View metadata, citation and similar papers at core.ac.uk brought to you by X{'CORE

provided by ScholarlyCommons@Penn

TS A University of Pennsylvania
el ScholarlyCommons
Publicly Accessible Penn Dissertations
2017
Rigorous Results In Fluid And Kinetic Models
Neel Patel

University of Pennsylvania, neelpa@sas.upenn.edu

Follow this and additional works at: https://repositoryupenn.edu/edissertations
& Dart of the Mathematics Commons

Recommended Citation

Patel, Neel, "Rigorous Results In Fluid And Kinetic Models" (2017). Publicly Accessible Penn Dissertations. 2518.
https://repositoryupenn.edu/edissertations/2518

This paper is posted at ScholarlyCommons. https://repositoryupenn.edu/edissertations /2518
For more information, please contact repository@pobox.upenn.edu.


https://core.ac.uk/display/219377938?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
https://repository.upenn.edu?utm_source=repository.upenn.edu%2Fedissertations%2F2518&utm_medium=PDF&utm_campaign=PDFCoverPages
https://repository.upenn.edu/edissertations?utm_source=repository.upenn.edu%2Fedissertations%2F2518&utm_medium=PDF&utm_campaign=PDFCoverPages
https://repository.upenn.edu/edissertations?utm_source=repository.upenn.edu%2Fedissertations%2F2518&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/174?utm_source=repository.upenn.edu%2Fedissertations%2F2518&utm_medium=PDF&utm_campaign=PDFCoverPages
https://repository.upenn.edu/edissertations/2518?utm_source=repository.upenn.edu%2Fedissertations%2F2518&utm_medium=PDF&utm_campaign=PDFCoverPages
https://repository.upenn.edu/edissertations/2518
mailto:repository@pobox.upenn.edu

Rigorous Results In Fluid And Kinetic Models

Abstract

In the following, we will consider two different physical systems and their respective PDE models. In the first
chapter, we prove time decay of solutions to the Muskat equation, which describes a fluid interface between
two incompressible, immiscible fluids with different densities. In \cite{ JEMS} and \cite{ CCGRPS}, the
authors introduce the norms

$$
\|A\|_{s}\eqdef \int_{\mathbb{R}*{2}} [\xi|*{s}|\hat{f}(\xi)| \ d\xi
$$

in order to prove global existence of solutions to the Muskat problem. In this paper, for the 3D Muskat
problem, given initial data $f {0}\in HA{I} (\mathbb{R}*{2})$ for some $]\geq 3% such that
$\|f_{0}\|_{1} <k_{0}$ fora constant $k_{0} \approx 1/5$, we prove uniform in time bounds of
$\|A\|_{s}(t)$ for $-2 < s <1-1$ and assuming $\|f_{0}\|_{\nu} < \infty$ we prove time decay estimates of
the form

$\|A\|_{s} (t) \lesssim (1+t)*{-s+\nu}$ for $0 \leq s \leq1-1$ and $-2 \leq \nu < s$. These large time decay

rates are the same as the optimal rate for the linear Muskat equation. We prove analogous results in 2D.

In the remaining chapters, we consider sufficient conditions, called continuation criteria, for global existence
and uniqueness of classical solutions to the three-dimensional relativistic Vlasov-Maxwell system. In the
compact momentum support setting, we prove that $\|p_{0}*{\frac{18}{5r} -
1+\beta}f\|_{LA{\infty} {t}LAr} {x}LA{1}_{p}} \lesssim 1$ where $1\leqr \leq 2$ and $\beta >0$ is
arbitrarily small, is a continuation criteria. The previously best known continuation criteria in the compact
setting is $\|p_{0}*{\frac{4}{r} - 1+\beta}f\|_{LA{\infty} {t}LA{r} {x}LA{1}_{p}} \lesssim 1$, where
$1\leq r < \infty$ and $\beta >0$ is arbitrarily small, due to Kunze \cite{Kunze}. Our continuation criteria is
an improvement in the $1\leq r \leq 2$ range. We also consider sufficient conditions for a global existence
result to the three-dimensional relativistic Vlasov-Maxwell system without compact support in momentum
space. In Luk-Strain \cite{Luk-Strain}, it was shown that $\|p_{0}*{\theta}f\|_{LA{1}_{x}L {1} _{p}}
\lesssim 1$ is a continuation criteria for the relativistic Vlasov-Maxwell system without compact support in
momentum space for $\theta > 5§. We improve this result to $\theta > 3$. We also build on another result by
Luk-Strain in \cite{L-S}, in which the authors proved the existence of a global classical solution in the
compact regime if there exists a fixed two-dimensional plane on which the momentum support of the particle
density remains bounded. We prove well-posedness even if the plane varies continuously in time.
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ABSTRACT

RIGOROUS RESULTS IN FLUID AND KINETIC MODELS
Neel Patel

Robert M. Strain

In the following, we will consider two different physical systems and their respective
PDE models. In the first chapter, we prove time decay of solutions to the Muskat
equation, which describes a fluid interface between two incompressible, immiscible

fluids with different densities. In [13] and [14], the authors introduce the norms

112 [ leFlice) de

in order to prove global existence of solutions to the Muskat problem. In this paper,
for the 3D Muskat problem, given initial data fy € H'(R?) for some [ > 3 such that
| folli< ko for a constant ky ~ 1/5, we prove uniform in time bounds of || f||s(t) for
—2 < s <[ —1 and assuming || fo||,< oo we prove time decay estimates of the form
1flls(8) S (1+t) = for 0 < s <l—1and —2 < v < s. These large time decay rates
are the same as the optimal rate for the linear Muskat equation. We prove analogous
results in 2D.

In the remaining chapters, we consider sufficient conditions, called continua-

tion criteria, for global existence and uniqueness of classical solutions to the three-

v



dimensional relativistic Vlasov-Maxwell system. In the compact momentum support

18 _
e 1+BfHLt°°L’”L1< 1 where 1 <r <2 and § > 0 is arbitrarily

zlp v

setting, we prove that |
small, is a continuation criteria. The previously best known continuation criteria in

a_
the compact setting is ||pg Hﬁf”L?oL;L < 1, where 1 <7 < oo and g > 0 is arbi-

1
trarily small, due to Kunze [36]. Our continuation criteria is an improvement in the
1 <r < 2range. We also consider sufficient conditions for a global existence result to
the three-dimensional relativistic Vlasov-Maxwell system without compact support
in momentum space. In Luk-Strain [38], it was shown that ||p{ f|| 11 1S 1is a contin-
uation criteria for the relativistic Vlasov-Maxwell system without compact support
in momentum space for # > 5. We improve this result to 6§ > 3. We also build on
another result by Luk-Strain in [37], in which the authors proved the existence of a
global classical solution in the compact regime if there exists a fixed two-dimensional

plane on which the momentum support of the particle density remains bounded. We

prove well-posedness even if the plane varies continuously in time.
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Chapter 1

Muskat Problem

1.1 Introduction

The Muskat problem describes the dynamics between two incompressible immiscible
fluids in porous media such that the fluids are of different constant densities. The
Muskat problem is an extensively studied well established problem [2-5,8-14,16-24,
27,30-32,39,42,43]. In this paper we consider the interface between the two fluids
under the assumption that there is no surface tension and the fluids are of the same
constant viscosity. Because the fluids are immiscible, we can assume that we have
a sharp interface between the two fluids. Without loss of generality we normalize

gravity g = 1, permeability x = 1 and viscosity v = 1. Then the 3D Muskat problem



is given by

pr+ V- (up) =0 (1.1.1)
u+ VP =—(0,0,p) (1.1.2)
V-ou=0 (1.1.3)

where p = p(x1, 2, z3,t) is the fluid density function, P = P(x1, x9, x3,t) is the pres-
sure, and u = (uy(xy, o, 3, 1), us(x1, T, T3, 1), us(x1, To, x3,1t)) is the incompressible
velocity field. Here z; € R for ¢ = 1,2,3 and ¢ > 0. The third equation of this
system simply states that the fluids are incompressible. Given the incompressibility
condition, the first equation is a conservation of mass equation, as the fluid density
is preserved along the characteristic curves given by the velocity field. The second
equation is called Darcy’s Law, which governs the flow of a fluid through porous
medium. When we assume that the two incompressible fluids are of constant density,

then the function p(x1, z2,x3,t) can be written as

pt o (xy,29,73) € QLt) = {z3 > f(21, 79, 1)}
p(x17x27x37t) =

% (w1, 29,73) € Q3 (t) = {13 < f(21,70,1)}

where Q' for i = 1,2 are the regions in R? occupied by the fluids of density p° for
i = 1,2 respectively and the equation x3 = f(x1, z2,t) describes the interface between

the two fluids. We consider the stable regime (see [20]) in which p; < ps.



The interface function, f : R2 x R — R is known to satisfy the equation

of p2—plpv/ (Vi) -Vie—yD)y (1.1.4)
R? |

o0 = lyPP+(f (1) = flz = y.)2)]2

with initial data f(z,0) = fo(z) for z = (21, z2) € R?. Without loss of generality for
the results in this paper we can take 2252 = 1. Then, as given in [14], the 3D Muskat

interface equation can be written as

few, t) = =Af = N(f), (1.1.5)

where A is the square root of the negative Laplacian and

N = 3= [ Ve S@RE, @) dy (116)
where
R(t)=1- T +1t2)3
and
st = L= S =)

We will use equation (1.1.5) to prove uniform in time norm bounds and large time
decay rates for the solution f(t,z) in 3D.

We will also prove uniform in time norm bounds and large time decay rates for



the 2D Muskat problem. The 2D Muskat problem is given by the interface equation

8f($,t):p2_p1/R (Vf(x,t)—Vf(:c—oz,t))a dov

ot A 2+ (f(@,0) — flz —a,b))? (1.1.7)

with initial data f(z,0) = fo(x) for x € R. The density function p is given by

pt (w1,22) € QU(t) = {22 > fla1, 1)}
p($17x2’t) = :

PP (21, 72) € Q2(t) = {22 < fla1,1)}

Similarly to above, we can rewrite the 2D interface equation setting 25 = 1, as

given by (9) in [13]

felw,t) = =Af =T(f) (1.1.8)
where
T(f) = %/Rﬁaﬁxf(x)lﬁzfﬁggy da (1.1.9)
and
Ao f() = fx) - 2(1‘ —a)

The equations (1.1.5) and (1.1.8) will be the relevant formulations of the interface

equation that we will use in this paper.



1.1.1 Notation

Typically we have for the dimension that d € {1,2}. Then we consider the following

norm introduced in [13]:

/]

GRS (1.1.10)
where f is the standard Fourier transform of f:
F& = FIA©) = | f@)e e

We will use this norm generally for s > —d and we refer to it as the s-norm. To

further study the case s = —d, then for s > —d we define the Besov-type s-norm:

def
115,00 =

[ 1eris agf = s [ i de (1111)
Cj j JEZ JC;

where C; = {¢€ € R?: 2771 < |¢|< 27}. Note that we have the inequality

e [ JEFIAE ds = 111 (1112

We point out that || f[|—a/p.e0S || f|lemey for p € [1,2] as is shown in Lemma 5. This

and other embeddings are established in Section 1.2.1.



Next, consider the operator |V|" defined for r € R by

—

VI f(€) = €] f(£).

The Sobolev norms on the homogeneous Sovolev spaces Wr’p(Rd) and inhomogeneous

Sobolev spaces W™P(R?) for r € R and 1 < p < oo are given by:
1 lirro= V] fll Lo ey (1.1.13)
and
1 Fllwro= 1L+ V)2 fll oo ay- (1.1.14)

In the special case p = 2, we write W"2(R?) = H"(R%) and W"?(R?) = H"(R%). We

define the convolution of two functions as usual as

(fx9g)(x) = » f(y)g(z —y)dy.

We adopt the following convention for an iterated convolutions of the same function

S f fan f

where the left-hand side of the above is a convolution of the function f n times. This



notation will be useful in some of the estimates.
Finally, we use the notation f; < f if there exists a uniform constant C' > 0, that
does not depend upon time, such that f; < C'fy. Also fi ~ f, means that f; < fo

and fg 5 fl-

1.1.2 Main Results

Given a well-defined fluid interface that exists globally in time, we will study its long-
time behavior. We will first use a known well-posedness theory to establish a setting
in which to study long-time behavior. In Theorem 3.1, [14] has the following global

existence result in 3D:

Theorem 1. Suppose that fo € H(R?), for some | > 3, and || foll1< ko where kg > 0

satisfies for some 0 < 6 < 1 that

(2n + 1)!
1+6 2n
Ty (2n+1) )2 <. (1.1.15)
n>1
Then there exists a unique solution f of (1.1.4) with initial data fy. Furthermore
f e C([0,T]; H(R?)) for any T > 0. Any 0 < ko < 1 satisfies (1.1.15) for some

6 > 0.

In the proof of Theorem 1, the authors [14] show that || f||; is uniformly bounded



in time. They first bound .7 (N(f)) = ]7(7) as follows:

2
LnF v ae < x( T - 1)isle
Then using the inequality
d .
Sl <= [ aclePife] + [ d iF e, (11.16)

it is shown that

Sl < (w(% =1) = 1)Ul

Further since

1+ 2k2
w(< 2k, —1)—1<0,

IR

it is seen for some Cy = Cy(]| fol[1) > O that

C17I(0) < ~Col - (117)

In particular it holds for all ¢ > 0 that || f]|1(¢) < || foll1< ko-

Related existence results can be shown in 2D [14]:



Theorem 2. [13,14] If fo € HY(R) for some | > 2 and || fo|l1< co where ¢y satisfies

2> (2n+1)"en <1 (1.1.18)

n>1

for some 0 < § < %, then there exists a unique global in time solution f of the Muskat
problem (1.1.7) in 2D with initial data fy such that f € C([0,T]; H(R)) for any

T > 0. Further (1.1.18) holds if for example 0 < c¢q < 1/3.

Analogously, in the course of the proof of the 2D existence Theorem 2, it is shown

that

L) < -8l 70, (1.1.19)

for a constant 8 > 0 depending on the ¢y and || fo|| gr2(ray. These differential inequalities
(1.1.17) and (1.1.19) will be very useful for proving the time decay rates.

In this paper, we prove time-decay rates for solutions to the Muskat problem. For
simplicity we will state our main theorem so that it holds in either dimension d €
{1,2}. We consider a solution to the Muskat problem satisfying all of the assumptions

of Theorem 1 (when d = 2) or Theorem 2 (when d = 1).

Theorem 3. Suppose f is the solution to the Muskat problem either described by
Theorem 1 in 3D (1.1.4) , or described by Theorem 2 in 2D (1.1.7). In this case the

initial data satisfies fo € H'(RY) for some | > 1+ d.



Then, for —d < s <l — 1, we have the uniform in time estimate

1f1s(t) < 1. (1.1.20)

In addition for 0 < s <l —1 we have the uniform time decay estimate

1flls(t) S (1 +8)7", (1.1.21)

where we allow v to satisfy —d < v < s.

For (1.1.21), when v > —d then we require additionally that || fo||,< oo, and when
v = —d then we alternatively require || fo|| —d.00< 00. The implicit constants in (1.1.20)
and (1.1.21) depend on || fo||s< oo and ko. In (1.1.21) the implicit constant further

depends on either || foll, (when v > —d) or || fol|l—d,00 (when v = —d).

It can be directly seen from the proof that for (1.1.21), when v > —d then one
only needs to assume || fy|s.00< 0o instead of the stronger condition || fo||s< co. Also
note that it is shown in Proposition 14 that || f||_40(f) < 1 and we more generally
have || f]|s.c0(t) S 1 for v > —d from (1.1.12).

The Muskat problem (1.1.4) or (1.1.7) can be linearized around the flat solution,

which can be taken as f(x,t) = 0, to find the following linearized nonlocal partial

10



differential equation

2 1

fla,t) = =" . PNF(x, 1),

(1.1.22)
f(@,0) = fo(a), a€R.

Here the operator A is defined in Fourier variables by Af (&) = |¢|f(€). This lineariza-
tion shows the parabolic character of the Muskat problem in the stable case which is
p* > pt ([20]).

Notice that the decay rates which we obtain in Theorem 3 are consistent with the
optimal large time decay rates for (1.1.22). In particular it can be shown by standard
methods that if go(x) is a tempered distribution vanishing at infinity and satisfying

|90l »,00< 00, then one further has

|etA for any s > v.

