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FORMULACIJA FIBER ELEMENTA PRILIKOM NELINEARNE ANALIZE RAMOVA
FIBER ELEMENT FORMULATION FOR INELASTIC FRAME ANALYSIS

Svetlana M. KOSTIC ]
Biliana DERETIC-STOJANOVIC

1 UVOD

Savremeni standardi u gradevinarstvu podrazume-
vaju primenu nelinearne analize u svakodnevnoj
inzenjerskoj praksi [2, 10]. Do sada su formulisani brojni
konacni elementi koji uzimaju u obzir razli¢ite nelinearne
uticaje. Prilikom nelinearne analize ramova, linijski
gredni elementi u Sirokoj su upotrebi zbog svoje
jednostavnosti i kompjuterske efikasnosti. Fiber elementi
raspodeljene plasti€nosti pokazali su se kao vrlo uspesni
pri  modeliranju Celiénih, betonskih i spregnutih
konstrukcija [6, 12].

U ovom radu razmatraju se dve formulacije fiber
kona¢nog elementa - prema metodi deformacija i metodi
sila, kao i njihova upotreba prilikom nelinearne analize
ramova. PaZnja je usmerena na tacnost odredivanja
lokalnog i globalnog odgovora konstrukcije, u zavisnosti
od koris¢ene formulacije ovog kona¢nog elementa.

2 FORMULACIJA FIBER ELEMENTA
RASPODELJENE PLASTICNOSTI PREMA
METODI DEFORMACIJA

Kod elemenata raspodeljene plasti¢nosti, neelasti¢ne
deformacije mogu se javiti u bilo kom od nekoliko
posmatranih preseka duz ose elementa (slika 1a). Kod
fiber grednih elemenata, izvrSena je diskretizacija
popre¢nog preseka pomocu nekoliko tataka integracije
(vlakana, odn. fibera) i svakoj tacki integracije dodeljeno
je jednoosno ponasanje odgovarajuc¢eg materijala (slika
1b).
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1 INTRODUCTION

According to new engineering standards, the
nonlinear frame analysis has become common in
professional engineering practice [2, 10]. A number of
finite elements have been formulated accounting for
different nonlinear effects. For inelastic frame analysis,
beam/column elements are widely used because of their
simplicity and computational efficiency. Distributed
plasticity fiber based beam/column elements are proven
to be very successful for modelling steel, concrete and
composite structures [6, 12].

This paper discusses the use of fiber elements with
displacement-based and force-based formulations in
nonlinear frame analysis. The attention is focused on the
accuracy of global and local response parameters
depending on the element formulation.

2 FIBER BASED DISTRIBUTED PLASTICITY
BEAM/COLUMN ELEMENT

In distributed plasticity beam/column elements, the
inelastic deformations may occur in any of several
monitored cross-sections along the element length
(Figure 1a). In fiber based beam/column element, cross-
section is discretized into a number of integration points
(fibres) and an uniaxial material behaviour is assigned to
each integration point (Figure 1b).
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Slika 1. Fiber element raspodeljene plasti¢nosti:
a) posmatrani preseci duz ose elementa; b) diskretizovan poprec¢ni presek

Figure 1. Distributed plasticity fiber based beam/column element:
a) monitored sections along element axis; b) section discretization

Odgovor popreénog preseka (matrica krutosti
preseka ks i sile u preseku s) odreduje se integracijom,
odnosno, numeri€¢ki sumiranjem po povrsini popre¢nog
preseka [9]:

N
kg = Eqgl-
i=1

N

5= |-

i=1

gde N predstavija broj tacaka integracije po povrSini
popreénog preseka; E; — modul elasti€nosti materijala
dodeljenog tacki integracije i; A, y, z jesu, redom,
povrsina, a y i z koordinate tacke integracije i.

Polozaj i ,numeri¢ka teZina” posmatranih poprecnih
preseka mogu biti odredeni na osnovu predznanja o
tome gde ¢e se najveée plastitne deformacije
najverovatnije javiti. Kada se posmatraju samo dva fiber
preseka na krajevima linijskog elementa, dok je ostatak
elementa linearno-elasti¢an, element pripada
elementima iz grupe koncentrisane plasti¢nosti. S druge
strane, polozaj i numeri¢ka tezina posmatranih preseka
mogu biti odredeni i izabrani pravilom integracije.
Najcesce koriSéena pravila jesu Gauss i Gauss-Lobatto
pravila integracije zbog njihove visoke ta¢nosti. Prednost
Gauss-Lobatto pravila jeste to Sto ukljuCuje i poprecne
preseke na krajevima elementa u kojima se najceS¢e i
javljaju najveée deformacije.

