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ABSTRACT

CELLULAR SHEAVES AND COSHEAVES
FOR DISTRIBUTED TOPOLOGICAL DATA ANALYSIS

Hee Rhang Yoon
Robert W. Ghrist

This dissertation proposes cellular sheaf theory as a method for decomposing data
analysis problems. We present novel approaches to problems in pursuit and evasion
games and topological data analysis, where cellular sheaves and cosheaves are used
to extract global information from data distributed with respect to time, boolean con-
straints, spatial location, and density. The main contribution of this dissertation lies
in the enrichment of a fundamental tool in topological data analysis, called persistent
homology, through cellular sheaf theory. We present a distributed computation mecha-
nism of persistent homology using cellular cosheaves. Our construction is an extension
of the generalized Mayer-Vietoris principle to filtered spaces obtained via a sequence of
spectral sequences. We discuss a general framework in which the distribution scheme
can be adapted according to a user-specific property of interest. The resulting persis-
tent homology reflects properties of the topological features, allowing the user to per-
form refined data analysis. Finally, we apply our construction to perform a multi-scale
analysis to detect features of varying sizes that are overlooked by standard persistent
homology.
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Chapter 1

Introduction

1.1 An Introduction to Applied Topology

Applied topology is an extension of both the subject and the tools of topology. The sub-
ject of topology, in the context of data analysis, seeks an understanding of qualitative
features such as shape, inconsistencies, and obstructions in data. The tools of topology
allow one to combine locally gathered information or locally solved solutions to obtain
global information. The tools are often used to study topological information, but they
can also be applied to study questions that may not seem topological at first glance.
Applied topology embodies both the subject and the tools of topology, and the degree
of emphasis on the different aspects may vary depending on the application.

This dissertation focuses on two important aspects of applied topology: persistent
homology and cellular (co)sheaf theory. Persistent homology is a fundamental tool in
topological data analysis that extracts qualitative features of data and summarizes the
information in a barcode. Its use has revealed interesting features in various problems
in neuroscience [16], biology [22], sensor networks [25], and many other subjects. There
are various great sources for an introduction to persistent homology, including the sur-
vey articles [7] and [14]. A selection of topics from persistent homology that are most
closely relevant to this dissertation is provided in Chapter 2.

Cellular sheaf theory epitomizes the idea of extracting global information from local
data, rendering itself an ideal candidate for distributed computation tools. Topics from
cellular sheaf theory that are necessary for the understanding of this dissertation are

provided in Chapter 2. A selection of applications of sheaf theory that emphasizes
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different aspects of topological information and distribution are included in Chapter 2
and Chapter 3. A rich introduction to cellular sheaf theory can be found in [10].

This dissertation uses the tool of sheaf theory to strengthen persistent homology,
both in terms of the computation aspect (Chapter 4) and in terms of the information

revealed (Chapter 3 and Chapter 5).

1.2 Contributions

The main contributions of this dissertation are the following.

In Chapter 3, novel sheaf theoretic approaches to variations of pursuit and evasion
problems are proposed. Cellular sheaves and cosheaves are utilized to analyze data
distributed with respect to time and boolean relations.

In Chapter 4, a distributed computation scheme for persistent homology is pro-
vided using cellular cosheaves. The generalized Mayer-Vietoris principle [5], phrased
using the language of cellular (co)sheaf theory, provides a mechanism for computing
homology in a distributed manner. Our construction addresses the question of relating
the generalized Mayer-Vietoris sequences of filtered spaces. Let X! C X2 C ... C XN
be a filtration of a topological space. For each X!, assume that there exists a finite open
cover U = {UJZ }iey of X' such that any triple intersection of members of U’ is trivial.
Furthermore, assume that there is a filtration ll]-1 - LI]-2 cC ... C UJN foreachj € J.
Then, we obtain the following exact sequences.

AR Hy(U}) —— Hy(X') —— @ Hoa(Unl)) —5— -
jeJ jke]
2 g

- — G%Hn(Uf) e Hn(Xz) — & Hn—l(ujzmulg) —
je j,kG]

N N
AN @]Hn(u]N) o HA(XY) —— @ Houinud) £
je jker
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We can compute the homology of spaces X' with field coefficients as the following.

H,(X') = coker f! @ ker g

H,(X?) = coker f> @ ker g°

H,(XN) = coker fN @ ker gV

We address the question of constructing the map H,(X') — H,(X"*!) induced by in-
clusion X! < X'*1 from the direct sum decomposition of each homology. It turns out,
the most naturally induced maps ker ¢’ — ker ¢! and coker f' — coker fi*! are not
enough to reconstruct the map H, (X') — H,(X**!). We use spectral sequences to find
the missing ingredient.

In Chapter 5, we provide a framework for multiscale persistence using the dis-
tributed computation scheme introduced in Chapter 4. Given data with some charac-
teristic of interest such as density, proximity to a landmark, or time, this distributed
computation scheme returns a barcode that reflects properties of its represented fea-
ture. We apply our method to a point cloud whose feature size is inversely proportional
to the density of its constituent points. Our example illustrates the discerning power of
this distributed computation method to detect significant features that are overlooked

by the usual persistent homology method.



Chapter 2

Preliminaries

This chapter provides an introduction to the two main subjects of this dissertation: per-
sistent homology (§2.1) and cellular sheaf theory (§2.2). While both persistent homol-
ogy and sheaf theory have a rich literature, this chapter contains a selection of topics

that are most closely relevant to this dissertation.

2.1 Persistent Homology

Persistent homology is a popular tool in applied topology that detects topological fea-
tures from data in a robust manner. The subject plays a central role in Chapter 4 and
Chapter 5 of this dissertation, where both its computation and the information con-
veyed are strengthened via cellular sheaf theory. In §2.1.1, we discuss some of the
fundamental ideas of persistent homology. In §2.1.2, we summarize a generalization of
persistent homology, called zigzag persistence. Morphisms of zigzag modules, intro-
duced in §2.1.3, provide tools for comparing zigzag modules. The zigzag modules and
their morphisms will be compared to cellular sheaves and sheaf morphisms in §2.2,
and the comparison will provide an understanding of cellular sheaf cohomology that

will be particularly useful in Chapter 5.

2.1.1 Persistent homology

Given some data, which is usually represented by a collection of points in some Eu-

clidean space R?, information about the ‘shape’ of this data can provide insight into
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the underlying phenomenon that generates the data. Many data we encounter, how-
ever, come from a high dimensional space, and we can no longer rely on visualization
or projection techniques to faithfully extract information about the shape of the dataset.
Persistent homology, introduced by Edelsbrunner, Letscher, and Zomorodian [13] and
extended by Carlsson and Zomorodian [28], uses tools from algebraic topology to infer
global information about the shape of high dimensional datasets.

Given a space X, the topological properties of X can be summarized in a combina-

torial way using the nerve of a covering.

Definition 1. Given an open covering U = {U,};c; of X, the nerve of the covering,

denoted by Ny, is a family of non-empty finite subsets | C I such that
NU; # .
i€l

An n-simplex of Ny corresponds to a non-empty intersection of n 4+ 1 members of
U. When discussing the nerve of a covering, we will often identify the nerve Ny with
its geometric realization instead of its definition as an abstract simplicial complex. A

particularly well-behaved covering U is called a good cover.

Definition 2. Given a topological space X, an open covering U of X is a good cover if

every non-empty finite intersection of members of U is contractible.

When we have a good cover U of X, the nerve Ny captures the topology of X, as

stated by the following Nerve Lemma.

Lemma 1 (Nerve Lemma [20], [4]). Let X be a paracompact space and let U be a good cover

of X. Then, the nerve of U is homotopic to the union of sets in U.

Let’s switch our focus from understanding the topology of space X to ‘topology” of

some data set. Data is often represented as a point cloud.

Definition 3. A point cloud P is a finite set of points of some Euclidean space R".
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Our goal is to build an analogous combinatorial representation of the underlying
space determined by a given point cloud. One of the most natural complexes one can

build from a point cloud is a Cech complex.

Definition 4. Given a point cloud P in IRY and a parameter ¢, let U, denote the collection
of e-radius open balls centered at points of P. A Cech complex €€ with parameter € is
a simplicial complex whose k-simplices correspond to (k + 1)-tuples of points from P

whose €/2-radius balls have a nonempty intersection.

Note that the Cech complex is the nerve of U, /5. It follows from the Nerve Lemma
that Cech complex €¢ faithfully represents the topology of the union of open sets in
Ue /2. Constructing and storing a Cech complex, however, can be an expensive process,
so we consider building other complexes that are still informative topological models.

Another effective method of approximating the topology of a point cloud is to build

a Vietoris-Rips complex first introduced in [27].

Definition 5. The Vietoris-Rips complex R is an abstract simplicial complex whose
k-simplices correspond to (k + 1)-tuple of points from P that have pairwise distance

<e.

For brevity, we will use the term “Rips complex” to refer to the Vietoris-Rips com-
plex.

Note that a Rips complex is an example of a flag complex, i.e., once we determine
the 1-skeleton, we can build the Rips complex by finding the maximal simplicial com-
plex with the given 1-skeleton. Such property gives Rips complex a computational
advantage over the Cech complex.

Even though Rips complexes are less expensive to compute and store, it is not im-
mediately clear whether Rips complexes are reasonable substitutes for Cech complexes.
The following theorem shows that Rips complexes are good approximations to Cech

complexes.
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Theorem 1 ([26]). There exist inclusions
RE C €€ C R

2d_

e/
whenever < > 4/ 7 e

Thus, given € and €’ satisfying the conditions, a topological feature that exists in
both R¢ and R¢ must be a feature in €. Hence, it is important to study not only
the topological features of R¢ and R¢ individually, but also to examine which features
of R¢ persist to features in R¢. Studying such relations among features in different
parameters lies at the heart of persistent homology.

Once we decide on which complex to build from a given point cloud P, we now face
the question of choosing the parameter € that will build the most informative model.
However, it is impossible to know a priori which € parameter leads to the most faithful
model. Moreover, as we have seen in Theorem 1, studying the relations among features
at various € parameters can reveal crucial information. In fact, examining how features
evolve and die across parameters is what allows us to discern true topological features
from noise.

We thus consider an increasing family of parameters (¢;)¥ ; and build a complex X;
for each parameter €;. These complexes naturally have inclusion maps between each

pair, leading to the sequence
X1 =X = Xy.

One can apply the homology functor with coefficients in a field K to obtain the

sequence of vector spaces
Ho(X1) = Ho(X2) - -+ — Hoe(Xn)- (2.1)

The maps encode relations among homology classes of complexes. One might consider

homology classes that live across a large range of parameters as significant features
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while features that live across a short range of parameters can be considered as noise.

For example, consider the sequence of complexes in Figure 2.1.

FIGURE 2.1: A sequence of Rips complexes

By applying the homology functor in dimension 1, one obtains the following se-
quence of vector spaces

K 25 K2 5K, 2.2)

1
where the map ¢; is represented by the matrix and the map ¢, is represented by
1

the matrix [1 0]. One can visualize maps ¢ and ¢, on the standard basis of each

vector space as in Figure 2.2.

/V]K\
K & K
\K

€1 €2 €3

FIGURE 2.2: Visualization of maps between vector spaces

Recall that we are interested in studying the birth and death parameters of homo-
logical features. Examining Figure 2.2, we can see that there is one feature at parameter
€1, two features at parameter €;, and one feature at parameter 3. However, we quickly
run into some ambiguities when we attempt to make sense of the features while taking
the maps ¢; and ¢» into account: Are there two features across parameters, namely one
feature that is born at parameter €; and persists until parameter €3, and another fea-

ture that is born at parameter €; that persists until parameter €,? Does this contradict
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the fact that there is only one feature at parameter €;? How can we discuss birth and
death times of features when it is not even clear how to determine features from the
sequence?

In order to examine the sequence from Equation 2.1 in a systematic manner, we
take advantage of the underlying algebraic structure as described by Zomorodian and

Carlsson [28].

Definition 6. Let R be a commutative ring with unity. A persistence module M is
a family of R-modules M’ with morphisms ¢' : M’ — M'Tl. A persistence module
M = {M!,¢'} is of finite type if each component module is finitely generated, and if

the maps ¢' are isomorphisms for i > m for some integer m.

Consider the following graded module
a(M) =P M
i=1

over R[t], where the action of ¢ shifts the elements of the module up in degree. The
above a establishes an equivalence of categories between category of persistence mod-
ules of finite type over R and the category of finitely generated non-negatively graded
modules over R[t].

Thus, in order to classify the persistence modules, we can instead classify finitely
generated non-negatively graded modules over R[t]. Note that classifying such mod-
ules over R[t], in general, is an extremely difficult problem. (Consider R = Z).

However, when R is a field KK, then the graded ring K[¢] is a principal ideal domain,
and every ideal of K[t| has the form #" - K[t|. By the Structure Theorem for finitely

generated modules over principal ideal domains, we obtain the following Theorem.

Theorem 2 (Structure Theorem [28]). Every graded module M over a graded PID over K|t]

decomposes uniquely into the form

(D K[t]) & (Pt (K[H/ (t - K[t]))) (23)
i j
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Let’s revisit the sequence from Equation 2.1 and call it V. Note that V is a persis-

tence module of finite type. The Structure Theorem states that

V= (@K @ (@ K[/ (59 K[H))).
i j

In order to obtain such decomposition of the persistence module, we need to find
a basis for this module V that is compatible with all the vector spaces, i.e., we need a
change of basis so that all maps of Equation 2.1 become diagonal matrices with 1’s and
0’s on the diagonals. The Structure Theorem guarantees that there exists such change
of basis.

Each free portion #*K|t] corresponds to a homology class that is born at He (X").
Each torsion portion % (K[¢t] / (i - K][t])) corresponds to a homology class that is born
at He(X%) and dies at Ho (X% ™/). Such birth and death times of homology classes of
Ho(X;K) can be summarized using a set of intervals of the form (u;, o) and (vj, v; +
wj). Note that (v;, v; + w;) represents a homological feature born at parameter v; that
lasts until parameter v; + w; — 1.

One can visualize such birth and death times of homology classes using a barcode.
Given a persistence module V, a barcode, denoted barcode(V) is a collection of bars
that correspond to the intervals obtained from the decomposition of V.

Let’s return to the example persistence module from Equation 2.2. With the appro-
priate change of basis, we can express the persistence module with respect to the new
basis as the following

K 2 k2 2 K,

1
where ¢, is represented by the matrix and the map ¢, is represented by the matrix
0

[1 0} . The barcode for this persistence module is illustrated in Figure 2.3.

Given a persistence module

He(X1) = He(X2) -+ — He(Xn),
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I
L
1 1 1
1 ] 1 »
€1 €2 €3

FIGURE 2.3: Barcode

the number of bars that span the parameter interval [i, j| in barcode(V) equals the rank
of the map from H.(X') to H.(X/) in the persistence module. For instance, in Figure

2.3, there is one interval spanning from €; to €3, which equals the rank of the map

$20¢1.

FIGURE 2.4: Point cloud and barcode

In general, when considering a wide range of € parameter values, as illustrated in
Figure 2.4, the long bars of the barcode capture significant features while the short bars
correspond to noise. Barcodes, thus, provide qualitative means of distinguishing es-
sential topological features from noise without requiring the user to select a particular
value of parameter €. Barcodes, or an equivalent visualization technique called persis-
tence diagrams, are stable with respect to changes in input [9], and there exist efficient
algorithms for computations [17]. For a survey of computation methods for persistent

homology, we direct the reader to [23].
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Remark. Throughout this dissertation, all homologies will be computed with re-

spect to coefficients in a field K.

2.1.2 Zigzag persistence

Persistent homology can be a powerful tool for studying topological features, but its
usage depends on having a nested family of spaces. There are situations where it is
natural to consider a sequence of spaces that have more interesting relations. Consider

the following point cloud in Figure 2.5.

FIGURE 2.5: Point cloud with varying density

Let’s say we are interested in studying how topological features change as we ex-
amine points with various density values. Note that there are various ways to esti-
mate the density around a point p. For instance, one can count the number of points

kth

in an e-neighborhood of p, or one can compute the distance to the k" nearest point.

Given a density estimate p(p) for each point p, let X; be a complex built among points

whose density lies above the 25"

percentile, and let X, be a complex built among points
whose density lies below the the 75 percentile. Note that there is no natural inclusion
between the two complexes, making it difficult to compare the complexes X; and Xs.
What one can do is to build a third complex X » from points whose density lies above

the 25 percentile and below the 75" percentile. Then, there are natural inclusion maps

Xl < xl,Z — Xz.
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Applying the homology functor, we obtain the following sequence of vector spaces

He(X1) = He(X12) = He(X2) (2.4)

Studying the above sequence would reveal how topological features change as we
filter data at different density levels. The work of de Silva and Carlsson [8] on zigzag
persistence generalizes the theory of persistent homology to address such situations.
For the purpose of this thesis, we will interpret certain cellular cosheaves as zigzag

persistence to understand cellular cosheaf homology.

Definition 7. A zigzag module is a sequence of vector spaces over a field K and linear
maps

VieWwhes -V,

where each <+ can represent either a forward map — or a backward map <.

We call such a zigzag module V with n-number of vector spaces as having length
n. Note that a persistence module is a zigzag module where all the maps are forward
maps.

As we have done so with persistence modules, we would like a principled method
of classifying such zigzag modules. We can show that zigzag modules have a nice

decomposition into building blocks called interval modules.

Definition 8. An interval module with birth time b and death time d is written 1(b, d),

and defined as the zigzag module
04 ...0 K K. ¢ K04 - 30,

where

K ifb<i<d
(b, d); =

0 otherwise.

The linear maps are identity maps between adjacent pairs of KK, and zero maps other-

wise.
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The simplest form of Gabriel’s Theorem tells us that any finite zigzag module can

be described up to isomorphism.

Theorem 3 (Gabriel’s Theorem, [12]). A finite zigzag module V can be decomposed as

N

V = P(b;, d)).

=1

Given such decomposition, the zigzag persistence of V of length 7 is the multiset
Pers(V) = {[b;,d;] € {1,...,n}|j=1,...,N}.

Each interval [b;, d;] corresponds to a homological feature that is born at parameter b;
and dies at parameter d;. Thus, a long interval corresponds to a feature that is sta-
ble across varying parameter values. The set of intervals Pers(V) can be represented
pictorially as a barcode.

Zigzag persistence expands the subject of persistent homology by relaxing the re-
quirement that a space needs to be filtered in one direction. Zigzag persistence is partic-
ularly important in this dissertation as it provides an interpretation of specific cellular
sheaves and cosheaves. The correspondence between the specific cellular sheaves and
zigzag persistence will be established in §2.2. Such perspective will be particularly

useful in understanding certain properties of features in Chapter 5.

2.1.3 Morphisms of zigzag modules

Data often comes with multiple parameters that influence the analysis process, and a
comparison framework across various parameters becomes useful in such situations.

For example, the zigzag module

V : He(X1) < Ho(X12) — Ho(X2)
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in Equation 2.4 was built from a sequence of complexes
Xl < XLZ — Xz,

where each complex X; was built from subsets P; of point cloud P. Recall that building
a complex from a set of points requires a proximity parameter €. If we were to build a
sequence of complexes on the same subsets P;’s using a larger proximity parameter €',

we would then obtain a different sequence of complexes
Xi ¢ X7, = X5,
leading to a different zigzag module
V' Ha(X4)  Ha(X4 ) = Ha(X5).
A morphism of persistence modules allows us to compare the two different zigzag

modules V and V'.

Definition 9. Let V and W be zigzag modules such that the linear maps V; <+ V4
and W; < W, are both forward or both backward maps for every i. A morphism
of zigzag modules « : V — W is a collection of linear maps « : V; — W; that are

compatible with the maps of V and W.

The compatibility condition of the above definition refers to the fact that the follow-

ing diagram commutes.

v Vs ... v,

luq laz B ltxn
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For our example, the two sequence of complexes built on different proximity pa-

rameters are related by the following inclusion maps.

X1 > X2 < Xo
X X{, — X

Applying the homology functor results in the following morphism a : V — V' of

zigzag modules.

He(X1) «—— Ho(X12) —— He(X2)

| | |

Ho(X]) «—— He(X},) — He(X3)

Morphisms of persistence modules allow us to compare two different persistence
modules V and W. For example, if the vector spaces of V and W model the same data
at different time points, then a morphism a : V. — W allows us to compare data across
time.

In particular, when each « : V; — W; is an isomorphism, then we calla : V — W
to be an isomorphism of zigzag modules. Given a zigzag module V, the decomposition
from Gabriel’s Theorem (Theorem 3) is an isomorphism between V and the direct sum
of interval modules % I(b;,d;). Thus, if V and V’ are isomorphic zigzag modules, then
the two zigzag modlljlles must have identical barcodes. Given a persistence module V
of interest, efficient computation of an isomorphic persistence module V' would then
lead to a faster computation of the barcode. In Chapter 4, we find the barcode of a

persistence module V by computing an isomorphic persistence module in a distributed

manner.

2.2 Cellular Sheaves and Cosheaves

Cellular sheaves and cosheaves are systematic tools for encoding local data and rela-

tions to extract global information. The practice of inferring global structure from local
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computations renders cellular sheaf theory well suited for distributed systems. This
section provides a summary of topics from cellular sheaf theory that are utilized in
Chapters 3, 4, and 5 of the dissertation. This section contains a collection of examples
selected to communicate different intuitions and a variety of problems modeled via
cellular sheaves. While some examples are substantial, many of the examples are fun
and simple illustrations. The reader may safely skip the examples and move on to the
next chapter.

We introduce cellular sheaves and cellular sheaf cohomology in §2.2.1 and §2.2.2.
Sheaf morphisms in §2.2.3 are the main tools that allow us to study changes in global
structure from local changes in data. In §2.2.4, we provide the machinery for examining
the changes that occur when the base space evolves. An important connection between

zigzag persistence and cellular sheaf cohomology is established in §2.2.5.

2.2.1 Cellular sheaves and cosheaves

A cellular sheaf is an assignment of algebraic structure to a cell complex. We direct the
reader to [10] for a review of definitions involving cell complexes. Given a cell complex
X, there is a cell category whose objects are the cells of X. Given a pair of cells T and
o such that 7 is a face of ¢, this category assigns a unique morphism 7 — ¢. Let T J o

denote the face relation T C 7.

Definition 10 ([24], [10]). A cellular sheaf J on a cell complex X with values in category

D is a covariant functor from the associated cell category to D, i.e., J is a mapping that
e for each cell o of X, assigns an object F(¢) in D, called local section of F on ¢, and

e for each face relation T <0, assigns a restriction map F(tv <o) : F(r) = F(0)

such that

o F(td1):F(1) = F(7) is the identity morphism for every cell 7, and

oifpd7t<do, thenF(p<Lo) =F(t<0)oF(pJ1).
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Dually, a cellular cosheaf G on a cell complex X with values in category D is a
contravariant functor from the associated cell category to D. The morphism §(t <
o) : §(o) — G(7) assigned for each pair of cells with face relation T < ¢ is called an
extension map.

In this thesis, we will mostly be studying sheaves and cosheaves with values in the
category of vector spaces. We will occasionally examine sheaf of sets and cosheaf of
sets, which have values in the category of sets.

Once we construct a cellular sheaf or a cosheaf on X, we want to use algebraic tools
to extract useful information about our construction. One natural question to ask is
whether there are elements of the local sections that are compatible with the restriction
maps or the extension maps. Such is the idea of a global section. A global section
of sheaf ¥ on X, denoted F(X), is a collection of elements of local sections that are

compatible with the restriction maps, i.e.,

FX)={5€ [[F(@) | so=F(rh0)s:}.

ceX

Given a cosheaf § on X, the global sections of § is given by

5(X) = P S(e)/ ~,

ceX

where s, € §(0) and s; € §(7) have equivalence relation s, ~ s if
st = G(t<0)s,.

The global section of cosheaf G is not a collection of compatible local sections.
Rather, it is a collection of local sections where elements that are mapped from higher
dimensional cells are identified. One might think that it’s unnatural that the global
sections on sheaves and cosheaves seem to have such different definitions. However,
when the definitions are written in terms of limits and colimits [19], one can see that

the definitions are dual to each other.
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Definition 11. Given a sheaf J on X, the global section is

F(X) = lim (o).

ceX

Similarly, given a cohseaf G on X, the global section is

§(X) = colim §(0).

ceX

Example 1. Recall the zigzag module from Equation 2.4. This zigzag module can be
considered as a cosheaf on a cell complex as illustrated in Figure 2.6a. The local sections
on the vertices are Ho(X1) and H,.(X7). The local section on the edge is He(X12), and
the extension maps are the morphisms induced by inclusion of complexes. Dually, one
can construct a cellular sheaf J on the same cell complex as the following. Let the local
sections on the vertices be He(X7) and He(X3), as before. Let the local section on the
edge be H, (X), where X is a complex built using all points of the point cloud P. Let the
restriction maps be the morphisms Ho(X1) — Ho(X) and He(X2) — He(X) induced
by the inclusion of complexes. Such sheaf J is illustrated in Figure 2.6b. The global
section of this sheaf is a collection of homology classes (s,t) € Ho(X1) @ He(Xz) such
that s and f are mapped to the same homology class in H, (X) via the restriction maps.
Thus, the global section represents the homology classes that exist in both X; and X,.

