
and 79 is a constant of O(1). The tangent gradients are defined using the normal
to the discrete surface

Vy,v =Py, Vo= (I —npmn,)Vv (2.20)



and the right hand side is given by
Ih(v) = (f%v)g, (2.21)
Introducing the mesh dependent norm
ol = vl + NlvllZ, (2.22)

where
1o]l[%, = [IVs, 0], [v[I%, = jn(v,v) (2.23)

we note that |||v[||? is indeed a norm on V}, (for fixed ¥5) since if |||v[[|, = 0
we have v = 0. To see this we first note that if |||v|||z, = 0 then v must
be a linear polynomial v(z) = a - (x — xx,) + b with @ € R% b € R, and
xy, € R? the center of gravity of ¥, here b = 0 since 0 = fEh v = b, secondly if
0 = |||v|l|l7, = |Ps,als, and thus @ = 0 since ¥, is a closed surface and thus
a cannot be normal to ¥, everywhere. Thus it follows from the Lax-Milgram
lemma that there exists a unique solution to (2.16).

3. Preliminary Results

In this section we collect some essentially standard results, see [4], [5], and
[6], related to lifting of functions from the discrete surface to the exact surface.

3.1. Lifting to the Ezact Surface

For each K € K}, we let pj i be the distance function to the hyperplane,
with normal np g, that contains K N Xj, and p;,  be the associated nearest
point projection pj, () = * — pp ()N x onto the hyperplane. Then we
define the mapping

GK:K9w&—>poph7K(cc)+n(m)ph,K(m)EKl (3.1)

where K! = Gk (K) and we defined n(z) = Vp(x) = n®(z) for € Us,(%).
We note that G is an invertible mapping, Gx (K NX,) = Gg(K) N X, and
{K'NY: K' = Gg(K),K € K3} is a partition of ¥. The derivative DGk of
G is given by

DGk = (Pyx — pK)Pgh +nn, + ph’KR(PZ — pK) (32)

where we used the identity p ® V = Py — pk. Here kK = V ® Vp and we have

the identity
2

K= Z k(1 + prS) tal @ af (3.3)
i=1
where k; are the principal curvatures of ¥ with corresponding principal curva-
ture vectors a;, see [10] Lemma 14.7. Thus we note that k is tangential to ¥
and that for dp small enough we have the estimate ||k||r~ @, (=) S 1.



In particular, on ¥, we have pj, k() = 0 and thus we obtain the simplified
expression
DGk = (I — pk)(PgPyx, +n@ny) (3.4)

where we used the fact that k is a tangential tensor to X, i.e. kKPyxy = k. The
mapping DG i maps the tangent and normal spaces of ¥j at € K N Xy, onto
the tangent and normal spaces of ¥ at p(x).

We define the lift v! of a function v € HY(K) to H'(K') by

v oGg = (3.5)

8.2. Tangent Gradients of Lifted Functions
The tangent gradient of v! is given by

Vsl = PyVol = Ps DGR Vv = Ps(I — pr)" T (Pg Py, +n®ny,) Vo
(3.6)
Using the fact that I — pk and Px Py, + n ® nj preserves the normal and
tangent directions we finally obtain the identity

Vvl = (I — pr)"T(PsPs, + n®ny,) T Ps, Vo =B Vs, v (3.7)
where we introduced the notation
B = (I*ﬂlﬂ?)(Pngh +n®nh) (38)

Here I — pk is a symmetric matrix with eigenvalues {1, (1+pr$) =1, (1+pr§) "1},
which are all strictly greater than zero on Us,(X) for §p small enough, and
Py Py, +n®mny, is nonsymmetric with singular values {1,1,n-n;,}, which are
also strictly greater than zero. We will need the following estimates for B:

1Bl ro (s, S 1, HB_1||L=><>(Eh) S| - BBTHLOO(Eh,) <h? (3.9)

The first estimate follows directly from the definition of B, the second can be
proved using the the fact that eigenvalues and singular values discussed above
are all strictly greater than zero. To prove the third we proceed as follows

II — BB"||p(x,)

=|I — (I —pr)(PsPs, +n®@ny) (3.10)
X (Px, Ps +np, @n)(I — pk)||L=(s,)
= I — PsPys, Py —n@n| 1=, + O(h?) (3.11)

where we collected the terms involving the distance function p in the last term
and used the assumption (2.13) that [|p||z(s,) < h?. Next for the remaining
term we write I = Py + n ® n and then we note that the identity

Py, — Py Py, Py, = Pg(Pg — Py, )(Ps — Py, )Py, (3.12)

holds. Using the bound ||[Px — Py, [[1(s,) S [[n—"n4l 1~ (n,) S h the estimate
follows.



