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Abstract:  This paper presents modelling and control of DWR 1.0, a two wheeled mobile robot. This balancing robot is one 

of the applications of an inverted pendulum on a two wheel. A relatively recent offshoot of the classical inverted pendulum is 

the wheel inverted pendulum, popularized in contemporary culture by the Segway Personal Transporter. However, the 

mathematical model for a wheel inverted pendulum do not account for the full complexity of the construction of the platform.  

The mathematical model obtained in this work with the measured parameters is simulated using Matlab and PID control 

parameters are determined. Finally, PID control algorithm is implemented on the two-wheeled mobile robot to test the accuracy 

of the model. 
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1. INTRODUCTION 

A two-wheel mobile robot is one of the applications for the inverted pendulum system. Inverted pendulum is a classical model 

of under-actuated, non-linear and unstable system.  Hence, control of a two-wheel mobile robot is very challenging as it is 

non-linear, unstable and uncontrollable system. Research and study on the controlling self-balancing two-wheel robot has 

contributed to the practical interest which is the applications on the vehicle field and autonomous robotics. Many practical 

systems have been implemented based on the two-wheel self-balancing robot models [1]. Among these applications, Segway 

PT has been a popular personal transporter since invented in 2001[2]. 

The two-wheel mobile robots can be divided into two parts. The first is the lower parts which consist of two wheels 

connected to the axis and driven independently. The second part is the body of the robot which is placed at the centre of mass 

above the axis. The controller drives the wheel to maintain the body on the up-right position. Two wheeled mobile robots are 

well suited for traversing narrow spaces and slopes. Its characteristic includes compact size, light weight and lower energy 

consumption [3].  

In this work, a two-wheeled mobile robot has been successfully developed, and this paper present development of the 

mathematical model. The mathematical model for the robot has to be developed based on the available system and hardware. 

By using the system identification approach, analysis of the physical platform, and the fundamental laws of mechanics, a non-

linear model of the system can be developed.  This is useful as various control techniques can be tested and simulated by using 

the developed model.  

2. MATHEMATICAL MODEL  

In this work, a non-linear model of DWR 1.0, a two wheeled mobile robot shown in Figure 1 is developed. The motion of 

these two wheels mobile robot system involve of translational and rotational movements. The mathematical model is then 

linearized and converted into a state space form.  

2.1 DC Motor Modelling 

The two-wheel mobile robot is powered by two DC motors. Figure 2 shows the diagram of a DC motor, and the mathematical 
model for the DC motor is derived [3].  
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Figure 1. The DWR 1.0 two wheeled mobile robot. 

 

 
Figure 2. DC motor 

 

The motor produces a torque which proportional to the current, 

 m mk i   (1)  

 

The voltage is proportional to the motor speed, 

 e eV k    (2)  

 

According to Kirchhoff’s Voltage Law, sum of all voltages in the circuit must be equal to zero. 

 0a

di
V Ri L

dt
     (3)  

 

By rearranging Equations (1), (2) and (3), the DC motor equation can be obtained as  

 
1m e a

a
R R R

k kd
V

dt I R I R I





     (4)  

2.2 Wheel Modelling 

Figure 3 shows the free body diagram for left and right wheels. The free body diagram is useful to obtain the mathematical 

model based on Newton’s Law.  Every wheel has its own DC motor, which will provide free movement. 

 

 
Figure 3. Free body diagram of left and right wheels 
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Both of the wheels are assumed as identical and no slip occurs between wheels and ground. The mathematical modeling of 

wheel is described by the two motions which involve linear and angular motions. 

 

Linear Motion 

 
..

LW LW LW LWx M H F   (5)  

Angular Motion 

 
..

LW LW LW LWJ T H R     (6)  

 

Left Wheel 

 
.. ..

LW LW
LW LWLW LW

T J
F x M

R R
     (7)  

 

Right Wheel 

 

 
.. ..

RW RW
RWRW RW RW

T J
F x M

R R
    (8)  

 

By combining Equations (7) and (8), and rearranging the equations and substituting the parameters from the DC motor 

derivation section, The final equation for wheel modelling is obtained as 

 

 
.. .

:2 2

2
2 ( )WH m e m m

WH LW RW LW RW

J k k k k
M x x Va Va F F

rR rRR rR

 
      

 
  (9)  

 

2.3 Chassis Modelling 

The body of the robot can be modelled as an inverted pendulum on the two wheels. The physical representation of the system 

is illustrated by a two wheel inverted pendulum.  The model adopted here is based on [4], where the behavior can be influenced 

by the motor’s torque and disturbance forces from the centre of gravity. Figure 4 illustrates the free body diagram used to 

derive the mathematical model. Table 1 describes the symbols used in this paper. 

The force balance equation can be written as 

 
.. ..

cos ( 2 )LW RW p p RC p WHF F f M l M M M x        (10) 

 

From wheel modelling equation, 

 

 
.. ..

2

2
cos 4RW LW WH

p p RC p WH

T T J
f M l M M M x

R R R


 
       

 
  (11)  

 

 

 
Figure 4. Free body diagram DWR 1.0 robot 
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Table 1. Parameter of the two-wheeled mobile robot 

 

Parameter Description 

TL, TR Driving torques of the left and right motors. 

θLW, θRW Angle of the wheels rotation. 