1gollu.com [t | 90Hs||L$°(<o,oo)> ’

This equivalence then grants the optimal time decay rate of t~*%* for HemgoHs that
is the same as the non-linear time decay in (1.1.21).

Previously in 2009 in [21] has shown that the Muskat problem satisfies a maximum
principle || f||z(t) < || follre; decay rates are obtained for the periodic case (x € T¢)
as:

— — C o
£ | oo ¢y (8) < | foll poeraye™ 2P Moloc )t

where the mean zero condition is used. In the whole space case (when the interface

11



is flat at infinity) then again in [21] decay rates are obtained of the form

£l oo ety () < |l foll oo may (1 + (2 = p1) O (Il fol Lo ety ||f0||L1(]Rd))t)_d
To prove this time decay in R? they suppose that initially either fy(x) > 0 or
fo(z) < 0. Notice that by the Hausdorff-Young inequality then (1.1.21) also proves
this L>°(R?) decay rate of ¢~¢ under the condition || fo||_g,c0< 00.

Furthermore [14], it is shown that if ||V fo|| e &2)< 1/3 then the solution of (1.1.4)
with initial data f; satisfies the uniform in time bound ||V f||z=®2)(t) < 1/3. Note

that (1.1.21) implies in particular when d = 2 that

IV f =S ENAN = 1ARS (1+8)7% (1.1.23)

However decay estimate (1.1.23) requires ||fo|li< ko and || fol|-2.0< 00, which is a
stronger assumption than ||V fol|r~< 1/3.
We further obtain the following corollary directly from the Hausdorff-Young in-

equality; this is explained in the embedding result (1.2.7) below.

Corollary 4. Suppose [ is the solution to the Muskat problem either described by
Theorem 1 in 3D (1.1.4) , or described by Theorem 2 in 2D (1.1.7). In this case the

initial data satisfies fo € H'(RY) for some | > 1+ d.

12



Then, for —d < s <l — 1, we have the uniform in time estimate

1S [y (8) S 1. (1.1.24)

In addition for 0 < s <l —1 we have the uniform time decay estimate
[ e (8) S (L 48)77H, (1.1.25)

where we allow v to satisfy —d < v < s.

For (1.1.25), when v > —d then we require additionally that || fo||, < oo, and when
v = —d then we alternatively require || fo||—d.00< 00. The implicit constant in (1.1.24)
and (1.1.25) depend on || fo||s< oo and ko. In (1.1.25) the implicit constant further

depends on either || foll, (when v > —d) or || fol|l—d,00 (when v = —d).

Thus, under the assumptions of Theorem 3, defining Vf = 9219 f where o =

x1 Yo
(a1, a2) and |a|= oy + ag, we know that, up to order |a|< | — 1, the derivatives
|V fllL=~ decay in time with the optimal linear decay rate. For comparison to the
decay estimates of Corollary 4 in the 2D problem, [16] prove the decay estimate

||f0||‘)[72,<>o
oo < —
Hf“W% (t) < 1 ||f0||v‘v2,<><>t

100B

under the assumptions that fo € L*(R), || folljj1~< B < & for a universal large

constant C, and f, € W2oe,

13



Strategy of proof

We first explain the 3D Muskat problem. Our strategy of this proof is two-fold. We
will first prove uniform bounds on ||f||s for —d < s < 2 and || f|s.cc for —d < s < 2
including s = —d. Then afterwards we use these uniform bounds to prove the large
time decay for 0 < s <[ — 1.

To this end we prove an embedding lemma, which allows us to bound || f||s for

—1<s<?2as

1Al 11 M-

Since our interface solution f(x,t) is uniformly bounded under the H' Sobolev norm
for some [ > 3, we obtain uniform bounds on ||f||s(¢) for —1 < s < 2. Now, we
can use (1.1.17) and the general decay Lemma 8 to obtain an initial decay result for
0<s<1:

1Al (L)~

where —1 < v < s and the implicit constant depends on || fo||,. We then will make use
of this decay inequality for s = 1 to prove uniform bounds for the range —2 < s < 1
as follows.

First, we need an appropriate bound on the time derivative of || f||s(¢). To this

end, we have the differential inequality

ZIrl@+c [ deieifors [ el el

14



After several computations we can bound the right hand side of the inequality as

/RQ dg |EPPLF (NN OIS 1]

where the implicit constant depends on s, ky and ||fo||gzz. We then use the time
decay of || f]]1(t) from the previous step as | f|[1(t) < (1 + )71 for -1 < v < s,
to obtain after integrating in time that || f||s(¢) is indeed uniformly bounded in time.
We further a uniform bound for the case s = —1 by an interpolation argument.
Lastly in the endpoint case s = —2 we prove bounds for the norm || f||_2. To
accomplish this goal we prove uniform bounds on the integral over each annulus Cj.
Once we have these uniform bounds, we use the general decay Lemma 8 to obtain

the decay result for 0 < s < 1:

Hf”s(t) § (1 _i_t)*eru

where —2 < v < s and || fo||,< oo for v > —2 and || fo||-2,00< 00 for v = —2.
Finally, to obtain time decay results for 1 < s <[ — 1, we utilize the decay of the

norm || f||1(¢). We control the time derivative of || f||s(%):

d : A
G Llerfae < [ aeierifon [ alerEeiel
Next, for suitably large times we carefully control fw de [€]°|.Z (N (f))(€) relative to

15



the negative quantity — [p, d¢ 1[5 £(€)]= —]|f|ls11 by using the previously estab-

lished time decay rates. This enables us to establish an inequality of the form:

SN < 8170 (1.1.26)

given t > T for some T' > 0. We indeed get the existence of such a time 7" > 0 by

proving that

A€ NN < 7 S an(n+ DU

n>1

Then due to the large time decay of ||f||1(¢), there exists a time 7" > 0 such that
(1.1.26) does indeed hold. By our uniform bound on || f||_2,. and using the decay

Lemma 8, we obtain the large time decay results for 1 < s <[ — 1.

1.2 Proof of Theorem

1.2.1 Embedding Theorems

In this section, we prove embeddings for the norms ||-||s and ||-||s.0o. We will later
use these embeddings to gain uniform control of || f||s over a certain range of s given
by the embedding lemmas. We bound ||-||s from above by Sobolev norms because
the well-posedness result of [14] is proven in a L2-Sobolev space. We prove a more

general embedding:

16



Lemma 5. For s > —% andr > s+ d/q and p,q € [1,2] we have the inequality

RS TP Tl (1.2.1)

where 0 = % € (0,1).

For s = —% and p € [1,2] we further have the inequality

[ £lls,005 HfHLP(Rd)- (1.2.2)

In particular for s = —d we take p = 1.

Remark 6. In particular for s > —% then (1.2.1) implies that

IS gy (r > s+d/2). (1.2.3)

For exponents 1 <p <2, r>s+ 1% and s > —;‘—f, we also conclude

LIS 1o

This follows directly from (1.2.1).
Also notice that generally for s € (—d,—d/2] in (1.2.1) we require p € [1,—d/s);

wn particular this does not include p = 2.

Remark 7. We very briefly introduce the Littlewood-Paley operators, A; for j € Z

17



1s defined on the Fourier side by

>
<
Qg
I
S
<.
>
I
5
[\]
d.
o
>

(&),

where ¢ : RY — [0,1] is a standard non-zero test function which is supported inside
the annulus Cy = {3/4 < |€|< 8/3} which contains the annulus Cy (defined just below

(L.1.11)). The test function p is then normalized as Y., p(277€) = 1 ¥ # 0.

Proof. We use the Littlewood-Paley operators to obtain the estimate

Lleresolin s~ [ eieliela

We then apply the Bernstein inequality followed by the Hausdorff-Young inequality

t0 [pa ©;(€)]£(€)] de to obtain for any 1 < p < 2 and §+ z% = 1 that
/d|€|590j(€)|f(5)| d§ S 220 [|8; fll v may S 2727 | 85 f | o ety (1.2.4)
R
Next we sum (1.2.4) separately over 2/ < R and 2/ > R for some R > 0 to be chosen

/|5|<R|€|8|f(§)| de3 Z 2j52j;||Ajf”Lp(Rd)§ R8+d/p||f||Lp(Rd)- (1.2.5)

2i<R

The last inequality holds for s +d/p > 0.

18



Now we sum (1.2.4) over 2/ > R and choose a possibly different p = ¢ to obtain

/£ WEGIER DL TV P

2i>R
1/2 1/2
< <Z 22J‘<—T+8+3>> (Z 22jTI|Ajf||2Lq(Rd)>
2i>R 2i>R
1/2
< Rt (Z 22" IAjf|2>
2i>R La(RY)

SR fl| ey (1.2.6)

Here we used the Bernstein inequalities and the Minkowski inequality for norms since
1 < ¢ < 2. We further used the Littlewood-Paley characterization of W"4(R%). This
inequality holds as soon as r > s+ d/q.

Now to establish (1.2.1), in (1.2.5) and (1.2.6) we further choose

Rr.},.d(%_%) HfHqu(Rd)

ey

and then add the two inequalities together.

Lastly we show (1.2.2) by choosing s = —% and p € [1,2] in (1.2.4). O

We can also obtain lower bounds for the norms || f||s and || f||s,co- In particular

1 s ooy S 11l (1.2.7)
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which holds for any s > —d. This inequality follows directly from the Hausdorff-

Young inequality as || [l < [|1€]°F ()l 2= [1/]ls-

We also have a lower bound given by the Besov norm:

def

1.f1

s 28 s |

12°(2)

For this norm, we have the following estimate by the Hausdorff-Young inequality:

I.f] 2751 0(277€) f (€| 11

S

.5
Boo,oo

S e (123)

And this holds for any s > —d (including s = —d).

We point out here that one can interpolate between the ||-||s norms as

_ Mo — S
IS AN sl fll s 11 <8 < pa, 6= (1.2.9)
M2 — H

This inequality (1.2.9) can be seen in [45, Lemma 4.2]. We will however give a short

proof of (1.2.9) for completeness. First notice that (1.2.9) and (1.1.12) imply

0 1-0 _ M2~
IS I AT S s < pey 0= o —

These inequalities show that if we have uniform control on for example ||f||; and

| f]l=2,00, then we also have uniform bounds on || f|s for —2 < s < 1.

20



Now we prove (1.2.9). For R > 0 to be chosen later, using (1.2.4) we expand out
115 Y [ JeFe@IF O] de s 218 s o+ Y-

JEL JEZL 21>R  2/<R

For the first term

> Sl oo > 207 S|l e RTH?

21>R 21>R

For the second term

> Sl oo D 27 S 1 llunoc RETH.

21<R 21<R

Then choose R = (|| fllupio/ Il flar00) ™/ #27#%) to establish (1.2.9).
Having established the relevant norm inequalities, we now move onto the proof of

our main result.

1.2.2 Decay Lemma

In this section we now prove the general decay lemma. We will for now continue to
work in RY for an integer dimension d > 1. In the next sub-sections we will use the
following decay lemma to prove uniform bounds and decay in the ||-||s norm. The
following lemma proves a general time decay rate for solutions to the given differential

inequality.
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Lemma 8. Suppose g = g(t, x) is a smooth function with g(0,z) = go(x) and assume
that for some p € R, ||goll,< 00 and ||g(t)|lvco< Co for some v > —d satisfying

v < u. Let the following differential inequality hold for some C' > 0:

d
E”guué _CHgHuH-

Then we have the uniform in time estimate
gl () < (1 +8)7.

Remark 9. Note that by (1.1.12) we have ||f||lv.00(t) < ||f]l.(t). Therefore we can

use Lemma 8 if we can bound || f||,(t) for v > —d uniformly in time.

Proof. For some d,x > 0 to be chosen, we initially observe that

lolle = [ leFlalas

> "lg(&)|d
> [l

> (14 6t)" / £ )3(6) e

[€]>(1+6t)s

— (100 (lgheos - [

1< (146t)°

€ 19(6)1d)
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Using this inequality with x = 4+ 1 and 8 = 1, we obtain that

d .
191t C A+ gl < =Cliglluri+C(1+3t) gl < C(1+5t)s/ 1§19 (&)]dE.
¢1<(1+6t)°

Then, using the sets C; as in (1.1.11) and defining xs to be the characteristic function

on a set S, the upper bound in the last inequality can be bounded as follows

/ €]#1g(8)]dE = Z/ X{lel<1+oty+3 [§1"]g] d§
l€]<(1+5t) Cj

jEz

~ ¥ revial de

27 <(14-6t)*

Slgllvoe Y 207

21 <(146t)°

rs ||g||1/,oo(1 + 575)8(“_11) Z 2j(“_y)(1 + 5t)—5(N—V)
27 (14:6t) =<1

S lglloo (1 + ot) )

where the implicit constant in the inequalities do not depend on t. In particular we

have used that the following uniform in time estimate holds

> 2t <
21 (14-6t)—s<1

Combining the above inequalities, we obtain that

d
EIIgII,ﬁ—C’(l + 01|91 u S Co(1 + 6t)* (1 + ot )5, (1.2.10)
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In the following estimate will use (1.2.10) with s = —1, we suppose a > u — v > 0,

and we choose § > 0 such that ad = C. We then obtain that

d a ad a—
((1+36)°llglln) = (1 +5t)" = llgll,+adllgllu (1 + 66)*
d _
= (1+ 30" 2l gll+Clgllu (1 + )
d _
< (1+ 80 (gl -1+ gl

< Co(1 4+ oty 1)

Since a > 1 — v, we integrate in time to obtain that
a CO a—(p—v)
(1+ 66 gl S2(1+6t) 00,

We conclude our proof by dividing both sides of the inequality by (1 + dt)“. ]

Lemma 8 shows that to prove the time decay rates claimed in Theorem 3 then it
is sufficient to establish suitable differential inequalities and also to prove uniform in
time bounds on the norms ||-||s. Starting now we will switch our focus to only talking
about the 3D case (with d = 2) in (1.1.4). Looking at establishing the differential
inequality first, from [13,14] we have the differential inequality (1.1.17) for ||-||;.

Furthermore, from [14], we also know that for 0 < § < 1 and ko satisfying (1.1.15)
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that

t
1 hsat) + g / 05 (1 ll245(5) < [lfoll s

where p > 0 depends on || fol];. It is also shown in [14] that

Nl ey (8) < | foll mrmeyexp(C P (ko) follivs /1), 1> 3, (1.2.11)

where C' > 0 is a constant and P(kg) is a polynomial in k. Furthermore following

the exact proof of (1.1.17) in [13,14] one can directly observe that
d
I ls@) < =Cllflls+1, 0<s<1. (1.2.12)

We will use this differential inequality in the following to prove the time decay rates
in Theorem 3. Later in the proof of Proposition 16 we will establish (1.2.12) for
1 <s<I[1—1. First, we use (1.2.11), (1.2.3) and (1.2.12) to obtain uniform bounds on
| flls(t) in the range —1 < s < 2 and an initial decay result for ||f]|s(¢) in the range

0<s<1.

1.2.3 Initial Decay Estimates

In this subsection we will establish uniform in time bounds for ||f||s(¢) when —1 <

s < 2 and then we use those to prove an time decay for || f||s(¢) when s € [0, 1].
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Lemma 5, in particular (1.2.3), immediately grants the following corollary.

Corollary 10. Suppose f is the solution to the Muskat problem (1.1.4) in 3D de-

scribed by Theorem 1. Then, for —1 < s < 2, we have the uniform in time estimate

Iflls(8) < 1.

Here the implicit constant depends upon || fo|gs-

Proof. By (1.2.11), we know that || f||gs(¢) is uniformly bounded in time since from

(1.2.1) we have || folli+6S || foll gs. Further directly from (1.2.1) we have that

LAlls() S A lms () S 1

holds uniformly in time for —1 < s < 2. O

We now apply the decay Lemma 8 to the special case p = s € [0, 1], then using

also Corollary 10 we obtain

Proposition 11. Suppose f is the solution to the Muskat problem (1.1.4) in 3D

described by Theorem 1. Then for s € [0,1] we have the uniform in time estimate

IS (L +8)7, (1.2.13)

for any —1 < v < s; above the implicit constant depends on || fol|, -
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Having established some decay of the interface, we will now be able to use the

decay for the specific case s = 1 to prove uniform bounds for —2 < s < —1.

