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Statistical Inference For High-Dimensional Linear Models

Abstract

High-dimensional linear models play an important role in the analysis of modern data sets. Although the
estimation problem has been well understood, there is still a paucity of methods and theories on the inference
problem for high-dimensional linear models. This thesis focuses on statistical inference for high-dimensional
linear models and consists of the following three parts.

1. The first part of the thesis considers confidence intervals for linear functionals in high-dimensional linear
regression. We first establish the convergence rates of the minimax expected length for confidence intervals.
Furthermore, we investigate the problem of adaptation to sparsity for the construction of confidence intervals
and identify the regimes in which it is possible to construct adaptive confidence intervals.

2.In the second part of the thesis, we consider point and interval estimation of the $\ell q$ loss of a given
estimator in high-dimensional linear regression. For the class of rate-optimal estimators, we establish the
minimax rates for estimating their $\ell {q}$ losses, the minimax expected length of confidence intervals for
their $\ell_{q}$ losses and the possibility of adaptivity of confidence intervals for their $\ell q$ losses.

3. In the third part of the thesis, we consider the problem in the framework of high-dimensional instrumental
variable regression and construct confidence intervals for the treatment effect in the presence of possibly
invalid instrumental variables. We develop a novel selection procedure, Two-Stage Hard Thresholding
(TSHT) to select valid instrumental variables and construct honest confidence intervals for the treatment
effect using the selected instrumental variables.
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ABSTRACT

STATISTICAL INFERENCE FOR
HIGH-DIMENSIONAL LINEAR MODELS

Zijian Guo

T. Tony Cai

High-dimensional linear models play an important role in the analysis of modern
data sets. Although the estimation problem has been well understood, there is still a
paucity of methods and theories on the inference problem for high-dimensional linear
models. This thesis focuses on statistical inference for high-dimensional linear models

and consists of the following three parts.

e The first part of the thesis considers confidence intervals for linear functionals
in high-dimensional linear regression. We first establish the convergence rates
of the minimax expected length for confidence intervals. Furthermore, we inves-
tigate the problem of adaptation to sparsity for the construction of confidence
intervals and identify the regimes in which it is possible to construct adaptive

confidence intervals.

e In the second part of the thesis, we consider point and interval estimation of
the ¢, loss of a given estimator in high-dimensional linear regression. For the

class of rate-optimal estimators, we establish the minimax rates for estimating

vi



their £, losses, the minimax expected length of confidence intervals for their ¢,

losses and the possibility of adaptivity of confidence intervals for their ¢, losses.

e In the third part of the thesis, we consider the problem in the framework of high-
dimensional instrumental variable regression and construct confidence intervals
for the treatment effect in the presence of possibly invalid instrumental variables.
We develop a novel selection procedure, Two-Stage Hard Thresholding (TSHT)
to select valid instrumental variables and construct honest confidence intervals

for the treatment effect using the selected instrumental variables.
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Introduction

1.1 Literature review

Driven by a wide range of applications, the high-dimensional linear model, where the
dimension p can be much larger than the sample size n, has received significant recent

attention. The linear model is

y=XB+e €~ N(0,0%), (1.1.1)

where y € R", X € R"? and # € RP. This high-dimensional linear model has been
well studied in the literature, where the main focus has been on estimation of f.
Several penalized /constrained ¢; minimization methods, including Lasso (Tibshirani,
1996), Dantzig selector (Candes & Tao, 2007), scaled Lasso (Sun & Zhang, 2012)
and square-root Lasso (Belloni et al., 2011), have been proposed. These methods
have been shown to work well in applications and produce interpretable estimates
of B when [ is assumed to be sparse. Theoretically, with a properly chosen tuning
parameter, these estimators achieve the optimal rate of convergence over collections
of sparse parameter spaces. See, for example, Candes & Tao (2007); Sun & Zhang
(2012); Belloni et al. (2011); Raskutti et al. (2011); Bickel et al. (2009); Bithlmann &



van de Geer (2011); Verzelen (2012).

Confidence sets play a fundamental role in statistical inference. Recently, confi-
dence sets for high-dimensional linear models have been actively studied, where the
focus is on the construction of confidence intervals for individual coordinates (Javan-
mard & Montanari, 2014a; van de Geer et al., 2014) and the construction of confidence
balls for the whole high-dimension vector 5 (Nickl & van de Geer, 2013). In addition,
Gautier & Tsybakov (2011); Belloni et al. (2012); Fan & Liao (2014); Chernozhukov
et al. (2015a) provide honest confidence intervals for a treatment effect in the frame-
work of high-dimensional instrumental variable regression. However, compared to the
estimation problem, there is still a paucity of methods and fundamental theoretical
results on the inference problem for high-dimensional linear models. In this thesis,
we will focus on the statistical inference problem in high-dimensional linear models.

An outline of the thesis is presented in the next subsection.

1.2 Outline of the thesis

We consider the following three statistical inference problems in high-dimensional

linear models.

Confidence intervals for linear functionals

In Chapter 2, we consider confidence intervals for linear functionals in high-dimensional
linear regression with random design. We first establish the convergence rates of the
minimax expected length for confidence intervals in the oracle setting where the spar-
sity parameter is given. The focus is then on the problem of adaptation to sparsity
for the construction of confidence intervals. Ideally, an adaptive confidence interval

should have its length automatically adjusted to the sparsity of the unknown regres-



sion vector, while maintaining a pre-specified coverage probability. It is shown that
such a goal is in general not attainable, except when the sparsity parameter is re-
stricted to a small region over which the confidence intervals have the optimal length
of the usual parametric rate. It is further demonstrated that the lack of adaptivity
is not due to the conservativeness of the minimax framework, but is fundamentally
caused by the difficulty of learning the bias accurately.

This chapter is joint work with T. Tony Cai.

Accuracy assessment

In Chapter 3, we consider point and interval estimation of the ¢, loss of a given
estimator in high-dimensional linear regression with random design. We establish
the minimax rate for estimating the ¢, loss and the minimax expected length of
confidence intervals for the ¢, loss of rate-optimal estimators of the regression vector,
including commonly used estimators such as Lasso, scaled Lasso, square-root Lasso
and Dantzig Selector. Adaptivity of confidence intervals for the ¢, loss is also studied.
Both the setting of known identity design covariance matrix and known noise level
and the setting of unknown design covariance matrix and unknown noise level are
studied. The results reveal interesting and significant differences between estimating
the ¢y loss and ¢, loss with 1 < ¢ < 2 as well as between the two settings. New
technical tools are developed to establish rate sharp lower bounds for the minimax
estimation error and the expected length of minimax and adaptive confidence intervals
for the ¢, loss. A significant difference between loss estimation and the traditional
parameter estimation is that for loss estimation the constraint is on the performance
of the estimator of the regression vector, but the lower bounds are on the difficulty
of estimating its ¢, loss. The technical tools developed in this paper can also be of

independent interest.



This chapter is joint work with T. Tony Cai.

Confidence intervals for treatment effects with invalid instru-

ments

In Chapter 4, we consider the statistical inference problem in the high-dimensional
instrumental variable framework with possibly invalid instruments. The instrumental
variable (IV) method is commonly used to estimate the causal effect of a treatment on
an outcome by using Vs that satisfy the assumptions of association with treatment,
no direct effect on the outcome and ignorability. A major challenge in IV analysis is to
find said IVs, but typically one is unsure of whether all of the putative IVs are in fact
valid (i.e. satisfy the assumptions). We propose a general inference procedure that
provides honest inference in the presence of invalid IVs, even after controlling for a
large number of covariates. The key step of our method is a novel selection procedure,
which we call Two-Stage Hard Thresholding (TSHT'), where we use hard thresholding
to select the set of non-redundant instruments in the first stage and subsequently use
hard thresholding to select the set of valid instruments in the second stage among the
set of instruments selected from the first stage. TSHT allows us to not only select
valid IVs, but also provide honest confidence intervals of the treatment effect at y/n
rate. We establish asymptotic properties of our procedure and demonstrate that our
procedure performs well in simulation studies compared to traditional IV methods,
especially when the instruments are invalid.

This chapter is joint work with Hyunseung Kang, T. Tony Cai and Dylan S. Small.



Confidence Intervals for High-Dimensional Linear

Regression: Minimax Rates and Adaptivity

2.1 Introduction

Driven by a wide range of applications, high-dimensional linear regression, where the
dimension p can be much larger than the sample size n, has received significant recent

attention. The linear model is
y=XB+e, e~ N(0 %), (2.1.1)

where y € R, X € R"*? and 8 € RP. Several penalized/constrained ¢; minimization

methods, including Lasso (Tibshirani, 1996), Dantzig Selector (Candes & Tao, 2007),

square-root Lasso (Belloni et al., 2011), and scaled Lasso (Sun & Zhang, 2012) have

been proposed and studied. Under regularity conditions on the design matrix X,

these methods with a suitable choice of the tuning parameter have been shown to
ogp

achieve the optimal rate of convergence k:lT under the squared error loss over the

set of k-sparse regression coefficient vectors with k < c@ where ¢ > 0 is a constant.



That is, there exists some constant C' > 0 such that

~ logp
sup 7 (115~ 5l > C-%

1Bllo<k

) = o(1), (2.1.2)

where ||3]|o denotes the number of the nonzero coordinates of a vector 5 € RP. See, for
example, Verzelen (2012); Bickel et al. (2009); Candes & Tao (2007); Sun & Zhang
(2012). A key feature of the estimation problem is that the optimal rate can be
achieved adaptively with respect to the sparsity parameter k.

Confidence sets play a fundamental role in statistical inference and confidence in-
tervals for high-dimensional linear regression have been actively studied recently with
a focus on inference for individual coordinates. But, compared to point estimation,
there is still a paucity of methods and fundamental theoretical results on confidence
intervals for high-dimensional regression. Zhang & Zhang (2014) was the first to in-
troduce the idea of de-biasing for constructing a valid confidence interval for a single
coordinate (3;. The confidence interval is centered at a low-dimensional projection
estimator obtained through bias correction via score vector using the scaled Lasso as
the initial estimator. Javanmard & Montanari (2014a); van de Geer et al. (2014) also
used de-biasing for the construction of confidence intervals and van de Geer et al.
(2014) established asymptotic efficiency for the proposed estimator. All the afore-

mentioned papers, Zhang & Zhang (2014); Javanmard & Montanari (2014a); van de

Jn
logp

Geer et al. (2014), have focused on the ultra-sparse case where the sparsity k <
is assumed. Under such a sparsity condition, the expected length of the confidence
intervals constructed in Zhang & Zhang (2014); Javanmard & Montanari (2014a);
van de Geer et al. (2014) is at the parametric rate \/iﬁ and the procedures do not
depend on the specific value of k.

Compared to point estimation where the sparsity condition k < @ is sufficient

for estimation consistency (see equation (2.1.2)), the condition k < % for valid



confidence intervals is much stronger. There are several natural questions: What

happens in the region where o< <o

- S kS 7 Is it still possible to construct a
gp ogp

valid confidence interval for (; in this case? Can one construct an adaptive honest
confidence interval not depending on k7

The goal of the present paper is to address these and other related questions on
confidence intervals for high-dimensional linear regression with random design. More
specifically, we consider construction of confidence intervals for a linear functional
T (B) = &5, where the loading vector £ € RP is given and I;?j:—'m < ¢ with
¢ > 1 being a constant. Based on the sparsity of &, we focus on two specific regimes:
the sparse loading regime where ||£||o < Ck, with C' > 0 being a constant; the dense
loading regime where ||| satisfying (2.2.7) in Section 2.2. It will be seen later that
for confidence intervals, T (8) = f3; is a prototypical case for the general functional
T (B) = €75 with a sparse loading &, and T (5) = >_,_, §; is a representative case for
T (B) = 75 with a dense loading €.

To illustrate the main idea, let us first focus on the two specific functionals T (5) =
B; and T (8) = D7 | B;. We establish the convergence rate of the minimax expected
length for confidence intervals in the oracle setting where the sparsity parameter £ is
given. It is shown that in this case the minimax expected length is of order \/%7 —i—klo%
for confidence intervals of 5;. An honest confidence interval, which depends on the
sparsity k, is constructed and is shown to be minimax rate optimal. To the best of our

knowledge, this is the first construction of confidence intervals in the moderate-sparse

region 1(\)/;;, < k< logp' If the sparsity k falls into the ultra-sparse region k < h\)/gﬁp, the
constructed confidence interval is similar to the confidence intervals constructed in
Zhang & Zhang (2014); Javanmard & Montanari (2014a); van de Geer et al. (2014).

On the other hand, the convergence rate of the minimax expected length of honest

confidence intervals for Y7 | f; in the oracle setting is shown to be k 98P A rate-

n °



optimal confidence interval that also depends on k is constructed. It should be noted
that this confidence interval is not based on the de-biased estimator.

One drawback of the constructed confidence intervals mentioned above is that
they require a prior knowledge of the sparsity k. Such knowledge of sparsity is usually
unavailable in applications. A natural question is: Without knowing the sparsity k,
is it possible to construct a confidence interval as good as when the sparsity k is
known? This is a question about adaptive inference, which has been a major goal
in nonparametric and high-dimensional statistics. Ideally, an adaptive confidence
interval should have its length automatically adjusted to the true sparsity of the
unknown regression vector, while maintaining a prespecified coverage probability.
We show that, in marked contrast to point estimation, such a goal is in general not
attainable for confidence intervals. In the case of confidence intervals for f;, it is
impossible to adapt between different sparsity levels, except when the sparsity k is
restricted to the ultra-sparse region k < %, over which the confidence intervals have

the optimal length of the parametric rate \/Lﬁ, which does not depend on k. In the

case of confidence intervals for Y 7, f;, it is shown that adaptation to the sparsity is

< /n

~ logp"’

not possible at all, even in the ultra-sparse region £

Minimax theory is often criticized as being too conservative as it focuses on the
worst case performance over a large parameter space. For confidence intervals for
high dimensional linear regression, we establish strong non-adaptivity results which
demonstrate that the lack of adaptivity is not due to the conservativeness of the min-
imax framework. It shows that for any confidence interval with guaranteed coverage
probability over the set of k sparse vectors, its expected length at any given point
in a large subset of the parameter space must be at least of the same order as the
minimax expected length. So the confidence interval must be long at a large subset of

points in the parameter space, not just at a small number of “unlucky” points. This



leads directly to the impossibility of adaptation over different sparsity levels. Funda-
mentally, the lack of adaptivity is caused by the difficulty in accurately learning the
bias of any estimator for high-dimensional linear regression.

We now turn to confidence intervals for general linear functionals. For a linear

functional €73 in the sparse loading regime, the rate of the minimax expected length is

1€1|2 (\/Lﬁ + k;logp>, where [|£]|2 is the vector £ norm of . For a linear functional {73

n

in the dense loading regime, the rate of the minimax expected length is ||£ Hook\/@ :
where ||| is the vector o, norm of £. Regarding adaptivity, the phenomena ob-
served in confidence intervals for the two special linear functionals T () = (; and
T(B) = >F_, Bi extend to the general linear functionals. The case of confidence in-
tervals for T (8) = > 7_, &B; with a sparse loading ¢ is similar to that of confidence
intervals for ; in the sense that rate-optimal adaptation is impossible except when
the sparsity k is restricted to the ultra-sparse region k < %. On the other hand,

the case for a dense loading ¢ is similar to that of confidence intervals for Y %, f;:

adaptation to the sparsity k£ is not possible at all, even in the ultra-sparse region

< Vn

~ logp"

In addition to the more typical setting in practice where the covariance matrix
Y of random design and the noise level o of the linear model are unknown, we also
consider the case with the prior knowledge of ¥ =1 and ¢ = 0y. It turns out that
this case is strikingly different. The minimax rate for the expected length in the
sparse loading regime is reduced from ||£||2 (\/Lﬁ - k%) to %, and in particular it

does not depend on the sparsity k. Furthermore, in marked contrast to the case of

unknown ¥ and o, adaptation to sparsity is possible over the full range k£ < logp. On
the other hand, for linear functionals ¢T3 with a dense loading &, the minimax rates
and impossibility for adaptive confidence intervals do not change even with the prior

knowledge of ¥ =1 and o = 0y. However, the cost of adaptation is reduced with the



prior knowledge.

The rest of the paper is organized as follows: After basic notation is introduced,
Section 2.2 presents a precise formulation for the adaptive confidence interval problem.
Section 2.3 establishes the minimaxity and adaptivity results for a general linear
functional 73 with a sparse loading . Section 2.4 focuses on confidence intervals
for a general linear functional (75 with a dense loading £. Section 2.5 considers the
case when there is prior knowledge of covariance matrix of the random design and
the noise level of the linear model. Section 2.6 discusses connections to other work
and further research directions. The proofs of the main results are given in Section

2.7. More discussion and proofs are presented in Chapter A.

2.2 Formulation for adaptive confidence interval
problem

We present in this section the framework for studying the adaptivity of confidence

intervals. We begin with the notation that will be used throughout the paper.

2.2.1 Notation

For a matrix X € R™P?, X;, X, and X;; denote respectively the i-th row, j-th
column, and (4, j) entry of the matrix X, X; _; denotes the i-th row of X excluding
the j-th coordinate, and X_; denotes the submatrix of X excluding the j-th column.
Let [p] = {1,2,--- ,p}. Forasubset J C [p], X, denotes the submatrix of X consisting
of columns X.; with 7 € J and for a vector x € RP, z; is the subvector of x with
indices in J and z_; is the subvector with indices in J¢. For a set S, |S| denotes the

cardinality of S. For a vector z € RP, supp(z) denotes the support of x and the ¢,

norm of z is defined as ||z||, = (>°7, |x2\q)% for ¢ > 0 with ||z]|o = |supp(z)| and
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|7]|co = maxi<j<p |z;|. We use e; to denote the i-th standard basis vector in R?. For
a € R, ay = max{a,0}. We use > f3; as a shorthand for Y 7 | §;, max || X,[|» as a
shorthand for max;<;<, ||-X.;|l2 and min || X||2 as a shorthand for min;<;<, ||X||2.
For a matrix A and 1 < ¢ < oo, [|Al|, = sup,=1 [[Az[, is the matrix £, operator
norm. In particular, ||A||; is the spectral norm. For a symmetric matrix A, Ay, (A)
and Apax (A) denote respectively the smallest and largest eigenvalue of A. We use ¢

and C to denote generic positive constants that may vary from place to place. For

2 by, if

~

two positive sequences a, and b,, a, < b, means a, < Cb, for all n and a,
b, < a, and a, < b, if a, < b, and b, < a,, and a, < b, if limsup,,_, 3> =0 and

an > b, if b, < a,.

2.2.2 Framework for adaptivity of confidence intervals

We shall focus in this paper on the high-dimensional linear model with the Gaussian
design,

Ynx1 = XnXpﬁle + €nx1 €~ Nn(o, 021), (221)

where the rows of X satisfy X;. ey N,(0,%), i = 1,...,n, and are independent of e.
Both ¥ and the noise level o are unknown. Let 2 = X! denote the precision matrix.
The parameter 6§ = (3,2, o) consists of the signal 5, the precision matrix € for the
random design, and the noise level o. The target of interest is the linear functional
of B, T(5) = &3, where £ € RP is a pre-specified loading vector. The data that we
observe is Z = (Zy,-++ ,Z,)", where Z; = (y;, X;) e RPT fori=1,--. n.

For 0 < o < 1 and a given parameter space © and the linear functional T (3),

denote by Z, (©, T) the set of all (1 — «) level confidence intervals for T (3) over the

11



parameter space O,

7.(0,T) = {CIQ (1.2) = 1Z),u(2)] : inf Bo(1(Z) < T(B) < u(2)) = 1 - a} |
€
(2.2.2)
For any confidence interval CI, (T, Z2) € Z, (0, T), the maximum expected length

over a parameter space © is defined as

L(Cl, (T, Z),0,T) = supEoL (CL, (T, Z)),
0O

where for confidence interval Cl,, (T, Z) = [[(Z),u(Z)], L(CI, (T, 2)) = u(Z) — I(Z)
denotes its length. For two parameter spaces ©; C O, we define the benchmark
L¥(01,0,T) as the infimum of the maximum expected length over ©; among all
(1 — «)-level confidence intervals over ©,

Li(0,0,T)= ~ nf  L(CL(T,2),6,,T) (2.2.3)

We will write L¥(©,T) for L*(©,0,T), which is the minimax expected length of
confidence intervals over ©.

We should emphasize that L’ (01,0, T) is an important quantity that measures
the degree of adaptivity over the nested spaces ©; C ©. A confidence interval
Cl, (T, Z) that is (rate-optimally) adaptive over ©; and © should have the optimal
expected length performance simultaneously over both ©; and © while maintaining

a given coverage probability over ©, i.e., Cl, (T, Z) € Z, (©, T) such that
L(CI,(T,Z2),0,,T) < L:(©:,T) and L(CI,(T,Z),0,T) =< L:(0,T).

Note that in this case L(CIL,(T,Z2),0,,T) > L%(01,0,T). So for two parameter

spaces ©; C O, if L (01,0, T) > L’ (0, T), then rate-optimal adaptation between

12



O, and © is impossible to achieve.

We consider the following collection of parameter spaces,

Ok) = {e — (3,9,0) : |8l < k. Mil < N (Q) < Aman(Q) < My, 0 < 0 < MQ} ,
(2.2.4)
where M; > 1 and M, > 0 are positive constants. Basically, ©(k) is the set of all
k-sparse regression vectors. M% < Mnin(2) < Anax(2) < Mj and 0 < 0 < My are two

mild regularity conditions on the design and the noise level.

The main goal of this paper is to address the following two questions:

1. What is the minimaz length L% (©(k), T) in the oracle setting where the sparsity

level k is known?

2. Is it possible to achieve rate-optimal adaptation over different sparsity levels?
More specifically, for k; < k, is it possible to construct a confidence interval
Cl, (T, Z) that is adaptive over O(k;) and O(k) in the sense that CI, (T, Z) €
Z,(©(k),T) and

L(CL, (T, 2), 8(ky), T) = L-(0(ky), T), s,
L(CL, (T, Z),0(k), T) = L* (O(k), T)? B

We will answer these questions by analyzing the two benchmark quantities L} (©(k), T)
and L* (©(k1),0(k), T). Both lower and upper bounds will be established. If (2.2.5)
can be achieved, it means that the confidence interval CI, (T, Z) can automatically
adjust its length to the sparsity level of the true regression vector 5. On the other
hand, if L’ (O(k;),O(k),T) > L:(O(k;1), T), then such a goal is not attainable.

For ease of presentation, we calibrate the sparsity level

k=p” forsome0§7<%,

13



and restrict the loading £ to the set

§€2(q0) = {f ER: ey =g, € #0 and e S }

M jesupp(€) (31

where ¢ > 1 is a constant. The minimax rate and adaptivity of confidence intervals for
the general linear functional {75 also depends on the sparsity of £. We are particularly

interested in the following two regimes:

1. The sparse loading regime: & € Z(q, ¢) with

q < Ck. (2.2.6)

2. The dense loading regime: £ € = (g, ¢) with

g=cp’ with 2y<~,<1. (2.2.7)

The behavior of the problem is significantly different in these two regimes. We will
consider separately the sparse loading regime in Section 2.3 and the dense loading

regime in Section 2.4.

2.3 Minimax rate and adaptivity of confidence in-
tervals for sparse loading linear functionals

In this section, we establish the rates of convergence for the minimax expected length
of confidence intervals for {75 with a sparse loading £ in the oracle setting where
the sparsity parameter k of the regression vector J is given. Both minimax upper

and lower bounds are given. Confidence intervals for (T3 are constructed and shown
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to be minimax rate-optimal in the sparse loading regime. Finally, we establish the

possibility of adaptivity for the linear functional {75 with a sparse loading &.

2.3.1 Minimax length of confidence intervals for {73 in the
sparse loading regime

In this section, we focus on the sparse loading regime defined in (2.2.6). The following
theorem establishes the minimax rates for the expected length of confidence intervals

for €7/ in the sparse loading regime.

Theorem 1. Suppose that 0 < a < % and k < cmin{p?, kgp} for some constants

c>0and 0 < vy < % If € belongs to the sparse loading regime (2.2.6), the minimax

expected length for (1 — «v) level confidence intervals of 0 over © (k) satisfies

L:(O(),€6) = €] (% " klojp) | (231)

Theorem 1 is established in two separate steps.

1. Minimax upper bound: we construct a confidence interval CI3 (€73, Z) such

that CIS (€76, Z) € Z,, (© (k),£76) and for some constant C' > 0

- : 0 Jogp
L(C2(€6,2).00.68) < Clell (= +KEL) . @32)

2. Minimax lower bound: we show that for some constant ¢ > 0

L0 1)) 2 clell (o + £2L)). 233

The minimax lower bound is implied by the adaptivity result given in Theorem 2.

We now detail the construction of a confidence interval CIS (€73, Z) achieving the
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minimax rate (2.3.1) in the sparse loading regime. The interval CIS (€74, Z) is cen-
tered at a de-biased scaled Lasso estimator, which generalizes the ideas used in Zhang
& Zhang (2014); Javanmard & Montanari (2014a); van de Geer et al. (2014). The

construction of the (random) length is different from the aforementioned papers as

Vvn

~ logp"

Let {/3,6} be the scaled Lasso estimator with \g = e

the asymptotic normality result is not valid once k 2

5.6 X813 o
B,6} = argmin ———= + — + ) 3. 534
t J BERP,cERT 2no 2 0; NG |51 ( )
Define
g (VBB 1o 53 s
uERP

where & = 1X7X and A, = 12||¢]|2MEy/ €2, The confidence interval CI3 (€743, Z) is

centered at the following de-biased estimator
- ~ 1 ~
— B+ X7 (y- XB), (2.3.6)
n

where 3 is the scaled Lasso estimator given in (2.3.4) and @ is defined in (2.3.5). Before
specifying the length of the confidence interval, we review the following definition of

restricted eigenvalue introduced in Bickel et al. (2009),

X0
R(X,k,op) = min mln _IXoll (2.3.7)
Joc{1o p}, Vill 2"

|Jol<k H5J0H1<0‘0H5J0”1

Define

1 k1
s + G (R B2 logp( 4 Fo8T)

vn n ’
(2.3.8)

Zu
3
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where z,/9 is the /2 upper quantile of the standard normal distribution and

12 X |2
Oy (X, ) = 700002—Y" ax { 1,05, O12max X

: (2.3.9)
min || X, max || X ;|2
15112 e (X, k, 405 (et ) )
Define the event
A={6<logp}. (2.3.10)
The confidence interval CIZ (€743, Z) for €73 is defined as
n—p1(k), p+p(k on A
OIS (¢75. 2) = [=p1(k), i+ pi (k)] (2.3.11)

{0} on A°

It will be shown in Section 2.7 that the confidence interval CIg (76, Z) has the desired

coverage property and achieves the minimax length in (2.3.1).

Remark 1. In the special case of £ = ey, the confidence interval defined in (2.3.11) is
similar to the ones based on the de-biased estimators introduced in Zhang & Zhang
(2014); Javanmard & Montanari (2014a); van de Geer et al. (2014). The second
term aTLXT (y - XB) in (2.3.6) is incorporated to reduce the bias of the scaled
Lasso estimator B\ . The constrained estimator @ defined in (2.3.5) is a score vector u
such that the variance term uTSu is minimized and one component of the bias term
|Su — €]|o is constrained by the tuning parameter \,. The tuning parameter ), is
chosen as 12[\5\]2]\/[12\/@ such that u = Q¢ lies in the constraint set |Su—&[o < An
in (2.3.5) with overwhelming probability. For C(X, k) defined in (2.3.9), it will be

shown that it is upper bounded by a constant with overwhelming probability.
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2.3.2 Adaptivity of confidence intervals for {73 in the sparse
loading regime

We have constructed a minimax rate-optimal confidence interval for {75 in the oracle
setting where the sparsity k is assumed to be known. A major drawback of the
construction is that it requires prior knowledge of k, which is typically unavailable
in practice. An interesting question is whether it is possible to construct adaptive
confidence intervals that have the guaranteed coverage and automatically adjust its
length to k.

We now consider the adaptivity of the confidence intervals for £75. In light of
the minimax expected length given in Theorem 1, the following theorem provides an
answer to the adaptivity question (2.2.5) for the confidence intervals for {7/ in the

sparse loading regime.

Theorem 2. Suppose that 0 < a < 5 and ky < k < cmin {p”,@} for some

1
2
constants ¢ >0 and 0 < v < % If € belongs to the sparse loading regime (2.2.6), then

there is some constant ¢; > 0 such that

1 log p
—+k . 2.3.12
=+ kL) (23.12)

L2(O(k), O(k),€7) > erllls (

Note that Theorem 2 implies the minimax lower bound in Theorem 1 by taking
ki = k. Theorem 2 rules out the possibility of rate-optimal adaptive confidence
intervals beyond the ultra-sparse region. Consider the setting where k; < k and

\/ﬁ .
ey K k< @. In this case,

L2 (O(k), O(k), €T8) = L2(O(k), £78) = [|Elok 5L > L2 (O1(ky), £75).

n

So it is impossible to construct a confidence interval that is adaptive simultaneously
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over ©(k) and O(k) when X~ <« k < 2 and k; < k. For sparse loading with

logp ~ logp
q < Ck;, the only possible region for adaptation is the ultra-sparse region k < l(‘)/gz,

over which the optimal expected length of confidence intervals is of order \/Lﬁ and in

particular does not depend on the specific sparsity level. These facts are illustrated

in Figure 2.1.

1 klog p
i n
| | | | |
[ I I I I
0 k Jn/log p k n/log p
Adaptive Not Adaptive

Figure 2.1: Tllustration of adaptivity of confidence intervals for {75 with a sparse
loading ¢ satisfying [|{][o < Ck;. For adaptation between O(k;) and O(k) with
k1 < k, rate-optimal adaptation is possible if k£ < % and impossible otherwise.

So far the analysis is carried out within the minimax framework where the focus
is on the performance in the worst case over a large parameter space. The minimax
theory is often criticized as being too conservative. In the following, we establish
a stronger version of the non-adaptivity result which demonstrates that the lack of
adaptivity for confidence intervals is not due to the conservativeness of the minimax
framework. The result shows that for any confidence interval CI,, (73, Z), under the
coverage constraint that CI, (76,72) € Z, (O (k) ,£70), its expected length at any
given 6* = (8*,1,0) € © (k;) must be of order ||£|| (\/Lﬁ + klo%) . So the confidence
interval must be long at a large subset of points in the parameter space, not just at

a small number of “unlucky” points.

Theorem 3. Suppose that 0 < a < % and k < cmin{p’

n
? logp

} for some constants

c>0and 0 < v < % Let ky < (1 —=¢o)k —1 and q < %‘)k for some constant

19



0 < (o < 1. Then for any 6 = (5*,1,0) € O (k1) and & € =(q,¢), there is some

constant ¢; > 0 such that

wf o EeL(CL(E5.2)) > (klojp ; %) o (2313)

Cla(£78,2)€La(O(k) LT

Note that no supremum is taken over the parameter * in (2.3.13). Theorem 3
illustrates that if a confidence interval CI, ({743, Z) is “superefficient” at any point

0* = (B*,1,0) € O(k;) in the sense that

1
L (CL(€75,2)) < gl (5= + 22 ) o,

then the confidence interval CI, (73, Z) can not have the guaranteed coverage over

the parameter space ©(k).

2.3.3 Minimax rate and adaptivity of confidence intervals for

A

We now turn to the special case T (8) = f;, which has been the focus of several
previous papers, Zhang & Zhang (2014); Javanmard & Montanari (2014b,a); van de
Geer et al. (2014). Without loss of generality, we consider f;, the first coordinate
of 3, in the following discussion and the results for any other coordinate (; are the
same. The linear functional 3, is the special case of linear functional of sparse loading
regime with £ = e;.
Theorem 1 implies that the minimax expected length for (1 — «) level confidence
intervals of (5, over O (k) satisfies
1 i log p '

LZ(@(/f),Bl)XﬁﬂL

(2.3.14)
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In the ultra-sparse region with k& < V/n

S fep the minimax expected length is of order \/iﬁ

However, when k falls in the moderate-sparse region 1«\3{; <k < 1o§pv the minimax
expected length is of order kl"% and in this case klo% > \/Lﬁ Hence the confidence
intervals constructed in Zhang & Zhang (2014); Javanmard & Montanari (2014b,a);

van de Geer et al. (2014), which are of parametric length \/iﬁ, asymptotically have

coverage probability going to 0. The condition k < 1;@ is thus necessary for the

parametric rate \/Lﬁ van de Geer et al. (2014) established asymptotic normality

and asymptotic efficiency for a de-biased estimator under the sparsity assumption
k< %. Similar results have also been given in Ren et al. (2013) for a related

problem of estimating a single entry of a p-dimensional precision matrix based on n

NG

. It was also shown that
ogp

i.i.d. samples under the same sparsity condition k¥ <

k< 1:)/;) is necessary for the asymptotic normality and asymptotic efficiency results.

The following corollary, as a special case of Theorem 3, illustrates the strong

NG

logp*®

non-adaptivity for confidence intervals of §; when k >

Corollary 1. Suppose that 0 < a < % and k < cmin{p?, @} for some constants
c>0and 0 <~y < % Let ky < (1 — (o) k—1 for some constant 0 < (o < 1. Then for

any 0* = (B*,1,0) € O (k1), there is some constant ¢, > 0 such that

) 1 log p
f Eo- L (CL, (81, Z)) > ¢, [ — + k . 2.3.1
Cla(60,2)CTa (O 51) (Cla (b1, 2)) Cl(\/ﬁJr n )U (23.15)

2.4 Minimax rate and adaptivity of confidence in-
tervals for dense loading linear functionals

We now turn to the setting where the loading & is dense in the sense of (2.2.7).
We will also briefly discuss the special case Y ¢, f; and the computationally feasible

confidence intervals.
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2.4.1 Minimax length of confidence intervals for (73 in the
dense loading regime

The following theorem establishes the minimax length of confidence intervals of {765

in the dense loading regime (2.2.7).

1
2

n
’ logp

Theorem 4. Suppose that 0 < a < 5 and k < cmin{p? } for some constants
c>0and 0 < v < % If € belongs to the dense loading regime (2.2.7), the minimazx

expected length for (1 — «) level confidence intervals of 75 over © (k) satisfies

L: (O () €75) = [jll-ck /22, (24.1)

Note that the minimax rate in (2.4.1) is significantly different from the minimax

rate ||€ ||2(\/Lﬁ +k1°%) for the sparse loading case given in Theorem 1. In the following,
we construct a confidence interval CIY (€743, Z) achieving the minimax rate (2.4.1) in

the dense loading regime. Define

912 max || X ;|3
K2 (X,k,405 (%»

min || X ;|2

Co(X. k) =822— Y e d 195,

min HX]HQ

(2.4.2)

It will be shown that Cy(X, k) is upper bounded by a constant with overwhelming

probability. The confidence interval CIZ (€73, Z) is defined to be,

(€78 = llglloopz (k) ,€TB+ €lloopz (k)| on A
{0} on A€

CI (€76, 2) = (2.4.3)

where A is defined in (2.3.10) and J is the scaled Lasso estimator defined in (2.3.4)

po (k) = min {02 (X, k) k;,/l(’%&, log p (/q / 105%) } . (2.4.4)

22
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The confidence interval constructed in (2.4.3) will be shown to have the desired cover-
age property and achieve the minimax length in (2.4.1). A major difference between
the construction of CI? (¢T3, Z) and that of CIS (€73, Z) is that CIY (€73, Z) is not
centered at a de-biased estimator. If a de-biased estimator is used for the construction
of confidence intervals for {75 with a dense loading, its variance would be too large,

which leads to a confidence interval with length much larger than the optimal length

I€]look |/ 2L,

n

2.4.2 Adaptivity of confidence intervals for {75 in the dense
loading regime

In this section, we investigate the possibility of adaptive confidence intervals for {765
in the dense loading regime. The following theorem leads directly to an answer to
the adaptivity question (2.2.5) for confidence intervals for {75 in the dense loading

regime.

Theorem 5. Suppose that 0 < a < % and ki1 < k < cmin {p”, logp} for some

constants ¢ >0 and 0 < v < % If & belongs to the dense loading regime (2.2.7), then

there is some constant ¢; > 0 such that

Ly (0 (k1),0(k),£8) > c1]|€]|ockr/ 10573. (2.4.5)

Theorem 5 implies the minimax lower bound in Theorem 4 by taking k; = k. If

k1 < k, (2.4.5) implies

log p
n

L (©(k1),0 (k) ,£78) = cf|€]|ock > Ly (O (k1) ,€76), (2.4.6)

which shows that rate-optimal adaptation over two different sparsity levels k; and k
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is not possible at all for any k; < k. In contrast, in the case of the sparse loading

regime, Theorem 2 shows that it is possible to construct an adaptive confidence

NG

logp?

interval in the ultra-sparse region k < although adaptation is not possible in the

ion Y < _n
moderate-sparse region rep < k< a7

Similarly to Theorem 3, the following theorem establishes the strong non-adaptivity

results for (75 in the dense loading regime.

Theorem 6. Suppose that 0 < o < % and k < cmin{p”, lo’;p} for some constants

¢>0and 0 <y <3. Let q satisfy (2.2.7) and ky < (1 — (o) k — 1 for some positive
constant 0 < (o < 1. Then for any 6* = (6*,1,0) € O (k1) and £ € =(q,¢), there is

some constant ¢y > 0 such that

logp
Eg-L (Cly (€78, 2)) > c1]|€]|ack] —F0. 2.4.7
Ow.ers) (Cla (§78,2)) = al]| . (2.4.7)

inf
€

(3

Cla(78,2)

2.4.3 Minimax length and adaptivity of confidence intervals
for >0 . 5;

We now turn to to the special case of T(3) = >7_, ;, the sum of all regression
coefficients. Theorem 4 implies that the minimax expected length for (1 — «) level

confidence intervals of > 7 | 5; over © (k) satisfies

L, (@ (WZ@) = ky/ loip. (2.4.8)

The following impossibility of adaptivity result for confidence intervals for Y %_, f; is

a special case of Theorem 6.

n
? logp

Corollary 2. Suppose that 0 < a < % and k < cmin{p” } for some constants

¢>0and0 <~y <3. Letky < (1—{o)k—1 for some constant 0 < {; < 1. Then for
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any 0" = (/6*7170) € @ (kl);

‘ log p
inf Eg« L (CIa ( i7z>> > ik -, 540
Cla (32 8:,2)€Za(O(K),22 Bi) o Z ﬂ ! n ( )

for some constant ¢, > 0.

Remark 2. In the Gaussian sequence model, minimax estimation of the sum of
sparse means has been considered in Cai & Low (2004) and construction of confidence
intervals for the sum was studied in Cai & Low (2005). In particular, minimax
estimation rate and minimax expected length of confidence intervals are given in Cai
& Low (2004) and Cai & Low (2005), respectively. A more refined non-asymptotic
analysis for the minimax estimation of the sum of sparse means was given in a recent

paper Collier et al. (2015).

2.4.4 Computationally feasible confidence intervals

A major drawback of the minimax rate-optimal confidence intervals Cli (758, Z) given
in (2.3.11) and CIY (£73, Z) given in (2.4.3) is that they are not computationally fea-
sible as both depend on restricted eigenvalue (X, k, o), which is difficult to evaluate.
In this section, we assume the prior knowledge of the sparsity k£ and discuss how to
construct a computationally feasible confidence interval.

The main idea is to replace the term involved with restricted eigenvalue by a

computationally feasible lower bound function w (€2, X, k) defined by

2

max [[X ; [z
(XK = 1 - 9 (1 + 405 min||X<j||2> /klogp . (2.4.10)
4 V )\max (Q) V )\min (Q) n

+

The lower bound relation is established by Lemma 13 in Chapter A, which is based on

the concentration inequality for Gaussian design in Raskutti et al. (2010). Except for
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Amin (£2) and Apax (€2), all terms in (2.4.10) are based on the data (X, y) and the prior
knowledge of k. To construct a data-dependent computationally feasible confidence

interval, we make the following assumption,

—_—

oton Px (max { ‘Amin (€2) = Amin (Q)) ,

—_——

Ao (©) = Ao (D)} = Cany ) = o(1),
(2.4.11)

where lim sup a,, , = 0 and Gq, is a pre-specified parameter space for {2 and Px denotes

the probability distribution with respect to X.

Remark 3. We assume G, is a subspace of the precision matrix defined in (2.2.4),

trix of special structure, we can find estimators satisfying (2.4.11). For example,
if G is assumed to be the set of sparse precision matrices, the precision matrix €2
can be estimated by the CLIME estimator € proposed in Cai et al. (2011). Un-
der a proper sparsity assumption on €2, the plugin estimator ()\;;(/Q), A;F))) =
(Amin (Q) , Amax <(~2>> satisfies (2.4.11). Other special structures can also be as-
sumed, for example, the covariance matrix ¥ is sparse. We can use the plugin es-
timator of the thresholding estimators proposed in Cai & Liu (2011); Cai & Zhou
(2012).

—_

With Apin () and Apax (©2), we define w (2, X, k) as

2

max || X ;|2
9 (1 + 405 min || X2 ) klogp

1
4 A () V A () ")

and construct computationally feasible confidence intervals by replacing
X
o (o ()
min || X2
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in (2.3.11) and (2.4.3) with w(£2, X, k).

2.5 Confidence intervals for linear functionals with
prior knowledge ) =1 and o = oy

We have so far focused on the setting where both the precision matrix €2 and the noise
level o are unknown, which is the case in most statistical applications. It is still of
theoretical interest to study the problem when 2 and o are known. It is interesting
to contrast the results with the ones when €2 and ¢ are unknown. In this case, we
consider the setting where it is known a priori that 2 = I and ¢ = 0 and specify the

parameter space as
O(k,1,00) = {0 = (8,1,00) : [|Bllo < k}. (2.5.1)

We will discuss separately the minimax rates and adaptivity of confidence intervals
for the linear functionals in the sparse loading regime and dense loading regime over

the parameter space ©(k, 1, 09).

2.5.1 Confidence intervals for linear functionals in the sparse
loading regime

The following theorem establishes the minimax rate of confidence intervals for linear
functionals in the sparse loading regime when there is prior knowledge that 2 =1

and o = oy.

Theorem 7. Suppose that 0 < a < % and k < cmin{p?, IOZp} for some constants

c>0and 0 < v < % If & belongs to the sparse loading regime (2.2.6), the minimax
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expected length for (1 — «v) level confidence intervals of 70 over O(k, 1, 00) satisfies

€112

L (©(k,1,00),TP) < N

(2.5.2)

Compared with the minimax rate % + ||§||2k1°% for the unknown 2 and o case
given in Theorem 1, the minimax rate in (2.5.2) is significantly different. With the
prior knowledge of 2 = I and ¢ = oy, the above theorem shows that the minimax
expected length of confidence intervals for 73 is always of the parametric rate and
in particular does not depend on the sparsity parameter k. In this case, adaptive
confidence intervals for £7/ is possible over the full range k < c@. A similar result
for confidence intervals covering all [3; was given in a recent paper Javanmard &
Montanari (2015). The focus of Javanmard & Montanari (2015) is on individual
coordinates, not general linear functionals.