HLW, HRW Friction between the wheels and surface 

FL, FR Interaction force between wheels and chassis 

fp External disturbance at the centre of gravity 

x Position of two-wheel mobile robot 

θ Tilt angle of inverted pendulum (robot body) 

Mp Mass of pendulum 

MRC Mass of robot chassis 

MLW, MRW Masses of both wheels 

R Radius of the wheel 

CG Centre of gravity 

l Distance between CG and wheel axis 

 

 

Collecting, 

  

..

..
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Then, the rotation around the Z axis (for the body tilt) can be determine as 

 

 

..

.. sin cos cos

( )

p p p
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Substituting Equation (13) into (12) yields 
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 (14)  

 

and substituting Equations (14) into (12) gives 
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  (15)  

 

Equations (14) and (15) represent a dynamic model of a two wheeled mobile robot DWR 1.0. This robot have two degrees of 

freedom (DOFs) involving movement along X-axis (position) and rotation about Z-axis. Both DOFs can be controlled via the 

DC motor setup on the wheel. The upper part or inverted pendulum is carried on top of the two wheels with length, l and 

weight, m. In order to represent the system in a state space form, the dynamic equations, Equations (14) and (15) need to be 

linearized. This was done using the Taylor’s series and with the assumption of small θ, (θ ≈ 0), 
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  2..
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where 
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Substituting the torque transformation equation into Equations (16) and (17) yelds 
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3. PARAMATER IDENTIFICATION 

The parameters to be identified from the actual physical components are Mwh, Mp, Mrc, R, L, Jw, Jp, Jm, km, ke, and r. These 

parameters need to be determined empirically based on the DWR 1.0 mobile robot. Table 2 shows a list of parameters identified 

from the DWR 1.0.  All the parameters will be used in the mathematical modelling equation for analysis of the stability and 

design the controllers for the system.  

 

Table 2. List of simulation parameters 

No Part Name Weight (kg) Moment of Inertia (J) 

1 Inverted Pendulum Mp = 0.335 
𝐽𝑝 =

𝑚𝑙2

3
= 0.0268 

 

2 

 

Chassis 

 

Mrc =0.65 

 

𝐽𝑚 =
1

12
𝑚(𝑤2 + ℎ2) 

 

3 

 

Wheel 

 

Mwh = 0.245 

 

𝐽𝑤 =
1

12
(𝑚𝑅2) 

 

4 

 

Overall robot weight 

 

1.4 
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The DWR 1.0 robot is equipped with Pittman GM 8712-31 DC motor as the actuator. This motor is used to balance the 

robot with 24 V voltage supply. Table 4 shows the DC motor parameters identified using experiments. 

 

Table 3. DC motor parameters 

Battery Voltage (V) Current (A) RPM shaft (rad/sec) Voltage drop (V) Ke (V/rad/sec) 

10 0.10 63 (6.597) 1.49 0.0213 

15 0.12 100 (10.47) 1.788 0.0209 

20 0.13 136 (14.24) 1.937 0.0210 

24 0.15 167 (17.49) 2.235 0.0210 

 

 

4. CONTROL STRATEGY  

To control and stabilize the two wheeled mobile robot DWR 1.0, three PID controllers is required. The first PID is used to 

control the tilt angle of the robot using a feedback signal from a distance sensor. The set point is determined from the front 

and back sensors of the robot when the robot is perpendicular to the flat terrain as shown in Figure 5. 

The other two PID controllers are used to control the speed of left and right DC motors. The back EMF method was 

used to detect the current speed of both motors. In this work it is assumed that the parameters of the second and third 

controllers are the same. The output will control both the left and right motors at the same time. Figure 6 shows the PID 

control system block diagram for the DWR 1.0. 

 

 

 
Figure 5. Set-point of the balancing robot 

 

 

 

 

 
 

Figure 6. PID control system block diagram 

 

 

Figure 7 shows the simulink block diagram design for DWR 1.0 two wheel mobile robots.  PID controls two and three join 

together to control both left and right motor.  

 

 
Figure 7. PID controller Simulink block diagram 

 

5. RESULT 

This PID controller was designed in a cascade, where each PID controller has their own input and position in series forming a 

single regulating device. In a cascade control loop, it has two types of controller, namely the master or primary and the 

secondary or the slave. The master PID controller generated a control signal that served as the set point to the slave PID. The 

slave PID in turn used the actuator to apply its control signal directly to the system. Table 4 shows the parameter values of Kp, 
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Ki and Kd for both the master and slave PID controllers. Figure 8 shows the response of the two wheeled mobile robot using 

the proposed PID cascade control.  

 

 

 
Figure 8. Simulation result using PID controller. 

 

 

Table 4. PID controller parameters 

Controller PID parameter values 

Kp Ki Kd 

PID 1 (tilt angle control) 4 0 0 

PID 2 (left wheel speed control) 300 0.25 1 

PID 3 (right wheel speed control) 300 0.25 1 

 

 

The result showed that the system was oscillatory and unstable. A properly PID tuning with correct parameters are required. 

In addition, in the cascade control the secondary loop must be three or four times faster than the primary loop.  

 

6. CONCLUSION 

A mathematical model of a two wheeled mobile robot has been developed based on DWR 1.0. The actual parameters were 

determined experimentally and model was developed using the Newton Euler’s Method. For control of DWR 1.0, a cascade 

PID control technique was designed and simulation was performed within the MATLAB/Simulink environment. Simulation 

results have shown that a properly tuned PID controller is crucial. In addition, some efforts are needed to ensure that the system 

parameters obtained through experiments are correct. 
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