1.2.4 Uniform Bounds for —2 < s < -1

For the 3D Muskat problem (1.1.4), we will use the time decay estimate (1.2.13) to
prove uniform in time bounds for ||f||s; for —2 < s < —1. First, we establish the

following estimate

Proposition 12. Suppose f is the solution to the Muskat problem (1.1.4) in 3D

described by Theorem 1 with || fo|ls< oo for some —2 < s < —1. Then

d
1@ S S (1.2.14)

where the implicit constant depends on s, ko and || fol|zs-

Proof. Following the computation of the time derivative of || f||1(¢) in the proof of

Theorem 3.1 in [13], we can prove that

Glrlwc [ deierifors [ alerwmme. a2
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We can bound |.Z(N(f))(£)| as in [14] to get the bound:

JRISEEOG]

<o [ [ o [ lere-alie -6

n>1
2n—1

< [1& = &ll£& = G0 l|nl|f (&an)|d€dEs . dEs, (1.2.16)
j=1

where

(2n +1)!

an-_.YEEET;r.

Given a function g, define the corresponding function g by g(x) = g(—x). Then, since

|z — y|= |y — x| for any z,y € R?, we obtain:

[ a ez

ol [ [ [ e -elie -0

2n—1

x [ 16+ - fj||f(€j+1 — &) 6anl | f (Son)|dEdE, . . dEan. (1.2.17)

Jj=1

Hence, writing the right hand side in terms of convolutions, we obtain that

/R A IEFIFINENOIS Y an / Lall FEnl (117 (+2 FIFO) ) (€an)dan

n>1
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Applying Holder’s inequality:

[ JellFanl (=2 HIFOD) (Gl

< IFFOM I FOD e~ (1.2.18)

The first term on the right hand side of (1.2.18) is exactly ||f|| which is bounded.

The second term can be controlled first by Young’s inequality with }D + % =1

12 DLz < MFE 2 ALFOD ol e (1.2.19)

where we choose ¢ € (2,00) such that % = %’1 Thus, p € (1,2), so we use interpo-

lation to obtain for g + 17_9 = é that

HAF O o= HAFOU < HAFONG IO < I (1.2.20)

We control the other term by the Hardy-Littlewood-Sobolev inequality since ¢ €

(2,00):

2 OD S 2 Ol 2o (1.2.21)

since —2 < s < —1 and our choice of g enables the equality 1+$ = —3+ % Finally we

use Young’s inequality with 1 +% =1 —i—% repeatedly to control the 2n—1 convolutions
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and get the bound

2 Oz MOl ONE2S Wl 12, (1.2:22)

where we have used the inequality:

HENANz2< 1CE+ €2 F 2= £ e

Combining the above estimates from (1.2.18), (1.2.19), (4.2.7), (1.2.21) and (1.2.22),

we obtain the following bound

[ el € (HsEHIFOD ) Eanldean B

Summing over all n, we get from (1.2.16) that

/RQ de [P FNUNEOIS I IAITY S anll £

n>1

SUAGNIEY S anall FIE (1.2.23)

n>0

By Theorem 3.1 in [14], || f][1< || foll1< ko. Further, given this bound on || f||;, the

above series converges. Then by (1.2.11) we also know that || f|| g3 r2)(t) < 1 uniformly
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in time. Hence the following uniform bounds hold independently of n

/R2 dg [E1°|F (NS Zan+1||f||§"+1

n>0

SR ansallFIR"

n>0

S aniakd” S

n>0

[ f1]2-

Here the uniform constant depends on s and k.

Combining Proposition 12 and (1.2.13) we obtain for example

d —1—¢
SIAI0 S (147,

for a small € > 0. Then we integrate this to obtain

111 (E) S [ follsH1 + (1 +12)7°

We conclude that || f]|s< 1 uniformly in time for —2 < s < —1.
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In order to obtain the uniform bound for s = —1 we observe that

1= [ 1@ de (1220

=/ MﬂﬂM%+/ )] de
[€]<1

l€1>1

< =247 £ ¢ + A p
4Ja ()] de AJ&%NS

< [l RS 1,

where 0 < v < 1. Hence, we have uniform in time bounds for || f||s for any —2 < s <

—1. We can now use Lemma 8 to conclude the time decay
1fll(8) S (X487, (1.2.25)

which holds for any p € [0,1] and any v € (—2, ) where the implicit constant in

particular depends on || f||, and ko. We summarize this in the following proposition.

Proposition 13. Suppose f is the solution to the Muskat problem in 3D described

in Theorem 1. Then we have uniformly for —2 < s < —1 the following estimate

1f1ls(2) S 1,

where the implicit constant depends on ko and || fo||s< co. And the decay estimate

(1.2.25) holds.
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This establishes uniform bounds for a larger range of s. We will now prove bounds

on the endpoint case.

1.2.5 Endpoint Case

To prove the uniform bounds for the endpoint case s = —2, we use the Besov-type

norm from (1.1.11) which we recall as

I l-a= | [ 17217 @1ae]

where we further recall the annulus C; = {2771 < [¢]< 27}

Proposition 14. Let f be the unique solution to the Muskat problem in 3D from

Theorem 1. Then the following estimate holds uniformly in time

1fll-200(t) S 1, (1.2.26)

where the implicit constant depends on || fol|-2.00< 00 and k.

Proof. To control this endpoint norm, we uniformly bound the integral over C; for
each j € Z. Analogous to the proof of (1.2.15) from [13, Theorem 3.1}, we can use

the same exact argument to show that

%/Cj|£|2lf(£>\df+0/0j de €171 F ()< /Cj de €172 F(N()(E)]  (1.2.27)
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Note that on the annulus C; the term [¢|~ is bounded above and below. Next, we
control the term on the right hand side using analogous estimates on the integrand
as we did for (1.2.15), the difference is that now we control |£|72 by the inner radius

of the annulus:

/ g [E]F(N())(E)

Cj

gz—%%z%/c g R2d§1---/RQd€2n €= &llf(€ - &)l
n>1 J
2n—1

x JT16 = &+allF (& = §+0)l1E2nl1 £ (E2n)l.

Jj=1

Writing this integral in terms of convolutions, we obtain:

[ deierE@inels e [ HIFON) © b

C;j n>1

Next, we obtain:

/C‘ dé €[ F (NN 4m Y anl ¥ | F Ol o=,

J n>1

since the size of the annulus C; can be bounded above by 2%. Next by using Young’s
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inequality, first with 1 + é = % + % and then with 1+ % =1+ %, we obtain:

/.dé“ €121 Z (NN < 4m Y anlll-IFOMZNIF G

Cj n>1

<4n| £l anll FIF*

n>1

< 4n | fll ) anall FIF

n>0

Since || f]|1< ko, we obtain that:

[ 1 E NI 4w 510 S sk

Cj n>0
By the uniform bound on || f||gs and since the series > _,a,11k3" converges, we

conclude that we have the following uniform in j estimate

/ A TN DOIS I 1

Cj

Finally, since for example || f||;< (1 +¢)~2 by (1.2.13), we see that

| deerifers o+t

for a uniform constant which is independent of j. We then integrate (1.2.27) in time

to conclude that we have the uniform in time bound (1.2.26). O

The uniform bound on this endpoint case allows us to prove stronger decay of
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| flls(t) for 0 < s <1 by using Lemma 8. We will also now prove decay for the case

1 < s <l —1 using the decay of the norm || f]|(¢).

1.2.6 General Decay Estimates

Finally, we obtain the main time decay estimates for the Muskat equation in 3D.

Using (1.1.17) and (1.2.26), we can apply Lemma 8 to obtain

Corollary 15. For the solution f to the Muskat problem in 3D described in Theorem

1, we have the following uniform in time decay estimate:

1f1ls() S (L+1)7", (1.2.28)

where we allow s to satisfy 0 < s <1 and we allow v to satisfy —2 < v < s.
When v > —2 then we require additionally that || fo||, < 0o, and when v = —2 then
we alternatively require || fol|—2,00< 00. The implicit constant in (1.2.28) depends on

either || foll, (when v > —=2) or || foll-2.0c (when v =—=2), || folls and ko.

This corollary is Theorem 3 in 3D for 0 < s < 1. To establish Theorem 3 in 3D

in the case s > 1, we further make the following observation:

Proposition 16. Suppose s satisfies 1 < s <1 —1 and fy € H(R?) for some | > 3.

If || folli< ko and || folls< oo, then for the solution f described in Theorem 1, we have
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the decay estimates
1f1ls(t) S (L+1)~" (1.2.29)

where we allow v to satisfy —2 < v < s.
When v > —2 then we require additionally that || fo||,< 0o, and when v = —2 then
we alternatively require || fol|—2,00< 00. The implicit constant in (1.2.29) depends on

either || foll, (when v > —=2) or | fol|—2,00 (when v =—=2), | folls and ko.

Proof. First, as in (1.2.15), we have the following inequality

f{ S| £ _ s+1|f s| g7
o [leritae< - [ acigrifer [ diensviner  azan

Next, following the arguments of [14] and [13], we directly obtain that

[ a ez
<edan [ ds [ dee [ delile -l - el

2n—1

< TT1& = &l f (& = Gen)lléenll f(&n)]- (1.2.31)

i=1

We use the inequality for s > 1

P < (2n +1)"H(|E = &P HG = &I+ A [Can1 — Eanl ). (1.2.32)
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Applying (1.2.32) and Young’s inequality to (1.2.31), it can be shown that

/R e EPIF(NDEIS 7Y anl2n+ 17| 7R / A (12:33)

n>1 R

Hence, by (1.2.30) have that

LI < 50 llaea(t) (1.2.34)

where

0(t) =1—mY an@n+ 1) flL(t)™

n>1
By Theorem 3, we know that if || fo||1< ko, then (1.2.28) holds.

Thus, there exists some 7' > 0 such that | f||1(7") is small enough such that
d(T) > 6 > 0 for some constant & > 0. Since || f||1(t) < ||f|1(T) for t > T, we know

that 6(¢) > 6(T) > 6 > 0. Thus,

L11) < 01 flle(t) (1.2.35)

forall t > T'. Now, consider the interface function fr defined by fr = f(t+7") defined
for t > T. Then, fr satisfies the interface equation (1.1.4) with initial condition
fr(0) = f(T). For the case v > —2, since || fy||,< oo, we know by Corollary 10 and

Proposition 13 that || f7(0)||,= ||f]|.(T) < oo and ||fr||,< 1 uniformly in time. For
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the case v = 2, since || fy||-2.00< 00, we know by Proposition 14 that || f7(0)|-2,0=

| fll=2,00(T) < 00 and || f7||—2,00S 1 uniformly in time. Further, by (1.2.35),

L1 el®) < il (1)
Hence, we can apply Lemma 8 to fr to obtain the decay:
[ frlls(t) < (1487 (1.2.36)
Since f(t) = fr(t —T), we have the following decay estimate for t > T,
[Fls(®) <A1+t =T) " < (14 T) (1 +¢)°H.

Further, for 0 <t < T:

11 (8) < 1F Nl (8) < C

where C; = || foll grexp(C P (ko) || foll1+s/ 1) is the constant given by (1.2.11). Collecting

these last few estimates establishes the result. O

We have now established the decay results for the 3D Muskat problem. Similar

results can be summarized for the 2D problem as well.

39



1.3 A Note on the 2D Problem

In this last section, we will sketch the proof of the large time decay results for the 2D
Muskat problem (1.1.7) given in Theorem 3 when d = 1. The proof is analogous to
the 3D case that was just shown.

To prove the decay, we will first establish the uniform bounds of the relevant

norms. Firstly from (1.2.3) we obtain the uniform in time bound

11 (E) S ([ (t) S 1, (1.3.1)

where in the above inequality we can allow —1 < s < 2. From the argument in [14]

analogous to (1.2.11), it can be shown that for any 0 < § < 5 we have

1|22z (8) < N[ foll mryexp(CP(co)ll follivs), 12 2. (1.3.2)

Then the uniform bound of || f|| g2(r)(t) < 1 follows from (1.3.2) using the embedding
(1.2.3) as in (1.3.1) on the norm || fo||1+s-

Following the proof of (1.1.19) that is given in [13] it can be directly shown that

d
I ls@®) < =Cllflls+1, 0<s<1. (1.3.3)
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Now using Lemma 8, (1.3.3) for 4 = s € [0,1] and (1.3.1) we obtain
1fllsS (L 4+8)", (1.3.4)

for any —3 < v < s; here the implicit constant depends on || fol|,..

The next step is to obtain uniform in time bounds for || f||s(t) when —1 < s < —1.

Proposition 17. Suppose f is the solution to the Muskat problem (1.1.7) in 2D

described by Theorem 2 with || fo||s< oo for some —1 < s < —1. Then

d
@) S 1S (1.3.5)

where the implicit constant depends on s, co and || fo|| m2(r) -

Proof. The proof follows similarly to the proof of (1.2.14). The range of s allowed
is different due to range of acceptable exponents allowed by the Hardy-Littlewood-
Sobolev inequality in one dimension.

Similarly to the proof in the 3D case, we have

G+ [aeigenifrs [ deerEwinen

From the proof of Theorem 3.1 in [13], we obtain the inequality:

/R EEEANGIGES)S / anl £ €an) (1175 ( 27 SO ) ) (€an)dan

n>1
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From here, we can apply the Hardy-Littlewood-Sobolev inequality and Young’s in-

equality to obtain, as in the 3D case, that

/Rdi EP[F (NN < 2GlIELFENT AT I

n>1

= 2CIF I 1A DI

n>0

where we used the fact that ||[€]f(€)]|2< | fll 2wy by Plancharel’s identity. By the

uniform bounds on || f||z2@) and || f||1, we obtain the result. O

Then using (1.3.5) combined with (1.3.4), analogous to Proposition 13 we obtain
1f1s(t) < 1, (1.3.6)

which now holds uniformly in time for —1 < s < % The uniform bound when s = —%

is obtained using the argument from (1.2.24). Further analogous to (1.2.25) using

(1.3.3) and Lemma 8 we conclude the time decay
A1) < (X487, (1.3.7)

which now holds for any s € [0,1] and any v € (—1, s) where the implicit constant in

particular depends on || f||, and co.
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Lastly, for the critical case, analogous to Proposition 14 using (1.3.7) we can show

11100 (t) S 1,

where the implicit constant depends on || fo||-1,00< 00 and ¢y. This bound enables us
to analogously prove the end point decay rate of (1.3.7) with v = —1. Also the 2D
version of Proposition 16 follows similarly. Collecting all of these estimates establishes

Theorem 3 in the 2D case. Q.E.D.
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Chapter 2

Relavistic Vlasov-Maxwell System:

An Introduction

Systems of partial differential equations from kinetic theory have been widely studied
and are used to model behaviors of gases and plasmas. Some examples of these sys-
tems include the Boltzmann equation, the Vlasov-Poisson system, the Vlasov-Maxwell
system, Vlasov-Fokker-Planck equation, etc. The relativistic Vlasov-Maxwell system
is a system of coupled nonlinear PDE describing the evolution of the particle density
and internal electromagnetic fields of a collisionless plasma. It remains a longstand-
ing major open problem to prove global existence of unique classical solutions to the
relativistic Vlasov-Maxwell (rVM) system. The existence of a unique local solution
on some sufficiently small time interval [0,77] is known. However, by imposing ad-

ditional assumptions, i.e. continuation criteria, one can extend the local solution
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uniquely and continuously to a larger time interval of existence, [0,T + €]. The goal
is to weaken the continuation criteria to the known conserved quantities of the rVM
system. In the first half of this thesis, we prove new global wellposedness criteria. We
first present the precise statement of the rVM system.

Consider a distribution of charged particles described by a non-negative density
function f : Ry x R} x R? — Ry of time ¢, space 2 and momentum p. The Vlasov-
Maxwell system describes the evolution of the density function f(t,x,p) under the
influence of time-dependent vector fields E, B : R; x R3 — R3. Physically, this system

models the behavior of a collisionless plasma:

hf+p-Vof +(E+px B)-V,f =0, (2.0.1)
HE=V,xB—j &B=-V,xE, (2.0.2)
V. E=p, V,-B=0. (2.0.3)

Here the charge is

p(t,z) = 4 [t p)dp,
R

and the current is given by

o) an [ ot i=103

RS
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with initial data (f, E, B)|i=o= (fo, Eo, Bo) satisfying the time-independent equations

(3). In the above equations, p = p% where pg = (1 + \p\Q)%.