8.8. Change of Domain of Integration

The surface measure do on X is related to the surface measure doj on X,
by the identity
do = |Bldop, (3.13)

where |B| is the determinant of B which is given by

2

1Bl = (TT(1 = prc (1 + i) ™) ) (3.14)
=1

Using this identity we obtain the estimate

11— 1Bl = 11 = (T (1= o1+ i) ™) ) m mnllpes,)  (3:15)
<1 =n-npllpes,) +Opll==,)) S h? (3.16)

where we finally used the bound 2(1 — n - ny) = |n — ng|? < A% In summary
we have the following estimates for the determinant

Bl =y $1. 1Bl ey S L 1= [Bllre,) $h* (317

4. Estimate of the Condition Number

4.1. Discrete Poincaré Estimates

In this section we derive several discrete Poincaré estimates. We begin with
the standard Poincaré inequality on ¥, for functions in H'(X;) with average
zero and a constant uniform in h for A small enough.

Then we show estimates that essentially quantifies the improved control of
the solution and its gradient provided by the gradient jump stabilization term.
In order to prepare for the proof of our main estimates Lemma 4.4 and Lemma,
4.5 we first prove a Poincaré inequality for piecewise constant functions defined
on K in Lemma 4.2 and then in Lemma 4.3 we quantify the improved control
of the total gradient provided by the stabilization term.

The proof of Lemma 4.2 builds on the idea of using a covering of §2, in terms
of sets consisting of a uniformly bounded number of elements. On these sets a
local Poincaré estimate holds for functions with local average zero. The local
averages can then be approximated by a smooth function for which a standard
Poincaré estimate on the exact surface can finally be applied. This approach is
used in [13] to prove Korn’s inequality in a tubular neighborhood of a smooth
surface. In contrast to [13] our proof handles discrete functions and the fact
that €, is a polygon that changes with the mesh size h.

Lemma 4.1. Let \, : L?(X;) — R be the average M\, (v) = |Sp| 7! fEh vdo.
Then the following estimate holds

lv =M@z, < 1Vs,vlls, Yo e H'(Sh) (4.1)

for 0 < h < hy with hg small enough.



Proof. Let A(v) = |3[7! [ vdo be the average of v € L*(X). Using the fact
that & = Ap(v) is the constant that minimizes ||v — «|g, and then changing
coordinates to X followed by the standard Poincaré estimate on 3 we obtain

[ = M), S llv =A@l (
Sl =A@ ls (
S IVed!|s (
S Vs, vlls, (

where we mapped back to X, in the last step. This concludes the proof. 0

Lemma 4.2. Let v be a piecewise constant function on Ky and let A\p(v) =
||t fQ} vdzx be the average on Q. Then the following estimate holds

lo =M (@)&, Sh Y lRIE (4.6)
FeFy,

for 0 < h < hy with hg small enough.

Proof. Let Bs(z) = {y € R" : |y — x|ga < ¢} and let Dy, o, = By(x) N3 for
x € 3. Next we let

Khe={K€cKnK NDyo#0},  wha=Ukex,. K (4.7)

We note that there is a uniform bound card(Kj, ) < 1 on the number of elements
in Kp ¢ since the mesh is quasiuniform. Furthermore, if &} is a set of points
on X such that {Dj, 5 : © € A} is a covering of ¥ then {wp . : ¢ € A} is a
covering of .

Next let x : [0,1) — R be smooth, nonnegative, have compact support, and
be constant equal to 1 in a neighborhood of 0. Define xp ,(2) = x(|z — |ra)/h)
and
Xh,a(2) (4.8)

B fg Xh@(z)dz
Then supp(gh,e) N X C Dy, 4 and we have the estimates

Qoh,a:(z)

I nellLoo(Dpa) S HTY IVonellLs Dy S h™ (4.9)