The proof of Theorem 7 involves establishment of both minimax lower and upper
bounds. The lower bound follows from the same proof for the parametric lower
bound in Theorem 1. As both Q and ¢ are known, the upper bound analysis is
easier than the unknown {2 and o case and is similar to the one given in Javanmard
& Montanari (2015). For completeness, we detail the construction of a confidence
interval achieving the minimax length in (2.5.2) using the de-biasing method. We
first randomly split the samples (X, y) into two subsamples (X, y(V) and (X®@, y2))
with sample sizes ny and ns, respectively. Without loss of generality, we assume that

n is even and n; = ny = 3. Let B\ denote the Lasso estimator defined based on the

sample (X1, yM) with the proper tuning parameter \ = /2. Of;lllogpo_o

BERP ni

R W _ x
B = arg min Iy 5 6H2 AZ IX ||2 ——|5l. (2.5.3)
7j=1
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We define the following estimator of £74,
-1 R
=8+ —¢m (X7 <y(2) —X® 5) . (2.5.4)
N2
Based on the estimator, we construct the following confidence interval

CL, (£'8,2) = |p— 1. 01’5& a0/200, L+ 1. 01”\5&2 a0/20'0:| : (2.5.5)

where ay = ypa with 0 < 79 < 1. It will be shown in Chapter A that the confidence
interval proposed in (2.5.5) has the nominal coverage probability asymptotically and

achieves the minimax length in (2.5.2).

2.5.2 Confidence intervals for linear functionals in the dense
loading regime

The following theorem establishes the adaptivity lower bound in the dense loading

regime.

Theorem 8. Suppose that 0 < a < % and ki1 < k < cmin {p”, lo’;p} for some
constants ¢ >0 and 0 < v < % If & belongs to the dense loading regime (2.2.7), then

there is some constant ¢; > 0 such that

LZ (@ (kl’ I? 00) ’9 (k7 17 OO) 751-/3)

> cl||§||ooaomax{\/kk:1 log p ’n{k lngL \/_}}(256)

Remark 4. There are two parts in the lower bound given in (2.5.6), which are estab-

lished separately. The lower bound min {k\/ logp ‘C} is obtained using well known
n4

techniques by testing a simple null against a composite alternative. The construction

of the least favorable set is quite standard. For example, such a construction of least
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favorable set has been used under the Gaussian sequence model in Baraud (2002) for
signal detection and in Cai & Low (2004, 2005) for estimation and confidence inter-
vals for linear functionals. The technique has also been used more recently in Ingster

et al. (2010); Nickl & van de Geer (2013) for detection and confidence ball in sparse

linear regression. On the other hand, the other lower bound, v/kk14/ 10513 , cannot be
established using a similar argument and a novel comparison of two composite least

favorable spaces is introduced to establish this lower bound.

The lower bound given in (2.5.6) immediately yields the minimax lower bound for

the expected length of confidence intervals over © (k, 1, 09),

lo
L:(0 (k. 1.00) .£76) = calél| ok =00,

by simply setting k1 = k in (2.5.6). Since this lower bound can be achieved by the

confidence interval constructed in (2.4.3), we have established the minimax conver-
gence rate LY, (O (k1,1 09) ,£78) < [|€]lacky/ %220, Which is the same as the minimax
rate established in Theorem 4 for the case of unknown 2 and ¢. Thus, in marked
contrast to the sparse loading regime, the prior knowledge of 2 =1 and o = gy does

not improve the minimax rate in the dense loading regime. Under the framework

(2.2.5), adaptive confidence intervals are still impossible, since for k; < k,

LZ (6 (k171700) 7@ (k7170—0) >€T5> > L:; (@ (klaLOO) 7€T6) .

However, compared with Theorem 5, we observe that the cost of adaptation is reduced

with the prior knowledge of 2 =1 and o = oy.
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2.6 Discussion

In the present paper we studied the minimaxity and adaptivity of confidence intervals
for general linear functionals {7/ with a sparse or dense loading £ for the setting where
) and o are unknown as well as the setting with the prior knowledge of €2 = I and
o = 0p. In the more typical case in practice where 2 and ¢ are unknown, the
adaptivity results are quite negative: With the exception of the ultra-sparse region
for confidence intervals for 73 with a sparse loading &, it is necessary to know the
true sparsity £ in order to have guaranteed coverage probability and rate-optimal
expected length. In contrast to estimation, knowledge of the sparsity k is crucial to
constructing honest confidence intervals. In this sense, the problem of constructing
confidence intervals is much harder than the estimation problem.

The case of known €2 = [ and o = 0y is strikingly different. The minimax expected

length in the sparse loading regime is of order % and in particular does not depend

n

o So in
ogp

on k and adaptivity can be achieved over the full range of sparsity k <
this case, the knowledge of 2 and o is very useful. On the other hand, in the dense
loading regime the information on €2 and ¢ is of limited use. In this case, the minimax
rate and lack of adaptivity remain unchanged, compared with the unknown €2 and o
case, although the cost of adaptation is reduced.

Regarding the construction of confidence intervals, there is a significant difference
between the sparse and dense loading regimes. The de-biasing method is useful in the
sparse loading regime since such a procedure reduces the bias but does not dramat-
ically increase the variance. However, the de-biasing construction is not applicable
to the dense loading regime since the cost of obtaining a near-unbiased estimator
is to significantly increase the variance which would lead to an unnecessarily long
confidence interval. An interesting open problem is the construction of a confidence

interval for £73 achieving the minimax length where the sparsity ¢ of the loading & is
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in the middle regime with cp” < g < ¢p?’™ for some 0 < ¢ < 1 — 27.

In addition to constructing confidence intervals for linear functionals, another
interesting problem is constructing confidence balls for the whole vector #. Such has
been considered in Nickl & van de Geer (2013), where the impossibility of adaptive
confidence balls for sparse linear regression was established. These problems are
connected, but each has its own special features and the behaviors of the problems
are different from each other. The connections and differences in adaptivity among
various forms of confidence sets have also been observed in nonparametric function
estimation problems. See, for example, Cai & Low (2005) for adaptive confidence
intervals for linear functionals, Hoffmann & Nickl (2011); Cai et al. (2014) for adaptive
confidence bands, and Cai & Low (2006); Robins & van der Vaart (2006) for adaptive
confidence balls.

In the context of nonparametric function estimation, a general adaptation theory
for confidence intervals for an arbitrary linear functional was developed in Cai &
Low (2005) over a collection of convex parameter spaces. It was shown that the key
quantity that determines adaptivity is a geometric quantity called the between-class
modulus of continuity. The convexity assumption on the parameter space in Cai &
Low (2005) is crucial for the adaptation theory. In high-dimensional linear regression,
the parameter space is highly non-convex. The adaptation theory developed in Cai &
Low (2005) does not apply to the present setting of high-dimensional linear regression.
It would be of significant interest to develop a general adaptation theory for confidence

intervals in such a non-convex setting.

2.7 Proofs

In this section, we prove three main results, Theorem 1, Theorem 2 and Theorem 3.

For reasons of space, the proofs of Theorems 4-8 are given in Chapter A.
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A key technical tool for the proof of the lower bound results is the following
lemma which establishes the adaptivity over two nested parameter spaces. Such
a formulation has been considered in Cai & Low (2005) in the context of adaptive
confidence intervals over convex parameter spaces under the Gaussian sequence model.
However, the parameter space ©(k) considered in the high dimension setting is highly
non-convex. The following lemma can be viewed as a generalization of Cai & Low
(2005) to the non-convex parameter space, where the lower bound argument requires
testing composite hypotheses.

Suppose that we observe a random variable Z which has a distribution Py where
the parameter # belongs to the parameter space H. Let CI, (T, Z) be the confidence
interval for the linear functional T () with the guaranteed coverage 1 — « over the
parameter space H. Let Ho and H; be subsets of the parameter space H where
H = HoUH,. Let my, denote the prior distribution supported on the parameter space
H;tori=0,1. Let fr, (z) denote the density function of the marginal distribution of
Z with the prior m4, on H,; for « = 0, 1. More specifically, fm = [ fo () ™, () d6,
for i =0,1.

Denote by Pwi the marginal distribution of Z with the prior 7y, on H; for+ = 0, 1.
For any function g, we write Er, (g (Z)) for the expectation of g (Z) with respect to
the marginal distribution of Z with the prior 73, on Hy. We define the x? distance

between two density functions f; and fy by

_ 2 2
X(f fo) = / (fl(zéco(zGo(z)) dz = f{)((j)) dz—1 (2.7.1)
and the total variation distance by TV (f1, fo) = [ |fi(z 0(2)| dz. Tt is well known
that
V(f1, fo) < VX2(f1, fo)- (2.7.2)
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Lemma 1. Assume T (0) = py for 0 € Ho and T (0) = g for 6 € Hy and H =
Ho UHy. For any CL, (T, 72) € Z, (T, H),

L(CI,(T,Z),H) > L(Cl,(T,Z),Ho) > |11 — pto] (1 — 20 = TV (fml,f%))+ .
(2.7.3)

2.7.1 Proof of Lemma 1

The supremum risk over H, is lower bounded by the Bayesian risk with the prior my,

on Hy,

sup EoL (Cl, (T, Z)) > / EyL (CL, (T, Z)) wy, (0) d0 = En,, L (CL, (T, Z)).

0cHo 0
(2.7.4)
By the definition of CI, (T, Z) € Z,, (T, H) , we have
P, (1 € CL, (T, Z)) = / Py (1 € CL (T, 2)) 7, (0)d0 > 1 — o, (2.7.5)
0

for ¢ = 0, 1. By the following inequality

|Prs, (11 € Cla (T, Z)) = Pryy, (11 € Cla (T, 2))| < TV (S, fraey)

then we have Pr, (11 € Cly (T, Z)) > 1 —a = TV(fr,,, fry,)- This together with
(2.7.5) yields Pr, (po, i1 € Clo (T, Z)) > 1 — 2 — TV (fryy,, frp,, ) Which leads to
Pry, (L(Cla (T, 2)) > |1 — pio]) > 1-2a=TV(fr,, , fry,,)- Hence, Er, L(CL, (T, Z))
1 — pol (1 = 2a — TV (fr,,; frn, )+ The lower bound (2.7.3) then follows from in-
equality (2.7.4). O
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2.7.2 Proof of Theorem 3

The lower bound in (2.3.13) can divided into the following two lower bounds,

log p

in Bo-L (Cl, (€78, 2)) > ¢ L o, 276
Cla(£78,2)ETa(O(K)ETH) o L ( (£78,2)) = cll€]l2 n ( )
and
inf Eo-L (Clo (€75, 2)) = ¢ o, 2.7.7
Cla(6TB,2)ELa(O(k).ETH) oL ( (£78.2)) Jn ( )

for some constant ¢ > 0. We will establish the lower bounds (2.7.6) and (2.7.7)
separately.

Proof of (2.7.6) Without loss of generality, we assume supp(¢) = {1,--- , ¢}, where

q = ||€|lo. We generate the orthogonal matrix M € R9%? such that its first row is

0
%gsupp(é') and define the orthogonal matrix @) as () = . We transform both

3
€12 0 I

the design matrix X and the regression vector § and view the linear model (3.2.1)

asy = Vi + € where V = XQT and ¢ = B. The transformed coefficient vector

MG,
Y= QpF = PP | g of sparsity at most g 4+ ki. The first coefficient v, of 1

B —supp(§)
is m@ﬂ . The covariance matrix ¥ of V. is QXQT and its corresponding precision

matrix is I' = QQQT. To represent the transformed observed data and parameter, we
abuse the notation slightly and also use Z; = (y;, Vi.) and 0* = (¢*,1,0). We define

the parameter space G (k) of (¢, T, 0) as

G(k)={(y,T,0): ¢ =0QpF, T =QQQT for (8,Q2,0) €O (k)}. (2.7.8)

For a given @, there exists a bijective mapping between O (k) and G (k). To
show that (¢,',0) € G (k), it is equivalent to show (QT¢,QTT'Q,0) € © (k). Let

Z. (G (k) ,v1) denote the set of confidence intervals for ¢; = ﬁ@ﬁ with guaran-
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teed coverage over G (k). If Cl, (¢v1,Z2) € Z,(G (k),v1), then [|£||2Cl, (¢1,2) €
T (© (k),£78); I Cla (€78, Z) € Zo (O (k) ,&78), then 7-Cla (€78, Z) € Zo (G (k) ,1h1).

Because of such one to one correspondence, we have

inf Eo- L (CL, (678, 2)) = inf Eg- L (Cl, (¢1, Z)) .
szt A ETE N =Wl ¢, (W Gy B0 b (Pl (1 2)
(2.7.9)

By (2.7.6) and (2.7.9), we reduce the problem to

. log p
inf Eo« L (Cl,, (Y1, 7)) > ck : 2.7.10
ctoton 2y 0 L (Cla (01, 2)) n - (2.7.10)

Under the Gaussian random design model, Z; = (y;, Vi.) € RPT! follows a joint Gaus-

sian distribution with mean 0. Let 3% denotes the covariance matrix of Z;. Decompose

. S () .
>* into blocks , where 27 . %7 and 37 denote the variance of y,
DI DI
vy VU
the variance of V' and the covariance of y and V', respectively. We define the function

hX = (0,T,0) as h(S7) = ((3,) 7 5, (55,) 7,5, — (23,)T(25,) ' %3,). The

vy

function h is bijective and its inverse mapping h~!: (¢,T',0) — X7 is

YT N+ 0% YT
1y r-t

h™H (.1, 0)) =

The null space is taken as Hy = {(¥*,1,0)} and 74, denotes the point mass prior

at this point. The proof is divided into three steps:
1. Construct H; and show that H; C G (k);
2. Control the distribution distance TV ( Jroy s fmo);

3. Calculate the distance 3 — o where pg = 97 and 1 = ¢y with (¢, T',0) € H;.

We show that gy = 9 is a fixed constant for all (¢,I',0) € H; and then apply
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Lemma 1.

Step 1. We construct the alternative hypothesis parameter space H;. Let X denote
the covariance matrix of Z; corresponding to (¢*,1,0) € H,y. Let Sy = supp (¢*)U{1}
and S = S7\{1}. Let k, denote the size of S and p; denote the size of S and we have
k. < ki+qand p; > p—k,—1 > cp. Without loss of generality, let S = {2,--- , k. +1}.

We have the following expression for the covariance matrix of Z; under the null,

[*154+0% | ¢F | (W87 | Orxp,
(0h 1 O1xk, | O1
N7 = - - i (2.7.11)
(0 O, x1 | Tioxk, | Ok,
0p1><1 0p1><1 Oplxk* Ip1><p1

To construct H;, we define the following set,

14 (pl; %k,p) = {5 10 € Rpl, H(SH() = %k, (51 € {O,p} for 1 <1< pl} . (2712)

Define the parameter space F for % by F = {Eg R4 (pl, %Ok, p) }, where

[*[13+ 0> | »F | (05T | podT
(h 1 014k, o7
¥ = e - . (2.7.13)
(0 O, x1 | Tioxk, | Ok,
po(s 5 0p1 Xk* Ipl XP1

Then we construct the alternative hypothesis space H; for (1, ', o), which is induced

by the mapping h and the parameter space F,

Hi={(,T,0) : (¢¥,',0)=h(¥*) for>* e F}. (2.7.14)
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In the following, we show that , C G (k). It is necessary to identify (¢, I, o) = h (¥7?)
for 3% € F and show (QTY,QT'Q,0) € O (k). Firstly, we identify the expression
E (y; | V;.) under the alternative joint distribution (2.7.13). Assuming y; = Vi1¢; +

Vists + Visethse + €, we have

_ 6 2 + * .
V1= ”1—%25“2%’ s = V5, sy = (po = ¢1) 8, (2.7.15)
2
and
2 k)2
WMQZH—WM% %)gﬁgm. (2.7.16)

1—|]3
Based on (2.7.15), the sparsity of ¢ in the alternative hypothesis space is upper
bounded by 1 + [supp (¢%) | + [supp (8) | < (1 — %0) k, and hence the sparsity of the

corresponding 3 = QT is controlled by

HMbS(l—%)k+q§h (2.7.17)

Secondly, we show that Q = QTI'Q) satisfies the condition M% < Amin (2) < Apax () <
M;. The covariance matrix W of V. in the alternative hypothesis parameter space is

expressed as

1 lek* Ok*Xp1 0 lek* 5T
= Ok*Xl Ik*Xk* Ok*><p1 + Ok*xl Ok*xk* Ok*xpl . (2718)
01’1 x1 Opl X ks Ip1 Xp1 0 0p1 X ks Op1 Xp1

Since the second matrix on the above equation is of spectral norm |[|d|]2, Weyl’s
inequality leads to max {|Amin (V) — 1|, | Amax () — 1|} < [|8]]2. When ||6]|2 is chosen
such that [|d]|2 < min {1 — Mil,Ml — 1} , then we have Mil < Amin (V) < Apax (V) <

M;. Since Q and I' = QQQT have the same eigenvalues, we have M% < Amin () <
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Amax (2) < M;. Combined with (2.7.16) and (2.7.17), we show that H; C G (k).

Step 2. To control TV ( Jrn, s fmo), it is sufficient to control y? ( Jrn, s fmo) and
apply (2.7.2). Let m denote the uniform prior on § over ¢ (pl, vk p) Note that this
uniform prior 7 induces a prior distribution 7y, over the parameter space H;. Let E 5.6
denote the expectation with respect to the independent random variables 9, § with
uniform prior 7 over the parameter space £ (pl, g—ok;, p). The following lemma controls

the x? distance between the null and the mixture over the alternative distribution.

Lemma 2. Let fi = (o + (¢})° — pot}). Then

X2 (frrys frny) +1=Es5 (1 - % (po (po —7) + f1) 6T5> . (2.7.19)

The following lemma is useful in controlling the right hand side of (2.7.19).

k\ (p—k
Lemma 3. Let J be a Hypergeometric (p, k, k) variable with P (J = j) = (j)((p’“)j),
k
then
2 ko k "
Eexp (tJ) <erF (1 — » + ];exp (t)) . (2.7.20)

Taking py = 1 + o, we have 2 (po (po — V) + f1) = 2 and by Lemma 2,

X2 (Frngys frong) +1=Eg5 (1 - 25T§> -

By the inequality - < exp(2z) for z € [0, log?} if 6786 < COkp < 10;%2, then

<1 — 26T5> < exp ( 5T5> By Lemma 3, we further have

o

~ ¢gr? 2
Es zexp <4n5T6> E exp (4an ) < T 2GF (1 _ Gk -+ Sok exp (4np ))
’ 2p1 2py

Ok’ <o 0%
(2192 C2<2 2~ Tp
S e4plg2gok 1— @ + QO 421712 S edr1i— 2cpcop7 (1 -+ L) ,
2p1 2p \| Gok VD1
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4p1
¢2r?
8n

log

where the second inequality follows by plugging in p = and the last inequal-

ity follows by k < ¢p?. If k < ¢ {%, p”}, where 0 < v < % and c is a sufficient small

(1 — —)2 , 1} and hence
1

X2 (fﬂ;.tl ) fﬂH()) < <§ - Oé> and TV (fﬂ.Hl fﬂ'Ho) <

positive constant, then kp? < mm{

1
- — 2.7.21
: (27.21)

Step 3. We calculate the distance between p; and py. Under Ho, po = 7. Under

11812 po+1*
Hi, pp = P = - ”1_'” 2II%OHJéw—l- For § € f(ph%}lﬁp), 16])3 = %Okpz and p = ¢y =
— S0 k2 (p* o )+
3 ’“ﬁ_(i: ]:2)”’1 . Since p is selected as fixed, p; = 1)y is a fixed constant for (¢,T',0) €
15113 —oll6 0
’}-[1 Note that p; —po = — (”5”;0) = 17”5”%, and it follows that | — po| = 01” H|<|52||2 >

4101

ck: 0. Combined with (2.7.2) and (2.7.21), Lemma 1 leads to (2.7.10). By (2.7.9),

we establish (2.3.13).

Proof of (2.7.7) Similar to the proof of (2.7.6), the proof is divided into three steps.

The first step. We construct alternative hypothesis parameter space H;. For a given

&, 0* and a small positive constant €, we select 5 such that

€

B—Supp(f) = Btsupp(g)v Hﬁsupp(ﬁ) - 6s*upp(§) ||2 - 0’%- (2722)
and
FB-6)= Y &Bi—B) =B - 8- (2.7.23)
i€supp(§)

The sparsity of 3 is controlled by ||8lo < ||8*|lo+|€]lo < %, and hence (8,1,0) € O (k).
We consider the parameter spaces Ho = {0* = (8*,1,0)} and H, = {(5,1,0)}.

The second step. Let 7y, denote the point mass prior on the point (8*,1,0) and

Ty, denote the point mass prior on the point (3,1,0). Let fr, (y|X) denote the

conditional density function of the marginal distribution of y given X with the pa-
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rameter my, on H; for i = 0,1. The x? distance between the conditional distributions

frn, (y | X) and Jrng (y | X)is
o 01X o 01 X)) 1= (X 0= 13) . (2720

Let Ex denote the expectation with respect to X, where X R N,(0,1),i=1,...,n,

then we have

X (froy 0 X) s frry (X)) = Ex (X (frw, W 1 X)), fry (01 X))

~Exew (1% (0- 7)) -1

2 *__ 2
If % < 10%2, we have

* 2 *% - 2
2 (o, (0 X) s Frrg, (4, X)) = (1 _ M) 1< exp (271\!60—2%) L
(2.7.25)

where the first equality follows from the moment generating function of y? distribution

and the second inequality follows from the inequality ﬁ < exp(2z) for x € [0, 1052} )

The third step. We calculate the distance between p; = TS and pg = TS*. Note

that po and py are fixed constants under the simple null and alternative hypothesis.
By Lemma 1, the construction (2.7.22) and (2.7.23) and the control of x? distance

(2.7.25) lead to

Eg- (L(CL, (€78,2))) > o (1 — 20 — \/exp (28) — 1) . O

4

n

2.7.3 Proof of Theorem 2

Theorem 2 follows from Theorem 3. Given 0 < (y < 1, we define k] = min{ky, (1 —

o)k —1} and ¢* = min{k, [|¢]|o}. Let J denote the subset of {1,-- -, p} correspond-
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ing to the ¢* largest in absolute value coordinates of &. Define the parameter space
O¢(k) = {0 € O(k) : Bsupp(en\s = 0}, which is a subspace of ©(k) setting 5 to be zero
on the set supp(€)\J. Define the vector € such that & = ¢; for j € J and §; = 0 for
j & J. By the fact that {78 = {78 for 8 € O¢(k), we have

inf Eg- L (CI,(£78, 7)) = inf Eo-L (CLo(£78,2)) .
Cla(€78,2)€Ta (O (k) £T8) Cla(€78,2)€Ta (O¢ (k)78

It then follows from the same argument as the proof of Theorem 3 that

1 klogp

inf Ey- L (CLa(€78, 2)) = cll€]l2(—= +
CLa(€76,2)€Ta (05 (k).15) ( ) Vn

).
By taking 0* € O¢(k}), we have

L (Oc(kY), Oc(k),£78) > inf . L (CL, (€78, 2)).

Cla(§78,2)€Za (Oc (k),£78)

Since O¢(k}) C O(ky), O¢(k) C O(k) and |[£]|2 > c[|€]]2, we have established Theorem
2. [

2.7.4 Proof of Theorem 1

The lower bound of Theorem 1 follows from Theorem 2 by taking k; = k. The
minimax upper bound follows from the following proposition, which establishes the
coverage property and the expected length of the confidence interval constructed in

(2.3.11). Such a confidence interval achieves the minimax length in (2.3.1).

Proposition 1. Suppose that k < c*ﬁ, where ¢, 18 a small positive constant, then

liminf inf IP’(; (£B€CILS(€78,2)) > 1—a, (2.7.26)

n,p—oo €O (k
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and

L(C12(676.2), 0 1) < Cllll (52 + 7). (27.27)

for some constant C' > 0.

In the following, we are going to prove Proposition 1. By normalizing the columns

of X and the true sparse vector 3, the linear regression model can be expressed as

y=Wd+e with W=XD, d=D"'8ande~ N(0,0°), (2.7.28)
where
D = diag <i) (2.7.29)
HX-J'H2 j€lp]

denotes the p X p diagonal matrix with (7, j) entry to be ﬁ Take 99 = 1.0048 and

no = 0.01, and we have A\g = (1 + o) \/m. Take ¢g = 29 + 1 = 202, vy = 0.01,

T om
Cy =225 ¢y = % and Cy = 3. Rather than use the constants directly in the following
discussion, we use dg, 10, €0, Yo, C1, Cy and ¢ to represent the above fixed constants in
the following discussion. We also assume that 10% < % and dglogp > 2. Define the

l; cone invertibility factor (CIF}) as follows,

n
||UK|’1

K15

CIFl (Ozo,K,W) :lnf{ . ||UKc||1 S()zo”UKHl,U?éO}, (2730)

where K is an index set. Define 0 = \%Hy — XB|2 = \/%;Hy — Wd|a,

4 8|7
T = [k |do] > Nag®@ =(1 A ——||dpe :
{k: |di| = Aoo™"}, 7= (1+¢€) Omax{gom” T||1’01F1(2e0+1,T,W)}
(2.7.31)

To facilitate the proof, we define the following events for the random design X and
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the error e,

|WTe|| oo <y /200 log p
n - n ’

1
I €l o goray, 0= (1 - 7)} :

2 1 Xl 7 ‘
Gi=<< J —\/Mforl <j <
(o)’ logp  logp
Gy = -1 <2 +2 ,
o n n
B fTif TS logp logp B
Gg—{max{@z}g—l, fTQf_l <2 T+2 . , where u = Q¢,
1 9 log p
Gy = k(X k,a) > - 14+ a)y/k y
! { ( ) 4\/ )\max (Q) \V )\min (Q) ( ) n }

n €+ 1

S2={(1 =)o <o < (1+n)d},

) 1
B = {|leTas — ¢l < )\n}, where A, = 4C,M2||€]21/ in.

Define G = N2_,G; and S = N?_,S;. The following lemmas control the probability

of events G, S and B;. The detailed proofs of Lemma 4, 5 and 6 are in the supplement.

Lemma 4.
Py (G)>1— o 2p G — ;pl_‘SO — ' exp (—cn) (2.7.32)
- D 24/ log p ’ o
and
Py (By) > 1 — 2p' 0% (2.7.33)

where ¢ and ¢ are universal positive constants. If k < c*ﬁ, then

Ggo+1—+v2g +1 w1 1-6
ns) > — — I pt=% (27
Py (GNS) >Py(G)—2exp ( ( 5 ) n) c o p %, (2.7.34)
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0]

where ¢, and ¢’ are universal positive constants and gy = e

The following lemma establishes a data-dependent upper bound for the term ||B\ —
Bl

Lemma 5. On the event GN S,

13 = Bl < (2+260)Ll(2, k), (2.7.35)

win [,
where

2+ 2¢0) max || X.||2 [ oy /20ler 4 N5 ) k
( 712 n

nk2 (X, k, (1 + 2¢) (—maX”X‘j”z)>

min || X ;|2

[(Z, k) = max < k\go”"?, (2.7.36)

The following lemma controls the radius of the confidence interval.

Lemma 6. On the event G NS N By, there exists py such that if p > py,

1 klogp 1 klogp .
< — < 1 — 2.7.
pr(8) = Clell (= + 222 ) 0 < elatogp (= + 222 ) 6, @7a)

1 1
po (k) < Ck %a < logp (m/ Oi%) . (2.7.38)

In the following, we establish the coverage property of the proposed confidence

interval. By the definition of fi in (2.3.6), we have

G €T = LatxTe 4 (gT _ A@) (B— ﬁ) . (2.7.39)

n

We now construct a confidence interval for the variance term %ﬂTX Te by normal dis-

tribution and a high probability upper bound for the bias term <5T — iZT§J> (E — ﬁ).
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Since € is independent of X and u and S is a function of X , we have %ETX Te | X ~

N <O, o? m;a) , and

1 /ATiA //\@A
Pix | —u"XTee | — 4 uaza/g, 4 uaza/g X]|=1-qa
n n n

By (2.7.39), we have P.x ({78 € Cly (Z,k)|X) = 1 — a, where

aTsu

OZa/2,

Clo(Z, k) = {ﬁ ~(¢-ag) (B-5) -

n
i — <£T _ ATf)) (B— B) +1/ anaUZa/2:|.

Integrating with respect to X, we have

Py (75 € Cly (Z,k)) = /IP’GW (&6 € Cly (Z,k)|x) f(x)dx =1 — «. (2.7.40)

Since ‘({T - iZTEA]> (3— ﬁ)‘ < €T = @S|oo]|B = 8|1, on the event S N G, Lemma 5

and the constraint in (2.3.5) lead to

67— GTSY B = Bl < e (24 260) — Y12, k). (2.7.41)

IIllIlHXJHQ

where [ (Z, k) is defined in (2.7.36). On the event G N S, we also have 0 < (1 + 1) &

and 0 < (14 1) \/ 1+2 10% + 210%&. We define the following confidence inter-

val to facilitate the discussion, CI; (Z, k) = (i — lg, i + lx) , where

ST logp .
e = (14 10) || 2020 + C1 (X, 8) [k Spa.

On the event G NS, we have

Cly (Z,k) C CL (Z, k). (2.7.42)
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On the event Sy, if p > exp (2Ms), then 6 < 0 < M, < logp. Hence, the

1—1g 1—vg

event A holds and CI? (£73,2) = [t — pu(k), Ji+ p1(k)]. By Lemma 6, on the event

G N SN By, if p > max {pg, exp (2Ms) }, we have p; (k) = I, and hence
CL (Z,k) = CIS (£783, 7). (2.7.43)

We have the following bound on the coverage probability,

Py ({78 € CLL (€78,2)}) > Py ({78 € Cly (Z,k)} N SNGN By)
>Py ({§T8 € Clo (Z,k)}) —=Po (SNGNBi))=1-a—-P((SNGNB))

:Pg(smeBl)—Oé,

where the first inequality follows from (2.7.42) and (2.7.43) and the first equality
follows from (2.7.40). Combined with Lemma 4, we establish (2.7.26). We control

the expected length as follows,

EoL (CI3 (£78,2)) = EoL (CI (€78, Z)) 14
=Eq¢L (CL (78, 2)) Lansncnm) + EoL (CL5 (€78, Z)) Lan(sncnp )

lo 1 1 klo .
<Clgl (k ol + —) 7+ €]l (log p)? (— - ngp) Py ((SNG N B))

Vi Vi
<Clell (P + 22 ) (o € () 4 oxp (-en)) (oen)?),
(2.7.44)

where the first inequality follows from (2.7.37) and second inequality follows from
Lemma 4. If 10%’ < ¢, then (pl_min{‘so’cl’c‘)c%} —|—c’exp(—cn)) (logp)® — 0, and

hence EoL (CIS (€78, Z)) < C|l¢]2 (k:l% + %) Ms. O
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Accuracy Assessment for High-dimensional Linear

Regression

3.1 Introduction

In many applications, the goal of statistical inference is not only to construct a good
estimator, but also to provide a measure of accuracy for this estimator. In classical
statistics, when the parameter of interest is one-dimensional, this is achieved in the
form of a standard error or a confidence interval. A prototypical example is the
inference for a binomial proportion, where often not only an estimate of the proportion
but also its margin of error are given. Accuracy measures of an estimation procedure
have also been used as a tool for the empirical selection of tuning parameters. A
well known example is Stein’s Unbiased Risk Estimate (SURE), which has been an
effective tool for the construction of data-driven adaptive estimators in normal means
estimation, nonparametric signal recovery, covariance matrix estimation, and other
problems. See, for instance, Stein (1981); Li (1985); Donoho & Johnstone (1995); Cai
& Zhou (2009); Yi & Zou (2013). The commonly used cross-validation methods can
also be viewed as a useful tool based on the idea of empirical assessment of accuracy.

In this paper, we consider the problem of estimating the loss of a given estimator

in the setting of high-dimensional linear regression, where one observes (X,y) with
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X e R and y € R”, and for 1 <i < n,

yi = XiB + e

Here § € RP is the regression vector, X;. & N,(0,%) are the rows of X, and the
errors € X N (0,0?) are independent of X. This high-dimensional linear model has
been well studied in the literature, where the main focus has been on estimation of 5.
Several penalized /constrained ¢; minimization methods, including Lasso (Tibshirani,
1996), Dantzig selector (Candes & Tao, 2007), scaled Lasso (Sun & Zhang, 2012)
and square-root Lasso (Belloni et al., 2011), have been proposed. These methods
have been shown to work well in applications and produce interpretable estimates
of 8 when f is assumed to be sparse. Theoretically, with a properly chosen tuning
parameter, these estimators achieve the optimal rate of convergence over collections
of sparse parameter spaces. See, for example, Candes & Tao (2007); Sun & Zhang
(2012); Belloni et al. (2011); Raskutti et al. (2011); Bickel et al. (2009); Bithlmann &
van de Geer (2011); Verzelen (2012).

For a given estimator /3, the 0, loss || B-5 |2 with 1 < ¢ <2 is commonly used as
a metric of accuracy for B\ . We consider in the present paper both point and interval
estimation of the ¢, loss || — B2 for a given B. Note that the loss ||3 — B2 is
a random quantity, depending on both the estimator B\ and the parameter 5. For
such a random quantity, prediction and prediction interval are ususally used for point
and interval estimation, respectively. However, we slightly abuse the terminologies
in the present paper by using estimation and confidence interval to represent the
point and interval estimators of the loss |8 — |2. Since the ¢, loss depends on
the estimator B, it is necessary to specify the estimator in the discussion of loss
estimation. Throughout this paper, we restrict our attention to a broad collection of

estimators 3 that perform well at least at one interior point or a small subset of the
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parameter space. This collection of estimators includes most state-of-art estimators
such as Lasso, Dantzig selector, scaled Lasso and square-root Lasso.
High-dimensional linear regression has been well studied in two settings. One is
the setting with known design covariance matrix ¥ = I, known noise level ¢ = oy
and sparse 5. See for example, Donoho et al. (2011); Bayati & Montanari (2012);
Nickl & van de Geer (2013); Verzelen (2012); Thrampoulidis et al. (2015); Cai &
Guo (2016b); Arias-Castro et al. (2011); Ingster et al. (2010). Another commonly
considered setting is sparse § with unknown ¥ and o. We study point and interval
estimation of the ¢, loss [ |2 in both settings. Specifically, we consider the
parameter space Og(k) introduced in (3.2.3), which consists of k-sparse signals
with known design covariance matrix ¥ = I and known noise level o = 0y, and O(k)

defined in (3.2.4), which consists of k-sparse signals with unknown ¥ and o.

3.1.1 Ouwur contributions

The present paper studies the minimax and adaptive estimation of the loss || B\ —
I5; Hg for a given estimator 3 and the minimax expected length and adaptivity of
confidence intervals for the loss. A major step in our analysis is to establish rate
sharp lower bounds for the minimax estimation error and the minimax expected
length of confidence intervals for the ¢, loss over ©g(k) and ©(k) for a broad class
of estimators of 3, which contains the subclass of rate-optimal estimators. We then
focus on the estimation of the loss of rate-optimal estimators and take the Lasso
and scaled Lasso estimators as generic examples. For these rate-optimal estimators,
we propose procedures for point estimation as well as confidence intervals for their
¢, losses. It is shown that the proposed procedures achieve the corresponding lower
bounds up to a constant factor. These results together establish the minimax rates for

estimating the ¢, loss of rate-optimal estimators over ©g(k) and ©(k). The analysis
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shows interesting and significant differences between estimating the ¢, loss and ¢, loss

with 1 < ¢ < 2 as well as between the two parameter spaces ©(k) and O¢(k).

e The minimax rate for estimating HE — B||3 over ©g(k) is min {in, klo%} and

over O(k) is kl"%. So loss estimation is much easier with the prior information

E:Iandozaowhen£<<k§bgp.

e The minimax rate for estimating |5 — B2 with 1 < ¢ < 2 over both ©y(k) and
O (k) is kilese,

In the regime % <k < o

5, practical loss estimator is proposed for estimating
the /5 loss and shown to achieve the optimal convergence rate \/Lﬁ adaptively over
©o(k). We say estimation of loss is impossible if the minimax rate can be achieved
by the trivial estimator 0, which means that the estimation accuracy of the loss is at
least of the same order as the loss itself. In all other considered cases, estimation of
loss is shown to be impossible. These results indicate that loss estimation is difficult.

We then turn to the construction of confidence intervals for the ¢, loss. A confi-
dence interval for the loss is useful even when it is “impossible” to estimate the loss,
as a confidence interval can provide non-trivial upper and lower bounds for the loss.
In terms of convergence rate over ©g(k) or ©(k), the minimax rate of the expected
length of confidence intervals for the ¢, loss, ||§ — BHE, of any rate-optimal estimator
B coincides with the minimax estimation rate. We also consider the adaptivity of
confidence intervals for the ¢, loss of any rate-optimal estimator 5 . (The framework
for adaptive confidence intervals is discussed in detail in Section 3.3.1.) Regarding

confidence intervals for the /5 loss in the case of known ¥ = I and o = 0y, a procedure

is proposed and is shown to achieve the optimal length \/iﬁ adaptively over O (k) for
Vi

logp ~~ ~ logp"’

Furthermore, it is shown that this is the only regime where adaptive

confidence intervals exist, even over two given parameter spaces. For example, when

k< lg/g?; and k; < ko, it is impossible to construct a confidence interval for the ¢
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loss with guaranteed coverage probability over O¢(k2) (consequently also over O (k1))
and with the expected length automatically adjusted to the sparsity. Similarly, for
the ¢, loss with 1 < ¢ < 2, construction of adaptive confidence intervals is impossible
over Og(k1) and Og(ks) for k1 < k2 S 13- Regarding confidence intervals for the £,
loss with 1 < ¢ < 2 in the case of unknown ¥ and o, the impossibility of adaptivity
also holds over O(k:) and ©(ky) for by < k2 S 557

Establishing rate-optimal lower bounds requires the development of new technical
tools. One main difference between loss estimation and the traditional parameter
estimation is that for loss estimation the constraint is on the performance of the
estimator 3 of the regression vector g, but the lower bound is on the difficulty of
estimating its loss ||3 — B||2. We introduce useful new lower bound techniques for the
minimax estimation error and the expected length of adaptive confidence intervals for
the loss HE — BHg. In several important cases, it is necessary to test a composite null
against a composite alternative in order to establish rate sharp lower bounds. The
technical tools developed in this paper can also be of independent interest.

In addition to ©g(k) and O(k), we also study an intermediate parameter space
where the noise level ¢ is known and the design covariance matrix > is unknown
but of certain structure. Lower bounds for the expected length of minimax and
adaptive confidence intervals for || B— B2 over this parameter space are established
for a broad collection of estimators B\ and are shown to be rate sharp for the class of
rate-optimal estimators. Furthermore, the lower bounds developed in this paper have
wider implications. In particular, it is shown that they lead immediately to minimax
lower bounds for estimating ||3]|2 and the expected length of confidence intervals for

16]|2 with 1 < ¢ < 2.
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3.1.2 Comparison with other works

Statistical inference on the loss of specific estimators of 5 has been considered in
the recent literature. The papers Donoho et al. (2011); Bayati & Montanari (2012)
established, in the setting ¥ =1 and n/p — ¢ € (0, 00), the limit of the normalized
loss %DHB()\) — B3 where B(A) is the Lasso estimator with a pre-specified tuning
parameter A. Although Donoho et al. (2011); Bayati & Montanari (2012) provided
an exact asymptotic expression of the normalized loss, the limit itself depends on the
unknown (. In a similar setting, the paper Thrampoulidis et al. (2015) established
the limit of a normalized /5 loss of the square-root Lasso estimator. These limits of
the normalized losses help understand the properties of the corresponding estimators
of B, but they do not lead to an estimate of the loss. Our results imply that although
these normalized losses have a limit under certain regularity conditions, such losses
cannot be estimated well in most settings.

A recent paper, Janson et al. (2015), constructed a confidence interval for ||§ — B3
in the case of known » = I, unknown noise level o, and moderate dimension where
n/p — £ € (0,1) and no sparsity is assumed on §. While no sparsity assumption on
S is imposed, their method requires the assumption of ¥ = I and n/p — & € (0,1).
In contrast, in this paper, we consider both unknown ¥ and known Y = I settings,
while allowing p > n and assuming sparse (3.

Honest adaptive inference has been studied in the nonparametric function esti-
mation literature, including Cai & Low (2005) for adaptive confidence intervals for
linear functionals, Hoffmann & Nickl (2011); Cai et al. (2014) for adaptive confidence
bands, and Cai & Low (2006); Robins & van der Vaart (2006) for adaptive confi-
dence balls, and in the high-dimensional linear regression literature, including Nickl
& van de Geer (2013) for adaptive confidence set and Cai & Guo (2016b) for adaptive

confidence interval for linear functionals. In this paper, we develop new lower bound
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tools, Theorems 16 and 17, to establish the possibility of adaptive confidence intervals
for |3 — 8 |2. The connection between /5 loss considered in the current paper and the

work Nickl & van de Geer (2013) is discussed in more detail in Section 3.3.2.

3.1.3 Organization

Section 3.2 establishes the minimax lower bounds of estimating the loss ||3 — 3 |2 with
1 < g < 2 over both Oy(k) and O(k) and shows that these bounds are rate sharp
for the Lasso and scaled Lasso estimators, respectively. We then turn to interval
estimation of || 3-8 |2. Sections 3.3 and 3.4 present the minimax and adaptive
minimax lower bounds for the expected length of confidence intervals for ||3 — el
over Oy(k) and ©(k). For Lasso and scaled Lasso estimators, we show that the
lower bounds can be achieved and investigate the possibility of adaptivity. Section
3.5 considers the rate-optimal estimators and establishes the minimax convergence
rate of estimating their ¢, losses. Section 3.6 presents new minimax lower bound
techniques for estimating the loss |8 — 3 |2. Section 3.7 discusses the minimaxity
and adaptivity in another setting, where the noise level o is known and the design
covariance matrix ¥ is unknown but of certain structure. Section 3.8 applies the
newly developed lower bounds to establish lower bounds for a related problem, that
of estimating ||3|2. Section 3.9 proves the main results and additional proofs are

given in Chapter B.

3.1.4 Notation

For a matrix X € R™?, X;, X, and X;; denote respectively the i-th row, j-th
column, and (i, j) entry of the matrix X. For a subset J C {1,2,--- ,p}, |J| denotes
the cardinality of J, J¢ denotes the complement {1,2,--- p}\J, X; denotes the

submatrix of X consisting of columns X.; with j € J and for a vector x € R?, x;
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is the subvector of x with indices in J. For a vector x € RP, supp(z) denotes the
support of z and the ¢, norm of z is defined as |z||, = O_4_, ]:cz\q)é for ¢ > 0
with ||z]|o = |supp(z)| and ||z|s = maxi<j<,|z;|. For a € R, ay = max{a,0}. We
use max || X ||z as a shorthand for max;<;<, || X ;||2 and min || X.;||2 as a shorthand for
miny <j<p || X j[]2. For a matrix A, we define the spectral norm [|Al[z = sup - [|Az]|2
and the matrix ¢, norm [|Alz, = sup;<;<, > 5, |Aj;]; For a symmetric matrix A,
Amin (A) and Apax (A) denote respectively the smallest and largest eigenvalue of A.
We use c and C' to denote generic positive constants that may vary from place to place.
For two positive sequences a,, and b, a, < b, means a,, < Cb, for all n and a,, = b,
an

if b, < a, and a, < b, if a, < b, and b, < a,, and a,, < b, if limsup,,_, =0 and

a, > b, if b, < a,.