2.1 Notation

In this section, we describe the notation that will be utilized in the analysis of the
rVM system. For a scalar function, f = f(¢,z,p), and real numbers 1 < s,7,q < 00

we define the following norm:

/]

T r E %
L0 IRLL LY = (/ (/ ( If\qdp)qd:c)rdt) :
0 R3 R3

Next, we define K = E + p x B and note that |K|< |E|+|B]| since |p|= 1. Using

the notation from [36], we define:

e t7 )
o_1(t,x) ot sup AGES)

wi=1 Jrs Po(1 +D-w)
Also, for use in the case where fy has compact support in the momentum variable,

we define
P(t) = 2+ sup{p € R 3z € R® s € [0, ] such that f(s,z,p) #0}.  (2.1.1)

The notation a < b means that there exists some positive inessential constant, C,

such that a < Cb and a ~ b means that %b <a<C(Ch.
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Next, define the integral over the space-time cone C} , as follows:

. fdo = /Ot /02” /Ow(t —8)%sin(0) f(s, 7 + (t — s)w)dOdods (2.1.2)

in which w = (sin(#) cos(¢), sin(0) sin(¢), cos(p)).
Finally, for a plane  C R® containing the origin we define the projection Pg to

be the orthogonal projection onto the plane .

2.2 Conservation Laws

By the method of characteristics, we obtain that the particle density is conserved

over the characteristics described by the system of ordinary differential equations:

dX -
E(s;t,x,p) =V(s;t,z,p), (2.2.1)

av A
—5 86,2, p) = B(s, X(s;¢,2,p)) + V(sit,z,p) x B(s, X(s;¢,2,p)),  (22.2)

together with the conditions

X(t;t,x,p) =z, V(t;t,x,p)=Dp, (2.2.3)

o det :
where V = ﬁ Further, we also have the conservation laws:
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Proposition 18. Suppose (f, E, B) is a solution to the relativistic Viasov-Mazwell

system. Then we have the following conservation laws:

1
—/ (|E)*+|B|?)dz + 47r/ pof(t, z, p)dxdp = constant (2.2.4)
2 Jityxrs (£} xR3 xR3
and
1z, (1) < folles, (225

~Y

Note that by interpolation, the conservation laws above imply that |||z (t) S

Hf0||Lg,p for 1 < g < oo, where

1

loll, % ([ [ lotep)pdpz)”.
Rr3 JR3

Thus, given sufficiently nice initial data, we can assume L? bounds on K and L?

bounds on f for 1 < ¢ < .

2.3 Global Wellposedness

Luk-Strain [37] stated the following version of the Glassey-Strauss result in [29] in

the case where fy is compactly supported in momentum space:
Theorem 19. Consider initial data (fo, Eo, Bo) where fo € H°(RS x RY) is non-

negative and has compact support in (x,p), and Ey, By € H?(R3) such that (2.0.3)
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holds. Suppose (f, E,B) is the unique classical solution to the relativistic Viasov-
Mazwell system (2.0.1)-(2.0.3) in the time interval [0, T) and there ezists a bounded

continuous function P :[0,T) — R, such that

ft,z,p) =0 for |p|> P(t) Ve € R, t € [0,T).

Then our solution (f, E, B) extends uniquely in C' to a larger time interval [0, T + €]

for some € > 0.

Additional assumptions on the Vlasov-Maxwell system, such as the condition that
f(t,z,p) = 0 for |p|> P(t) YV € R,t € [0,T) in the above theorem, are known as
continuation criteria as they allow us to extend the interval of existence of a solution.
A key idea to the proof of the Glassey-Strauss criteria is the decomposition of the field
terms £ and B. This decomposition allowed Glassey-Strauss to bound the strength
of the force, F 4+ p x B, on the particles thereby controlling the rate of change in the

size of momentum support of the particle density function f.

2.3.1 Decomposition of the Fields £ and B

Let K = E+p x B. The Glassey-Strauss decomposition is £ = Ey+ Er + Eg, where

Ey depends only on the initial data, and Ep and Eg are:

(w+p) 1—|p|) dy
t—|ly—=x|,y,p)dp 2.3.1
1= [ L e i )
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/ / wﬂ) ) K fdp— (2.3.2)
ly—a|<t JR3 ly — x|

The Glassey-Strauss decomposition for the magnetic field B = By+ Br+ Bg is similar.
Writing Ko = Eo+pXx By, Kr = Er+p X By and Kg = Fgs+p X Bg, we can write that
|K|< |E|+|B], |Ko|< |Eo|+|Bol, |K7|< |Er|+|Br|, and [Ks|< |Es|+|Bs|, where Ko
depends only on the initial data ( fo, Ey, Bp) of the relativistic Vlasov-Maxwell system.

Bounding the other terms as in Propositions 3.1 and 3.2 in [37] we obtain:

< ly|<t |y| (1—I—p W)

and

K|S / dy [ (EHB)S Iyl +y.p)
\

yi<t 1Y Jrs po(1+p-w)

Recalling the definition of o_;, we can bound these expressions by:

\KT|</ o_1(t — |yl z +y)dy (233)

~ ly|<t |y|2

Kl [ QR Blo ble v iy 030
~ ly|<t ’y|
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Note that the right hand side of (2.3.4) is in the form of O~*(|K|o_;), where O =

3
— > 02 and u = O7'F satisfies:
i=1
Ou = F; uli—o= Oyu|s=o= 0 (2.3.5)

We will utilize this decomposition in this paper as well to bound the size of the
field terms and the momentum support. However, we will also explore the case where
the particle density function is not compactly supported, building on the results of

Luk-Strain [38] described below.

2.3.2 The Luk-Strain Criterion

Luk-Strain [38] removed the condition of compact support in momentum space and
proved continuation criteria in the space H”(ws(p)’R3 x R?), which is the weighted

Sobolev space defined by the norm:

1o wrzexey) = Y 1(Va,f) wsllaz

0<k<D

3
where the weight is defined as ws(p) = pd log(1l + po). Luk-Strain [38] proved the

following in this weighted Sobolev space:

Theorem 20. Let (fo(x,p), Eo(x), Bo(x)) be a 3D initial data set which satisfies the

constraints (2.0.3) and such that for some D > 4, fo € H”(ws(p)’R3 x R?) is non-
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negative and obeys the bounds

> I(VE o) wsll 2z < oo, (2.3.6)
0<k<D

H / sup{folz + 9, + w)pd : lyl+wl< R} dplls< Cr, (2.3.7)
II/S sup{|Va.pfol( +y,p +w)ps : |y|+|w|< R} dpl|r=< Ch, (2.3.8)

R
|| / (Ve fol?(x -y, p o+ w)ud - [yl ul< RY dpllue< O3, (2.3.9)

R
and

I suplI V2, fol(e + o+ wlpas +lul< Rdpluz< Cue (23.10)

for some different constants Cr < oo for every R > 0; and the initial electromagnetic

fields Ey, By € HP(R3) obey the bounds

> (IVEEo| 2+ VEBo| 2) < oo. (2.3.11)

0<k<D

Given this initial data set, there exists a unique local solution (f, E, B) on some

time interval [0, Tioe] such that fo € L*([0, Tioc); H*(ws(p)*R3 x R3) and the fields
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E, B € L™([0, Tio); HA(R2)).

Let (f, E, B) be the unique solution to (2.0.1)-(2.0.3) in [0,T). Assume that
T
Sup/ (1E(s, X (s;1, 2, p)|[+[B(s, X (s;t, 2, p)|)ds < o0 (2.3.12)
0

where the supremum is taken over all (t,z,p) € [0,T,) x R® x R3. Then, there exists
e > 0 such that the solution extends uniquely beyond T, to an interval [0, T, + €] such

that B, B € L>([0, T, + ¢|; HP(R3)) and f € L>=([0, T\ + €|; HP (w3(p)*dp dz)).

We will use the Glassey-Strauss and Luk-Strain continuation criteria to prove new

global well-posedness results using moment bounds.
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Chapter 3

Continuation Criteria using

Moment Bounds

As stated earlier, the goal is to weaken the continuation criteria to the known con-
served quantities of the rVM system given by (2.2.4) and (2.2.5). The general in-
terpolation inequality from [38] gives us a range of bounded quantities for the rVM

system. We state it here in the three dimensional case with the proof from [38]:

Proposition 21 (General interpolation inequality). Consider g : RS x R? — R.

Suppose that 1 < g < oo and M > S > —3. Then we have:

52
15 9llp22s S llpa" gl M%)

q
LI]VI+3 Lgl;

Above the implied constant depends only on ||g||reors -
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Proof. We divide the domain of integration in the |p| variable into |p|< R and |p|> R
for some R > 1. We can assume without loss of generality that ¢ > 0. Since

19/ L2 Lo < 00, we have

[ viote.pn < oz s B
Ip|<R

For |p|> R, we have

/ p(‘?g(x,p)dpéR‘(M‘S’/ Py g(x,p)dp.
p[>R R

3
P

We choose R = ([ p}lg(x, p)dp)M#+3 when this quantity is > 1 to obtain

/ pig(x,p)dp < </
R3 R

Notice that this inequality is further trivially satisfied when our choice of R satisfies

S+3

M+3
p%(%p)@) :

3
14

R <'1. We take the LY of both sides above to achieve the desired inequality. ]

Using this interpolation inequality we get the following conserved quantities for

the three dimensional rVM system:

Corollary 22. Suppose (f, E, B) is a solution to the relativistic Vlasov-Mazwell sys-

tem. Then we have the following conservation law:

43
lpg fllray <1 (3.0.1)
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for1 <gq < oo.

Proof. By (2.2.4), the quantity [|pof|[z1 < C is bounded, where C' is some constant

depending on the initial data. Using the general interpolation inequality, we obtain

HpngL%L}DS lpofllze, (3.0.2)

for S such that %q =1,ie §= % - 3. m

Due to this range of conserved quantities, it is appropriate to study continuation
criteria of the form HpngLgLég 1, i.e. LI norms of moments HpngLzl). In the follow-
ing chapter, we outline the prior criteria involving moments of the particle density
function f, state our new results on these criteria and explain how the momentum

support of f is controlled using moment bounds.

3.1 Previous Results

Most known continuation criteria for the 3D relativistic Vlasov-Maxwell system are
in the case where the initial data, fy, has compact support in the momentum vari-
able, p. These results build off of the Glassey-Strauss criterion of Theorem 19. In
the case of initial data without compact momentum support, the prior continuation

criteria results using moment bounds are due to J. Luk and R. Strain [38]. Under the
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additional assumption that

||pévfo||L§°([o,T*);Lch,g)§ Cn (3.1.1)

for a large positive integer N = N, depending on #, Luk-Strain [38] use Theorem
20 to prove that [[pffIlze o)Lt 1)< 1is a continuation criteria for the relativistic
Vlasov-Maxwell system without compact support in momentum space for 8 > 5. To
do so, Luk-Strain [38] utilized Strichartz estimates on both the K7 and Kg bounds
and interpolation inequalities. We note in this paper that we only need the initial
data assumption that ||pévf0||L?O([0’T*);Lachzl))§ 1 for some N > 5. For comparison to
the results in this paper, we state the full result in the noncompact support setting

found in [38], which includes a larger range of criteria:

Theorem 23. Consider initial data ( fo, Fo, Bo) satisfying the constraints (2.0.3) and
such that for some D > 4, fo € HP(w3(p)*R3 x ]Rf,) is non-negative and obeys the
bounds (2.3.6)-(2.3.10) for some different constants Cg for every R > 0; and the
initial electromagnetic fields Ey, By € HP(R2) obeys (2.3.11). Additionally, let us
assume (3.1.1) for all N > 0. Suppose (f, E, B) is the unique solution to (2.0.1)-
(2.0.3) in the time interval [0,T.] and |]p8f|\Loot([0’T*};LgL}))§ 1 for 0 and q such that
0>2/q,2<q<ocorf> % —3,1< g < 2. Then we can continuously extend our

solution (f, E, B) uniquely to an interval [0, T, + €| as in Theorem 20.
In the compact support setting, there have been several results on continuation
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criteria using moment bounds. A recent result due to Kunze [36]:

Theorem 24. Suppose we have initial data fy € C}H(R? x R®) and Ey, By € CZ(R?)
satisfying the constraints (2.0.3). Let (f,E,B) be the unique solution to (2.0.1)-

(2.0.3) in the time interval [0,T.]. If

1148
lps " fllzeqomyizrry)

for some 1 < q < oo and > 0, then we can continuously extend our solution

(f, E, B) uniquely to an interval [0, T, + €.

The continuation criteria proven by Kunze improves on the criteria for the range
1 < g < oo found in some previous results and is the benchmark for comparison to
the results we prove in this paper.

Other continuation criteria using moment bounds ||pof|| s ry are 0 =0, ¢ = o0
due to Sospedra-Alfonso-Illner [1]; § = 0, ¢ = 6 due to Pallard [41] (note that this
criteria implies the Kunze criteria in the case ¢ = 6); and 6 > 4/q, 6 < ¢ < oo due
to Pallard [40]. As noted in [38], by the general interpolation inequality, the result
in [40] also yields criteria 6 > 22/q — 3, 1 < ¢ < 6. In the next section, we state our

main results which improve on some ranges of the known moment criteria.
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3.2 New Criteria

We extend the result of Luk-Strain [38] described above and in Theorem 23 to the
case where # > 3 in Theorem 25 below. Note that we also remove the 6 dependence

of N in the moment bound, [|pg foll Lg=(jo,7):£1£1)S Cnv, of the initial data.

Theorem 25. Consider initial data (fo, Eo, Bo) satisfying (2.3.6)-(2.5.11) and the
additional condition that ||p follzgeo.ryizrey S Cn for some N >5. Let (f, E, B) be

the unique solution to (1) — (3) in [0,7T) and assume that

lp0fIlzsry (8) < A(t)

for some 6 > 3 and some bounded continuous function A : [0,T) — Ry. Then we
can extend our solution (f, E, B) uniquely to an interval [0, T + €| such that E, B €

L=([0,T + ¢€]; HP(R3)) and f € L>([0,T + ¢|; HP (w3(p)*dp dz)).

The key to our proof is to gain bounds on [[pg” f || Ls=(po.1);21 23 for a power of N > 5
since we later prove that the expression in (2.3.12) can be bounded by |p{’ f]| 1 L
where N =5+ X for any A > 0. As proven in Proposition 7.3 in Luk-Strain [38], we

have the following standard moment estimate for N > 0:

158 F oo s ey 13 oll e HIBINS o wan FIBISES 1 sy (3:21)

N+3

LI([0,T); LY T3) and

Assume N > 3. Our goal now is to bound the terms |E|
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1Bl

L(oryL+s) OB the right hand side by ||p{ f||Loo (OT)LLLY) for some o < 1. To
t ) yx

do so, we employ the Glassey-Strauss decomposition of the field term
K = (E,B) = (Ey, Bo) + (Er, Br) + (Es, Bs) (3.2.2)

where Ey and By depend only on the initial data of our system. The terms on the
right hand side of (3.2.2) have the same bounds as the K7 and Kg bounds in (2.3.3)
and (2.3.4) respectively. To bound the K1 term, we utilize estimates for the averaging
operator on the sphere and then apply the interpolation inequality used in Luk-Strain

[38]. To do so, we define the operator

¢
h(t,z)) d:ac/ 82_‘”][ h(t — s,z + sw)dp(w)ds,
0 52

where f, g(x)du(z) denotes the average value of the function g over the measure

space (X, u). We can bound K7 with this operator setting o = 2:
|K7|<S Wa(o-1).

Thus, using a known averaging operator estimate and interpolation inequalities, we

obtain the following bound on Kr:

N(147)+3+8

2
HKT‘ N+3 0,7); LN+3)N Hpo o f”LJQ ([0,1); LlLl)Hpo f||L°°(0T) L1L1)
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for 1 <r <oo,ve€(0,1), N>3and § > 0. To bound the Kg term, we apply
Strichartz estimates for the wave equation and utilize the method from Sogge [44] as

used in Kunze [36]. This method requires us to use the assumption that

lo—1llzee o) S 1.

We apply wave equation Strichartz estimates on a partition of the interval [0,7T) =
UMy, Tisa] such that the quantity ||o_|| L ([T Tysa):22) 18 sufficiently small for us to
use an iteration scheme to bound Kg over the interval [0, 7).