/H-(X1,2)\ > H,(X) A
Ho (X)) Ho(Xo)  HJ(X}) Ho(Xs)

® ® ® ®
(A) Cosheaf (B) Sheaf

FIGURE 2.6: Zigzag modules as cellular cosheaves and sheaves

2.2.2 Cellular sheaf cohomology and cellular cosheaf homology

Homology and cohomology provide the algebraic tools to study cellular sheaves and
cosheaves. Ideally, given a data system, we want to construct sheaves and cosheaves

whose homology and cohomology reveal interesting information about the data. This
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section was written with the intention to communicate as much intuition about sheaf
cohomology and cosheaf homology as possible. The examples, in particular, were cho-
sen to convey various perspectives of sheaf cohomology and cosheaf homology. For
the remainder of this thesis, we will assume that all our sheaves and cosheaves have
values in vector spaces unless stated otherwise. Moreover, we will restrict ourselves to
situations where cell complexes are compact.

Given a cellular sheaf J over a compact cell complex X, let

C"(X,9) = @ o).

dimo=n

Define 9" : C"(X,J) — C"*1(X, ) by

9"(sz) = Y [t:0]F(t<0o)(sr),

<o

where [T : 0] is the incidence number: for T a codimension-1 face of ¢, [T : 0] = 1 if the
attaching map of ¢ preserves the induced orientation from do — 7, and [t : 0] = —1if
orientation is reversed. If T is not a codimension-1 face of ¢, then [T : ¢] = 0. One can

show that 9"*! 0 9" = 0, and obtain the following cochain complex

C50)=0> @ 5O @ TS P TS,

dim c=0 dim o=1 dim 0=2

For brevity, we will denote the above cochain complex by C*J.

Definition 12 ([24]). Given a cellular sheaf J on X, the sheaf cohomology of J is the

cohomology of the cochain complex C*J.

In other words, the sheaf cohomology in dimension 7 is ker 9"/ im 9" 1. We will
denote sheaf cohomology by H" (C*¥).

Dually, given a cellular cosheaf G over a compact cell complex X, let

Cu(X,9)= & S(o),

dimo=n
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and define 9, : C,,(X,G) — C,—1(X, 9) by

One can again show that d,_; 0 d,, = 0 and obtain the following chain complex

(CGa) =2 P 5B D 5L P s) Do @5

dim c=2 dim o=1 dim c=0

For brevity, we will denote the above chain complex by C,9.

Definition 13. Given a cellular cosheaf § on X, the cosheaf homology of G is the ho-

mology of the chain complex C, 5.

Note that we have assumed our base space to be a compact cell complex X. A more
general definition of cellular sheaf cohomology and cosheaf homology is introduced in
[10]. We now provide a variety of examples that emphasize different interpretations of
cellular sheaf cohomology and cosheaf homology.

One of the useful ways to think of H?(C*F) and Hp(C.§) is to view them as the

global sections of sheaf J and cosheaf G respectively.

Lemma 2. Given a sheaf F on X,
H(C*F) = F(X). (2.6)

Given a cosheaf G on X,

Hy(C.9) = 9(X). (2.7)

This Lemma shows that global sections of sheaves and cosheaves are completely
determined by local sections on the 0-cells and 1-cells. Recall from Definition 11 the
limit and colimit definitions of global sections of sheaves and cosheaves. Then, Lemma
2 and Definition 11 implies that the global section on X is determined by the local
sections on the 0 and 1 dimensional cells, i.e., two sheaves F and F’ on X have the same

global sections if the local sections and the maps agree on the 1-skeleton of X. In fact,
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one can show that for any sheaf  on X, the limit over X can be computed by the limit

over the 1-skeleton of X.

Lemma 3. Given a cell complex X, and F on X,

limF(0) = lim (o).
ceX reX,
dim o<1

Dually, given a cosheaf G on X,

colim §(c) = colim §(o).
ceX ceX,
dimo<1

The following selection of examples illustrate a few interpretations of sheaf coho-

mology and cosheaf homology.

Example 2. One natural way to interpret cosheaf homology is to consider it as an ex-
tension of homology in data. Homology with field coefficients detects the holes in the
underlying space. Similarly, one can consider cosheaf homology as reading ‘holes” in
the data above the space. For example, consider a map f : X — R illustrated in Fig-
ure 2.7. Let V = {B,R} be an open cover of f(X). One can define a cosheaf § on
the nerve Ny (Definition 1) as the following. For each ¢ € Ny, let G(c') be the 0™ ho-
mology functor with field coefficients applied to the preimage of the corresponding
set under £, i.e., G(vg) = Ho(f 1(B)) and G(vr) = Ho(f *(R)). For egr € Ny, let
S(epr) = Ho(f~1(BNR)). The extension maps are naturally induced. Such construc-
tion is a Leray cellular cosheaf [6]. Figure 2.8 illustrates the cosheaf G.

The extension maps are each represented by the matrix [1 1] . One can compute
Hy(C.F) = K, which one can interpret as reading the hole in space X. The idea of
sheaves and cosheaves as tools for summarizing homological and cohomological in-

formation among data is explored further in Chapter 4.

Example 3. Another valuable interpretation of sheaf cohomology is to consider it as

detecting global inconsistencies in data. To make this idea concrete, we will first revisit
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FIGURE 2.7: Amap f : X — R and a cover V of f(X)

/]K\
K & K

g
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FIGURE 2.8: Visualization of cellular cosheaf

cohomology through the lens of detecting inconsistency, and we will extend the idea
to sheaf cohomology. Let J be the constant sheaf on a 2-cell illustrated in Figure 2.9.
Consider the local sections on the 0-cells as representing values for three different vari-
ables x,y, and z. Consider the local sections on the 1-cells xy, yz, and xz as representing
the differences between values of adjacent 0-cells. For instance, a € F(xy) implies that
y — x = a. Thus, we can consider local sections on 1-cells as encoding relations among

pairs of variables.

FIGURE 2.9: Constant sheaf on a 2-cell

The cochain complex for sheaf J is the following.
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0 1
CF 0K LKL K=o

Now, consider H'(C*F) = kerd'!/ima°. Note that dimension of kerd! is 2. A

particular basis for ker d' is illustrated in Figure 2.10 .

FIGURE 2.10: Basis elements of ker 9!

Interpreting these basis of ker 9! as indicating relations among variables as we men-

tioned earlier, the first basis element on the left of Figure 2.10 corresponds to the system

of equations (
y—x=1
z—y=—1
z—x=0,

and the second basis element on the right of Figure 2.10 corresponds to the equations

y—x=1
z—y=20
z—x=1

If (Sxy, Syz Sxz) € F(xy) ® F(yz) ® F(xz) is an element of ker 9!, then the variables
must satisfy the relations sy, + s, + sx; = 0, or sy, +5,; = —sy;. What this implies is
that given two equations corresponding to each element, the third equation is uniquely
determined in a manner consistent with the map d'. For instance, considering the first

basis element of ker 9!, any two equations, say y — x = 1 and z — y = —1 determines
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the third equation, z — x = 0. Thus, ker 9! represent relations among variables that are
compatible with the restriction maps from 1-cells to 2-cells.

On the other hand, im 8° represents relations that can arise from actual data that are
assigned to the variables. Then, H!(C*F) = kerd!/im d° represents the relations that
cannot arise from the true values of the variables. For the example from Figure 2.9, one
can check that H!(C*JF) = 0, implying that any relations among variables compatible
with the restriction map into 2-cells actually arises from data assignment of variables

x,Y,and z.

Example 4. Let’s now consider a sheaf with nontrivial first cohomology. Consider the
game of rock-paper-scissors. Let x represent rock, y represent paper, and z represent
scissors. The pairwise relations among rock, paper, scissors can be represented by the

following equations.

y—x=1
z—y=1
x—z=1

One can represent such game via sheaf J illustrated in Figure 2.11.

K

2\

K K

K > K < K

FIGURE 2.11: Game of rock-paper-scissors as a cellular sheaf

Then, ker 9! are elements (SxysSyz,Sxz) € F(xy) ® F(yz) ® F(xz) that satisfy 0% s,y +
0% sy, +0*sy, = 0,i.e., all the relations among variables represented by sy, sy, sx. can
be completely independent. Taking the quotient of ker d* by im 8° then eliminates those

relations that arises from data assignment to x,y, and z. Then, the fact that H 1 (C*F) #0
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implies that there exist relations among x,y,z that cannot be realized via values as-
signed to the variables, namely, the fact that there are partial orders among the vari-

ables, but the fact that there isn’t a global ordering of the variables.

Example 5. With this perspective of H!(C*F) as an indicator of some form of struc-

tural inconsistency or impossibility, consider the example from Figure 2.12, where the
1
restriction maps are both given by . Let x, y each be the variable represented by the

O-cells. The local section on the 1-cell can be represented by the following equations,
each equation representing a component of K.
_ ]Kv\
K & K

o-—-

FIGURE 2.12: A cellular sheaf

While the relation y — x = a is possible for any value of a, it is impossible for
data assigned to x and y to satisfy the above equations simultaneously if a # b. Such

inconsistency in relations is reflected by the fact that H!(C*F) # 0.

2.2.3 Sheaf and cosheaf morphisms

We have so far seen that sheaf cohomology and cosheaf homology can reveal interest-
ing information about data. Their real power, however, becomes even clearer when
we compare cohomology and homology across different sheaves and cosheaves. Sheaf
morphism is the tool that allows us to extract stable information from various sheaf
constructions in Chapter 4 and Chapter 5.

Given multiple data systems encoded via different sheaves on a fixed base space,

sheaf morphisms provide tools for transforming data from one system to another.
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Definition 14 ([6]). Let ¥ and F’ be sheaves on X. A sheaf morphism ¢ : F — F is a

transformation between local sections that respects restriction maps.

In other words, for each cell ¢ € X, there exists a homomorphism ¢|, : F(o) —

F'(0) such that for each face relation T < ¢, the following diagram commutes :

F(r) 2 (1)
F(rdo) l’f’(rﬂa)
Plo

Flo) —— F(0)

Thus, a sheaf morphism ¢ : ¥ — J' is a natural transformation from the functor F
to F'. Sheaf morphisms are useful tools of transforming data over a fixed base space.
The dual notion cosheaf morphism can be defined analogously.

Given a sheaf morphism ¢, let ¢, be the collection of morphisms ¢|, on n-cells o. Let
9,9’ be the coboundary maps of F, F’ respectively. Then, every square of the following

diagram commutes.

o Fo) X5 @ Fo) 2 @ Fo)-

dimo=n—1 dimo=n dimo=n+1

l%fl lé”n J((Pnﬂ

o T LH @ Feo) L o T

dimo=n—1 dimo=n dimo=n+1

Since the sheaf morphism ¢ defines a cochain map ¢* : C*F — C*JF, they induce
moprphisms H"(¢) : H"(C*F) — H"(C*F') for every n. Similarly, a cosheaf morphism
P+ § — G defines a chain map 9o : Co§ — C.9’, which induces homomorphism

Hy () : Hy(CoG) — Hy(Co9') for every n.

Lemma 4. A sheaf morphism ¢ : F — F induces morphisms

H"(¢) : H'(C*F) — H"(C*F')
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or every n. A cosheaf morphism ¢ : G — G’ induces morphisms
Y P P p

Hy(¢) : Hy(CoSG) — Hy(Co9)

for every n.

The map H"(¢) reveals the features of H"(C*J) that persist to H"(C*J’). One can
extend this idea to a collection of sheaves J7,...,J; with sheaf morphisms ¢;; 1 :
Ji — Jii1 between adjacent pair of sheaves and examine the sequence of induced
morphisms H"(C*F;) — H"(C*F,) — --- — H"(C*Fy).

In fact, a sheaf morphism between J; and J;.; does not have to be oriented in the

direction of increasing indices. Consider a zigzag diagram of sheaf morphisms

FleFr & T

where each <+ between JF; and J;; represents either a sheaf morphism J; — ;1 or
JFi < Fiy1. Since each sheaf morphism induces a morphism of sheaf cohomology, the

zigzag diagram of sheaf morphisms induces a zigzag module of sheaf cohomology:

H"(C*Fy) <» H"(C*F,) <> --- <> H'(C*Fy)

for each n. The above zigzag module can be decomposed into interval modules, ac-
cording to Theorem 3. We can represent the decomposition via barcodes, which then
represents the birth and death of sheaf cohomology classes. Similarly, given a sequence
of cosheaves and morphisms between each pair of cosheaves, one obtains a zigzag

module of cosheaf homology :

Hn<C091) — Hn(C092) AR e Hn(Cogk)-
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Let’s now consider a special kind of sheaf morphism. Let F, G, and 3 be cellular

sheaves on X such that
0—3(0) = S(0) > H(oc) =0
is exact for all ¢ € X. We then say that
0=-F—=G—->H—=0

is a short exact sequence of sheaves over X. This leads to a long exact sequence of sheaf

cohomology

oo — H"YC*H) — H*(C*F) — H"(C*S) — H"(C*H) — --- .

The following instance of long exact sequence comes in particularly handy when
studying obstructions to extensions of local data. Let A be a subcomplex of X. Given a
sheaf G on X, let G| 4 be the restriction of G to A, and let §|x_4 be the complementary

restriction of §. Then, we have a short exact sequence of sheaves
0— §Glx-a — 39— Gla,

which results in the following long exact sequence of sheaf cohomology.

0 — HY(C*S|x_a) — H°(C*S) - H°(C*S|4) 2 HY(C*S|x_a) — H(C®G) — ---

Given an element s4 € H’(C*S|4), an extension of s4 to the entire complex X
is an element s € HY(C*G) such that r(s) = s4. By exactness, imr = kerd. Thus,
sa € HY(C*Gl4) is extendable if and only if 6(s4) = 0. We can hence consider ¢ as
representing obstruction to extending sections on A to global sections on X. One can

address several interesting questions by using this obstruction.
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The following examples were selected to illustrate the use of sheaf morphisms in
detecting paradoxical information. The reader familiar with sheaf morphisms may

safely skip the following examples and move on to §2.2.5.

Example 6. The long exact sequence of sheaf cohomology plays a central role in work
by Abramsky, Barbosa, Kishida, Lal, and Mansfield [1] in detecting contextuality in
physical systems. Contextuality is a foundational concept in quantum theory which
states that the measurement result of an observable does not have a preset value, but
the result depends on the specific experiments used to measure the observable. Qubits,
or quantum bits, are 2-state quantum systems, such as the spin of a particle, photon

polarization, and atomic orbitals. A qubit is an element of a 2-dimensional Hilbert

o
space, and its state can be written as a unit vector € C2. It is commonly expressed
p

as a superposition of its two states |0) and |1) using the Dirac notation

) = al0) + Bl1)

such that &, 8 € C and |a|?> + |8]?> = 1. In order to know the state of the qubit, we make
a measurement with respect to the standard basis {|0),|1)}, which results in 0 with
probability |«|?> and 1 with probability |8|>. In fact, we can perform measurements
with respect to any orthonormal basis {|v), |w)} as the following. We first express
|) with respect to this new basis as |¢) = «'|v) + p'|w). Then, our measurement
will return v with probability |a’|?> and w with probability |8’|2. An important aspect
of measurement is that the measurement process alters the state. For instance, if the
outcome of the measurement with respect to the standard basis returns 0, then « is
changed to 1, and B is changed to 0.

Consider a system of two qubits, which reflects quantum states of several particles.

Such system of two qubits has four states

|lIJ> = 0(0()|0> &® ‘O> +0¢01|0> & |1> +6¥10|1> & |O> +D€11|1> & ’1>,
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where each a;; € C and };; ;| = 1. Again, one can interpret each |a;;|* as the
probability of obtaining a measurement outcome of 7 in the first qubit and j in the
second qubit.

Suppose we have two qubits, |¢;) = «|0) + B|1) and |¢p) = a’|0) + p/|1). Interpret-
ing the qubit expressions as probabilities of measurement outcomes, it seems quite rea-
sonable to express the joint qubit as |1) ® |¢2) = aa’|0) @ |[0) +ap|0) @ |1) + Ba’|1) ®
|0) + BB|1) ® |1). However, there are two qubit states that cannot be decomposed as
such individual states. A two qubit state |¢) that can be expressed as |§1) ® |¢7) is
called disentangled or separable. If |{) cannot be decomposed as such, then |¢) is said
to be entangled. For example, the following state

1

%) =

(10) ©10) +[1) 1))
is entangled. Entanglement is a phenomenon that occurs from interactions of individ-
ual states which results in a correlation of the states even after being separated by a
large distance.

Consider a scenario in which two agents, Alice and Bob, each have access to one
qubit of an entangled 2-qubit state. Alice can perform measurements 2; and 4, on the
tirst qubit, and Bob can perform measurements b; and b, on the second qubit. Note that
the different measurements on each qubit refer to different sets of orthonormal basis.
Assume that Alice and Bob communicate with each other the outcome of their mea-
surements. The result can be summarized in a table that shows whether a particular

outcome was observed or not. For example, Table 2.1 illustrates the Popescu-Rohrlich

(PR) box.
A B | (0,00 (01) (1,00 (1,1)
a1 b1 1 0 0 1
a b2 1 0 0 1
ap by | 1 0 0 1
an bz 0 1 1 0

TABLE 2.1: Popescu-Rohrlich (PR) box.
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Each row represents the possible measurements made by Alice and Bob simultane-
ously. The ones indicate that a particular outcome (column) of a measurement (row) is
possible, and the zeros indicate that a particular outcome is impossible.

In a classical system, the observables have a state, and the result of our measure-
ments reflect this true state. In particular, the outcome should always reflect the physi-
cal truth, and hence should be independent of the measurements performed. However,
this viewpoint fails to capture the nature of microphysical systems.

The PR box represented as a bundle is illustrated in Figure 2.13. The possible out-
comes 0 and 1 are the fibers over the variables. We connect two outcomes with an edge
when the outcomes can be measured together. A global section is a closed path that

traverses the fibers exactly once.

az

ay by
FIGURE 2.13: The PR box represented as a bundle

Logical contextuality refers to a system in which local assignment, as observed by
each measurement, cannot be extended to a compatible global assignment. For ex-
ample, the section (a1,b1) = (0,0), marked by the red edge in Figure 2.13, cannot be

extended to a global section. Thus, PR box is logically contextual.
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Strong contextuality refers to a system in which no global assignment is consistent
with the measurement. One can see from Figure 2.13 that PR box is strongly contextual.

Abramsky et all formalized such bundle representation as a sheaf and examined
the Cech cohomology of a sheaf [6] with respect to a particular cover M for indications
of contextuality. We summarize their construction in terms of cellular sheaves on the
nerve of the cover Ny,.

Let X be a finite set of variables. Let C; be subsets of X, which is a collection of
variables that can be measured together in one experiment. Assume that M = {C;} isa
cover of X that contains only the maximal measurements, i.e., if C,C’ € Mand C C C/,
then C = C'. Let O denote the set of possible values of each variable in X. Note that
the possible values do not have to be uniform for all variables in X, but we will assume
that such is the case for now. For the PR box example, X = {ay,a3,b1, b2}, and M =
{Co,Cq,Cy, C3}, where Co = {ay,b1},C1 = {a1,b2},Co = {ap, b1}, and C3 = {ay, by }.

Let Ny be the nerve (Definition 1) of this covering M. Construct a sheaf J of sets
on Ny as the following. For each n-simplex ¢;, ; € Ny that corresponds to an in-
tersection of measurement contexts, C;,,...,C;, let F (03,,...i,) be the set of outcomes
possible via every measurements C;, through C; , i.e., if x, ..., x;, are the variables that

are being commonly observed by measurements C;, ..., C; , then
F(0i,..i,) = {s € OL0~*n}|s is a possible outcome of each measurement C;, ..., C; }.

Given T J o, let the restriction map F(t <o) : F(t) — F(o) be the restriction
s +— s|y. The global section of J is an assignment of values of the variables that is
compatible with the measurement context.

In order to compute cohomology of a sheaf, the authors turn the sheaf of sets  to a
sheaf of R-modules G by applying the free functor Fg : Set — R-Mod. By doing so, one
obtains a sheaf § on Ny whose local section § ((7) is the free R-module generated by the
set F(0). Given T <, the restriction maps §(7 <o) : §(1) — (o) is then induced by

F (7 <o) and the universal property of free R-modules.
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Now that we have a sheaf with algebraic structure that allows us to take cohomol-

ogy, given any vertex v of Ny, one obtains the following long exact sequence.

0 = H(CuS|ny o) = H(CuSG) — H(CuSlo) L H'(CoGlny—0) — H'(CoG) — - -
(2.8)

Note that G|, is simply the local section §(v).

Definition 15 ([1]). If there exists a vertex v € Ny and a local section s € G|, such
that v(s) # 0, where 7 is the connecting map from the long exact sequence in Equa-
tion 2.8, then the system is cohomologically logically contextual. If y(s) # 0 for all
local sections s € G|, for every v € Ny, then the system is cohomologically strongly

contextual.
The following proposition uses cohomological obstructions to study contextuality.

Proposition 1 ([1]). If a system is cohomologically logically contextual, then the system is
logically contextual. If a system is cohomologically strongly contextual, then the system is

strongly contextual.

To illustrate Proposition 1, consider the PR box from Table 2.1. An illustration of
sheaves J and § are provided in Figure 2.14. As the sheaf of sets J, each local section
should be considered as a set, and the arrows should be considered as morphisms of
sets. As the sheaf of R-modules G, the illustrated blue boxes should be considered as the
generating basis, and the arrows should be considered as maps among basis elements
that induce the restriction maps.

One can check that y(s) # 0 for every local section s € G(v) for every v € Ny. Thus,
by Proposition 1, we conclude that PR box is a strongly contextual system. Indeed,
considering Figure 2.14 as an illustration of sheaf of sets J, one can see that no local
section extends to a global section that traverses the fibers once.

Proposition 1 provides sufficient conditions for logical contextuality and strong
contextuality, but not the necessary conditions. For example, one can visualize the

Hardy model from table 2.2 to check that the model is logically contextual. However,
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(az, by)

(a4, by) (az, by)

FIGURE 2.14: An illustration of cellular sheaves ¥ and G

one can check that 7 (sp) = 0 for all local sections of G. This occurs because global sec-
tions of G read false positive global sections of the sheaf of sets J. Given local section
s € J that does not extend to a global section in J, it is possible for s to define a local

section sg € G that does admit a global extension in .

A B | (0,00 (0,1) (1,0) (1,1)

aq b1 1 1 1 1
a b| 0 1 1 1
an b1 0 1 1 1
an bz 1 1 1 0

TABLE 2.2: Hardy model.

In the language of category theory, such false positives occur because the free func-
tor Fr : Set — R-Mod we applied to obtain sheaf G from J doesn’t preserve limits.
The free functor, being the left adjoint of the forgetful functor, preserves colimits, while
the forgetful functor, being the right adjoint of the free functor, preserves limits. Thus,

§(X) = lim §(¢) and F(X) = lim F(0) may differ.
ceX ceX

Example 7. The following examples discuss a simple illustration of sheaf theoretic per-

spective on 2-coloring problems on a graph X: is it possible to color the vertices of X
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using two colors, say red and blue, such that no two vertices connected by an edge
have the same color?

There are a variety of sheaves and cosheaves one can build on X to approach the
problem. We will provide a few examples of such sheaves and cosheaves, each of which
emphasizes different aspects of graph coloring problems.

First of all, consider a sheaf of sets &, whose local sections on each vertex is {r, b},
denoting the two possible colors. Let the local sections on edges be the set {rb, br}. To
make sense of the local sections and restriction maps, assume that all edges of X are
oriented. If a vertex v is the head of an edge e, then let F(v <e) be the map of sets
mapping r to rb and b to br. If a vertex w is the tail of an edge e, then let F(w <Je) be
the map of sets mapping r to br and b to rb. An illustration of sheaf of sets F on two

different graphs is provided in Figure 2.15.

— D —0
g ’'q

o~ A/._,/ - Ké\

0> We— o S iy, D

. . | X, o
1 / I / 1 1 I \ \ |
- 4|_6 1 ' /—> ~y
I I L) .
| | o : :
1 I | 1 I | I
| 1 I | I
I . I I
' . I [
| | 1 1
| | 1 1

(A) Sheaves ¥ and G on X (B) Sheaves Fand Gon Y

FIGURE 2.15: Cellular sheaves F and G for 2-coloring problem

Since the sheaf J models the possible colors that can be assigned to each vertex, a
global section of the sheaf J corresponds to a 2-coloring of the graph X. Thus a graph is
2-colorable if and only if the sheaf J has a global section. As it was the case in Example
6, we have very limited tools when it comes to sheaf of sets. Thus, we construct a

sheaf of vector spaces § by applying the free functor from category of sets to category
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of K-modules for field K. Then, the local section G(¢) of ¢ € X is the vector space
generated by the set F(0), and the restriction maps G(v <e) are induced by F(v Je).
One can consider Figure 2.15 as illustrating sheaf of vector spaces G, where each set
above o € X represents a basis for §(0).