3.2 Minimax estimation of the /, loss

2

20 of

We begin by presenting the minimax framework for estimating the ¢, loss, || ZB’\ el
a given estimator B , and then establish the minimax lower bounds for the estimation
error for a broad collection of estimators E We also show that such minimax lower

bounds can be achieved for the Lasso and scaled Lasso estimators.

3.2.1 Problem formulation

Recall the high-dimensional linear model,

Ynx1 = anpﬂpxl + €nx1, €~ Nn(Oa 021)- (3-2-1)
We focus on the random design with X;. YN (0,%) and X;. and ¢; are independent.
Let Z = (X,y) denote the observed data and B\ be a given estimator of 5. Denoting

-~

by L,(Z) any estimator of the loss || B-8 |2, the minimax rate of convergence for
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estimating || B - B ||3 over a parameter space O is defined as the largest quantity

V5.,(©) such that

infsup Py (1L,(2) = 1B = BIE| = 5,,(0)) > 6, (3.2.2)
L, 0€6

for some constant ¢ > 0 not depending on n or p. We shall write Eq for Zq(Z ) when
there is no confusion.

We denote the parameter by § = (5,%,0), which consists of the signal /3, the
design covariance matrix > and the noise level o. For a given 0 = (3,%,0), we
use (6) to denote the corresponding S. Two settings are considered: The first is
known design covariance matrix > = I and known noise level o = o0y and the other
is unknown Y and o. In the first setting, we consider the following parameter space

that consists of k-sparse signals,

Oo(k) = {(B,1,00) : [|Bllo < K}, (3.2.3)

and in the second setting, we consider

O(k) = {(57270) Bllo <k, Mil < Amin (B) € Amax (X) < Mq, 0<0 < M2},
(3.2.4)
where M; > 1 and M, > 0 are constants. The parameter space ©¢(k) is a subset of
©(k), which consists of k-sparse signals with unknown ¥ and o.
The minimax rate 75, (©) for estimating HB\ — B||7 also depends on the estimator
3. Different estimators /3 could lead to different losses I B-8 |2 and in general the
difficulty of estimating the loss HB — BHE varies with 3 . We first recall the properties
of some state-of-art estimators and then specify the collection of estimators on which

we focus in this paper. As shown in Candes & Tao (2007); Bickel et al. (2009);
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Belloni et al. (2011); Sun & Zhang (2012), Lasso, Dantzig Selector, scaled Lasso and
square-root Lasso satisfy the following property if the tuning parameter is properly

chosen,

~ 1
sup By (17 - 0% 2 O 5L ) o, (325)
0€O(k) n

where C' > 0 is a constant. The minimax lower bounds established in Verzelen (2012);
Raskutti et al. (2011); Ye & Zhang (2010) imply that k%b% is the optimal rate for
estimating  over the parameter space O(k). It should be stressed that all of these
algorithms do not require knowledge of the sparsity k and are thus adaptive to the
sparsity provided k < @. We consider a broad collection of estimators B\ satisfying

one of the following two assumptions.

(A1) The estimator B satisfies, for some 6y = (8*,1, 09),

) * * * %10 p
Py, <||5 — B2 > 187 %a%;) < au, (3.2.6)

where 0 < g < }l and C* > 0 are constants.

(A2) The estimator B satisfies

) * * *%101)
s (1502 CIFIER? ) <o B20)

{6=(B*1,0):0<200} n
where 0 < a < }l and C* > 0 are constants and oy > 0 is given.

In view of the minimax rate given in (3.2.5), Assumption (A1) requires 3 to be
a good estimator of 5 at at least one point 6, € ©y(k). Assumption (A2) is slightly
stronger than (A1) and requires B to estimate 3 well for a single * but over a range
of noise levels 0 < 20 while ¥ = 1. Of course, any estimator B satisfying (3.2.5)
satisfies both (A1) and (A2). In addition to Assumptions (Al) and (A2), we also

introduce the following sparsity assumptions that will be used in various theorems.

57



(B1) Let ¢y be the constant defined in (3.9.14). The sparsity levels k£ and k¢ satisfy
N

’logp}'

k < comin{p?, @} for some constant 0 < v < % and ky < comin{k

(B2) The sparsity levels ki, ks and ko satisfy k1 < ks < comin{p”, 5} for some

constant 0 <y < % and ¢y > 0 and ko < ¢omin{k;, %}.

3.2.2 Minimax estimation of the /, loss over O(k)

The following theorem establishes the minimax lower bounds for estimating the loss

HB — |2 over the parameter space O (k).
Theorem 9. Suppose that the sparsity levels k and ko satisfy Assumption (B1). For

any estimator B satisfying Assumption (A1) with ||B*|lo < ko,

. ~ ~ . logp 1 9
inf sup P (L — 18 = B3 Zcmm{ —,—}J) > 0. 3.2.8
uf s B (12~ 13 - 51 e (328

For any estimator B satisfying Assumption (A2) with ||5*|lo < ko,

~ ~ 1
inf sup Py (\Lq — 18— 8l = cks nga?)) >4, forl<gq<2, (3.2.9)
Lq 0€60(k) n

where § > 0 and ¢ > 0 are constants.

Remark 5. Assumption (A1) restricts our focus to estimators that can perform well
at at least one point (5*,1,00) € ©¢(k). This weak condition makes the established
lower bounds widely applicable as the benchmark for evaluating estimators of the ¢,
loss of any B that performs well at a proper subset, or even a single point of the whole
parameter space.

In this paper, we focus on estimating the loss ||B— BH? with 1 < ¢ < 2. Similar
results can be established for the loss in the form of || B-5 |2 with 1 < ¢ < 2; Under

the same assumptions as those in Theorem 9, the lower bounds for estimating the loss
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18— B¢ hold with replacing the convergence rates with their § power; that is, (3.2.8)
remains the same while the convergence rate k%(\/mao)Q in (3.2.9) is replaced
by k:(\/mao)q. Similarly, all the results established in the rest of the paper for
= A||2 hold for 18 — B2 with corresponding convergence rates replaced by their

power.

Theorem 9 establishes the minimax lower bounds for estimating the ¢ loss || B-B IE:
of any estimator 3 satisfying Assumption (A1) and the ¢, loss ||§—5||(21 with1 < g <2
of any estimator E satisfying Assumption (A2). We will take the Lasso estimator as an
example and demonstrate the implications of the above theorem. We randomly split
Z = (y,X) into subsamples Z(1) = (y(l) xa ) and Z? = (y(Q),X(Z)) with sample
sizes my and ns, respectively. The Lasso estimator BL based on the first subsample

ZW = (y®, XM} is defined as

HX ”2 18,1, (3.2.10)

BERP

~ 1 _ x@
3L — arg min ly 5”2 )‘Z
j=1

where \ = A\/MO’O with A > /2 being a pre-specified constant. With-
out loss of generality, we assume n; =< mns. For the case 1 < ¢ < 2, (3.2.5) and
(3.2.9) together imply that the estimation of the £, loss || 3~ — B||2 is impossible since
the lower bound can be achieved by the trivial estimator of the loss, 0. That is,
SuPgeay Po (10— 1 = B2 > CkEE2) - 0,

For the case ¢ = 2, in the regime k < f , the lower bound klogp in (3.2.8) can be
achieved by the zero estimator and hence estimation of the loss ||~ — 3 |3 is impossible.

However, the interesting case is when Vo< < the loss estimator EQ proposed

logp ~ 7"~ Ing’

n (3.2.11) achieves the minimax lower bound \/—ﬁ in (3.2.8), which cannot be achieved

by the zero estimator. We now detail the construction of the loss estimator L. Based
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on the second half sample Z(?) = (y(z), X (2)), we propose the following estimator,

- 1 2
Ty = (_ Hy(Q) _ X(2)5LH _ 03) _ (3.2.11)
N9 2 +

Note that the first subsample Z(1) = (y(l), X(l)) is used to produce the Lasso estima-
tor B in (3.2.10) and the second subsample Z®) = (y®, X®) is retained to evaluate
the loss HBL — B]|3. Such sample splitting technique is similar to cross-validation and
has been used in Nickl & van de Geer (2013) for constructing confidence sets for g
and in Janson et al. (2015) for confidence intervals for the ¢5 loss.

The following proposition establishes that the estimator L, achieves the minimax

lower bound of (3.2.8) over the regime 1\{5; <k< ey

n

Proposition 2. Suppose that k < Tosp and QL 1s the Lasso estimator defined in
(3.2.10) with A > /2, then the estimator of loss proposed in (3.2.11) satisfies, for

any sequence Oy, — 00,

limsup sup ]P’g(‘Lg 13- — B2 ‘>5np\/_) —0. (3.2.12)

n,p—00 H€Bq(k

3.2.3 Minimax estimation of the /, loss over O(k)

We now turn to the case of unknown X and o and establish the minimax lower bound

for estimating the ¢, loss over the parameter space O(k).

Theorem 10. Suppose that the sparsity levels k and kg satisfy Assumption (B1). For

any estimator B satisfying Assumption (A1) with ||B*|lo < ko,

)1
inf sup Py (yL — 1B =812 > cki ng) >4, 1<q<?2, (3.2.13)
Ly 0€0(k)

where § > 0 and ¢ > 0 are constants.
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Theorem 10 provides a minimax lower bound for estimating the ¢, loss of any
estimator B satisfying Assumption (A1), including the scaled Lasso estimator defined

as

5t o W =XBIE o\ 5~ X
o} = argmin T g 4 B, 3.2.14
{ J BERP oERT 2no 2 szl NG | J| ( )

where Ay = Ay/logp/n with A > /2. Note that for the scaled Lasso estimator,
the lower bound in (3.2.13) can be achieved by the trivial loss estimator 0, in the
sense, SUPgee k) Po (\O —||BSE — Bl > C’k%h’%) — 0, and hence estimation of loss

is impossible in this case.

3.3 Minimaxity and adaptivity of confidence inter-
vals over O(k)

We focused in the last section on point estimation of the ¢, loss and showed the
impossibility of loss estimation except for one regime. The results naturally lead to
another question: Is it possible to construct “useful” confidence intervals for ||B — B2
that can provide non-trivial upper and lower bounds for the loss? In this section, after
introducing the framework for minimaxity and adaptivity of confidence intervals, we
consider the case of known > = I and ¢ = 0y and establish the minimaxity and
adaptivity lower bounds for the expected length of confidence intervals for the ¢, loss
of a broad collection of estimators over the parameter space ©g(k). We also show
that such minimax lower bounds can be achieved for the Lasso estimator and then
discuss the possibility of adaptivity using the Lasso estimator as an example. The

case of unknown X and o will be the focus of the next section.
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3.3.1 Framework for minimaxity and adaptivity of confidence

intervals

In this section, we introduce the following decision theoretical framework for confi-
dence intervals of the loss || B-1 |2. Given 0 < a < 1 and the parameter space ©
and the loss ||3 — |2, denote by Z, (@, B, Kq) the set of all (1 — «) level confidence
intervals for |3 — B2 over O,
7. (@,B,eq) - {ma (B, zq,z) = [1(2),u(2)]: jnf Py (||E_ B(0)|% € CIL, (E, l, z)) >1- a} .
(3.3.1)
We will write CI,, for CI, (ZB’\ Ay, Z) when there is no confusion. For any confidence
interval CI, (B, ‘. Z> — [1(Z),u(Z)], its length is denoted by R <Cla (B, l,, Z)) -
u(Z)—1(Z) and the maximum expected length over a parameter space O is defined

as

R (ch (B, l,, Z) ,@1) = sup EyR <CIa (B, 4, Z)) . (3.3.2)

[ASSH

For two nested parameter spaces ©; C O,, we define the benchmark R, (@1, O, B, €q> ,

measuring the degree of adaptivity over the nested spaces ©; C O,

R’ (@1, 0, B, zq) = inf  supER ((310 (B, ‘. Z)) . (333)
Cla(B,4q,2)€La(02,8,44) 001

We will write R}, (@1,3, €q> for R}, <@1, @1,3, €q>, which is the minimax expected
length of confidence intervals for Hg—ﬂﬂg over ©1. The benchmark R}, (@1, O, B, €q>
is the infimum of the maximum expected length over ©; among all (1 — «)-level
confidence intervals over ©,. In contrast, R, (@1, B\ , €q> is considering all (1—«)-level
confidence intervals over ©;. In words, if there is prior information that the parameter
lies in the smaller parameter space O, R}, (@1, B\ , €q> measures the benchmark length

of confidence intervals over the parameter space ©;, which is illustrated in the left
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of Figure 3.1; however, if there is only prior information that the parameter lies in
the larger parameter space Oy, R}, (@1, O, B\, €q> measures the benchmark length of
confidence intervals over the parameter space ©4, which is illustrated in the right of

Figure 3.1.

L (01,5, 44) 6 L, (01,0,,5,24)

Figure 3.1: The plot demonstrates definitions of R} (@1,3, £q> and
RZ <@17@2ag7£q>'

Rigorously, we define a confidence interval CI* to be simultaneously adaptive over

O, and O, if CTI* € T, (@Q,E, eq) ,
R (CI*,0,) < R* (@1,5, zq), and R (CI*,0,) =< R’ (@2,3, gq) . (3.34)

The condition (3.3.4) means that the confidence interval CI*, which has coverage over
the larger parameter space O, achieves the minimax rate over both ©; and ©,. Note
that R (CT*,©,) > R* (@1,@2,5, eq). If RY (@1,@2,3, eq) > R’ (61,3, eq) . then
the rate-optimal adaptation (3.3.4) is impossible to achieve for ©; C ©,. Otherwise,
it is possible to construct confidence intervals simultaneously adaptive over parame-
ter spaces ©; and ©,. The possibility of adaptation over parameter spaces ©; and
O, can thus be answered by investigating the benchmark quantities R}, (@1, B\, €q>
and R, (@1, O, B , Kq). Such framework has already been introduced in Cai & Guo
(2016b), which studies the minimaxity and adaptivity of confidence intervals for linear
functionals in high-dimensional linear regression.

We will adopt the minimax and adaptation framework discussed above and es-
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tablish the minimax expected length R, (@o(k), B, ﬁq) and the adaptation bench-
mark R}, (@o(k:l), O¢(k2), B, €q>. In terms of the minimax expected length and the
adaptivity behavior, there exist fundamental differences between the case ¢ = 2 and

1 < q < 2. We will discuss them separately in the following two subsections.

3.3.2 Confidence intervals for the ¢, loss over ©((k)

The following theorem establishes the minimax lower bound for the expected length

of confidence intervals of HE — B||3 over the parameter space Og(k).

Theorem 11. Suppose that 0 < a < i and the sparsity levels k and ko satisfy
Assumption (B1). For any estimator B satisfying Assumption (A1) with ||5*||o < ko,

then there is some constant ¢ > 0 such that

R, (90(/€),B,€2> Zcmin{@ ! } 5

— : 3.3.5
n \/ﬁ 9o ( )
In particular, if B\L is the Lasso estimator defined in (3.2.10) with A > V2, then the
minimax expected length for (1 — «) level confidence intervals of HBL — B3 over ©y(k)

18

R’ (@O(k:), BE, £2> = min { M(;gp, %} o2, (3.3.6)

We now consider adaptivity of confidence intervals for the ¢5 loss. The following
theorem gives the lower bound for the benchmark R, <€)0(k1), Oo(k2), B, 52). We will

then discuss Theorems 11 and 12 together.

Theorem 12. Suppose that 0 < a < 411 and the sparsity levels ki, ko and ko satisfy
Assumption (B2). For any estimator B satisfying Assumption (A1) with ||8*]|0 < ko,

then there is some constant ¢ > 0 such that

R}, (90(/61),@0(7@),3,62) ZCmin{kglogp 1 } )

by Kl (3.3.7)
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In particular, if BL is the Lasso estimator defined in (3.2.10) with A > /2, the above

lower bound can be achieved.

The lower bound established in Theorem 12 implies that of Theorem 11 and both
lower bounds hold for a general class of estimators satisfying Assumption (A1). There

is a phase transition for the lower bound of the benchmark R}, (@O(kl), O¢(ka), B, €2> .

In the regime ky < %, the lower bound in (3.3.7) is &;g%g; when 1(‘)/; Sk S g

the lower bound in (3.3.7) is \/iﬁa%. For the Lasso estimator 3% defined in (3.2.10),

the lower bound *%6252 in (3.3.5) and %242 in (3.3.7) can be achieved by the

confidence intervals CI° (Z,k,2) and CI° (Z, ky,2) defined in (3.3.15), respectively.

Applying a similar idea to (3.2.11), we show that the minimax lower bound \/iﬁag in

(3.3.6) and (3.3.7) can be achieved by the following confidence interval,

CIL () = # a2 # A (3.3.8)
na X1-¢ (n2) L \m X3 (n2) N

where X%_% (ng) and ng (ng) are the 1 — § and § quantiles of x* random variable

with ny degrees of freedom, respectively, and

Y@ — x®@ 5L‘

ng

Y (Z) = min {i Z e 1ogp} : (3.3.9)

Note that the two-sided confidence interval (3.3.8) is simply based on the observed
data Z, not depending on any prior knowledge of the sparsity k. Furthermore, it is
a two-sided confidence interval, which tells not only just an upper bound, but also a
lower bound for the loss. The coverage property and the expected length of CI., (Z)

are established in the following proposition.

Proposition 3. Suppose k < 2 and B\L is the estimator defined in (3.2.10) with

~ logp
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A > /2. Then CI. (Z) defined in (3.3.8) satisfies,

hmmfe mf Pg <||6 — B3 € CI} (Z)> >1—a, (3.3.10)
n,p—00
and
1
R (CI, (2),60 (k) < —no—g. (3.3.11)
Figure 3.2: [lustration of R} (@O(kl), AL, €2> (top) and

R} (@O(k'l) O} (kg),BL,&)(bottom) over regimes k; < ky < X% (leftmost),
ey < Y0 < ky < 2 (middle) and X% < ky < ky <

log p

(rightmost).

n
log p log p logp

Regarding the Lasso estimator B\L defined in (3.2.10), we will discuss the possi-
bility of adaptivity of confidence intervals for || EL — B||3. The adaptivity behavior

of confidence intervals for || BL — B||% is demonstrated in Figure 3.2. As illustrated

in the rightmost plot of Figure 3.2, in the regime 1£ Sk <k < %, we obtain

R’ (@O(k:l), Oo(ks), ﬁL,eg) ~ R’ (@o(lﬁ) Y @) = L which implies that adapta-
tion is possible over this regime. As shown in Prop051t10n 3, the confidence interval
CI! (Z) defined in (3.3.8) is fully adaptive over the regime % Sk S gy In the

sense of (3.3.4).

[ustrated in the leftmost and middle plots of Figure 3.2, it is impossible to

construct an adaptive confidence interval for |3 — /|2 over regimes ki < ko < 13@;
and kl < 1;£p ~ kg ~ lo7glp since R* (@0<1€1) @o(kg) EL £2> > R* (@0(/{71) EL,£2>

it by < 13{5; and k; < ko. To sum up, adaptive confidence intervals for || BL — B3 is
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n
logp*®

only possible over the regime h;g? Sk <

Comparison with confidence balls

We should note that the problem of constructing confidence intervals for || BB |13 is re-
lated to but different from that of constructing confidence sets for § itself. Confidence
balls constructed in Nickl & van de Geer (2013) are of form {ﬁ B - B\Hg < uy, (Z)},
where B can be the Lasso estimator and u, (Z) is a data dependent squared radius.
See Nickl & van de Geer (2013) for further details. A naive application of this confi-

dence ball leads to a one-sided confidence interval for the loss HB — B3,

craeet () = {18 Bl13: 18 - Bl < ua (2)} (33.12)

Due to the reason that confidence sets for g were sought for in Theorem 1 in Nickl &
van de Geer (2013), confidence sets in the form {5 1B — BH% < uy, (Z)} will suffice
to achieve the optimal length. However, since our goal is to characterize || B — B3,
we apply the unbiased risk estimation discussed in Theorem 1 of Nickl & van de Geer
(2013) and construct the two-sided confidence interval in (3.3.8). Such a two-sided
confidence interval is more informative than the one-sided confidence interval (3.3.12)
since the one-sided confidence interval does not contain the information whether the
loss is close to zero or not. Furthermore, as shown in Nickl & van de Geer (2013),
the length of confidence interval CI*¥ (Z) over the parameter space Og(k) is of

order \/Lﬁ + 182 The two-sided confidence interval CI. (Z) constructed in (3.3.8) is

vn
logp*®

klogp
n

of expected length in, which is much shorter than \/Lﬁ + in the regime k >
That is, the two-sided confidence interval (3.3.8) provides a more accurate interval
estimator of the ¢y loss. This is illustrated in Figure 3.3.

The lower bound technique developed in the literature of adaptive confidence sets

Nickl & van de Geer (2013) can also be used to establish some of the lower bound
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CIi(2)

A
0 [ 1 \
| A~ B I3 /

I

Cl‘iﬁnduced(z)

Figure 3.3: Comparison of the two-sided confidence interval CI} (Z) with the one-

sided confidence interval CIdueed (7),

results for the case ¢ = 2 given in the present paper. However, new techniques are

needed in order to establish the rate sharp lower bounds for the minimax estimation
Vn

error (3.2.9) in the region ogp = ks Tosp and for the expected length of the confidence

intervals (3.3.18) and (3.7.3) in the region loﬂ S by < ko S 1, where it is necessary
gp ogp
to test a composite null against a composite alternative in order to establish rate

sharp lower bounds.

3.3.3 Confidence intervals for the ¢, loss with 1 < ¢ < 2 over
Oo (k)

We now consider the case 1 < ¢ < 2 and investigate the minimax expected length
and adaptivity of confidence intervals for || B— 3|2 over the parameter space Og(k).
The following theorem characterizes the minimax convergence rate for the expected

length of confidence intervals.

Theorem 13. Suppose that 0 < a < i, 1 < g < 2 and the sparsity levels k and
ko satisfy Assumption (B1). For any estimator B\ satisfying Assumption (A2) with

18*|lo < ko, then there is some constant ¢ > 0 such that

~ 2 1
R’ (60(k),ﬁ,€q> > cki in o2, (3.3.13)

In particular, if BL is the Lasso estimator defined in (3.2.10) with A > 4+/2, then

the minimaz expected length for (1 — a) level confidence intervals of ||BL — B2 over
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@O(k’) 18

~ 2 ]o
R;, (@o(k), B, £,) = ki =2La?. (3.3.14)

We now construct the confidence interval achieving the minimax convergence rate

n (3.3.14),
2 1
CL (Z,k,q) = (0,0*(A, k)ki —2L ) , (3.3.15)
n
’ _ (22400)° (sozey o) : VALVE
where C*(A, k) = max (%42\/%01%)4, <i7(9+n101n0)\/m>4 with ny = 1. Olf Nt

The following proposition establishes the coverage property and the expected length
of CIY (Z, k, q).

Proposition 4. Suppose k < 2~ and BL is the estimator defined in (3.2.10) with

~ logp
A > 4y2. For 1 < q < 2, the confidence interval CI° (Z, k,q) defined in (3.3.15)

satisfies

liminf inf IP’9<|]5 BII2 € CI° (2, k q)> 1, (3.3.16)

n,p—r00 96@0

and

R(CI) (Z.k.q). 60 (K)) £ K+ 22Lo2 (33.17)

In particular, for the case ¢ =2, (3.3.16) and (3.3.17) also hold for the estimator EL
defined in (3.2.10) with A > /2.

This result shows that the confidence interval CI (Z,k, q) achieves the minimax
rate given in (3.3.14). In contrast to the /5 loss where the two-sided confidence interval

(3.3.8) is significantly shorter than the one-sided interval and achieves the optimal

rate over the regime Vo< <
logp ~~ ~ log ’

for the ¢, loss with 1 < ¢ < 2, the one-sided
confidence interval achieves the optimal rate given in (3.3.14).

We now consider adaptivity of confidence intervals. The following theorem estab-

lishes the lower bounds for R}, <@0(k‘1), Oo(ks), 3, €q> with 1 < ¢ < 2.
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Theorem 14. Suppose 0 < a < 7, 1 < q < 2 and the sparsity levels ky,ky and

=

ko satisfy Assumption (B2). For any estimator 3 satisfying Assumption (A2) with

18*]lo < ko, then there is some constant ¢ > 0 such that

;

2
cky £ o if ki <ko S22

n

~ 2
R, (90(761);@0(14?2)»5,&1) > g cki Y10 if kSR <k, <on (3.3.18)

V20 logp ~ logp’

2

21

q logp 2 AP < _n
\CkQ kl " o Zf _logp ~ kl S kQ ~ Togp:

In particular, if p > n and BL is the Lasso estimator defined in (3.2.10) with A > 4+/2,

the above lower bounds can be achieved.

The lower bounds of Theorem 14 imply that of Theorem 13 and both lower bounds
hold for a general class of estimators satisfying Assumption (A2). However, the lower
bound (3.3.18) in Theorem 14 has a significantly different meaning from (3.3.13) in
Theorem 13 where (3.3.18) quantifies the cost of adaptation without knowing the
sparsity level. For the Lasso estimator BL defined in (3.2.10), by comparing Theorem
13 and Theorem 14, we obtain R <®g(k1),@o(k2), Bﬂ,eq) > R’ (@o(kl), /?L,zq) if
k1 < ko, which implies the impossibility of constructing adaptive confidence intervals
for the case 1 < g < 2. There exists marked difference between the case 1 < ¢ < 2

and the case ¢ = 2, where it is possible to construct adaptive confidence intervals

\/E<k.< n

logp ~ ~ logp"

over the regime
For the Lasso estimator B\L defined in (3.2.10), it is shown in Proposition 4 that the

2
confidence interval CIC (Z, ko, q) defined in (3.3.15) achieves the lower bound k. 10%0(2)

2 2
of (3.3.18). The lower bounds k. ' 18252 and ky 1\%08 of (3.3.18) can be achieved
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by the following proposed confidence interval,

(2) _02>>
pm) 7))

2 o ¢ (Z) 2 %*1 w
CIa (27 k?2>Q) - <(%2X%_g (n2) O-O)+’(16k2) (n_IQX
(3.3.19)

where 1 (Z) is given in (3.3.9). The above claim is verified in Proposition 5. Note
that the confidence interval CI}, (Z) defined in (3.3.8) is a special case of CI2 (Z, ks, q)

with ¢ = 2.

Proposition 5. Suppose p > n, k1 < ko < 1oZp and EL is defined in (3.2.10) with

A > 4V2. Then CI2 (Z, ks, q) defined in (3.3.19) satisfies,

liminf inf P (HB— BI2 € CI2 (7, kg,q)> >1—a, (3.3.20)

n,p—00 0€Bq(ka)

and

2_q lo 1
R (CI2 (Z, k, q), O (k1)) < Ky (k1 ip + %> o2, (3.3.21)

3.4 Minimaxity and adaptivity of confidence inter-
vals over O(k)

In this section, we focus on the case of unknown ¥ and ¢ and establish the minimax
expected length of confidence intervals for ||B — B2 with 1 < ¢ < 2 over O(k) defined
in (3.2.4). We also study the possibility of adaptivity of confidence intervals for
| B-8 |2. The following theorem establishes the lower bounds for the benchmark
quantities R (@ (k) , B, eq) with i = 1,2 and R, (@ (k1), 0 (k») , B, zq).

Theorem 15. Suppose that 0 < a < }1, 1 < q < 2 and the sparsity levels ky, ko

and ko satisfy Assumption (B2). For any estimator 3 satisfying Assumption (Al) at
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0o = (5*,1,00) with ||B*|lo < ko, there is a constant ¢ > 0 such that

~ 2]
R;, (0 (k). B, t) = ok 2L, for =12 (3.4.1)

~ 2o
R, ({90},9(kz) ,B,Eq) > ckj sp. (3.4.2)

In particular, if BSL is the scaled Lasso estimator defined in (3.2.14) with A > 2V/2,

then the above lower bounds can be achieved.

The lower bounds (3.4.1) and (3.4.2) hold for any B\ satisfying Assumption (Al)
at an interior point 0y = (5*,1,0¢), including the scaled Lasso estimator as a spe-
cial case. We demonstrate the impossibility of adaptivity of confidence intervals for
the ¢, loss of the scaled Lasso estimator BSL. Since R} (@ (k1),0 (ko) ,BSL,K(I) >
R’ ({90} .0 (k) ,3SL,£q) , by (3.4.2), we have

R’ (@ (k1) © (k2) ,BSL,£q> > R’ (@ (k1) ,ESL,eq) if ky < ko,

The comparison of R (@ (k1) , B, eq> and R” (@ (k1),© (k»), B, eq> is illustrated
in Figure 3.4. Referring to the adaptivity defined in (3.3.4), it is impossible to con-

struct adaptive confidence intervals for || BsL _ Alz.

0(ky) 2

2 £
kilogp k3log p
n n
0(k1) 0(k;)

Figure 3.4: Hlustration of R* (@ (k1), BT, zq) (left) and R?, (@ (k1),© (k»), B, Q)
(right).

Theorem 15 shows that for any confidence interval CI, (3 Ay, Z > for the loss of

any given estimator fo’\ satisfying Assumption (A1), under the coverage constraint that
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CI, <B, ly, Z) €71, <@ (k2) ,B\, €q>, its expected length at any given 0y = (8*,1,0) €
© (ko) must be of order k;k’%. In contrast to Theorem 12 and 14, Theorem 15
demonstrates that confidence intervals must be long at a large subset of points in
the parameter space, not just at a small number of “unlucky” points. Therefore, the
lack of adaptivity for confidence intervals is not due to the conservativeness of the
minimax framework.

In the following, we detail the construction of confidence intervals for || BSL —
B||2. The construction of confidence intervals is based on the following definition of

restricted eigenvalue, which is introduced in Bickel et al. (2009),

, . X012
k(X. k.s.cng) = min min T TR
(X, ks,00) = 50, /|6y 2

C{17 P, ;
|Jol<k — lIdsglli<aolldslla

(3.4.3)

where J; denotes the subset corresponding to the s largest in absolute value coordi-
nates of § outside of Jy and Jo; = Jy U J;. Define the event B = {6 < logp}. The

confidence interval for || BSL _ Bl|2 is defined as

0, ¢ (Z,k,q)] on B

Cl, (Z,k,q) = (3.4.4)
{0} on B¢,
where
2
164 X126 2] 2]
SO (Z7 k7q) — mln max H ]HZO_ ka ng’ kja ng logp 6_\2
nK2 (X k. k. 3 (%)) n
» T min g2

Remark 6. The restricted eigenvalue x? <X k. k)3 <%§;N;)> is computationally
infeasible. For design covariance matrix > of special structures, the restricted eigen-
value can be replaced by its lower bound and a computationally feasible confidence

interval can be constructed. See Section 4.4 in Cai & Guo (2016b) for more details.
Properties of Cl,, (Z, k, q) are established as follows.
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Proposition 6. Suppose k < 2 and B\SL is the estimator defined in (3.2.14) with

~ logp

A>2v2. Forl<q<2, then Cl,(Z,k,q) defined in (3.4.4) satisfies the following

properties,
. . . ’\_ 2 _
liminf inf P <||/3 Bll; € Cla (Z, k,q)) 1, (3.4.5)
1
R (CLy (Z,k,q),0 (k) S ki =, (3.4.6)

Proposition 6 shows that the confidence interval Cl, (Z,k;, q) defined in (3.4.4)
achieves the lower bound in (3.4.1), for ¢ = 1, 2, and the confidence interval Cl, (Z, k2, q)

defined in (3.4.4) achieves the lower bound in (3.4.2).

3.5 Estimation of the /, loss of rate-optimal esti-
mators

We have established minimax lower bounds for the estimation accuracy of the loss of
a broad class of estimators J3 satisfying (A1) or (A2) and also demonstrated that such
minimax lower bounds are sharp for the Lasso and scaled Lasso estimators. We now
show that the minimax lower bounds are sharp for the class of rate-optimal estimators

satisfying the following Assumption (A).

(A) The estimator 3 satisfies,

~ w2 logp _
sup Py (HB—B!F > o 282 ) <y, (3.5.1)
0c0(k) n

for all k£ < @, where 0 > 0, C* > 0 and C' > 0 are constants not depending

on k, n, or p.

We say an estimator 3 is rate-optimal if it satisfies Assumption (A). As shown in

Candes & Tao (2007); Bickel et al. (2009); Belloni et al. (2011); Sun & Zhang (2012),
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Lasso, Dantzig Selector, scaled Lasso and square-root Lasso are rate-optimal when
the tuning parameter is chosen properly. We shall stress that Assumption (A) implies
Assumptions (A1) and (A2). Assumption (A) requires the estimator B to perform well
over the whole parameter space ©(k) while Assumptions (A1) and (A2) only require
3 to perform well at a single point or over a proper subset. The following proposition
shows that the minimax lower bounds established in Theorem 9 to Theorem 15 can

be achieved for the class of rate-optimal estimators.
Proposition 7. Let B be an estimator satisfying Assumption (A).

1. There exist (point or interval) estimators of the loss ||f — Bllz with 1 < g < 2
achieving, up to a constant factor, the minimaz lower bounds (3.2.9) in Theorem
9 and (3.3.13) in Theorem 13 and estimators of loss ||B\— Bll2 with 1 < q <
2 achieving, up to a constant factor, the minimax lower bounds (3.2.13) in

Theorem 10 and (3.4.1) and (3.4.2) in Theorem 15.

2. Suppose that the estimator E is constructed based on the subsample Z( =
(y D, XW), then there exist estimators of the loss I8 — B2 achieving, up to
a constant factor, the minimazx lower bounds (3.2.8) in Theorem 9, (3.3.5) in

Theorem 11 and (3.3.7) in Theorem 12.

3. Suppose the estimator B is constructed based on the subsample Z(V) = (y®, X M)

and it satisfies Assumption (A) with 6 > 2 and

sup Py (/1B - B)s:

1> ¢ (B = B)slls where S = supp(8)) < Cp, (35.2)
0cO(k)

for all k < o= Then for p = n there exist estimators of the loss ||B—@||g with

1 < q < 2 achieving the lower bounds given in (3.3.18) in Theorem 14.

For reasons of space, we do not discuss the detailed construction for the point
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and interval estimators achieving these minimax lower bounds here and postpone the

construction to the proof of Proposition 7.

Remark 7. Sample splitting has been widely used in the literature. For example,
the condition that j3 is constructed based on the subsample Z(1) = (yW, XM) has
been introduced in Nickl & van de Geer (2013) for constructing confidence sets for
and in Janson et al. (2015) for constructing confidence intervals for the ¢5 loss. Such
a condition is imposed purely for technical reasons to create independence between
the estimator 3 and the subsample Z®) = (y@, X®@), which is useful to evaluate the
¢, loss of the estimator B. As shown in Bickel et al. (2009), the assumption (3.5.2) is
satisfied for Lasso and Dantzig Selector. This technical assumption is imposed such

that || — B|? can be tightly controlled by |3 — 3]|2.

3.6 General tools for minimax lower bounds

A major step in our analysis is to establish rate sharp lower bounds for the estimation
error and the expected length of confidence intervals for the ¢, loss. We introduce in
this section new technical tools that are needed to establish these lower bounds.

A significant distinction of the lower bound results given in the previous sections
from those for the traditional parameter estimation problems is that the constraint
is on the performance of the estimator E of the regression vector 3, but the lower
bounds are on the difficulty of estimating its loss HB\ — B2 1t is necessary to develop
new lower bound techniques to establish rate-optimal lower bounds for the estimation
error and the expected length of confidence intervals for the loss || B— Bll2. These
technical tools may also be of independent interest.

We begin with notation. Let Z denote a random variable whose distribution

is indexed by some parameter § € © and let m denote a prior on the parameter
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space ©. We will use fy(z) to denote the density of Z given 6 and f, (z) to de-
note the marginal density of Z under the prior w. Let P, denote the distribution
of Z corresponding to f, (2), i.e., P = [l.eafr (z)dz, where 1,c4 is the in-
dicator function. For a function g, we write E, (g(Z )) for the expectation under
fx. More specifically, fr (2) = [ fo(z) 7 () df and E, = [g(z z)dz. The
L, distance between two probability distributions with densities fy and f; is given
by TV(f1, fo) = [ |f1(z 0(2)| dz. The following theorem establishes the minimax
lower bounds for the estimation error and the expected length of confidence intervals
for the ¢, loss, under the constraint that B is a good estimator at at least one interior

point.

Theorem 16. Suppose 0 < «a,qg < }1, 1 < q < 2, % is positive definite, 0y =
(B*,X0,00) € O, and F C ©. Define d = minger || (0) — B*||,. Let  denote a prior

over the parameter space F. If an estimator /5\ satisfies

~ 1
By, (||5—5*||§ < Ed2> >1—a, (36.1)
then
inf sup Py (rL 1B 812 dz) >a, (36.2)
Lq 0e{6o}UF
and
R: ({90} 0.0 Eq) - inf E, R (Cla (B, ‘. Z)) > Ed?, (3.6.3)

Cla(Btq,2)€Ta(0,B,4q)

where ¢; = min {%07 (1% —ap— TV (f,, f@o))+} and ¢y = % (1 —=2a—ag— 2TV (fx, fgo))+

Remark 8. The minimax lower bound (3.6.2) for the estimation error and (3.6.3) for
the expected length of confidence intervals hold as long as the estimator E estimates 3

well at an interior point . Besides Condition (3.6.1), another key ingredient for the
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lower bounds (3.6.2) and (3.6.3) is to construct the least favorable space F with the
prior 7 such that the marginal distributions f, and fy, are non-distinguishable. For
the estimation lower bound (3.6.2), constraining that || B—pB* |2 can be well estimated
at 0y, due to the non-distinguishability between f, and fy,, we can establish that
the loss || — B||2 cannot be estimated well over F. For the lower bound (3.6.3), by
Condition (3.6.1) and the non-distinguishability between f; and fp,, we will show
that ||§ — f3|2 over F is much larger than HB\ — /3*||2 and hence the honest confidence

intervals must be sufficiently long.

Theorem 16 is used to establish the minimax lower bounds for both the estimation
error and the expected length of confidence intervals of the ¢, loss over O(k). By
taking 6y € O(ko) and © = O(k), Theorem 10 follows from (3.6.2) with a properly
constructed subset F C ©(k). By taking 6, € O(ky) and © = O(ks), the lower bound
(3.4.2) in Theorem 15 follows from (3.6.3) with a properly constructed F C O(ks).
In both cases, Assumption (A1) implies Condition (3.6.1).

Several minimax lower bounds over Oy (k) can also be implied by Theorem 16. For
the estimation error, the minimax lower bounds (3.2.8) and (3.2.9) over the regime

k < ™ in Theorem 9 follow from (3.6.2). For the expected length of confidence

~ logp

intervals, the minimax lower bounds (3.3.7) in Theorem 12 and (3.3.18) in the regions

Vn Vn
]{Zl S ]{ZQ S @ and kl ,S Tog p S kg g Tog p

in Theorem 14 follow from (3.6.3).
In these cases, Assumption (Al) or (A2) can guarantee that Condition (3.6.1) is

satisfied. However, the minimax lower bounds for estimation error (3.2.9) in the

. NG < n
region g < k'S o5

and for the expected length of confidence intervals (3.3.18)

in the region 12)/5 Sk <k < .- cannot be established using the above theorem.
2p ogp

The following theorem, which requires testing a composite null against a composite

alternative, establishes the refined minimax lower bounds over O (k).

Theorem 17. Let 0 < a, a0 < 1, 1 < ¢ < 2, and 0y = (8%, %, 00) where T is a
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positive definite matriz. Let ki and ko be two sparsity levels. Assume that fori=1,2
there exist parameter spaces F; C {(8,%0,00) : ||5]lo < k;i} such that for given dist;
and d;

V(B(O) = B)TE6(B(0) — p*) = dist; and ||B(0) — B*|l, =d;, forall @ € F

Let m; denote a prior over the parameter space F; for v = 1,2. Suppose that for

0, = (B*, Yo, 08 + dist?) and 0y = (B*, Yo, 08 + distg), there exist constants c1,cq > 0

such that
By, (IB=B2 < ) > 1— 00, for i=12 (3.6.4)
Then we have
inf sup_ Py (1L, — 15— BII2] = ¢5d3) > e, (3.6.5)
Lq 0€F1UF2
and
R’ (@0 (k1) 60 (k2) , B, zq) > ((1- )& — (1 +a)d), . (3.6.6)
where

.1 1 d2
cy = mm{z, ((1 —02)2 i (1+01)2d—%)+},

2
CZ = (1 - 2040 — 20 — ZTV (fmaf@i) — 2TV (fﬂ'z?fﬂl)) )
+

i=1

2
¢ — min {% (% 90— ;Tv (Fanr for) — 2TV (fwz,fm>>+} .

Remark 9. As long as the estimator B\ performs well at two points, #; and 65, the
minimax lower bounds (3.6.5) for the estimation error and (3.6.6) for the expected
length of confidence intervals hold. Note that 6; in the above theorem does not be-

long to the parameter space {(/3,%0,00) : ||B|lo < ks}, for i = 1,2. In contrast to
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Theorem 16, Theorem 17 compares composite hypotheses F; and F5, which will lead
to a sharper lower bound than comparing the simple null {6y} with the composite
alternative F. For simplicity, we construct least favorable parameter spaces F; such
that the points in F; is of fixed (generalized) ¢, distance and fixed ¢, distance to 3,
for ¢ = 1,2, respectively. More importantly, we construct F; with the prior m; and
Fo with the prior 7o such that f, and f,, are not distinguishable, where #; and 6,
are introduced to facilitate the comparison. By Condition (3.6.4) and the construc-
tion of F; and F;, we establish that the ¢, loss cannot be simultaneously estimated
well over F; and F,. For the lower bound (3.6.6), under the same conditions, it is
shown that the ¢, loss over F; and F, are far apart and any confidence interval with
guaranteed coverage probability over F; U F, must be sufficiently long. Due to the
prior information ¥ = I and o = 0y, the lower bound construction over Oy (k) is more
involved than that over ©(k). We shall stress that the construction of F; and F» and

the comparison between composite hypotheses are of independent interest.

NG

The minimax lower bound (3.2.9) in the region ogp S follows from

Sk <
(3.6.5) and the minimax lower bound (3.3.18) in the region 1£ ki <k S oo for
the expected length of confidence intervals follows from (3.6.6). In these cases, Eo is

taken as I and Assumption (A2) implies Condition (3.6.4).