On all of the sets wy, , we have the local Poincaré estimate

law —oll2,, P> > hH[R]IE (4.10)
FeEFh x

where a, = |c‘;;w|_1 fw} v is the average of v over wp, o, and Fj, 5 is the set of
interior faces in Kj, . We finally let @ = a(v) be defined by

a:Xo>x— /Egow(z)vl(z)dz eR (4.11)



with average

a= |Z|_1/ ado (4.12)
by
With these definitions we have the estimates
[ = An(V)[I3, < [lv— all?,, (4.13)
S v—aal,, +llaz —al, . (4.14)
reX),
S R > PR+ Y hlae —allp,,  (4.15)
TEX), FeFr(wh,z) TEX],

where we used the fact that o = A\, (v) is the constant that minimizes ||v— |3,
in (4.13) and the local Poincaré estimate (4.10) to estimate the first term and
the estimate |wy| < h|Dy | together with the fact that a, — a is a constant to
estimate the second term in (4.14). Next we split the second term in (4.15) by
adding and subtracting the constant a(a) and the function a in each term in
the sum as follows

Y hlaw —ald, , S Y hllas —al@)llb, , (4.16)
rEX), reX),
Y +hla@) —alp, , + Y hlla-alp, ,
TEX), rEX),
— [+ IT+II1 (4.17)

We proceed with estimates of Terms I — I11.

Term I. Using the fact that a, — () is constant on wy, 5, the bound |wp | <
h™, the definition of a, and the identity a, = ag [y, ¢z (2)dz = th At (2)dz,
we obtain

lag — a(@)|2, , < h'las —a(z)[® (4.18)
2
< |ag — oz (2)0(2)dz (4.19)
Xh
} 2
< he / Vx(2)(ag — vl(z))dz (4.20)
n
S beel, , lae —o'llD, . (4.21)
S hllag — '3, . (4.22)
S llae —ol2, . (4.23)
<SP R (4.24)
Fe]:h,m

where we used Cauchy-Schwarz in (4.21), the bounds (4.9) for ¢, in (4.22), an
element wise inverse inequality in (4.23), and finally the local Poincaré estimate



(4.10) in (4.24). Thus we have the estimate

I=73% hllas —a(@)p,, S > h* Y b (4.25)

xeX), xeX), FEFh =

Term IT. Using the estimate |Dj, .| < h9! followed by the fundamental the-
orem of calculus we obtain

hla(z) —allp, , S hllalx) —alli<p, . (4.26)
S A2Vl <(p, . (4.27)

For each y € Dy, » we have
Veuily) = Vi [ ou@n! @z = [ (oo @0 () (428)
= /E(VE,yQPy)(Z)(Ul(z) —ay)dz < Hvﬁ,y@yHDh,val - ay||Dh,y (4.29)

and thus we find that

Vsa(y)lge S B~V 0" —ayld, , (4.30)
ShT N —ay 3, (4.31)
Sh Y Rl (4.32)

FeFn,y

where we used the local Poincaré estimate (4.10). Taking the supremum over
Dy, o we obtain

IVsaliep, ) Sh~" Y h MR (4.33)
Fe2Fy o

where 2F} » = Uyep, ,Fhy is the set of interior faces contained in the set
2wh,e = UyeD, ,Wh,y- Thus we conclude that

I1="7% nla) ~allp, , < > h* > b RIE (4.34)

xeX), xeX), FeFn =

Term III. Using the standard Poincaré estimate on % we obtain

=% hla—allp,, < hlla— a3 (4.35)
TEX),
ShlVsalk £ Y hlVsal,, (4.36)
TEX),
SEEY  Vsalliem, . S Y., D>, hHDIE (4.37)
rEX), rEAX), FEQ]‘—h .

10



where we used (4.33).
Starting from the bound (4.15) and using the bounds of Terms I, I, and
117 for the second term we arrive at

lo=M@la, S Y > hHRIES Yo A IbIIE (4.38)

xeXy FE2Fh o FeFn

where, in the last inequality, we used the fact that there is a covering such that
we have a uniform bound on the number of sets F, 5, € X}, that each edge be-
longs to. To construct such a covering we let Vo = {y € ((h/2)Z)* : |p(y)| <
h/2} and X, = {x = p(y) : y € Y 2}. Then X C Uyey, , Br2(y) and we note
that XN By, /2(y) C ENBR(Pp(Y)) = Dh pry)- Thus {Dy 5 : € € A} is a covering
of 3. Next we note that there is a constant C such that (20.)51@) NY C Depa
since the mesh is quasiuniform. The covering number of {D¢p o : © € X} is
uniformly bounded by the number of points in the set {y € ((h/2)Z)? : |y—=| <
Ch}, which can be estimated by (2(2C + 1)) 0

Lemma 4.3. The following estimate holds

R(IVolg, < 02Vs,olls, + I, S vl Yo e Va (4.39)

~

for 0 < h < hy with hg small enough.