One can use sheaf cohomology to determine whether a graph is 2-colorable or not,

as stated in the following proposition.
Proposition 2. A graph X is 2-colorable if and only if dim H°(C*SG) = 2.

One can understand the construction of the sheaf § and Proposition 2 from the per-
spective of orientability of vector bundles. For example, given a base space S!, the
Mébius band can be considered as a vector bundle on S!. Consider a similar con-
struction on graph X, where each edge of X represents a half-twist of the band. Let
m : E — X denote the resulting vector bundle. We then ask whether the resulting
vector bundle is orientable or not. In fact, the sheaves in Figure 2.15 represent the ori-
entation covers of vector bundles on graphs X and Y. Construct a sheaf of sets on X
whose local sections are the choices of an orientation of fiber over each cell, and whose
restriction maps reflect the maps of the orientations. This sheaf, in fact, coincides with

sheaf of sets F introduced earlier.

Proposition 3. Let E be a rank-n vector bundle on a connected manifold M. Then, the ori-
entation cover O has either one or two connected components. Moreover, the following two

statements are equivalent.
® The bundle E is orientable
® The manifold O is not connected

Note that the number of connected components of O is reflected by the global sec-
tion of sheaf §. Since our sheaf G allows for construction of cohomology, we know
from Lemma 2 that HY(C*G) = §(X). If dim H°(C*SG) = 2, this implies that mani-
fold O has two connected components, implying that the bundle E is orientable. If

dim H°(C*G) = 1, then O is connected, and bundle E is not orientable.
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So far, we have concluded that dim H°(C*§) tells us whether a graph is colorable
or not. Let’s now go back to the language of graph theory and understand what
dim H'(C*G) represents. For starters, let's compare H’(C*S) on X and Y, as shown
in Figure 2.15. Recall that the vector bundles were obtained by applying a half twist at
each edge. Then, the vector bundle on X must be orientable, since we are applying this
half twist even number of times, while the vector bundle on Y must be non-orientable
since the half twist has been applied an odd number of times. This is, in fact reflected
by the fact that dim H’(C*G) = 2 on X and dim H°(C*G) = 1 on Y. The fact that
odd-length cycles is precisely what contributes to non-orientability of vector bundles
is reflected in the language of graph theory in the following theorem that appears in

one of the first textbooks on graph theory.
Theorem 4 ([18]). A graph G is 2-colorable if and only if it has no odd-length cycles.

Another way to approach such 2-coloring problem is to use a constant sheaf € on X
whose local sections are €(0) = IF, for all ¢ € X. Note that all restriction maps of € are
the identity maps.

A graph X is 2-colorable if and only if it is bipartite, i.e., the vertices of X can be
divided into disjoint sets U and V such that every edge connects between vertices in
U and V. Then, whether or not a graph is colorable with two colors amounts to the

following statement :

Proposition 4. A graph X is 2-colorable if and only if the 1-cycle (1,1,...,1) of C lies in
the image of 3° : C°(C*@) — C(C®@), i.., the homology class [(1,1,...,1)] is trivial in
H(C*e).

2.2.4 Change of base spaces

So far, we discussed sheaf morphisms as tools for studying changes in sheaf J over a
tixed base space. We can also ask ourselves how we might relate a sheaf on one space to
a sheaf on another space. The ideas of pullback and pushforward allow us to address

these questions.
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Definition 16 ([10]). Let X and Y be cell complexes. Let G be a sheaf on Y, and let
f : X — Y be a cellular map. The pullback or inverse image sheaf f*G on X is defined

as the following.
For o € X, the local section is f*G(c) = G(f (o))

If T < o, then the restriction map is f*G(t <o) = §(f(7) < f(0)).

We can define the pullback of a cosheaf analogously.

Theorem 5 (Vietoris-Begle Mapping Theorem, [3]). Let f : X — Y be a proper map

between locally compact spaces with acyclic fibers. For any sheaf G on Y, the induced map

f* : Hn(c.g) — Hn(c.f*g)

is an isomorphism for all n,
On the other hand, given a sheaf on Y, we can define a sheaf on X as the following.

Definition 17 ([10]). Let X and Y be cell complexes. Let I be a sheaf on X, and let
f : X — Y be a cellular map. The pushforward sheaf f.J on Y is defined as the

following.

For o € Y, the local section is f.F(c) = lim J(7)
f(r)zo

If T <o, then the map f.F(t) — f.F(0) is defined by the universal property of limits.
In other words, the local section f.F(c) is the global section of F over all cells T
such that f(7) > 0.

To define the pushforward for a cosheaf G on X, let £.5(c) = colim §(7).
f(r)ze

Example 8. One way to think of the pushforward sheaf is to consider it as a way of
summarizing data over X as we simplify the base space via f. For example, consider
the sheaf J on X illustrated in Figure 2.17a. A cellular map from X to Y is illustrated in
Figure 2.16. The map f : X — Y is the cellular map defined by mapping 0-cell v to w.
The pushforward sheaf f,J on Y is illustrated in Figure 2.17b. Note that 3 and f.J

have the same homologies for this particular example.
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X Y

FIGURE 2.16: A cellularmap f: X = Y

A\

K
[ K/
K > [K « K
(A) Cellular sheaf F on X (B) Cellular sheaf f,FonY

FIGURE 2.17: Cellular sheaf F on X and pushforward sheaf f.F on Y

One should note that there are multiple kinds of pushforward of a sheaf. Consider-
ing a sheaf J as a functor from cell category to a category D, the pushforward f,J is the
right Kan extension of J along f. One can approach the pushforward by using a left
Kan extension as well. The pushforward obtained by left Kan extension, denoted by f;,
is called pushforward with open supports. Some calculated examples of pushforward
sheaf, pushforward with open supports, pushfoward with compact supports, and their

adjoint relations are described in detail in [10].

2.2.5 Sheaf cohomology, cosheaf homology, and zigzag modules

In previous sections, we have alluded to the fact that specific types of zigzag modules
can be viewed as cellular sheaves or cosheaves and vice versa. Interpreting cellular

sheaves (and cosheaves) as zigzag modules allows us to take advantage of Theorem 3
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to decompose cellular sheaves in terms of simpler sheaves. Furthermore, such decom-
position allows us to understand sheaf cohomology in terms of these simpler building
blocks. Understanding the relations between sheaf cohomology and sheaf decomposi-
tion will play a crucial role in Chapter 5.

When our base space X is a compact subset of R with some cell structure, we can
approach cellular sheaves and cellular cosheaves through the lens of zigzag modules.
Indeed, given any sheaf J or cosheaf § on X, the local sections and the restriction or
extension maps constitute a zigzag module. From Theorem 3, we know that such a
finite zigzag module can be decomposed into a sum of interval modules I(b,d). Each
of these interval modules I(b,d) are, in fact, indecomposable sheaves or cosheaves on
X. Hence, we can decompose our sheaf or cosheaf into a direct sum of indecomposable
sheaves and cosheaves. Such decomposition allows us to approach sheaf cohomology
and cosheaf homology in terms of these simpler data structures.

For example, assume that a cellular sheaf J can be decomposed as a direct sum of

indecomposable sheaves as illustrated in Figure 2.18.

Ke—K—K
K— K+«—K—K
K—K+«—K—K+«—K
Ke—K—K<+«—K
K—K+«—K
® ® ®
FIGURE 2.18: A cellular sheaf J decomposed as a direct sum of indecomposable
sheaves

Note that there are four types of indecomposable sheaves possible: sheaves J_
whose left and right most supports are 0-cells, sheaves J;_| whose left and right most
supports are 1-cells, sheaves J;_| whose left most support is a 0-cell and the right most
support is a 1-cell, and the sheaves J;_) whose left most support is a 1-cell and the right
most support is a 0-cell.

The following lemmas establish the connections between sheaves and barcodes of

zigzag modules.
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Lemma 5 ([10]). The indecomposable sheaves J satisfy
H(C*J)) =K, H'(C*J_|)=K, HY(C*J_)=H(C_)=0.

If sheaf is decomposed as F =2 @ J, then H'(C*F) = @ H!(C*J). Thus, dim H°(C*T)
counts the number of bars of form [—] in the decomposition, whereas dim H!(C*J)
counts the number of bars of form | — [ in the decomposition.

Analogously, a cosheaf § on X can be decomposed into a sum of indecomposable

cosheaves j[,}, J],[, J[,[, and j},].

Lemma 6 ([10]). The indecomposable cosheaves J satisfy
Ho(C.J[_}) =K, Hl(C.j]_[) =K, Hi(C.j[_[) = Hi(C.j}_]) =0.

Thus, if cosheaf § can be decomposed as § = @I, then H;(C.G) = @& H;(C.J). The
connections between sheaves and barcodes of zigzag modules established by Lemma
5 and Lemma 6 is the key to enriching the persistent homology barcodes in Chapter 5.

The cellular sheaf theory introduced in this chapter will be used to establish dis-
tributed systems for a variety of applications, where the distribution can occur with
respect to time, sensing modalities, spatial relations, density estimates, and other prop-
erties of interest. The sheaf morphisms will allow us to examine such distributed sys-
tems that undergo changes with respect to factors such as time, base spaces, and other
parameters in the system. In Chapter 4, cellular sheaf theory and persistent homology
come together to produce a distributed computation scheme of persistent homology. In
Chapter 5, the correspondence between cellular sheaves and zigzag persistence further

strengthens persistent homology by enriching the information conveyed via barcodes.
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Chapter 3

Distributed Systems for Pursuit and

Evasion

The local to global nature of sheaf theory makes it a suitable tool for distributed data
analysis. This chapter discusses applications of cellular sheaves and cosheaves to vari-
ations of problems in pursuit and evasion. These novel applications highlight the util-
ity of information distribution and collation with respect to particular aspects of the
problem. In §3.1 we use cellular sheaves to encode evader’s information at different
time points. We propose a necessary and sufficient condition for determining whether
an evasion path exists over a given time interval. In §3.2 we consider a variation of
pursuit and evasion problems where a teamwork of pursuers is required to capture
an evader. Information available to each team of pursuers is then collated via cellular
sheaves to determine if an evader can hide from the team of pursuers that is specified
by a boolean expression. While these applications are constructed in the context of pur-
suit and evasion problems, they allude to further applications of cellular sheaf theory

to time varying data, propositional logic, and many more.

3.1 Pursuit and Evasion

We consider a variation of a pursuit and evasion game. Suppose that a collection of
mobile sensors (or pursuers) with minimal sensing abilities wanders in a bounded

domain. The sensors are minimal in the sense that they do not know their location
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coordinates. However, the sensors can detect objects (other sensors and evaders) that
are within a certain distance from them. The goal of the sensors is to capture evaders,
where capture occurs when an evader is in a sensed region. An interesting topological
question, then, is whether we can determine if an evader can successfully hide from
the pursuers, given only the connectivity information conveyed by the sensors.

To mathematically formulate the problem, let D C R? be a bounded domain where
pursuers (or sensors) and evaders can move around. Let S C D x [0, 1] denote the re-
gions that sensors occupy over the time interval [0, 1], and let E = S¢, which represents
the possible areas an evader can hide. An evasion path is a section s : [0,1] — E of
the time projection map 7 : E — [0,1]. The question of interest is whether there is a
necessary and sufficient condition for the existence of an evasion path.

An approach by de Silva and Ghrist [25] gives a partial answer to this question
by providing the necessary condition to the existence of an evasion path. Adams
and Carlsson [2] phrase an equivalent condition in the language of zigzag persistence,
hence allowing the necessary condition to be computed in a streamlining fashion. They
also provide an example illustrating the fact that it is impossible to find a necessary and
sufficient condition from connectivity of sensors alone. Curry [10] rephrases Adams
and Carlsson’s approach in the language of cellular cosheaves obtained from studying
Reeb graph of 7 : E — [0,1]. The author found such sheaf theoretic approach to be
particularly helpful, so we will begin our discussion in a similar framework.

Note that a necessary and sufficient condition to a very general pursuit and evasion
problem is provided by Ghrist and Krishnan [15] using positive (co)homology and
positive variant of Alexander Duality. The goal of this section is to further explore the
sheaf theoretic viewpoint phrased by Curry and to provide a variant of cellular sheaf
that gives a necessary and sufficient condition for the existence of an evasion path given

m:E — [0,1].
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3.1.1 Sheaf theoretic viewpoint of pursuit and evasion

Let 71 : E — [0,1] be a cellular map that projects the escape region to the time axis. Let
R(E) denote the Reeb graph of 7t. We then obtain a cellular map R(E) — [0,1]. For
the remainder of this chapter, we will take the projection map 7 to denote 77 : R(E) —
[0,1]. Let X denote [0,1] with the given cell structure. The vertices of X correspond
to discrete time points, say fo, ..., tx, and edges of X correspond to intervals between
consecutive time points.

We present a summary of the construction by Adams and Carlsson and the coun-
terexample for the construction using sheaf theoretic language as expressed by Curry.
Let 7t : R(E) — [0, 1] be the cellular map illustrated in Figure 3.1a. Let C be the constant
sheaf of vector spaces on R(E). One can then construct a sheaf § on X = [0, 1] by taking
the pushforward sheaf (Definition 17) of €, i.e., § = 7,C. The sheaf G on X is illustrated

in Figure 3.1b.
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FIGURE 3.1: A counterexample cellular map and sheaf

Considering the sheaf G as a zigzag persistence module, Adams and Carlsson show



Chapter 3. Distributed Systems for Pursuit and Evasion 46

that if there exits an evasion path, then there exists a full length interval in the barcode.
The example in Figure 3.1b illustrates the fact that the existence of a full length interval
in the barcode is not sufficient condition for an evasion path to exist. The barcode,
illustrated in Figure 3.1c, show that there exists a full length interval. However, from
Figure 3.1a, we can see that it is not possible for an evader to escape unless the evader
is allowed to travel back in time.

In order to resolve this issue, Curry proposes a new sheaf on X by linearizing the
sheaf of sections. When such a sheaf is constructed for the example in Figure 3.1a, we
no longer detect the full length bar in its barcode decomposition. However, Curry also
provides a counterexample, illustrated in Figure 3.2a, showing how a non-escape path

can lead to a full length interval in the barcode, illustrated in 3.2b.

® @ O
|
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(A) Cellular map (B) Barcode

FIGURE 3.2: Counterexample by Curry

We provide another sheaf construction on X whose existence of a full length bar-
code provides a necessary and sufficient condition for the existence of an escape path.
For each vertex v; of X, let F(v;) be the vector space generated by the set 77! (v;). For
example, if 7171 (v;) consists of three components, say a, b, ¢, then let F(v;) be the vector
space with basis denoted by é,, &, ¢.. For each edge ¢; ;1 connecting the vertex v; on
the left and v; ;1 on the right, let F(e;;+1) = F(viy1). To define the restriction maps,
given v;1 <eji, let F(vipg <ejiv1) @ F(vipr) — Flejir1) be the identity map. Given
v; <e; i1, we will define F(v; <e; ;1) on the basis vectors of F(v;) as the following. Let
5{, ..., €! be the basis vectors of F(v;) each representing the cells ali, .., al of T (1),
and let é’liH, ..., 211 be the basis vectors of F(e;;11) = F(vi11) each representing the
cellsat™, ..., ait! of 771 (v;11). For each component a§- of 1~ 1(v;), let a?jl, . .,a;:;rl be

i

the elements of 77 1(v;,1) that are connected to a;

via an edge in R(E). Then, define
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F(v; Jejit1) to be the linear transformation that maps 5]? to Ej’fl 4+ + E’jifl, i.e., the

>i+1

morphism F(v; Je; ;1) maps E]? to ¢ if it’s possible for an evader to move from a;: to

af“ in R(E). Note that if there are no evasion paths possible from a;, then F(v; Je;ii1)
maps E; to the zero vector.

Once we define sheaf J of vector spaces, we obtain the following cochain complex

0— C%F % Clg - 0,

where C’F = @ F(v). By construction, for every v;,1 <e;; 1, the restriction map
[
F(vip1 <ejjr1) is an identity map. Thus, if v € kerd and vy, ..., vk are the vertices

of X, then by construction, y can be expressed as the following

Y=r+n+ -+ (3.1)

where vo € F(v9), 11 € F(v1),..., 7k € F(vk), and vi41 = F(v; <e;i1)(7i) for every

i
Lemma 7. H(C*JF) = F(vy).
Proof. Given y € H(C*J), recall from Equation 3.1 the expression of

T=v+7+1+ -+

Define f : H(C*F) — F(vg) by
f(r) = .

Note that this map f is linear.
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We will show that f is an isomorphism. Given 79 € F(vp), let 11 € F(vy),..

vk € F(vk) be defined by the following

71 =F(vo <ep1)(v0)

v2 = F(vy <ein)(71)

vk = F(vk—1 dex-1,k)(Yk-1)-

Let
Y=rn+tn++rx

Then, f(9') = 0. So f is surjective.

‘7

To show that f is injective, assume that f(y) = 0, i.e., 79 = 0. Then, by Equation

3.1, = 0forall i, and v = 0. Thus, f is injective.

Thus, f is an isomorphism.

O]

A useful conclusion from Lemma 7 is that we can find an explicit basis for H(C*J)

as the collection of standard basis vectors E]-O’s of F(vp), i-e., given a standard basis

vector E]O of F(vp), define E]-" € F(v;) by

El = ?(UO S] 60]1)((?;))

52 = ?(01 Sl 61,2)(5}1)

Then, the collection of vectors of form

e = F(vg1 < 81<—1,1<)(€4]'K71)-

(3.2)
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form a basis of H’(C*F). Note that each such vector e; represents an evasion path

starting at component a? of 77 1(vp).

Example 9. Let’s now revisit the Reeb graph from Figure 3.3a. The sheaf J on X is

illustrated in Figure 3.3b.

® :/ o)

0 o E—ESK
K/K
. 4

b K+
[ L L ® O
(A) A cellular map (B) Sheaf &

® ~OR

FIGURE 3.3: A cellular map and sheaf

The basis for H°(C*J) and the corresponding escape path are illustrated in Figures

3.4a and 3.4b.

.—.—. ....................... '®)
(1) (3) (é) o (o — Y — lﬂ- ..... [ Y ®
® L L o © ® ® L

(A) (B)

FIGURE 3.4: A basis vector of H?(C*JF) and its representing escape path

Example 10. Consider the escape region illustrated in Figure 3.5a. It’s corresponding

sheaf J is illustrated in Figure 3.5b.

:/ ¢ K—K+«—K
S¥ S¥ @D
® ® K—K+—K——K- > K+

K K

SY SY SY SY @D

b Ke— K<~ K— K—K—K

® ® @ o O @ L L
(A) A cellular map (B) Sheaf &

FIGURE 3.5: A cellular map and sheaf

The two basis vectors of H?(C*J) are illustrated in Figures 3.6a and 3.6¢c. The escape

paths they represent are illustrated in Figures 3.6b and 3.6d. Note from Figures 3.6b and
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3.6d that the escape paths represent all possible movements starting from a particular

node at time #.

(©)

FIGURE 3.6: Basis vectors of H’(C*JF) and the corresponding escape paths

Note that each component of H(C*F) corresponds to a possible escape path that
starts at a particular node at time #y. The escape paths that emerge from an intermediate
time point are not detected by H(C*J). However, the sheaf cohomology H(C*7) fails

to distinguish escape paths that continue to the end from the ones that don't.

From previous examples, we have seen that while H?(C*F) detects possible escape
paths, it fails to distinguish the true escape paths from the ones that disappear in an
intermediate time point. To address this issue, we use persistent homology.

Recall the sheaf of vector spaces J on the graph X. Let § be a sheaf on X such that
G(vk) = F(vk) for the very last vertex vk of X and G(¢) = 0 for any other cell ¢ of X.

Define a sheaf morphism ¢ : ¥ — § as the following. Let ¢, : F(vx) — G(vk) be
the identity morphism. For all other cells ¢ of X, let ¢, be the zero map.

The induced morphism H%(¢) : H°(C*F) — HY(C®SG) then checks whether an

escape path emerging at time ty, as read by H°(C*J), continues until the final time tx.
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The image of the induced morphism H’(¢) then correspond to escape paths beginning

at tp and ending at time tx. The following Lemma makes this statement formal.
Lemma 8. An escape path exists in R(E) if and only if dim(imH°(¢)) # 0.

Proof. If there exists an escape path in R(E), say starting at node a? at time tg, let é’].o
be the standard basis vector of F(v) that represents this node. Recall from Equation
3.2 that one can find an explicit basis ¢; = E']Q + E']-l +-F (?]-K of H(C*TF). Since e;
represents all escape paths starting at node j, we know that é’jK € F(vk) is nontrivial.
In fact, HO(¢) [e;.] =K, so dim(im H(¢)) # 0.

On the other hand, assume that no escape path exists. For any node tZ? at time fo, let
E jo be the standard basis vector of F(vy) that represents this node. Again, we can find

an explicit basis e;- = Ejo + e?].l +--+ E]-K of H°(C*F). Since there are no escape paths,

we know that E’]-K = 0. Then, im H’(¢) must be trivial, and dim(im H°(¢)) = 0. O

An equivalent formulation of Lemma 8 can be obtained by considering the sheaf
as a zigzag module. Then, dim(im H°(¢)) # 0 if and only if the barcode decomposi-
tion of J contains a full-length bar. Note that by construction, every backwards map
F(vit1 <ejjq1) is an identity map. Thus, instead of examining the sheaf F as a zigzag

module, one can consider the following persistence module

F(v1<90,) F(vg—1<vk)

?(Uoﬁlil)
R

Vg : F(vo) F(v1) F(vk),

where F(v; <vi1) @ F(v;) = F(vit1) is the restriction map F(v; <e; ;1) from earlier.
Then, a full length bar exists in the barcode decomposition of J is and only if there

exists a full length bar in the barcode decomposition of V.

Corollary 1. Given F on X, the barcode of Vg contains a full length bar if and only if there

exists an escape path in R(E).

Example 11. Recall the escape regions from Figure 3.3a. The sheaf J illustrated in

Figure 3.3b gives rise to the following persistence module illustrated in Figure 3.7a.
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K—R—=K I
%4 K—K —

(A) Persistence module from sheaf F (B) Barcode

FIGURE 3.7: Persistence module and barcode

The barcode of this persistence module, illustrated in Figure 3.7b, lacks a full length
interval, implying that there is no escape path in Figure 3.3a.

On the other hand, consider the escape region from Figure 3.5a. The associated
sheaf, illustrated in Figure 3.5b, results in a persistence module illustrated in Figure
3.8a, and its barcode illustrated in Figure 3.8b contains a full length interval, implying
the fact that there exists an escape path.

S8 —
KE—K—K—K —

D D D
K—K—K I
(A) Persistence module from sheaf F (B) Barcode

FIGURE 3.8: Persistence module and barcode

3.2 Boolean Pursuit and Evasion

Consider a variation of a pursuit and evasion problem, where the domain D is now a
graph or a grid. Assume that the pursuers know their exact coordinates on D. More-
over, assume that the pursuers are divided into teams of different colors, say red, blue,
and yellow. Specific teamwork is required for a pursuer to be captured. For example,
an evader can be captured if both the red and blue pursuers are at the same location as
the evader, or if both the blue and yellow pursuers are at the same location.

Such rule for combination of sensors required for capture will be called a capture

criterion. Let p = {p1,..., pm} be the collection of different colored team of pursuers.



Chapter 3. Distributed Systems for Pursuit and Evasion 53

For the remainder of this section, we will refer to each p;, which is a collection of pur-
suers belonging to a same colored team, as one pursuer. For example, if p; is a collection
of red pursuers, we will refer to p; as the red pursuer.

Let P; be a binary variable. One can think of P; = 1 as indicating that an evader is
sensed by pursuer p; and P; = 0 as indicating that the evader is not sensed by p;.

A capture criterion can be written as

C=TNVLV- VI,

where each T; = P;; A\ --- A P;,, denotes the teams of pursuers required for capture. For

example, the following capture criterion

C= (PR AN PB) V (PR N Py) (3.3)

indicates that capture occurs if both red and blue pursuers are present or if both red
and yellow pursuers are present.

For each node x € D, the variables P; are assigned a value depending on whether x
is sensed by pursuer p;. Let C, denote the value of expression C for the node x. Then,
Cy = lif an evader at node x is captured by pursuers, and C, = 0 if the evader at node
X can escape.

Given a coverage criterion C, our goal is to determine the nodes x € D that do not
satisfy C, i.e., we want to find the nodes x € D such that C, = 0. Note that -C, = 1if

Cy=0and -C, =0if C, = 1. So let

E=-C

be the escape criterion. If E, = 1, then an evader at node x can escape, and if E, = 0,

then an evader at node x cannot escape.



Chapter 3. Distributed Systems for Pursuit and Evasion 54

For the capture criterion C = (Pr A Pg) V (Pr A Py) from Equation 3.3, the corre-

sponding escape criterion is
E = (=Pr V =Pg) A (—Pr V —Py).