3.7 An intermediate setting with known o = 0y and
unknown X

The results given in Sections 3.3 and 3.4 show the significant difference between
Op(k) and O(k) in terms of minimaxity and adaptivity of confidence intervals for
[ 8- Bl|2. ©o(k) is for the simple setting with known design covariance matrix ¥ = I

and known noise level o = 0y, and O(k) is for unknown ¥ and o. In this section, we
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further consider minimaxity and adaptivity of confidence intervals for ||B — BH? in an
intermediate setting where the noise level o = o is known and ¥ is unknown but of

certain structure. Specifically, we consider the following parameter space,

1
||/8||0 S ka M S )\min (2) S )\max (E) S Ml
®Uo(k78) = (67270—0> : ! y (371)
1=z <M, max || (E71), [lo < s

1<i<p

for some constants M; > 1 and M > 0. O,,(k,s) basically assumes known noise
level ¢ and imposes sparsity conditions on the precision matrix of the random de-
sign. This parameter space is similar to those used in the literature of sparse lin-
ear regression with random design van de Geer et al. (2014); Chernozhukov et al.
(2015a,b). O, (k, s) has two sparsity parameters where k represents the sparsity of (3
and s represents the maximum row sparsity of the precision matrix ¥~!. Note that
Op(k) C B4y (k,s) C O(k) and Oy (k) is a special case of O, (k,s) with M; = 1.
Under the assumption s < \/n/Tg , the minimaxity and adaptivity lower
bounds for the expected length of confidence intervals for || B— Bll2 with 1 < ¢ < 2
over O,,(k,s) are the same as those over Oy(k). That is, Theorems 13 and 14 hold
with ©g(k1), Og(kz2), and Oy(k) replaced by O, (k1,s), Oy, (k2,s), and O, (k, s), re-
spectively. For the case ¢ = 2, the following theorem establishes the minimaxity and
adaptivity lower bounds for the expected length of confidence intervals for HB — 8|3

over O, (k, s).

Theorem 18. Suppose 0 < o, 9 < 1/4, My > 1, s < y/n/logp and the sparsity
levels ki, ko and ko satisfy Assumption (B2) with the constant cy replaced by ¢y defined

in (3.9.14). For any estimator B\ satisfying

R * * (| Q% glogp
sup o (I - 572 2 €115 20 ) <, (3.7
0€0 (ko) n
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with a constant C* > 0, then there is some constant ¢ > 0 such that

. ~ . logp logp 1
R’ (@Uo(kl,s),@gg(@, s),5,£2> > cmin {kQT {k1 7}} 02 (3.7.3)

and

il
R*( (ks )552) ngg and i=1,2. (3.7.4)

In particular, if p > n and B is constructed based on the subsample Z) = (y(l), X(l))

and satisfies Assumption (A) with 6 > 2, the above lower bounds can be attained.

In contrast to Theorems 11 and 12, the lower bounds for the case ¢ = 2 change
in the absence of the prior knowledge ¥ = I but the possibility of adaptivity of
confidence intervals over ©,,(k,s) is similar to that over ©¢(k). Since the Lasso
estimator 3% defined in (3.2.10) with A > 44/2 satisfies Assumption (A) with § >
2, by Theorem 18, the minimax lower bounds (3.7.3) and (3.7.4) can be attained
for 5", For A%, ouly when M < ki < ky S 2, R;( oo (K1, 8), B 52) =
R}, (@Uo(lﬁ, $), Ogy (K2, 5), 3, €2> = @ and adaptation between O, (ki,s) and
Oy, (K2, s) is possible. In other regimes, if k1 < ko, then R}, <@Uo(k1,s),BL,€g> <
R}, <@oo(k1, $), O, (ka, 5), B, 62) and adaptation between ©,,(k1,s) and O, (k2, s) is
impossible. For reasons of space, more discussion on ©,,(k, s), including the con-

NG

struction of adaptive confidence intervals over the regime (¥= < ki < ko S o, is
ogp ogp

postponed to Chapter B.

3.8 Minimax lower bounds for estimating || 3|7 with

1<g<?2

The lower bounds developed in this paper have broader implications. In particular,

the established results imply the minimax lower bounds for estimating 3|2 and the
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expected length of confidence intervals for ||]|2 with 1 < ¢ < 2. To build the con-
nection, it is sufficient to note that the trivial estimator B = 0 satisfies Assumptions
(A1) and (A2) with 5* = 0. Then we can apply the lower bounds (3.2.8), (3.2.9) and

(3.2.13) to the estimator B = 0 and establish the minimax lower bounds of estimating

1815,

: > o logp 1| ,
inf sup P <L — 18|13 Zcmm{k—,—}a > 0; 3.8.1
nf s By (122~ 1513 It (381)
~ 2 1
inf sup P (|Lq —1812] > cki ngag) >4, forl<q<?2, (3.8.2)
Ly 0€00(k) n
~ 1
inf sup Py (|Lq — 1812 = ckiﬂ) >0, forl<qg<2 (3.8.3)
L, 6€O(k) n

for some constants 0 > 0 and ¢ > 0. Similarly, all the lower bounds for the expected
length of confidence intervals for ||3 — B||? established in Theorem 11 to Theorem 15
imply corresponding lower bounds for ||3]|2. The lower bound min{k'52, \/iﬁ}ag in
(3.8.1) is the same as the detection boundary in the sparse linear regression for the
case ¥ = [ and o = 1; See Ingster et al. (2010) and Arias-Castro et al. (2011) for more
details. Estimation of ||3||3 in high-dimensional linear regression has been considered
in Guo et al. (2016) under the general setting where ¥ and ¢ are unknown and the
lower bound (3.8.3) with ¢ = 2 leads to one key component of the lower bound cklo%

for estimating ||3]|3.

3.9 Proofs

This section presents the proofs of the lower bound results. We first establish the
general lower bound result, Theorem 16, in Section 3.9.1. By applying Theorems
16 and 17, we prove Theorems 12 and 14 in Section 3.9.2. For reasons of space, the
proofs of other main results, Theorems 9, 10, 11, 13, 15, 17, 18 as well as Propositions

2, 3,4, 5,6, 7 and the proofs of technical lemmas are postponed to Chapter B.
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We define the x? distance between two density functions f; and fy by x*(/f1, fo) =

S WC& = ﬁ((j)) dz — 1, and it is well known that

TV(fi, fo) < VX2(f1: fo)- (3.9.1)

We follow the same notation used in Section 3.6. Let Pz 4., be the joint probability
of Z and 0 with the joint density function f(0, z) = fy (2) 7 (0) . The following lemma,
which is proved in Chapter B, is needed in the proofs of Theorem 16 and Theorem
17.

Lemma 7. For any event A, we have
P, (ZeA) =Pgpr(Zec A, (3.9.2)

[Pr, (Z € A) = Pr, (2 € A)| STV (frzs 1) - (3.9.3)

We will write P, (A) and Pz g (A) for P,(Z € A) and Pzy..(Z € A) respectively.
Recall that Zq(Z) denotes a data-dependent loss estimator and £(6) denotes the

corresponding [ of the parameter 6.

3.9.1 Proof of Theorem 16

We set ¢ = 1 and a; = 4.

Proof of (3.6.2)

We assume

1
ng)z1—ay (3.9.4)

1
> 1d2) > o, (3.9.5)



and hence (3.6.2) follows. Define the event

Ly(2) = |B(2) -

Ao= {3 1) - 51 < e <yt oo

By (3.6.1) and (3.9.4), we have Py, (Ag) > 1 — ap — 1. By (3.9.3), we obtain
P, (Ag) >1—ap—a; — / | fo, (2) — fr (2)| dz. (3.9.7)
For z € Ay and 0 € F, by triangle inequality,

1B(z) = 8Ol = ‘Hﬁ(@) = Bllg = I18(z) = Blla| = (1 = co) . (3.9.8)

For z € Ay and 0 € F, then

Ly (2) = 1B(z) = BO) I3

> |I1B() = 8O) 12 - 13(=) -

1
> (]- - 200 - Z)d27

— Ly (2) = IB(z) — 8|2

where the first inequality follows from triangle inequality and the last inequality

follows from (3.9.6) and (3.9.8). Hence, for z € Ay, we obtain

~

. 2 2 L »
int | L, (2) = [B(z) = B(6) 2] > (1 — 200 — ) (3.9.9)

Note that supyc - Py <

(2) = 1B2)=BO) 2] = (1 =20~ D)) =
. (Z) — Hﬁ( ) —B(0) Hg 2(1—200—%)d2>.8ince the max risk

is lower bounded by the Bayesian risk, we can further lower bound the last term by

P, (mfeef L, (Z)~|IB(2) - B (O) 2

supge Py (Hlfge]:

> (1 - 2¢o — }l)d2> . Combined with (3.9.9), we
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establish

sup Py (
9cF

L (2)—B(2)=BO)]2] > (1 —2co — i)d?) > P (A).  (3.9.10)

Combining (3.9.5), (3.9.7) and (3.9.10), we establish (3.6.2).
Proof of (3.6.3)

For CI,, (E, ‘. Z) €T, (@, 3. eq>, we have
inf P, (HB(Z) —B(0)|2 € CI, (B, ‘,, Z)) >1—a. (3.9.11)

Define the event A = {z NB(z) = B|ly < cod, |B(z) — B2 € CI, (E,L,z)}. By
(3.6.1) and (3.9.11), we have Py, (A) > 1 — a — ap. (3.9.2) and (3.9.3) imply

Prgn (A) =Pr (A) >1—a—ag—TV (fr, fo) - (3.9.12)

Define the event By = {z : ||§(z) —B(0)]2 € Cl, (3, Eq,z’)} and M = UperBy. By
(3.9.11), we have

P gmn (M) = / (/ 12€Mf9(z)dz) 7 (0)do > / (/ 12639f9(z)dz> w(6)do > 1—a.

Combined with (3.9.12), we have Pz (ANM) > 1 — 20 — a9 — TV (fr, fo,) -
For = € M, there exists 0 € F such that [|3() — 8(0)|2 € Cly (B,4,,2); For
€ A we have [|B(z) — 8|2 € CI, (3, eq,z) and [|B(2) — B7|l, < cod. Hence, for
2 € ANM, we have [|B(2)—B(0) 2, |B(2)~ 5|2 € CL (B, ;. 2) and | B()~B(@)], >
188) = B*lly = 18(z) = B*lly = (1 = co) d and hence

R (CIa (E, ‘,, z)) > (1 — 2¢0) d2. (3.9.13)
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Define the event C = {z ‘R (CIa (B\, Eq,z)> > (1 —2¢) d2}. By (3.9.13), we have
P, (C) =Pzpr (C) > Prpr (ANM) >1—-20—ag— TV (fr, fo,) - By (3.9.3), we
establish Py, (C) > 1 —2a — ag — 2TV (f5, fo,) and hence (3.6.3).

3.9.2 Proof of Theorems 12 and 14

We first specify some constants used in the proof. Let C* be given in (3.2.6). Define

€ = 1720200 anqd

2
1 2 1-2y [1—-2y . VG — 1
co = min {2,32log (1 + e%) '3 log(1 + €2), 60+ ( 60 ) } , Co = mm{co7 G, 1+ VAT 1
(3.9.14)

Theorems 12 and 14 follow from Theorem 19 below.

Theorem 19. Suppose 0 < a < %1, 1 < q < 2 and the sparsity levels ki, ky and kg

satisfy Assumption (B2). Suppose that B satisfies Assumption (A2) with ||5*]|o < ko.

1. If ks < ‘f , then there is some constant ¢ > 0 such that

~ lo
R’ (GO(kl),@o(kQ),B,€q>>ck2 fip o2, (3.9.15)

[f Iogp < ko then there is some constant ¢ > 0 such that

logp’

R;, (00 (k1) .60 (k) , 5.,

2 3.9.16)
2 1 21 k.q (
Z cmax <(1 _ CQ)Zqu kl ng ( ) kq ng) ’ 2 0_8’
R~
; :
where ¢; = ko T and cy = ;C lio T
(kl k:())q (k2 kO)q 2( k0)§

In particular, the minimax lower bound (3.9.15) and the term kf/ﬁ o2 in (3.9.16) can

be established under the weaker assumption (A1) with ||5*|lo < ko.
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By Theorem 19, we establish (3.3.7) in Theorem 12 and (3.3.18) in Theorem

14. In the regime ky < k\){;, the lower bound (3.3.7) for ¢ = 2 and (3.3.18) for

1 < ¢ < 2 follow from (3.9.15). For the case ¢ = 2, in the regime - < ky < the

logp ~ logp

first term of the right hand side of (3.9.16) is 0 while the second term is \/Lﬁog,

which leads to (3.3.7). For 1 < g < 2, let kf = min{k, {oks} for some con-

stant 0 < (o < 1, an application of (3.9.16) leads to R}, (@0 (k7),O0 (ko) B, £q> >

2_
2

q
cmax{kq jorlogp
n

NG }ag. By this result, if k; < (oks, then kf = k; and the

lower bounds (3.3.18) in the regions k1 < Vo< gy < moand Y <k <

logp ~~ logp logp ~ -
ky < logp follow; if (oko < k1 < ko, then kj = COkQ > (ok1. By the fact that
R’ (@0 (k1) ©p (k2) ,ﬁ,eq) >R (@0 (k1) , O (ks) . ) the lower bounds (3.3.18)

over the regions k; < lg/g?; Ske S S Toep and Y- logp <

lemma shows that (3.3.7) holds for B~ defined in (3.2.10) with A > v/2 by verifying

Sk <k S e follow The following

Assumption (A1) and (3.3.18) holds for BL defined in (3.2.10) with A > 4/2 by

verifying Assumption (A2). Its proof can be found in Chapter B.

Lemma 8. If A > 4\/5, then we have
2 . .2 logp e
swp By (5% = 512 2 CII EL?) < coxp (=) + 5

{6=(8*,1,0):0<200}

In particular, the above result holds for ¢ = 2 under the assumption A > /2.
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Confidence Interval for Causal Effects with Invalid

Instruments using Two-Stage Hard Thresholding

4.1 Introduction

4.1.1 Motivation: invalid instruments even after controlling

for (potentially many) confounders

Instrumental variables (IV) analysis is a popular method to deduce causal effects in
the presence of unmeasured confounding. An IV analysis requires variables called
instruments that (A1) are related to the exposure (A2) have no direct pathway to the
outcome and (A3) are not related to unmeasured variables that affect the exposure
and the outcome (see Section 4.2.2 for details). Variables that satisfy these assump-
tions are referred to as valid instruments. A major challenge in IV analysis is to find
valid instruments.

In practice, it is often the case that potential candidate instruments become more
plausible as valid instruments after controlling for some, possibly high dimensional,
covariates (see Herndn & Robins (2006) and Baiocchi et al. (2014) for discussion on
control for covariates for an instrument to be valid). For example, a long-standing

interest in economics is the causal effect of education on earnings and often, IV anal-
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ysis is used to deduce the effect (Angrist & Krueger, 1991; Card, 1993, 1999). A
popular instrument in this analysis is a person’s proximity to a college when growing
up (Card, 1999, 1993). However, proximity to a college may be related to a person’s
socioeconomic status, characteristics of a person’s high school and other covariates
that may affect a person’s earnings. Thus, these covariates need to be controlled for
in order for proximity to college to be a valid IV and with the growing trend toward
collecting large data sets with many variables, this approach of finding instrumen-
tal variables that are valid after conditioning on covariates has increasing promise
(Hernan & Robins, 2006; Swanson & Hernan, 2013; Baiocchi et al., 2014; Varian,
2014; Imbens, 2014).

Yet, despite the promise that large data sets may bring in terms of finding valid
instruments by conditioning on potentially many covariates, some IVs may still turn
out to be invalid and subsequent analysis assuming that all the IVs are valid after
conditioning can be misleading (Murray, 2006). For example, suppose for studying
the causal effect of education on earnings, we used proximity as an IV and to make
sure the IV satisfies (A3), we control for confounders like high school test scores
of the student, high school size, individual’s genetic makeup, family education, and
family’s socioeconomic status. But, if living close to college had other benefits beyond
getting more education, say by being exposed to many programs available to high
school students for job preparation and employers who come to the area to discuss
employment opportunities for college students, then the IV, proximity to college, can
directly affect individual’s earning potential and violate (A2) (Card, 1999). This
problem is also widely prevalent in other applications of instrumental variables, most
notably in Mendelian randomization (Davey Smith & Ebrahim, 2003, 2004) where
the instruments are genetic in nature and some instruments are likely to be invalid

due to having pleiotropic effects (Lawlor et al., 2008; Burgess et al., 2015).
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This paper tackles the problem of constructing confidence intervals for causal
effects that are robust to invalid instruments even after controlling for possibly high

dimensional covariates.

4.1.2 Prior work

In non-1V settings with many high dimensional covariates, Zhang & Zhang (2014);
Javanmard & Montanari (2014a); van de Geer et al. (2014); Belloni et al. (2014) and
Cai & Guo (2016b) provide honest confidence intervals for a treatment effect. In
IV settings with high dimensional covariates (or IVs), Gautier & Tsybakov (2011);
Belloni et al. (2012); Fan & Liao (2014) and Chernozhukov et al. (2015a) provide
honest confidence intervals for a treatment effect, under the assumption that all the
IVs are valid after controlling for said covariates. In invalid IV settings, Kolesar
et al. (2015) and Bowden et al. (2015) provide inferential methods for treatment
effects. However, the method requires that the effects of the IVs on the treatment be
orthogonal to their direct effects on the outcome, a stringent assumption. Bowden
et al. (2016); Burgess et al. (2016); Kang et al. (2016b) and Windmeijer et al. (2016)
also work on the invalid IV setting, but without making the stringent orthogonality
assumption. Unfortunately, all these papers focuses on the low dimensional setting
and some only work in the case where the IVs are completely uncorrelated /orthogonal
to each other unless modifications are made (Bowden et al., 2015; Burgess et al.,
2016). Furthermore, all the previous work only provides a consistent estimator of the
treatment effect without any theoretical guarantees on inference; in fact, one of the
simplest consistent estimators in this setting, the median estimator (Bowden et al.,
2016; Burgess et al., 2016; Windmeijer et al., 2016) has been shown to be consistent,
but not y/n consistent (Windmeijer et al., 2016).

There are two major challenges in obtaining valid confidence intervals in our prob-
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lem: (i) potentially high-dimensional covariates and (ii) the invalid IVs. The problem
related with high-dimensional covariates can be dealt with by applying recent debias-
ing methods developed in Zhang & Zhang (2014); Javanmard & Montanari (2014a);
van de Geer et al. (2014); Cai & Guo (2016b). However, the general idea behind
debiasing does not inherently resolve the invalid IV problem as even a single IV
that is improperly assumed as valid while it is truly invalid can make these debiased
estimates useless. To put it another way, debiasing as a method is only meant to
asymptotically remove the bias of regression coefficients from ¢; shrinkage estimators
and to conduct proper inference on these de-biased coefficients. This methodological
goal is different than in the invalid IV problem where the goal is to properly estimate
a set of valid IVs, as even a single error of declaring an IV that is invalid as valid
can lead to dishonest inference. In fact, the methodological challenge is not only to

correctly select IVs, but also once selected, to do robust inference using the selected

IVs.

4.1.3 Owur contributions

Although there are existing methods for estimating the treatment effect in the pres-
ence of possibly invalid IVs, there is a paucity of procedures for selecting the set
of valid instruments and forming confidence intervals for the treatment effects with
theoretical coverage guarantees. In this paper, we propose a novel two-stage hard
thresholding (TSHT) procedure to estimate the set of valid instruments and form
confidence intervals with theoretical coverage guarantee. As the name suggests, a
key component of TSHT is the two sequential steps of hard-thresholding procedures
common in high dimensional inference (Donoho & Johnstone, 1994; Donoho, 1995) to
simultaneously allow for invalid IVs and endogeneity of the treatment. Specifically,

in the first thresholding stage, we select non-redundant IVs (see Definition 2 for de-
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tails) and in the second thresholding stage, we use the thresholded estimates from
the first thresholding step as pilot estimates to guide the selection of the set of valid
instruments; see Section 4.3.3 for details. Using our two-stage variant of thresholding
properly accounts for the selection of IVs and leads to 1/4/n rate confidence intervals
with desired coverage in both low and high dimensional settings where invalid IVs are
present and without knowing a priori which of these IVs are invalid. Also, for the low
dimensional covariate setting, our procedure is the first to have theoretical guarantees
that it performs as well asymptotically as the oracle procedure that knows which in-
struments are valid. For the high dimensional covariate setting, our procedure is the
first available procedure for forming confidence intervals with desired coverage when
there may be invalid [Vs.

The outline of the paper is as follows. After describing the model setup in Section
4.2, we formulate our TSHT procedure in Section 4.3. In Section 4.4, we develop the
theoretical properties of our procedure. In Section 4.5, we investigate the performance
of our procedure in a large simulation study and find that our confidence interval
performs very similarly with respect to the oracle even if some of the underlying
theoretical assumptions made in Section 4.4 are violated (see Sections 4.4 and 4.5 for
details). In Section 4.6, we present an empirical study where we revisit the question
of the causal effect of years of schooling on income using data from the Wisconsin

Longitudinal Study. We provide conclusions and discussion in Section 4.7.

4.2 Model

4.2.1 Notation

To define causal effects, the potential outcome approach (Neyman, 1923; Rubin, 1974)

for instruments laid out in Holland (1988) is used. For each individual i € {1,...,n},
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let Yl-(d’z) € R be the potential outcome if the individual were to have exposure d € R

(z)

and instruments z € RP=. Let D,;”’ € R be the potential exposure if the individual had
instruments z € RP#. For each individual, only one possible realization of Yi(d’z) and
DEZ) is observed, denoted as Y; and D;, respectively, based on his observed instrument
values Z; € RP: and exposure D;. We also denote pre-instrument covariates for each
individual 7 as X; € RPs. In total, n sets of outcome, exposure, and instruments,
denoted as (Y;, D;, Z;,X;.), are observed in an i.i.d. fashion.

We denote Y = (Y7, ...,Y,,) to be an n-dimensional vector of observed outcomes,
D = (Dy,...,D,) to be an n-dimensional vector of observed exposures/treatment,
Z to be a n by p, matrix of instruments where row 4 consists of Z;, and X to be
an n by p, matrix of covariates where row i consists of X;. Let W be an n by
p = p. + p, matrix where W is a result of concatenating the matrices Z and X
and ¥* = E (W, W]) is positive definite. For any vector v € RP, let v, denote
the jth element of v. Let ||v|, |[v]2, and ||v||« denote the usual 1,2 and oo-
norms, respectively. Let ||v||o denote the number of non-zero elements in v and
supp(v) C {1,...,p}, is defined as {j : v; # 0}.

For any n by p matrix M € R"*? we denote the (7,7) element of matrix M as
M;;, the ith row as M, , and the jth column as M ;. Let MT be the transpose of M
and || M| represent the element-wise matrix sup norm of matrix M. For a sequence
of random variables X,,, we use X,, — X and X,, L X to represent that X,, converges
to X in probability and in distribution, respectively. Finally, for any two sequences

a, and b,, we will write a,, > b,, if lim supZ—Z = 0 and write a,, < b, if b, > a,.

Also, for a set J, |J| denotes its cardinality.
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4.2.2 Model and instrumental variables assumptions

We consider the Additive Llnear, Constant Effects (ALICE) model of Holland (1988)
and extend it to allow for multiple valid and possibly invalid instruments as in Small
(2007) and Kang et al. (2016b). For two possible values of the exposure d’,d and
instruments z’, z, we assume the following potential outcomes model

VYD = (g (@ —d)p, BV | 2, X)) = 20+ X6 (42.)

(2

where k*, 5*, 1", and ¢* are unknown parameters. The parameter 5* represents the
causal parameter of interest, the causal effect (divided by d' — d) of changing the
exposure from d’ to d on the outcome. The parameter ¢* represents the impact of

0,0 :
00 The parameter K* represents vio-

covariates on the baseline potential outcome Y;
lation of (A2), the direct effect of the instruments on the outcome. If (A2) holds, then
k* = 0. The parameter n* represents violation of (A3), the presence of unmeasured
confounding between the instrument and the outcome. If (A3) holds, then n* = 0.

Let #* = k*+n* and €;; = Yi(o,o) —E(Yi(o’o) | Z;,X;). When we combine equation

(4.2.1) along with the definition of ¢;;, the observed data model becomes

and we denote 0? = Var(e;]Z;,X;). The observed model is also known as the
under-identified single-equation linear model in econometrics (page 83 of Wooldridge
(2010)). This model is not a usual regression model because D; might be correlated
with €;. In particular, the parameter §* measures the causal effect of changing D
on Y rather than an association. Also, the parameter 7* in model (4.2.2) combines
both the violation of (A2), represented by k*, and the violation of (A3), represented
by n*. If both (A2) and (A3) are satisfied for IVs, typically referred to as valid IVs
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(Murray, 2006), then k* = n* = 0 and «w* = 0. Hence, * captures invalid IVs,
i..e the violations of (A2) and (A3). We formalize this notion with the following

definition.

Definition 1. Suppose we have p, candidate instruments along with the models
(4.2.1)-(4.2.2). We say that instrument j = 1,...,p, is valid, i.e. satisfies (A2)
and (A3), if m; = 0.

We also assume a linear association/observational model between the endogenous

variable D;, the instruments Z; , and the covariates X ,

D, =7~ + X" +€n, ElenlZ;,X;)=0. (4.2.3)

Each element « is the partial correlation between the jth instrument and D. The pa-
rameter 1* represents the association between the covariates and D;. Also, unlike the
models (4.2.1)-(4.2.2), we do not need a causal model between D;, Z; , and X;; only
the association model (4.2.3) is sufficient for our method. Finally, for notation, we let
$22 = |70, sx2 = [|@*[lo, 521 = [[¥"[l0, 8.0 = [l¢*[lo and s = max{s,2, $x2, S41, Sx1 }-
Finally, in both models, the instruments and the covariates are exogenous to the error
terms; see Wooldridge (2010) for textbook discussion on exogeneity.

Based on model (4.2.3), we can define a set of instruments that satisfy (A1), or

sometimes referred to as non-redundant instruments in the econometrics literature

(Cheng & Liao, 2015).

Definition 2. Suppose we have p, candidate instruments along with the model (4.2.3).
We say that instrument j = 1,...,p, satisfies (A1), or is a non-redundant 1V, if

v; # 0 and denote 8 to be the setl of these instruments.

Typically, satisfying (A1) has been defined in a global sense where (A1) is satisfied

if v* # 0 (Wooldridge, 2010). However, this global definition can be misleading in the
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presence of multiple candidate instruments. For example, it is possible that v > 0
while 77 = 0 for all j # 1 so that only the first instrument has an effect on the
exposure while the rest do not. Using the global definition would imply that all the
p, instruments satisfy (A1) while Definition 2 makes it explicit and, perhaps less
ambiguous, that it is only the first instrument j = 1 that satisfies (A1). Nevertheless,
both the traditional global definition and Definition 2 are equivalent if v} # 0 for all
7, that is where we only include relevant instruments, which is typically the case in
practice and is the scenario studied by Kang et al. (2016b). Finally, when there is
only one candidate instrument so that p, = 1, both definitions are equivalent to the
definition presented in Holland (1988) and both become a special case of the definition
presented in Angrist et al. (1996) under an additive, linear, constant effects model.
In short, Definition 2 agrees with most definitions of satisfying (A1) in the literature.

Combining Definitions 1 and 2, we can formally define the usual three core con-

ditions, i.e. (A1)-(A3), that define instruments.

Definition 3. Suppose we have p, candidate instruments along with the models
(4.2.1)(4.2.3). We say that the Z;, j = 1,...,p., is an instrument if (A1) — (A3)

are satisfied, i.e. if m; =0 and 77 # 0. Let V* be the set of instruments.

When there is only one instrument, p, = 1, Definition 3 of an instrument is
identical to the definition of an instrument in Holland (1988). Specifically, Definition
2 satisfies assumption (A1) that the instrument is related to the exposure. Also,
assumption (A2), the exclusion restriction, which means Yi(d’z) = Y;(d’z/) for all d, z, z’,
is equivalent to k* = 0 and assumption (A3), no unmeasured confounding, which
means Y;(d’z) and Dz(z) are independent of Z; for all d and z, is equivalent to n* = 0,
implying 7* = k* + n* = 0. Definition 3 is also a special case of the definition of

an instrument in Angrist et al. (1996) where here we assume the model is additive,

linear, and has a constant treatment effect 5*. Hence, when multiple instruments,
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p, > 1, are present, our models (4.2.1)-(4.2.3) and Definition 3 can be viewed as a
generalization of the definition of instruments in Holland (1988).

Note that the models presented above are commonly used in applications of IVs
in econometrics (Wooldridge, 2010) and applications of IVs in genetic epidemiology
and Mendelian randomization (Didelez & Sheehan, 2007). However, we generalize
these widely used models in two important ways: (i) the model in (4.2.2) allows for
possibly invalid instruments and (ii) we allow the number of covariates p, (and even

the number of instruments p,) to be larger than the sample size n.

4.3 Confidence interval estimation via Two-Stage

Hard Thresholding

4.3.1 General approach

The construction of our confidence interval can be broken down into two parts. The
first part, detailed in Section 4.3.2, is estimating IT'T effects based on the models
(4.2.2) and (4.2.3). As we will see, the first part primarily deals with the problem
posed by potentially high dimensional covariates, specifically the bias that comes
from penalized estimators for high dimensional regression. The second part, which
is elaborated in Section 4.3.3, tackles the heart of the problem in this paper, the
presence of invalid IVs even after conditioning on high dimensional controls. Here,
we take a novel two-stage hard thresholding approach to correctly select the valid
IVs. Specifically, in the first step, we estimate the set of Vs that satisfy (Al) and
in the second step, we use these IVs as initial guides to find IVs that satisfy (A2)
and (A3) using the estimated set in the first step. Combining the two parts gives our
confidence interval estimation procedure and is summarized in Procedure 1.

Procedure 1 provides a general recipe to construct confidence intervals in the pres-
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Procedure 1 Two-Stage Hard Thresholding (TSHT) for Confidence Interval for *
under Invalid IVs with High-Dimensional Covariates

Input: Outcome Y, treatment D, instrument Z, covariates X, significance level a
STEP 1: Estimate ITT effects (i.e. T', ) via debiased scaled Lasso in (4.3.3)-(4.3.6)
STEP 2: Select valid IVs (i.e. V) via two-stage hard thresholding

STEP 2a: Estimate IVs satisfying (A1) (i.e. S) via hard thresholding ¥ in (4.3.7)
STEP 2b: For each IV satisfying (Al) (i.e. j € g), estimate IVs satisfying (A2)
and (A3) via hard-thresholding 77! in (4.3.8)-(4.3.9)
STEP 3: Combine STEP 1 and STEP 2 via (4.3.10)-(4.3.12) to obtain confidence
interval
Output: 1 — o Confidence interval for g*

ence of invalid IVs and high dimensional covariates. The key step in the procedure is
STEP 2, where we utilize two-stage hard thresholding, to deal with the problem posed
by invalid IVs; as such, we call our procedure TSHT procedure, akin to the acronym
for two-stage least squares (TSLS) procedure in IV, arguably the most popular IV
estimator in the literature. We also note that the Procedure 1 as stated can handle
(i) low dimensional covariates, (ii) high dimensional covariates, and (iii) settings with
all IVs having no direct effect and no unmeasured confounding, which is unrealistic
in practice, and can still obtain valid confidence intervals. However, depending on
particular data sets one may have, the procedure can be modified for simplicity and,

in some cases, efficiency; Sections 4.3.5 and 4.3.6 discusses these cases in detail.

4.3.2 Estimating ITT effects

The first part of the confidence interval procedure involves estimation of I'TT effects.
Specifically, given the observed models (4.2.2) and (4.2.3), we can write reduced-forms

models where both models are only functions of Z; and X; ,
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Here, I'* = pB*v* + w* and ¥U* = ¢* + [** are the parameters of the reduced-
form model with I'* representing the I'TT effect of the instruments on the outcome
and ~* representing the ITT effect of the instruments on the exposure. The term
ei1 = [*€n + €1 is the reduced-form error term in (4.3.1). The errors have the
property that E(e;1|Z;,X;) = 0 and E(¢;2|Z;,X;) = 0 with the variances ©F, =
Var(e;1|Z;., X)), ©5, = Var(ep|Z;,X;.), and O3, = Cov(e;, €:2|Z; ,X; ). Thus, each
equation in the reduced-form model is a usual (high dimensional) regression model

with (high dimensional) covariates Z; and X, and outcomes Y; and D;, respectively.
There are many methods in the literature to estimate the parameters of high
dimensional regression models like the reduced-form models in (4.3.1) and (4.3.2).

One approach is the scaled Lasso estimator proposed by Sun & Zhang (2012),
{f7 (I\’a éll}

, Y —ZT —X¥|2 VO A [& o
= argmin + + = 1Zjl20T5 + > 11X 5112125
9 Jn = J J ; J J

[ERP= WERPx O, €RF 2n/O11
(1.3.3)

for the reduced model in (4.3.1) and
{aa 127 @22}

. ID—Zy - X935 VO Ao [ N
= argmin + +—= 1Z jll2[v;] + 1X.5l21%;1
CeRPz , WeRPz Ogp cRT 2n+/O22 2 \/ﬁ ; ! ! ; ! ’

(4.3.4)
for the reduced model in (4.3.2). The term Ay in both estimation problems (4.3.3)
and (4.3.4) represents the penalty term in the scaled Lasso estimator and we choose
Ao = \/m for some constant ag > 2; in practice, we find that setting ay = 2
or 2.05 works well. Also, we can estimate 7, from the estimation problems (4.3.3)
and (4.3.4) by ©15 = 1/n <Y _ 7T - X@)T (D _7H - X@
Unfortunately, most penalized estimators for high dimensional regression problems
are biased and the scaled Lasso estimators are no exception. In our case, using the

estimates, say T and v, are biased for the parameters that they estimate T'* and
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~*. Thankfully, recent works by Zhang & Zhang (2014); Javanmard & Montanari
(2014a); van de Geer et al. (2014) and Cai & Guo (2016b) allow us to debias these
biased estimates. Specifically, let W be the concatenated matrix of the instruments Z

and the covariates X. Suppose we solve p, optimization problems where the solution

to each p, optimization problem, denoted as ! e R?, j =1,...,p,, is
Sl o L 2 1
u’ = argmin —||Wul|; st. ||-WTWu -1, <A, (4.3.5)
uckr N n

with I; denoting the j-th column of the identity matrix I. The tuning parameter
A, is chosen to be 12M?2y/logp/n with M; defined as the largest eigenvalue of X*.
Let U denote the concatenation of the P, solutions to the optimization problem, i.e.

U = (ul",... G- Then, the debiased estimates of T and v, denoted as T and v,

are

-~ o~ 1~ - ~ 1 R .

I‘:I‘+—UWT<Y—ZI‘—X\II>, 7:7+—UWT<D—Z7—X¢>. (4.3.6)
n n

In short, we used scaled Lasso along with de-biasing methods on the reduced-form
models to obtain de-biased estimates I' and ~ of the intent-to-treat effects of the

instruments on the outcome and the exposure, respectively.

4.3.3 Two-Stage Hard Thresholding

The second part of the confidence interval procedure deals with the problem posed
by invalid IVs. Specifically, we need to select valid IVs among p, candidate IVs that
satisfy all (A1)-(A3) assumptions, that is the set V* in Definition 3. As discussed

before, we do this by first, finding IVs that satisfy (A1), that is the set S* in Definition
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2 comsisting of js where 77 # 0, by thresholding the de-biased estimate 5

~ \ O | WL, aplog p
S=<7:17]> z 4.3.7
7l = NG (Y — ) (4.3.7)

where S denotes an estimate of S*. The threshold is based on the noise level of

7; in (4.3.6) (represented by \/522 |W1ll||y/n), adjusted by dimensionality of the
instrument size (represented by v/ag log p,).

The second thresholding step involves selecting IVs that satisfy (A2) and (A3).
Specifically, by Definition 1, the set of instruments that satisfy (A2) and (A3) are
those js where 77 = 0. Consequently, to estimate 7, we take each instrument j in S
that satisfy (A1) and we define B Ul to be a “pilot” estimate of 8* by using this IV and
dividing the reduced-form estimates, i.e. B\m = fj/%, and 7V to be the estimate of
7* using this jth instrument’s estimate of 8%, i.e. @l = T — BUF; we also construct
corresponding pilot estimates of o2, i.e. 5\2[j] =0, + (/B\[j]>2©22 — 23U18,,. Then,
for each 7! in j € S , we threshold each element of 7wVl to create the thresholded

estimate 70!,

o W@ - 2, i
%E]:%,[j]l(kes AR > gV v P} (435)
n n

for all 1 < k < p,. Bach thresholded estimate 7! is obtained by looking at the

elements of the un-thresholded estimate, V!, and examining whether each element
of it exceeds the noise threshold, denoted by the term \/@HW(GW — %ﬁm)”g /n,
adjusting for the multiplicity of the selection procedure by the term agv/log p,. Among
the |§ | candidate estimates of 7* based on each instrument in S, ie. ®U, and
we choose 7l with most valid instruments, or equivalently choose j* € S where

§* = argmin ||7V||; if there is a non-unique solution, we choose ¥ with the smallest
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/1 norm, the closest convex norm of .

Intuitively, the second-stage thresholding selects the invalid IVs and valid IVs as
follows. Among the |S| pilot estimates 7V, the best estimate of 7* is the one that
uses a valid IV from the set S. In particular, if the jth pilot estimate is actually
based on a valid IV, then all the invalid IVs will be included in the support of the
thresholded estimate 7! because their 7* will be away from zero and all the valid
instruments will be excluded from the support because their 7* are zero. On the other
hand, if the jth pilot estimate is based on an invalid IV, the pilot estimate 7l will be
biased in the sense that the valid IVs will no longer have 7wl that will be thresholded
to zero and most of the elements of V! will be away from zero. Consequently, many
IVs will be declared invalid based on 7l and when we minimize with respect to the
number of non-zero elements of the vector, i.e. min |||, among all pilot estimates,
we should be able to select the best estimate of 7*. We remark that the latter £,
minimization is reminiscent of Theorem 1 in Kang et al. (2016b) where a necessary
and sufficient condition for identification of 5* under invalid instruments is by looking
at the largest subset of valid instruments that converge on a unique (i.e. identified)
value; the search for the largest subset of valid IVs is essentially a minimization of ¢
norm, which counts the number of invalid IVs, and hence, there is some sense that
our procedure is both sufficient and necessary way to estimate 5*.

Finally, we note that it is crucial to construct pilot estimates of 7* from the IVs
in the first thresholding step, that is S. , as each of these I'Vs represent strong IVs and
have non-zero effects on the exposure; using [Vs that are not in S may lead to poor
estimates of the direct effect on the outcome since a redundant instrument j, whose
true 77 is zero, can lead to a large, unstable value of |;,/7;| and the threshold value

in (4.3.8), which will make it difficult to distinguish truly invalid IVs from noise.
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4.3.4 Confidence Interval Estimation

After the two thresholding steps, we estimate the set of valid instruments V C

{1,...,p.} as those elements of 7] that are zero,
V =8\ supp (7V7) (4.3.9)

Then, using the estimated 17, we obtain our estimate of J*

~ 571
= —Zﬂevjij, (4.3.10)
Zjev i
along with an estimate of its standard error
|, |
~ e Vigm WUl N SN
v o ey Ove 202 and 0% = Oy, + 20y — 2501, (4.3.11)

(Z)

and the usual form for the confidence interval for £*,

(B\_ Zl—a/2 v/n7 B\—'— fl1—a/2 V v/n) ) (4312)

where z1_q/9 is the 1 — a/2 quantile of the standard normal distribution.

In the equations for B and the standard error i\/, we see some familiar expressions
from the traditional IV literature. First, B has the “correct” form in that if, by chance,
we correctly estimated the set of valid instruments V* and our debiased estimates of
the reduced-form parameters, I and v, are perfect estimates of the reduced-form
parameters, our estimate of 5* in (4.3.10) would become B = > iy %ffj/zj@; 3 =
> jev- 7;%*/2]‘61/* v;? = (*. Hence, our estimator in (4.3.10) would identify (*.
Clearly, we would never have a perfect estimate of the set V* or of the reduced-form

parameters in finite sample and Section 4.4 describes the properties of our estimate
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B under these uncertainties. Second, in the standard error formula in (4.3.11), the
(:)11 + 52@22 - 23@12 is of the similar form to the usual IV estimator of o2, variance
of the error term in our original model (4.2.2). But, our standard error estimator is

scaled by terms that depend on the estimated set of valid instruments V.

4.3.5 Special case of procedure 1: valid IVs after controlling

for high dimensional covariates

To better understand the components of our inference procedure 1, it is instructive
to go through some specific cases of estimating £* that is common in the literature
as these special cases can greatly simplify the procedure and remove unnecessary
components. The first case is when the instruments are assumed to be valid (i.e.
no direct effect and no unmeasured confounding) after conditioning on high dimen-
sional covariates. This setup was considered in Gautier & Tsybakov (2011); Belloni
et al. (2012); Fan & Liao (2014); Chernozhukov et al. (2015a). Under this case, our
procedure doesn’t have to go through STEP 2b, the estimation of 7*, illustrated in
Section 4.3.3. Instead, we can simply replace STEP 2b with Y =8 and the resulting

estimator for 8* is

> e il
Zje§7jz

The corresponding confidence interval for 8* would be

(BH — Z1-q/2 \A/H/ny BH + Z1—a/2\/ \A/H/n) : (4.3.14)

Here, Vg is Vin (4.3.11) except we replace Y =38 and B with B\H

By = (4.3.13)
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4.3.6 Special case of procedure 1: invalid instruments after

controlling for low dimensional covariates

The second special case worth examining is the problem of invalid instruments after
controlling for low dimensional covariates. While the plausibility of candidate IVs
adherence to assumptions (A1)-(A3), especially (A3), is higher with many covariates,
the low dimensional setting has recently received much attention and is discussed in
Bowden et al. (2015, 2016); Burgess et al. (2016); Kang et al. (2016a), and Windmeijer
et al. (2016). As we will see below, our procedure simplifies greatly and with a minor
modification, our estimator, unlike the estimators proposed in said prior literature,
achieves optimal performance.

Specifically, under the low-dimensional scenario, there is no need to use the debi-
ased scaled lasso in STEP 1 of Procedure 1. Instead, we can replace STEP 1 with
the simple ordinary least square (OLS) estimates of the reduced-forms, (f‘, {IVI)T =
(WTW)'WTY and (5,%)T = (WTW)~"'WTD, and of the covariance terms

~ ~ ~ 12 —~ ~|12
@H:HY—ZF—XWHhu@m:HD—Zﬁ—Xﬂ)m,
2 2

and

@HZ(Y—Zf—X@y<D—Z$—X$%m.

As a result of using OLS in STEP 1, we need to replace iV from (4.3.5) with ul! =

(i);l, 3 = WTW/n, and replace the log terms in our thresholds in (4.3.7) and

(4.3.8) from +/log p, to v/logn.
We can then proceed to use the estimator defined in (4.3.10). Alternatively, we

can use a modified version of B, denoted as EE, using the weighting matrix A =
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JLAT;

Bp =L —
YAV

(4.3.15)

along with the estimated standard error \7E =02/ %}%A:{/g where 62 = @11 + ngén —

23 E(:)lg and confidence interval

(BE — 21-a/2 vE/n, Be+ Z1—a/2/ {\/E/n> . (4.3.16)

Note that g in (4.3.15) is reduced to Bin (4.3.10) by setting A = I. As we will see in
Section 4.4.1, our estimator BE, compared to other estimators in prior work, achieves
optimal performance in the sense that our performance is asymptotically identical to

the TSLS estimator for 8* that knows which IVs are valid a priori, i.e. the set V*.