In Luk-Strain [38], the K7 term was bounded by using Holder’s inequality to
rewrite the bound (2.3.4) in the form of a solution to the wave equation described
by (2.3.5). Then, they used Strichartz estimates for the wave equation. Instead, we
use a more direct approach by using averaging operator estimates. This approach
also enables us to preserve the singularity in the o¢_; denominator, which is useful

in reducing the power of py in the bound of K7. By the bounds on K; and Kg, we

N+3

LN ([0 1)L ) for some v € (0, 1):

obtain a bound on || K|

N43 N(1+2~,)+3+5 ot
K] LI(0,7); LY 3y~ S14py *7 fHLOJ(OT ;LILL) ||p0 f||Loo([0T ;LLLY)

where the implicit constant in the above inequality also depends on the quantity

HU—lHL?([o,T};L%)-
N(1+7)+348

Thus, assuming that [[p, *"  fllzeqor)ziry) S 1, we can insert this estimate
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into the standard moment estimate above to gain a higher moment bound of the form
Ipd"f HLE"’([&T);L;L;,)S 1. By an iteration of this process, we eventually arrive at the
bound Hpév fllzseory:Liry S 1 for some N > 5, which proves the result of Theorem
25. Our proof of Theorem 25 relies on this new method of incrementally using lower
moment bounds to gain control over slightly higher moment bounds, as compared to
directly bounding all arbitrarily large moments by some fixed small moment.

Kunze [36] proves this result in his paper with the assumption of initial compact
support in the momentum variable. This method allows him to save an entire power
of pp and use a Gronwall-type inequality to bound the momentum support at time 7.
We do not have this extra control given by the momentum support of f and needed
a wider range of bounds on the K7 term. Actually, our method for bounding K7 can
give us strictly better bounds than those of Kunze [36]. In [36], for 2 < r < 6, Kunze

proves the bound:

1Kl g o115 < Crllo—ill e (o,1;22)- (3.2.3)

In comparison, we prove the bound in (4.1.6) and Proposition 37 which lowers the

Lebesgue exponent of the norm on o_q:

||KT||L§0LT‘1§ ||U—1||Lg°Lg

for 1 <m <3, qg>3— % and % < q < oo. For the purposes of this problem,
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obtaining lower Lebesgue exponents yields better estimates because by interpolation

||U 1||L°°(OT] LIS S ||p2q 1JerHL;W

for some v > 0. Thus, lower powers of ¢ yield lower powers of py on the right hand
side. This allows us to bound Lebesgue norms of K by lower moments (i.e. lower
powers of pg), which gives us better control on K. We also use this extra control on
|K7||zr in the range 2 < r < 6 by lower moments to help us in the case of initial

data with compact support, in which we prove the following:

Theorem 26. Consider initial data ( fo, Fo, Bo) satisfying the conditions in Theorem
19 and (f, E, B) is the unique classical solution to (2.0.1)-(2.0.3) in the interval [0, T).

Suppose we impose the additional assumption that

—1+8
% Hlrperi <1 (3.2.4)

T pN

for some 1 < r < 2 and some § > 0 arbitrarily small. Then, we can continuously

extend our solution (f, E, B) to an interval [0,T + €| in C* for some ¢ > 0.

The exponent of pg in (3.2.4) is strictly better than the exponent found in the result
stated in Theorem 24 since > — 1+ < 2 —1+4 6. For example, if » = 1, our criteria
is ||p(?+ﬁfHLt°°L;L117§ 1 which is better than the known criteria of ||pg+ﬁfHL,?°L;L11)§ 1
due to [36]. Similarly for the r = 2 case, our criteria is ||p0 f||L°°L2L1< 1 which is

better than the known criteria of |[po f{|rgor2r3 < 1 due to [36].
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Outline of Proof

The first step to proving Theorem 26 is to utilize the decomposition

|E|+|B|< |Eo|+|Bo|+|E7|+|Br|+|Es1|+|Bsai|+| Es2|+|Bs.s (3.2.5)

as in Luk-Strain [37]. The advantage to this decomposition is that it allows us to
utilize the conservation of the L? norm of | K |= (|E-w|?*+|B-w|*+|E —w x B]*+|B+
w X FE |2)% on the space-time cone and it also reduces the power of 1 + p - w in the
Kg; term by a power of % This decomposition of Kg into the two terms Kg; and
Kg allows us to gain better bounds on the Kg part of the field decomposition. We
can bound each element of this decomposition with the operator W5 or the inverse

d-Alembertian O~ ! as follows:

Proposition 27. We have the following estimates:

|Kr|= |Er|[+|Br|S Wa(o-1) (3.2.6)
|Ksa1l= |Es|+|Bsa| S O (| K|Dy) (3.2.7)
|Ksal= |Esal+|Bsal < (Wa(o?,))? (3.2.8)
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where

t d
d_(t, r) =< max M (3.2.9)
lwl=1 JRs po(l +Z§.w)§
Proof. Following the decomposition of [37] we have that
f(s,2+ (t — s)w,p)
E Br|)(t, dpd 3.2.10
(EdBen s [ G ) 6210

Using the change of variable t — s — s and writing the integral over the cone C}

as an integral over spheres of radius s, we obtain:

flt—s,x+ sw,p)
s?po(1+p - w)

< /Ot ]é oAt — 5,7+ sw)do(w) (3.2.11)

(B[ +|Br)(t x) < / dpdo(w)
Ct.x R3

which is of the form Wy(o_y).

Next, by Proposition 3.4 in [37]:

B
(|Esq|+|Bsal|)(t, ) / / [BIf (s, 2 + (8 = s)w, )d pdo(w)
Cro o3 (t—8)po(1+p-w)?
</ |B|®_1(s, 2+ (t — s)w)
Ctz

~ t—s

do(w)
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But since |B|< | K|, we finally obtain:

(s, + (t — s)w)
t—s

K|®_
(1Bsal+|Bsal)(t.2) < / K do(w) (32.12)
Ct,z

which is (3.2.8). Recall that this is precisely the representation formula for the inho-

mogeneous wave equation of the form:
Ou = |K[®_1; uli—o= Opt}—o= 0

Finally, our last term has the following bound from Proposition 3.4 in [37]:

| Kyl f(s, 2+ (t — s)w)
E Bg|)(t, dpd 3.2.13
(1Bszl+|Bszl)(t, @) /cm/Rs (t—$)po(l+p-w) pdo(w) ( )

where | K |?’= |E - w|?*+|B - w[*+|E — w x B|*+|B + w x EJ*. Recall the conservation

law || Kgl|r2(c,.)S 1 from Proposition 2.2 in [37] and use Hélder’s inequality to obtain:

amsamsanen < ([ ([ FEn ;?‘jj)dp)zda(w)); (3214

Finally, using the same change of variables as in (3.2.11), we get (3.2.8). O

As in the proof of Theorem 25, we can apply averaging operator estimates to the
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Kp and Kgs to get the bounds

||KS,2||L§°L§7"‘7§ ||‘7—1||L;>°L§q

and

K] po S Nloallzgers

where ¢ > 3 — % and % < g <oofor1 <m <3. (Note that this is where we will
use the improved estimate on ||[Kr7||z- in the range 2 < r < 6, which also gives us
bounds on the Kgo term. Specifically, in this paper, we use the exponent r = 4 + ¢
for some 6 > 0 appropriately small.) Using these estimates and using Strichartz
estimates, we apply similar techniques as in the proof of Theorem 25 to the Kg;
term to obtain bounds on K. We are given better control of the Kg; term because
in the inequality |Kg;|< O (| K|P-y), P_; has a lower power of singularity in the
denominator than o_;. (We partition our time interval [0,7] under the assumption
that || ®_1][zec(o,r);22)S 1, which is a weaker assumption that [|o_1||zeejo,77;22)S 1)

The goal of our bound on K in this proof is not to gain bounds on higher moments,
as in the proof of Theorem 25. Instead, we use an idea of Pallard [41] and bound the
integral of the electric field over the characteristics by appropriate Lebesgue norms
involving f and K:

P(T)I< 1 il K Ins(1+ P .
|P(T)|S HWNQWHWJIW(+(mMﬁmmM
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Using the bounds on || K| (po,r);zr) for some exponent r > 4 appropriately close to
4 and interpolation inequalities, we can then bound these terms by powers of P(T)

smaller than 1 to obtain an inequality of the form:

P(T) <1+ P(T)"In*P(t))

for some v € [0,1) and A > 0. From here, we conclude that P(T) < 1.

3.3 Controlling the Momentum Support of f

In the following section, we will demonstrate how the momentum support of the
particle density function is bounded by controlling the moments of f and the field
K. This argument will be used specifically in the case without compact momentum
support. In the case of compact momentum support, we will use a modified argument
described later in the paper.

It suffices to bound moments ||pg’ f1| s (0,7);L1 1y for sufficiently large N > 0 due
to the following sharpened estimate from [38] because we can bound the terms on the
right hand side of the inequality in Proposition 28 by sufficiently high moments of
f (due to field estimates, e.g. (4.2.1), and interpolation inequalities, e.g. (34) found

later in this paper).
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Proposition 28. Over any spatial characteristic curve X (s;t, x,p) we have the bound

T,
Sup/ (|E(s, X(s;t,x,p)|+|B(s, X(s;t,z,p)])ds S 1+ HK(J',lHL?o([O,T];Li-H\L};)
0

+ ||J 1HLOO [0 T] L3+AL1) (331)

for any X, A > 0 and where the supremum is taken over all (t,x,p) € Ry x R3 x Rz.

Proof. We can rewrite the bounds (2.3.3) and (2.3.4) in the form:

Krltt) s [ T 332)
(1Elo-)(s.9)
Kslt.a) S [ B (333)

where the integral over the cone Ci, is given (2.1.2). Using (3.3.2) and (3.3.3), we

can bound our integral over the characteristic X (s;t, z,p) by:

Ty
sup [ (1B X (st )+ B, X (5. 9) s
0
Ts T K
<1+/ / 7 ydads—i—/ / UKlo-0G.9) 4545 (3.3.4)
sx(s) ( ) sX(s) (5 — S)

where do = do(5,y) = (s — 5)?sin(0)d3d¢dd and X (s) = X(s;t,z,p). The integral
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terms on the right hand side have the general form:

t .
Iz-(t,x)cg// ( Y —dods (i=1,2), (3.3.5)
0 Cs,X(s) S S)

where g1 = |K|o_; and go = o_;. By a change of variables after writing (3.3.5)

expanded as (2.1.2), we obtain:

Li(t, ) = /O t / t /O . /0 "5 — )2 sin(0)gi(s, X(5) + (5 — 5)w)d0dodsds

et /Ot (5, X (3))d5,

where again we have adopted the convention X (s) = X(s;t,z,p).

def

Following Pallard [40], we define the diffeomorphism © = X (s) + (s — §)w. This
change of variables has Jacobian J, = (X'(s) -w + 1)(s — 5)?*sin(f) # 0 on 6 € (0, 7)
(since | X'(s)|< |V (s)|< 1 and hence X’(s)-w+1 > 0). First using Holder’s inequality

for Holder exponents ¢, ¢’ such that % + & =1

e (/ / / 2 ) s’ (9>d9d¢ds>
</ /%/ gi(s, X(s) + (s — 5)w) "/ d9d¢ds)l (3.3.6)

Next, using the change of variables described by the diffeomorphism 7 in the second

1
7
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integral on the right hand side of (3.3.6):

1
2

t pr2r pmw _ \@=9)q in? 2
sexey < ([ [ [T o) o @ e (630)
S Jﬂ-q

Finally, plugging in the expression for J, into the remaining integral on the right
hand side, we see that it is bounded for certain choices of ¢. To see this, choose
coordinates (0, ¢) such that X' - w = —|X'||w|cos(0) > —cos(f). Then, using this

coordinate system:

/ | / ) / " (s =8OS 0) 1o
s JO 0 J:T/

t pr2m pw oz (27i)q’727q/ - q 7%
< / / / (s=9) = ) 4gdsas
s Jo Jo (1 —cos(f))«

144/ 1—sin2(9) . .
Now, note that 1_Cis(9) = 1_\/115in2(0) — 0] < sin%(a) since 144/1 — sin?(9) <

2. Plugging this into the above, we obtain:

/ | / ) / Tl DO gy g
S 0 0 J:Tl

t 2 T 24 ;3
= / / / (s — 8)@7 " sin? v (0)dfdeds
s JO 0

The integral over 6 remains bounded when ¢’ — 37‘1/ > —land (2—1)¢ — 27‘7/ > —1,

ie. Whenq>2andq>%forz':1,2. O]

Hence, it will suffice to bound moments ||pg’ f| £oe (jo.7):2 ry) for sufficiently large
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N > 0 due to the following sharpened estimate from [38] because we can bound the
terms on the right hand side of the inequality in Proposition 28 by sufficiently high
moments of f (due to field estimates, e.g. (4.2.1), and interpolation inequalities,
e.g. (34) found later in this paper). We will bound the moments using the standard

moment estimate recalled from Proposition 7.3 in [38]:

Proposition 29. Given N > 0, we have the uniform estimate

120 Fll oo o.ry:cr ) S 106 foll oo o.ryir o)+ K| ZJEE),T);L%?’)'

In the next chapter, we state the tools we will use to bound the || K[y 7).15+3)

term on the right hand side of the inequality in Proposition 29.
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Chapter 4

Estimates on K7 and Kg o

In the following chapter, we will begin proving appropriate bounds on the field de-
composition terms Ky and Kgo. We first derive some estimates for averaging on a

sphere.

4.1 Averaging Operator Inequalities

In this section, we prove averaging operator inequalities that will be used to bound
field terms, e.g. Kp. We begin by describing the operators we will consider. The
average value of a function g : X — R defined on a space X with finite measure v(X)

is denoted by

7€<g<x)dw N u&) /Xg@)dx (4.1.1)

73



Define the operator W, by

h(t — |z —yl,y)
|z —yl|*

Wo(h(t,x)) = /_ - dy

= /Ot g2 ]éZ h(t — s,z + sw)dp(w)ds (4.1.2)

where dp(w) is the spherical measure. Then, by (2.3.3) we obtain the following:

Proposition 30. For the electric and magnetic fields, we have the estimate:
[Kr(t, )| S Walo-1)

Thus, we wish to obtain estimates for the operator W, for &« = 2. We prove an

estimate for general o. Consider:
(To.sh)(t, sx) = 32_a][ h(t — s, sz + sw)dp(w) (4.1.3)
S2

A Schwartz function is a C* function f : R™ — R such that for any pair of multi-

indices, o and 3, there exists a finite constant C, 5 satisfying suﬂg |290° f(2)|< Co .
z€Rn

The set of Schwartz functions form a vector space called the Schwartz space, which is

dense in the space L? for 1 < ¢ < co. On the Schwartz space, denoted by . (R"), we

have known estimates for the averaging operator Af = £, f(z 4+ w)du(w) from (2) in

[33]:
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Theorem 31. The estimate

[Af e S N fllze, £ € L (RT) (4.1.4)

holds if and only if (%, 1) in the convex hull of (0,0), (1,1), and (-2, —==)-

n+1’ n+1

For the case n = 3, the inequality (4.1.4) holds for (% 1) in the convex hull of

{(0,0), (1,1), (%, 71;)} Thus, setting a = mq for 1 < m < 3 and for a range of ¢ to be
calculated, we have that:

[(Tosh) (&, s2) |1 S |1t — s, 52)| g (4.1.5)

After a change of variables in the spatial coordinates,

a3 3
| T sh ()| e S 8°~*Fma~a||A(t = 5)]|e

Applying this estimate to the operator W, under the additional assumption that
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3 3
2_Q+EZ—5>_17

t
IWah(8) 70 < / | T sho(8) | adls
0

Ly

t
S| [ st - 9lusds
0

Ly

t
< / $20% 3 | e 2 s
0

Ly

S llzgers

where 1 < r < oo, t € [0,T], z € R3, and the implicit constant in the upper bound

is a continuous function of 7', r and «. It remains to check the range of ¢ for which

(%, qu) lies in the convex hull described above.

We observe that the line connecting the points (z,y) = (1,1) and (z,y) = (3, 1)

is represented by the equation y = 3z — 2. Thus, the line y = %x meets the line

2m
3m—1"

y=3r —2 when z =

Summarizing:

Lemma 32. Forlgrgoo,1§m§3,2—a+miq—§>—1, 372”’1§q§oo,

m

[Wah(t, x)HL{([O,T];LZ’q)S CT,aHhHLgO([o,T];Lg) (4.1.6)

for some explicitly computable constant Cr,, depending only on T and «.