Since every propositional formula can be written in a conjunctive normal form, we

can equivalently write the escape criterion as

E=-PrV <—|PB VAN —|Py).

Since each pursuer p; knows the exact nodes of D that are covered by p;, the pursuer
also knows the nodes of D that remain undetected by pursuer p;. From each pursuer’s
knowledge of the uncovered region, we can use sheaves and cosheaves to determine if

it’s possible for an evader to hide.

3.2.1 Boolean capture via sheaves and cosheaves of sets

In this section, we construct sheaves and cosheaves that allow us to determine if it’s
possible for an evader to hide given an escape criterion. We assume that the escape

criterion is given in either conjunctive normal form or disjunctive normal form.

Escape criterion in disjunctive normal form

Assume that we are given an escape criterion of the form
E=E/VEV---VE,

where each E; has the form E; = =P, A--- A =P,

n'

We first define the base space. Given M number of pursuers, let X be a (M —1)-
simplex. Each vertex of X corresponds to a pursuer p;, so label such vertex by v,,. For

each n-simplex ¢ of X, label ¢ by its vertices. For example, if Upigr+++1p;,,, are the

vertices of ¢, then label c by ¢, ., .
p’O’ ’p’n+1
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We will now construct a cosheaf $ of sets on X that encodes the region remaining
undetected by the pursuers. For each vertex vy, of X, let 8(v,,) be the set of nodes
of D that are not detected by the pursuer p;. For each TpigrmeaPi 17 let S(‘szor~-,m+1) =
nﬁ: ) (Upij ), the set of nodes of D that are not detected by any of the pursuers p;, ..., pi,.,-
fet the extension maps be the inclusion of sets.

For example, let D be a graph that is covered by three pursuers as illustrated in
Figure 3.9. The base space X and the labels of its simplices are illustrated in Figure
3.10a. The cosheaf 8§ on X is illustrated in Figure 3.10b. Note that even though Fig-

ure 3.10b shows the graph D as local sections, the local sections of § are just the sets

corresponding to the colored nodes of the graph D.

@ >—
PR Py
PB

FIGURE 3.9: Domain D with pursuers.

UB

€RB €BYy
kaY

UR €RY Oy
(A) Labels of simplices of
base space X

0 «— o ——»
(B) Cosheaf of sets 8 encoding the nodes not occupied by pur-
suers.

FIGURE 3.10: Cosheaf of sets § on base space X

Assume that the escape criterion is

E = —PgV (=Pg A —Py). (3.4)

Note that §(vg) represents the two nodes that are not detected by the red sensors,

and 8(epy) represents the two nodes that are not detected by both the blue sensors
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and the yellow sensors. The nodes that satisfy the escape criterion are the nodes that
are in either 8(vg) or 8(epy). We can find such nodes by computing the colimit of the

following diagram.

S(ERB) —_— S(Z)R)
8(frpy) —— S(ery)

™~

S(EBy)

(3.5

The above diagram is illustrated in Figure 3.11.

/A\*

—— 0 — — — — 9

FIGURE 3.11: Diagram for colimit.

Note that the resulting colimit is the local section of § on the subset
{vRr, ey, ery, erp, frpy} of X. This local section is the set representing the nodes in

Figure 3.12.
._ — —.—.

FIGURE 3.12: Local section of 8 on {Z)R, €BY, €RrY, eRB,fRBy}.

In general, given an escape criterion of the form
E=E{VE,V---VEg,

where each E; has the form E; = —Pj, A --- A =P, the local sections S(UPiO/-~~rPin) on
Opiyripiy TEPTESENE the escape nodes that satisfy the criterion E;. An escape node satis-

tying E is an escape node satisfying any of the criteria E;’s. The set of nodes satisfying
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E can then be computed by

colim 8(7),
TES

where S is the collection of cells
S = {T|0'pl.0,m/pin <7 < F for some i},

where F is the top dimensional cell in X and Tpig Py is the cell corresponding to the

escape criterion E;.

Escape criterion in conjunctive normal form

The escape criterion can be equivalently expressed in its dual form
E=E'A---NEK,

where each E' is a disjunction Ei = —P;,V---V---=P; . Insuch cases, a dual construc-
tion of & can come in handy. While the local sections of cosheaf & on higher dimen-
sional simplices encoded intersection relations of lower dimensional simplices, a dual
construction would encode union relations instead of intersection relations.

On the same base space X, construct a sheaf § as the following. Let S(vp,.) be the set
of nodes on D that are not detected by pursuer p; as before. On each Tpigsmeibiy 1 of X, let
<§((;'pi0,,,,,pin+1 ) = j@: S(Upij ). Let the restriction maps be inclusion maps of sets.

Recall the example illustrated in Figure 3.9. The sheaf § for this example is illus-
trated in Figure 3.13.

The escape criterion in Equation 3.4 can be expressed in the following conjunctive
normal form

E = (—~Pg V =Pg) A (—~Pg V =Py).

The local section 8 (erp) denotes the set of nodes that satisfy the criterion =Pg V —Pg,

and S(eRy) represents the nodes that satisfy the criterion =Pg V —Py. The nodes that
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FIGURE 3.13: Sheaf 8.

satisfy the escape criterion E are nodes that are present in both §(egp) and 8(egy). Such

nodes can be computed as the limit of diagram 3.6.

8(erp) — S(fray)

/ (3.6)

S (e Ry)
The diagram is illustrated in Figure 3.14. The nodes that satisfy the escape criterion

then, are the local sections of the sheaf § on the subset {erB, ery, frBY }

FIGURE 3.14: Diagram for limit.

In general, given an escape criterion in the conjunctive normal form
E=E'A---AnEK,

where each E' is a disjunction E' = —Pj,V---V---=P, the local section S(Upi0,~-~,pm)
on oy, ..p, represents the escape nodes that satisfy the criterion E'. An escape node

satisfying E is an escape node satisfying every criteria E'. Such escape nodes can be
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computed by

lim §(7),
TES

where S is the collection of cells
S = {T|0'pl.0,m/pin <7 <JF for some i},

where F is the top dimensional cell in X' and 7, ... p,, is the cell corresponding to escape

criterion E*.

3.2.2 Boolean algebra via sheaves of vector spaces

We now present a different construction, one that allows us to take advantage of al-
gebraic structure. Assume that an escape criterion is given in the conjunctive normal

form

E=E'A---AEK,

where each E' is a disjunction E! = =P,V - - - V =P, . We will construct a sheaf of vector
spaces that can be used to determine if an evader can hide from the escape criterion E.

To start, let’s assume a simpler escape criterion
E==PyV---V~-P.

Recall the cosheaf of sets 8 constructed in §3.2.1. Let V be a cosheaf on X obtained
from § by applying the free functor from category for sets to category of IK-modules,
where K is a field, i.e., for every ¢ € X, let V(o) be the vector space generated by the
set 8(c). Note that the extension maps of 8 also define the extension maps of V.

One can visualize V using the same picture as 8. For example, recall the locations
of pursuers on D from Figure 3.9. Figure 3.10b, which represents a picture for 8, also
visualizes the cosheaf V on X. The nodes illustrated on ¢ € X can be interpreted as the

basis for vector space V().
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For a concrete example, assume that our escape criterion is
E = =Py V =Py,

which represents the fact that if a node is not detected by a blue pursuer or it’s not
detected by a yellow pursuer, then it’s possible for an evader on the node to escape.
Recall that the nodes that satisfy this escape criterion is computed by the colimit of
the following diagram, which is the local section of 8(épy) on the closed cell égy with

vertices vg and vy.

S(EBy) — S(UB)

I

S(vy)

Analogously, the local section of V(egy) on the closed cell épy is the colimit of the

following diagram.

V(epy) — V(vp)

.

V(oy)

Note that since the free functor is left adjoint to the forgetful functor, the free functor
preserves colimits. Thus, V(épy) is the vector space generated by 8(égy), i.e., V(épy)
is the vector space generated by nodes that are escapable, and dim V(égy) equals the
number of escape nodes.

In general, given an escape criterion
E=-PV---V-Pb

the vector space generated by the escape nodes is the local section of V on the closed

cell oy, p

I
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Let’s now consider the general case in which an escape criterion is given by
E=E'A---NEK,

where each E' is a disjunction E' = —P, V-V P,

From the above construction of cosheaf V, we know how to compute the number of
escape nodes that satisfy each E'. Our job now is to find the number of escape nodes
that satisfy every E'.

For example, assume that we are given the escape criterion

E = (=Pg V =Pg) A (=Pg V =Py).

Then, the escape nodes satisfying —=Pg V —Pp can be found as V(egrp), the local sec-
tion over the closed cell erg whose vertices are vg and vg. Similarly, the escape nodes
satisfying —Pg V =Py can be found as V(egy), the local section over the closed cell egy.

To find the vector space generated by escape nodes satisfying the escape criterion
E, construct a sheaf on a new base space X' as the following. Let X’ be the complete
graph on K number of vertices, where K is the number of disjunctive clauses in the
escape criterion. In our example, we have two such clauses, E! = —Pg V —Pg and
E? = —Pg V —Py, so X' is a graph with two vertices connected by an edge. Each vertex
of X’ correspond to one disjunctive clause, so label each vertex of X’ by v to indicate
the fact that it corresponds to the clause E'.

Construct a sheaf 8’ on X' by 8 (vpi) = 8(0p) foreach E' = =P, V- - -V =P, , where
8 is the sheaf of sets constructed in §3.2.1, and ¢ is the closed cell Epiovain of X. On
every edge e of X', let 8'(e) be the set of all nodes in domain D. Let the restriction maps
be the inclusion of sets. Let Vg be the sheaf of vector spaces on X’ obtained from 8’ by

applying the free functor. Then, for every vertex v of X', the local section Vg (v ) is

the vector space generated by 8(7i), i.e.,

Vs (vpi) = V(TEi),
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where V is the sheaf of vector spaces obtained from sheaf of sets 8. Note that for each
edge e of X/, the local section Vg (e) is the vector space generated by all nodes of domain
D.

Figure 3.15 provides a visualization of the sheaves 8’ and Vg constructed for Figure

3.9 and the escape criterion

E = (—~Pg V =Pg) A (—~Pg V =Py).

Note that E! = =Pg V —=Pg and E? = —Pg V =Py. As the sheaf of sets 8, the nodes
of graph D on a cell of X’ should be considered as a set, and the arrows should be
considered as a map of sets. As the sheaf of vector spaces Vg, the illustrated nodes of
D should be considered as the generating basis, and the arrows should be considered

as maps among basis vectors that induce maps of vector spaces.

*~—o—0—0o90
—o—o—e—e —o—1—0—0
® ®
VE1 VE2
Xl

FIGURE 3.15: Visualization of sheaves 8§’ and Vg,

The dimension of 0" sheaf cohomology of Vs gives the number of escape nodes.

Theorem 6. H°(C*Vy/) is the vector space generated by escape nodes satisfying escape crite-

rion E.

The proof of Theorem 6 depends on the commutativity of various limits and col-
imits specific to this construction. We establish some Lemmas before proving Theorem
6.

Let X* be the K — 1 simplex that has X’ as its 1-skeleton. We will first construct
a sheaf of sets A* on X* whose global section equals the set of nodes that satisfy the

escape criterion E. For each v € X*, let A*(vgi) = 8'(vpi), the set of nodes that satisfy
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the escape criterion E'. For each Opiy gij € X* that has v, ..., Ui as its vertices, let

Let the restriction maps be the inclusion of sets. By construction, the global section
A*(X*) is the set of nodes that satisfy the escape criterion E.
Recall that the global section A*(X*) is defined as

A*(X*) = lim A" (0).
TeX*
Moreover, recall from Lemma 3 that the above limit can be computed over the 1-
skeleton of X*, which is X’. Let A be the sheaf on X’ such that for every ¢ € X/,
the local section A(c) = A*(0). Given v <e, the restriction maps A(v <e) = A*(v Je).
Then, by Lemma 3,
A(X') = A7(X"),

so A(X') is the set of nodes that satisfy the escape criterion E.

For our example, the sheaf A is illustrated in Figure 3.16.

e—o—i—e—o —o—1—0—0
® ®
Vg1 Vg2
X/

FIGURE 3.16: Illustration of sheaf A

Let V4 denote the sheaf of vector spaces on X’ obtained by applying the free functor
to A.

Lemma 9. H(C*V,) = HO(C*Vg).

Proof. Let’s compare the cochain complexes of the two sheaves.

aO
C*V,y:CV, 4 Clvy —0
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39,
C*Vg : C'Vg =25 C'Vg — 0

By construction, V4 (v) = Vg (v) for every vertex v € X', s0 C®V,4 = C"Vg. For each
edge e € X/, note that there is an inclusion of sets from A(e) to 8'(e) since §'(e) is the
set of all nodes in domain D while A(e) is a subset of the nodes in D. Then, V4(e) is a
subspace of the space Vg (e). Thus, there exists an inclusion map i : C!V,4 — C!Vg. So

far, we have the following diagram.

90
COVA = COVSI *A> CWA

T b

ClVy

Then, ker 0 = kerdY,. Thus, H°(C*V,4) = H°(C*Vs).
O

Note that A is a copoduct of sheaf of sets J;, where each sheaf J; is defined as the
following. For each node 7; of domain D and each cell ¢ € X', the local section J;(0) is

defined as the following.

{i’li} if n; € .A((T)
di(o) =
@ if n; é .A((T)
If J;(v) = {n;} for some vertex v of X/, then J;(e) = {n;} for all edges e that have v

as a face, and the restriction map J;(v <e) = J;(v) — Ji(e) is the identity map. We can

write A as the coproduct.

For our example sheaf of sets A, illustrated in Figure 3.16, the sheaf A as a coproduct
is illustrated in Figure 3.17. In Figure 3.17, each {a}, {b}, {c}, {d}, and {e} corresponds
to anode of D from left to right.

For the remainder of this chapter, we will use Free to denote the free functor from

category of sets to category of vector spaces.
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{a} — {a} «—{a}

0 > {b} —— {b}

{d} — {d} «—{d}

{e} — {e} «—{e}

® ®

Vg1 VE2
X!

FIGURE 3.17: Sheaf A as a coproduct A = [ [, cp Ji

Lemma 10. Free(lim J;(c)) = lim Free(d;(c)) for every n; € D.
ceX’ ceX’

Proof. In general, free functors do not preserve limits. In our case, the Lemma holds
true because the sheaves J; are simple enough. Recall that for every o € X/, the local
section J;(0) is either a set with one element {n;} or the empty set. We consider two

cases.

Case 1: If J;(v) = {n;} for every vertex v € X', then J;(e) = {n;} for every edge e € X’

as well. Moreover, lim J;(c) = {n;}, and Free(lim J;(¢)) = K is a one dimensional
oeX’ oeX’
vector space. On the other hand, Free(J;(¢c)) = K for every o € X', and Free(J;) is the

constant sheaf on X'. Thus, lim Free(J;(c)) = K.
ceX’

Case 2: 1f J;(v) = @ for some vertex v € X', then lim J;(0) = @, and Free(lim J;(c))
ceX’ oeX’
is the trivial vector space. On the other hand, Free(J;(v)) is the trivial vector space for

some vertex v € X', and lim Free(J;(c)) is trivial as well.
ceX’

Thus, the Lemma holds for every sheaf J;.

Lemma1l. [] lim Free(d;(c)) = lim [[ Free(d;(c)).
n;€D geX! ceX' neD

Proof. Note that coproducts and limits do not commute in general.

Let & denote the sheaf 5 = ] Free(J;). Note that the coproduct is, in fact, a direct
n,eD
sum in the category of vector spaces, so we can write the sheaf Fas F = @ Free(J;).
n;eD
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We know that

lim | [ Free(J;(¢)) = lim F(0) = H(C*F) = kerd”,
ceX" n;eD ceX’
where 3 : C’F — C'F is the boundary map of the cochain complex. The cochain

complex is

P P Free(d:(0) S @ P Free(di(e)),

veX' n;eD eeX' n;eD

which can be expressed equivalently as

B P Free(di(v)) 2, P P Free(di(e)).

n;eD veX’ n;eD ecX’

For each n; € D, let C*Free(J;) denote the cochain complex

C*Free(d;) : € Free(di(v)) LN B Free(di(e)).

veX' eeX!

Then,

kerd’ = @ ker 8)

n,eD

= P lim Free(di(c))

n;eD cex’

= ][ lim Free(d;(c)).

neDoeX’

The second equality follows from the fact that kerd? = HO(C*Free(J;)) =

lim Free(J;). Thus, the Lemma holds true.
ceX’

We are now ready to prove Theorem 6.

Proof of Theorem 6. From Lemma 9, we know that H*(C*Vs) = H°(C*V,4). We also
know that A(X') is the set of nodes that satisfy the escape criterion E. We will thus

show that H?(C*V,) = Free(A(X")).
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Recall that A is a coproduct of sheaf of sets J;:

A=T1]4

n,eD

Then,

Free(A(X')) = Free(lim [ ] di(0))

ceX’ n;eD

= Free( | | lim 3;(0))

neDoeX’

= L Free(lim gi(c))

n;eD ceX’

= [ lim Free(3;(0))

neDoeX’

= lim [ [ Free(d;(0))

ceX’ I’liED

— lim Free( [ | 4(0))

oceX’ ﬂjGD

= lim Free(A(0))

ceX’

= Hy(C*V,)

The second equality follows from the fact that sheaf A can be considered as a bi-
functor A : Po(X') x D — Set, where Po(X’) is the indexing poset of X’ and D is
the set of nodes. Then, A(c,n;) = J;i(c). Since Po(X') is a connected category, then

[I lim J;(c) = lim [] J;(c) follows from the commutativity of coproducts and con-
n;€D geX’ ceX' n€D
nected limits.

The third equality follows from the fact that free functors preserve colimits, and

hence coproducts. The fourth equality follows from Lemma 10. The fifth equality fol-

lows from Lemma 11. The sixth equality follows again from the fact that free functors

preserve colimits. The last two equalities follow from definition. O
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This chapter introduced various constructions of cellular sheaves and cosheaves
for summarizing globally consistent data from information distributed with respect to
different properties. The cellular sheaf constructed in §3.1 collated information dis-
tributed over time. It’s construction alludes to the possibility of sheaves as tools for
studying time varying data. On the other hand, in §3.2, we introduced cellular sheaves
and cosheaves that extract information satisfying a particular boolean expression. A
natural question that follows §3.2 is to determine the existence of an evasion path given
mobile pursuers and evaders with boolean capture condition.

As this chapter illustrated, the construction of cellular sheaves and cosheaves de-
pend on the nature of the distribution of information, and it is the author’s belief that
cellular sheaves have great potential to model various kinds of distribution system. In
Chapter 4 and Chapter 5, we will construct cellular cosheaves that collate information
distributed with respect to coordinate location. In fact, our construction generalizes to

model information distributed with respect to any user specific function.
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Chapter 4

Distributed Topological Data
Analysis

In this chapter, cellular sheaf theory is used to assemble information distributed with
respect to properties of interest. Such a distribution system, when combined with per-

sistent homology, provides the necessary tools to address the following question:

Given a large point cloud P can we compute persistent homology on P by combining per-

sistenice modules from the subsets of the points P?

We discuss a distributed computation method for homology using Leray cellular
cosheaves in §4.1. The heart of this dissertation provides an affirmative answer to the
above question by constructing a distributed persistent homology computation mech-
anism which is provided in §4.2. As discussed in Chapter 5, our construction not only
provides an efficient computation mechanism for large point clouds but also enriches

the information conveyed via barcodes.

4.1 Distributed Computation of Homology

We summarize the distributed homology computation method for topological spaces
by Curry, Ghrist and Nanda [11] and adapt it for a distributed homology computation
of Rips complexes built from a point cloud. The original constructions by Leray [6] and

Serre [21] are phrased in the language of sheaf cohomology in [11] as the following.
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Remark. Throughout this chapter, we assume:
* acover V of a space is an open cover consisting of finitely many sets, and

¢ every homology is computed with coefficients in a field K.

Let f : X — Y be a continuous map of topological spaces, and let V be a cover of
f(X) C Y. Let Ny denote the nerve of V (Definition 1). Given an n-simplex ¢ € Ny,
we will let U, be the corresponding (1 + 1)-intersection of members of V. The Leray
cellular cosheaf £, associated to the map f and cover V is a cosheaf on Ny defined as
the following. Given o € Ny, let £,,(¢) = H,(f~!(U,)), the homology of the preim-
age with coefficients in a field K. Let £,(c < 7) be the map induced by inclusion
f~Y(U:) = f~1(U,). The following can be obtained from a basic spectral sequence

argument as shown, for example, in Theorem 5.7 of [11].

Theorem 7. ([11]) Let f : X — Y be continuous. Let V be a cover of the image f(X) C Y

with one-dimensional nerve Ny. Then, for each n € IN,

Hn(X) = H()(C.Ln> SP) Hl(C.Ln_1).

Note that the above special case of the Leray spectral sequence coincides with the
generalized Mayer-Vietoris principle [6].

We now address a problem of interest in topological data analysis. Given a point
cloud P, our goal is to compute the homology of a Rips complex R€ built with respect to
some parameter € in a distributed manner using Rips complexes built on subsets of P.
Note that while we focus our attention on Rips complexes, the following construction
can be easily generalized for computations involving other complexes built on P.

Let f : P — R be any map, and for any ¢, let R be the Rips complex built on P. Let
V be a cover of f(P). For each n-simplex o € Ny, let U, C R¥ be the corresponding in-
tersection of members of V. Let RS denote the Rips complex built on points of f~1(U,)

for proximity parameter €.

Remark. We will use the following terminologies throughout the remainder of this

dissertation:
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¢ we will refer to the collection J] R as the "Rips complexes over the n-
dimo=n
simplices of Ny", and

¢ we will refer to the entire collection ][] X as the "Rips system".
€Ny

Define a cosheaf F5 on Ny as the following. For each 0 € Ny, let 75 (o) = H,(RS),
the nth homology with coefficients in a field K. For ¢ < 7, let (0 < 7) be the map
induced by inclusion R$ — R¢.

A proof similar to that of Theorem 7 can be used to obtain the following isomor-

phism. The proof is reconstructed in order to clarify ideas in §4.2.2.

Lemma 12. Let P be a point cloud, and let f : P — R? be any map. Let 'V be a cover of f(P)

such that Ny is one-dimensional. Assume that the Rips system is a covering of R€. Then,
Hyl(fR,e) = HO(C.?Z) @Hl(C.?Z_l). (41)

Proof. Consider the following commutative diagram.

04— G(R) «— D C(RY) +— D C(R) «+—0

j2 vENy e€Ny

4.2
04— Ci(R) «— D G(RY) +— D Ci(R) «+—0 4

jl vENy e€Ny

0 ¢ Co(R) +— @ Co(RS) ¢— @ Co(RS) «—— 0

Jo vENy ecNy

The leftmost column is a chain complex of R€, the middle column is a chain complex

of the Rips complexes over the vertices @ R, and the rightmost column is the chain

vENy
complex of the Rips complexes over the edges @ RS. The maps j, : @ Cn(R)
e€Ny vENy
are each collections of inclusion maps. The maps e, : @ C,(RS) = @ Cu(R) are
e€Ny vENy

also collections of inclusion maps that take the incidence numbers into account : if
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v € @ Cn(RE) and vy, v, are the faces of ¢, then e, () = [v1 : €]y + [v2 : €]y, where
e€Ny
[01 : €]y € Cu(RS,) and [v; : ]y € Cu(RG,)-
When the Rips system covers R¢, every row of Diagram 4.2 is exact. Hence, taking

the spectral sequence with respect to the horizontal maps results in a trivial page. One

can then show that the following spectral sequence converges to the homology of R€.

D C(R5) «5— D CRf)

vENy e€Ny

4.3)
D C(R) «7— D Gi(RY)

vENy ecNy

D Co(R5) 75— D Co(Re)

vENy e€Ny

Taking the homology with respect to the vertical maps, we obtain the following page.

(4.4)

One can check that the 7" row of Diagram 4.4 coincides with the chain complex

CTy: P Fr(v) « € Frle)

vENy e€Ny
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of cosheaf J73,. Taking the homology with respect to the horizontal maps in Diagram 4.4

then results in the following cosheaf homologies.

Ho(CoT3) - Hi(C.53)
| | (4.5)
Ho(CoT7) ------ Hi(C.9Y)
Ho(CoFf) ------ Hy(Co3)
As noted earlier, the spectral sequence converges to the homology H, (R¢). Thus,
Hy (R%) & Ho(C.F5) ® Hi(CoT, 1)
g

While Lemma 12 can be considered as an analogue to Lemma 7, note that Lemma
12 contains an additional condition that the Rips system must cover R¢. An analogous
condition was not necessary in Lemma 7 because the collection of pre-images f (U, )
formed a cover of the space X by construction. The following lemma allows us to
bound the parameter € for which the Rips system provides a covering of R without

having to build k€.

Lemma 13. Let P be a point cloud, and let f : P — RY be any map. Let V be a cover of f(P)

such that Ny is one-dimensional. There exists a constant K such that
H,(R€) = Ho(CoT5,) @ H1(Co Ty, 1) (4.6)

for every e < K.
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Proof. We first specify K. In the following proof, we let the minimum over an empty
set to be co.