4.4 Theoretical results

In this section, we investigate the properties of the confidence interval proposed in
Procedure 1. We first consider in Section 4.4.1 the coverage property in the case of
invalid IVs with low dimensional covariates where p, and p, are fixed. In Section
4.4.2, we establish the coverage property for the general case, invalid IVs even after

controlling for many covariates.

4.4.1 Invalid IVs after controlling for low dimensional covari-

ates

We state the following mild assumption commonly used in the invalid IV literature

(IN1) (50% Rule) The number of valid IVs is more than half of the number of non-

redundant IVs, that is |V*| > 3|S*|.
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We denote the assumption as “IN” since the assumption is specific to the case of
invalid IVs. Assumption (IN1) is the generalization of the 50% rule in Kang et al.
(2016b) and Han (2008) in the presence of possibly redundant IVs. In a nutshell,
(IN1) states that if the number of invalid instruments is not too large, then we can
detect the invalid IVs from valid IVs, without knowing a priori which IVs are valid or
invalid; see Kang et al. (2016b) for a detailed discussion of this assumption and how
this type of proportion-based assumption is a necessary component for identification
of model parameters under invalid instruments.

Under the 50% assumption alone, Theorem 20 states that we can show that our
procedure produces confidence intervals with desired coverage and optimal length in

low dimensional settings where p, and p, are fixed.

Theorem 20. Suppose that the assumption (IN1) holds. Then the following property
holds for the estimator By defined in (4.3.15),

02

N (BE . ﬁ*) 4 N o, L (4.4.0)

* * * *—1 * *
s (ZV*V* N EV*W*)C2<v*>C(V*)02(V*>CV*) Ty
Consequently, the confidence interval given in (4.3.16) has asymptotically coverage

probability 1 — «, i.e.,

P {ﬁ S (B\E - Zl_a/g vE/n, BE + Zl_a/g\/ \7E/n)} —1-—q. (442)

We note that the proposed estimator B & has the same asymptotic variance as the
oracle TSLS estimator with the prior knowledge of V*, which is shown to be efficient
under the homoskedastic variance assumption (Theorem 5.2 in Wooldridge (2010));
consequently, our confidence interval asymptotically performs like the oracle TSLS

confidence interval and is of optimal length. But, unlike TSLS, we achieve this oracle
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performance without prior knowledge of V*. We also note the estimators proposed
in prior work, Bowden et al. (2015, 2016); Burgess et al. (2016); Kang et al. (2016a);

Windmeijer et al. (2016), do not achieve oracle performance and TSLS-like efficiency.

4.4.2 Invalid IVs after controlling for high dimensional co-

variates

We now consider the coverage property for the general case, invalid IVs even after
controlling for many confounders. We first introduce the usual regularity assumptions
used in high-dimensional statistical inference (Bickel et al., 2009; Bithlmann & van de

Geer, 2011; Cai & Guo, 2016b).

(R1) (Coherence): The matrix X* satisfies 1/ M7 < Apin (%) < Apax (%) < M for

some constant M; > 1 and has bounded sub-Gaussian norm.

(R2) (Normality): The error terms in (4.3.1) and (4.3.2) follow a bivariate normal

distribution.

(R3) (Global IV Strength): The IVs are globally strong with [y [l2 = /> ;e 77 >
d > s, logp/+/n, where V* is the set of valid IVs defined in Definition 3.

Assumption (R1) places a condition on the spectrum of the design matrix W and
the tail distribution of W ., which is related to the restricted eigenvalue condition in
Bickel et al. (2009). For simplicity, we also assume that the sub-Gaussian norm of W
is upper bounded by M;, that is, Sup,cgr-1 SUp,>; (E|’UTW¢.|q/q)% < M; where SP~!
is the unit sphere in R?; see Vershynin (2012) for details on sub-Gaussian random
variables and bounds. Assumption (R2) states that the errors (e;1, €;2) are bivariate
normal. Here, we make the normality assumption out of simplicity, similar to the

work on inference in weak IV literature where error terms are typically assumed to be

normal (e.g. Section 2 of Moreira (2003) and Section 2.2.1 of Andrews et al. (2007)).
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Finally, Assumption (R3) states that the global strength of instruments, measured
by the 5 norm of v* among valid IVs V*, is bounded away from zero. This type of
global strength assumption is commonly made in the IV literature under the guise
as a concentration parameter, which is a measure of strength of the instrument (see
Section 4.5 for details) and is the weighted ¢5 norm of +3., and is often referred to
as “traditional /strong” asymptotics (Stock et al., 2002; Wooldridge, 2010). Recent
works by Belloni et al. (2012) and Chernozhukov et al. (2015a), which considered the
setting where all IVs were valid after conditioning on high dimensional covariates,
also make this type of assumption, specifically condition SM in Belloni et al. (2012)
and condition RF in the supplementary materials of Chernozhukov et al. (2015a).
Essentially, both these works require ||v*||2 to be bounded away from zero by a
constant and are actually stronger than our (R3). In practice, (R3) is satisfied so
long as there is at least one IV that has a constant non-zero effect on the treatment,
or a non-zero effect that doesn’t diminish with sample size. However, if the IVs are
arbitrary weak in the sense of Staiger & Stock (1997), then (R3), let alone the said
assumptions in high dimensional valid IV literature (Belloni et al., 2012), do not
hold, and we leave this as a future topic of research to deal with arbitrary weak IVs
in invalid IV settings.

Section C.1 in Chapter C shows that if the IVs are valid after conditioning on
many covariates, then Asumptions (R1)-(R3) are sufficient for the confidence interval
proposed in (4.3.14) to have correct coverage. However, when IVs are invalid after
conditioning on said controls, we need to make two additional assumptions that are
not in the usual high dimensional inference or instrumental variables literature and

may be of theoretical interest in future work.

(IN2) (Individual IV Strength) For IVs in &*, min;eg-

V5| > Omin > \/log p/n.
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(IN3) (Strong violation) Among IVs in the set §* \ V*, we have

12(1 4 |8*|) | Milogp,
> . 4.4.
o 5min )\min(@*)n ( 3)

Assumption (IN2) requires individual IV strength to be bounded away from zero

*
J

7

min
JES*\V*

so that all IVs in selected S are strong. This assumption is needed primarily for
cleaner technical exposition and our simulation studies in Section 4.5 demonstrates
that (IN2) is largely unnecessary for our confidence interval to guarantee coverage.
In the literature, (IN2) is similar to the “beta-min” condition assumption in high
dimensional linear regression without IVs, with the exception that this condition is
not imposed on our inferential quantity of interest, 5*. Also, (IN2) is different from
Assumption (R3), where (R3) only requires the global IV strength to be bounded
away from zero. Next, Assumption (IN3) requires the ratios 77/v; for invalid IVs
to be large and this assumption is needed to correctly identify IVs that violate (A2)
and (A3). Specifically, for any IV with |77 /7| being non-zero but small, it’s difficult
to distinguish such a weakly invalid IV from valid IVs where 77 /77 = 0. If a weakly
invalid IV is mistakenly declared as valid, the bias from this mistake is of the order
\/m, which has consequences, not for consistency of the point estimate, but for
a y/n confidence interval; see Theorem 21 and Section 4.7 for more discussions.
With (R1)-(R3) and (IN1)-(IN3), our general Procedure 1 produces a consistent
and asymptotic normal estimate of 3* even if IVs are invalid after conditioning on

high dimensional controls.

Theorem 21. Suppose the assumptions (R1) — (R3) and (IN1) — (IN2) hold. As

VSaslogp/\/n — 0, with probability larger than 1 — ¢ (p~¢ + exp (—cn)),

<ot [loers (4.4.4)

min n

B—p

‘ ~
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where ¢,C > 0 are constants independent of n and p. In addition, if (IN3) holds, we

have

Jn (B— B*) =T 4 AP (4.4.5)

2 , 2

where T? | W ~ N(0,V), V = ‘72/<2jev*(7j*)2> szev* ’yj*Wﬁ[J]/ﬁH , and
2

APV 250 as VSaslogp/\/n — 0. Consequently, the confidence interval given in

(4.3.12) has asymptotically coverage probability 1 — «, i.e.,

P {5* € (B— ZAoap\/V/n, B+ zl_am/wn) } —1—o (4.4.6)

In Theorem 21, the consistency of our estimator in (4.4.4) is established without
(IN3) because the bias term \/W discussed above is still going to zero. However,
for v/n asymptotic normality, Theorem 21 requires Assumption (IN3) to eliminate said
bias so that our confidence interval (4.3.12) has correct coverage even with invalid

IVs and high dimensional controls.

4.5 Simulation

4.5.1 Setup

In addition to the theoretical analysis of our method in Section 4.4, we also conduct
a simulation study to investigate (i) the performance of our method and other com-
parators and (ii) sensitivity of our method to violations of the regularity assumptions
mentioned above, most notably (IN2) and (IN3). The data generating process for
the simulation follows the models (4.2.2) and (4.2.3) in Section 4.2.2 with p, = 100
instruments and p, = 150 covariates where W, is a multivariate normal with mean
zero and covariance 37, = 0.5/777 for 1 < i,j < 250. The parameters for the models

are: * =1, ¢* = (0.6,0.7,0.8,--- ,1.5,0,0,--- ,0) € R 50 that s, = 10, ¢* =
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(1.1,1.2,1.3,--+,2.0,0,0,--- ,0) € R 50 that s, = 10, and variance-covariance of
the error terms are Var(e;;) = Var(e;) = 1.5, and Cov(e;q, €;2) = 0.75. Instruments
that satisfy Assumption (Al) are S* = {1,...,7} and instruments that satisfy all
three IV assumptions (A1)-(A3) are V* = {1,2,3,4,5}; thus instruments 6 and 7
only satisfy (A1), but do not satisfy (A2) and (A3). We fix these values throughout
the entire simulation study.

The parameters we vary in the simulation study are: the sample size n, the
strength of IVs via *, and violations of (A2) and (A3) via w*. For sample size,
we let n = (100,200, 300, 1000, 3000). For IV strength, we set v, = K (1,1,1,1, p1)
and ¥g.\» = K (1,1) and y(s-c = 0, where we vary K (to be discussed later) and
p1 = (0,0.1,0.2) across simulations. The value K controls the global strength of
instruments, with higher |K| indicating strong instruments in a global sense. The
value p; controls the relative individual strength of instruments, specifically between
the first four instruments in V* and the fifth instrument. For example, p; = 0.2 implies
that the fifth IV’s individual strength is only 20% of the other four valid instruments,
i.,e IVs 1 to 4. Also, varying p; would simulate the adherence of regularity assumption
(IN2).

To specify K across simulations, we introduce a quantity we call the oracle con-

centration parameter (OCP) denoted as C (v*,V*,n)

* * * *—1 * *
W (EV*V* - EV*W*)C2(V*>C<V*>CE<V*>CV*) i
[V*163, ’

CH, V. n)=n (4.5.1)

where 37 ; denotes the submatrix containing %7 for < € I and j € J and =y, denotes
the subvector containing 77 for j € V*. We define the OCP because the usual concen-
tration parameter can be misleading when there are unknown redundant and invalid

instruments and the OCP serves as a proxy for the usual concentration parameter.
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Having defined the OCP, we can specify K as a function of n and C (v*,V*, n).
Specifically, if n is set at a baseline of 100 and the simulation parameters V*, p;, X*
and O3, are specified as above, we can find K for a particular value of the expected
oracle concentration parameter C' (v*,V* 100). Thus, by varying C (v*, V*,100) =
(50, 100, 150, 200, 250, 500, 1000), we vary K.

Finally, we vary 7*, which controls the validity of the IVs by defining 77 = pa7;
for j = 6,7 and 7; = 0 for all other j so that py controls the magnitude of the
violation of IV assumptions (A2) and (A3) from the 6th and 7th instruments. In the
ideal case, we would have py = 0 so that S* = V* = {1,2,3,4,5,6,7}. But, ps # 0
implies that the last two instruments do not satisfy (A2) and (A3). As such, we
vary 7* by varying ps = (0, 1,2). Also, varying ps would simulate the adherence of
regularity assumption (IN3).

In summary, we vary n, the strength of IVs via v*, and violations of (A2) and (A3)
via 7* in our simulation study, with p; and py simulating the adherence to the new
regularity assumptions in the paper, (IN2), and (IN3), respectively. For the setting
n < p, we compare our procedure to B 1, which assumes IVs are valid. For the setting
n > p, we add two additional comparators, the two-stage least squares (TSLS) and
OLS. TSLS is the most popular IV method where one regresses D on Z and X, and
uses the predicted value of D in the regression of Y on X and D. Note that the
way we implement TSLS mimics most practitioners’ use of TSLS by simply assuming
all the instruments Z are valid. OLS is defined as where one regresses Y on D and
X. OLS will be biased because of confounding on D. Finally, for both low and high
dimensional settings, we have the oracle TSLS where an oracle provides us with the
true set of valid IVs, which will not occur in practice. Our simulations are repeated

500 times.
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4.5.2 Results

We present the most representative results from our simulation study. First, Figure
4.1 considers the high dimensional setting with n = 200 and three comparators, our
procedure B\ that is robust to invalid IVs, our procedure BH that assumes all valid
IVs, and the oracle TSLS. Columns “Weak” and “Strong” in the figure represent
cases where p; = 0.2 and p; = 0, respectively. Columns “Valid” and “Invalid”
represent cases where p, = 0 and py = 2, respectively. The row “MAE” in the
figure represents the median absolute error of the estimators, which measures the
performance of the point estimators. The row “Coverage” represents the coverage
performance of the confidence intervals. Finally, the row “Length” represents the
average length of confidence intervals across simulations.

Both estimators B\ and B u perform well in terms of estimation accuracy, coverage
and length of confidence intervals and have similar performance to the benchmark,
Borade, when all the instruments are valid (i.e. first and second columns of Figure
4.1). For example, in the MAE and length plots, the solid lines, which represent our
estimator, the dashed lines, which represent our estimator assuming all valid IVs after
conditioning on covariates, and the dotted lines, which represent the oracle, overlap
with each other. However, if the instruments are invalid (i.e. the third and fourth
columns of Figure 4.1), BH is not consistent and loses coverage, which makes sense
since B\H assumes all the IVs are valid after conditioning. However, our proposed
estimator B allows for possibly invalid instruments and performs as well as the oracle
in terms of estimation accuracy and coverage. The average length of our robust
confidence interval is only slightly larger than that of the oracle.

Figure 4.2 represents the same setting as Figure 4.1 except we now consider a
larger sample size n = 1000. Even though n is larger than p, we still consider this to

be in the many controls/high dimensional setting because the ratio of p to n is away
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from zero at 1/4. As expected, the estimators B\ and BH along with the traditional
TSLS estimator perform similarly to the oracle benchmark in terms of estimation
accuracy, coverage and the length of confidence intervals when all the instruments
are actually valid. For example, in the MAE plot of Figure 4.2, the solid, dashed,
green and dotted lines, representing B , B 1, TSLS and the oracle, respectively, overlap
with each other. Note that OLS cannot deal with confounding and hence, produces
a biased estimate. However, when the instruments are invalid, the traditional TSLS
estimator and BH are biased and fail to have the correct coverage. In contrast, the
proposed estimator B\ performs as well as the oracle estimator in terms of estimation
accuracy and coverage, with the length of the proposed estimator being slightly longer
than that for the oracle.

Finally, Figure 4.3 represents the setting where invalid instruments are present
after conditioning on low dimensional covariates where p, = 9 and p, = 10 so that
no coefficients for ¢* and ¢* are zero and the sample size is n = 1000. If we use the
estimator EE defined in (4.3.15) and the confidence interval (4.3.16), the proposed
procedure performs almost the same as the oracle in terms of accuracy, coverage
property and length, which supports the theory established in Theorem 20. Note
that the performance of our procedure under the low dimensional setting with invalid

IVs does not rely on assumptions (R1)-(R3) and, more importantly, (IN2)-(IN3).

4.6 Application: causal effect of years of education
on annual earnings

To demonstrate our procedure 1 in real settings, we analyze the causal effect of years

of education on yearly earnings, which has been studied extensively in economics

using IV methods (Angrist & Krueger, 1991; Card, 1993, 1999). The data comes
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Figure 4.1: Comparison of different methods when p, = 100, p, = 150 and n = 200.
The z-axis represents the concentration parameter. On the y-axis, MAE represents Median
Absolute Error of the estimators, Coverage represents coverage of the confidence intervals
and Length represents the average length of confidence intervals. Proposed is our method
allowing for invalid IVs and is represented by the solid line. Proposed.valid is our method
that assumes all the IVs are valid and is represented by the dashed line. Oracle is the
method that knows exactly which instruments are valid and is represented by the dotted
line. The column labeled with Valid & Weak represents the case p; = 0.2 and py = 0. The
column labeled with Valid &Strong represents the case p; = 0 and ps = 0. The column
labeled with Invalid &Weak represents the case p; = 0.2 and py = 2. Finally, the column
labeled with Invalid & Strong represents the case p; = 0 and py = 2.
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Figure 4.2: Comparison of different methods when p, = 100, p, = 150 and n = 1000.
The z-axis represents the concentration parameter. On the y-axis, MAE represents Median
Absolute Error of the estimators, Coverage represents coverage of confidence intervals and
Length represents the average length of confidence intervals. Proposed is our method allow-
ing for invalid IVs and is represented by the solid line. Proposed.valid is our method that
assumes all the IVs are valid and is represented by the dashed line. Oracle is the method
that knows exactly which instruments are valid and is represented by the dotted line. The
column labeled with Valid & Weak represents the case p; = 0.2 and ps = 0. The column
labeled with Valid &Strong represents the case p; = 0 and ps = 0. The column labeled
with Invalid &Weak represents the case p1 = 0.2 and py = 2. Finally, the column labeled
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with Invalid & Strong represents the case p1 = 0 and ps = 2.
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Figure 4.3: Comparison of different methods when p, = 9, p, = 10 and n = 1000. The
x-axis represents the concentration parameter. On the y-axis, MAE represents Median
Absolute Error of the estimators, Coverage represents coverage of confidence intervals and
Length represents the average length of confidence intervals. Proposed is our method allow-
ing for invalid IVs and is represented by the solid line. Proposed.valid is our method that
assumes all the IVs are valid and is represented by the dashed line. Oracle is the method
that knows exactly which instruments are valid and is represented by the dotted line. The
column labeled with Valid & Weak represents the case p; = 0.2 and ps = 0. The column
labeled with Valid &Strong represents the case p; = 0 and ps = 0. The column labeled
with Invalid &Weak represents the case p1 = 0.2 and py = 2. Finally, the column labeled
with Invalid & Strong represents the case p1 = 0 and ps = 2.
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from the Wisconsin Longitudinal Study (WLS), a longitudinal study that has kept
track of American high school graduates from Wisconsin since 1957, and we examine
the relationship between graduates’ earnings and education from the 1974 survey
(Hauser, 2005), roughly 20 years after they graduated from high school. Our analysis
includes N = 3772 individuals, 1784 males and 1988 females. For our outcome, we
use imputed log total yearly earnings prepared by WLS (see WLS documentation and
Hauser (2005) for details) and for the treatment, we use the total years of education,
all from the 1974 survey. The median total earnings is $9,200 with a 25% quartile
of $1,000 and a 75% quartile of $15,320 in 1974 dollars. The mean years of total
education is 13.7 years with a standard deviation of 2.3 years.

We incorporate many covariates, including sex, graduate’s hometown population,
educational attainment of graduates’ parents, graduates’ family income, relative in-
come in graduates” hometown, graduates’ high school denomination, high school class
size, all measured in 1957 when the participants were high school seniors. We also
include 81 genetic covariates, specifically single nucleotide polymorphisms (SNPs),
that were part of WLS to further control for potential variations between gradu-
ates. In summary, our data analysis includes 7 non-genetic covariates and 81 genetic
covariates.

We used five instruments in our analysis, all derived from past studies of education
on earnings (Card, 1993; Blundell et al., 2005; Gary-Bobo et al., 2006). They are (i)
total number of sisters, (ii) total number of brothers, (iii) individual’s birth order
in the family, all from Gary-Bobo et al. (2006), (iv) proximity to college from Card
(1993), and (v) teacher’s interest in individual’s college education from Blundell et al.
(2005), all measured in 1957. Although all these IVs have been suggested to be valid
with varying explanations as to why they satisfy (A2) and (A3) after controlling for

the aforementioned covariates, in practice, we are always uncertain due to the lack of
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complete socioeconomic knowledge about the effect of these [Vs. Our method should
provide some protection against this uncertainty compared to traditional methods
where they simply assume that all five IVs are valid. Also, the first-stage F-test
produces an F-statistic of 90.3 with a p-value less than 107! which indicates very
strong set of instruments.

Table 4.1 summarizes the results of our data analysis. OLS refers to running a
regression of the treatment and the covariates on the outcome and looking at the
slope coefficient of the treatment variable. TSLS refers to running two-stage least
squares as described in Section 4.5 under the operating assumption that all the five
instruments are valid; this is the usual and most popular analysis in the IV literature.

Finally, we run the Pocedure 1.

Method Point Estimate 95% Confidence Interval

OLS  0.097 (0.051, 0.143)
TSLS  0.169 (0.029, 0.301)
TSHT  0.062 (0.046, 0.077)

Table 4.1: Estimates of the Effect of Years of Education on Log Earnings. OLS is
ordinary least squares, TSLS is two-stage least squares, and TSHT is Procedure 1.

The OLS estimate suggests a positive association between education and earnings,
with statistically significant result at a = 0.05 level. This agrees with previous liter-
ature which suggests a statistically significant positive association between years of
education and log earnings (Card, 1999). However, OLS does not completely control
for confounding even after controlling for covariates. TSLS provides an alternative
method of controlling for confounding by using instruments so long as all the in-
struments satisfy the three core assumptions and the inclusion of covariates helps
make these assumptions more plausible. Unfortunately, we notice that the TSLS es-

timate in Table 4.1 is inconsistent with previous studies’ estimates among individuals
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from the U.S. between 1950s to 1970s, which range from 0.06 to 0.13 (see Table 4 in
Card (1999)). Our method, which addresses the concern for invalid instruments with
TSLS, provides an estimate of 0.062, which is more consistent with previous studies’
estimates of the effect of years of education on earnings.

The data analysis suggests that our method can be a useful tool in IV analysis
when there is concern for invalid instruments, even after attempting to mitigate this
problem via covariates. Our method provides much more accurate estimates of the

returns on education than TSLS, which naively assumes all the instruments are valid.

4.7 Conclusion and discussion

We present a method to estimate the effect of the treatment on the outcome using
instrumental variables where we do not make the assumption that all the instruments
are valid. Our approach is based on the novel TSHT procedure, which is shown to
succeed in selecting valid IVs in the presence of possibly invalid IVs. Our approach
provides robust confidence intervals in the presence of invalid IVs even after con-
trolling for many covariates. In simulation and in real data settings, our approach
provides a more robust analysis than the traditional IV approaches, most notably
TSLS, by providing some protection against possibly invalid instruments.

As discussed in Section 4.4.2, our theoretical analysis for the case of invalid 1Vs
even after controlling for high-dimensional covariates require Assumptions (IN2) and
(IN3). While (IN2) is not crucial in practice as our simulation study demonstrates and
is made for a cleaner technical exposition, we believe (IN3) is most likely necessary
for invalid IV problems and this is echoed in the model selection literature by Leeb &
Potscher (2005) who pointed out that “in general no model selector can be uniformly
consistent for the most parsimonious true model” and hence the post-model-selection

inference is generally non-uniform. Consequently, the set of competing models has to
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be “well separated” such that we can consistently select a correct model and Assump-
tion (IN3) serves as this “well separated” condition in our invalid IV problem. While
some recent work in high dimensional inference (Zhang & Zhang, 2014; Javanmard &
Montanari, 2014a; van de Geer et al., 2014; Chernozhukov et al., 2015a; Cai & Guo,
2016b) do not make this “well separated” assumption, as we stressed before, our in-
valid IV problem is of different nature than the prior work because a single invalid
IV declared as valid can ruin inference while said prior works assume covariates are
exogenous and moments are known perfectly.

Finally, in practice, we believe that violation of (IN3) in high dimensions will not
drastically harm inference and our CI will still have coverage around 1 — «, which
is much better than TSLS and prior work assuming valid IVs after conditioning on
many covariates, which have no coverage. In particular, our empirical investigations
generally show that the under-coverage is no more than 5% and we think this is partly
due to the fact that (i) our procedure will still pick up the strongly invalid IVs and
(i) if the instruments are weakly invalid, the bias from them via 7* will be relatively
small. It is certainly possible that advanced methods can weaken (IN3) and we leave

this as a direction for further research.
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Supplement for Chapter 2

A.1 Proofs of Theorems

In this section, we provide detailed proofs of Theorem 4, Theorem 5, Theorem 6,

Theorem 7 and Theorem 8.

A.1.1 Proof of Theorem 6

The proof is divided into three steps.
The first step. We construct the alternative hypothesis parameter space H;. Let
Ho = {6"=(p*,1,0)} C ©(ky), S2 = supp(B*) and S5 = supp (§) \S2. Let k*

denote the size of S, and p, denote the size of S§ and ps3 denote the size of Ss.
We have S5 C S5, k* < ky and ps > q — k;. We have the following expression

for the covariance matrix X§ of (y1, X;.) corresponding to the null parameter space

Ho = {0* = (ﬁ*,I,U)},

18713+ 0* | (85,)" | O1xpe

28 == /852 Ik*Xk)* Ok*xpz . (All)

Op2 x1 Opz x k* Ipz Xp2
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Let & = min;eg, |&] > 0 and we define the following set,

&

02 (2, ol p) = {6 5 R supp (8) C S 3], = ok 6.2

€ {0, p}fori € 53} :
(A.1.2)

and then construct a parameter space Fy for £*, F; = {35 : 0 € {1 (p2, (ok, p)} with

18713 +o* | (B3,)" | o
52'2 Lo s Ok*ng : (A13)

\g!
g
I

o Op2><k* Ipz X p2

We construct the alternative hypothesis space H; for (3,2, ), which is induced by

the mapping h and the parameter space JFi,
Hi={(8,9Q,0) : (8,Q,0)=h(E*) forX®eF}. (A.1.4)

Under the alternative joint distribution (A.1.3), for the linear model expression y; =

Xi,5,05, + XissBss + €;, we have
Bs, = B%,, Bss =46, and Var(e) =0 — |83 < M. (A.15)

Based on (A.1.5), the sparsity of 5 under the alternative is upper bounded by
|supp (8*) | + [supp (6) | < (1 — (o) k + (ok = k. Since we do not perturb the co-
variance matrix for X; ., the precision matrix for X;. in the alternative hypothesis
space satisfies the conditions in © (k). Hence, we show that H; C © (k).

The second step Let 7 denote the uniform prior on & over ¢; (ps, ok, p). Note that

this uniform prior 7 induces a prior distribution 74, over the parameter space H;.

The following lemma controls the x? distance between the null and the alternative.
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Lemma 9.

1 " —n
X2 (fﬂwlafﬂﬂg) +1= EJ,S (1 - ;‘Fé) .

By the inequality —

—T 2 20

< exp(2z) for z € [0, IOgQ} , for %(Vg < LGokp? < log2
then we have <1 — ié 5 - < exp <%n6T5> . By Lemma 3 in Chapter 2 , we further

have

2 1 @2 1 ok
Eexp [ =nd78 | =Eexp [ =2Jnp* ) < ersGF (1 — Qo_ CO— exp [ —2np?
o2 o2 Y25 Y25 o?

¢2k2 Gk Cok Cok 2e2p?y 1\ “or”
<ep3<ok 1___|__ ) SG”S‘CW(l-F—) ’
( P3 3\ Cng VPs

log

(A.1.6)

where the second inequality follows by plugging p = C(Q’ Yo Itk < cmin {1 ogp’ pﬂ/}

4an

g22
2¢o

cp? s — kb with 0 < ¢ < 1 — 2y, we have X2 (fay,, far,) < (4 —@)” and hence

TV (frpys frng) <5 — -

The third step. We calculate the distance between p; and po. Under Hg, po = 5;2 B3,

for a sufficiently small positive constant ¢, we have kp? < 2 . Since p3 > q — ki >

Under Hi, we have jy = & 5%, + 5556. Note that for § € ¢ (po, (ok, p), we have

p1 = 5,85, + & Cokp. Hence, p is a fixed constant for a given p. For £ € =(q,¢),

x log 7 log p
|1y — po| = £ Cokp > c|€]locCok 0 2 cf|éllocky/ =0

where the last inequality follows from ps > ¢ — ki > cp®™ —k; with 0 < ¢ < 1 —27.

By (2.7.3) of Lemma 1 in Chapter 2, we establish (2.4.7) in the main paper.
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A.1.2 Proof of Theorem 5

Theorem 5 follows from Theorem 6. Given 0 < (y < 1, we define k} = min{k,, (1 —

Co)k — 1}. By taking 6* € ©(k}), we have

L (O(kY), 0(k),78) > inf Ey- L (CL, (€78, Z
W(OKD), OR).E0) = | f ey B L (Cla (€75, 2))

and hence Theorem 5 follows from the fact that L% (0(k1),0(k),£78) > LL(O(kT), ©(k),£TH).

A.1.3 Proof of Theorem 4

The minimax lower bound of Theorem 4 follows from Theorem 5 with taking k; = k.

The following proposition establishes the minimax upper bound of Theorem 4.

Proposition 8. Suppose that k < c*é, where ¢, 15 a small positive constant, then

liminf inf Py (76 € Clag(Z,k)) =1, (A.1.7)

n,p—oo 0O (k)

and
1
L(CI85(2.k),0 (k) < Cllgllocky/ =25, (A.18)

for some constant C' > 0.

In the following, we will establish Proposition 8. On the event S N G, we have

N

min [ X

15— €73

< el ||B = 8|, < el 2+ 260) HZK),  (ALY)

where [ (Z, k) is defined in (2.7.36) in Chapter 2. On event Sy, if p > exp (2M>), then

o < logp. Hence, the event A holds and

CIZ (€78,2) = [€78 = |€llcp(k), €18+ €lloopa(k)]
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By (2.7.38) in Chapter 2, on the event GNS, if p > po, ||£]|cop2 (k) is equal to the right
hand side of (A.1.9), and hence 73 € CI? (€73, Z) . We have the following inequality
about the coverage probability, [Py (STB c CI? (¢75, Z)) > Py (SNG). By Lemma 4,

we establish (A.1.7). We control the expected length as follows,

L(CI? (€78, 2)) = EoL (CIZ (€78, 2)) 1

=EoL (CIZ (€78, 2)) 1ansnc + EoL (CIZ (€78, 2)) Lansna)e

(A.1.10)
<Cl¢ll \/—a+ \/ 2EPp, (Sna)
<Clellcky|EL (o -+ ({0} 4 exp (—en)) (o))

where the first inequality follows from (2.7.38) in Chapter 2 and second inequality

follows from Lemma 4. If 10% < ¢, then EgL (CIY (€78, 2)) < C||¢||l«ck IOEPMQ.

A.1.4 Proof of Theorem 7

The following proposition shows that the confidence interval proposed in (2.5.5) in
Chapter 2 has the desired coverage property and achieves the minimax lower bound

of Theorem 7.

Proposition 9. Suppose k < c*ﬁ, where ¢, s a small positive constant, then

liminf inf Py (8 € CL, (€78,2)) > 1—a, (A.1.11)

n,p—o0 00 (k,1,00)

and

L(CE (€78,2),0 (k1,0 C@. A.1.12
( a(fﬁu )7 (77 0))§ \/ﬁ ( )

for some constant C' > 0.

The control of the expected length (A.1.12) follows from the construction (2.5.5).
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In the following, we control the coverage property (A.1.11). Let 5O = n% (X(z))T X®,

We have the following decomposition,

— {8 = £T(I— )(ﬁ B)+ — €T (XD T @, (A.1.13)

with €7 (XO)Te| X ~N <O, a%@#) . Before controlling the terms in the right
hand side of (A.1.13), we introduce the following definitions. We state the definition

of k(X, k, s, ap), which was introduced in Bickel et al. (2009),

X0
k(X k,s,ap) = min min Xl (A.1.14)
Joc{1 p}, Villd g ll2”

|Jo|<k H5JC||1<040H5J0||1

where J; denotes the subset corresponding to the s largest in absolute value coordi-

nates of ¢ outside of Jy and Jy; = Jy U J;. Let Wg X(jl) HX(UII

fory=1,---,p.

Define the following events

1
11X
\/Ml \/ 11

—\/ 1forl1 < g <p}

1 9 log p
k(XD k. ko) > — 1+a)4/2k :
( ) N 4\/)\max (Q) \//\min (Q) ( ) n

ni ni

I 1
<2 ng+20gp},
n2 N2

§
3 (I—§<2>> (B—ﬂ)]§8\/6log<l o I€]12115 — Bllz\/—_Ml}

The following lemma controls the probability of the events G; with 1 < i < 5,
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Lemma 10. If k < cio—, then
min {IP’G (Gl NGy N 03) Py (64)} >1—cexp(—cn)— ep~®, (A.1.15)
where ¢, and " are positive constants. We also have
Py (G5) >1— (1 —7) (A.1.16)

By the proof of Theorem 7.2 in Bickel et al. (2009) and Theorem 3 in Ye &
Zhang (2010), on the event Gy NGy N Gs, ||B — B2 < C Elogb 5y On the event

Gl N GQ N ég N 65, we have

~ ~ VKl
& (I_ Z<2>> (ﬁ _5” < C)¢f. Y52, < 0005H€H2 Za0/200,
Ny
o—.  On the
ogp
event G4, we have 03% < 1.001%08. To sum up, if & < Crs, We have
Py (§T6 c CIL (¢78, Z)) > Py (ﬂ?zléi) >1—a—cexp(—cn)—cp™
A.1.5 Proof of Theorem 8
It is sufficient to establish the following lower bounds,
log p
L5 (O (k1,1 00),0 (k,1,00) ,£T8) > c1]|€]|scoo/Fhry | —22 (A.1.17)
and
1
Ly (O (k1 L,0) . © (k.1 00) ,€78) = e €]l c0 min{k =2, f}. (AL18)

130



Proof of (A.1.17)
It is sufficient to establish (A.1.17) for k; < (1 — (o)k — 1 with 0 < (5 < 1 being a
constant. Set ki = min{ky, (1 — (o)k — 1}. If k7 < ky < k, we can establish (A.1.17)

by the following observation,

LZ (@ (k171700) ; @ (k71700) 7§T/8) 2 LZ (9 (kIJLO-O) ) @ (k7170-0) 7§T/8)

lo lo
> arlj¢lleo0/FRT\| =2 2 callellocony/ Ry | —oF,

n

where the first inequality follows from £ < k;, the second inequality follows from the
assumption that (A.1.17) holds for kf < (1 — (p)k — 1 and the last inequality follows
from kf > (1 — (o)ky — 1.

In the following, we will establish (A.1.17) for k&1 < (1 — (p)k — 1 with 0 < () < 1
being a constant. The proof of (A.1.17) is more complicated than the previous lower
bound argument since we need to compare two composite hypothesis.

The first step. Let £ = minjcqupp(e) [£i| > 0 and we define the following set,

&i

k) = {85 R 1010 = k.62

€ {0, p}fori € supp(§)} : (A.1.19)

We construct the following two parameter spaces for 37,

)3 + 05 | T
Fo=A{%;:vely(pky,p)}, where X = (A.1.20)
v Lxp
and
k O|2+02| o7
F1 = {Ef; 10 € Ly (p, k, ip) } ,  Where Xj= o1l 0
o Lyvp
(A.1.21)
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Then we construct the parameter spaces H;, which is induced by the mapping h and

the parameter space F; for i =0, 1,
={(5,20) : (8,Q,0)=h(¥*) for¥X*eH;} for i=1,2. (A.1.22)
By (A.1.20) and (A.1.21), we have

HOZ{(V7LUO) : VE€2(p7klap)}CG(klaaovl);

(A.1.23)
H, = {(5,1,00) 0 €My (p,k, \/%p)} C ©(k,00,1).

The second step Let 7y denote the uniform prior over ¢ (p, k1, p) and 7 denote the

uniform prior over /o ( Sk, % p). Let 73, denote the uniform prior on Hy induced
by the prior my and 7, denote the uniform prior on H; induced by the prior m;. To
calculate the distance TV (fml , fmo), we introduce H = {(0,1, 08 + k1p?)} with 7y

denoting the mass prior at this point. Since

1
TV (frr, Frng) < TV (Frngs Frn) + TV (Fry s Fra) < D ASXE (Frngs Frne)
=0

it is sufficient to control x? ( frr, s f,,H()) for i = 0,1. Applying Lemma 9 with Sy = 0,

we have

1 -n
2 ~
X (fWH07.f7rH)+1:EVD(1_ ) —VTV) .
’ k, 2
% T Mp (A.1.24)

1 N —n
2 . I -
X (ffrnlafm{) +1 _]Eé,é (1_ 0.(2)+k1p26T5> :
In the following, we will control x> ( Jrny s frn)+1 and the argument for x? ( Srny Jrn )+

56<

< exp(2z) for x € [O, logz}, if

1 is similar. By the inequality — 5

L 2
g2l 182 then ( —
o, 2

—x 2+k 1p2

> < exp (2”5T5> By Lemma 3 in Chapter 2,

5 2+klp
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we further have

2k 2 ko k (28nk ok
Eexp( 6T5> <Eexp( _2jp> Seqkfk (1——+—exp( an 1p2>>
2k q q osk

k
2 2
Se;k<1_ﬁ+_ %) <e:_k<1+i> ,
q q\Vk NG

where the second inequality follows by plugging p = 1/ 5 log 00 If K < cmin {1 s pv}

log 2
2

with 0 < ¢ < 1 — 27, we have x? (fWH17f7FH) < (% — %)2 and TV (f7r7-L17f7TH) < }L - 3.
Similarly, we can establish y? ( fmo, fm) < (}l — %)2 and hence TV ( Jrays fmo) <

for a sufficiently small positive constant ¢, we have kp? < “8=02. Since ¢ — k > cp*’™

1
2—0(.

The third step. We calculate the distance between pq and pg. Under Ho, po = E¥k1p.

Under Hy, we have pu; = &%k %p. Hence, po and p; are fixed constants for a given
p. For £ € Z(q,¢) and k; < (1 — o)k — 1, we have |py — o] > ¢||€]|ov/ERL logp
By (2.7.3) of Lemma 1 in Chapter 2, we establish (A.1.17).

Proof of (A.1.18)

The first step. We construct the null parameter space Ho = {(0,1,07)}. We construct

the following parameter space for 37,

19115 + o5 | o7

0

Fir={%5:0€ly(pk,p)}, where X5=

(A.1.25)
I

pXp

Then we construct the parameter space H;, which is induced by the mapping h
and the parameter space Fy, H1 = {(5,Q,0): (8,Q,0) = h(X?) for¥* € F1}. By
(A.1.20) and (A.1.21), we have H; = {(d,1,00) : 6 € lo(p, k,p)} C O(k,1,00).

The second step Let my denote the mass prior at the point (0,1,02) and 7; denote

the uniform prior over /5 (p, k, p). Let w3, denote the mass prior on Hg induced by

the prior my and 7y, denote the uniform prior on H; induced by the prior m;. To
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calculate the distance TV (fm1 , fwo), we introduce H = {(0,1, 02 + kp?)} with 7y
denoting the mass prior at this point. Since TV (fml,fmo) <A /X2 (fm(), fm) +

2 ( fre,s fr ), it is sufficient to control x? ( fre, s fr) and X2 ( frrgs frs)- Applying

Lemma 9 with Sy = (), we have

1 . —n
2
X (fﬂ'?—(l ) fﬂ"H) + 1= E&j (1 - m6T6> . (A126)
We also have B
ka 2 2
X (frngs frn) +1=Es5 (1 ( 04) ) . (A.1.27)
0

By the similar argument with (A.1.24), if p = c\/1 00, then y (fml fren) <
(% — —) Ifp= C\/E rog, then x (fm{o fm{) < (711 - %) - If we take

. log p 1
= cmin 00, 0o ¢,
P 0 0 \/Eni 0

then we have TV (fml , fmo) < % —a.

The third step. We calculate the distance between p; and py. Under Hgy, po = 0.

Under H;, we have u; = £*kp. Hence, 1y and py are fixed constants for a given p.

For & € 2(0:0) s ~ pal 2 clllkp = el min { /8, Y . By (27.3)of
Lemma 1 in Chapter 2 , we establish (A.1.18).

A.2 Proof of lemmas

In this section, we prove Lemma 2, 3, 4, 5, 6 and 9. We prove Lemma 2, 3 and 9
in Section A.2.2 | prove Lemma 4 in Section A.2.3, prove Lemma 5 in Section A.2.4

prove Lemma 6 in Section A.2.5 and prove Lemma 10 in Section A.2.6.
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A.2.1 Technical lemmas

We introduce the following technical lemmas. The first lemma (Theorem 2.3 in

Boucheron et al. (2013)) is a concentration result of y* random variable.

Lemma 11. Let x2 denote the x? random variable with n degrees of freedom, then

we have the following concentration inequality,

P <‘Xi — Exi‘ > 2v/nt + 2t> < 2exp(—t).

The following lemma (Theorem 1 in Raskutti et al. (2010) ) establishes the con-

centration result for restricted eigenvalue in the Gaussian design.

Lemma 12. For any Gaussian random design X € R™ P with i.i.d N(0,%) rows and

define p (X) = \/max;_i.... , ¥j;, there are universal positive constants c,c’ such that

[ X0l
vn

1 logp
1X20]l2 = 9p (%)

>

|lvlly  for all v e RP, (A.2.1)

o |

with probability at least 1 — ¢ exp (—cn).

The following lemmas are useful in controlling the x? distance between the null
and the alternative hypothesis. The first lemma is established in Cai & Zhou (2012);

Ren et al. (2013).

Lemma 13. Let g; be the density function of N(0,%;) for i = 0,1,2, respectively.

Then

N

% = (det (I — 55" (1 = To) T (T2 — %))
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Lemma 14.

X (frnys Frng )

a B . (A22)
= [ (et (1= 057 (%~ ) (59) 7 (5%~ %))~ 0)m (5) o

Lemma 14 follows from the definition of fr, , fr,, , Fubini’s theorem and Lemma
13. For reasons of space, the proof is omitted here.

The following lemma establishes that restricted eigenvalue is a lower bound for
CIF) and the function w defined in (2.4.10) in Chapter 2 is a further lower bound for

the restricted eigenvalue.