In the next section, we will use (4.1.6) to control the size of Ky and Kgp.
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4.2 Bounding K7 and Kg»

We can now apply the estimates from the previous section to the K7 term. For the
a =2, m = 3 case, we need —% > —1 and % < q < 00. Thus, by Proposition 30 and

(4.1.6), we obtain:

Proposition 33. For1 <r < oo and q > 2,

HKTHL{([O,T];Liq)S CTHU%HL;’O([O,T};Lg) (4-2-1)

for some explicitly computable constant Cp depending only on T

To get appropriate bounds on K7, we need to introduce some important inequal-
ities. The statement of the following inequality is analogous to the general interpola-

tion inequality of Proposition 21.

Lemma 34. Let 1 <r,s < oo and suppose v > 2% — 1. Then

lo-allzy S llpo f (4.2.2)

s
T

1-
LsL}

Proof. By Holder’s inequality with % + q—l, =1:

1
t,z,p dp a o ‘
ﬂ—A)dp S (/ 1 7 ,) (/ poqf(t,x,p)qdp>
R3 po(l ‘HU‘W) R3 pé ta)g (1 _|_]3.w)q R3
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Call the first term on the right hand side /. In order to bound this term, we use

the standard inequality

A

(1+p-w)™" <min{p;, 0%}

(4.2.3)

where 0 = /(&,—w) € [0,7]. Note that for small 6, we can assume sin() ~ 6.

[p|”

Assuming a > 2 — %, we can bound the integral I as follows:

I= / dp
R3 pgl+a)q/(1 T p- w)q’

S/ 1/2dp
= T (L4 w)

P 2 po_1 2 243 9d(9
. g |p|7sin
S hm/ d|p|/ dqb(/ —0‘(’1) <+)2 +
P—oo 0 0 0 a q

Po
P
) 1 + log(po
< im [ ap o)
—00 0 pO q
<1

/ " IpPsin(6)dd (4.2.4)
P! p(()afl)ql+292

since (o — 1)¢’ > 1. Taking L" norm on both sides and using the conservation law

[ fllzee, S 1, we obtain:

||<7—1 r
LIL
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1 Lq
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(4.2.5)
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Hence, setting ¢ = %, we finally have for v > 2% —1:

lo—alley S PGS 1y 1 (4.2.6)

This completes the proof of this inequality. O]

We also have this interpolation-type inequality from Proposition 10.3 in [38]:

Proposition 35. Suppose n, p, and T are real numbers such that 0 < qn < 1 and

sz—n(N+3—3q)
I —qn

Then,

1
prOHLoo ([0,17; Lqu S prl)HLooqrEOT Lqu pr ”7700 ([0,7); L1L1) (427)

Applying Lemma 34 and (4.2.7) to (4.2.1), we obtain for N > 3, 1 <r < oo and

some § > 0:
N+3 N+3
Ty ~ 10-1
|| |L [0 T} LN+3 || ||L00([07T};LI£+T3)

N~|:3

Slpe ° fHLlLl
2N —3Nn+3+8 -

3(1—
S lpo e f“LquHpo f”LlLl
Setting n = , we obtain the needed estimate for Kr:
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Proposition 36. Given 1 <r < oo, v€ (0,1), N >3 and § > 0,

N43 N(lzw)+3+6 2t
||KT||Lr [0 T] LN+3 ||p0 +W f”Loo’y[OT L1L1 ||p0 f”Loo [OT LlLl) (428)

From this point in the paper, we adopt the convention that p+ denotes some
appropriate number p + € where € > 0 is very small, ¢ < 1. Note that the size of €
may vary depending on the term, but the key point is that € is appropriately small
in each of the estimates below. Similarly, we let p— denote some appropriate number
p— € for e € 1 chosen to be appropriately small. Using the full range of estimates on

the operator W,, we can get a more general K estimate:

Proposition 37. Given 1 < m < 3, miq — 2 > —1 and % < q < o0, we have the

estimate:
K7l Lo S o1l oo (4.2.9)

Proof. By (3.2.6), we can apply (4.1.6) for « = 2 to |K7|. O

In particular if m = 2, then we need —2% > —1 (or ¢ > %) and ¢ > %. Hence, we

have for ¢ > 2:

K7 || oo pa+ S Nlo— | oo 2+ (4.2.10)
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Proposition 38. Given 1 <m < 3, miq — % > —1 and % < q < o0,
[ Ks2ll oo p2ma S [lo—1ll poo 20 (4.2.11)
Proof. By (3.2.8):
1ol e S IWal(0-0)) g zme= Wal (o) (42.12)
We can apply (4.1.6) now to get:

s 2l oo p2ma S [l (0-1)? ||LooLq lo—1ll pge 20 (4.2.13)

O

For reasons that will be clear in Section 9, we use Proposition 37 and Proposition

38 to bound the quantities ||K7| . s+ and ||Kspl| e a+. Using Proposition 38, we
can compute for |Kgo|:

[ Ks2l poopa+ S llo- 1HLOOL% (4.2.14)

5

where we used m = 3

for e < 1, we see

and ¢ = §+. In particular, setting ¢ = %

that m and q satisfy the conditions of Proposition 38. The explicit estimate written
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in (4.2.14) is

HKs,zHL?OLy%S H‘LlHL?oL;%%'

Similarly, by Proposition 37, we can compute for |Krp|:

||KT||L50L§+§ ||0_1HL?OL1%2+ (4.2.15)

where we used m = g and ¢ = %—i—. Note that this is not the lowest Lebesgue norm

exponent that can be chosen for o_;. However, we do not have a better bound in the

Kg 4 estimate, so a better estimate on the K term is not useful.
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Chapter 5

Estimates for K¢ and Kg

Strichartz estimates are used to study regularity of dispersive equations. These esti-
mates are related to the Fourier restriction problem studied by R. Strichartz in [46].
Since their introduction, they have been widely studied, e.g. Keel-Tao [34], Foschi
[25], Taggart [47], etc. The estimates have proven useful in controlling the solutions of
linear and nonlinear dispersive partial differential equations. We present the following

version of these estimates, as found in (4.8) of [44].

Theorem 39. (Strichartz Estimates)
Given A € (0,1) and solution u : [a,b] x R* — R to Ou = F on [a,b] x R3 with
initial data uli—g= u(a) and Oyul;—o= Oyu(a), there exists a constant Cy such that
[Jull

Lt%([a’b};L%)+||u||Lt°°([a,b];HA)+||8tu||L§°([a,b];HA)

< GIFN 2, 2 )+||U(a)||HA+Hatu(a)||HA)

£ (a2 27X

33



We will use the above Strichartz inequality to bound the field terms Kg and Kg»

by an iteration argument.

5.1 An Iteration Argument for K and Kg;

Recall from the Glassey-Strauss decomposition estimates (2.3.4) and (2.3.5) for Kg

that
K|S O (1K o). (5.1.1)

Hence, using Strichartz estimates for the wave operator, we can prove the following:

Proposition 40. Assume [|o_1||po.13;22)S 1. Given N > 3, v € (0,1) and 6 > 0,

we obtain the estimate

N+3 SRS 2y
HKS| Ll [OT LN+3) 1+ ”po 2 fHLOQ’Y[OT L1L1 Hpg fHLoo [OT LlLl) (512)

Proof. By the above estimate (5.1.1):
HK3H 2(N+3) < ”Dfl(uﬂa,l)“ 2(N+3) (513)
Lt N+1

([avb];Li\LH;) Lt N+1 ([a7b};leV+3)

Using the decomposition K = Ky + K + Kg, we obtain for some time interval
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la,b] C [0,T):

HKSH 2AN+3) < HD (|K0|U 1)” 2(N+3) +
Lt A ([a,b];Lier?’) tN+l ([ ,b];LJIV+3)
IO (1K zlo-y)ll 20vm IO (| Ks|o_1)|| avas (5.1.4)
L T (@ thLa) L N (0 bl )

Fix an interval [a,b] C [0,T"). First notice that

107 (| Kolo- 1)H 20045) S N87H (1 Kolo- 1)H 20v4)
(la LA ™) (0TRLYH)

and similarly

IO~ (1|0 1)H 20045) S O™ (1Ko 1)H 2004)
(la LA ™) (0T):LY+)

Setting A = ]Nv—ié, we obtain by the Strichartz estimates for the wave operator:

107 (| Kolo 1)l 2evea S Cuat|[|[Koloa]| e 2(N+3)
L, M (o ryLy ey o N L ([0T)5Le N )

since we have trivial initial data by (2.3.5). Applying the same argument to the Krp
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term and by (5.1.4) we obtain:

HKSH 2(N-+3) < Cnul[|Kolo-a]| aves) 2V +3)
Ly NP ([ab) Ly ) NS L, N2 ((0,7):L, N5 )
+ Cnaa [[|[Kplo ]| aves) 2(N+3)
N+3 LtNJrQ( ,T);LIN+5 )
+ Dfl KS 0_1 2(N+3) 5.1.5
RSl )l g (519
Applying Holder’s inequality with 2 5+ N3 +3 = (%153):

K < K, _ .
| S||Lt2%v7++1$<[a,b];w+3) CallFol 2(N+3)([0,T>;L;V+3>||0 lezoimya
K _ . O (| Kslo-
+ COna| THL;(I{’VLS)([O,T);Li\’”)”a tlzzqomyses) HIO™ (1Kslo 1)||L)52(1<f\f7+-_13)([a7b};Lév+3)

(5.1.6)

) s

Note that we can bound Cuw=i|| Kol 2v+s) lo-1ll2(0,r):22) by a constant
N+3 LtN+1 ([0,T);LY+3 AT e

since Ko depends only on initial data and we have assumed that [[o_1||12(0.7),02) S

lo-1llzee(fo,ry;z2)S 1. Finally, using the estimate (4.2.8) on Kp from the previous

section,

HKSH 2(N+3)
L, MY ([ab LY )

NO4N¥3+8 24y
N+3 N+3
< (data) + C||p, ﬂ f”Lot ([0,7); LlLl)Hpo f”L; ([0,7); LlLl)HU 1HL2([0 T);L2)

—|—HD (lKS‘U 1)” 2(N+3)([ L) (517)
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Similarly, we can now apply Strichartz estimates and Holder’s inequality to the Kg

term. Note that we kept the time interval on the Kg term as [a,b]. Setting u =

“HIKslo-),

U (| K < O (|| K _ .
IO~ (1K slo-)] L e ([| s 2(N+3)([a,b];LN+3)”a gz a2y

Flula)ll, yu +HOu(a)ll xsp)  (5:1.8)

ON+3

Next, we can choose a partition 0 =Ty, < T} < Ty < ... < Ty < T}, =T of [0,T]

such that

HOJHL%([TZ-,TZ.H};L@S 3wt forie{0,1,... . k—1}

N+3

due to the assumption [|o_1|| Lo (j0,77;22) < C for some C. (For example, we can choose

our partition so that (7; — T;_ 1)5 <

fori =1,2,...,k.) Using (5.1.7) and

(5.1.8):

[ Kl 20vis
L, V(1T LY )

NA4+N+348 244

< 2(data); + 2C||p, ** f||g£30T) L1L1)Hp0 f”g::?oT) SLLLL)

£ 20 (u(T)] g HO(T)] x) (5.0.9)
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Thus, by Hoélder’s inequality, our choice of partition, and then (5.1.9):

1
[ Kslo-all nis 2(N+3) S HKsH 2(N+3)
LR (T, V) T 208 (T T L)
1 N(IE?HH I%H—s N+3
< Cnin (data> + C CH Po ! f||L°° ([0,7);LLLY) ”po f”Loo ([0,T);LLLY)

+3 N+3

T s HIO(T] p (5.1.10)

Using the Strichartz estimates again for [T;_;,T;], we obtain:

[T, sy H10(T sy

N+3 +2([TZ VTiLe N5 )

< Cru (Hu(Ti1)HH%_H+H@U(E1)HHN+1 +|||Kslo—1]| ws 2(N+3) )

N(A+~)+3+48 24+

< (data); + Cllp, = f"g;S[OT SLLLY) iz ng‘;S[OT ;LLLL)

+ 20w (lu(Ti )] g HIO( T xy)

Thus, since u(0) = d,u(0) = 0, we do an iteration of the above to get the following
estimate:
Tyl ey HIOT ) s
J N(lgw)+3+6 24~
N+3 N
< Z (QCLQ)) ((data) + Cllpg k f”LO-‘tS[OT ;LLLY) Do’ f”LotB[oT LlLl))

(5.1.11)

Plugging this estimate into (5.1.9) and using the triangle inequality to sum over the
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entire partition,

k—1
HKSH 2(N+3) ZHKSH 2(N+3)
L, Y ([0, T ;LY 2) i—0 L, Y ([0, T ;LY 3)

N(14;7)+3+5 24
N N
St+lpe ™7 Flieoryciey Ilpg' fHL;’g[OT LLLL)

which implies the estimate (5.1.2) after an application of Holder’s inequality in the

time variable. O

Finally, we employ an iteration argument using Strichartz estimates for the in-
homogeneous wave equation to gain bounds on Kg;. For these estimates, assume

that

1@ 1llrpereS 1 (5.1.12)

Proposition 41. We have the following bound on Kg; assuming (5.1.12):

L8 (5.1.13)

||KS,1||L;>° ([0,T); L4+)N L+ [lo] )

L5°([0,T);L

Proof. For v € (0, 1), we obtain by (3.2.7) for some interval [a,b] C [0,T):

||K51|| SIOHIKI®)] 2 2 (5.1.14)
Ly ([a B xR3) L) Lg 7 ([a,b]xR3)

(Note that we will set v = %—i— later in the proof.) Applying the triangle inequality
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to the decomposition |K|< |Ko|+|Kr|+|Ks1|+|Ksz2| and extending the interval [a, b]

to [0,7) on certain terms, we obtain:

||K51||
<[ b xR3)
< || O Y Ky|®_ )| 2 = +H|O (| Kp|D_y)]] -
< O (Kl 1>”L§L;Ew<[0,T>XR3> IO Kl 2 g2y
+ IO Y| Kgq|D_ 2 +D Ko, |®_ e 5.1.15
IO (Ksal®-)l 2 e HIBT (s [@l 2 2 (5:115)

Note that we now replace the < symbol with some explicit constant C. From
here, since 07! is the solution operator to the inhomogeneous wave equation on the
interval [0,7") with zero initial data as expressed in (2.3.5), we know from Theorem
39 that

IO (K@) 2 2 < Gyl Kzl@ll (5.1.16)

L] L7 ([0,T)xR3) ([0 T)xR3)

and similarly for |Ko| and [Kgs|. Next, since [[®_1| 121201 xrs)S 1 by (5.1.12) and

= 4+ by the assumption that v = %—I—, we can apply Holder’s inequality and

(4.2.15) to (5.1.16) to get:

Kp|®_ < ||| K O :
LAY RPN 1.t PR, 1 Yy
S K
L2 e
S flo

12
A4
Lt Lz
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We obtain the same bound for the |Kgs| term. The |K;| term can be bounded by
a constant since |Ky| depends only on the initial data of the system. Summarizing,

there exists a constant C:

K 2 < CC,(1+ + OO (| Kg1|P- 5.1.17
1Ksal, 3,02 SCOA T oal ) + OO (Ksal@)l 3 12 (5.117)

Now, let us set u = O (| Kg1|®_1) for convenience of notation. Then, by Stichartz

estimates and Holder’s inequality, we have the following fact:

Il 2,2 < O (100 iz 1000(0) e

PR3 P sgora) (5118)

Next, due to (5.1.12), we can choose a partition 0 =Ty < Ty < To < ... < Ty =T

of the interval [0, 7] such that:

1
11l 22211y 1108 S 57~ (5.1.19)
F L2 ([T, Tj+1]xR3) QCCV

fory=0,1,...,N — 1.
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Hence, by (5.1.18) and (5.1.17), we obtain:

[Ksall 2 2
L] L7 (115,111 xR3)

< OO ol et 1T i oy + 10T o )

z

—HKSlH s . (5.1.20)
LY LET (15,7541 ]xR9)

This implies that for any 7 =0,1,... N — 1, we have the inequality:

||K51H 2 <QCC (1—|—||0' 1” 12

"’Lm([T T 41]xR3) rers

T s oy HIOe(T) ). (5:1.21)

Using Strichartz estimates again, we obtain the bound:

uCT) N gy sy H 0T =1 oy < O (1T ) oy 10Ty 1 s
(R?) (R3)

sl 2 2 i) (5122)

We now apply Hélder’s inequality and the bound (5.1.19) to (5.1.22) to get that:

14T ey HIO Tty e
< C (T o 0O Tyl o i Il 3o

¢ La ”([Tj—l,Tj)XRS’))‘

(5.1.23)
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Next, by the estimate (5.1.21), we obtain that:

(T3 gy HIOT) 2 e
1
< o (T iz oy HIOT ) sy ) + 56 (20051 + lloall e

+ ||U<Tj—1)HH;(RS)"‘“atU(]}—I)||Hg*1(R3))>- (5.1.24)

Finally, it follows that:

() 17z oy H 1O (T g1 sy

< 20, ([T )y HIO Ty} 1 sy ) + O+ ol ). (5.1.25)

z

Notice that u(0) = d;u(0) = 0. Thus, performing an iteration of the above estimate

(5.1.25), we obtain for any k € {0,1,...,N —1}:

k-1
(Tl 27 sy + 1O (Ti )|l 1 s (2C)" (1 + |lo- tll o 22)-
H)} (RS L5t
= b
Hence by (5.1.21), it follows that:
k-
Ksa » <200, (1+ L (2C,)F1 (1 + )1.26
Hsall 3o ol e Z ol 2 (5)126)

Using the triangle inequality and summing (5.1.26) over & = 0,1,...,N — 1 and
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noting that N is some finite positive integer depending on [|®_;[ 1= z2, we get

[Ksall 2 2
L] L7 ([0,T)xR3)

N-1 k—1

k—1—j
=DILEL L1+ 7l ot RO (1 ol 22))
= ]:

S lloal, e

x

Since % = 4+, we obtain the desired estimate (5.1.13).
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Chapter 6

Proof of New Moment Criteria

In this chapter, we will prove the stated continuation criteria using moment bounds in

both the noncompact momentum support and compact momentum support settings.