For each p € P, if there exists an unique set U € V such that f(p) € U, then let

K,= min d(p,q). 47
P lf(geu (p.4) @7

If there are two sets of the cover, say U, W € V such that f(p) € UNW, then first let

k, = min d(p,q), 48
P om0 *8)
and let
K= min d(q,q). 4.9)
g {a.q'ld(pa)<ky,  f(9)¢U,
d(pa')<ky,  f(q)EW}
Let

K, = min{k}, k‘;;}.

Let K = minyep Kp. Assume € < K. We will now show that Equation 4.6 holds by
showing that the Rips system covers R€. Let w be a simplex of R¢. We can express w
in terms of its vertices as w = (vp,...,v;). The fact that w € R€ implies that for any
two vertices v; and v; of w, the pairwise distance d (v, v]-) < €. We will show that there
exists some U, € V such that f(vy),..., f(v;) € Uy, which implies that w € R§.

If there exists a vertex, say v of w, such that vy has a unique set U with f(vg) € U,
then by construction, K < K,,, where K, = min g ¢(4)2U} d(vo,q) from Equation 4.7.
Thus, for any other vertex v of w, we have d(vg,v) < € < Ky, and hence, f(v) € U as
well. Thus, f(v),..., f(v;) € U.

On the other hand, assume that for every vertex v of w there exist two sets U,, W, €
V such that f(v) € U, N W,. Without loss of generality, assume that f(vp) € UNW.
Note that for any other vertex v of w, we have

d(vg,v) < € < Ky, <k} (4.10)

Vo’
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where k}, is given by Equation 4.8. By Equation 4.8, the above inequality implies that
f(v) eUUW 4.11)

for every v € w. In fact, we can show that either f(vp),...,f(v;)) € U or
f(vo),...,f(v)) € W. Assume not. Then there exist distinct vertices, say v; and vy,
such that f(v1) ¢ U and f(v2) ¢ W. By construction, d(vg,v1) < € < kj, and
d(vo,v2) < € < k. By definition of k2, from Equation 4.9, we know that k2, > d(vq,v2).
However, this contradicts the fact that d(vy, v7) < € < k%o. Thus, it must be the case that
f(vo),..., f(v)) € Uor f(vg),..., f(v;) € W,and w is covered by some subcomplex R§.
Thus, the Rips system covers R, and Lemma 13 follows from Lemma 12.

O]

Example 12. Let P C RR? be a point cloud, as illustrated in Figure 4.1. Let f : P — R
be a projection map to the horizontal coordinate. Let f(P) be covered by intervals

Vg, Vy, Vg illustrated in Figure 4.1.

v Pz R |,
B R
Vy

FIGURE 4.1: Point cloud P, projection map f : P — R, and a covering V of f(P).

Let’s compute H;(R€) for some parameter €. The Rips complex R¢ and the Rips
system over the nerve Ny are illustrated in Figure 4.2a and 4.2b. Let vp, vy, vr denote
the vertices of Ny that each corresponds to the intervals V3, Vy, Vr. Let egy and eyr

denote the edges of Ny that correspond to the intervals Vg N Vy and Vy N Vk.
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€BYy €YR

Oy UR
7

(A) Rips complex R€

(B) Rips system over the nerve Ny

FIGURE 4.2: Rips complex and the associated Rips system

Since we are interested in computing H;(R¢), we need to build two cosheaves, F§
and J9, from the Rips system. Cosheaf J7 is trivial since none of the Rips subcomplexes
of the Rips system have non-trivial 1-cycles. The local sections of F§ on ey is Ff (epy) =
K @ K. The local section of J§ on any other simplex of Ny is K. The extension maps
are given by F§(vp Jepy) = F(vy Jepy) = [1 1} . All other extension maps are the

identity maps. The two relevant cosheaves are illustrated in Figure 4.3a and 4.3b.

K
0« 0—0«—0—0 P
K & 3 K—K—K
@ ®
UB epy Oy eYR UR
(B) Cosheaf Jj

UB €BYy Oy €YR UR
(A) Cosheaf F§

FIGURE 4.3: The two relevant cosheaves for computing Hj (R€)

One can verify that Equation 4.1 holds by computing
Ho(CF7) =0, Hy1(CF5) =K. (4.12)

Example 13. Let’s now consider a larger epsilon parameter €¢’. Considering such a
case will allow us to clarify the difference between Hy(C,J7) and H;(C.J§). The Rips
complex R¢ and the Rips system are illustrated in Figure 4.4a and 4.4b.

The cosheaf Stf, has trivial local sections except for H’f(vy) = K. Cosheaf EFS/ is
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(A) Rips complex R

(B) Rips system over the nerve Ny

FIGURE 4.4: Rips complex and the associated Rips system

a constant cosheaf with local sections KK everywhere. The cosheaves SFfl and 3"8’ are

illustrated in Figure 4.5a and 4.5b. One can compute
Ho(C.F5) =K, Hy(C.F§) = 0. (4.13)

0— 0—K+«—0—0 Ke—K— K+«—K—K

@ @ @ @
UB €By Oy YR UR UB €BYy Oy €YR UR

(A) Cosheaf fr"f, (B) Cosheaf S"Sl

FIGURE 4.5: The two relevant cosheaves for computing Hy (R¢')

Let’s compare the cosheaf homologies from Equation 4.12 and Equation 4.13 for the
two parameters € < €. Note that both H; (R¢) = K and H;(R¢') = K. In Example 12,
the nonzero component appeared in H;(C,J§), while for the larger €’ parameter, the
nonzero component appears in Hy(C.J% ). The reason for such a difference becomes
apparent when we compare the Rips systems from Figures 4.2b and 4.4b. In Figure
4.4b, one can see that the Rips complex Rf  contains a non-trivial 1-cycle, while in
Figure 4.2b, there is no such 1-cycle contained in any of the complexes R, for o € Ny.
In fact, Hy(C.J},) reads non-trivial n-cycles that exist in R for some ¢ € Ny. On the

other hand, H; (C.F¢_,) reads non-trivial n-cycles of R¢ that are not cycles of H,(R)
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for any o € Ny.

4.2 Distributed Computation of Persistent Homology

In §4.1, we computed the homology of a Rips complex from homologies of subcom-
plexes. A natural question that arises is whether we can leverage such a construction
to compute persistence modules in a distributed manner.
Constructing the Rips complexes on a point cloud P for increasing parameter values
(€:)N, results in the following sequence of Rips complexes and inclusion maps.
1 1 5 2 N-1 N
R—=>R—=...—R
Applying the homology functor of dimension n with coefficients in a field K, we obtain
the persistence module
1 i 2 lz livil N
V:H,(R") = Hy(R°) = ... — Hy(RY). (4.14)
Assume that we have a map f : P — R? and a covering V that satisfies the conditions

of Lemma 12. Hence, we have the following isomorphisms
H,(R) 2 Hy(CoF) & Hy(CaTly_y) (4.15)

for every i and n. Can we construct a persistence module

1 N-1
Vy : Ho(CoTh) @ Hi (CoFL_ ) 5 - 2 Hy(CoFN) @ Hy (CoFY )
that is isomorphic to the persistence module V from Equation 4.14?
In §4.2.1, we show that the most naturally induced cosheaf morphisms Hy(¢},) :
Ho(CoFh) — Ho(CoTit1) and Hy(¢! ) : Hi(CoT: ;) — Hi(CoF'TL) are not enough
to construct a persistence module isomorphic to V. In §4.2.2 we construct the missing

ingredient ' : Hy(CoF! ;) — Ho(C.F!) using spectral sequences. For the interested
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reader, we provide an alternate construction of the missing map ¢’ using long exact

sequences in Appendix A. In §4.2.3, we construct the persistence module
1 TN ¥t N N
W\y . H()(C.gjn) S>) H1(C.9’~n_1) N — HO(CO?n ) D Hl(c°§n—l)'

In §4.2.4, we show that the constructed persistence module Vy is isomorphic to the
persistence module V.

For §4.2.1 and §4.2.2, we limit our attention to the situation with two parameters
€; < €41 in order to simplify notations. In §4.2.3 and §4.2.4, we come back to consider-

ing the entire family of parameters (¢;)Y ; as we construct Vy.

4.2.1 Cosheaf morphisms

Given two parameters €; < €;1, let Ri and Ri*! each denote the Rips complexes built
on f~1(Uy) for the two parameters. Let 77, and F%;"! be the cosheaves on Ny obtained
by applying the n'" homology functor to the Rips system for the two parameters. Note
that for every o € Ny, there exists an inclusion map Ri, — Ri*1. Such inclusion maps
induce maps 37, (¢) — Fi+1 (o) for every o that are compatible with the extension maps.
Let ¢, : Fi, — F1 be the resulting cosheaf morphism. Recall from Lemma 4 that
cosheaf morphisms induce morphisms in cosheaf homology. In particular, the cosheaf

morphisms ¢/, and ¢, _; induce the following morphisms

Ho(¢},) : Ho(CuF},) — Ho(CuF,),
| ' | (4.16)
Hi(¢}, 1) : Hi(CeFyy 1) — Hi(CoF,HY).

The maps Hy(¢,) and Hy (¢’ ) can be used to construct a persistence module

Vi : Ho(CoF1) @ Hy(CoF, 1) 5 Ho(CuFiH1) @ Hy (CoFiHL)

¥'(u,0) = (Ho(¢},) (u), Hi(¢}, 1) (v)).
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However, the resulting persistence module Vy: cannot be isomorphic to the persistence
module of interest V : H,(RY) = H,(R*1). Recall from Definition 9 that if Vi and
V were isomorphic persistence modules, then there would exist isomorphisms &’ and

®*1 such that the following diagram commutes.

HQ(C.?;) @ H1(C.3',i1,1) L Hn(fRi)

l‘l”' l‘i (4.17)

Ho(CoFiH1) @ Hy (G Ty 225 |, (Ri+1)

However, one can check that Diagram 4.17 fails to commute for any isomor-
phisms @' and ®'! by examining Examples 12 and 13. Let R’ denote the Rips com-
plex built on parameter € from Example 12, and let R*! denote the Rips complex
built on parameter €'™! from Example 13. Let’s say we are interested in computing
V : Hi(R') — H;p(R*1). Recall from Equations 4.12 and 4.13 that the relevant cosheaf
homologies are

Ho(CoFt) =0, Hi(C.T)) =K,
Ho(C.F™) =K, Hi(C.Fytt) =0.

Let s € H;(C.F}) which represents the non-trivial 1-cycle in Figure 4.2a, i.e., ®(s) is
the non-trivial 1-cycle illustrated in Figure 4.2a. Then, i, o ®'(s) must be the non-trivial
1-cycle represented in Figure 4.4a. On the other hand, with our current construction of
¥, we have ¥(s) = 0, and hence, ®*! o ¥(s) = 0 for any isomorphism ®' . Thus,
Diagram 4.17 cannot commute.

To understand why the diagram fails to commute, note that elements of Hy(C.J%)
correspond to homology classes of H, (R') that can be represented by a cycle -y such that
v € Hy(R) for some o € Ny. Elements of H; (CoJ",_,) correspond to homology classes
of H,(R!) that cannot be represented by such cycles. As one can see from Examples 12
and 13, as we increase the parameter from e toetl a cycle in Hy (C.&"ﬁl_l) can become
homologous to a cycle in Hy(CoF%"!). However, the current definition of ¥’ fails to take

such subtlety into account. In order for the Diagram 4.17 to commute, ¥/ must map an
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element of Hy(CoF" ;) to Ho(CoT3t1).

4.2.2 Connecting morphism via spectral sequences

In this section, we will construct a map ¢’ : H1(CoF", ;) — Ho(C.F%,t1) that is required
to define a map ¥’ that makes Diagram 4.17 commute. Recall from Equation 4.16 that
Ho(¢,) and Hy (¢ ) denote the morphisms on cosheaf homology induced by cosheaf
morphisms ¢, : F,, — F.F1. Before constructing ¢/, we will show that there exists a
morphism &' : ker Hy (¢’ ;) — coker Hy(¢},) using a spectral sequence type argument.

The importance of the morphism &' is that it extends to a map ¢’ : Hy(C.F% ) —
Hy(C.F%1) (Lemma 14), which, along with Hy(¢,), and Hy (¢, ), can construct a per-
sistence module isomorphic to V : H, (R) i) H,(R+1) (84.2.4).

Theorem 8. Let P be a point cloud, and let f : P — RY be any map. Let V be a cover of
f(P) C R? such that Ny is at most one dimensional. Cosheaf morphisms ¢',, ¢! | induce a

morphism &' : ker Hy (¢! _|) — coker Ho(¢},).

Proof. Consider the following commutative diagram. Let i/, : @ C,(R)) —

@ Cn(Ri) denote the collection of inclusion maps of the Rips cor;;?]gxes over the

i]feef’gces of Ny,and let i : @ C,(R)) — @ C,(RF!) denote the collection of in-

clusion maps of the Rips Coerenl\&exes over tlfleeNgdges of Ny. Letel : GEI% Ca(R) —
e€Ny

@ C,(R) denote the collection of inclusion maps. The maps 9’s denote the bound-
vENy

ary maps. Note that the front and back faces of the cube are the 0"

pages of the spectral
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sequence 4.3 for parameters €’ and €'*! respectively.

@ Cp(Rit1) — @ Cu(R)
vENy €n ec€Ny
| |+
D Cu(R)) i @ Cu(Re)
vENy €n ec€Ny
(4.18)
0 ' 0 '
@ Cor (R —— @ Co1(RM)
’UGNV eittl EGNV
li-1 K1
D Cn,1(fR§,) ; D Cnfl(lee)
vENy Ch1 e€Ny

Computing the homology with respect to the boundary maps 0, we obtain the fol-
lowing diagram. The maps denoted by d,,’s in Diagram 4.19 now refers to the boundary
maps of the chain complexes C,J7, of the respective cosheaves. Note that the front and

back faces of the cube are the E; pages of the spectral sequences illustrated in Diagram
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44,
@ Hy(Rit) - @ Hu(RE)
! vENy 0" ! e€Ny
AR | (@9 |
@ Hi(R)) — @ Hu(R)) |
vENy 9, ! e€Ny }
| | | (4.19)
i @ Hy1(R;) reml @ Hi1(RH)
1 vENy A e€Ny
D anl(fRi;) ; ‘ D anl(gzé) |
vENy 91 e€Ny

Now compute the homology with respect to the maps 9/,. We then obtain the fol-
lowing diagram of cosheaf homologies. The front and back faces of the cube corre-
spond to the E, pages of the spectral sequences illustrated in Diagram 4.5. Note that

the only remaining maps are the ones induced by cosheaf morphisms.

Ho(CoFiH1) oo Hy(C.F3t)

HO(C.Q'“;) ,Wﬁfﬁ——————:f ************* Hl(C.ff}q) i
i i i i (4.20)
% HO(C.gfjll) 777777777777 R Hl(cogitll)
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We now take the homology with respect to the cosheaf morphisms. We will show
that there is an induced map from ker H; (¢!, ;) to coker Hy(¢,) as shown in the fol-

lowing diagram.

(4.21)

First, we establish some notation. Let ( ), { }, and [ | each denote the homology

classes that appear in diagrams 4.19, 4.20, and 4.21. For example,lety € @ C,_1 (iRé)
e€Ny

e If 9y = 0, then () denotes the homology class of yin @ H, _1(R).
) e€Ny )
e If 9!, _,(y) =0, then {(7)} denotes the homology class of () in H;(C.F,_;).
o If Hi(¢' ){(7)} = 0, then [{(7)}] denotes the homology class of {(7)} in

ker H1(4>;71).

Let [{(7)}] represent an element of ker Hy (¢ ;). Then, v € @ C,_1(R.) must
ecNy
satisfy the three conditions listed above.
The third condition, that Hy (¢, ;){(7)} = 0, implies that (¢! ;)(7) is trivial in
@ H, 1(Rt1), ie., thereexists a’™! € @ C,(Ri*!) such that
e€Ny e€Ny

oatt =« . (4.22)
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The second condition, that &, ;{y) = 0in @ H, 1(R}), implies that there exists
B e @ Cu(R) such that

vENy

B =e ;7. (4.23)

Define a map &' : ker Hy (¢, ;) — coker Hy(¢',) by

SN = {{=e e + 4,8}, (4.24)

One can check that —eilai*! 4 /i B represents an element in coker Hy(¢,) and that

5" is well defined. The proofs are in Appendix B.1. O

Lemma 14. The map & : kerHy(¢' ;) — coker Hy(¢,) extends to a map '
Hi(CaF,_y) = Ho(CoT3M).

Proof. Note that ker Hy(¢! ;) is a subspace of H;(C.J" ;) and that coker Ho(¢},) is
a subspace of Hy(C.F%,"1). Since Hy(CoF" ;) and Ho(C.JF%"!) are finite dimensional

vector spaces, we have the following decompositions

Hi(Co5,_q) = ker Hy(¢},_1) © A', (4.25)

Ho(CoFit1y = coker Ho(¢) @ B'. (4.26)

So every u € H1(C.3“;71) can be written uniquely as u = (wq, w2), with wy €

ker Hy (¢! |) and wy € A'. Define ¢’ : H1(CoF? ) — Ho(C.Fi1) by

¥ (u) = @' (wy, wa) = (8'(w1),0). (4.27)

O]

The following example illustrates the choice of a’*! and ' in the construction of &' .
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BByﬁ eyRr
@
UB Uy

<

(A) Rips complex R \

(B) Rips system for parameter ¢;

W\
‘\ \ s
> _ L
(C) Rips complex Ri+1

(D) Rips system for parameter €;,1

FIGURE 4.6: Rips complexes and the Rips systems for parameters €; and €;1

Example 14. Consider the Rips complexes R and R'*! built for parameters €; and €; 1
illustrated in Figure 4.6a and Figure 4.6c. The Rips system for the two parameters are
illustrated in Figure 4.6b and Figure 4.6d.

Note that

Ho(Co37) =0, Hi(C.Fp) =K
' ‘ (4.28)
Ho(CTith) =K, Hi(C.F,™M) = 0.

The map Hi(¢}) : Hi(CoeTh) — Hy(CoF™) is trivial, so ker Hy(¢f) = Hi(CaTh).
Let [{(7)}] € ker Hi(¢}). The process of finding a'*! is illustrated in Figure 4.7.

The coset representative y € @ Co(R!) isillustrated in Figure 4.7a. Note thatx! 7y €
ecNy

B Co(Ri1),sox! .« isillustrated in a Rips system for parameter €;.1 in Figure 4.7b.
g e n—17 ps sy p + &
eENy

Recall that a't! € @ C;(Rit!) satisfies Equation 4.22, i.e., #'*! is a 1-chain whose
e€Ny

boundary equals x! ;7. The element a' ! is illustrated in Figure 4.7c. Finally, e/"la €
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-9

hS

(A) vy illustrated in Rips system for €; (B) Kfq—ﬂ illustrated in Rips system for €;1.

(C) 't illustrated in Rips system for €11 (D) ¢/ 1ai*! illustrated in Rips system for ;1
FIGURE 4.7: Finding a'*!
@ C (R is illustrated in Figure 4.7d.

UENE)n the other hand, the process of finding p' is illustrated in Figure 4.8. We start
with the same coset representative y € @ Co(R!) illustrated in Figure 4.8a. Note that
e 1 ye @ Co(R.), whichis illustrateejl;]; Figure 4.8b. The element i € @ C;(Ri)
must satfsef;]vKuation 4.23,i.e., ¢, mustbe the boundary of B'. Such g izeill\i\;strated
in Figure 4.8c. Lastly, i, 8’ is illustrated in Figure 4.8d.

From Figures 4.7 and 4.8, one can now visualize the map §'[{{7)}] = [{(—e/; la’t! +

i, B'Y}], as illustrated in Figure 4.9.

In Appendix A, we provide an alternate construction of map % : H;(C.F, ;) —
Hy(CoJFit1) via long exact sequences. We also show that the two maps ¢’ and ¢ are

the same maps up to a change of basis.
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o

- )

Yo

(A) An element [{ ] € ker H; gbo (B) e _17 illustrated in Rips system for ¢;
(C) B illustrated in Rips system for ¢; (D) i, B illustrated in Rips system for ;4

FIGURE 4.8: Finding 8
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FIGURE 4.9: —ei;"1ai*1 4 /i B illustrated in Rips system for parameter €;

4.2.3 Construction of distributed persistence module

Given a family of parameters (¢;)Y ; such that the isomorphism

Hy(R') = Ho(CoFy,) ® Hy(CoT, )
holds for each €;, we now construct maps
¥': Ho(CaT,) ® Hi(CoF_1) = Ho(Co3F,™) © Hi(CoF, )
such that the resulting persistence module
1 1\ ¥ ¥ N N
Vy : Hy(CoF,) ® Hi(CoF,_1) — -+ — Ho(C.F,) & Hi(CoF, 1)
is isomorphic to the persistence module
N-1

1
V:H,(RY) S - Zs Hy(RN)

from Equation 4.14.
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Recall the maps

Ho(¢),) :Ho(CaFy,) — Ho(CaFy,)
| | | (4.29)
Hi(¢}_1) :H1(CoFh_y) — Hi(CoF,HY)

from Equation 4.16 and the map
¢ Hi(CaTy ) — Ho(Ca3, )
from Equation 4.27. For each ¢;, it is possible to construct a map
Y Ho(CFh) ® Hi(CoFly_y) — Ho(CoFi ) @ Hy (CFE)

by
Y ({() 1AW} = (Ho(@l) {0} + (1) ' {(n)}, Hi(¢h_) L) })-

Given two parameters €; < €;,1, the persistence module
Hy(C.F.) @ Hy (C.F ) LN Ho(C.F,™1) @ Hi(CF57))
can be shown to be isomorphic to the persistence module
Hy(R) % H, (R4,

Given more than two parameters, the maps ¥’ may define a persistence module that
is different from the persistence module V that we are interested in. Thus, one should
be mindful of the subtleties involved when constructing a persistence module for more
than two parameters. Example 15 at the end of this chapter illustrates a situation where
the maps ¥’ lead to a persistence module that is not isomorphic to the persistence
module of interest.

The subtlety arises from the fact that for each parameter ¢;, the cosheaf homology

Hy(C.J% ) can potentially represent multiple cycles of H,(R). When considering



Chapter 4. Distributed Topological Data Analysis 91

multiple €; parameters, the naive construction might force Hy(C.F ;) to represent
cycles that are not compatible with other parameters.

In this section, we construct morphisms ¥’ that ensures that H; (C.J" ) represent
cycles that are compatible across parameters. We achieve this goal by reconstructing
morphisms

' (G ) = Ho(CuT3).

Recall from Equations 4.24 and 4.27 that a map ¢’ : H;(CoF",_;) — Ho(CoF%,"1) has

been defined by extending the map &'. The map &' was defined by

SN = {{=e e + 480},

where a1 satisfies Equation 4.22 and p' satisfies Equation 4.23.
Instead of extending the map &, we will define the map ' : Hy(C.F" ;) —
Ho(C,J5t1) directly, as

PN} = {{~e e + 40,8}

for {(7)} € ker Hy (¢, _y)-

When there are multiple candidates for a’*! and p/, the different choices of a''!
and p' can lead to different constructions of ¢'. It turns out, the different choices for
a'*1 do not affect the map . It is the different choices of B that can lead to varying
constructions of ¢'. In particular, we want to choose elements B such that the maps ¢
are compatible across parameters.

To that end, we construct the maps ¢’ on a fixed basis B’ of H;(C.F ;) in an in-
ductive manner so that we can guarantee that choices of B’ for a parameter ¢; are com-
patible with the choices of Bi~! for parameter ¢; 1. Once we define the map ¢, we will
be able to define ¥'.

The construction of map i will make use of Diagram 4.30. Note that while the
previous commutative diagrams were constructed for two parameters €; < €;;1, the

following diagram is constructed for the entire collection of € parameters. Moreover,
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the following diagram is seen from a different perspective in three dimensions than the

previous diagrams for display purposes. In this diagram, each horizontal face of the

Oth

cube corresponds to the 0™ page of the spectral sequence from Diagram 4.3 for a fixed

€ parameter.
Note that 9 are the usual boundary maps and ¢/, : @ C,(R)) — @ C,(R.)
ecNy vENy

is the inclusion of n-chains on the edges of Ny to the vertices of Ny. The map

b @ Cu(R) = @ Cu(RiFHYand«,: @ Cu(R) — @ Cu(RiF!) are both inclu-

vENy vENy ecNy ec€Ny
sion maps.
® Cu(R) 1 © Cu(R})
vENy n ecNy
/ llll / K%
@ Cu1(R) 1 @ Co1(R)
vENy €1 ecNy
11117] Kll,1
@ Cu(R3) ; D Cu(R7)
vENy €x ecNy
/ 2 / 2
@ Cu1(R3) ; @ Cia(R2) (4.30)
vENy €1 e€Ny
bi—1 K5,1
® Cu(R) ; © Cu(R?)
vENy €n ecNy
l?, K%
D Cpa(R}) ———— @ Co1(R2)
vENy €1 e€Nvy

For parameter €;, we will fix a basis B! of H;(C.F?. ;). We will define a linear map

I'': Hi(CF! ) = @ Cu(R)) and a linear map 9! : Hi(C.F. ;) — Ho(CeF?2) by
vENy
defining the maps on the basis B! and extending the maps linearly.
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For each parameter €;, we will go through the following steps to construct the map
Y
e Step 1. Fix a basis € of H;(C.F! ;) that is compatible with the basis B! of

Hi(CoT, %)

* Step 2. Defineamap I'' : Hi(CoF! ;) = @ Cn(R}) by defining the map on €'
vENy
and extending linearly.