Lemma 15. The {1 cone invertibility factor CIF| is lower bounded by restricted

eigenvalue,

n maX”X.‘HZ))
CIF, (14 2¢), T, W) > (X, k, (1+2 —LLE P
20 W) 2 o T X, 8 ( ( EO’(ranXsz
(A2.3)

On the event Gy,

maxHX.jHQ

K <X, k, (1+ 2¢) ( )) >w(Q, X, k), (A.2.4)

min [[X ;]2

where w (2, X, k) is defined in (2.4.10) in Chapter 2. On the event G N Gy, if

k<ec

_ then
logp?’

n

11+ 20, W) 2 G S ax [X

w(Q X k) >C (). (A25)

where C' (M) = 2

~ 3136(2+2¢0) M2 °
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Proof of Lemma 15. We first prove the following useful inequalities,

X2
K2 (W, k,ap) > LKQ (X, k, o (%)> , (A.2.6)
max || X ;|3 min || X |
and
1
CIF, (2¢0+1,T,W) > K> (W, k, 1+ 2¢). (A.2.7)
2+ 260

Proof of (A.2.6). By the normalization, W = XD where D is defined in (2.7.29) in

Chapter 2. For fixed § and Jy such that [|0s¢[l1 < aol|ds, (|1, we have

2
N
wop _ jxpagg _ 1X D8l (min )

n||5J0||% B nH(SJo”% N nHDJOXJ05J0||2

)

where Dy, xj, is the submatrix of D with row indices Jy and column indices Jy.

1 < max ——

16

Let u = D0, since [[0selli < aolldp s llwse 1 and ||ugl >

1X.; H2

1< g (2R ) g, 1. Hence,

min ﬁ”(&oﬂl, we have [|u e X s

Ws||2
I{Q(W ka CY()) = min H—H22
JOC{L'”,])}, 57£01 n||5J0||2

|Jol<k  lldsglli<aollds,lly

2
X 2
>  min min (mln \/—) | u||22
JOC{lr"'vp}v u;éo’ 1=i<p ||X ||2 n||uJO||2
| Jo|<k max [|X.; 12
Jusglh <oo (Gt ) ey

n max || X ;|2
> §? (X, k, oo (—j :
max | X3 min [|X{|

Proof of (A.2.7).

W3 Wdl3 S| ]| 26

min min | ||22 < min | H; < ' 191} 5 oo
JoC{1,- p}, 870, n|0., 13 nl|d7||2 540, 167]2

|Jo|<|T| ||5J3||1§ao||5J0||1 H5T0||1<ao|\6T||1 ([67¢ ll1 <aol|67 |1
< - (1 + ao) 167 [ [I*5 6l . (1+ o) | T[] ™25
>~ min 5 < m

670, 16713 540, 1671
loreli<eoliorih I67ell1<aollo7 1
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Since |T| < k, the definitions of x*(W, |T|,ap) and CTF; (o, T, W) lead to

KW, IT] o) 2 K2(W, k, o),

and hence CIF (1 + 2¢y, T, W) > k* (W, k,1+ 2¢) . Combining (A.2.6) and

2+2

(A.2.7), we establish (A.2.3). The lower bound (A.2.4) follows from the definition

of the event G4. On the event G4, we have max|\Xlle  Tar If k< e with a
min || X ;|2 2 logp

sufficient small constant ¢, then we have

n

1
14 (1+ 2 )( .
4\/ /\max Q \/ min ( Inln”‘)('jH2 (A28)

7 logp 1
1+ (1+2 M k > .
( 60)2 ) n 8v M,

maX||X~j||2>> plogp

_4\/_

Combined with (A.2.3) and (A.2.4), we establish (A.2.5).

A.2.2 Proof of lemmas for the lower bound

We prove the Lemma 2, 9 and for lower bound in this section.
Proof of Lemma 2. Let gy denote the density function of N(0,3¢), g1 denote
the density function of N(0,¥5) and g denote the density function of N(0,X%). By

plugging into Lemma 13, we have

-

% = (det (I — (ES)—I (35 — X%) (26)—1 (Ef; _ Eg)))*a ' (A.2.9)
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Note that

o — o=y (—2¥5)" | Oixp
O i L+ 5 W) | ZUiWy)T | O
25| mUivs | T4 2 (U5) (¥5)T | Okxpy
0y, x1 0p, %1 0p, xk. Ly spy

and

0 0 01><k*

5 (po —¢7) o7

0 0 lek*

(557 (55 - %) =

Ok.x1 | Ok, x1 | Ok, xk,

L (0®+ (¥7)* — povy) 87
L

((=po +¢7) P5) 07

Pod o 0p, xk. 0p1 51
and
(557 (55— %5) (557 (%5 - 55)
=2p0 (po — ¥7) 878 = (po — %) 876 | Oy, 01xp,
_ ﬁpofl(sTg C%fﬁTg O1xk. 015xp,
L pof2078 L 1,078 Ok, xk. Ok xp:
0p, x1 0p, x1 Ok, | 2 (po(po — ¥7) + f1) 887

where f; = (0% + (¥7)

(357 (5 — 5§) (=5)

2 — poby) and fo
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(5 -

= (—po + ¥7) ¥%. Hence, the matrix

%5)




is of two equal eigenvalues 2 (po (po — ¥5) + f1) 876. By Lemma 14, we establish
X2 (frnys fong) +1=Es5 (1 — L (po (po — ¥7) + f1) 5T5) -

Since the proof of Lemma 9 is similar to that of Lemma 2, we prove Lemma 9 here.
Proof of Lemma 9. Let gy denote the density function of N(0,%§), g1 denote
the density function of N(0,%}) and g» denote the density function of N(0,¥%). By

plugging into Lemma 13, we have

9192 1 vz N ez —1 s AN~ 5
% = (det (7 — (5) N -5 (2 (Zg -35))) °- (A.2.10)
Note that
% (_%6&)1- 01><p2
2\—1
(57 = | =585, | T + 285 (85)7 | Ok |
0p2x1 0ps i Lpsxpa

and
0 01><k* %61-

(Eg>_1 (35 = 20) = | Opexs | Ope e —%@EJT )

Y 0P2 xk* Opz Xp2

Hence, we have

ﬁ(ﬁg 01><k* 01><p2
(55) 7 (Z5—%5) (35) 7 (B3 —55) = | 485,678 | Opeir | Openpy

| %
Ople Opzxk* E&ST

The matrix (£3) 7" (23 — %) (22) ™ (Z% - Eg) is of two equal eigenvalues %Ng. By
Lemma 14, we establish y? (fm1 , fmo) +1=E;3 (1 — %NS) - . Lemma 3 is shown

in the proofs of Cai & Low (2005). We prove it here to be self-contained.
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Proof of Lemma 3. By the fact that P(J = j) < (l;) (%
—k 2 2
and <1 — %) < ez’kfk, we have P(J =j) < eiE ((’;) (

( ) L 1-2 is the pdf of binomial distribution with

J p

S

k, %) .Hence Eexp (tJ) <
2

k* k
er=F <1 - % + %exp (t)) .

A.2.3 Proof of Lemma 4

In the following, we prove the three inequalities (2.7.32), (2.7.33) and (2.7.34) in
Chapter 2 .
Proof of (2.7.32). By Lemma 26, we have

X2 tot
P, ( e 2\ﬁ+2—) < 2exp(~1),
TLZ]‘]' n n

By taking t = C} logp with € = 2.25 and the inequality

2 /Cy1 1 /Cy1 1
2 |1, /Ctlosp ,Cilogp) (o [Cilogp  ,Cilogp) _ Z’
) n n n n 5

the union bound leads to Pp(G¢) < 2p'~¢1. By Lemma 26, we have

t ot
IP’9< 22\/j+2—> < 2exp (—t),
n n

(O.ora)2

o2 -1

T8¢ t ot
P -1 20/ —+2—1 <2 —t
9<§TZ§ - n+ nl — xp (=),
15Y
u U_l

141



<

Taking t = log p, we have Py (G5) < % and Py(G%) < %. By Lemma 12, for ||vge||s

apllvgl|1, with probability larger than 1 — ¢ exp (—cn), we have

(RPN PN SRR AT
Vallusllz ™ 4/ A (Q) V/Aain (Q) n

By the definition of k(X k, ap),

R(X, k,ap) >

1 1 [ logp
4\/ >\max (Q> - 9 V /\min (Q> (1 i aO) kT’

with probability larger than 1 — ¢’ exp (—cn) . Since ||W;||2 = v/n, by the union bound

of p standard gaussian random variable, we have

|IWTe|| oo /200 log p 1
P, —_> —— X | <
X ( n 7 n = 2y logpp
|WTe|| oo 200 log p 1 s
Py (G5) =Py | ———— > 04/ < 0,
0 (G5) o ( n ’ n IAVEN logpp

The union bound will lead to (2.7.32) in Chapter 2.

1—do

and

The high probability statement (2.7.33) in Chapter 2 is a generalization of Lemma
6.2 in Javanmard & Montanari (2014a). Before the proof, we introduce the fol-
lowing definitions. The sub-gaussian norm of a random variable U is defined as
U], = supy>y \/Lg (E|U|q)% , and the sub-gaussian norm of a random vector U € RP
is defined as ||U||y, = sup,ego-1 ||{v, U)||y,, where SP~! is the unit sphere in RP. The
sub-exponential norm of a random variable U is defined as [|U|| 4, = sup,, é (E|U |q)% :
and the sub-exponential norm of a random vector U € RP? is defined as ||U]|y, =

SUPyegp-1 H<U7 U>”1/)1
Proof of (2.7.33). It is sufficient to show that with probability larger than 1 —
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2
2p1700007

logp
IETQS — €7l < 2C0e]|€7 12| X Hw\/ : (A.2.11)

where || X:.|2. < 2M;. We define dT = £TQY —¢Tand d; = L S°7 (ETQXT) (X,;) —&..
P2 e J n i=1 i J J

We define that ¢;; = (§7QX]) (X;;) and we have the following properties of g;;:

1. Eg;; = &; and g;; is sub-exponential random variable with

gisller < 201E7Q2]1 X ][7,- (A.2.12)

2. gij — v; is sub-exponential random variable with

g5 = &l < 2zl < 4NETQINIXG I,

where the first inequality follows from Remark 5.18 in Vershynin (2012) and Ja-

vanmard & Montanari (2014a) and the second inequality follows from (A.2.12).

To show (A.2.12), we have

3=

1 1 1
qullwl—sup (Elg;[")» < < sup (ElETQX] [ E|X,;]%) 2

pz

f;zsup-f;-OEKTQ)@|%ﬁ§5sup (ElX )

1
p>1 V2P . p>1 V2D

1
§T0 o\
XT|“p
el Il SUp

< €79 2sup (Bl X] )% < 20X,

1
E|
p>1 V/2p ( I

\/_

By the property of sum of independent centered subexponential random variables

(Vershynin, 2012; Javanmard & Montanari, 2014a), we have

(—| qu &l > 6) < 2exp <—con min (;{ ;(22)) , (A.2.13)
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where K = 2¢[|£7Q|o]| X ||7, and ¢o = 5. By taking € = 2eCo||€TQ[o]| X [I7, loep <
2¢)[€7Q|2[| Xi.|[7,, then Py (1> a — §j| > €) < 2exp (—coC¢ logp) . Hence

_ lo B
By (mjaxldjl > 2eColleTS X I, §p> < gp-eoCt,

which leads to (A.2.11).

The proof of (2.7.34) in Chapter 2 relies on the results in Ren et al. (2013).
Proof of (2.7.34). We will control the probability P(S°N G). Define

8ok
=(1 4 —
T0 ( +€0) )\0 maX{ k)\o, C(Ml)}

and D; = {% > 07\t (1 —7'0)}. By (A.2.5), on the event G N Gy, if

e+1

k< c@, then 7 < 79, where 7 is defined in (2.7.31). Hence, on the event G; N Gy,

we have S¢ = {”W e, gorap =1 (1 _ 7)} C Dy If k < e, by the definition of

0eo+1 10gp7
(1— 7’0)
201 05 2.0142.01
7o and €y = + 1, we have \/0;; — = 2.012”:0 (1—179) > 1. If g logp > 2 and

k < ¢gyr» as discussed in inequality (100) in Ren et al. (2013), we have

Py (G1NGaNSS) < P(Dy) = (”W lloe \ 0= 1 TO))

noore €+ 1
IWTe|| oo /200 logp 1 s
<P > <c 0.
=0 ( noore n RV logpp

In the following, we control G N.S; N SS. On the event G1 N Gy, if 0 > (1 + )0, we

(1 — Vo) < | ’ .
On the event Sl, W 1| < 7 < 79, and hence
6_ a- 0-07'(1 O_O'f’(l O_O'f’(l O_ora
——1| < -1 + -1 <7 —1+1)+ —1].
o gore o o o o
ora 110 —70
g 0]
, we have ‘T_1| > and
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0]

(O’OWJ’ 1+1/ . n 1+ —70
1 0 . On the event Gy NG, NSy, if k < Clogp W have 14?70 >

Y0

1+vg _ 120}
v T 243y
2<1+2(14?u0)> +avo

and hence

— {0 > (14+1)6,0 < (1— )6} C Dy = { (“::>2 1 2103%}
and
Py (SN 81 N G) < Py(Dy) < 2exp (— (90 +1 — 290 + 1) n) L (A214)
where go = 373, and the last inequality follows from the concentration of x? distri-

bution. Combining the above inequalities (A.2.3) and (A.2.14), we have

Py (SNG) =Py (S1NG) — Py (S5N S NG)

=Py (G) — Py (SSNG) — Py (SSN S NG) (A.2.15)
1 _ go+1—+/2g0+1

>Py (G) — ol _ 9 _ .

2P0 () = s Toa? eXp( ( 2 >”>

A.2.4 Proof of Lemma 5.

By the normalization (2.7.28) in Chapter 2, the scaled Lasso algorithm (2.3.4) in
Chapter 2 can be expressed as

ly = Wdl3
{d,6} = argmin 2 ———12 4 = 5 74 Ao Z |d;]. (A.2.16)

deRP,ceR 2no =

For fixed 1, we also define d (1) = arg min e p, ly= Wd”2 + p 5, |d;]. Note that

d=d(X5) and d, _5]”\/%” for j € [p). (A.2.17)
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The proof of Lemma 5 depends on the following lemmas. The first two lemmas are

Proposition 1 and Proposition 2 in an arXiv version of Ren et al. (2013).

Lemma 16. For any eg > 1, on the event {HW:‘”“’ < u20+}}, we have

(nwwnw " u) 7|

d d 242 dre
I|d (1) — d||l1 < (2 + 2€¢p) max ] ||dr I’CIF1(2€0+1»T7W) ’

(A.2.18)

where T is defined in (2.7.31).

Lemma 17. Let {c/l\ a} be the solution of the scaled Lasso (A.2.16). For any ey > 1,

on the event Sy = {M <07\ EOJF} (1-— 7')} , we have

o

O—ora

_ 1‘ <7 (A.2.19)

where T is defined in (2.7.31).

By Lemma 17, on the event S; = {HW dlee < goray, §0+} (1-— 7')} , we have

[Wielos _ o1
n €0+1

By Lemma 16 with g = A\gd and the relation (A.2.17), we have

(W= 4 206) |1

n

C[Fl (260 —|— 1,T, W)

~ \/ﬁ
— < (2+2¢) — dre
HB ﬁ“l = ( + 60) min HX]H2 max H T H17

By the definition of the index set T, the event G4 and ||5]|o < &,

Gw% + >\06> k

"CIF, (260 + 1, T, W)

_Vn

A— < (2 2 EAacOT¢
18— Bl < (2+ 2€) min [ X5 max 0o
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By replacing CIF; (1 + 2¢y, T, W) with its lower bound in (A.2.3), we establish (2.7.35)

in Chapter 2.

A.2.5 Proof of Lemma 6

By (A.2.11), on the event By, we choose A\, = 4CoM?||{|| k’% and £7Q) belongs
to the feasible set of (2.3.5) in Chapter 2. Hence, TS0 < uTSu = 1] Xu|)3, where

Xu € R” follows i.i.d Gaussian with variance uT>u = £7Q€. On the event G5, we

. I 1 19
WS < €TQ¢ <1 +oy/ 2P 2ﬂ> < 3= Millél (A.2.20)
n n

On the event GN S,

have

1 1
Cy (X, k) b/ ina— < CL(My)ky/ ina,

where C(M;) = 25004/ M; max {1.25, %} . Hence, on the event GNSN By, we have

Cy (X, k) Hog26 < 4o M2Cy (My) M%26 and 1,014/ T2 2,y < Sggngnm/ga. There

exists a large positive integer py such that if p > po,

v M
logp > 1.01 max {400]\/[1201 (M), %Za/m Cl(Ml)} .

For p > py, we establish the inequalities (2.7.38) and (2.7.37) in Chapter 2.

A.2.6 Proof of Lemma 10

The control of probability of G, Gs, G5 and G4 follows from the similar argument of

Lemma A.2.3. In the following, we will control Py (C_T'g,). We have the decomposition
¢t (1 _ §<2>) (B— 5) = LS 6, with 6, = €7 (1 — (X}”)TX](?)) (B— 5). Sim-
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ilarly to the proof of (2.7.33), we can show that Ed; = 0 and ¢, is sub-exponential
random variable with [|6; ]y, < 4[€]l215 = Bll2I X7 112, < [I€l2ll5 - Bll2M;. By the

property of sum of independent centered subexponential random variables (Vershynin,

2012; Javanmard & Montanari, 2014a), we have

1 & . € €
Py <ﬁ| Zéﬂ > 6) < 2exp (—conmln (?, ﬁ)) ,

=1

where K = 8]|¢|l2]|8 — Bl|l2My and co = &. By taking e = 8, /6log =25-|¢]|2| 5 —

BHQ\/%;Ml < K, we have (A.1.16).
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Supplement for Chapter 3

B.1 Difference between O(k) and 0y(k)

In Chapter 3, we have investigated the minimax estimation rate, minimax expected
length and adaptivity of confidence intervals for the loss ||B\ — BHg with 1 < ¢ < 2 over
the parameter spaces ©y(k) and O (k). It is interesting to compare the minimaxity
and adaptivity behaviors between loss estimation over the parameter spaces O(k) and
©¢(k). The comparison shows significant differences between estimating the ¢, loss
and the ¢, loss with 1 < g < 2 as well as the differences between the two parameter
spaces O(k) and Og (k).

In terms of the minimax estimation rate and minimax expected length of confi-

dence intervals, the prior information > = I and ¢ = gy reduces the convergence rate

for the ¢y loss ||E — B3 from % to min {kl‘;gp, Ln} With this prior information,

the adaptive estimation of /5 loss is made possible over the regime l(‘)/gz <k < lOZp'
In contrast, even with such prior information, the minimax convergence rate remains
unchanged for the case 1 < ¢ < 2.

Regarding adaptivity of confidence intervals, the prior knowledge ¥ = I and o = oy

is extremely useful for the construction of adaptive confidence intervals for the /5 loss

l(‘)/gi) < k < sy~ Lhough adaptivity is still impossible outside this

in the regime
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regime, we have seen that, with this prior knowledge, the expected length of optimal

confidence intervals over the regime k; < l(‘)/; S k2 S g5 18 reduced from kglo% to

1
-

In contrast, for ¢, loss with 1 < ¢ < 2, even with this prior information, it is still
impossible to construct adaptive confidence intervals for || B — BHZ with 1 < ¢ < 2.
However, a comparison of Theorem 14 in Chapter 3 with Theorem 15 in Chapter 3

reveals that the expected length of confidence intervals is reduced with such prior

2 2_q
knowledge, from k;lo% to kg \/iﬁ in the regime k; < lc\g) S k2 S gy and from

2 2

= =—1

q logp q logp : : Vn < < _n
k2 - to ]{32 kl_n in the regime _logp N kl < ]CQ S Togp

B.2 Minimaxity and adaptivity of confidence in-
tervals for ||3 — Bz over O, (k, s)

In Chapter 3, we have shown that there is significant difference between ©¢(k) and
©(k) in terms of the minimax convergence rates and the adaptivity behaviors. As
discussed in Section 3.7 in Cai & Guo (2016a), the parameter space O¢(k) is relatively

simple and in this section, we consider a more general parameter space for (3,3, o),

Ooy (K, s) = < (8,2, 00) : ! ., (B.2.1)
IS < M, max (271, o< s

1<i<p

1
||6||0 S kv M S >‘min (E) S )\max (2) < M1

for some positive constant M; > 1 and M > 0. We will present the lower bound

results over ©,,(k, s) in Section B.2.1 and the upper bound results in Section B.2.2.
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B.2.1 Minimax lower bounds

In this section, we first establish the minimax lower bounds over the parameter

Oy, (K, 5).

Theorem 22. Suppose 0 < o, g < 1/4, s < y/n/logp and the sparsity levels ki, ks
and ko satisfy Assumption (B2) in Chapter 3 with the constant ¢y defined in (3.9.14)

in Chapter 3. For any estimator B\ satisfying

) * * || Q% %10gp
sup o (I - 8712 2 €115 220 ) < (B.2.2)

0€BO (ko)

with a constant C* > 0.

1. If ky < Y then there is some constant ¢ > 0 such that

-~ 2]
R;, (O, (k1.5), Oy (k2. ) 5.0, ) = chi —Lof. (B.2.3)

then there is some constant ¢ > 0 such that

]f logp S k2 N logp’

R’ (@UU (k1,s), Oy, (ks 5) , 5, €q>

2_q

logp 2]logp ks
> ¢max ((1 - 02)2M1k52 kl —(14¢q )M1 k{ n ), Vm oz,
(B.2.4)
1 1
where ¢; = % and co = C*ffql —.
(k1—ko) 4 VM (ka—ko)d 2 (ki—ko)?2
Consequently, we have
. ~ k;f logp , ,
R’ (@Uo(kl-, s),ﬁ,€2> >N 08P 1 <g<2 i=1,2. (B.2.5)
n

Remark 10. The minimax lower bound (B.2.5) with ¢ = 1 follows from (B.2.3) and

(B.2.4) by taking ks = k;. The minimax lower bound (B.2.5) with i = 2 follows from
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(B.2.3) and (B.2.4) by taking k; = %kg and the fact that R} (@UO(kQ,S),B, €2> >
R (900 (k1,5) , B4y (2, 5) ,B, €q>. Theorem 18 is the special case of the above with

(67

q=2

B.2.2 Minimax upper bounds

In this section, we will focus on the estimator 3 constructed based on the subsample
ACEE (y(l),X(l)) and satisfying Assumption (A) in Chapter 3 with 6 > 2 and
demonstrate the lower bounds (B.2.3) and (B.2.4) in Theorem 22 can be achieved.
The Lasso estimator BL defined in (3.2.10) in Chapter 3 with A > 44/2 is an example
of such estimators. To simply the notation, we use € to denote ¥7!. Let Q denote
the CLIME estimator (Cai et al., 2011) of € and Apax(€) and Amin(Q) denote the
maximum and minimum eigenvalue of the estimator Q.

The constructions of confidence intervals are very similar to the confidence inter-
vals, CI}, (Z) in (3.3.8), and CI2 (Z, ks, ¢) in (3.3.19) in Chapter 3. The only difference
here is that there is no prior knowledge ¥ = I and we need to estimate 2 = X! based
on the data Z. In the following, we will detail the modification of CI', (Z) in (3.3.8)
in Chapter 3 and CI2 (Z, ks, q) in (3.3.19) in Chapter 3.

We modify the construction of CI}, (Z) proposed in (3.3.8) in Chapter 3 as follows,

CI® (Z) = [ 0.99Amin x % — 02 ] 1.0\ X % a2 |,
np X1-¢ (n2) N na X¢ (n2) n

where A\ .x = max {/\max(ﬁ), logp} and A\, = max {)\min(ﬁ), logp} and

1 -
¥ (Z) = min {— |v® - x=5
na

2
2,03 logp} . (B.2.7)

Before modifying the construction of CI2 (Z, ks, q) in (3.3.19) in Chapter 3, we
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restrict our attention to the set of estimator B satisfying the following assumption,

sup Py (II(E— B)selly > c*[|(B — B)s|lx with § = surm(ﬁ)) <Cp~’,  (B23)

0co(k)

for all k < 2. For 3 satisfying (B.2.8), we modify the construction of CI2 (Z, ks, q)

in (3.3.19) in Chapter 3 as follows,

CIi (Za k27Q) = <0-99)\min <11é)(Z) - US) 9 1; 01)\max ((1 + C*)2k2)§_1 (% - 0'8) ) .
o 2
+ 2 +

na X1-2 (n2)

The following proposition shows that the minimax lower bound (B.2.4) can be achieved
by the confidence interval CI? (Z) in (B.2.6) for the case ¢ = 2 and CI2 (Z, ks, q) in

(B.2.9) for the case 1 < ¢ < 2.

5§ K 107ng and B\ 1s constructed

Proposition 10. Suppose p > n, ky < ky < lo’g‘p
based on the subsample Z = (yM, XW) and satisfies Assumption (A) in Chapter

3. Then CI2 (Z) defined in (B.2.6) satisfies,

lminf inf P (HE— Bl e cr (Z)> >1-a, (B.2.10)

n,p—00 0€O, (k2,5

and

| 1
R (CIE (2).0,, (k1.5)) < (k %8 %) 52 (B2.11)

In addition, z'fg satisfies Assumption (A) in Chapter 3 and the assumption (B.2.8)
with § > 2, then CIX (Z, ky,q) defined in (B.2.9) satisfies,

liminf il By <||B— 8| € CT (2, kQ,q)> >1—a, (B.2.12)

n,p—0o0 06@0‘0 (k2 S

and

2 lo 1
R (C1} (2 k) O (11 5) S 4 (22 4+ - ) o (B213)
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Similar to the construction in (B.2.9) and (B.2.6), we can modify the construction
of confidence interval CI? (Z,k,q) in (3.3.15) defined in Chapter 3 by replacing the

known minimum and maximum eigenvalues with the corresponding estimates A, (€2)

~

and Apax(£2). The minimax lower bounds (B.2.5) and (B.2.3) can be achieved by such

construction of confidence intervals.

B.3 Additional lower bound analysis

In this Section, we prove the lower bound results, Theorem 9, Theorem 10, Theorem
11, Theorem 13, Theorem 15, Theorem 17, Theorem 18, Theorem 19 and Theorem

22.

B.3.1 Proof of Theorem 17

Proof of (3.6.6)

By (3.6.4) and (3.9.3) in Chapter 3, we have P, <HB(Z) — 04 < cidi> >1—ap—
TV (fr;, fo,), fori =1,2. Then by (3.9.2) in Chapter 3, we have

Py, (||B(Z) — B, < cidi> >1—ay—TV(fo,fo), fori=1,2  (B.3.1)
Define the following events

A; = {Z (1—c)di < inf [|B(2) = B(0) llg < sup [|B(2) = B(6) [l < (1 +Ci)di}7 fori=1,2.
OeF; 0cF;
(B.3.2)
If Hg(z) — (*lq < ¢id; and 6 € F; where i = 1,2, then

18() = BO) lly = 18(0) = B7llg = 1B(z) = Bl = (1 = i) ds (B.3.3)
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and

18 (z) = BO) s < 18(6) = Bllg + 1B(z) = B7lg < (1 +3) ds (B.3.4)

By (B.3.1), (B.3.3) and (B.3.4), we have Pz g.r, (A;)) > 1 —ag— TV (fr,, fo,), fori =

1,2. Applying (3.9.2) in Chapter 3, we obtain
Pm (Al) >1l—-ap TV (fﬂlv f91) ’ and sz (A2> >1-w =TV (fﬂw f92> : (B35)

By the second inequality of (B.3.5) and (3.9.3) in Chapter 3, we have P, (A2) >
1 —ag—TV (fry, fo,) = TV (fry, fr,) - Combined with the first inequality of (B.3.5),

we further have

2
Pr, (A1 N As) > 1 =200 — Y TV (fr, fo.) = TV (fros fr1) - (B.3.6)

i=1

By the coverage property, we have

inf P, (||(§(Z) —B(0)|2 € Cl, (B, ‘,, z)) >1-a. (B.3.7)

0eF1UF2

Define the following event indexed with 0, By = {z (B (z) — B (6) |2 € Cl, (3, l,, z)} :

Define My = Uper, By and My = Uger,By. We then obtain

Penns ) = [ ([ Lanso2ras) m@ a0 [ ([ 1n,fo2):) 00> 10,

where the last inequality follows from (B.3.7). Similarly, we can establish Pz g, (M3) >

1 — a. By (3.9.2) in Chapter 3, we further have

Pm (Ml) = ]P)Z,HNM (Ml) Z 1—0& and Pm (Mg) = PZ’QNWZ (MQ) Z 1—04. (B38)
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By the second inequality of (B.3.8) with (3.9.3) in Chapter 3, we have P, (Ms) >

1 —a—TV (fry, fr,) - Combined with the first inequality of (B.3.8), we have
P, (MiNMs)>1—2a — TV (fry, fr) - (B.3.9)
Combining (B.3.6) and (B.3.9), we obtain

2
]P)m (-’41 N -’42 li mM?) > 1 - 2040 — 20 — ZTV (fmaf&‘) - 2TV (ffrzafm) .
=1

(B.3.10)

For z € M; N M, there exists §; € F;, and 0y € F, such that

1B(2) =B (6:) |7 € I, (B, zq,z) and [|B (2) — B (6) |2 € CI, (B, ﬁq,z> . (B.3.11)
Since z € A; N Ay, we have

L —ec)di 1B (2) = B(01) g < A+er)di, and (1 —cp)da < ||B(2) = B (B2) llg < (1 + c2)da
(B.3.12)

For z € A1 N Ay N M; N My, (B.3.11) and (B.3.12) lead to
R (cna (B, 0, z)) >(1—e)’d?—(1+e) d
Combined with (B.3.10), we establish
E. R (CIQ (B, 0, Z)) > (-’ d—(1+a)d).

Since the maximum risk is lower bounded by the Bayesian risk, we establish (3.6.6)
in Chapter 3.
Proof of (3.6.5)

The proof of (3.6.5) in Chapter 3 combines the proof ideas of (3.6.2) and (3.6.6) in
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Chapter 3. Assume that

~

A2) = 11B(Z) = BO)II;

1
sup Py ( ) < aq, with aq = o (B.3.13)

e F1

Otherwise, we can establish (3.6.5) in Chapter 3 by having

AZ) = 11B(Z) = BO)II;

1
sup Py ( > Zd%) > . (B.3.14)

e F1

L(Z)—B(2) - B(0)|2

)Z]_—Oél.

< idg}. By (3.9.3) in Chapter

By (B.3.13), we have supge 7, Py <min9€;1 > %d%) < a; and

hence

Ly(2) - 18(Z) - BO)I;

P., | min
0EF

Define Mo = { : mines, |,(2) ~ 1B(=) - BO)I:

3, we obtain

Pﬂ-2 (Mo) 2 1-— a1 — TV (fﬂw fﬂ-l) . <B315)

Define A; with ¢ = 1,2 as in (B.3.2). Similar to (B.3.6), we can establish the following

control of probability
2
Pr, (A1 N Ag) > 1= 200 = > TV (fr,, fo.) = TV (fry, fr) - (B.3.16)
i=1

By combining (B.3.16) and (B.3.15), we establish that

2
P, (AN Ay N M) > 1—ay — 200 — Y TV (fr,, fo,) = 2TV (fry fr) . (B3.17)

=1

For z € M, there exist § € F; such that

o~

By ()~ 18) — BOI| < 33 (B.3.18)
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For z € A; N A, we have the following results for # and any 6 € F,

(1—c1)dy < [|B(2)=BO)]lg < Ater)dr, and  (1—eo)dy < [|B(2)=B(0) ||y < (1+¢2)ds.

(B.3.19)
Hence, for z € A; N Ay N Mg and 0 € F,, we have
L, (2) - ||B(z) — B(O)|?
> [18() ~ 8O - 18() = BO)Z| — |La (2) = 18z) - @I (B3.20)
>(1 — c)?d5 — (1 +¢)*ds — ng,

where the last inequality follows from (B.3.18) and (B.3.19). That is, for z € A; N

Ay N Mg, we obtain

min |2, (2) ~ 15) = BOI| 2 (1- e = DB~ 1+ crfdd. (B32)

Note that
2 2 1 2 2 72
sup o (|2,(2) = 132) - O] = (1 -~ P - (1+ k)
2 2 1 2 2 72
> sup B (pin £, (2) = [5(2) ~ BOE] 2 (1= e = D - 1+ 0

Since the max risk is lower bounded by the Bayesian risk, the final term of the last

inequality can be further bounded by

~

P,, (mm L,(2) - 13(2) - B(6)2

0cFo

> (1= - Pl - (14 ')

2
> Pry (AN AN M) > 1— a1 — 200 — BTV (fr,, f5,) = 2TV (fry, frr)
=1

(B.3.22)
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where the inequality follows from (B.3.21) and (B.3.17). Combing (B.3.14) and
(B.3.22), we establish (3.6.5) in Chapter 3.

B.3.2 Proof of Theorem 19 and Theorem 22

To establish the theorems, we need to establish the following three lower bounds,

~ 2]
R: (@0 (k1) , 00 (k») . ﬂ,zq) > cki %03, for ks < 1;{;9 (B.3.23)
and for 225 < ky <
ogp ogp

. -~ 211
R: (@0 (k1) , O, (kg),ﬁ,eq) > ck %03, (B.3.24)

R: (@go (k1,5), Oy, (ks 5) , 5, eq)

2_ 1 2
Z C ((1 — 02)2 Ml(kg — ko)g l(kl — ko)pQ — M (1 + C1)2 (kl — k0)§p2)
1 +

(B.3.25)
By the fact that R, (@UO (k1,5), Oy, (K2, 5) , 5, éq) > R (@0 (k1) ©0 (k2) , B, eq),
Theorem 22 follows from (B.3.23), (B.3.24) and (B.3.25). Theorem 19 follows from
(B.3.23), (B.3.24) and (B.3.25) with M; = 1. In the following, we will prove (B.3.23),
(B.3.24) and (B.3.25), separately.
Proof of (B.3.23)

The proof of (B.3.23) is an application of (3.6.3) of Theorem 16 in Chapter 3. For

0o = (B*,1,00) € O (ko) , we construct

'F = {(B* + 5a1700) . 6 6 g(ﬁ*7k2 - ko,P)} C @0 (kz) 3 (B326)
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where

C(B", ks — ko, p) = {6 : supp (&) C supp (8)°, ||y = k2 — ko, 6; € {0, p}}.
(B.3.27)
Let S = supp (8*). Without loss of generality, we assume S = {1,2,--- , ko}. Let p
denote the size of S¢ and hence p; = p — ky. Let m denote the uniform prior on the
parameter space J, which is induced by the uniform prior of § on ¢ (5*, ks — ko, p).
Under the Gaussian random design model, Z; = (y;, X;.) € RPT! follows a joint

Gaussian distribution with mean 0. Let »* denote the covariance matrix of Z;.

For the indices of X%, we use 0 as the index of y; and {1,---,p} as the indices for
% (Z5)
(X1, ,Xip) € RP. Decompose ¥* into blocks , where 3% 37,
P >z
zy Tx

and X7 denote the variance of y, the variance of X and the covariance of y and

X, respectively. There exists a bijective function h : 3% — (3,3, 0) and the inverse

BTSB + 02 BTY
mapping h=': (8,3,0) — X*, where h™1 ((3,%,0)) = and

NG 5
B(Z7) = (55,) 7 55, B0 55, — (25,)7 (5,) 7 55,). (B.3.28)

Based on the bijection, the control of x? (fx, fs,) is reduced to the control of the y?
distance between two multivariate Gaussian distributions.

The parameter spaces for 3 corresponding to {0y} and F are

18113 + o | (B5)7 | Oy,

Hi={%5}, where X{= B Tioxko | Okoxpr | -

0p1xl 0p1 x ko Im XPp1
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and

15715 + 16113 + 05 | (B5)" | 6T

Ho ={X5:0 € ((B", ko — ko,p)}, where X5 = B Tioxcko | Okoxpr

Y Opl x ko Ipl Xp1

Define 6, = (8*,1,02 + ||8]3). For 8 € £(5*, ky — ko, p), we have |82 = (kg — ko) p?
and hence 0, = (8%, 1,02 + (ky — ko)p?). By TV (fr, foo) < TV (frs fo.)+TV (for, foo),
it is sufficient to control TV (fr, fo,) and TV (fo,, fs,) - By (3.9.1) in Chapter 3, it is
sufficient to establish x? (fx, fo,) < €2 and X2 (fo,, fo,) < €5.

Let E 5.5 denote the expectation with respect to the independent random variables
8,8 with a uniform prior over the parameter space / (B*, ko — ko, p). The following
two lemmas are useful to control X2 (fr, fo,) and x? (fo,, fo,)- The proof of Lemma

18 is given in Section B.5.2.

Lemma 18.

55\ ° 55\ °
2
X2 (frs fo) #1=Eg5 (1 — o 1-—2 ) B.3.29
e d) “( ||6||%+o§> ( Haug+ag> ( )
HETA
X* (fors foo) +1=Es5 (1—%) : (B.3.30)
0

The following lemma (Lemma 3 in Cai & Guo (2016b)) controls the right hand
side of (B.3.29).

Lemma 19. Suppose the random wvariable J follows Hypergeometric (p, k, k) with

P(J=j)= %, then we have

2 kok b
Eexp (tJ) < er F (1 e (t)) . (B.3.31)
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By the construction (B.3.26), we have [|8]2 = ||6]2 = (ky — ko)p? and 876 <

(k2 — ko)p?. By the inequality - < exp(2x) for z € [O 1052] , if @ < 1°g2 , wWe

have

1 6Tg h 1 6Tg - <exp|2 5Tg < exp 2n5T5
— " e D — X n X — .

16113 + o5 15]12 + o2 - (ka — ko)p® + 05 ) — op
(B.3.32)

Let J denote the hypergeometric distribution with parameters (py, ks — ko, ko — ko).
We further have

8T8 Jp? U —ke)? ks — ko ko —K 1 (k2—ko)
Eexp (277,2 ) =Ejexp <2np2) < em}(’czgko) (1 _ M2 0 + 2 0 exp (22np2))
70 90 y41 p1 og

2 _ _ (k2—ko) 2 (k2—ko)
Sepl(k}(kizkg)ko) (1—k2 k0—|—k2 ko P > Sepl(kfg(ki:@ko) (1+1> ,
1 D1 (k2 — ko)? VD1

(B.3.33)

where the first inequality applies Lemma 19 and the second inequality follows by

plugging p = 3 ““2—'“0)200 If (ky — ko) < co mln{ ,pV} we have (ky — ko)p? <
1°§2 . Since (ky — ko) < cop” with 0 < v < 1, we have x* (fr, fo,) < €. Since
”g!% = ”U! (k2 J’;O)p < 1052, we have the following control of (B.3.30),

0 0 0

n

2
2nsn2\ 2 - 2\ 2 (k2 _ ko)logfil
E, (l_ lwlw) ( (=t ) o i) |

op of 16n
(B.3.34)

where the inequality follows from 12— < exp(2z) for z € [0, 10%2} and the equality

log —21
follows by plugging in p = 14/ MU@ Under the assumption (ko — ko) <
i we have X2 (fa,, fa,) < € and hence TV (fr, fo,) < €1, TV (fa,, fa,) < €1 and

logp?

Cc

TV (fr, fo,) < 2¢;. Note that d = (kg—ko)ép. By (3.2.6) in Chapter 3 and ||5*||o < ko,

N L :
Py, [ 1887z <C - &’ | >1— a.
ko — ko
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Q=

By (3.6.3) in Chapter 3 and the fact C ( kg >

) < =, we establish (B.3.23).

Proof of (B.3.24)

The proof of (B.3.24) is based on the exactly same argument with (B.3.23) by taking

p = (log (1 + ef)ﬁﬁao. Since ky > C4% and ko < coky, then

2—ko

. 1 1 [log 75e
(log (1 +€%))1 . 00 < ~ (ka—ko) 0
niy/ko — ko 2 n

and hence (B.3.33) holds. It is sufficient to control the following term

oz "2 _ 2\ 2
() (22 ) 21t

90 0
In this case, d? = /log (1 + €2)(ky — ko)%_lx/iﬁag and

N Ebﬂ
o I8=8712<C = P >1-a.

Py 2.9 4
(k2 — ko)1 —=

2
. . kélogp
Since ko < ¢omin{ky, VP and ki1 < ks, we have C—2—32—— < L and the lower
logp 21 4 16
(ka—ko)d v

bound (B.3.24) follows from (3.6.3) of Theorem 16 in Chapter 3.
Proof of (B.3.25) The proof of (B.3.25) is an application of (3.6.6) of Theorem 17

in Chapter 3. The key is to construct parameter spaces F;, Fo and the points 6,
and 6, and then control the distribution distances between the density functions. Let
S = supp (p*). Without loss of generality, we assume S = {1,2,---  ko}. Define py

denote the largest integer smaller than p_QkO, Ty ={ko+ 1, ko+2,-- ko +po} and

Lsxs 0 0
Zy={ko+po+1,ko+po+2,---,p} Define X = 0 | Milzxz, 0
O O MLIIIQXIQ
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For 0y = (8*,1, 00), we construct

1
Fi= {(5*—|—V,Eo,00) : VGE(Il,kl—ko,\/—H;D} C@o(k1>;
1

ki — k
Fy = {(ﬁ* +6,1,00) : 6 €/ (IQ,]CQ — ko, /M kl ;p)} C Og (k2),
2 — N
(B.3.36)

where

1 1
¢ (Il,kz ko, m”) - {u 50D () € T ol = b1 — o, v € = {0, p}}, (B.3.37)
1 1

and

ki — k ki — k
¢ <I2,k2 — ko, /M kl ko p> = {5 s supp (8) C To, 18]y = k2 — ko, 8; € /M1 kl ko {O,p}} . (B.3.38)
2 — kO 2 — RO

Let m; denote the uniform prior on the parameter space F; for i = 1,2. The corre-
sponding parameter spaces for ¥* corresponding to F; and JF, are

! B*II3 + (k1 — k 2+02‘ B* +v)T
Hl:{zi1'/64(117’61—16077/))}whereziz 1811z + (k1 — ko) p 0| ( ) 7
VMy o ‘ -

and

* 12 2 2 *

_ + (k1 —ko)p2 + o ‘ +8)7

H2{23:566<12,k2—k0,\/M1 k1 k°p>}wherezg [B8%115 + (k1 — ko) p* + 05 | (B* +9) .
kJQ—k() ﬁ*+6 ‘ EO

Since dist] = My||[v[|3 = (ki — ko)p? and dist; = 7-[16]13 = (k1 — ko)p?, we have
0 = 0y = (8%, 20,02 + (k1 — ko)p?). In this case, we have TV (fy,, fo,) = 0. By the
same argument of (B.3.29) in Lemma 18, we have

Mo -3 MivTv a
2 ! !

w1y JO1 1_EV§ 1 - 1=

X (frrs For) ’ ( (kl—k‘o)pZ—l-ag) ( (/fl—k‘o)PZ"'Ug)

N3
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and

2 1=E;;5 |1 970 N 1 5970 N
X (f7r2af92)+ 86 - (k1—/€o),02+0(2) - (kl_ko)p2+o—g :
lo P1
Taking p = 3 MO’O, a similar argument to (B.3.32) and (B.3.33) leads to

TV (fn,, fo,) < € fori = 1,2. Note that df = 3 (ki —ko)1 %, d3 = My (ka—ko) 1~ (k1 —

ko)p*. The assumption (3.2.7) leads to Py, <||B— Bz < c?d?) >1—ag, fori=1,2,

1 1
where ¢, = C*mk{? and ¢y = C*lkgl -. By (3.6.6) in Chapter 3, we
(k1—ko)a VM (ka—ko) e~ 2 (k1—ko)2
obtain

R;, (00 (k1) 00 (k) 5.,

2_ 1 2
Z C ((1 — 02)2 Ml(kg — ko)g l(kl — ko)pQ — M (1 + C1)2 (lﬁ — k0)§p2)
1 +

(B.3.39)

B.3.3 Proof of Theorem 18

Theorem 18 is implied by Theorem 22. Since ky < ciky, we have (1 — ¢p)? > \/]1\71
and (1 + ¢1)? < VM;. By ko < ¢ min{kl,ﬁ}, (B.2.4) implies the lower bound

min{ &8 \/iﬁ}ag. Combined with (B.2.3), we can establish (3.7.3) in Chapter 3.