Proof. We have
W2 Volls, < RP(IVe = al$, +llall3,) S hlVe —alid, +h?[lall3,  (4.40)

for all @ € R3. Choosing a such that (Vv —a,b)q, =0 Vb € R?, it follows from
Lemma 4.2 that

hl|Vo —ald, < [llvll, (4.41)
Next, to estimate h?||al|3, we first map to ¥ and then use the fact that ¥ is
a closed surface followed by finite dimensionality of the constant functions to
conclude that

lalls, < llalls S [[Psalls < [[Psals, (4.42)
S|Py, alls, + [(Ps — Ps,)als, < |Ps,als, +hlals, (4.43)
where we mapped back to the discrete surface ¥;, and used the estimate || Py —

Py, ||z=(s,) S h. Finally, for 0 < h < hg with hq sufficiently small, a kick back
argument leads to the estimate

Wllals, S h*|Px,all, (4.44)
Next, writing Py, a = Py, Vv — Py, (Vv — a), we have
P2(|Ps,al%, <02 Ps, Volg, +12||Ps, (Vv - a)[3, (4.45)
SRV, l%, +hlVe - allf, (4.46)
S PV, llE, + v, (4.47)

11



Combining the estimates (4.40), (4.41), (4.44), and (4.47), we obtain the desired
result. O

We are now ready to state and prove our Poincaré inequality.
Lemma 4.4. The following estimate holds
lolle, S B 2lllollln Vo €V (4.48)

for 0 < h < hg with hg small enough.

Proof. Using the same notation as in Lemma 4.2 we first show that there is a
constant C' such that for each & € ¥ and h, 0 < h < hg, there exists an element
K o € Kp o such that

Ch* < |Kj , N (4.49)

We say that such an element has a large intersection with ;. Assume that
there is no such element. Then there is a sequence h,, — 0 such that

h2
IK'NY| < VK €Kpz n=12.3,... (4.50)
n

Since there is a uniform bound on the number of elements in K , we obtain

the estimate
h 2w NE St (4.51)

which is a contradiction since h2 ~ |Dj z| < |wh N Y| since Dy, C wl NX.
Furthermore, the following estimate holds

[0lZ, . < hllvli, oo, +2olnn - Voli, Jos, + 2210l . (4.52)

where we introduced the notation

oz, = > lne-Vollz (4.53)
FeFn «

To prove (4.52), let Ky and K3 be two elements sharing a common face F'. Then
we have the following identity

v2:v1+[nF~VU}nF~(m7mF) (454)
where @ is the center of gravity of the face F'. Thus

lv2lfe, < loalli, + e - Volng - (x — 2p)ll, (4.55)

< loill, + 22 |llnr - Vol |7 (4.56)
Iterating this bound and summing over all elements in K}, , we obtain

VI, . < Ivllk, . + 22l . (4.57)

Wh,o ~

12



Here [|v|%, . may be estimated using the inverse bound

loliF, . < llvlik, oas, + Rl - Vollk, s, (4.58)

which holds due to quasiuniformity and the fact that the intersection with 3,
of Kp o satisfies h? < |K], , N X[ ~ |Kpz N Ey|. Combining (4.57) and (4.58)
we obtain (4.52).

Using a covering {wp 4 : € € A} of ), with a uniformly bounded covering
number as constructed in Lemma 4.2, we obtain

lolig, S 3 el (4.59)
TEX),

S D2 bl s, + B lmn - Vol s, + R0, (4:60)
rCEX),

S Bllelig, + B VoI, + bl (4.61)

S el + (W19, 0ll3, + il ) + B2, (4.62)

S BV, oI, + (B 195,03, + blloliE, ) +Al0llE,  (463)

< Bl (4.64)

where we used the Poincaré inequality, see Lemma 4.1. This concludes the
proof. 0

We conclude this section with a version of the previous lemma which involves
the L? norm instead of the energy norm.

Lemma 4.5. The following estimate holds
ol < Rllvlls, + Rl Yo e Vi (4.65)
for 0 < h < hy with hg small enough.