* Step 3. Fix a new basis B of H1(C.J" ).

* Step 4. Define the map ¢’ : Hy(CoF! ;) — Ho(CoF:"!) on basis B’ using the map
I defined in Step 2.

The map I : Hy(C.F",_;) — @ (R)) defined in Step 2 will encode the choice of

'Z)GNV . )
for each basis vector {(b)} € B'. The basis €' of H;(C.J;,_;) of Step 1 will allow us to

define the map I'" in a manner compatible with map I'"~! from the previous parameter
€i_1.

We proceed with the base case for parameter €;.

Base case

Recall from Equation 4.25 that
Hy(C.T) 1) = Al @ ker Hy (¢} ;).
Let B}q be a basis of Al, and let 311@ be a basis of ker H; ((p}l_l). Then,
Bl = BL UBL,,

is a basis of H;(CoF} ;). For each basis vector {(b)} € B!, fix a coset representative b*

of (b*). Thus, we can express the basis as

Bl = {{(tD)},-.. {(tn)} }-
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We will define I'' : Hy(CoF} ;) = @ Cu(Rl) on the basis B!. For a basis vector

vENy
{(b*)} € B!, we know from Equation 4.23 that there exists some ! € @ C,(R}) such
vENy
that
ol =el b*.

Among all possible candidates for B! that satisfy the above equation, choose any par-

ticular B!, and denote the chosen element by Bl. For each {(b*)} € B!, let
r{(v*)} = Bi. (4.31)
Extend this map I'! linearly to the vector space Hy(C.J?: ,), i.e., define
T ar{(01)} + - +am{(bh)}) = T {(b7)} + - + aw I {(b}) }-

We now define ¢! : H1(CoeF} ;) — Hp(CeF?) on the basis B! and extend the map
linearly. By construction, a basis vector {(b*)} € B! must satisfy either {(b*)} € B
or {(b*)} € BL. If {(b*)} € Bl recall from Equation 4.22 that there exists an a* €

@ C,(R?) such that

ecNy

oa? =l b*. (4.32)

Define ¢! for each {(b*)} € B! by

_ 2,2 15711 * i * 1
P = {(—epa® + 1, o I{(b") })} i {(b")} € By, 1.33)
0 if {(b*)} € BY

where a®> € @ C,(R2) can be any element satisfying Equation 4.32 and I'! is the map
e€Ny
defined in Equation 4.31.

Extend the map ¥ to the vector space H; (C.F._;), i.e., let

PH(a{(0])} + - Fan{(05)}) = e {(B)} + -+ anyp {(B)}- (4.34)
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One can check that the map ' is well-defined (Appendix B.2).

Inductive step

Recall from Equation 4.25 that
Hi(C.F,7) = A1 @ ker H(¢,77)-
Assume that we are given a basis B! of H;(C,J"}) that has the form

Bi*l — Bxl U ‘Bifl

ker ”

where Bi;l is a basis of A"~! and Bi;rl is a basis of ker Hy ( ;:11). Moreover, assume
that for each basis vector {(b)} € B!, a coset representative b* of (b) has been fixed,

i.e., we can write the basis B! as

B = {1}, (b))

Lastly, assume that the map I'"! : H;(C.F' 1) — @ Cu(Ri™!) has been defined such

) vENy
that for every {(b*)} € B'~!, we have

AT (b)) = €L b (4.35)

e Step 1. We first fix a basis ' of H;(C.J? ). By assumption, the basis B! of
H; (C.Sff;ll) has the form Bi~1 = B’;l U Bi(;rl Without loss of generality, assume

that

By = {{b0)} - {0}

One can show that {(x!"\b5)},...,{(x'"}b;)} are linearly independent in

Hy(C.J" ;) (Appendix B.3). Let

Cim = { {06,400}, { (k101 } ).
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Extend C!_ to a basis € of H;(C.J? ). Let €L, denote the basis vectors of €' that
arenotin C_ i.e.,

m’

e =¢l uek,. (4.36)

For each {{(c)} € €, fix a coset representative c* of {c) as the following. If {(c)} €
¢l such that {{c)} = {(x!"1b¥)}, then let c* = k'~ b’ be the coset representative

of {c). If {{c)} € €L, fix any coset representative c* of {c).

* Step 2. We will now define I' : Hi(C.F" ;) — @ Cu(R) on the basis €.
) vENy
Given a basis vector {(c*)} € €', we know from Equation 4.23 that there exists

some B € @ C,(R.) such that
vENy
B = e, _c*. (4.37)
If {(c*)} = {{(x'4p*)} € €, then by Equation 4.35 and commutativity of Di-
agram 4.30, one can check that /; 'T"~1{(b*)} is a candidate for B’ that satisfies

Equation 4.37. Define I on each {{c*)} € €' by

lifl i—1 * i * _ Kifl * i
ey =0 I i {(en)} = {06,507} € Gy (438)

p if {(c*)} € €}

where B € @ C,(R.) is any element satisfying Equation 4.37. Note that by
vENy

construction, for each {(c*)} € €, we defined I''c* such that
or'{(c*)} = ¢! ,c*. (4.39)

Extend the map I" linearly to the vector space Hy (CoF? ).

¢ Step 3. Recall from Equation 4.25 the decomposition

Hy(CTl ;) = A" @ ker Hy(¢),_,).
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Let qu be a basis of A’, and let Bier be a basis of ker H; (4)2_1). Then,
¥ = 3, U,

is a basis of H;(C.J"_,). Each basis vector {(b)} € B’ can be written as a linear

combination of basis €' = { {{c})},..., {(c])} } as

{(0)} =di{{e)} +--- +di{(c))}-

Then, let
b* = dlcf + -+ dlcl* (4.40)

be the coset representative of (b). We can express the basis B’ of H;(C.F"_,) as
Bl = {{(t1)} .. {0} ). (4.41)
Note that by construction, for any basis vector {(b*)} € B, we have
T{(b")} = dil'{{c])} + - +dil {{c)}
and
o' {(b*)} = e, 1",
which is a condition we need to pass on to the next inductive step.

* Step 4. We now define ¢ : Hi(CF" ;) — Ho(C.F:!) by defining ¢ on the

basis B’ and extending the map linearly. If {(b*)} € B! , recall from Equation

ker’

4.22 that there exists some &' ™! € @ C,(Ri*!) such that
e€Ny

o'l =« b (4.42)
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Define ¢’ on each {(b*)} € B by

S AP | i—lo i * i * i
S = {(—epa™ + 5, o TH{ (") })} if{(b")} € Bker’ (8.43)
0 if {(b*)} € B,

where &'t € @ C,(RiH!) is any element satisfying Equation 4.42 and T is the
ec€Ny

map defined in Equation 4.38. Define the linear map ¢’ by extending the above

to the vector space H;(CoJ?, ;) by

Pl (a{ (1)} + - +a{(b)}) = e { (b))} + -+ {(5)}. (4.44)
One can check that ¢’ is well-defined (Appendix B.2).

Once we define the maps ¢’ : Hy(CoF",_;) — Ho(CoF:,") inductively, we can define

¥': Ho(Co3y) ® Hi(CoFy_y) = Ho(CoF, ™) @ Hi(CuF,)

Y ({0} {1} = (H@){(x)}+ (1" 9 W)}, Hilgn - ){W)}), (445

where Hy(¢,) and H; (¢, ) are the maps defined in Equation 4.16.

Let Vy denote the persistence module

1 1 ¥! yN-1 N N
Vy : Hy(CoF,) ® H1(CeTF;,_1) — - -+ — Hp(CoTF,) ) ® H1(CoF) 7). (4.46)

4.2.4 Isomorphism of persistence modules

We show that the persistence module Vy constructed in Equation 4.46 is isomorphic to

the persistence module

ll lN—l
V:H,(RYH = - = H,(RY)
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To show that the persistence module Vv is isomorphic to V, we will show that both

Vv and V are isomorphic to a third persistence module

N-1

1 2
Vot : Ha(Tot!) 225 H, (Tot?) 22 ... 0 |, (TotV),

where each H,(Tot') is the homology of the double complex from Diagram 4.3 for pa-
rameter €;, and i, is the morphism induced by maps of double complexes. We will
tirst show that Vr is isomorphic to the persistence module V. This first step cor-
responds to constructing an isomorphism @, for each ¢; that make the right half of
Diagram 4.47 commute (Theorem 9). We will then show that Vv is isomorphic to Vo,

by constructing maps @' that make the left half of Diagram 4.47 commute (Theorem

10).
Ho(CoFl) @ H(CoF) ) —2 s Hy(Tot!) 22 H,(R)
¥ ot i
Ho(CoF2) @ H1(CoF2 ) ¥ H,(Tot?) N H,(R?)
¥? Bt 2 (4.47)
¥ ot A1

(I)N
Ho(CoFN) @ Hy (CFN ) —25 H,(TotV) —2 H,(RN)

Before we proceed with the proof, we provide a summary of the construction of the

homology of a double complex. For a fixed €; parameter, consider the 0! page of the
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spectral sequence in Diagram 4.48.

k b s

Let

Cvt = P Cu(R) & P Cur(R),

vENy ecNy

and let D,, : C;* — C;’*, be defined by
D, =0+ (-1)"

One can check that D,,_1 o D, = 0, and hence obtain the following chain complex,

called total complex.

i D D, D D
Tot,, : OB Ct =0

Let H,,(Tot') denote the homology of the total complex. Note that a coset of H, (Tot')
is represented by [a,b], wherea € @ C,(R)),b € @ C, 1(R),0b = 0and da =

) vENy eENy
(=1)""ey_¢b.
A coset [a,b] is trivial in H,(Tot') if there exist p,o1 € @ Cpy1(R)) and g, €
. ) vENy
@ C,(R.) such that dg, = band dp, 11 + (—1)"e, (g,) = a.

e€Ny
Given increasing parameter values (¢;)Y |, one can construct Diagram 4.48 for each
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parameter €;. There exists an inclusion map from double complex associated with pa-
rameter €; to that of parameter €;,1, as illustrated in Diagram 4.50. Each horizontal
face of Diagram 4.50 corresponds to a double complex for a parameter €;. The vertical
maps £,’s and «!,’s constitute the inclusion maps of double complexes. Such inclu-
sion of double complexes induces morphisms on the corresponding total complexes
Tot, — Tot,™, which induces morphism ¢, : Hy(Tot') — H,(Tot'*!). The morphism

ik can be written explicitly as

ot([a,8]) = [6,(a), 16,1 (D)]. (4.49)

@ Cu1(R) @ Ci1(Re)
vENy Ch1 l e€Ny
b Ky
® Cul®) ® Ci(®2)
vENy n ecNy
/ l%z / K%
S]?[ C?’l—l(:RZ%) ) GGI?I Cn—l(:Rg) (450)
vENy n—1 ‘/ ecNy
b1 Kﬁfl
D Cu(R}) ; D Cu(R?)
vENy €n ecNy
I f{%
@ Ci1(R3) ; : @ Cu1(RD)
vENy €1 e€Nvy
2, K

We first show that the right half of Diagram 4.47 commutes.
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Theorem 9. There exist isomorphisms ¥ : Hy(Tot') — H,(R) such that the following
diagram commutes.

\I,rl
H,(Tot') —2% H,(R")

i 1
Tot Ly
2 ‘Pgl"ot
H,(Tot?) — H,(R2)
ot 2 (4.51)
N1 N1

\IIN
H,(Tot") —% H,(RN)

Proof. We first define isomorphisms % : H,(Tot') — H,(R?). For each parameter ¢;,

letji,: @ Cu(R) — Cu(R') be a collection of inclusion maps. Define ¥4, by
vENy

Yot ([, ]) = [k (x)]- (4.52)

One can check that Y%, is well-defined and bijective (Appendix B.4).

We now show that Diagram 4.51 commutes. Given [x,y] € H,(Tot'), we have

o Wio[x,y] = Alj(0)] = [ o fu(x)],

and

Por © ot y] = ¥age [, (0), 150 (1)) = [ 0 4u(2)):
The following diagram commutes because all the maps involved are inclusion maps.

@ Cu(®) s ()

vENy
. i
lll’l l

X ji+1 .
@ Cn(fRéle) L> Cn(311+1)

vENy

So we know that /. o ‘YiTot = ‘PfrJgtl o ‘iTot' Thus, Diagram 4.51 commutes. d

We now show that the left half of Diagram 4.47 commutes.
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Theorem 10. There exists an isomorphism ®' : Ho(CoF%) @ Hy(CoFt ) — H,(Tot') for

every parameter €; such that the following diagram commutes.

Ho(C.Fh) @ Hy (CoFL_,) —2 H,(Tot!)
1 Vot

Ho(CoF2) & Hy (CoF2_,) —2 s H,(Tot?)
2 2, (4.53)
g1 or |

Ho(CoFN) @ Hy(CoFN ) —25 H,y(TotV)

Proof. Note that Lemma 12 already tells us that there exists an isomorphism between
Ho(CoF%) @ Hy(CoF ) and H,(Tot') for parameter €; < K. For clarity, we will de-
fine isomorphisms @ : Hy(C.J%) @ Hy(CoF! ) — H,(Tot') explicitly on vectors of
Hy(C.3%) and Hy (CoF ;).

For {(x)} € Ho(C.F%), let

@'({(x)},0) = [x,0]. (4.54)

To define the map ®' on H;(C.J",_,), recall the basis B’ of H;(CsF ) from Equation
4.41. We will define ®' on each basis B' as the following. Given {(b*)} € B, let

@'(0,{(b")}) = [(=1)""'T"{{b")}, "], (4.55)

where I is the map defined in Equation 4.38. Extend this map linearly to H; (C.J",_,).
Note that given ({{x)}, {(y)}) € Ho(CaF?) & H1(CaF: ), the map P’ is

' ({{x)} {)}) = @' ({{x)},0) +2'(0, {(n)}).

One can check that &' is well-defined and bijective (Appendix B.5).
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We now show that Diagram 4.53 commutes. It suffices to show that each square of

Diagram 4.53 commutes.

Ho(CoF) & Hy (CoFi ) —2— H,(Tot)

| lT (4.56)
Ho(C.Fi+1) @ Hy (CoFih) 25 H, (Toti 1)

We will show that the above diagram commutes for each vector of Hy(C.JF?) and

Hy (C'?;ifl)'

Case 1: Given {(x)} € Hy(C.TF?,), we know that
o © @' ({(x)},0) = tee([x,0]) = [1,%, 0.
On the other hand, note that {(s,x)} € Hy(C.F:1), and
oW ({(x)},0) = @ ({(4,2)},0) = [5,x,0].

Thus, the diagram commutes for every {(x)} € Ho(CoT7,).

Case 2: To show that the diagram commutes for every vector in H;(C, 3";_1 ), it suffices
to show that the diagram commutes for the basis B’ of H;(C.J" ;) from Equation
4.41. We consider two cases separately: the first, if {(b*)} € B, and the second, if
{(b)} € B,

Case 2A: Assume {(b*)} € Bl . We know that

ot © @(0, {(67)}) = troe([(=1)" T {(67)}, 7)) = [(=1)"* 15, 0 T'{(b*)}, 16,4 (b°))].
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On the other hand,

o (0, {(b%)}) = (= 1)" g {(b*)}, {(x, 1b")})
= ()" (= ™ 41, 0 T'{(b")})},0)

= [ ()" a4 (<1)" o T (57)), 0
Then,
Uot © DF(0, {(b%)}) = @ o ¥H(0, {(b")}) = [(=1)" el a T x, b7

Recall from Equation 4.43 that a'*! € @ C,(RiM!) satisfies x!_,b* = 9a’™l. Thus,
ecNy

i 0 D0, {(b")}) — Lo ¥i(0,{(b*)}) = 0, and the diagram commutes for basis
vectors {(b*)} € Bi

ker”

Case 2B: 1f {(b*)} € Bi,, then again,
ot © @0, {(b")}) = by ([(=1)"TH{(b*) }, °]) = [(=1)" 145, o T'{(b") }, 15, b7].
On the other hand,
o ¥(0, {(b*)}) = @ (Y { (b)), {(,_10%)})
= @0, {(i,_10")})

= [(=1)" T (i, 1b")}, K516

= (1)1, o TH(b") }, 1,1 b7].

The third equality follows from the fact that I"*! was defined in Equation 4.38 such that
Lkl b*)} = A T'{(b*)}. Thus, the diagram commutes for basis vectors {(b*)} €

B,

Thus, Diagram 4.53 commutes. O
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The following immediate corollary tells us that the persistence module

1 N-1
Vy : Ho(CoTY) @ Hy (CoFL_) L - 2 Ho(CoFN) @ Hy (CoFN,)

constructed via distributed computation is isomorphic to the persistence module
1 11 lijil N
W . Hn (R ) — s — Hn(fR .)

Hence, barcode(Vy) = barcode(V).
Corollary 2. The maps ®' and @', are isomorphisms that make the Diagram 4.47 commute.

In §4.2.2, we defined the map ¢’ : H1(C.F' ;) — Ho(CeF:;1) in Equation 4.27
by extending a map &' constructed in Equation 4.24. In §4.2.3, we redefined the map
' Hi(CoFi ) — Ho(CaFit1) explicitly on a basis B’ of Hy(CoF ;) in Equation 4.43.
One might wonder why it was necessary for us to reconstruct the map ¥’ explicitly
when we already had ¢’ defined in Equation 4.27.

To clarify the discussion, let
¢ Hi(CoF,, ) = Ho(C.3,™)
denote the map defined in Equation 4.27, and let
¢ - Hi(CoT), 1) = Ho(Co3,™)

denote the map constructed explicitly on a basis B’ in Equation 4.43. Let ¥ :

Ho(CoT%) @ Hi(CoFt ) — Ho(CoTi1) @ Hy(CaF' ) be the map defined by

Y ({0} AW} = Ho(@){(x)} + (1" 9{W)} Bl ){W)}),  @57)
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and let ¥i, : Ho(CoJ",) @ Hy(CoF_|) — Ho(CoTi) @ Hy(CoF' ) be the map defined

by
¥ ({(x)}, {)}) = Ho(g){(0)} + D" s {n)}, Hi(g-){W)}).  (458)

When given just two parameters, say €; and €;1, then the two maps ¥’ and ¥, both

define persistence modules

Ve : Ho(CaF)) @ Hi (G 1) 5 Ho(Cuoi) @ Hy (G,

. . i . .
Vi Ho(Cu9h) & Hi(CaF 1) 5 Ho(CuT) @ H (Cu5ih)
that are each isomorphic to the persistence module
V : Hy(R)) — H,(RH).

However, given more than two parameters, the persistence module defined by the
maps ¥’ may not be isomorphic to the persistence module of interest. We provide an

illustration of the disparity in the following example.

Example 15. Consider the following example point cloud P,amap f : P — R, and a
cover V of f(P) in Figure 4.10. The cover V consists of two intervals, V and Vz. Assume

that we are given two parameters €; < €. The Rips complexes and the Rips systems

|4} A
NN A

FIGURE 4.10: A point cloud P, map f : P — IR, and a cover V

for the two parameters are illustrated in Figure 4.11. The relevant cosheaf homologies
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(C) Rips system for parameter €, (D) Rips complex for parameter €,

FIGURE 4.11: Rips systems and Rips complexes for parameters €; and e

for computing Hy(R') are

Hy(C.T1) =K, Hi(C.T}) =K

Hy(C.9%3) = K, Hi(C.F3) =0.

The map Ho(¢]) : Ho(CeF]) — Ho(CeF?) is the identity map, and the map
Hi(¢l) : Hi(CaF}) — Hy(CuF2) is the trivial map. Then, we can construct a map
8 : ker Hy(¢}) — coker Ho(¢1) as we have in Equation 4.24. Note that 6! is a triv-
ial map since coker Hy(¢}) is trivial. Hence, when we extend ¢! to ¢! as we have in

Equation 4.27, we obtain a trivial map
Pl Hi(CoFY) — Ho(CoT3).
When we define the map

Y1 Ho(CoF}) @ Hi(CoF) — Ho(CoF?) ® Hy(CoF3) (4.59)
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as in Equation 4.57, we obtain the following persistence module
\I,rl
Vy : KoK — K,
where ¥! can be expressed by the matrix

x|

The persistence module Vyu is illustrated in Figure 4.12.

K—K
D
K
€1 €y

FIGURE 4.12: Persistence module ¥

One can check that V1 is isomorphic to the persistence module
V : Hi(RY) — Hy(R?).

The persistence module V is illustrated in Figure 4.13. The map between the left cycles
represents the map Hy(¢}) : Ho(CoeF]) — Ho(CeT%), and the map between the right
cycles represents the map Hi(¢g) : Hi1(CoF}) — Hi(CoJ?). In particular, we can see
that Hy (C.J}) represents the right cycle in Figure 4.13.

Let’s now consider what happens if we were given three parameters €, €1, and €.
The Rips systems and the Rips complexes for the three parameters are illustrated in

Figure 4.14.
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FIGURE 4.13: Rips complexes R! — R?

Fay

€BR
@
/.J

(A) Rips system for parameter ey (B) Rips complex for parameter €

(E) Rips system for parameter € (F) Rips complex for parameter €,

FIGURE 4.14: Rips systems and Rips complexes for parameters €y, €1 and €,
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The relevant cosheaf homologies for computing Hy(R') are

Ho(C.TY) =0, Hi(C.H)) =K

Ho(C.91) =K, Hi(C.35) =

Hy(CoF?) =K, H;i(CoF3) = 0.

The map ¥° : Hy(C.F)) ® H1(CoF)) — Ho(CoF}) @ Hyi(CoF}) maps Hy(CoF))
identically to Hy(C.J}). Note that the map ¥! has been constructed in Equation 4.59.

Then, we obtain a persistence module
0 1
Vy: K 5 KoK 5K,

where ¥V is represented by the matrix

and ¥! is represented by the matrix

]

Figure 4.15 illustrates the persistence module Vy.

K— K
D
K— K
€o €1 €y

FIGURE 4.15: Persistence module V¢

Note that this persistence module is not isomorphic to the persistence module

V : Hi(R%) — Hy(RY) — Hi(R?).
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| I
|| ]
€1 €2 €3 €1 €2 €3
(A) Barcode for Vy (B) Barcode for V

FIGURE 4.16: Barcodes for persistence modules Vy and V

(A) Cycle represented by (B) Cycle that should be rep- (C) Cycle that should be rep-
{ <y> } resented by lPO(O, { <y> }) resented by ‘fl (o} LI'ro (0, { <y> }

FIGURE 4.17: Cycles that should be represented at parameters €y, €1, and €;

The difference between the two persistence modules Vy and V are illustrated by the
different barcodes in Figure 4.16.

The disparity occurs because the map ¥ and ¥! effectively determines the cycle of
R! represented by H;(CoJ3). The construction of the maps ¥° and ¥! assume distinct
cycle representations of Hy (CeF}).

Let’s start with a basis element {(y)} € H;(C.F]). This element {(y)} represents
the cycle illustrated in Figure 4.17a. The image ¥°(0, {(y)}) = (0, H1(¢3){(y)}) must
represent the cycle illustrated in Figure 4.17b, and the image ¥' o ¥°(0, {(y)}) must
represent the cycle illustrated in Figure 4.17c.

In reality, we have seen in Figure 4.13 that H;(C.J}), and hence ¥°(0, {(y)}) =
(0, H1(¢3){(y)}), represents a cycle illustrated in Figure 4.18. It is such inconsistency
in the represented cycles that prevents Vy from being isomorphic to the persistence

module V.

FIGURE 4.18: Cycle represented by H; (CoF})
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The construction of §4.2.3 fixes this issue, by ensuring that Hy(C.J}) actually rep-

resents the cycle in Figure 4.17b and not the cycle in Figure 4.18.
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Chapter 5

Multiscale Persistent Homology

Data often comes with additional properties one might want to consider during the
analysis process. For example, density estimate, coordinates, and time dependence of
a point cloud are some of the factors that can affect one’s analysis of a barcode. The goal
of this chapter is to introduce a multiscale analysis framework for persistent homology
using the distributed computation method from Chapter 4. The general structure for
multiscale analysis is provided in §5.1. The result of this framework is a barcode an-
notated with the properties of interest. One can then use this annotated barcode for
a finer analysis taking the characteristics into account. For example, one may analyze
any trends in the barcode or if the significant features share a common property. In §5.2,
we study a dataset in which the feature sizes depend on the density of the constituting
points. In such situations, the annotated barcode allows the user to detect significant

features that are overlooked by standard persistent homology methods.