6.1 Noncompact Support

We begin by proving the noncompact support criteria. Recall that by Theorem 20,
we simply need to control the right hand side of the inequality in Propisition 28. To

this end, we first use Holder’s inequality and Lemma 34 to obtain for any X, A, A > 0:

||KU 1||L°° OT] L2+)‘L1 +||O- 1||Loo OT] L3+>\L1)
5 |’K”L§O([07T];Lg+>\')||U—1HL?O([OvT]%L%L}))—'—HO-_lHLfO([O T}-L3+XL}D)

~ HK”LOO 0,T L3+>\' ||p5+2)\f||3+/\ 0,T];LLLY) _’_||p5+2)\f||[3;3 [0,T];LLLY (611)
(10, 77; ( ([0,T);LE Ly)
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By interpolation and the conservation law (2.2.4), there exists some 6 € (0,1) such

that

0 [
HKHL?O([O7T];L3+)‘ ~ HKH oo [0 T] L6+>\/ HKHLOO(OT] L2 ~ HKH oo [OT L6+>\,)

By the estimates (4.2.8) and (5.1.2), we can further bound this by:

B+A)(14+1)+346

2
HKHL;X’([O,T};L?;‘"”)S 1+ Hpo s f” oy

/
L ([0,T);LLLY) HPBH

oy (6:1:2)

for any 6 > 0 and v € (0,1). Choosing 6 < X', we obtain that

B+N)(14+~v)+3+0
24

<3+ N,
and hence by (6.1.2):

HKHLOO ([0,T); L6+>‘/)N 1+ Hngr)\ fHLOO ([0,T);LL Lzl))'

Putting these bounds together, we obtain:

S+ Hp3+/\ f||%§’°([0,T);L;L;))Hp0+2)\f||2t3 ([0,77; LIL;,)
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Thus, in order to satisfy the known continuation criteria stated in Theorem 20,
we simply need to bound HpOJ”\fHLoo ([0,7]; L1L1)< 1 for some A > 0. To this end, we

can use the estimates on K to prove that:

Proposition 42. Consider initial data fo such that ||p’ foll1oy S 1 and suppose we
have the bound ||o_1|| e o.13;02)+ 120" f1] oo ((0,77; iy S 1 where M > S for some

N > 3. Then

||Po f”Loo ([0,TLLLL) S S

and

S e o,y 293 S 1

Proof. By the estimates on Kr and Kg given by (4.2.8) and (5.1.2) respectively and

Proposition 29, we obtain for some v € (0, 1):

NQA+~)+3+6

2
||p0 f||L°°(OT] L1L1 1 + ||p0 2+ f||L—iO_o’y[0T L1L1 ||p0 f”Loo [OT LlLl) (614)

Choose appropriate 0 < v < 1 and é > 0 such that N(IJ;+T3+5 = M and let
the implicit constant in (6.1.4) be denoted by C' > 0. (Suppose M = &£+ Then

set & = €+ (% — N)y. For v € (0,1) sufficiently small, § > 0.) Thus, since
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||pé\/[f||L§°([0,T];Lale11))§ B for some constant B > 0 and by Young’s inequality:

198 f Nl o= (to.77; i< O+ CBB”PéVfHLoo (0T):LLLY)

124y
<C+~CB 7 +(1- ’Y)Hpévf||L;>°([o7T];L§L;) (6.1.5)

Thus for some constant C,

1
15y fll e ozizrzn < —(C +7CB ) S 1 (6.1.6)

\g

Finally, plugging (6.1.6) into (4.2.8) and (5.1.2), we obtain that

”K”Lgo ([0,1; LN+")N L.

]

Theorem 43. Suppose ||p0 follLirs< 1 for some N > 5. Let M > 3. Then
196" fll oo 0.1, 0120) S 1 is @ continuation criteria for the Viasov-Mazwell system with-

p

out compact support.

Proof. First, if M > 5, then by the comment under (6.1.3), we are done. (Note that
this is also a known continuation criteria found in [38].) If 3 < M < 5, note that by

Lemma 34

llo—1llgo o122y 126" Fll e oz ey S 106" fll oo oy cy S 1.
p

98



Suppose M > 3 and ||p}! S 2o o175 LIS < 1. Since ||p0 f0||L1L1< 1 for some N > 5, it
follows that ||p}) folr1 < 1 for all N < 5. Then, by Proposition 42, we obtain that
HpéfoLi”([O,T];L;L;J)S lfor N=2M -3 —-dford>0aslongas3 <2M —3 -0 <5.
Note that if M > 3, then 2M — 3 = M + M — 3 > M. Hence setting 6 = %, we
obtain that N =2M —3 — 0 = 2M — 3 — =3 M+—>M>3

Let M = M, and suppose, as above, that

195" Fll e o,y = 16" Fll e o128 S 1

Then, if M; = My + @ < 5, we know by the above that

Ip" Fll 2o o,10; ) S L

Mi=3 = Notice that since

Define the sequence M; in this manner: let M;,; =
My > 3, by the earlier argument, we obtain that M; > 3. By induction, we obtain
that M, > 3 for all kK € N.

Since M = M, > 3, there exists an ¢ > 0 such that M; = 3 + . We now
claim that My > My + % Indeed, this is true in the case of M. Suppose it holds
for k = n. Then, since M, —3 > My —3 + 5 = ¢+ 7 > 5, it follows that
My = M, + Ma=8 5 My 4 me € = M, 4 e,

Thus, as n tends to infinity, we know that M, tends to infinity. Thus, there

exists some m € N such that 3 < M,, < 5 but M,,,; > 5. Under our assump-
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tion that [|p5™ f|l e (oryz12y) S 1, we can iterate the argument above to obtain that

Hpé\/lanLtoo([O,T];L}gL;)S 1 for all positive integers n < m. Finally, choose some § > 0

M;—3

such that 5 < 2M,, —3—0 < N. (This is certainly possible since choosing § = 4=,

we obtain by our choice of m that M,y =2M,, —3 — 9 > 5. On the other hand, if
M1 > N > 5, we simply choose a large delta such that 2M — 3 — § is still greater
than 5 but is less than N.) Let us set M = 2M,, —3 — 6. Since M < N, we know
that ||pé\~4f0||La15L117§ 1. By Proposition 42, we obtain that ||p3;IHL§L;,§ 1. Since M > 5,

by the comment under (6.1.3), we are done. O

6.2 Compact Support

In this section, we first recall the decomposition method in [41] and then apply the
above estimates to gain a bound on the size of the momentum support of f, which

we will denote by:
P(T) = 1 +sup{p € R¥3(t,z) € [0,T) x R3such thatf(t,z,p) #0}  (6.2.1)
By the method of characteristics:

d—V(S; t,z,p) = EB(s, X(s;t,2,p)) + V(sit,z,p)) x B(s, X(s;t,2,p))  (6.2.2)
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Taking the Eucliean inner product with V(s; t,x,p’) on both sides and then integrating

in time, we obtain:

T
VIH|V(sit,z,p)]2 =1+ |V(0;t,z,p)[? +/ E(s, X (s;t,z,p)) - V(s;t,z,p)ds
0

First, for i = 1,2,3 and K; = E; + (p x B);, we can decompose the electric field:

Bt = 50w + [ (I Dy (o

_ Z /Rg ([t(t —p-x)(piDj — 61‘() + (xZ; —tpi)(z; — (p- x)ﬁj)]) xw (K friso)dp

©EO(2) + Fi(t,x) + Gi(t,z) (6.2.3)

where e; is the unit vector with all entries equal to 0 except for the i’* entry which is

equal to 1. Also, the double convolution x;, is a binary operation defined by:

fixeg fo= /R y filt — s,z —y) fa(s,y) ds dy (6.2.4)

and

Y = (4rt) TSyt (6.2.5)
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Following the scheme of [41], we can decompose the characteristic integral of the

electric field into:
T A
/ E(s, X(s;t,x,p) - V(s;t,x,p')ds = Iy + Ir + I
0
where I, depends only on the initial data term E© and
T A
I [P X (sitif) - Vst p)ds
0
and
T A
o™ [ Gl X(sit i) - Vst s
0

Pallard then bounds I by:

[c|

A v e e IR e

From here, Pallard [41] bounds the integral

A

(fIK])(s, X(t) —y,p)
/]Rs po(1 —p-w) dp

P
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(6.2.8)
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def

using the term m(t,z) = [os pof(t,z,p)dp. Instead, we preserve the singularity in

the denominator:

s [ [ [ (ot xt -0 (- V) ) A (52,10

Ar|t — s|

Split the integral into Ig < Iy, + I as follows:

—l—/OT/Si(S)/lyt_g(dﬂﬂ)(s,X(t)—y)( 1_‘7(15)'00)%(15 (6.2.11)

for

T—s

e(s) = T PP (6.2.12)

Note that the power of P(s) in (6.2.12) is useful for bounding I, as in [41]. First, let

us bound Ij,. By computing using Holder’s inequality as in [41]:

2
3

~

i [ [ ek x ) -0 - V0 yis

s </j(> /|yt—s((1 -V .w)é)gdadt)éds

~

/ bl >/ e (o[ K3 (s, X () —p)(1 = V(1) - w)do(y)dt

2 _
*In3 (T S)ds

T
S//
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Setting w = w(f, ¢) = (sin  cos ¢, sin @ sin ¢, cos H):

/+ ( >/|t— (o1l K1) (5, X (1) = 9)(1 = V(1) - w)do(y)et

_ /+ ( >/|t— (01 |K])3 (s, X () = (t — 5)(6, 6))

A

(1 =V () -w(® ¢)(t — s)*sinfdodpdt (6.2.14)

Consider the change of variables W : (s1,s2) x (0,7) % (0,27) — W((s1,$2) x (0,7) X
(0,27)) mapping

(8,0,0) = X(t) = (t = s)w(0, ) =

The Jacobian of this map is J = (V(t) - w — 1)(t — s)®sin§. Applying this change of

variables to (6.2.14) and inserting our choice of €(s), we obtain:

T
|Jg;|g/ ‘/ (rr|K ) (s, 2)dzdt| ¥ (14 P(s))ds (6.215)
0 1 JW((s1,89) % (0,7) % (0,27))

Following [41] precisely, we also know that I, < 1. (This is done through first
applying Holder’s inequality to isolate the first term and then using conservation law
| K||zeer2S 1. Finally, by the definition of €(s), the leftover integral is bounded.)

Thus, we arrive at the estimate:

6S 1+ lo_i K [In5 (1 + P(1))| (6.2.16)

3
Ly L ([0,T]xR3)
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Next, we recognize that F is equivalent to our Ep term as expressed in (2.3.1). Thus,

using the proof of Proposition 28:
’IF’S/ HJfIHL?OLi‘F (6217)

In conclusion:

Proposition 44. By (6.2.16) and (6.2.17), we have the following bound for P(T):

IPT)IS 1+ ool o K+ PO g o (6:2.08)

We conclude by applying the estimates given by (4.2.14), (4.2.15) and (5.1.13) on
| K| under the assumption that ||®_;[[ep2 S 1:

1
< Ins (1+ PD) N gy pas llo—l

3
L}L2([0,T|xR3) L L, a

o1 K [In3 (1 + P(1))]

oa\»-‘

S+ PO+ ol ) loall -

L&LS

Notice that our choice of Holder exponents used in the first line above allow for the
Lebesgue norm exponents on both terms involving o_; to be approximately equivalent
to ==. This choice of Holder exponents simplifies our computation. Other choices yield

similar results. We can now use Lemma 34 to bound each term in (6.2.18) for some
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B > 0 arbitrarily small:

sty
lo—ll -5 ||p f||i§oL;Lé (6.2.19)
+ T
S8 35—
lo—ll ., 2+5 llps Hligerrpy (6.2.20)
t x
-1+ r_
Ha 1||LooL3+< Hp() f”z?"L;L%’ (6221)

We can extract % — 0 power of pg for some d > 0 arbitrarily small from each of

(6.2.19) and (6.2.20) and 2 — § power of py from (6.2.21). Thus:

ol %_<Hp fIILooLTLl (T2~ (6.2.22)
LP Ly
—-14+8 1_
|!0—1!ILOOL5+N s fHLooLTLl (T)> (6.2.23)

3148

Ry p— Flfge pyra P(T) (6.2.24)

where P(T)'~ indicates a power of P(T) smaller than 1 by an arbitrarily small
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18
amount. Assume that ||p” e Sllzeerrzr S 1. Hence

1
P

§,1 L8,1
s~ fllezere s S 7 fllirere i S 1.

Plugging these into (6.2.18), we obtain the bound:
P(T) <1+ In3(1+ P(T))P(T)~ (6.2.25)

which implies that P(T) < 1 since P(T') > 1. Finally the last term we need to take
care of is the assumption that [|®_;|zez2 S 1. By employing similar proof to Lemma

34, we see that:

Proposition 45. Given r € [1,2], we have the estimate:

19311225 195 1 (6.2.26)

wherea>%—1.

Proof. Fix some w € S? and let r = %. Then %/ > 1 (since é + & =1 and ¢ > 2) and
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1 2
5o S Pp implies:

=

f(t, . p) 1 1 1
/—Adp§< TP q,dp> ( pg"f(t,x,p)dp)qllf||L§or
Wl pwt S e T ) e

0

(6.2.27)

1

1 2 L
< , dp)* 59 ¢ (t, 2, p)dp)* 6.2.28
N(/Rgpnguﬁ'w) p> </Rspo f(t,2,p) p) ( )

By (4.2.4) in the proof of Lemma 34, we know that the first integral on the right
hand side is bounded by a constant when B3¢ > 1, i.e. 3¢ > ¢ — 1. Taking the L2

norm of this inequality:

l

q<26.2.29)

LILL

1

(/R?) pgqf(m,p)dp)E

<

~Y

LE

/ f(t,z,p) dp
R 1

spo(l+p-w)2

= H (/Rs pgqf(t,rv,p)dp>

L3

Finally, setting o = ¢, we obtain that
2
a>qg—1=-—1.
r

Taking the maximum over all w € S? retains the same upper bound. Hence, this

completes the proof. O

In particular, notice that for 1 < r < 2:

8148

2148
Fllezey S llpg

P12 llpg ez S1 (6.2.30)

xtp v
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18*14’5

Thus, if ||pg < 1, then ||[®_yf[,2S 1. Hence, all of the terms in

fligersry
(6.2.18), which implicitly included the assumption ||®_;||;2 < 1, are bounded. Thus,
indeed we do know that P(7T) < 1. Thus, we can extend our local solution on the
time interval [0,7) to a larger time interval [0,7 + €|. This concludes the proof of

8 148

Ing <1 (6.2.31)

fllegeryey

as a continuation criteria for 1 <r < 2.
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Chapter 7

Another Continuation Criteria

7.1 Luk-Strain Plane Support Result

In [37], Luk-Strain prove that compact momentum support on a fixed two-dimensional
plane is sufficient for global wellposedness of the three-dimensional relativistic Vlasov-

Maxwell system.