Proof. Starting from (4.63) we have

lol&, < RlVIS, +727Vs,v

3, +hlllvllZ, (4.66)

and thus we need to estimate h%||Vs, v||%, . Using the same notation as above
we obtain

RV, olls, S Y KIVs,0lE, a0, (4.67)
xreX),
< S WV, 0l + IV e gy (468)
rEX),
SJ Z thH%hﬂKh’m + thVZhv - Vzh,mvnihym (469)
xEX} 7

+ 1V, ol3, .

—_— ——
I,

13



where we used the fact that K} , has a large intersection with X5 so that
an inverse estimate holds for the tangential derivative and we also added and
subtracted Vs, v where Vy, _ is the tangential gradient to ¥, N Kp . We
proceed with estimates of I, and I1,.

Term I,. Using the definition of the tangential derivative we obtain the estimate
IVs,v = Vs, .0k S ik — nik, o rall VOl VK € Kpoo (4.70)
where ny, i is the (constant) normal associated with element K. Now
[Pn ik — Nh Ky o lre Shy VK € Ko (4.71)
since

[Th K — Th Ky o lRe < I — N(Y)|Ra + M K, . — 1(T) R + [(y) — n(T)|Ra
(4.72)

for any y € K!' N Y. Using (2.13) we conclude that the first two terms are O(h)
and using the fundamental theorem of calculus we have the estimate

In(y) - n(@)ls = VoY) — Vo)l S |7 — yleellV & Vol gy S b (4.73)
for the third term. Thus we have the estimate
V50— Vs, 0% S B2IVol% YK € Kne (4.74)
which gives
Lo = W2|V,0 = Vs, 0l S RO, SR0I2,.  (4.75)
where we used an inverse estimate at last.
Term II,. We let Vs, _ act on identity (4.54), which gives
Vs, o2 = Vs, 01 + [nr - VU]Py, .np (4.76)
and thus we have the estimate
195, el S 1V, .onli%, + blling - Vol (4.77)

Iterating this bound and summing over all the elements in X}, ., again using the
fact that the number of elements in K}, 5, is uniformly bounded, we arrive at

Vs, o012, . S 1Vs, Lvl%, . + Rl . (4.78)

Using (4.78) we obtain

Iy = h?||Vs, |2, . (4.79)
SV, Lol%, . + Pl . (4.80)
ShllvlE, ax,. + RV, . (4.81)
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where we used the estimate

PVs, ol . S PNV, 0130k, . S BI0IE, K, (4.82)

~

which holds since element K}, 5 has a large intersection with ¥j.
Collecting the estimates (4.69), (4.75), and (4.81) we have

WIVsolE, S ) hlolE,ax, . + ARG, . + B0l , (4.83)
xEX)
S hlllg, + R2lvlG, + PP, (4.84)

Combining (4.66) and (4.84) yields
ol < Rllvllz, + R0l + Ao, (4.85)

and the lemma follows for 0 < h < hg, with hg small enough, using a kick back
argument. 0

4.2. Inverse Estimate

Here we derive the inverse inequality needed in the proof of the condition
number estimate.

Lemma 4.6. The following estimate holds
llollln < A2 lolla, Yo € Vi (4.86)

for 0 < h < hy with hg small enough.

Proof. Using the fact that Vu|x is constant we note that [|[Vol3, 1 <
h=Y|Vv||%, which leads to the estimate

1Ps, Volg, S IV, <SP HIVUlE, <A 20l, (4.87)

where we used an element wise inverse inequality at last. Furthermore, using
standard inverse inequalities, we obtain the following estimate for the jump term

oll%, S D lInk-Volde S Y B HIVolR Sh 72, (4.88)
KeKky, Keky,

O
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4.8. Condition Number Estimate

To derive an estimate of the condition number of the stiffness matrix we use
the Poincaré inequality in Lemma 4.4 and the inverse estimate in Lemma 4.6
together with the approach in [9].

Let {p;}, be the standard piecewise linear basis functions associated with
the nodes in K}, and let A be the stiffness matrix with elements a;; = Ap (i, ¢;)-
We recall that the condition number is defined by

K(A) = [Algn A7 gy (4.89)
where [ X2y = YN, X2 for X € RN and |Alpy = sup| x| =1 |AX |~y for

A € RVNXN_ The expansion v = Zil Vip; defines an isomorphism that maps
v €V, to Ve RYN and satisfies the following well known estimates

ch™2|lv]lq, < [VIex < Ch="?|lv]q, (4.90)

Theorem 4.1. The following estimate of the condition number of the stiffness

matriz holds
k(A) Sh? (4.91)

for 0 < h < hy with hg small enough.