5.1 Multiscale Persistent Homology

We provide a general schematic for using distributed persistent homology computation
for multiscale analysis purposes. Our goal is to enrich the barcode so that it reflects
properties of interest. In particular, given a point cloud P, let f : P — R be a map
that reflects some characteristic of the point cloud. For example, f can be a projection
map to one of the coordinates, a density estimate, distance to a landmark, or any other

characteristic of interest. Construct a cover V of f(P) so that points p € P with similar
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f(p) values belong to the same member of V. In particular, choose a cover V such that
its nerve Ny is a compact subset of R.

Let V denote the persistence module

V: Hy(RY) — Hy(R?) — - = H,(RY)

obtained by applying persistence to entire point cloud P in the usual sense. Let
barcode(V) denote the barcode of V. Recall that each bar of a barcode represents a
feature in the Rips complexes. If a bar with birth time €; represents a feature 7 that
consists of points in f~!(U) for some U € V, we say that the feature v lives in U, and
we annotate the corresponding bar with the set U. Our goal is to annotate the bars of
barcode(V) by such sets U of V.

An algorithmic summary of the annotation process is provided, followed by a de-

tailed explanation of each step.

Algorithm 1 Annotate barcode(V).

1: Compute V, using distributed computation.
2: Label vector spaces of V...
3: For each persistence module W; of V,, = @ Wy, annotate barcode(W).

s
4: From the annotated barcode(V ), annotate barcode(V).
5: Return annotated barcode(V).

Step 1. Compute persistence module V.,

Recall that V is the persistence module

V: Hy(RY) — Hy(R?) — -+ = Hy(RY)

of interest. Let €1 be the largest € parameter such that

Hy(R€) = Ho(CoF3) @ Hi(CaT}, ),
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i.e., € < K, where K is the upper bound from Lemma 13. Let V| denote the sequence

of vector spaces and maps of V up to parameter €;:
V| : Ho(RY) — Hu(R?) — -+ — Hy(RY).

We can compute the persistence module

VY Ho(CoF) @ Hi(Co! ) 2o Y Ho(CuFh) @ Hi(CuFE ), (5.1)
that is isomorphic to V|, using the distributed computation method from Chapter 4.
Each map ¥ is defined in Equation 4.45.

In fact, instead of computing the persistence module V|}, we will compute a persis-
tence module V, that is isomorphic to V|, and hence isomorphic to V|, that can re-
veal some additional information about the features represented by the barcode. Recall
from §2.2.5 that for each parameter ¢;, the cosheaf J, can be decomposed as F/, = @Ji,
where each qu is an indecomposable cosheaf over Ny. In other words, there exists an
isomorphism of cosheaves

Di I — @i, (5.2)

For each parameter ¢;, let Vi denote the vector space
Vi = Hy(Ce ©7;,) ® H1(CaTF;,_y).

Let (V|})’ denote the it vector space of the persistence module V|{ defined in Equa-
tion 5.1. Note the difference between V. and (V|})’: we only replaced the cosheaf J%,
by the direct sum of its indecomposables. Cosheaf F,_; remains intact. The isomor-
phism D/, of cosheaves from Equation 5.2 induces an isomorphism a' : (V|})" — V!

defined by
o ({(x)}, {)}) = (Ho(D){()} {)}),
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where Hy(D},) : Hyo(CeF’) — Ho(Ce @ Ji) is the map induced by Di,. Let V. be the

persistence module

N-1

¥l b4
V. : Hy(Co @IL) @ Hy(CoFL {) == -+ —— Ho(Co @ IY) @ Hy (C.TFY ),
where the map ¥ is defined by Vi, = a’*! o ¥io (a')~1.
To write ¥ explicitly, recall from Equation 4.45 that given a pair of parameters

€ < €iy1 < K, the map ¥' : Hy(CoT7) ® Hi(CoF: ) — Ho(CoTi 1) @ Hi(CoF ) is
defined by

Y ({0} {W)}) = (Ho(g) {0} + (D" ' {{n)}, Hi(@h-) {3} ),

where Hy(¢!,) and H; (¢, ;) are the maps defined in Equation 4.16 and ' is the map
defined in Equation 4.43. Then, ¥’ : Hy(Ce & J%) @ H1(CoeF',_|) — Ho(Ce ® Jif1) &
H;(C. I+ ) is defined by

YL@ AW = (Ho(¢n) {(x)} + (D" i {{n)}, Hi(g, ){W)}),  6.3)

where Hy(¢',,) is the map induced by
P =D oo (D) (5.4)

and ¢! is defined by . = Hy(D};t1) o .

By construction, V., is isomorphic to the persistence module V|} and hence isomor-
phic to V|;. Even though V, is isomorphic to V|, the reason we prefer to compute via
V. is because the persistence module V. allows us to understand the cosheaf homolo-

gies in terms of the indecomposable cosheaves J:,.
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Step 2. Label the vector spaces of V,

For any parameter ¢;, recall that
Vi = Ho(Co ©7,)  H1(CoT}, 1)-

Recall from Lemma 6 that Hy(Ce @ Ji)) = Hy(Ce @ J’H), where @Jl[;] is a direct sum
of indecomposables of the form TH. Moreover, Hy(Co @ TH) = GBHO(C.T[;]). Thus,
each component of Hy(C, @ J,) corresponds to an indecomposable cosheaf of the form
Tt_]. We will annotate each component of Hy(C, @ Ji,) by examining the support of the
corresponding indecomposable cosheaf TH.

Note that the left and rightmost supports of an indecomposable cosheaf J’t_] are the
vertices of Ny. Let v; € Ny be the leftmost support of TH and let v, € Ny be the

rightmost support of Jlt_}. We will call such a cosheaf as being supported over [v}, v,

and we will denote the cosheaf by J’tvv ol Recall that a vertex v; of Ny correspond to
i
member U; of the cover V. If v, v;,1,..., v represent all the vertices of Ny between

vertices v; and vy, then a cosheaf f]l[' supported over [v;, U] represents a feature that

Uj,'()k]
lives in all Uj, Uj41, ..., Ux. Thus, we can annotate the component of Ho(Ce @ J1) that
corresponds to HO(C.Jl['vjlvk]) by its support [U;, Ui]. Since this component represents a
feature that lives in all U;, Uj 4, . . ., Uy, the user may choose to annotate this component
by U; or Uy depending on the user’s goal.

For example, assume that
V., = Hy(Co ®7,) © Hi(C.5,_1) = KO Ko KK,

where the first three components come from Hy(C. ® J;,) and the last component K
comes from Hy(C.F ;). An example of cosheaf 7, is illustrated in Figure 5.1.
Note that
i~ i i i
Ty =7 D Jog,ox) D pog,on)

[UB/UB}

Then, each component of Hy(C, @ Ji,) = K & K @ K can be labeled as Hy(C, ® Ji,) =
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K K
D D
K+—K—K
® ®
OB OR

FIGURE 5.1: An example decomposition of a cosheaf F, = ©J,

Kp @ Kr @ Kpr, where each label corresponds to the support of the indecomposable
cosheaf in Figure 5.1. Then, the vector space Wi can be labeled as Kz & Kg ¢ Kpr @ K.
Depending on the user’s interest, one can choose to label the component Kgr by either
Kz or Kg.

Our mechanism of decomposing the cosheaf F, into indecomposable cosheaves
may seem like a cumbersome step. However, such decomposition allows us to label
components of cosheaf homologies according to properties of the features represented
by the indecomposable cosheaves.

The labels of vector spaces V. will allow us to enrich the barcode barcode(V..) of the
persistence module V., which will then allow us to annotate the barcode barcode(V) of

the persistence module V.

Step 3. Annotate the barcode of each W, of V, = § W,
S

Note that V, can be expressed naturally as a sum of persistence modules as

V. =P W,
S

Moreover, barcode(V ) is the same as the collection of barcodes barcode(W;). Thus, for
each W;, we will compute barcode(W,) and annotate bars of barcode(W;).

Compute barcode(W5). If a bar b is born at parameter ¢;, consider the vector space
Wi and the labeling of its components from Step 2. The bar b of barcode(W') with birth
time ¢; corresponds to a linear combination of the components of W_. If all components
of Wé were annotated as living in a unique set U € 'V inStep 2, then b, representing

some linear combination of features that live in U, must also represent a feature that
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lives in U. We can thus annotate b by U. If some components of W were annotated
as living in U;j and some were annotated as living in Uy, then b can represent a linear
combination of features among points in U; and Uy. At this point, depending on the
user’s goal, the user can decide to either not annotate the bars at all, to annotate the
bars as Uj, or to annotate the bars as Uy, depending on the question of interest.

After repeating the above process for each bar in barcode(W;), one can proceed to

analogously annotate bars from barcode(W;) for every W, of V. = @ W
S

Step 4. Annotate the barcode of V

So far, we have enriched barcode(V ). We now explore how barcode(V ) and barcode(V)
are related so that we can enrich barcode(V) accordingly. Note that barcode(V ) can be
obtained from barcode(V) by truncating barcode(V) at parameter €, i.e., a bar [b,d] of
barcode(V) with b < e, corresponds to a bar [b, min{d, € }] of barcode(V’).

If a bar [b, d] of barcode(V ) with d < €1 has been annotated by a particular set U in
Step 3, then we can find a bar [b, d] with the same birth and death time in barcode(V)
and annotate it using the same set U. If a bar [, €] of barcode(V ) is annotated by U,
then it is possible that this bar is a truncated version of a longer bar [b, d] of barcode(V)
with d > €1. Hence, we use the birth time b to identify the corresponding bar in
barcode(V). If [b, 1], annotated by U, is the unique bar with birth time b in barcode(V.),
then there exists a unique bar [b, d] with the same birth time b in barcode(V). We can
then annotate the bar [b, d] of barcode(V) by U.

The result is a barcode of persistence module V with bars annotated by proper-
ties of the corresponding features. This annotated barcode can then be used in various
ways to perform finer data analysis. For example, one can select the bars that are an-
notated by a particular set, say U, and analyze only those chosen bars to determine
significant features. In the following section, we provide an explicit example of multi-

scale analysis for point cloud with varying density.
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5.2 Data with Varying Density

We now use the framework developed in §5.1 to study variable-density point cloud.
Consider a situation where the size of a feature depends on the density of the consti-
tuting points. In such situation, using a uniform metric to analyze the data can lead to
loss of information.

For example, consider a point cloud in Figure 5.2 where the sparse points constitute

a large feature and the dense points constitute a small feature. In such situation, apply-

P
i 1

A
.

FIGURE 5.2: A point cloud with varying density

ing the standard persistent homology method results in an analysis where the small,
but densely sampled features become overlooked. For example, Figure 5.3 illustrates
the barcode in dimension 1. By observing this barcode, one would conclude that there
is one significant feature, disregarding the small but densely sampled features as being
insignificant. The multiscale framework from §5.1 can give insight into which bars of
the barcode correspond to small but densely sampled features and annotate them as
being significant.

Recall that the multiscale framework in §5.1 involved a choice of map f : P — R?
from the point cloud that reflects some property of interest and a choice of covering V of
f(P). For the point cloud P in Figure 5.2, we will let f : P — R be the function mapping
each point to its estimated density value. Note that there are multiple methods for

computing the density of each point. One option computes density of a point p by
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FIGURE 5.3: Barcode from standard persistent homology in dimension 1

computing the number of points whose Euclidean distance to p is less than a user
specified parameter . For our example, we used such density computation with r =
0.1.

The covering V of f(P) should be chosen so that distinct members U;, U; of V reflect
different ranges of the property of interest. For our example, we use a histogram to plot
the number of points p for each density value to gain some insight into the distribution

of density values. Figure 5.4 shows the histogram.

40

Number of points
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(=) [62] o [$)] o 2]
T T T T T T

L L | | i |

($3)
T
|

10 15 20 25 30
Density

o
o
=

FIGURE 5.4: Histogram plot of estimated density values

Let V = {Us, U} be a covering of f(p), where U; = (0,18) and U; = (8,26). We
will refer to points in f~!(Us), which are the points whose density values are between
0 and 18, as the sparse points, and we will denote S = f~1(U;). Similarly, we will

refer to points in f~1(Uj,) as the dense points, and we will denote the collection by D.
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Figures 5.5a and 5.5b illustrate the sparse and dense points.

[ )

st - gt
. .t

(A) Sparse points (B) Dense points

FIGURE 5.5: Sparse and dense points

Let

V: Hy(RY) — - — Hy(RY)

be the persistence module obtained from the point cloud P. For this example, the maxi-
mum parameter is ey = 1.6. Let K be the upper bound of the parameter € from Lemma

13 for which the isomorphism
Hy (R°) = Ho(Co373) © Hi(CaF;, 1)
holds. Compute the persistence module
V. : Ho(Ce @ 97) @ H1(CoFp) — -+ - = Ho(Co @ I5) & H1(CoFy) (5.5)

up to € = K following Step 1 of Algorithm 1. For this example, the upper bound K is
K = 0.0719.

Step 2 of Algorithm 1 labels the components of vector space Hy(CoJ}) by D or S
according to the support of the indecomposable TH. Let v; and v denote the vertices

of Ny that each corresponds to sets U, and Us of V. For each cosheaf Ji with support

[vd /0d ]

vs € Ny, label the component Hy(C,J: ]) of HO(C.Jil) by D. Similarly, for a cosheaf

[vd/vd
ji

[05,0s]

with support v; € Ny, label the component Hy(C.J:. ) of Hy(C4J}) by S. Given

[05,0s]
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a cosheaf of the form J’t 0 0)" such cosheaf represents a feature that lives in both U, and

U;. In our example, we decided to interpret such a cosheaf as representing a feature
that lives in Uy;. Thus, we can annotate the component HO(C'jltvs,vd]) of Hy(C.J) by D.

Step 3 of Algorithm 1 results in an annotated version of barcode(V.,), illustrated in
Figure 5.6. The top two bars colored in blue correspond to bars annotated by S and the

remaining red bars correspond to bars annotated by D.

FIGURE 5.6: Annotated barcode(V )

Step 4 of Algorithm 1 allows us to transfer the annotation of barcode(V.) to
barcode(V) resulting in an annotated version of barcode(V) illustrated in 5.7. The two
bars enclosed by the blue box are annotated by S, and the bars enclosed by red box are

annotated by D.

FIGURE 5.7: Annotated barcode(V)

What one can do with such annotated barcode depends on the problem of interest.
In our example, the goal is to determine small but significant features that consist of

the denser points. Thus, we focus on the bars of Figure 5.7 that have been annotated by
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D, which are illustrated in Figure 5.8. By restricting our attention to only the bars that
represent features in U;, we are able to determine the significant features built among

the denser points. From Figure 5.8, one can conclude that there are eight significant

bars.

FIGURE 5.8: The dense bars

Lastly, we return to barcode(V) and annotate significant bars of Figure 5.8 as being
significant. We then obtain barcode in Figure 5.9, where the red bars are annotated
as being significant. Note that we have one long red bar, which is deemed significant
because of its length. We have eight additional shorter significant bars which were

identified via Algorithm 1.

FIGURE 5.9: Final annotation of barcode(V)

Using the persistent homology computation software Eirene [17], we were able to
identify the points of P that constitute each significant feature. The newly determined

eight significant short bars indeed correspond to the eight small but densely sampled

features in Figure 5.2.
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Appendix A

Alternate Construction to §4.2.2

In Chapter 4, we constructed a morphism ¢’ : Hy(CoF? ;) — Ho(CoFi!) using a
spectral sequence type argument. Recall that in §4.2.2, computing the homology of the
commutative cube 4.18 allowed us to construct the map 6. Once we reached Diagram
4.19, we decided to take the homology with respect to the maps 9,. Note that we
could have taken the homology with respect to maps ¢/, instead of maps 9, in Diagram
4.19. In this section, we explore the outcome of taking homology with respect to the
maps ¢’ instead of the maps 9,. When we take this alternative route, we end up
constructing a map &, : Hy(Coker’ ) — Hy(C.coker’) while emphasizing the

perspective of long exact sequence of pairs.
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We start with the same commutative diagram as we have in §4.2.2.

@ Cp(Rit1) — @ Cu(R)
vENy €n e€Ny
@ Cu(R)) i @ Cu(Re)
vENy €n ec€Ny
(A1)
0 ' 0 '
B Cor (R —— @ Cua(RM)
vENy e‘lrttl e€Ny
b Ky
D Cnfl(j%) ; D Cnfl(lee)
vENy Ch1 e€Ny

Taking the homology with respect to the boundary maps d, we obtain the same

diagram as Diagram 4.19. Note that in Diagram 4.19, the terms on the right and left
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faces of the cube are related by relative homology as illustrated in Diagram A.2.

(A.2)

Diagram A.2 can be laid out in a more familiar long exact sequence form as the follow-

ing.

i q .
@ HE)Y @ H@ D @ HER) D @ b @)

ecNy ecNy ecNy

@ Hy_q1 (R

ecNy ecNy

| b b |

@ @Y @ B L @ H@L ) S @ B @ e H (w1

vENy vENy vENy vENy vENy

The top and bottom sequences are direct sums of long exact sequence of pairs. The

diagram commutes by naturality of long exact sequences. Taking the homology with
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respect to d,,’s from Diagram A.2, we obtain Diagram A.3.

~ coker( o coker (¢},

er(¢})o —— ker(¢))e |

i %z i i

| @ Ha(R),Ry) —— 1 @ Hu(R,RY) 1

! vEeNy | ] ! e€Ny 1

3 | , 3 EA | ‘

i 20 ) coker(¢;,_;)v <;i 5 - coker(¢},_1)e
ker(¢),_1)o ker(¢},_)e

(A3)
Note that ker(¢,), and ker(¢!,), are the collections of local sections of the cosheaf

ker ¢}, on the 0-simplices and 1-simplices of Ny, i.e., ker(¢}), = @ ker¢) (v), and
vENy

ker(¢). = @ ker¢l(e). Similarly, coker(¢,), and coker(¢},), are the collections of

e€Ny )
local sections of cosheaf coker ¢, on the 0-simplices and 1-simplices of Ny.

After taking the homology with respect to the maps d,’s, a diagram chase will allow

us to construct a map &' : kerd! | — coker 9, as shown in Diagram A 4.

coker & —mmmme e ker 9%,
n n

(A4)
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As we will show in the following theorem, 5t : ker a;_l — cokeraﬁ;ﬁ is actually a

map from Hy(C, ker ¢! ) to Hy(C, coker ¢,).

Theorem 11. Let P be a point cloud. Let f : P — R? be any map. Let V be a cover of f(P) C
R? such that Ny is one dimensional. Let ¢!, : Fi) — Fi+1 be the cosheaf morphism induced by
inclusion maps of the Rips system. Then ¢',, ', | induce a morphism 5. : Hy(Co ker ¢, ;) —

Ho(C, coker ¢i,).

The induced morphism 6. extends to amap ¢, : Hi(CaF, ;) — Ho(CoF;"!) (Lemma

15), which is an equivalent map to ¢ constructed in Lemma 14.

Proof. Let (), { }, and [ | each denote the homology classes that appear in diagrams
A2, A.3,and A.4. Consider Diagram A.3 that has been laid out as the following.

. 1 , o .
0 — coker(¢i), =5 @ H,(Rit1,Ri) 2, ker(¢,_q)e — 0

e€Ny
la }' la:;_l (A5)

. 0 . . 0 .
0 — coker(¢l)y 25 @ Hy(RiF1,Ri) % ker(¢y,_1)0 — 0

vENy

Note that the top and bottom sequences of the above diagram are exact. Let [{ () }] in

kerd’ .. Then, {(7)} € ker(¢,_;)., and

o {(m}r=o. (A.6)

By exactness of the top sequence of Diagram A.5, there exists (|9/|) in

@ H, (R, RL) such that

e€Ny
') = {1} (A7)
Here, 7' € @ C,(R:*!) whose boundary isin @ C,_1(R%). We use || to represent
e€Ny ) e€Ny
the coset v/ + @ C,(R)), and we use (|7'|) to denote the homology class of |}'| in
ecNy

D Hy(R,Re).

e€Ny
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By commutativity of Diagram A.5, Equations A.6 and A.7, we have

o) = 9,0 (ll) = 9 {1} =0.

Thus, j(|7'|) € ker d%. By exactness of the bottom sequence of Diagram A.5, there exists

{(7")} € coker(¢},), such that

) =i (A8)

Recall that [{(7”)}] denotes the coset {(y")} + im ;1. Define oL : kerd | —
coker?by
SN = {1 (A.9)

We now check that 6! is well-defined by considering different candidates 9/ and "
that satisfy Equations A.7 and A.8.

Since 0 is injective, { (")} that satisfies Equation A.8 is uniquely determined once
j{|7']) is determined. In other words, if {(5”)} also satisfies j%{ (")} = j(|7|), then
{0} = {7

Let’s now consider a different choice of ' that satisfies Equation A.7. Let (||} €

@ Hy (R, Ri) satisfy

e€Ny

(') = {(n} (A.10)

Let {(")} € coker(¢}), be an element that satisfies

")y = il (A.11)

Then, one would define &% [{{7)}] = [{{(#")}.
From Equations A.7 and A.10, one can check that (|5’ — 7/|) € kerd!. By exactness

of the top sequence of Diagram A.5, there exists some {{w)} € coker(¢},), such that

(I =) = j{(w)}. Note j{(e}} = j'{w) = (jw]), where j' : @ Hy(Ri¥) —

eceNy
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@ H,(Rit1,Rl) from Diagram A.2. So
e€Ny

(lewl) = (" =) (A.12)

Note that
20k {(w)} = jo i {(w)} =il —'|) (A.13)

from commutativity of Diagram A.5. Moreover,

20l = ') =_y00u(ly’ =) =0

from commutativity of Diagram A.5 and Equations A.7 and A.10. Thus, j{|#' —v'|) €
ker d?, and by exactness of the bottom sequence of Diagram A.5, there exists {(p)} €

coker(¢,), such that
et =il =)

Furthermore, since 9 is injective, this { (o) } must be unique. Note that
Y =M =il =)
from Equations A.8 and A.11. Recall from Equation A.13 that
fRoa {{w)} =il =D
By uniqueness of {(p) }, we thus have
{0} = {0} = i {{w)},

and [{(#")}] = [{{(7")}]- Thus, the map & is well-defined.
Note that ker(¢! ). = ker¢! (e)and ker(¢) )y = @ ker¢,_1(v). More-

ecNy vENy

over, the map 9!, in Diagram A 3 is the boundary map of the chain complex of the
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cosheaf ker 43;'1_1. Thus,

kerd! | = Hi(Coker ¢, ;).

Similarly, ﬁ is the boundary map of the chain complex of cosheaf coker gbfq. Thus,

coker 9,1 = Hy(C, coker ¢},).

Thus, the map Oi : ker 8;71 — coker? is, in fact, a map from H;(C, ker 4’;—1) to
Ho(C, coker ¢},).
a

Lemma 15. The map &' : ker Hy (Co ker ¢, ;) — Ho(Ca coker ¢,) extends to a map ¢, :
Hi(CoT5,_;) — Ho(CoT}™).

Proof. We first show that Hy(C. ker ¢! ) is a direct summand of H; (C.J" ;) and that
Ho(C, coker ¢,) is a direct summand of Hy(C,F%;t!). Given cosheaf morphisms ¢/, :
ﬂ — ﬂﬂ and (,b,i_l : 9“;_1 — Tntl , there exist a pair of short exact sequences of
cellular cosheaves

0 — ker qbil,l — 3";,1 — Coimcp;,l — 0,
0— F — Fitl 5 coker ¢, — 0.

The exactness is enforced cell-by-cell.

This leads to the following pair of long exact sequences of cosheaf homology

0 — Hi(Coker! ;) — Hy(C.TF' ;) LIEN H;(Cocoim ¢}, ;) — - =0,
0— - — Hy(CoFy) M Hy(CoF: 1) — Hy(C. coker ¢!)) — 0.

We then obtain the following short exact sequence of vector spaces
0 — Hy(Coker¢i ) — Hi(CF ;) = imh, 1 — 0,

0 — coim Ho(¢,) — Ho(CoF) — Hy(C, coker ¢',) — 0.
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The above short exact sequences split, so

Hy(CoF: ) = Hy(Cokerd' )@ AL (A.14)

Ho(CoF5) 22 Hy(C, coker ¢',) @ B, (A.15)

where AL, = imh,_; and B, = coim Hy(¢!,). Given u € H;(C.F' ), we can write
u uniquely as u = (wy, wy), with wy € Hj(C, ker ¢;_1) and wy € im AL. Define ¢ :

Hi(Cu5,_,) = Ho(Cu551) by 9l (u) = gl (wy, w2) = (3 (w1),0). =

A.1 Equivalence of maps ¢’ and ¢!

We will show that 1 from Lemma 14 and ¢! from Lemma 15 are the same lin-
ear transformations up to a change of basis. Recall that ' was obtained by ex-
tending &' : ker Hy (¢’ ) — coker Hy(¢!,), and that ¢\ was obtained by extending
8.+ Hi(Coker¢! ) — Hoy(Cscoker¢i). We will first show that §' and 6. have the

same domain and isomorphic codomain in the following lemmas.
Lemma 16. The maps &' and 5. have the same domain.