Theorem 46. Consider initial data (fo, Eo, Bo) where fo € H°(R3 x R3) is non-
negative and has compact support in (x,p), and Ey, By € H*(R2) such that (3) holds.
Suppose (f, E,B) is the unique classical solution to the relativistic Viasov-Mazwell
system (1) — (3) in the time interval [0,T). Assume that there exists a plane Q@ C R?

with 0 € Q and a bounded continuous function r : [0,T,) — R3 such that

ft,z,p) =0 for |Pop|> k(t), Vo € R®.
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Then there exists an € > 0 such that the solution extends uniquely in C to a larger

time interval [0,T + €.

In this chapter, we will allow the two-dimensional plane of momentum support to

vary continuously in time. Our new result is described in the next section.

7.2 Modification of Luk-Strain Theorem

Our final result on the relativistic Vlasov-Maxwell system improves the continuation
criteria due to Luk-Strain in [37]. First, consider a family of planes {Q(t)}icpr. At

t = 0, we choose a normal vector ng(0) orthogonal to the plane Q(0) at the origin.

Definition 47. A family of planes {Q(t) }icjor) containing the origin is considered
to be uniformly continuous family of planes in the following sense: There
exists a partition [T;,T;y1) of [0,T) such that locally in a small time interval, for
say s € [T;,Tit1), we can let ng(s) be the normal to Q(s) at the origin that is on
the same half of R3 as n3(T;), meaning /(n3(s),n3(T;)) < Z(nsz(s), —ns3(T};)), where

/(v,w) & cos! ( |:j|'|15)

|). Then, the map nz : [0,T) — S? is uniformly continuous.
Using this definition, we prove the following:

Theorem 48. Suppose we have initial data fo(z,p) € H?(R3 x R3) with compact
support in (z,p), Eo, By € H*(R®). Let (f, E, B) be the unique classical solution in

L([0,T); HY ) x Lee([0,T); HY) x L*([0,T); H) to the Viasov-Mazwell system in
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[0,T). Let {Q(t)} be a uniformly continuous family of planes containing the origin

such that there exists a bounded, continuous function k : [0,T) — Ry such that

f(t,z,p) =0 for |IPQ(t)p|Z k(t) Vo € R

Then there exists € > 0 such that our solution can be extended continuously in

time in H° to [0,T + €.

A more general theorem can be proven. Theorem 48 will be a special case of this
theorem. First, we need to define a time dependent coordinate system on R?® which
will depend on the plane Q(t). Let {ni(t),ns(t),ns(t)} be unit vectors such that
{n1(t),ns(t)} span Q(t) and ns(t) is the unit normal to Q(t) as defined earlier.

Fix a time t € [0,7). By uniform continuity of n3(t), there exists a partition of
0,¢) = U,[T;, Ti41) (the number of intervals in the partition n, depends on ¢ and

Ty, +1 = t) such that for s € [T}, T;41), we have:

L(na(s),my(T3)) < L(=na(s), na(T))) (7.2.1)

and

P(t)~?
4

/(n(s),na(T})) < (7.2.2)

We will use this precise partition for the proof of Theorem 49 in this paper.
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Theorem 49. Suppose we have initial data fo(z,p) € H?>(R® x R3) with compact
support in (x,p), Eo, By € H°(R3). Let (f,E,B) be the unique classical solution
i L([0,T); HS ) x L*([0,T); H2) x L([0,T); HY) to the Viasov-Mazwell system
in [0,T). Let {Q(t)} be a uniformly continuous family of planes. Suppose for each
t € [0,T), there exists a measurable, positive function k : [0,T) x [0,27] — Ry such

that k(t,~) > 1,

p - na(t)

Do = tan(0). (t,2,9) #0 for some z € B} < x(t,7)

sup{[Poqpl:

and

T t
/ (A(t)2 +( / A(S)Sds)%)dt < +o0 where A(t) = |[x(t, )11
0 0
Then there exists € > 0 such that our solution can be extended continuously in time
to [0,T + €.

— pna(t)

Note that v depends on p € R?, so we actually have tan(vy) = tan(y(p)) RO

We modify methods used in [37] to prove Theorem 49. We wish to show that the

quantity

P(t) = 2+ sup{|p|: f(s,2,p) # 0 for some 0 < s <t and v € R’}
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is bounded on [0,T). By the method of characteristics (see [37]), we have the bound

t
<1+ swp / B (s; X (36, 2, )| +1B (5 X (s 1, 7, p))|ds.

(t,z,p) ERXR3xR3 J0

We wish to bound the momentum support quantity P(¢). To do so, we first find

appropriate estimates on £/ and B. We again use the decomposition:

47TE(.’13, t) = (E)O + ES,l + ES,Q + ET

4 B(x,t) = (B)o+ Bs1 + Es2 + Br

where () and (B)y depend only on the initial data. We have the following estimates

from Proposition 3.1 and Proposition 3.4 in [37]:

|Er(t,2)[+[Br(t.2)| S e, Juo %jwﬁld]o dw (7.2.3)
xT p(.d
|Bsa(t,2)|[+|Bsa(t,0)| S Jo,, Jos | BI L0 g o (7.2.4)

(t—s)po(1+p-w)2

|Bsalt, o) +|Bsa(t,2)] S [o, Jpa BB Bt tCslon) gy qy; (7.2.5)

f(s,z+(t—s)w,p) d

Next, we prove analogous bounds on the momentum integral ng
(t—s)2p3 (1+p- w)2

as those found in [37]. Partitioning the time interval [0, T) into subintervals [T}, T}14]
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small enough as described in (7.2.1) and (7.2.2). Applying these two conditions
to bound (7.2.3), (7.2.4) and (7.2.5) on each subinterval [T}, 7;;;] in an analogous
method to [37]. (These conditions allow us to approximate the integrals in each
time subinterval by the integral at the endpoints, as the variation in the momentum
support plane is very small on each subinterval. This observation is the key to proving
Theorem 49.) We then sum over the partition to prove analogous bounds on the field
terms to those found in [37]. From here, we conclude that P(T") < 1 by the bootstrap

argument of [37].

7.3 Proof

In this section, we prove Theorem 49. First, we state the following bounds analogous
to [37]. The inequality (7.3.3) is proven analogously to Proposition 4.3 in [37], where
we replace the fixed unit vector e3 with the time-dependent unit vector ng(t). This
change does not affect the proof because our inequality is pointwise in time. Before

stating our main propositions, we define the following notation for vectors v,w € R3:

(v, £w) = min{/ (v, w), Z(v, —w)},

which will be used throughout this section.
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Proposition 50. For any p € R? and w € S?*:

(14p-w)™" S min{pd, (£(L, —w)) %} (7.3.1)

|p|

Further, if v = tan™! (iZng) and p € supp{f}, then

(7.3.2)

Combining (7.3.1) and (7.3.2), we obtain the following estimate for p € supp{f}:

5. w)L < min k() ) Lo
e s mind (5 F 0 ) ) (733)

Define w® = (sin(0®) cos(¢?), sin(0@) sin(¢™), cos(?)) where w® is the trans-
formation of w under a rotation matrix that takes e; to n;(7;). Thus, we have that

0@ = /(n3(T;),w?). By similar arguments to Proposition 4.4 in [37], we obtain:

Proposition 51. We have the uniform estimate

A(s)* log(P(s))

f(s,x+ rw(i),p)
(£(ns(s), £w®))? } (7.3.4)

== dp < min{ P(s)? log(P
s Pl T p-w) P < mintPls) log(P(s)).

for s € [T;, Tiyq).

Proof. We follow the proof of Proposition 4.4 in [37], emphasizing the steps in which

we deviate from their proof. First, pick spherical coordinates 6;, ¢(;) such that —w®

116



lies on the half-axis 6(;y = 0. Then, by (7.3.1), we obtain the estimate

(1+p-wD) ™ <min{ps, (0)) %} (7.3.5)

By the definition of P(s), the particle density f(s,z + rw®, p) = 0 for |p|> P(s).

Thus, the conservation law || f|[z < 1 and the inequality (7.3.5) imply that

(%) 1
fot <’>p)dp</ @y P
rs Po(l+p-w) |p|<Ps)p0 l+p w )

2
d|p| dOy d
<L e o
P(s)~ P(s)
/ / padlpl db / / ))"2d|p| dbg
0 0 P(s)~

P(s)*log(P(s)),

N

N

which proves the first part of our proposition. We now move on to prove the second
bound we need. Let 8; = /(n3(s), w®). We partition the range [—%, 2] of f; as in
[37]:

Ii = {£(n3(s),0") < %} UL = {/(ns(s), —w®) < %

I = {£(ns(s), +0®) > %} NI = {/(ns(s), +w®) > 2 @

By the definition of §; and the triangle inequality:

(L 0®) > |£(ng(s),w®) — £(

ol ")
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if /(ns(s),w®) < § Similarly, if /(ns(s), —w®) < g, then

L 0®) > |£(ng(s),0®) — £(

» ")l

We can do the same estimate for Z(%, —w®), and hence,

M_Rb

/(ns3(s), j:w(i)) <

By (7.3.3), we now know that

(1+p-w) T Sp2

Using this estimate for region I; and defining the domains D; and D; as

D; = {p € R* | 3 v € R® such that f(s,z,p) # 0}

and

D; = {(p1,p2) € R* | 32 € R? p3 € R such that f(s,z,p1,ps,p3) # 0},
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we obtain the following estimate on region I;:

f(s, x—i—?"w’),p
/R3 (1+p-w <0 /_dp
1
< [3—2
P /Di/P(s)V1+p3
< 52 log(P(s)) / dpy dps

21 rr(syy)
< B ?log(P / / udud-y

< B7%log(P(s))llk(s,7)II7a

dps dp, dp

(In the above, we used polar coordinate to compute the integral over D and Holder’s

inequality in v in the last step.) Thus, we have obtained the bound in region I;:

fs.atrep) s log(P(s))A(s)"
ol T p-w) PSP PEAST S T B e

For region I1;, pick a system of polar coordinates (6, ¢s) such that p - ns(s) =

MIQ

wm

Ip|cos(Bs), i.e. O = /(p,n3(s)). Hence, by definition of 5, we have that § <0, <

and by definition of v = ~(p), we also have that ¢ = v(p). By (7.3.2), we have that

|p|5 ’i(t7 ¢s)(0;1 + <7T - 08>_1)'
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Using (7.3.3), we obtain

f(s,z+71w® p)
11, Po(l+p- w®)

2 3-% Cr(ts) (05 +(r—05) 1)
< / ds, / sin(6,) do, / Ipli(t, 6226 + (x — 6,))dlpl
0 3

log(P(s))A(s)*

SETAM'S (Z(n3(s), £w®))2

Summing the integrals over the domains I; and I;, we obtain the second bound we

wanted. This completes our proof. n

In the above, /(ns(s), £w®) = min{/(ns(s),w), Z(ns(s), —w®)}. Notice that
the above inequality is pointwise in time. Thus, the proof Proposition 51 differs from
the proof of Proposition 4.4 in [37] only in that we replace the unit vector e3 = (0,0, 1)
with n3(s) and w with w®. We now give modified arguments for momentum support

on planes changing uniformly continuously in time.

Proposition 52. Fort € [0,T):
t
|Er(t, z)[+]Br(t, 2)| < log(P(t) + (log(P(t)))Q/ A(s)'ds (7.3.6)
0
Proof. Using the bound (2.3.1) and partitioning the time interval

[07 t] - Ugt([TiaTi—i-l] N [07 t])
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as given by the conditions (7.2.1) and (7.2.2):

f(s,z+ (t — s)w,p)

|Er(t,x)|+|Br(t,x)] < / =dp dw
Cio JR3 (t— 35) p01+p w)?

//%/ f”+(t_5>3 D) dpsin(9) do do ds
R pi(l+p-w)?

"t i+1 (Z) . i i
_ Z / / / o2 £ = 9WP) 1 (00)d0® g d
R3

pa(1+p- w())3

We can divide the integral over df® into three regions:

0
/ f“”(t VD) de — A+ B+ G
g pi(l+p- w())

where A; is the integral over [0, P(¢)7'], B; is the integral over [P(t)~!, 7 — P(t)™!],
and C; is the integral over [ — P(t)~!, 7]. We estimate each of these integrals using

Proposition 51.

— @) . .
/ flo, x4 [t = s)w 5 )dp sin(6@)dg®
o pp(l+p-w)?

m—P(t)~? A(s)*log(P(s)) (09
. /P(lf)l (Z(ns(s), £w®))2 (60*)do

. /”PW A(s) 08(P(S)) o) 00

P)-1 (e(i))Q
PO A(s)! log(P(s)) N
+ A sin(m — 6@)de®
/P(t)1 (m—0))2 ( )

where in the third line we used the fact that sin(#®) = sin(m — %)) and we also used
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the following triangle inequality argument for angles:

L(ny(s), 2w W) 2 |£(ny(T;), 20 ¥) — L(na(s), na(T0))|

In the time interval [T, T;11], we have that /(ns(s),n3(T3)) < —3

are integrating over the interval 8% = /(ns(T}),w) € [P(t)™', 7 —

=09 = /(ny(T;), —w®) € [P(t)~L, 7 — P(t)"!]. Thus,

and

|2 (n3(T;), —w®) — £(ns(s),ns(Ty))|~= 7 — 69

Evaluating the integral, we obtain:
B; < A(s) " log(P(t))?

and
nt Tit1 t
3 / By ds < log(P(1))? / A(s)'ds
o /T 0

Next, evaluating A; and C; using the estimate

f(s,x+rw,p) 5
ey £ P og(P(s)
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P(t)7'] and



we obtain that

P()~! , A
A; 5/ P(s)*log(P(s)) sin(8®)ds® (7.3.7)
0
< log(P(t)) (7.3.8)
and similarly for C; < log(P(t)). Summing over ¢ = 1,...,n;, we obtain our
result. [

Next, we bound the Eg; + Bg; term. To do so, we apply the argument directly

from [37]:

Proposition 53. For s € [0,7T):

I [ s.2.0) dolliz S AP P) (7.39)

Proof. Consider coordinates on R? such that Q(s) is lies in the (p;,ps,0) plane. By

the support of f and since f is a bounded function,

P(s) 27 K(s,7) )
||/ f dpy\mg/ dpg/ dy/ rdr < A(s)2P(s)
R3 —P(s) 0 0

]

Since we still have the same bound (7.3.9) as in [37], the proof of Proposition 5.3

in [37] follows exactly:
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Proposition 54. Fort € [0,T):

¢ ¢
/ |Esq1|+|Bsilds < +/log P(t)/ A(s)*P(s)ds (7.3.10)
0 0

Finally, we have:

Proposition 55. Fort € [0,T):

=

|Esa|+|Bs2|< P(t)log P(t) + P(t) log P(t) ( /O t A(s)8d3> ’ (7.3.11)

Proof. Applying Holder’s inequality to (7.2.4):

| Es2|+|Bs2|

1

S Kl // / Rsf‘g““ S, p)dp)2sin9d0dqbds)2 (7.3.12)

po(l+p-w)

The || Ky||22(c,.,) term is uniformly bounded so we just have to get an estimate on
the second term on the right. We apply the same decomposition as in the proof of
Proposition 52. First, we split the integral over € into three intervals and apply (51)

to the momentum integral to obtain the inequality:

// / Rjiitip 03) p)dp>25m9d0d¢ds

SY A+ Bi+C (73.13)

=0
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where

1

/ - / - / sy log(P(s))? sin 0d8dids
/ - / / : o 81‘?250 (( )>>>2) sin 0d0dds
;= / - / " / ) log(P(s))? sin(r — 0)d6deds

Now, we apply the same methods to bound A;, B; and C; as in Proposition 52 to

obtain that:

i A + B + C; S P(t)?1log(P(t))* + P(t)*log(P(t))? /t A(s)%ds  (7.3.14)

Plugging (7.3.14) into (7.3.12), we obtain our result. O

Notice that we have proven the same bounds on the fields £ and B as found in
[37]. Thus, we can borrow the same proof from Proposition 6.1 in [37] to obtain that
P(T) < 1. Hence, by Theorem 19, we can extend our solution (f, F, B) to a larger

time interval [0,7" + €].
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