Proof. We need to estimate |Algy and |A~!|g~. Starting with |A|g~y we have

(W, AV g~

AV gy = sup 4.92
AVl = S0 W (4.92)

Ap(v,w) [lw]lln
= sup ———— (4.93)

wevi, wllla [Wlgw~
< A3V g (4.94)

where we used the estimate

lwlln < 232 lwllq, S A922 W gy (4.95)

together with (4.86) and (4.90). Thus
|Algy < B3 (4.96)
Next we turn to the estimate of | A~!|g~. Using (4.90) and (4.48), we get
VIgn S B vlg, S Nl
SR AL (v,0) = KUV, AV gy SRV |pa AV [y (4.97)

and thus we conclude that |V]gn < A4 AV|g~. Setting V = A~1W we obtain

A7 gy < A1 (4.98)
Combining estimates (4.96) and (4.98) of |Alg~ and | A~ |z~ the theorem fol-
lows. O
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5. A Priori Error Estimates

In this section we derive a priori error estimates in the energy and L2-
norms. The main technical difficulty is to handle the fact that the surface is
approximated by a discrete surface. Our approach essentially follows [4], [5],
and [16].

5.1. Interpolation Error Estimates

In order to define an interpolation operator we note that the extension v® of
v € H*(X) satisfies the stability estimate

[0l svsm) S 8% [0llsm, s=0,1,2, 0<8<d (5.1)

with constant only dependent on the curvature of the surface X.
We let 7, : L2(2,) — Vily, denote the standard Scott-Zhang interpolation
operator and recall the interpolation error estimate

lo = Tnollmc < CH ™ [ullaricy, m = 1,2 (5.2)

where N'(K) C §y, is the union of the neighboring elements of K. We also define
an interpolation operator 7} : L2(X) — (V4]s, )" as follows

mv = (mhv°)ls,)’ (5:3)
Introducing the energy norm ||| - |||z associated with the exact surface
o]l = a(v,v) (5-4)

we have the following approximation property.

Lemma 5.1. The following estimate holds
[l = mhull[3 + lllu® = mnutll%, < P2(ull3 s (5.5)

~

for 0 < h < hg with hg small enough.

Proof. We first recall the element wise trace inequality
0],k S Pl + RIVoll% (5.6)

which holds with a uniform constant independent of the intersection, see Lemma
4.2 in [11]. To estimate the first term we change domain of integration from X
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to Xp, and then use the trace inequality (5.6) as follows

s — whul|2 = / Vs (u— mhu)2do (5.7)
— [ 1B7TVs, - ma|Bld, (5.8)
n
< 3 IV - 1), (5.9)
KeK,
S D B = mullf g + Bllu® = mhull3 g (5.10)
KeK,
S Z I NS (5.11)
KeKy,
S h”UeHg,UJ(z) (5.12)
< ho 3y (5.13)

where we used the interpolation estimate (5.2) followed by the stability estimate
(5.1) for the extension operator. Observing that Q C Us(X) with § ~ h we
arrive at

= mulllys < P2 (lull3 s (5.14)

The second term can be directly estimated using the elementwise trace inequal-
ity followed by (5.2). 0

5.2. Error Estimates

Theorem 5.1. The following a priori error estimate holds
llu = wgll% + llu = unllF S PSS (5.15)

for 0 < h < hy with hg small enough.

Proof. Adding and subtracting an interpolant wﬁbm defined by (5.3), and mpu¢,
and using the triangle inequality we have

l l
= wp 1% + lllu® = unlllZ, < Ml = mhulld + lllu® = mull%, (5.16)

+lllmu = wh 1% + llmnu® — unll%,

Here the first two terms can be immediately estimated using the interpolation
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error estimate (5.5). For the third and fourth we have the following identity

a(mbu — b, whu—ub) + §(mpul — up, Thu — up)

= a(mhu —u, whu — ul) 4+ j(mpu® — u, mul —up) + U(whu — ub)

— a(u%, Wflu — uﬁl) — j(up, mRu® — up)
= a(mhu — u, mhu — ul) 4 j(mpu® — ul, mul — up)
+l(mbu —ul) — Uy (mpu® — up,)

+ ap (up, Tpu’ — up) — a(ul, whu —ub)
Estimating the right hand side we obtain

1/2 1/2
(ke = uplIE + e = unllF,) " S (e = mhullls + lllu = mnul%, )

1(v') — 1n(v)

+ sup ]
vevi,  |IVlls
l l l
at (ub, oY) — ap(up,v
+ sup n(uy, )l h(Un, v)
vV lllvH]]=
=]+ I11+1]I

Term I. The first term can be directly estimated using the interpolation in-
equality (5.5).