Proof. consider the following commutative diagram.

(@1 .
@ H,-1(R}) -5 S anl(j%ﬂ)
vENy vENy

a;‘1711\ alntllT

(@ )e :
@ H,1(R) —5 @ H,(RH)

e€Ny ecNy

Let o/ | : ker(¢ ). — ker(¢ ,)» be the map induced by 9/ ,. Then,

Hy(Coker¢! ;) =kerdi | = {x € ker(¢) ;)0|d" ;(x) =0} =ker(¢’ ,)eNkerd .
Similarly, let Hy(¢! ,) : kerd! | — kerd't! be the map induced by (¢! ,)e.

Then, kerH1(<pf¢71) ={x ¢ kerailil\((p;il)e(x) =0} = kerafFl ﬂker(cpiﬁl)g. Thus,
Hy(Coker¢! ) =ker Hi(¢' ;).
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To show that ¢/ and ¢. have isomorphic codomains, we will show that both

codomains are isomorphic to

M= @ Hy(®)/ (im(g})o +imdj),

vENy

where (¢.), : @ Hu(R)) — @ Hy(RS™) and 91 : @ Hu (R —
. vENy vENy e€Ny
@ H, (R, Recall the coset notations ( ), { }, and [ ] from the proof of Theorem

vENy

8. Because we will be using multiple coset notations, we will denote the notations

from Theorem 8 by { }; and [ |;. Given (c) that represents the homology class of c in
@ H,(REY), let ||(c)|| represent the coset (c) + (im(¢},), +im d5F1).

vENy

Define a map x : coker Hy(¢!,) — M by

xil{(c) 1l = e} (A.16)

To define a map from Hy(C, coker ¢,) to M, recall the notations ( ), { }, and [] from
proof of Theorem 11. Note that the coset notations { } and [ | in Theorem 8 and 11 are
not the same. In order to distinguish the two coset notations, we will denote { } and |
] from Theorem 11 by { }, and [ ]».

Define a map x; : Hy(C. coker ¢,) — M by

xa[{(c) }al2 = [(=c)ll. (A.17)

Note that x; and y» are linear.
Lemma 17. The maps x1 and x> are each isomorphisms.

Proof. We first check that the map x; is well defined. Assume [{(c) }1]1 = [{(¢') }1]1

in coker Hy(¢}). Then, there exists {(a)}1 € Hy(C.T%) such that {(c — )}y =

Ho(¢i){(a)}1,ie., {{c =V} = {(¢})o(a)}1. So there exists (b) € @ H,(R:!) such
ec€Ny

that (c — ') = (¢/.)o(a) + 31 (b). Note that || (c — ¢')|| = [[(¢})o(a) + 3571 (B) || is trivial

by definition of the coset represented by || ||. Thus, x1[{{c)}1]1 = xa[{{c) }1]1-
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We now check that x; is bijective. Note that if [{{(c)}1]1 € keryi, then (c) €
im(¢}), +imoitl, ie., there exists (x) € @ H,(Ri*!) and (y) € @ H,(R)) such
. ) EGN\? . UEN\Z
that (c) = (¢)s(x) + 3 (y). Then, {(cVh = {(@)ox)}1 = Ho(@){(x)}, and

[{(c)}1]1 is trivial. So 1 is injective. One can also check that yx is surjective.

One can similarly show that x; is well-defined and bijective. O

We will use the following Lemma to show that ¢’ and ¢, are the same linear trans-

formations up to a change of basis.
Lemma 18. The maps x» o 5. and x1 o &' are the same maps.

Proof. Let () € @ H,—1(R.) be such that () € ker(¢! ), Nkerd’ ,, where

e€Ny

($h-1)e : D Hu-1(Re) = @ Ha-1(R)

| e€Ny | e€Ny | (A,18)
0 1t @D Hya(R) = @ Hya(R1).
e€Ny vENy

Using notations from Theorem 8, we know that [{(7)}1]1 € ker Hi(¢! ), and using
notations from Theorem 11, we know that [{{7)}2]2 € Hi(Coker¢! ;). Recall from
Equation 4.24 that 6'[{{7) }1]1 = [{(—ei'a + £,B) }1]1, where a and B can be any ele-
ments satisfying Equations 4.22 and 4.23. From the construction of 6% in Theorem 11, we
will provide explicit choices for a and B that will allows us to show that x, 0 6% = xj 06'.

Recall from Equation A.9 that 5.[{(7)}2]2 = [{(7")}2]2, where & was constructed
by

e first finding 7' € @ C,(R.™!) that satisfies Equation A.7, and
ecNy

e finding 7" € @ C,(R) that satisfies Equation A.8.
vENy

The first step of finding ' will allow us to choose an explicit &, and the second step

of finding 7" will allow us to choose an explicit f.
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In the first step, we found ¢/ € @ C, (R withoy € @ C,_1(R!) that satisfies
ec€Ny eENy

Equation A.7, which, using the fact that 91 (|/|) = {(97’)}, one can express as

(@) = (1)
in @ H, 1(R.). So there exists p € @ C,(R!) such that
e€Ny e€Ny

9y — v = 9p. (A.19)

Note that in the above equation, we considered 99’ as living in @ C,_1(R!). Techni-

) ecNy )
cally, 99’ refers to an element in @ C,_1(R}). In terms of elements in @ C,_1(R.),
e€eNy eceNy
the above equation can be expressed as
Y —«x_jy=x_,00p. (A.20)

The right hand side of the above equation is equal to d o x,0 by commutativity of Dia-

gram A.1. Thus,

(v — K;P) = K;Ll’%

This implies that o' — «, is a candidate for a that satisfies Equation 4.22.
Given such v/, the fact that 9" € @ C,(Ri!) satisfies Equation A.8 can be ex-

vENy
pressed by

d7"1) = (e '),

where || denote the coset 7" + @ C,(R.) and (|"|) represents the homology class

. . UGNV . . .
of [v"| in @ Hy,(RLH,RY). Since (|e,f19y" — ") is trivial in @ H,, (R, RL), there
vENy ) ) vENy
existsap € @ Cy(Rif)andy € @ Cu(R.) such that
vENy vENy
ey =" =ou+ . (A.21)

Recall p € @ C,(R!) that satisfies Equation A.19. We will show that —ei,p + %
e€Ny
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is a choice for B. By taking the boundary of Equation A.21 and using the fact that
d o i,y = 9y, we obtain
doetly/ =ay. (A.22)

Then,

A(—ep+1)=—0oe,p+0y
/

= _65171 0dp+doe,y

= —€,1(97 —7) +aoety

- i; 1097 +e gy +aoe

i
= €17

The second equality follows from Equation A.22 and the commutativity of Diagram
4.18. The third equality follows from Equation A.19. Since Y’ € @ C,(Ri*!) such that

ec€Ny

Y € @ C, 1(R)), the boundary of €19/, denoted e’ 19/, lives in @ C,_1(R)
ecNy vENy )

and do ey’ = ¢l | 09y, The last equality follows from the fact that 9 o ei,"19/ =

¢! | 097 Recall that in the construction of § in Theorem 8, we found an element 8

such that 9 = ¢/ _,. Thus, —¢',0 + 77 is a choice of B that satisfies Equation 4.23.
With the choice of & = 7' — «%,p and B = —e,p + 1, consider

xi o8 {(Mhh = x2 0 {7 alo =i [{{—ei (v — ko) + dy(—€hp +17)) i
—x2[{{(7") }2]2
=[(—ext'y e orup — b oo+ nm) |+ 1) ]
=[(—ext"y" + b+ ")

=[I{=am-

The third equality follows from commutativity of Diagram 4.18. The last equality
follows from Equation A.21. Thus, x2 o &% [{(7) }2]2 = x1 0 8 [{(7) }1]1-
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We now show that ¢’ and ¢’. are the same map under different choices of basis of

Hy(C.J" ;) and Ho(CoF3,1).

Theorem 12. There exist isomorphisms Ay : Hy(CoF' ) — Hi(CoF |) and Ay :
Ho(CoFit1) — Ho(CoFith) such that ¢ = Ay o 1o Ay.

Proof. Recall that we defined ¢’ : ker Hy (¢! ;) & A" — coker Ho(¢},) @ B' by ¢ (u) =
(w1, w2) = (6'(wy),0) in Lemma 14. Similarly, we defined ¢ : H;(Coker¢! ;) &
Al — Hy(C, coker ¢',) @ Bi by ¢l (u) = ¢ (w1, wp) = (6% (w),0) in Lemma 15.

Recall that ker Hy (¢! ) & A" = Hy(C.F! ) = Hy(Coker¢’ ) @ AL from Equa-
tion A.14 and Equation 4.25. Define A; : ker Hi(¢, ;) & A" — Hy(Coker¢i ) & Al
by

Aq(wy, wp) = (wy, g1(w2)),

where g1 : A’ — Al is an isomorphism. One can check that A; is an isomorphism.

Similarly, we know that coker Ho(¢!,) ® B! = Hy(CoFi!) = Hy(C, coker ¢},) @ B:
from Equation A.15 and Equation 4.26. From Lemma 17, we know that coker Hy(¢',)
Ho(C, coker ¢},). Define A, : Hy(C, coker ¢,) @ B — coker Hy(¢!,) @ B’ by

Aa(u1,uz) = (X7 o xa(u1), 82(u2)),

where X1 and x; are defined in Equations A.16, A.17, and ¢ : B! — Bl is an isomor-
phism. Since x; 1o X2 and g, are isomorphisms, A; is an isomorphism as well.

From Lemma 18, we know that &' = x| Lo x206L. Thus,

Ao ol o Aq(wr, wy) = Ay o ¢ (wr, g1(w2))
= Ao (8L (w1),0)
= (X1 ' o x2006L(w1),0)
= (6'(w1),0)

= lPi(wlfwz),
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i.e., the following diagram commutes.

ker Hy (¢! |) & A — ¥ coker Ho(¢) ® B

b

Hy(Coker¢! )& Al ¥, Ho(C, coker ¢',) @ B!

Thus, regardless of which homology we take first from Diagram 4.19, we end up
constructing the same maps ¢ and ¥, under different choices of basis of Hy(CoF" ;)

and Hy(C,F%+1).
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Appendix B

Details of Proofs

B.1 Details of proof for Theorem 8

For the proof, we drop the superscripts for a’*! and B'. It should be understood that
a =atland g = B.
We will first check that —e/;"la + i/, 8 represents an element in coker Hy(¢},). Note

that

i+1 i _ i+1 i
a(_en X+ lnlB) = =€, 1° da + lp—10 aﬁ
_ i+1 i i i
= 7€, 19 K1Y L1096, 17

=0,

which follows from Equation 4.22, Equation 4.23, and the commutativity of Diagram

4.18. Thus, —eila + i}, B represents an element in @ H,(R.), and [{(—e}la +
vENy

i, B)}] represents an element in coker Hy(¢},).

We now show that §' (Equation 4.24) is well defined. Leta’ € @ C,(R.™!) bea

e€Ny
different choice of « that satisfies Equation 4.22:
o' =« .
Note that d(a —a’) = x_;v—«i 7 = 0. So (a —a’) represents an element in

@ H, (R, Then, (e (a —a')) = 05 a —a’) € imditl. So {{eit1(ax —a'))} is

eceNy
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trivial in Ho(C.Fit1). Hence, {(—ei'a +4,8)} and {(—eF'a’ + 1,8)} represent ho-
mologous elements in Hy(CoFi;t1). Thus, [{{—e:la + i 8)}] = [{(—ei'a’ + i,B)}] in
coker Hy(¢',).
Similarly, let ' € GGI?] Cn(R) be a different choice of f that satisfies Equation 4.23:
vENy

aﬁ/ = 62—1’%

Note that 9( — B') = ¢ _,(y—<v) = 0, and (B — B') represents an element of
@ Hu(R,). Then, {(5,(B—p))} = {(¢n)o(B—Pp)} = Holg){(B—P)} €

;JrEnNIYIQ(cp;). Thus, [{{¢,(B — B'))}] is trivial in coker Hyo(¢}). Hence, [{(—eif'a +
£BYY = [{(—eila + i, 8)}] in coker Hy(¢,). Thus, given different choices ' and
o', we have [{{—e; e +4,8)}] = [{{—e," o’ +1,8)}].

Lastly, consider a different coset representative 7/ € @ C,_1(R%) of [{{7)}], i.e.,

e€Ny

[{{1)}] = [{(7")}]. Then, there exists w € @ C,(R.) such that

e€Ny

v —9 = dw. (B.1)

Assume that

M = {(~e " a +1,8)}]
SN = H{—e M + 00}

(B.2)

for some o, 0’ € @ C,(Ri*1), B, € @ Cu(R)). We will use the following fact that
) ec€Ny ‘UENV
& — &' —xiwand B — B — e.,w are cycles, which can be shown from Equations 4.22,

4.23,B.1, and Diagram 4.18.

da—o —kiw) =« _(y—9 —ow) =0,

Ap—p —euw) =6, 1(y =7 —0w) =0.

(B.3)
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One can show that

[{(=ei (e —a") +6,(B = BN =[{(—e,  (a —a') +5,(B = B)
+14, 0 €@ — 1 0 €,w) }]
=[{{-e" (@ —a') +1,(B— )
+e, oW — 1y 0 gy w) Y]
=[{{(-e (& =o' = k) }] + [{{5,(B = B — ehw)) }]

=[{{0)}].
(B.4)

The second equality follows from commutativity of Diagram 4.18. The third equality
follows from the fact that ¢/;"!(a — &’ — xi,w) and &,(B — B’ — e, w) are cycles, which
follows from Equation B.3 and Diagram 4.18. To show the last equality of Equation B.4,

note that

(e —a' —kw)) =3 & — o/ —x,w) € imd T,

{{6,(B— B' — €eyw))} = Ho(¢,){(B— B’ — eyw)} € im Ho(¢},).

(B.5)

Thus, both [{{e/f'(a — a’ — xiw))}] and [{(x,(B — B’ — €\,w))}] are trivial in
coker Hy(¢!,). This shows that 6'[{{7)}] = 6'[{(7)}]. Thus, the map &' is well defined.

B.2 Proof of well-definedness of map 1/J"

We show that the maps ¢ : Hy(CoF", ;) — Ho(CoFi'!) defined in Equations 4.34 and

4.44 are well-defined maps.

Proof. We omit the superscripts for 4! and B'.

Recall that for each basis {(b*)} € B/, the map ' was defined as

P} = {(—e T+ 5,6},
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wherex € @ C,(Ri™!) satisfies
e€Ny

oa = k' b,
and B* is the element defined by
BT =T{(t")}.

Recall that B* satisfies

B* =el b*.

We first show that —ei,"la + 1, * actually defines an element in Hy(CoJ7%,"). One

can check that

A(—e Mo+ 1,p*) = —e' odu +1,_; 0B

i+1

=€, 1° Kn—lb +ly—1© en—lb

=0

from the commutativity of Diagram 4.30. Thus, {(—eia + £, 8*)} does represent an
element of Hy(C,Fit1).
We now show that the map ¢ is well-defined. By construction, it suffices to show

that ¢’ is well-defined on each basis {(b*)} € B’. When defining

P} = {{~e a+ 0},

note that 8* was a fixed element given by T'{(b*)} = B*. However, there may be other

choices of a’ € @ C,(Ri™) that satisfy da = k! _,b*. Note that
e€Ny

o —a) =« _,b* —x_b* =0,
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ie., (& — o) represents an element in @ H,(Ri1).
e€Ny

Then,

(—eila+0,p7) — (—e ' +4,87) = (e (' — )

=0, —«)

Since 971 (0’ — ) € imdit!, then {(—eifla + 1 p*) — (—eila’ + £,*)} is trivial in
Ho(CoFit1). Thus, {(—eila + i,8%)} and {(—ei'a’ + i, f*)} represent homologous
elements in Hy(C.J7%,"1), and ' { (b*)} is well-defined for each basis {(b*)} € B'. Thus,
' is well-defined. O

B.3 Obtaining basis C{ _ from basis B’, ! of A"~.

Lemma 19. Let B! = B & B} ! be a basis of Hi(C.F'Y) = A= @ ker Hy (¢! }).

ker

Let BV = {{(b1)}, ..., {{bw)}} be the basis of A=Y, Then, {(x! " b1)},..., {(x. \buw)}is

linearly independent in Hy(CoF" ).

Proof. Assume not, i.e., assume that
cr{ (i, b)Y + -+ e (6,4 0w) } = {(0)}
for some cy, ..., c;; that are not all zero. By construction, this implies that
c1(xh hb1) + -+ - + cm (i bm) = (0)

for some ¢y, ..., ¢y, that are not all zero. Then, (c1b; + ... cyby) € ker Hy( ;’_11). Note
that (c1by + ...cuby) € Ai~1 as well since A'~! is a subspace of Hl(C.fff;ll). This
contradicts the fact that H;(C,F"~}) is a direct sum of ker H;(¢,_1) and A. Thus,

{(x=Lb1)}, ..., {(x "} by)} are linearly independent. O
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B.4 Details of proof of Theorem 9

We show that the map %, : H,(Tot') — H,(R') is well-defined and bijective. For the

proof, we omit the superscript i indicating the parameter €;.

Proof. We first show that Yot is a well-defined map. Assume that [x1,y1] = [x2, 2]
in H,(Tot). Recall that j, : @ Cu(Ry) — Cn(R) is the map into the left column in

vENy
Diagram 4.2. Recall from Diagram 4.2 that the following rows are exact.

0 +— Cpi1(R) +— D Cri1(Ry) «— D Cui1(Re) «—— 0
J Jnt1 - peNy ecNy
)

la f’ (B.6)

0—— Ci(R) +——— D Ci(Ry) +—— D Cu(R,) +—0
In vENy " ec€Ny

Since [x1,y1] = [x2,12] in Hy(Tot), there exists py11 € @ Cui1(Rp) and g, €

vENy
@ Cn(:Re) SI.ICh that ]/2 — yl = a% and Xp — X1 = aanrl + <_1)n+1enq- Then,
e€Ny
jn(x2 — x1) =jn(Opnt1 + (—1)”+1enq)
=jn(OPn+1)

=0(jnt+1(Pu+1))-

The second equality follows from the fact that j, o e,(q) = 0, which follows from exact-

ness of Diagram B.6. Thus, [j,(x2)] = [ju(x1)], and the map Yot is well-defined.
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We now show that ¥ is surjective. Let [y] € H,(R). Recall from Diagram 4.2 that

the following rows are exact.

0+—— Cu(R) +—— B Cy(Ry) «—— D Cy(R) «——0

In vENy eeNy
’ l 2
0 — Cra(R) &— D Ci1(Ro) 5— D Cp1(R) «— 0 (B.7)
Jn-1 " yeNy "1 eeNy
’ s g

0+— Ch2(R) «— D Cr2(Ry) 5 D Cpo2a(Re) «— 0
Jn—2 vENy " e€ENy

Then, there exists 7, € @ C,(R,) such thaty = j,(y,). Then,

vENy

jn—100Yn =90 ju(yn) =0y =0.

So 0y, € kerj,_1, and by exactness, there exists v,-1 € @ C,_1(R§) such that
e€Ny

en—1(vn—1) = 0yn. Moreover,

€p—20 a’)’n—l =do en—-1Yn-1 = aa’)’n =0.

Since e,_; is injective, we know that 0,1 = 0. Then, ¥rot[Yn, Tn—1] = [¥]. Thus, ¥rot
is surjective.

Lastly, we show that ¥, is injective. Assume that ¥rot([x,y]) = 0. Then, there
exists py+1 € Cy41(R) such that dp, 11 = ju(x). Since the rows of Diagram B.6 are
exact, j, and j,41 are surjective maps. Thus, there exists p/, 1 € D Cit1(Ry) such

vENy
that ppi1 = ju+1(py41)- Then,
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jn(OPhsa — X) = jn 0 Opyiq — ju(x)
=00 jut1(Ps1) = ju(x)
= 0pnt1 — ju(x)
=0.

Thus, dp),,; — x € ker j,. Again, from exactness of the rows of Diagram B.6, there
exists g, € @ Cu(R.) such thatdp; ; —x = e,(qn).

e€Ny
Note that

a<ap;1+1 —x) = den(qu),

while the left hand side of above is equal to —dx = —(—1)""!e, (y) by definition. Then,
endqn = den(gy) = —3x = —(—1)""le,(y). Since e, is injective, this implies that dg, =
—(=1)"*1y. Let g}, = —(—1)"*1g,, so that 9q, = y.

Thus, we have p) ., € @ Cu11(Ry) and g, € @D Cu(Re) such that

veNy e€Ny
o, =y
and
X = Py — en(qu) = Oy — en(—(=1)""1q}) = 9p)y + (—1)"enq),.
Thus, [x,y] = 0in H,(Tot), and Yo is injective. O

B.5 Details of proof of Theorem 10

We provide proofs that the map @ : Hy(CoJ7,) @ Hy(CoF ) — H,(Tot') defined in
Theorem 10 is well-defined and bijective. For the remainder of the proof, we omit the

superscript i indicating the parameter ¢;.
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Proof. We first show that ® is well-defined. = Assume that ({(x)},{(y)}) =
{1 A{W)}) in Ho(CoFn) @ Hi(CoFuo1), e, {(x)} = {(x)} in Ho(CsTy) and

{W} ={{)}in Hi(CeTFy1).
Let B be the fixed basis of H1(CeF,_1) given by

B={{t0} - {{bu)}}-

We can express {(y)} and {(y')} in terms of the basis B, as

{w)} ={)}={{ebl + - +cwby) }.

Then, by construction,

Then,

o({{x)} {)}) — ({1 AW} = 2({(0)}) —2({{x)})

=[x —x/,0].

Since {(x)} = {(x/) } in Hy(CeF,), there exists p,11 € @D Cpy1(Ry) such thatdp, 1 =
x — x'. Thus, [x — x/,0] is trivial in H,(Tot), and ® is av\fvl\gl—deﬁned map.

We now show that ® is surjective. Given [x,y]| € H,(Tot), we know that d(y) = 0,
so {(y)} is an element of Hy(CsJF;,_1). In terms of this fixed basis B’ of H;(CeF,_1), we

can express {(y) } as

{W)} = {{eabi + -+ cumby) }-

Then, there exists g, € @ C(R.) such that

ec€Ny
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Recall from Equation 4.55 that <I>{<b;">} = [(—1)"“[5*.‘,17]’.‘], where 7 € & Cu(Ry)
vENy
satisfies
B,B* = €n_1bj-ﬂ, (Bg)

]

wheree, : @ Cy(R.) = @ Cu(Ry) is an inclusion map.
ecNy vENy
Let

Tn =X — (—fl)n_‘—l(Cl,Bj]K R Cm,Bjn) + (_1)n+1en(¢7n)~

Note that

Oy = 0x — (=1)""10(c1pi + - -+ cuByy) + (=1)" e (qn)

=0,

(=1)""en-1(y) = (=1)"en—1(c1bi + -+ + cmby,) + (=1)" es-109,

(=1)" en1(y) = (=1)"en-1(e1bi + - - + emby,) + (=1)" en-109,

which follows from commutativity of Diagram 4.30, Equation B.9, and Equation B.8.

Thus, {(r,) } represents an element of Hy(CoF;). Then,

D({(ru)} +{)}) = [r, 0] + [(=1)" T (c1ff + - - - + cuPry), c1bi + - - - + cuiby]

=[x+ (=1)""en(qn), y + 994]
= [x,y] + [(=1)""en(qn), 9qn]

= [x,y]

Thus, @ is surjective.

Lastly, we show that ® is injective. Let ({(x)},{(y)}) € Ho(CeFn) ® H1(CeTFp_1).

Assume that ®({(x)}, {(y)}) = 0. Again, in terms of the fixed basis B of H;(CeFy,_1),

we can express { (y) } as

{W)} = {{eabi + -+ cuby) }-
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Then ®({(y)}) = (=) (c18 + - - - + cmPB}y), c1b} + - - - + cmb}y], and

S({{x)} AW} =[x+ (=) (crpr+ -+ cmPm), 1b] + -+ + cmby].

If®({(x)},{(y)}) = 0, then there exists g, € P Cu(R.) and py+1 € D Cut11(Ry)

eeNy vENy
such that
oGy = Cle +ooe Cmb:;w (B.10)
(—1)”_1611% +0pnr1 =x+a1fi+ -+ cmPy (B.11)

Then, from Equation B.10, we know that {(c1b] + - - - +cub;,) } = {(y) } is trivial in
Hi(CoFy1). Thus, ({(x)}, {{y)}) = 2({(x)}) = [x,0].
If [x,0] is trivial in H,(Tot), then there exists q, € @ Cu(R.) and p,41 €
eeNy
@D Cui1(Ry) such that

vENy

aqn - 0,
(—1)”_1enqn +0ppi1 = x.

The above two equations imply that {(x) } is trivial in Hy(CeJF,). Thus, ® is injective.

O
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