B.3.4 Proof of Theorems 11 and 13

The minimax lower bound of Theorem 11 follows from Theorem 12. We take k; =
ke = k and (3.3.5) in Chapter 3 follows from (3.3.7) in Chapter 3. The minimax lower
bound (3.3.6) in Chapter 3 follows from (3.3.5) in Chapter 3 and Lemma 8. The
minimax lower bound of Theorem 13 follows from Theorem 14. We take k1 = ky = k
and (3.3.13) follows from (3.3.18). The minimax lower bound (3.3.14) in Chapter 3

follows from (3.3.13) in Chapter 3 and Lemma 8.
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B.3.5 Proof of Theorems 10 and 15

The proofs of Theorem 10 and 15 are applications of the minimax lower bounds
(3.6.2) and (3.6.3) of Theorem 16 in Chapter 3, respectively. To apply Theorem 16,
it is sufficient to construct the least favorable set F corresponding to the point 8y =
(8*,1,00) such that the distribution distance TV (fx, fo,) or X? (fx, fo,) is controlled
and the functional distance d = minger || (0) — 5*||, is maximized. In the following,
we first establish Theorem 15 by constructing F with the prior 7 and control the
distance x* (fx, fa,)- Taking 0y = (8*,1,00) with ||8*||o < ko and © = O (ky), we
define F = F (0y, ko — ko, p) as

F (00, ks — ko, p) = {0 = (5" +6,1,0): 8 € (5" ks — ho.p) .o =1/0f — (ks — ko)p2} ,
(B.3.40)

where ¢ (5%, ks — ko, p) is defined in (B.3.27). Note that F (6o, k2 — ko, p) C O (ko).
The prior m on F (6y, ko — ko, p) is induced by the uniform prior of § on ¢ (5*, ks — ko, p).
In the following, we will control x? (fx, fa,)-

Let ¥§ denote the covariance matrix of (y;, X;) corresponding to 6y = (8*,1,0) €
© (ko). Let S = supp (5*). Without loss of generality, we assume S = {1,2,--- , ko}.
Let p; denote the size of S¢ and hence p; = p — kg. We have the expression of the

covariance matrix X§ corresponding to 6y,

157115 + 05 | (B5)" | Oy,

2o = B3 Teoxio | Okoxor | - (B.3.41)

0p1><1 0p1 x ko Ip1 Xp1
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The corresponding set of ¥* to F = F (6y, ko — ko, p) is

15715 + 05 | (B5)" | 67

H = {Eg 10 € 6(5*, ]{32 — ko,p)}, with X% = ﬁ; Ikoxko Oko><p1
o 0p1><k’0 Ip1><p1
(B3.42)

The following lemma (Lemma 7 in Cai & Guo (2016c)) controls the x? distance

between f; and fy,.

Lemma 20.

1 o —-n
X2 (frr foo) +1=Es5 (1 — ;&6) . (B.3.43)
0

By the construction (B.3.40), we have [|8]2 = [|8]|2 = (ks — ko) p? and 876 <

o (ka—ko)p?
logQ} : if (k2 2o)p < log 2
90

(ks — ko) p*. By the inequality -~ < exp(2z) for = € [0, % £, we

have <1 — %JTE) < exp <%n6Tg> Let J denote the hypergeometric distribution
0 0
with parameters (p1, ky — ko, ks — ko). We further have

2~ 1 _kp—kQ)? ko —ko ko —k 1 k2 =ko
Eexp (UQmSTJ) = Eexp <022an2) < e -2 Fo) <1 - 2p1 04 2p1 0 exp (022”/’2))
0 0

(kg —kg)? ko — k ko — k k2 —ko (ko —kg)? 1 k2—ko
<em-toRgy (- 204 220 B < en- Ry <1 +— ) :
D1 D1 (ko — ko) VP

(B.3.44)

where the first inequality applies Lemma 19 and the second inequality follows by

lo Pl
plugging p = 14/ 240 5 1f ky < ¢y min {@,pv}, we have 2—hole® o 1og2 g
0
establish X2 (fr, fo,) < € by (B.3.44) and TV (f, fs,) < €1 by (3.9.1) in Chapter 3,
1—2a—2ag

where ¢, = 5

To establish Theorem 15, we apply Theorem 16 and compute

1 1 log(kflk)Q
d==(ky — ko)a\| —=2=L 5.
2(2 0) n 0o
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By (3.2.6) in Chapter 3 and ||5*|lo < ko, we establish

(HB gz < c (k ’f)ko)qf) > 1 - ap. (B.3.45)

2
)q < 1—16, we establish (3.6.1) in Chapter 3. By applying

By the fact C* (k —
(3.6.3) of Theorem 16, we establish (3.4.2) in Chapter 3. Since 6y € ©(ky) and
R}, (@ (k2) B, Kq) > R}, ({90} , 0 (k) B, &1), the lower bound (3.4.1) in Chapter 3
with ¢ = 2 follows from (3.4.2) in Chapter 3. For (3.4.1) in Chapter 3 with i = 1,
the lower bound is established using the above argument with ks replaced by k;. The
following lemma shows that B\SL with A > 24/2 satisfying the assumption (A2) and

hence the lower bounds (3.4.1) and (3.4.2) in Chapter 3 hold for BSL with A > 2v/2.

Lemma 21. If A > 2\/5, then we have

~ logp e
Py, (HBSL 12 > C)18°15 )Scexp<—c'n>+p.

To establish Theorem 10, we apply the general lower bound (3.6.2) in Chapter 3

and the same argument between (B.3.40) and (B.3.45) by replacing ko with k.

B.3.6 Proof of Theorem 9

The proof of Theorem 9 is similar to the proof of Theorem 19, which is presented in

Section B.3.2. For the case k& <

the proof is similar to (B.3.23). Taking 6y, F

~ ]ng7

and p as defined in the proof of (B.3.23), with ks = k, we apply (3.6.2) in Theorem

16, we establish (3.2.8) and (3.2.9) in the regime k < % in Chapter 3.

The proof of (3.2.8) in the case Oi < k < & is similar to that of (B.3.24).

~ logp

Taking 6y, F and p as defined in the proof of (B.3.24), with ky = k, we establish

(3.2.8) in Chapter 3 for <k S

log P ~ log D’

The proof of (3.2.9) in Chapter 3 in the
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case 1;{5; < k < % is similar to that of (B.3.25). Taking 6y, 0, 6,, Fi, F2 and p

as defined in the proof of (B.3.25), with ki = 3k and ky = k, we apply (3.6.5) of

Theorem 17 to establish (3.2.9) in Chapter 3 for f <k S22

~ 10gp

B.4 Upper bound analysis

In Section B.4.1, we establish minimax upper bounds of Theorems 11, 12, 13, 14 and
15 based on Propositions 3, 4, 5 and 6. In later sections, we establish Propositions 2,

3,4,5,6, 7 and 10.

B.4.1 Proof of upper bounds of Theorems

In the following, we will establish the minimax upper bounds in the main paper based
on Propositions 3, 4, 5 and 6.
Proof of the upper bound of Theorem 11 By Proposition 4, the minimax con-

vergence rate (3.3.6) in Chapter 3 over k < % is achieved by the confidence interval

CI° (Z,k,2) defined in (3.3.15) in Chapter 3. By Proposition 3, the minimax conver-

gence rate (3.3.6) in Chapter 3 over h‘){g; <k S 1oZp is achieved by the confidence

interval CI}, (Z) defined in (3.3.8) in Chapter 3.

Proof of the upper bound of Theorem 12 By Proposition 4, the minimax lower

bound (3.3.7) in Chapter 3 in the region ko < % is achieved by the confidence
interval CI? (Z, ks, 2). By proposition 3, the minimax lower bound (3.3.7) in Chapter

3 over ‘F K k2 S 1545 1s achieved by the confidence interval CI (2).

Proof of the upper bound of Theorem 13 By Proposition 4, the minimax con-

vergence rate (3.3.14) in Chapter 3 is achieved by the confidence interval CI° (Z, k, q).
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Proof of the upper bound of Theorem 14 By Proposition 4, the minimax lower

bound (3.3.18) in Chapter 3 in the regime k; < ks < X% is achieved by the confi-

logp

dence interval CI? (Z, ks, q). By Proposition 5, the minimax lower bounds (3.3.18) in

Chapter 3 in the regime k; < Vi < ko < and Y2

logr ~ K2 S Togp oy S k1 < k2 S o are achieved

by the confidence interval CI2 (Z, ks, q) defined in (3.3.19) in Chapter 3.

Proof of the upper bound of Theorem 15 By Proposition 6, the minimax lower

bounds (3.4.1) in Chapter 3 are achieved by the confidence interval Cl, (Z, k;, q) de-
fined in (3.4.4) in Chapter 3 for ¢ = 1,2 and the lower bound in (3.4.2) in Chapter 3

is achieved by the confidence interval CI,, (Z, k2, q).

B.4.2 Proof of Proposition 6

The following argument is similar to the upper bound argument in Cai & Guo
(2016b,c), which also relies on the results from Bickel et al. (2009); Ren et al. (2013);
Sun & Zhang (2012). We first normalize the columns of X and the true sparse vector

£ and the linear regression model can be expressed as

y=Wd+e, with W=XD, d=D"'pande~ N(0,05%), (B.4.1)

where D = diag (H f ) . denotes the p x p diagonal matrix with (j,7) entry to
Jje

2

”X ” Setting 0y = 2 and 17y = (\%)% — 1, we have A\g = (1 + o) \/@. Take
€ = 27‘% + 1, ¥y = 0.01 and C = 2.25. Rather than use the constants directly in the

be

following discussion, we use g, 19, €9, o and C to represent the above fixed constants
in the following discussion. We also assume that logp <5 1 and dglogp > 2.

Define the I; cone invertibility factor (C1F}) as follows,

IR
CIF; (o, K,W) =inf § ———2———
||UK||1
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where K is an index set. Define o = \/iﬁHy — XB|2 = \/L,;Hy — Wd|a,

T
T ={k:|de] > o}, 7= (146N max{ 8l } :

el W
oore TC I’CIFl (2€0+1,T, )
(B.4.3)

To facilitate the proof, we define the following events for the random design X and

the error e,

2 1 [ Xl 7 :
=3z < < —vVMiforl1 <j <

Define G = m;*zlgi and S = N?2_;S;. We introduce the following lemma to control the
probability of events G and S. Lemma 22 was established as Lemma 4 in Cai & Guo

(2016b), which relies on the results in Ren et al. (2013).

Lemma 22.

6 1
P >1———2pt=Cr o~ pl=t0 - B.4.4
0 (G) > ; P Ner logpp c exp (—cn), ( )
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where ¢ and ¢ are universal positive constants. If k < c@, then

Py (GNS) > Py (G) — 2exp (— (90 1= Vg0 1) n) - ! 100 (B.4.5)

2

20
243vp °

where ¢, ¢ and " are universal positive constants and gy =

The following lemma establishes a data-dependent upper bound for the term ||B\ —

B||2 with 1 < ¢ < 2. The proof of this lemma is in Section B.5.3.

Lemma 23. On the event GN S,

2

~ 16 Amax || X ;|30 2log p
HBSL . BH2 < H ]||2X, q <B46)
ni? (X kb3 (el ) n
B min || X_]|2

On the event G NS, we have 6 < (1 + )0 < logp and there exists py such that

if p > pg, then we have

2

16 Amax || X |25 1 1 1
mex | miJnQ;n ki 28 < ¢ (ki ng) 5 < (ki nglogp) 5.
ni? (X k, k3 (ol ) ) n n n
(B.A4.7)

By Lemma 23, we have Py (HE — B2 € Cl (Z, k, q)) > Pp(GNS). Then the coverage
property (3.4.5) in Chapter 3 follows from Lemma 22. Recall that B = {¢ < log p}.

The expected length is controlled as follows,

EgL (Cly (Z,k,q)) = EgL (Cly (Z,k,q)) 15

=EyL (CL, (Z,k, q)) 18nsng) + EoL (Clo (Z, K, q)) 13n(sng)° ( )
B.4.8

1 1
<Cki in0—2 + k%% (log p)* Py (S N G)°)
2 log p

<Chi— (02 + O (p' ™t 4 ¢ exp (—en)) (logp)?) ,

where the first inequality follows from (B.4.7) and second inequality follows from
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Lemma 22. If 62 < ¢ then (p'—mintoo G} 4+ ¢ exp (—cn)) (logp)®> — 0 and hence

n

(3.4.6) in Chapter 3 follows.

B.4.3 Proof of Proposition 4

For the split samples y() = XM B+ and y? = X@ 54+€?) | we define the following

events
G = 09<w<11f0r1< <
1= : \/n_l : SI>P s
5 1 9 log p
g =\F X(1)7k7k7& > - 14+« 2k ,
’ { ( ) 4\/ )\max (Q) V >\min (Q) ( ) n
_ WONT O
3:{2H( )"Vl flogp |
nl nl
_ WD _
4:{”( ) eV <M1, flogp |
n no+1 n
5 n 2lo
s = {IIﬁL — BII2 < C (A, k) ki SP} ,
5 = lo
o= {1 -1 < cs e,
5 1 1|2 > /21 1
"2 2 n2 Ny
5 Ik k1 21 1
sz{— y® - X3 < of (1+ ng) <1+2 ng+20gp>},
2 2 ny No N9
1) _ (1) Vv . _ VAEVZ v - (22A00)?
where W37 = X mforj =1,--- ,pandny = 1.01\/2_\/5,01(/1,]@ = W
<3T1A”0) . .
and C5(A, k) = 0 7. We introduce the following lemma to control the

(i-or00 )

probability Py(G;) for 1 <4 < 8. The lemma is proved in Section B.5.4.
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Lemma 24. Suppose k < c@ and 0 € Oy(k). If A > 4v/2, we have

A2

Py (Gs) =Py (G1NG2NGs) > 1 —cexp(—dn) —cp' 5. (B.4.9)
If A > /2, we have
Py (Go) > Py (G N GaNGs) > 1— cexp(—cn) —p~°, (B.4.10)
and
Py (Gr) >1—p° and Py (Gs) > Py (Gs) (1 —cp?), (B.4.11)

where ¢ and ¢ are positive constants.

The coverage property (3.3.16) in Chapter 3 follows from the fact that
By (115"~ B € CI2. (Z,k.) ) = Bo(Gs).
For the case ¢ = 2, the coverage property follows from
By (18"~ 83 € CLL.(Z,k.2)) = Bo(Go).

The expected length (3.3.17) in Chapter 3 follows from the definition of CI° (Z, k, q).

B.4.4 Proof of Propositions 2, 3, 5 and 10

We will first introduce the following lemma, which establishes conditional distribution

of [ly® — X33,

Lemma 25. Suppose the estimator B\ is constructed based on the subsample Z() =
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(), X W), then
I~ XOBE | (0, X0) ~ (1225 - A +03) xPma) . (BA12)

Py (X

The above Lemma follows from the observation that conditioning on (y(l), X (1)),

o = XD =X (8- B) +? ~ N (0,578 - B3 +03).

and
ly® — X@ ]2

< —
) S S B+ o

2
< Xi_

wlo N
[N]1)

(n2)> =1—-a. (B.4.13)

Proof of Proposition 2

We first introduce the following lemma (Theorem 2.3 in Boucheron et al. (2013))

about concentration of x? random variable.

Lemma 26. Let x2 denote the x* random variable with n degrees of freedom, then

we have the following concentration inequality,

P (\xi — EX2| > 2Vt + 2t> < 2exp(—t).

Since |8 — B||? is non-negative, we have
2

_ ~ 1 1 ~ .
Po (|E2~ 15 = 518 2 6up—= ) <P |10 = X951 - o ~ 1% - 513

1
Z 5n,p% .
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By (B.4.12) (with X =TI), we establish that

1 . .
P, (\n—zny@ _XOBHE — o2 — |5 BI

1
Z 5n,p%
1 ~ ~ 1 _ -
<P ({2102 = XOF4B - 0§ ~ 13 = BIB| > bny—= } G0 )+ Pa(G)

62 i ] 062
< exp (— U) Po(Go) + Pa(G5) < exp (— U) +ap® + cexp(—cn),

0 0
(B.4.14)

where the last inequality follows from Lemma 26. Taking supremum on both sides of

(B.4.14), we establish (3.2.12) in Chapter 3.

Proof of coverage properties in Propositions 3, 5 and 10

We first introduce the following confidence intervals,

i Z Z
Cr (2) = <0.99>\min (% - a§> , 101\ (% - ag>> ,
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Since the loss is positive, the coverage property of CI’, is the same with that of (jlfl,

for : = 1,2,3,4. We also have
EL (CI\) < EL (CIQ) fori=1,2,3,4. (B.4.15)

On the event Gs, we have ¢ (Z) = -[jy® — X@BL||2 and hence

—~ _ (2) _ v(2)3L)2 ~
By (18"~ 8l € C1% (2)) = By ({x ) < WX <nz>} m%)

~ 18— B3+ o3 ’
2 _ x@3L|2 _
o8y ({3 (ng) < —— W — NP +P (G) — 1
(n2)
>1 —a—exp(—cdn) —cp ¢,

ol

T8 BB+ <x s

where the last inequality follows from (B.4.13) and Lemma 24. The coverage property
(3.3.10) in Chapter 3 over O (k) follows from taking infimum over both sides of above
inequality.

To establish the coverage property in Proposition 5, we introduce the following

lemma, which establishes an upper bound for ||a[[Z where 1 < ¢ <2 and a € RP.

Lemma 27.

||a||3§<2|aj|> (Za§> . (B.4.16)

j=1
The above lemma is established in the proof of Theorem 7.1 in Bickel et al. (2009).

We introduce the following confidence interval, Define the events

_ ~ I
g - {IIﬁL B2 <O (A k) ke ng},

n

- {i Hy(z) _X(2)§LH2 < o (1+ kllogp) (1+2 log p N 210gp) }’
2

ny na no
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and similar to Lemma 24, we have

min Py(GsNGy) > 1 —cexp (—c'n) — op T —ep 2 (B.4.17)
Qe@o(kl)

Note that

I5E — Bl < 18X — BI2, for1<g<2. (B.4.18)

For the Lasso estimator EL with A > 4v/2, let S denote the support of 3, then on

the event Gs,

1B% = BIF < 16[[(B" = B)sll} < 16k, 5" — B, (B.4.19)

By Lemma 27, on the event Gs, we have ||3% — Bll2 < (16]@)5_1 IIB- — B]|2. Combined
with (B.4.4) and (B.4.18), we establish the coverage property (3.3.20) in Chapter 3.
The proof of coverage properties in Proposition 10 is a generalization of those

in Propositions 3 and 5. We also define the following extra event to facilitate the
discussion,

Go = {max{ } < 0.01} : (B.4.20)

By Theorem 1 in Cai et al. (2011), with a proper chosen tuning parameter, we have
Py(Go) > 1 —p~2. On the event Gs, we have ¢ (Z) = ;L ||ly® — X®@B||2. On the event
Gy, we have \pax = )\max(ﬁ) and A\, = )\min(ﬁ) and then

Amax ()
)\max (Q)

-1

Amin(ﬁ)
Amin(Q) - ’

P (118 - 8I3 € C12 (2))
@ _ x23

“ =28 - BB + o3
2 _ x@35)2
.7, ( {X (ng) < Bl )
>1l—a—cp ©

oY

N

R TR W}) +P (G Go) — 1
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The coverage property (B.2.10) over ©,,(k, s) follows from taking infimum over both
sides of above inequality.

Combining (B.2.10) and the fact that with probability greater than 1 — p~°,
158 =BI3 <118 =BIl; < (L +c)ka)* 16— Bl3, forl<g<2, (B2l
we establish the coverage property (B.2.12).

Proof of expected lengths in Propositions 3, 5 and 10

In the following, we control expected lengths of confidence intervals (jlia for i =
1,2,3,4. By (B.4.15), these upper bounds are also upper bounds for expected lengths
of CI\, for i =1,2,3,4.
We start with the expected length of CI; over ©g(k). Note that
v (2) v (2)
- ) y(2) f(na),

X (n2) - ooxd g (no)

1.2 1.2
7aXi_g (n2) =7 Xa (n2)

where f(ng) = < ) . On the event Gg, we have

1 .2 1.2
Ex%(nz)gxlf%(nz)

1 ~
v (2) = |y — XO53

and then obtain

v (2) Y (2) 1 .
E — 15 = = [ E—|ly@ — X@3L)21- -
%XQ% (n2> %X%,g( 2) GeNGs ng”y B HQ GeMNGs f(nQ)

Conditioning on (X 4M)) by taking expectation of right hand side of above equa-
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tion with respect to (X, 4)), the right hand side is equal to

(16 - 8+ 03) 15,) fna) < (CHE2 41) o ).

4 4
Based on Lemma 26, we have 1 — 2 210% — 4“% < n_12X2% (ng) < %X%—% (ng) <
1+2 % + 4% and hence f(ny) < % Hence, we have
Y (2) Y (2) C ( log p ) >
E 1 6. < — | Ck +1) 05, B.4.22
nLQXQ% (ng) %X%_7< 2) GeNGsg \/ﬁ n 0 ( )
Note that
Y (2) Y (Z) > 5 =
E - 1z e < oglogp x f(n2)Py ((Gs N Gs
wG (n2) g (ng) | (Gende)” =70 (Gn))

1
< —oglogp (cp~© + cexp (—n)).

NG

Combined with (B.4.22), we establish EL (GI;) S \/Lﬁag and hence (3.3.11) in Chap-
ter 3.
To control the expected length of CIZ (Z, ks, q) over Og(ky), we decompose the

length as
z(ﬁQZ@m)zL@tw»+«m@ﬁ1—Q<f§@——ﬁ>.@4%)

Since we have established EL (CI;) < \/Lﬁa?}, it is sufficient to control the term

180



E P(Z)

2
@X% (n2)

v (2) 5
%X% (n2) e

. On the event G}, we have 1 (Z)

Ly — x@BHE - 02— 13— g (
iX% (n2)

o ly® = X®BE|3 and

2 _
0

1.2
ng X'g (n2)

~

o5 — 16" = BlI3
%X% (n2) .
Hence, we have
v (2) ) Slly® = XO B3 — of — (187 — B3
Bl — 0y Lgng, < E 1.2 1g,
L33 (n2) = 1] o + 13% = BI2 (a2
np A g P2 T 2 T0 — P2 1 log p
+E 2 LX% (n2) 1Qé SC(ﬁ—i_lﬁ_ﬂ, >U§,
ng 2
and
w(Z) 2 2 > 57\ C
B\ ()~ 0| Masnae) = olospPo (G601 G)')
no 2
< Co}

where the last inequality follows from the inequality (B.4.17) and the fact that A >

44/2 and n < p. The control of length (3.3.21) in Chapter 3 follows from (B.4.23),
(B.4.24) and (B.4.25).

(B.4.25)
+ cexp(—c/n)) <C (kl logp

2
n

0>

+%>a

In the following, we control the expected lengths of CI. and CI. over ©,,(k, s).
Applying the similar argument as (B.4.24) and (B.4.25), we have

2

2
0-07

1 log p
1gingings < C (ﬁ + k17>
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and
2 2 YA
% 1(g‘gmg‘gmg‘9)c < o logp*Py (95N G5)')
ky 1 1
ilogp _) o2,
n vn

where the last inequality follows from the inequality (B.4.17) and the fact that § > 2

v (Z) 2
X

< Cojlogp (cp_é +cp? +cexp(—dn)) <C (

and n < p. The above two inequalities lead to the control of expected lengths in

(B.2.11) and (B.2.13).

B.4.5 Proof of Proposition 7

We will consider the estimators 3 satisfying Assumption (A) introduced in (3.5.1) in
Chapter 3. The minimax lower bounds (3.2.9) in Theorem 9, (3.2.13) in Theorem
10 and the minimax lower bound % of (3.2.8) in Theorem 9 in Chapter 3 can be
achieved by the trivial estimator 0.

For estimators 3 constructed using the subsample Z(1) = (y®, XW), the minimax
lower bound \ﬁ% of (3.2.8) in Theorem 9 in Chapter 3 can be achleved by the

UO) |
+

Applying the proof of Proposition 2, we can establish, for any sequence 6,,, — oo,

estimator as defined in (3.2.11) in Chapter 3, Ly = <

v

limsup sup Pe(\LQ 15 - 813 ]>5npf) =0.

T,p—r00 96@0

The minimax lower bound %ag in (3.3.5) in Theorem 11 in Chapter 3 can be
achieved by the confidence interval (0, C*kk’%og). The minimax lower bound %03
of (3.3.7) in Theorem 12 in Chapter 3 can be achieved by the confidence interval
(0, C*ky°8252); For estimators 3 constructed using the subsample Z() = (yM, XxW),
the minimax lower bound 00 of (3.3.5) in Theorem 11 in Chapter 3 and (3.3.7) in

Theorem 12 in Chapter 3 can be achieved by the confidence interval CI, (Z) as defined
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|2
in (3.3.8) in Chapter 3 with ¢ (Z) = min {nlz y? — X(Q)B‘ ,

the proof of Proposition 3, we can establish that the constructed confidence interval

,ag logp} . Applying

satisfies

liminf inf P(HB Bl3 € CIL (Z ))Zl—a,

n,p—00 0€Oq(k)

and

R (CI, (2),8, (k) S
The minimax lower bound (3.3.13) in Theorem 13 in Chapter 3 can be achieved

by the confidence interval (0, C* ke logp 02). The minimax lower bound qu logp

2EPG2 of
(3.3.18) in Theorem 14 in Chapter 3 can be achieved by the confidence interval

2
(0, C*kg 18252).,

2 2
The minimax lower bounds ck; 1\%08 of (3.3.18) and cky 11431 P52 of (3.3.18)
in Theorem 14 in Chapter 3 can be achieved by the confidence interval CI2 (Z, ks, q)

as defined in (3.3.19) in Chapter 3

M—UQ *)V2heo) 1t M_Cg
(=% °);((” (250 ))

with ¥ (Z) = min {73—2 ’y@) ~ X3

5, we can establish that

2
,02log p} . Applying the proof of Proposition
2

lim inf 1nf IP’g <||B Bllz e CIZ (Z, kg,q)> >1—a,

n,p—o0 €O

and

2 log p 1
R (CI; (Z,ks,q), 00 (k1)) < k2 <k1 n + ﬁ) 5.

Note that the proof of Proposition 5 requires the following conditions, B is constructed

based on the subsample Z() = (y™M), XV} and it satisfies Assumption (A) and (3.5.2)

183



in Chapter 3 with § > 2.
The minimax lower bound (3.4.1) in Theorem 15 in Chapter 3 can be achieved by
the confidence interval Cl,, (Z, k, q) as defined in (3.4.4) in Chapter 3 with ¢ (Z, k, q) =

2 ~
C*ka 10%02.

B.5 Proof of extra lemmas

In this section, we prove Lemma 7, 8, 18, 21, 23 and 24.

B.5.1 Proof of Lemma 7

The equality (3.9.2) in Chapter 3 follows from
Pzor(Z € A) = // Leafo (2 )dZde—/ €A (/fe d9) dz
— [Leats ()t =Po(Z € A,

where the second equality follows from the Fubini’s theorem.

The inequality (3.9.3) in Chapter 3 follows from

P, <ZeA>—Pm<ZeA>|=' / Licafor (2)dz — / Licafon (2)dz
/ s (2) = o (2)]

where the equality follows from the definition of IP;, and the inequality follows from

the triangle inequality.

B.5.2 Proof of Lemma 18

In the following, we prove Lemma 18 in Chapter 3. The following lemmas are useful

in controlling the y? distance between the null and the alternative hypothesis. The

184



first lemma is established in Cai & Zhou (2012); Ren et al. (2013).

Lemma 28. Let g; be the density function of N(0,%;) for i = 0,1,2, respectively.

Then

N

g;—fz = (det (I = 35" (%) — $0) 55" (52— 59))) 2.

Lemma 29. Let § and & be independent random variables with the prior distribution

m, then

X2 (frrafﬂ) + 1

. . _ (B.51)
= [ (et (0= ) (%5 - 59) (5) ! % - 59) En (@) (3) o

The proof of the above lemma can be found in Cai & Guo (2016b). We first

introduce the covariance matrix of (y;, X;) corresponding to the parameter 6,

1515 + 16113 + o5 | (B5)" | O1xpy

Y= Bt Tiosko | Okoxpr | - (B.5.2)

0p1><1 0p1 x ko Ipl Xp1

Since Y7 only depends on & through the ¢, norm ||8||3 = (ky — ko)p?, X7 is fixed for

a given p. To control x? (fx, fo,), we have the following expression for the main term

of (B.5.1),
mﬁré leko 01><p1
z\—1 z z z\—1 z z £ ST &
(Z) (B -2) (B (%5 -%) = —mﬁswé Okoxcko | Okoxps
Opix1 Opsxka ||5||%1+03 007

185



By applying Lemma 29, we have

55\ ¢ 55\ °
2
X (frofo,) +1=Es5|1— 55— 1l = .
e Jo) o0 16113 + o5 16113 + o3

To control x? (fo,, f9,), we have the following expression for the main term of (B.5.1),

811218112 | 1612118112 / o
I ||(27g 5 | I Hig I3 <5S)T 015p,
z\—1 z z z\—1 z z
(35) (X7 —X5) (X5) (X1 —%5) = Okox1 0% x ko Ok xp:
Opl x1 Opl x ko Op1 Xp1

By applying Lemma 29, we have

5112 g 2\ "2
b (falafeo)—i—l:E&g (1_M) '

4
)

B.5.3 Proof of Lemma 23

By the normalization (B.4.1) in Chapter 3, the scaled Lasso algorithm can be ex-

pressed as

~ — Wd|? -
(@6} = argmin W=Wdllz o 3 ldyl. (B.5.3)

deRP.oeR  2N0 2 =
The following lemma from an arXiv version of Ren et al. (2013) is useful to control

the estimation of the noise level o.

Lemma 30. Let {d,6} be the solution of the scaled Lasso (B.5.3). For any ey > 1,

on the event S = {% < 00’"“/\02—3 (1— 7')} , we have

- 1‘ <T. (B.5.4)
where T is defined in (B.4.3).
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For fixed 11, we also define d (1) = arg ming, g, ”ngd”g + w5y |dj]. Note that

~ o~ ~ o 1 X2
d=d(Xo6) and d;=p"
\/ﬁ

for j € [p]. (B.5.5)

Setting A > 21/2, on event G NS, we have the following events

n

1 ~ 21
B = {EHWTW (4= d) Il < w} and B, = {2 2P0y < /\08}- (B.5.6)

Based on the proof of Theorem 7.2 in Bickel et al. (2009), on the event G NS, we

have

~ max || X ||3 16 A0 > logp
HﬂSL_BHQ < H J||2 ( ) ka .

n r2(W, k, k,3) n
Similar to the proof of Lemma 13 in Cai & Guo (2016b), we have

X,
KW,k k,3) > — 2 (X, k k3 (M» , (B.5.7)

max || X3 min [ X2

and then establish (B.4.6). By the definitions of G; and Gs, we establish (B.4.7).

B.5.4 Proof of Lemma 24

The control of events G;, Go,Gs and G, is similar to that of Lemma 22 and will be
omitted here. We will present the proofs of Py(Gs) and Py(Gs). We establish Py(Gs) >
IP’G(Q_1 NGy N 9_3) by showing that Gs holds on the event G; N G, N G5. Based on the
proof of Theorem 7.2 in Bickel et al. (2009) and (B.5.7), on the event G; N Go N G3

we have

(22A04)° 12 logp
i :
2klo n
(4 - a2y/2ez)

For the case ¢ = 2, we can establish HEL — B3 for the case A > /2 by applying

18" — 8l <

the finer results established in Ye & Zhang (2010). By Theorem 3 and (27) in Ye &
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Zhang (2010), on the event G1 NGy N Gy, we have

2
3
(Whido0) ey

2k 1 o
(4 = 9+ 11mo) /22kesz)

Hence, Py(Gs) > Py(G1 N Go N Gy). Let Pp(-|(XD y1))) denote the conditional prob-

18" — Bll3 <

ability of (X®,y®) on (XM, yM). Note that conditioning on (yV), XV), we have
y = XPBE = xP (8- BY) +e? ~ N (0,118 = BL3 +03) and |ly® — XD B3 ~
<H6 — BE|2+ 0(2)) x? (n2) . By Lemma 26, we have Py(G7|(X®, y()) > 1 — ¢p~2 and
hence Py(G;) > 1 — cp~2. The control of Py(Gs) follows from the fact Py(Gg) >

)
Po(Gr N Gg) > (1 — cp=2)Py(Gs)-

B.5.5 Proof of Lemma 8 and 21

The proof of Lemma 8 follows from (B.4.9) and (B.4.10) of Lemma 24 by taking k =

15%]l0- The proof of Lemma 21 follows from Lemma 22 and 23 by taking k = ||5*|o.
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Supplement for Chapter 4

C.1 Theory for valid I'Vs after controlling for high
dimensional covariates

In this section, we state the theoretical results for valid [Vs after controlling for high
dimensional covariates. Under the assumptions (R1)-(R3), Theorem 23 shows if the
instruments are valid after conditioning on many covariates, then the estimator B\H

in our procedure is consistent and asymptotically normal.

Theorem 23. Suppose we have valid IVs, that is w* = 0 in (4.2.2), and the assump-

tions (R1) — (R3) hold. The following property holds for the estimator By,
Jn (BH - 6*) — T8 4 AP (C.1.1)

. 2 *
where T% | W ~ N (0, Via), Vit = 0%/ |y [13] Sjes 1 W/ Vi and A7 /y/Vig 5
0 as \/saslogp/+/n — 0.

Theorem 23 states that if the I'Vs satisfy the exclusion restriction and no unmea-
sured confounding after conditioning on many covariates, BH defined in (4.3.13) is a

consistent and the dominating part of the scaled difference \/E(BH — () is normal.
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Based on the asymptotic normality established in (C.1.1), the following theorem jus-
tifies the coverage property of the confidence interval proposed in (4.3.14) under the
assumption that all instruments have no direct effect and are unconfounded after

conditioning on many covariates.

Theorem 24. Suppose we have valid 1Vs, that is w* = 0 in (4.2.2) and the assump-
tions (R1) — (R3) hold. Assuming \/s,slogp/\/n — 0, the confidence interval given

in (4.3.14) has asymptotically coverage probability 1 — «, i.e.,

P{ﬁ* € (B\H—Zl_a/Q VH/?I, BH—l-Zl_a/g\/vH/n)} —1—aq, (012)

Theorem 24 is similar to a result given in Chernozhukov et al. (2015a), who studied
IV estimators in high dimensional regime where all the instruments are valid after
conditioning. However, there are some notable differences between our results and
those in Chernozhukov et al. (2015a) in terms of sparsity and instrument-covariate
modeling assumptions that are required to achieve 1 —« coverage. A simulation study

is carried out in Section 4.5 to compare our procedure to that of the oracle.

C.2 Proofs of Theorems

In this section, we provide detailed proofs of Theorem 20, 23, 24 and 21. Proof of
extra lemmas are presented in next section. Before presenting the proof, we will

introduce the notations used throughout the proof.

C.2.1 Notations

For any vector v € R?, let v; denote the jth element of v. Let ||v||1, [|V||2, and |||
be the usual 1,2 and oo-norms, respectively. Let ||v||o denote the 0-norm, i.e. the

number of non-zero elements in v. The support of v, denoted as supp(v) C {1,...,p},
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is defined as the set containing the non-zero elements of the vector v, i.e. j € supp(v)
if and only if v; # 0. Also, for a vector v € R” and set J C {1,...,p}, we denote
vy € RP to be the vector where all the elements except whose indices are in J are
zero. For a set J, |J| denotes its cardinality.

For any n by p matrix M € R"*P we denote the (7,7) element of matrix M as
M, the i¢th row as M, , and the jth column as M ;. Let MT be the transpose of M.
Finally, ||M]|| represents the element-wise matrix sup norm of matrix M.

For a sequence of random variables X,,, we use X, 2 X and X, 4 X to represent
that X, converges to X in probability and in distribution, respectively. For any two
sequences a, and b,, we will write a,, > b, if lim sup 2—’; = 0 and write a,, < b, if
b, > a,. We use ¢ and C' to denote generic positive constants that may vary from
place to place.

Throughout the whole proof section, we will use 5,v,I',¢, ¥, w, O, Og, O,
3,77 AP to stand for B*, v*, T'* ¢*, O, w*, O, ©%,, O, X%, T AP respectively
and define

Vil =wmall for 1<j<p,.

We also introduce the notation Q = 7% 01 = /O11, 03 = VO and I1;. = (&1, €2).
Let My = max{1l/Anin(0), Amax(©®)} and hence 1/ My < Apin(©) < A\pax(©®) <
M,. We normalize the columns of W as H; = /nW ;/|W |2 for j € [p]. Let
Diag = diag ([[Wl[2/v/n),<,, denote the p x p diagonal matrix with (j, j) entry
to be ||[W ;|la/v/n. We set \g = 1/2.05logp/n = (1 + ) /200 log p/n, where &, =
V1.025 > 1 and 7o = (1.025)1 — 1 > 0. Take ¢y = 2.01/7 + 1, vy = 0.01, 7 =
0.01, C; = 2.25, ¢g = 1/6 and Cy = 3. We also assume that logp/n — 0 and
dplogp > 2. Rather than use the constants directly in the following discussion, we
use dg, 7o, €0, Vo, C1, Cy and ¢y to represent the above fixed constants in the following

discussion. We review the following definition of restricted eigenvalue introduced in
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Bickel et al. (2009),

X0
K(X,k,op) = min min _IXoll (C.2.1)
Joc{1 p}, Vill 2

|Jo|<k H510H1<0<0H5J0||1

Define the oracle estimator of o and o9 as

ora _

o \/_HY ZT — X |, and 07" =

1
—|D-Zv-X
ToID — 2y - X

and

2\/§)\0
= VI . 2.2
! O H 45,1+ 2¢0) (C22)

C.2.2 Proof of Theorem 20

Define
A(V) = iv,v — iyyci];cl,vcivc’y and A* (V) = Evy — EV’VC Eljcl’VCZch

We introduce the following lemmas to facilitate the proof.

Lemma 31. Under the assumptions of Theorem 20, we have

lim P (17 - v*) ~1 (C.2.3)

n—0o0

Lemma 32. Under the assumptions of Theorem 20, we have

NG ("Yv*A(V )F _ ﬁ) <O, ©11 + 7Oy — 25®12> . (C.2.4)

Y- AV ) Ay - A (V)
~ NTA
The estimator defined in (4.3.15) can be expressed as g = :% and hence

v
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the difference \/n (E E— ﬁ) can be expressed as

5 Y- A(V*)Ty- AWy
\/ﬁﬁ —p :\/ﬁ j—,v—ﬁ 15 ..+ \/ﬁ ,VV—N—ﬂ 15
< : > Y- AV )y vy v;* WAV =Y
(C.2.5)
By Lemma 31, we have 13;_,,. % 1 and 15, % 0if V # V*. Combined with Lemma

32 and Slutsky’s theorem, we establish

A% A(V*)Ty- J Oy + 20, — 2801,
\/ﬁ A AN A 6115, — N {0, .
b AV )y v=v Yo A*(V* )y

Note that for any ¢y > 0,

P (‘ﬁ(BE )~ i (M —B) .

Z€0> SPG}?AV*)

Yy AV ) Ay
(C.2.6)
and it follows from Lemma 31 that
S oAV o
v (BE ﬁ) v (—%* AV 7 B |1y . — 0. (C.2.7)

By Lemma 3.7 in Wooldridge (2010), we establish (4.4.1).
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C.2.3 Preliminary lemmas for high dimension case

We first define the following events for the random design W (the normalized H)

and the error II,

2 1 ||W,-||2 7 :
Gi=1< J =V Miforl < j <

OT[l 1 1
ng{( \/ng+20gpfrz—12}
TS 1 TEQ 1
ng{7 <12 ngand <12 ng,1§j§pz},
'yTE'y n
1
G H. 45,142 ,
o= s 200 2 5
HIL, ||, 12641
Gs = {uggi Mforizlﬂ},
n n
HHHHOO 1 .
Sy = 4 122 2hilleo o oray 1—7) fori=1,2
= { : =) fori = L2},

So={(1—-w)d; <o; <(1+wy)d; fori=1,2},
(C.2.8)

1
||eTQ§]—eT||oo <A, j=1,2,--- ,pz}, where ), = 2eCoM74/ in,

(7]
Iy — |V ”2 2\/2 05log p, for 1 < j <pz},

1 2.051 ,
Ly, H (1+ o1 ogp> AN LT 1,2},
n n

=1
{
o
Ay = { > AL, < 2vlogp
&

Az =< max
1<j<p.
\/— Z ’Yjvm V 622 )
JES JES* 9
V1o ~

As = n Z ;v (I1; + fIL,) < \/§p Z vl \/@11 + 2033 + 2301,

JES* n JES* 9

(C.2.9)
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where 3 = %WTW and v/l = W1l Define
G = ﬂ?zlGi and S = D?ZISZ- and A= ﬁleAi.

We introduce the following lemmas to control the probability of events G, S and A.

The detailed proofs of the following lemmas are presented in Section C.3.4 and C.3.5.