Term II. Changing domain of integration we obtain the estimate

l(vl)fl(v):/fvldaf fevdoy, (5.17)
> Sh
= fev|B|do'h—/ feudoy, (5.18)
Zh Xh
- / fev(| Bl — 1)|B|"|Bldo, (5.19)
PN
<SP vls, (5.20)
SEAf s, Vs, vlls, (5.21)
SR fllslVsvlls (5.22)

where we used the estimates (3.17), the Poincaré inequality in Lemma 4.1 on
>, and finally we mapped from X to 3.
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Term III. Changing domain of integration we obtain

/ Vguﬁl . ngldo — / Vzhuh . thvddh
2

Xn

= | B 'Vs,u, B 'Vs,v|Bldo, — | Vs,up-Vs,vdo, (5.23)
3 Zh

:/ (B'B~T —|B|"'I)Vs,u, - Vs, v|Bldoy, (5.24)
Zh

:/ (I - |B|"'BB")B "Vy,u, - B""Vy, v|B|doy, (5.25)
Xp

< | =B BB || oo (s, ll[ug [0l (5.26)

< B2l sl Il (5.27)

< R f sl s (5.28)

where at last we used the stability estimate

llubllls < llunlllz, < 1F00s, S Iflls (5.29)

for the method. Furthermore, we used (3.9) and (3.17) to show the following
estimate

IT =B BB 1~s,) = |BI " (BIT - BB)|1~(s,) (5.30)
< 1B sy (1Bl = U,y + 1T = BB l<s,)) S b (5.31)

Finally, collecting the estimates of Terms I — I1I the proof follows. 0

Theorem 5.2. The following a priori error estimate holds
lu—uplls S P21 £s (5.32)

for 0 < h < hg with hg small enough.

Proof. Recall that u,, satisfies fEh updop, = 0 and define 1), € V}, such that
Up = up — |z|—1/ ub do (5.33)
b

Then fz aﬁLdU = 0 and we have the estimate

lu—uhlls < llu— s + |an —uplls =1+ 11 (5.34)
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Term I. Let ¢ be the solution to the dual problem —Ax¢ = v € L?*(X)/R.
Then it follows from the Lax-Milgram lemma that there exists a unique solution
in H'(X)/R and we also have the elliptic regularity estimate ||¢[2. 5 < [|[¢]s. In
order to estimate ||u — @} || we multiply the dual problem by u — @', integrate
using Green’s formula, and add and subtract suitable terms

(u— iy, ) = alu — @y, ¢) (5.35)
= a(u—a, ¢ —7ho) +alu — a, 7ho) (5.36)
= a(u— j,, ¢ — m,¢) + (I(7},¢) — ln(70")) (5.37)

+ (an(@n, mh¢°) — a(ily,, 7,¢)) + jn(in — v, T — ¢°)

These terms may now be estimated using Cauchy-Schwarz, the energy norm
estimate (5.15), together with the estimates of terms IT and I11 in the proof of
Theorem 5.1. We note in particular that

|an(@n, 7n¢°) — al(@y,, m,0)| S K|llag,|l[=lmhells < »2 (5.38)
Here the first term is estimated by observing that

laglls = Nunllls < Munlls, S 1f s, (5.39)

and the second term |||} ¢[||s; using Lemma 5.1.

Term II. Using the fact that fEh updop, = 0 we obtain

/uédo—/ updop| < ‘/ ub (1 — |B|™Y)doy, (5.40)
) S )

S PP ulls S PP Veuylls S P2V, unlls, S P2 fls, (5.41)

||U§z - ﬂh||2 S

Combining the estimates of I and II we obtain the desired estimate.