Lemma 33. If s < cn/logp, then

6 1 n
P(G)>1—=-—92pt G = pl=do_9 —— C.2.10

and

go+1—+2g+1 PR
IPGﬂSZP(?—%m(—( )n)—c———pO,czn
@192 P (@) X Sy, (C2)

where go = v/ (2+ 31p) and ¢, c. and " are universal positive constants, not de-

pending on n and p. We also have

P(A) >1—2p,p "%, and P(ANA;)>1—p (C.2.12)
. 1 B
mlH{P(AQ), P(Ag)} > P ((Al N Gl N Gg)) — —2 ,—ﬂ_ logpzpz 0'02. (0213)

Lemma 34. On the event A1 N G1 N Gs, we have

1-\)2 V)3 1
( ) < V12 < (1412 osp M, forl<j<p,. (C.2.14)
2M1 n n
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If s,\/logp/n — 0, on the event G5, we have

2 2

1 M|y (L = saA)” 1 S M, [yv-|[3 (1 = s,0An)°

> and —

3 9l 3 el

n

jes , 112, ler e ,  1-12)/ler
(C.2.15)
Furthermore, we have
o 2 2 2
M1 (1 Szl)\n) i S VH S 4SZ1M1M2(21 + 5 )’ (C216)
and
o 2 2 2
Ml (1 Szl)\n) L S v S 4821M1M2(12+ 5 ) (0217)
v+ ]2 (1 —12 lﬂ) M; lvw-llz

C.2.4 Proof of Theorem 23

The proof of Theorem 23 is based on Lemma 35 and the following expression for the

estimator Sy, S = YTL/[|7[[3, where [|[v[3 = 35 cs7jand 4T = 32, 5% T

Lemma 35. Suppose that /s;1slogp/y/n — 0, @ = 0 and the assumptions (R1) —

(R3) hold. Then we have the following decompositions,

— 2
Vi (Il = ) = = D2 e Te + 1, (C2.18)
JES*
and
— 1 |
NG (wr - VTF) = —= > " (I + BILy) + R, (C.2.19)
jES*
where

2
© |, (C.2.20)

2

j{: ng;U]

jES*

2 4
\/ﬁZ’)’]’U 2 ;n

jES*
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2

Z% (T, + BTI,) ~

Z'YJ ]

@11 + 32O + 25@12) )

jes* jes* 9
(C.2.21)
and on the event ANS NG, we have
. lo 10 .,
max {|R7|, [R™"|} < C (18] + 1) [V ]lov/Eors—L + Cispp—2L2. (C.2.22)

Vn G

Then on the event AN S NG, we have

log log p, log
~ |} < Cllllasin [ 2L +Csn B2 < Cllallasay | “E2. (C.223)

In the following, we will prove (C.1.1) in the main paper. Note that

max { |1713 - I3

5 TR L (= 173 = [l (AT _ 4T
F—=—Tm (MR- I13) + = (70 —77r) + 0 (X T ) (c2.24)
P 11l Y1l vz Iz

By Lemma 35, we have the following decomposition,

N (E— 5) =79 4+ A°, (C.2.25)
where
B _ (I1. 11
nﬂf§” S ;” L+ ATLa)

\/—Z% (ILy — AIL,),

JES*

H’7H2

and A? = Res; + Resy with

. T T
Resy — —L (CARY + R and Res, — fMQM%V 7)

Y113 Y113 vz 3

197



By the distribution of II, we establish that

1 Ny
T°|W ~N [0, AT S| (@1 + 30y —2801) | . (C.2.26)

By Lemma 35, on the event G NS N A, we have

(|5‘|R‘Y|+|R1nter|) <C(|ﬁ‘+ )\/781ng C szllogp' (0227)

T el < O N

Note that on the event GNS N A,

e

7 —47T) + 8 (113 - 13
hes, < ol =B )+ ) < cshtioen)
= 1l Iy + (1B - Iv13) "

. (C.2.28)

where the last inequality follows from (C.2.23). Combined with (C.2.27), by

Vsaslogp/yv/n — 0,

we can establish that on the event G NS N A,

log p 5,1 log p
AP/\/Vy| < C/s, +C . C.2.29
89V < OvRas D+ Ot (C.229)

Since /s,1slog p/y/n — 0, we establish A?/\/Vi; 2 0. Combined with (C.2.26), we
establish (C.1.1).

C.2.5 Proof of Theorem 24

We first introduce the following lemma to establish the coverage property.

Lemma 36. Suppose that " = 0 and the assumptions (R1) — (R3) hold. As

198



Vsaslogp/y/n— 0, then we have
(C.2.30)

" N(0,1). Combined with (C.2.29) and Lemma 36,

5

By (C.2.26), we have
(C.2.31)

we have

B — 8 ] N
Y Sl e S N Vi 4 N (0,1).
~ /VH vH

and hence the coverage property (C.1.2) follows.

C.2.6 Proof of Theorem 21

The proof of the theorem follows from the following lemma, which characterizes the

behavior of the selection process (4.3.7) and (4.3.9) in the main paper.

Lemma 37. Suppose that \/sz1slogp/+/n — 0 and the assumptions (R1) — (R3) and
(IN1) — (IN2) are satisfied. With probability larger than 1 — ¢ (p~¢ + exp (—cn)), we

have
(C.2.32)

1 [logp, o1
ng} and ‘V‘>§|S*|.

< 2C;
n

5min

17C{2'68*: E
i

Under the extra assumption (IN3) in the main paper, with probability larger than

1 —c(p°+exp(—cn))
(C.2.33)
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We have the following decomposition,

G_p— Zjef;'NYifj el N 2ev il 5
Zjeﬁ 712 Zjef) '712 Zjef/ 7j2
_ <ng7 3T _ Xjev ’YjI‘j> N > v ViT
Zjefi %2 Zj€9 '712 ZJEV 73

(C.2.34)

Y

where the first term is taken as the variance term and the second term is taken as the
bias term. In the following, we are going to analyze the bias and the variance term

separately. For the bias term, we have

log p,,

<20,
5min n

< max
jEV

v
‘Zfe" REME , (C.2.35)

jEV 71

275
‘ Z]GV ’7] 7]

]GV 7]

'Yj

where the last inequality follows from (C.2.32). The following lemma controls the

variance term.

Lemma 38. Suppose that \/sz1slogp/+/n — 0 and the assumptions (R1) — (R3) and
(IN1) — (IN3) are satisfied. On the event AN S NG, we have

2
jEV 7] Zjev vj

1 log p,

|ZJ€" Wil 2wl (C.2.36)

Combining (C.2.35) and (C.2.36), we can establish (4.4.4) in the main paper.
Under the stronger assumption (4.4.3) in the main paper, we can establish (C.2.33)

and the decomposition (C.2.34) holds as

Zjev* %2 Zjev* 732

G_p— (Zjew YL, e ’Yij> '

Based on the this expression, (4.4.5) in Chapter 4 will follow the same argument with
(C.1.1), which is presented in Section C.2.4. We introduce the following lemma to

establish the coverage property.
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— (R5) and (IN1) — (IN3) are satisfied.

Lemma 39. Suppose the assumptions (R1)

As \/s,slogp/\/n — 0, we have
Vo
— = 1. C.2.37
=5 (C237)
Similarly to the proof of Theorem 24 in Section C.2.5, we establish
(C.2.38)

B B
55 T° + A \/Vd N(0,1),

R TTW SR

and hence establish the coverage property (4.4.6) in the main paper

C.3 Proof of extra lemmas

In this section, we prove extra lemmas used in the proof of main theorems

Proof of Lemma 31

C.3.1
Define Z = {1,2,--- ,p,}. We first note the following expression for v; and T'; for
1€1,
VR — ;) = (§*1> L Wi, and va (f ) _ (2*1> 1w
S e g Je VT '
(C.3.1)
and the following limiting theorem ( Theorem 3.1 in Wooldridge (2010))
3%~ and TAT, (C.3.2)
_ = d _
Yp) and Va(T-T) 4N (0,64 (27),,).
(C.3.3)

V(=) % N (0,62 (2
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Note that

On|WE 1,2 , -
- », \/m (C.3.4)

We define the following events

B ={S=s"}
|57

By = {m%i{H%U]Ho < —— < min ||7~r[j]\|0} (C.3.5)

je 2 jes=\v*

B3 = {supp (%E) = supp (mws-) forj e V*}

On the event B = By N By N B3, we have Y = V* and it is sufficient to show that
lim P(B) =0 (C.3.6)

n—o0

For 7 € §, we have

N @22||W(§71)-]‘H2 aplogn
il — N - 5 |yj] > 0, (C.3.7)

where the convergence follows from (C.3.2) and (C.3.4). For j € §¢, we have

n @QQHW(ifl),sz »
il = - =1 3
aolognhj| Jn — m<0, (C.3.8)

where the convergence follows from (C.3.3) and (C.3.4). Combining (C.3.7) and

(C.3.8), we establish that

n—0o0

In the following, we control lim, .., P(B). Without loss of generality, we assume

1 € S and focus on the case i = 1. In the following, we are going to analyze the
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performance of 31 and %Vrj[-u. Note that
gu Tz (C.3.10)

and hence we have

[W(E) — Z(E)],

\/@11 + (3[1])2@22 — 2B\m@u

T\’ T, . A Ve
RS \/911 + (;) O — 2¥@12\/(E e (; (X)), - 2¥ (B
(C.3.11)

We also have the following expression

_ T ~ T, r
w - (Fk - —1’)%) = (Fk: - ~—1’)’k> - (Fk: - —1’)’k>
7 7 4!
~ r, ~ -
= (Fk - Fk) - 7—1 (Y — &) — % (’71 <F1 — Fl) —I' (- ’71)) (C.3.12)
1 1

. (g— _ fy—) (3— 5 =) — (i — w)

Note that
Vn ((fk - Fk) - % (Y& — &) — :)77’1; (’Yl (f‘l - I‘1> —I'i(m— ’Yl)))
(B, -5 ) v (ma-5m)

2 2
d I I -1 Yk 1 Yk 1
- N <07®11 + (%) Oz — 2¥®12(2 )kk - (%) (E )11 N 2% (2 )kzl '
(C.3.13)
where the convergence follows from Theorem 3.1 in Wooldridge (2010). By (C.3.2)
and (C.3.3), we have

(E - E) (Pﬂ (=) — (% - Vk)) 0.

Y1 Y1 7
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Combined with (C.3.10) and (C.3.13), we have

\/ﬁ W((3-1 e (-1 (7?1[@1] - (Fk - Fl'}’k)) £> N(O, 1)
\/911 + (B1)2©9, — 251101, Wi )k'\_/?( J1)ll2 "
(C.3.14)
and hence
~ T
A N N (C.3.15)
4!

We divide the discussion into the following three cases,
o 1S \V*and k € V*;

e 1l cV*and k € V¥

e 1l eV and k € S \V*.

1eS*\V*and k € V*

In this case, T’y — %'yk = %’yk # 0. Hence, we have

~ —~ ~ ~ o~ \%% iil ke — Je i\]il ) 1
| - 2.05y/@11 + (F1)28,, — 25116, IWHET)e = 557l (B0
n

NLD
£> E’Yk >0
"N
(C.3.16)

and
lim P <k € supp (?r};l)) ~1. (C.3.17)
n—oo

Hence, by the assumption (IN1),
lim P (||7~r§1 0> M) =1. (C.3.18)
n—00 2

leV*and ke V*
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In this case, I'y, — %’yk = 0. By (C.3.14), we have

-

205\/@11 —+ (5[1])2@22 _ 25[1]@12 kA\/gl 1)|l2 /IOTg_n

and

lim P <k & supp (ﬂg]» L. (C.3.20)

n—oo

Hence, by the assumption (IN1),

lim P (||~[1]||0 < “; ‘) 1. (C.3.21)

1 eV*and k € S*\V*

In this case, IT'y, — %’yk = m, # 0. Hence, we have

W((E ), — (-1, 1
’ l[vl]’ —2. 05\/611 + ( 5[1])2@22 — 23110, W ik )l \ Oil” 5w >0

and hence

lim P (k € supp (ngl)) 1. (C.3.23)

n—oo

Since we can replace the index 1 with any index j € V, then (C.3.18) and (C.3.21)

can be correspondingly replaced by

li_)rn P (||77'g* 0> |V—2|> =1 for jeS"\V%, (C.3.24)
VI ey
hm P ||7s:o < 5 ) = 1 for jeVv. (C.3.25)

By (C.3.24) and (C.3.25), we can establish lim,, .., P (B; N By) = 1. By (C.3.20) and
(C.3.23), we have

lim P (supp (%E]) = supp (7‘&'3*)) =1 (C.3.26)
n—o0
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Similarly, we can obtain that

lim P (supp( m) =supp (ws+) for j€ V*> =1,

n—oo

and hence lim,, ,,o P (B; N B, N B3) =1

C.3.2 Proof of Lemma 32

Note that

= LAWY (B
(e ) A V) 1 i .

Y- AV )y T AV )W Vv

Since R
-1
AV (B7),, apa ) (57,
Yo AV*) v Yo A* (V) yy-
and
1

%WT (IL; — BIL,) 5N (0,(811 + 7O — 28012) 20)

we have

%*A(V)(fl—l) 1
AV (e = AT

4y (0 P AT V) (B yye A (V)

AR (ot On = 200u) )
V* v

Since A*(V*) (X71) . A*(V*) = A*(V*), we establish (C.2.4).

C.3.3 Lemmas for scaled Lasso and de-biasing Lasso

(C.3.27)

(C.3.28)

(C.3.29)

(C.3.30)

(C.3.31)

We introduce the following lemmas for scaled Lasso and de-biasing Lasso used in the

later proofs. Lemma 40 establishes the convergence rate of the scaled Lasso method,
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which is based on the analysis in Sun & Zhang (2012).

Lemma 40. On the event GN S, if s < en/logp, then

IP-Tlu 8=l < Cs\[ 22201, [F—yli+d—wli < Csy/ 2oL, (C.3.32)

1 = ~ slo
20 -T)+ X (@ - 9)], <Oy ngpal, (C.3.33)
and
1 - ~ slo
126G =9+ X =)l < O =0 (C.3.34)

The following lemma is the key result for the de-biasing Lasso estimator, estab-
lished in Zhang & Zhang (2014); Javanmard & Montanari (2014a); van de Geer et al.
(2014).

Lemma 41. We have the following expressions for the proposed de-biased estimator,

I -T=D"+AT (C.3.35)
where
1 1w r-T
DY = @', and AT = (-GS —¢! ,i=1,---,p, (C.3.36)
i~ j n j ~
v -
We also have
¥y—v=D"+ A", (C.3.37)
where
1 1o ¥ -
D} = —v'lly and A} = <—(um)TE — e}) ’Z 7 ,i=1,--+,p,. (C.3.38)
n n
Y-



On the event S NG N A, we have

max {|A7]|c, [AT ]} < Os

1
98P hax {o1,02}. (C.3.39)
n

C.3.4 Proof of Lemma 33

The proof of Lemma 33 is a generalization of Lemma 4 in Cai & Guo (2016b). In
the following, we extend the Gaussian design in Cai & Guo (2016b) to sub-gaussian
design considered in this paper. Since the error of the regression is still assumed to
be Gaussian, it is sufficient to establish the probability bound of G, G3, G4 and A;
for the sub-gaussian design matrix and control the events A, and Az. The probability
bound of the event A; for the sub-gaussian design is established in Lemma 4 of Cai &

Guo (2016¢). By Corollary 5.17 in Vershynin (2012) and the union bound, we have

1 . e €
>e| <2pexp —émln y7elie nj,

where K = 4M,. Taking e = 12M;+/logp/n, we have

1
> 12MH/ng> <273 and P(Gy)>1-2p 3.
n

(C.3.40)

P (max

1<j<p

1
- (W13 — E[W;I3)

1
n

(W 51I5 — E[[W3)

P | max
1<5<p

Similarly, we have P (\% (|Wull2 - E|[Wul2)| > 12M1||u||2\/10gp/n) <2p3, and

°(

1 W 2 2
(00 ) |2 o ol ) <2t

n \E[Wull3 E[[Wul3

and hence

Njw

P(Gg) > 1-— (pz +2)p7 .

By Theorem 1.6 in Zhou (2009), if n > 1/62x¢' M3 max {12(2 + 40)*M; slog (5ep/4s) ,9log p} ,
then with probability at least 1 — 2exp (—cf*n/M}), for all § such that there exists
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|Jo] < 4s and ||5J§||1 < Y||0,]l1, we have ||Z§||2/(\/ﬁ||2%5||2) > 1— 6. By tak-
ing 0 = 4, if n > 4¢ M} max {12 (2 + 70)° Myslog (5ep/4s) ,9logp}, then P (Gy) >
1 —2exp(—cn/M3) . In the following, we control the events Ay and As,

DY A7
P(AS) <P (max & > \/2.02logpz) +P ( max |7]} > O.le/logpz)

1sisa  [yar (D;Y) 1Si<pe | [Var (D;’)

1
< p 2 L P ((SNG N A
—2\/7Tgpzpz + (( 1) )v

where the first inequality follows from (C.3.37) and the second inequality follows
from (C.3.38) and (C.3.39). The control of P(A4 N As) follows from (C.2.20) and
(C.2.21). Note that

P(A3) <P ((AiNG1NG3)°) +P(A5N A NG NGs)

|[vTILq| > /2.05 1ogpz>

<P ((A1NG1NG3)°) +2P ( max

1<j<p.

[0,

1
<P ((A; NG NG5)°) + ———p, 0
= (( 1 1 3) )+\/ngzpz )

where the second inequality follows from (C.2.14) and the last inequality follows from

the fact that 1/(||vV!||y01) x vTIL; conditioning on W is normally distributed.

C.3.5 Proof of Lemma 34

In the following, we only establish the results for v[*! and the same argument extends
to vl where 1 < j < p,. Since A, = 2eCyMZ+/log p/n is chosen such that £;. belongs

to the feasible set, we have

V5 W i3

C.3.41
- . ( )
By Lemma 12 in Javanmard & Montanari (2014a), we have

VU2 (1=N)

no X5
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By the definition of G; and Gj, we establish (C.2.14). Let Z = {1,2,--- ,p,} and
assume that M € RP*P~ belongs to the feasible set Hiﬂ — 17| < A, where Iz
denotes the sub-matrix of the identity matrix containing the column with index ¢ € Z,

that is, |SM — Iz||sc < An, and hence
S0y o = | (SM ~ 12) vl < [SM ~ Lallcllrll < Ml (C3.43
Note that

YEMAy — ||7||3‘ =

7 (EMy = )| < IVIIEMY = ¥lloo < Nally]E (C.3.44)

where the last inequality follows from (C.3.43). The inequality (C.3.44) informs that

M~y is in the feasible set
VS (M) = [[13| < MallvIE (C.3.45)

We define p* as
ut = arg min/ﬂf),u
m

(C.3.46)
subject to  [y"Xu — [lv]l3| < AT
By (C.3.45), we have the following inequality,
. 2
n SVl =T MTEMy > (1) S (C.3.47)
jes

2

In the following, we will show that (u*)7 Sut = (u*, f]u*) is further lower bounded.

Since p* is feasible in the constrained set of (C.3.46), we have |v[2 — vTSu* —

210



Au]|YIIF <0, and hence for any positive constant ¢ > 0, we have

~

(', S) = (', Sp) + e (I3 =7 St = M)

2
. S S C
> min ({1, Zu) + ¢ (1718 = 7S = Allv) ) = =5

(9, S9) + e (I = M)

(C.3.48)

Note that [|¥|[FAn < sa VI3 = Csa/logp/nl|v]13 < [|7]|3, where the last inequal-
ity holds when s,14/logp/n — 0. By (C.3.48), we have

2
xRk C <«

(13 = Aalvl2)? - [yIl3 (1 — szlAn)Q.
(v, Xv) B (v, 2v)

(C.3.49)

On the event G3, we establish (C.2.15) for

Zjev* 7].9[3‘]

2
/n. The same argument
2

2 jes vV

2
holds for /n. Note that
2

1
ML < Oy + 7Oy — 2030, = (1 _5) © <M, (1+p5%). (C.3.50)
2 —p

Combined with (C.2.15), we establish the first inequality of (C.2.16). Note that

Z ;v

1
n
jeES*

2 2
< <2M2 > |’7j|> < sallvll3. (C.3.51)
2

jev*

Combined with (C.3.50), we establish the second inequality of (C.2.16). By the

similar argument, we can establish (C.2.17).
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C.3.6 Proof of Lemma 35

In the following proof, we will use the shorthand (a,b); = > ._;a;b;. We have the

jeJ

following decompositions for H/’YE — |l7v|/3 and '7T\1" —~T,
1713 = 1715 =2(v, D7) g + 27, A”) g + (D7, D7) 5 + (A7, A7) 5 + 2(D7, A%) 5

IR D IRAL

jeS\S jES\S*

(C.3.52)
and

AT — 4T =(, DV) 5+ (T, D"} s + (7, AT) s + (T, A") s + (D7, DY) 5 + (A7, AT) &

(D, AN+ (DN A s | D vl - Y wl

jeSH\S jeS\S*
(C.3.53)
Recall that vI! = WTall, then we have the following expression
(v, D)5 Z%v IL,, (C.3.54)
]GS
and
r Y 1 T
(4. D")5+ (T, D)5 =~ > o7 (1L + I ILy). (C.3.55)
jes

Note that S is correlated with the error IT, and IT,. However, we can compare S

with the true support S*,

(v, D) g — {7, DM)s Z%'UTH 2 — = Z Yjv Iy
jES JES
, T ) T (C.3.56)
== D =~ 3 o'l
jesS\s* jesx\8
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and

(<’77 DF>§ + <F7 D7>§) o <<’77 DF)S* + <F> D7>S*)

1 1
:E Z vT (’7jH.1 + Fj].—_[.2) - ﬁ Z vT (’Yj]___[.l + FjH.Q)

jes jeS* (C.3.57)
1 1
:ﬁ Z o7 (’)’jH~l + FjH.Q) — E Z~UT (7jH~1 =+ FjH.Q) )
JES\S jest\8

Hence, the residual terms are
RY =+/n (2<% A7>§+ (D7, D'7>§—|— (A",A")g—i— 2(D7, A7>§)

1 1 9 9
G D DR TR EEaD DR U BN RV B DL R Die il
JES\S* JES*\S JES*\S JES\S*
(C.3.58)

and

Rinter — \/ﬁ (<77AF>§+ <]__‘7A'7>§—|— <D7’ DF>§—|— <A7,AF>§+ <D7, AF)g‘l’ <Dra A7>§>

1 1
- T (y,IL; + [,ILy) — — T (y,IL, + [IL
+\/ﬁ n Z v (PYJ 1+ 7 2) n Z~v (7] 1+ J 2)
JES\S* JESH\S
-Vl Y oaTi- D vl
jeS\S jES\S*

(C.3.59)
Define §; = {j : || > v/2.05log p,y/ Var (D;Y)} to be the set of strong signals, on

the event Ay, we have

S, C ScC S*, and ‘5‘ < s,1. (C.3.60)
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On the event A3z, we have

mase ([P 10710} < (”12 10§p> Vg FE T ma{on, ). (C361)

On the event SN G N A,

log p

max {[|A7 ]|, [|A oo} < Cs—

max{oy,09}. (C.3.62)

Combing (C.3.60), (C.3.61) and (C.3.62), we have on the event SN G N A,

log p,

max { (D7, D")g, (D", D)5} < Cs, =, (C.3.63)
lo 2
max { (A7, A7) 5 (A", AT)s} < Cs,y (3 gp) . (C.3.64)
n

Note that

(D7, A7)g| < J (D7, D7) 5(AY, A7) < o ((D7, D)5+ (A7, A7)g) .

1
2

Hence, we have

log p, 1 2
(DY, D)5+ (A7, A7) 5+ 2(D7, AT | < O 822 4 0, ( in) (C3.65)

and

1 1 2
(D7, DY) 5+ (A, AN)5 + (D7, A) g+ (D", A%)g| < Csy inz +Csy (5 in) .
(C.3.66)

We also have the following control

logp
2[(7, A5 < vll2y/ (A7, A7) < Cllvll2v/5as ) (C.3.67)
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and

log p
(v, AT) s+ (T, A7) 5| < C(II¥ll2 + IITl2) v/5u1s m_—

(C.3.68)

On the event S NG N A, we have 5\3* = () and hence %Zjeg\s* v;vTILy =

0, 2jess- Vil =0and 3 5 - v; = 0; On the event S NG N A, we also have

1 1
— Z ’Yj’UTH.Q S —S,1 maX~\'yj| |’UT]._.[.2|
n n JES*\S

JjES\S
" log p 2.05log p, 841 log p,,
<$,11/2.05log p,\/ Var (D]) | 1+ 12 M, oy < .
n n n
(C.3.69)
On the event SN G N A, we get
log p,

> v <ot (C.3.70)

jeS\S

By (C.3.58), (C.3.65), (C.3.67), (C.3.69) and (C.3.70), we establish that on the event

SNGNA,
log p, log p
|RY| < Cspy——= + Cl|v]lav/Ss15——=. (C.3.71)
Vi Vi
Similarly, we can establish that and
log p, 1
|R1nter‘ < C's S —t ogp ogp (0372)

r .
NG +C([lvllz + [IT1[2) s

We can establish (C.2.19) and (C.2.22) by taking I'; = ~;. Note that

2+/Tog p Ul logp Oy
E : /Oy =2 VvV )
NI P Voo \ @0 5 e, — 250, Y V1l
Viogp ol logp O11 + 2O + 2601 2
Y A ©11 + 20y + 2001 = V Va3
R = V BTG 2O O 1 70, 250,V VI

(C.3.73)
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By the definition of A4 and Aj in (C.2.9) and Lemma 34, we establish

{ } < Cszl\/ Pliyll, (C.3.74)

Combined with (C.2.22), we establish (C.2.23).

Y

2{: 73 TII2

]68*

Z’YJ’UT IT, + BIL,)

]ES

C.3.7 Proof of Lemma 38

The proof of Lemma 38 is similar to that of Lemma 35 and we will present it here.

Similar to (C.3.52) and (C.3.53), we can obtain the following expressions,
~ 1
S A=A = D v e+ (D7, DY)+ (AT, A7) + 2D, A%, (C.3.75)
jEV jEV jEV

and

~ = 1
Z’)’jrj - Z’erj = ZUT (wILy 4+ TI1) + (v, AT)g + (T, A7)y,
jev jey jey (C.3.76)

+(D7, D" + (A7, AV); + (D7, AV + (DT, A7),

On the event AN S NG, we have

1 V|log p,
LS it < Bl 2 205G, < il IMlogr (.57

jev

where the last inequality follows from (C.2.14). Combined with the fact I'; = ~;(5 +
m;/v;) and |7, /v;| < Cy/logp,/n, we also establish that

. — U] V|log p,

S T L+ TTL) <\ Wl ma 12 /505 T0g p, < Oy 10822
— jEV

V%

(C.3.78)
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By (C.3.77), (C.3.78), (C.3.65) and (C.3.66), we obtain the following inequalities

max{ > FL =Y v DA -

jEv jev jev jev (C.3.79)

log p, lo 2 2|V| 1o .,
< COsy ip + C'syy <5 §p> +C||%~,\|2,/||Tgp.

7]' Z 6min > \V4 1ngz/n7 we have ’ZJG)NJ :)7]2 - Z]E\NJ 7]2 <

> ey ;- We have the following decomposition,

Since |V| > [V*|/2 and minjeg-

Z]ev '7J Eje\~/ ;L
]GV ’Y] Zjeff %2

. <Zj€f; ’Yj> ‘Zjef; YL =2 ev Wil )ZJGV VL5 |50 — e
(Zev %-) (T 'vj)
<CmaX{‘2j€9:)7ij_2jgf)7j J|o je?ﬁjz_zjd/%? } <C 1 [logp,
= > v ~ O n

(C.3.80)

where the last inequality follows from (C.3.79) and the facts that |V| > [V*|/2,

Yi| > Omin > /log p,/n and slogp/y/n — 0.

min ;e s«

C.3.8 Proof of Lemma 37

Since minjes+ [vj] > dmin > /logp/n, on the event AN S NG, we have

S=5"

Without loss of generality, we assume 1 € S and focus on the case i = 1. In the

following, we are going to analyze the performance of E[ll and 77'3[.1]. In the following,
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we first analyze B[l],

\/ﬁ (B\[l} _ (5 + ﬂ)) =781 ¢ AB’17 (C.3.81)
7
where
1
T = W(V[”)T (H.1 - (5 + %) H.Q) and AP'= R+ Ry, (C.3.82)
1 1
with
\/ﬁ( - ( 7r1> ) — (DY + A7) 1
Ri="— (AT - (B+—) A7), and Ry = TP+ Ry).
Ty ! 4 T ! T+ (D] + AT ( 2
(C.3.83)
To analyze 7!, we first analyze the following estimator,
=T - glly. (C.3.84)

Note that

) om == Do (6-1) - (945 G- = (30 (5431
o —mwi=——v+|\I;,-I;)—-(8+— =) =Y (B =B+
§ j ’Yl% J J B ~ (Vi =) = -

- (Bm - <5+ %)) (% =) -

(C.3.85)
By (C.3.35) and (C.3.36), we have
- 1 AT
NG (rj - rj> = =T+ VAT, (C.3.86)
By (C.3.37) and (C.3.38), we have
~ 1
Vi (¥ — ;) = —=v"ILy + V/nAJ. (C.3.87)

vn
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By plugging (C.3.82), (C.3.86) and (C.3.87) into (C.3.85), we have the following

decomposition of 7?;1] -7

N (%]ﬂ” _ wj) - —\/ﬁgyj LT 4 AT (C.3.88)
1
where
. 1 Yi o~ Uy
\/ﬁ ( ’71( ) ' & 7 ?
and

A" =\/n (Af — (5 + %) AY — »ijvl) — (TP + APY) (7, — ;). (C.3.89)

Define the events for i € §*,

Sl — 20

o { P 2'02\/@\/611 + <5 + ;”) Oy —2 <5 + ‘m) @12\/;1“'}

JES*,jFi i

Then for F = N;es-F?, we have

P(F)>1-0sp,*™" >1—cp© (C.3.90)

The proof of Lemma 37 relies on the following lemmas. The following lemma provides
upper bound and lower bound for the variance term and the proof of the following

lemma can be found in Section C.3.11.

2

™ 2 ™1
\/@114-(5-1— 71) 922—2<5+%>@12 T

2
Sl.l\/M1M2<1+ >\/1+<,8+:1> s
1
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(C.3.91)

Vi
!




and

N - va _ gmu”
\/@11+<ﬂ+1> @22—2(5-1-1)@12 - 2
71 71 Vn

(C.3.92)
2
20.45,/M <1+ 2 ) \/1+ (5+m) .
M, Y gdl
Lemma 43. On the event ANSNGNE?, for large n, we have
~ N2 ~ SN _
\/@11 + (mn) Oy, — 25110, |91 — %3[11"
0.995 < - < 1.005.
\/@11 + (5 =+ %) Oy — 2 (5 + %) O || VUl — :y,—ii’\m )
(C.3.93)

On the event ANSNGNF, we have

lo g g H -2 V[I]H
max —= |T”J\ <2.02 \ - \/911 + 71 622 -2 (ﬂ + 1> Op————=
JES* 71

(C.3.94)
and
/logp va B %VMH
%%X\fmﬂ | < o 300 24/ ©11 + ﬂ+ @22—2(5+> @1272.
(C.3.95)

The ratio % can be divided into the following three cases,

1. strongly invalid instrument case, |7 /v1| > Ci(1/0min)/10g p,/n, where C, =
12(1 + |B[) /My /Ms;

2. weakly invalid instrument case, |71 /1| < Ci(1/0min)\/10g 0, /7;

3. valid instrument case, 7 /v, = 0.

We are going to show that our procedure (4.3.9) in Chapter 4 will rule out the strong
invalid instrument case and a stronger assumption (4.4.3) in Chapter 4 will help use
rule out the weakly invalid instrument case. In the following, we will analyze the

three cases separately.
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strongly invalid instrument case

In this case, we assume that |7y /41| > Ci(1/0min)/logp,/n. For j € V* (C.3.88)

can be re-expressed as
~[1] ™1 - py
Jn <7rj - 0) = Vit T+ AT (C.3.96)
We are going to show that on the event ANSNGN F1,

7 M]]o > "Z—' (C.3.97)

It is sufficient to show for j € V*

Slil _ iqu
Y1

™1 1 ) . ~ 2 2 211 logpz
N (T ™ (1] —9p01] 2
o ¥; + Tn (T™ + AT9)| > 2.05\/@11 + (5 ) Oy — 273 912\/ " N )
(C.3.98)
which can be reduced to
Slil _ iG]
1 v ) ~ ~ \2 A ST A logp, ||V 7Y H2
_ v ™ 1 _ 1 .
lnax Jn |77 + ATi| < 2-05\/@11 + (5[ ]) O, — 24l ]@12\/ - NG ; (C.3.99)
and
Sl _ il
. N 2 A 10 y A% ==V
‘E’Yj > 4-1\/@11 + (5[1]) B9 — 25[1]@12\/ sp 2 (C.3.100)
" n Vvn

By (C.3.93), (C.3.94) and (C.3.95), we establish (C.3.99). By (C.3.91) and (C.3.93),
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we have

Gl — gl

~ ~ N2 ~ —~ o~ 1 v 3
4'1\/@11 + <5[1]> Oy — 25[1}812\/ 0g Pz T 9
n N4

2
. log p,
<41 x 1.005 x 1.1y/M, My (1 n % ) \/1 n (5+ %) o8P
1 1 n

A o,
i V"
(C.3.101

Db
71

4!

The last term can be further upper bounded by

(1+‘6+—

7

log p,
n

log Dy

1
v 5

<|v;
(C.3.102)

1 log p,
vyl 5—8.2 « 1.005 x 1.1\/M1M2!%\ in

C o /10gpz
§0.995f‘|J| gpz+0 ’)’37

where the first inequality follows from triangle inequality and the second inequality fol-

lows from the definition of C. Since 0y, > /log p/n and |71 /41| > Ci(1/0min)\/10g P, /7,
by (C.3.101) and (C.3.102), we conclude (C.3.100).

weakly invalid instrument case

In this case, we assume 0 < |71 /71| < Ci(1/0min)\/10gp,/n. We have the following

expression of (C.3.88),

T™ + A™). (C.3.103)

222



We are going to show that on the event AN SNG N FY,

1 log p,
{jES*: T o \/ in }Csupp( ”) (C.3.104)

> 2C.
R

It is sufficient to show the following inequality if |7;/7;| > 2C.(1/0min)\/10g p,/7,

Sl _ Aigl H
" 2

\/ﬁ b
(C.3.105)

1 . 2 A 1
1 — (T™ + A™)| > 2_05\/@11 + (5[1]) Oy — 25[1]@12\/ inz

'Yl% vn

7Tj—

which can be reduced to

Sl — Lqu
Y1 2

PR ——— ogp,
T 7T]‘|‘A7T]|<205\/@11+ ﬂ ]> @22—25[1]@12\/0gp

jEsuII)I;E(lﬂ)ﬁS f n \/ﬁ ;
(C.3.106)
vl — 2]
A A 1 , v V
T~ %'Yj > 4. 1\/@11 + (5[1) - 25[1]@12\/ in \/‘g 2,
1
(C.3.107)

y (C.3.93), (C.3.94) and (C.3.95), we establish(C.3.106). Since

1
1751

1 log p,
5min n

Uyl S
= Y| 2
J 71 J

T

i

)

the assumption 0 < |7y /v1| < Ci(1/0min)/logp,/n and (C.3.102) lead to (C.3.107).

valid instrument case

In this case, the instrumental variable is valid with /v, = 0. For j € V*, (C.3.88)
can be re-expressed as

N (7?[.” - o) = T™ 4+ A, (C.3.108)
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By (C.3.93), (C.3.94) and (C.3.95), on the event ANSNG N F!,

Sl _ wqu

1 ~ o 2 ~ TN 1 z
max — 1™ + A™| < 2-05\/@11 + <ﬁ[1}> O — 26[1]@12\/ et
vn "

JEV*

and hence
IS

supp (7)€ supp () and |70 <

For |m;/~;| > Cy(1/dmin)\/10g p,/n, by (C.3.102), we obtain

Ul — Ll
Y1

-~ ~m\2a ~ma  logp,
1>4.14/© ( M) 0., — 23110 \/ 2
|7 > \/ n+ (8 22 SO, - Jn

Combined with (C.3.109), we have

vl — DGl
st

Am 2

> 2. 05\/@11 + <B[1]> O — 25[1]@12\/ o8 P

n Vn
{jeS*-
i

/1log p, 1]
J 6m1n n } < SHPP ( )

Hence

> C,

Jn
(C.3.109)

(C.3.110)

(C.3.111)

(C.3.112)

(C.3.113)

By comparing (C.3.97) and (C.3.110), we rule out the strong invalid instrumental

variable case and obtain ‘)7‘ > |S§*| /2 in (C.2.32). Further by (C.3.104) and (C.3.113),

we establish (C.2.32). With a stronger assumption (4.4.3) in the main paper, the weak

invalid instrument case is also ruled out and (C.3.113) leads to (C.2.33).
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C.3.9 Proof of Lemma 36

The proof of this lemma follows from the following results. Under the regularity

assumptions (R1) — (R3), as y/s,1slogp/y/n — 0, we have

mas 18, - 0,1 5 0 (C.3.114)
and
e HZ 5’7ﬁmH
“’YH;M and 0T M oy (C3.115)
||7 2 HZjGS* ’Y]Vb] 9

By (C.1.1) and (C.3.114), we establish that

\/én + 3\2@22 — 25@12 7 q
\/@11 + (8)?O9 — 280,

Combined with (C.3.115), we establish (C.2.30).

Proof of (C.3.114) A stronger version of this proposition has already been proved

in Ren et al. (2013), where part of it was already established in Sun & Zhang (2012).
To be self-contained, we will provide the sketch of the proof in the following.

The difference between © — @ can be decomposed as,

O-0=0""-0+06 - 6" (C.3.116)

where @9 = 1|V — ZI' — XW¥|3, O35 = 1||D — Zy — X[} and O = L(Y —
ZT — XW)T(D — Z~ — X%). In the following, we only provide the detailed analysis
of @y — ©9. The other differences can be established in a similar way and the

difference between ®°™ — © can be established by central limit theorem.

T o~ o~
N 5 — r-r r-r 5 —
60— 7"7) ww | lmw | imw [T,
A\ —p v — P n T — P n P —
C
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By (C.3.117), we have

1 5~ 1 r-r 1 r-r
STHW . ||27||W . llz + = [TILW|ool| | IFt
n P —p n N n -0

1 y—
+ gHHTIWHoo” . fl1-
Y-

oy ora
’912 - 612

(C.3.118)

The following of the proof follows from Lemma 40 and definition of event G.
Proof of (C.3.115) For a given 0 < ¢y < 1, we have

>0 ),
- 1- €0
By Lemma 35, on the event AN S NG, we have

1 log p, 25,1 log p,
<Ci—3 | s &b +C||’Y||2\/1—gp .
iedE; n n

Since ||v]|3 > (slogp/+/n)?, we obtain that

Y113 — [Iv1I3

2
“/P)'/E - 1 9
17113

V113

Y113 — [IvII3
Y113

/\2 _ 9 2
Il = Il <0 g p (|12 > () <pansnay.
17113 1—e ledlF

Combined with Lemma 33, we establish the first convergence result of (C.3.115). On

the event SN G N A, we have

_x .l ~ Sl VU]
Hzg‘es%"] H2 < Y5 = wl Bl + X csna bl B
szes* ¥; VU] ZjeS* vV

1
2 vn

2
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By Lemma 34, we have

~ vl sl
Zjeg ’71' - ’Yj’ H\/ﬁ” + Zjes*\g "7]" ”\/ﬁH
1 NP
7 || 2ses VY

(Ejeg v — vl + Zies*\g")’jo \/(1 +12 —lofp) M, 1
O,
< Scszl\lﬂgem
n

Ma||y][3(1=$217n)
1-124/182
n

and hence the second convergence result of (C.3.115) follows from the following in-

equality.

C.3.10 Proof of Lemma 39

—~—

Define [|v[|3 = 37577 and [yy-
based on the following results. Under the assumptions (R1) — (R5) and (IN1)-(IN3).

As \/saslogp//n — 0, we have

2= > jevs 7;. The proof of this lemma is further

i |35
M 5y g 12T,
v+ 113 |2 ev- 99

51 (C.3.119)

2

By (C.3.114) and (4.4.4) in the main paper, we establish that

\/(:)11 + 32(:)22 - 223\(:)12 7
\/911 + (8)2@23 — 2301,

Combined with (C.3.119), we establish (C.2.37).

Proof of (C.3.119) For a given 0 < ¢y < 1, we have

P< ZEO)SP(
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By Lemma 37, on the event ANS NG N F, we have V¥ = V* and (C.3.79) leads to

712 = 7o |12 1 log p, logp > 2[V|log p,
[edlE I'Zv 3 < ¢ | s lo8Pe (8 gp) T Cllgls [V|logp
v ll3 [y ll5 n n n

(C.3.120)
Since ||yy+||3 > (slogp/y/n)?, we obtain that
/_\_/2_ 2 . 2
I 2 < O andP HMQ—l >e | <P(ANSNGNF)).
-1l 1= 13

Combined with Lemma 33 and (C.3.90), we establish the first converge result of
(C.3.119).

On the event SNG N AN F, we have
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By Lemma 34, we have

:)v/. | H"[]]” (Z]’GV* |:\773 - ’YJ|> \/(1 +12 10%17) M,
J Vi
<

Zjev* < < Cs,, logp‘

'ij[J] M [[v[3 (152 An)? n
2 1-12 /1082
(C.3.121)
Hence the second converge result of (C.3.119) follows from
5], c
P(SNGNANF)).
HZ v 99|
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C.3.11 Proof of Lemmas 40, 41, 42 and 43

Proof of Lemma 40 We only estalbish the first half of (C.3.32) and (C.3.33). The

proof of the second half of (C.3.32) and (C.3.34) will be similar. The proof has been
established in Sun & Zhang (2012) for fixed designs under certain assumptions for
the design. In the following, we will check that the assumptions in Corollary 1 in
Sun & Zhang (2012) are satisfied with high probability for the subgaussian random
designs considered in this paper and then apply equation (23) in Sun & Zhang (2012).
By the definition of 7* in Sun & Zhang (2012), we have 7% < 7 where 7 is defined
in (C.2.2). Hence, on the event S;, equation (23) in Sun & Zhang (2012) holds.
By the relationship between ¢; cone invertibility factor and the restricted eigenvalue

established in Lemma 13 of Cai & Guo (2016¢), we obtain that on the event S N G,

S)\()O'l

r-r U-Y|,<C .
| I+ 1 = C 15,1 7 200

(C.3.122)
Similar to the proof of Lemma 13 in Cai & Guo (2016¢), we establish

Wil
K2 (H, 45,1+ 2¢) > ————? (W, 45, (1 + 2¢0) (%» . (C.3.123)
max ||W ;|3 min [W ;2

Hence, on the event G N S, we establish the first half of (C.3.32). Since

r—

1 e - 1 ~ -~
@ -0 X@ -9 < o wWwW || e (IF T+ 8 - ).

S
e

we establish (C.3.33).
Proof of Lemma 41 The decompositions (C.3.35) and (C.3.37) are established by

the definitions of I' and 5. The error bound (C.3.39) follows from the following

229



inequality
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Proof of Lemma 42

This lemma can be established by a similar argument with Lemma 34. On the event

ANSNG, we have

2 2 2
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(C.3.124)

and

2
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<

1
< o ) 14124/ Osp. (C.3.125)
n
1—12,/%ep

Hence, (C.3.91) and (C.3.92) follow from the above inequalities (C.3.124) and (C.3.125).

2<F<1+

Proof of Lemma 43

(C.3.93) follows from the standard convergence analysis and (C.3.94) follows from
high probability statement of Gaussian random variable. It remains to establish
(C.3.95). We will analyze the expression (C.3.89) term by term. Note that on the

event ANSNG,

Vdogp, . 2
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Hence
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Since
|
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1 84! n
we have

1
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~j| > y/logp/n and (C.3.92), we establish (C.3.95).

By the assumption min;cg-
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