6. Numerical Examples

6.1. Condition Number

In order to assess the effect of our stabilization method on the condition
number, we discretize a circle, solve the eigenvalue problem of the Laplace-
Beltrami operator and sort these in ascending order. The problem is posed so
that the integral of the solution is set to zero by use of a Lagrange multiplier
(for well-posedness). The first eigenvalue (corresponding to the multiplier) is
then negative. In the unstabilized method the next eigenvalue is zero with
eigenfunction equal to the discrete piecewise linear distance function used to
define the circle. This is due to our choice to define the circle using a level set
function on the same mesh used for computations; this particular problem can
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be avoided using a finer mesh for the level set function. We illustrate the effect
by showing the zero isoline of the level set function (thick line) together with
the isolines of the eigenfunction corresponding to the zero eigenvalue in Figure
1. To avoid this effect, we base the condition number on the quotient between
the largest eigenvalue and the first positive eigenvalue. For the unstabilized
method, the first nonzero eigenvalue is thus the third, whereas for the stabilized
method it is the second. In the stabilized method we used 70 = 1/10 for all
computations.

In Fig. 2 we show the initial position of the circle in a 2D mesh. The circle
is then moved to the left, to end up a distance § = 0.1 to the left of its original
position. For each increment Ad = 1/100, we plot the condition numbers of the
two methods, shown in Fig. 3. Note the large variation in condition number of
the unstabilized method.

6.2. Convergence and Conditioning Comparisons

For our convergence/conditioning comparison, we discretize a sphere of ra-
dius 1/2 with center at (1/2,1/2,1/2) and with a load

6(2x —1)(2y — 1)(22 — 1)

= S e =) +ayly = 1)+ 42 = 1)

(6.1)

corresponding to the exact solution
u=(x—1/2)(y —1/2)(z — 1/2) (6.2)
compute f on X, to solve for uy, and define an approximate L2—error as
en = llun —u|lL2(z,) (6.3)

A plot of the approximate (unstabilized) solution on a coarse mesh is given in
Figure 4, shown on the planes intersected by the level set function. We compare
the error for the stabilized (using different values for 7p) and unstabilized meth-
ods in Figure 5, where NDOF stands for the total number of degrees of freedom
on the active tetrahedra, so that h ~ NDOF~!/2, Note that the error constant
is slightly worse for the stabilized methods but that all choices converge at the
optimal rate of O(h?). The numbers underlying Figure 5 are given in Table 1,
where N stands for the number of unknowns, the errors e, are listed for different
To, and R is the rate of convergence.

In Figure 6 we show the condition number computed for the same problem
(with the same approach as in Section 6.1) with different choices for 75 and also
for the preconditioning by diagonal scaling suggested in [15]. No stabilization
results in a condition number that grows faster than the standard rate of O(h=2).
The condition number is most improved by diagonal scaling. Note, however,
that diagonal scaling does not remedy the zero eigenvalue induced by the level
set.

The numbers underlying Figure 6 are given in Table 2.
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N|m=1] R|m=01] R[n=001] R| 10=0[ R]|

406 | 0.0142 - 0.0052 - 0.00230 - | 0.00190 -

1513 | 0.0078 | 0.91 0.0017 | 1.70 0.00070 | 1.82 | 0.00057 | 1.82

6013 | 0.0028 | 1.49 0.0004 | 1.93 0.00018 | 1.98 | 0.00014 | 2.01

24071 | 0.0008 | 1.82 0.0001 | 1.97 0.00004 | 2.03 | 0.00003 | 2.05

Table 1: Errors and convergence for different g

N[mn=1] R|mn=001] R|7n=0] R]| Pre]| R]

406 | 0.5383 - 0.1038 - | 0.2044 - 1 0.0170 -

1513 | 1.3350 | -1.38 0.2001 | -1.00 | 0.4036 | -1.03 | 0.0600 | -1.92

6013 | 5.5484 | -2.06 0.7595 | -1.93 | 3.5110 | -3.14 | 0.2175 | -1.87

24071 | 22.359 | -2.01 2.9865 | -1.97 | 69.530 | -4.31 | 0.9354 | -2.10

Table 2: Condition numbers x10~4 and rate for different 79 and for diagonal preconditioning.
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Figure 1: Isolines of the eigenfunction corresponding to the zero eigenvalue in the unstabilized
method. Level set defining the circle drawn thicker.
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Figure 2: Level set isoline used to define the domain in a 2D mesh; initial position.
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Figure 3: Condition numbers for the stabilized and unstabilized methods.
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Figure 4: Discrete solution on a coarse mesh.
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Figure 5: Convergence for different choices of 7.
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Figure 6: Condition numbers for different choices of 79 and for preconditioning by diagonal
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