Tacnost elementa, kao Sto je objasSnjeno i kasnije u
radu, dosta zavisi i od broja tataka integracije kojim se
vrSi diskretizacija popre¢nog preseka, kao i od broja
taCaka integracije duz ose elementa, ti. od broja
posmatranih poprecnih preseka.

Prilikom formulacije fiber konaénog elementa,
uobiajena su dva pristupa: formulacija prema metodi
deformacija i formulacija prema metodi sila [11]. U
nastavku su date osnovne karakteristike obe formulacije.

2.1 Fiber element prema metodi deformacija

Za linijski konacéni element sa slike 2, osnovne
statiCki nepoznate u osnovnom sistemu obelezene su sa
q, a odgovaraju¢ée deformacije sa v. U formulaciji
elementa prema metodi deformacija, pomeranje bilo koje
taCke duz ose elementa u(x) odreduje se pomocu

1

Z:

The section response (the section stiffness matrix ks
and the section resisting forces s) is obtained through
integration, i.e. numerically, through summation over the
cross-section [9]:

=i Zi
yi o -z A (1
—VYiZ; Zi2

1

i |OiA 2

where N is the number of integration points over the
cross-section; E; is the modulus of the uniaxial stress-
strain relation assigned to the integration point i; A;, yi, zi
are, respectively, area and y and z coordinates of the
integration point /.

The position and ,numerical weight* of monitored
cross-sections may be determined according to the
knowledge of locations where the largest plastic
deformations are most likely to appear. When only two
fiber sections at the element ends are monitored, while
the remaining part of the element is linear elastic, the
element is fiber hinge model which belongs to the group
of concentrated plasticity elements. On the other side,
the chosen numerical integration rule may determine the
position and numerical weight of the monitored cross-
sections. The most used rules are Gauss and Gauss-
Lobatto integration rules because of the high level of
accuracy. The advantage of the Gauss-Lobatto rule is
that it includes cross-sections at the element ends where
highest deformations commonly appear.

The element accuracy, as discussed latter in the
paper, largely depends on the used number of
integration points for the cross-section discretization and
on the number of integration points over the element
length, i.e. number of monitored cross sections.

In fiber element formulation, two approaches are
common: displacement based and force based
formulation [11]. In the following, the main steps of the
both element formulations are discussed.

2.1 Displacement based fiber element

For the line beam/column element in Figure 2, the
basic element forces in the basic system without rigid
body modes are denoted with g and basic element
deformations are denoted with v. In the displacement
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interpolacionih funkcija za pomeranja a(x) (za 2D
element) kao [5]:

formulation, displacements at any point along the
element axis u(x) may be obtained using the
displacement interpolation functions a(x) as [5], for 2D
element:

q3v;3

y\ Dve X

1\
A L

AN

EZZZ1

Slika 2. Osnovni sistem 2D grednog elementa
Figure 2. Basic forces of 2D beam/column element

u(x) = {ul(x)} =a(x)v = [

U, (X)

Interpolacione funkcije za pomeranja, za gredni
element s dva c¢vora, jesu Hermite-ovi polinomi i
predstavljaju reSenja diferencijalne jednacine linearno-
elastitnog prizmati¢nog Stapa. Deformacije u bilo kojoj
tacki duz ose elementa e(x) (tj, dilatacija &(X), i krivina
x(X)) dobijaju se, pod pretpostavkom teorije malih
deformacija, kao prvi izvod pomeranja u pravcu ose
elementa (dilatacija (X)) i drugi izvod pomeranja
upravnog na osu elementa (krivina x(x)), tji. za 2D
element:

0

{a(x)}: x
x(X) 0

Stoga, za ovako usvojene interpolacione funkcije za
pomeranja koje su polinomi tre¢eg stepena za pomera-
nja u pravcu upravnom na osu elementa, dobija se
linearna promena krivine duz ose elementa. Ova pret-
postavka prihvatljiva je u slu€aju linearnog ponasanja.
Medutim, kada se javljaju plasticne deformacije, prome-
na krivine duz elementa postaje izrazito nelinearna i - da
bi se dobili rezultati prihvatljive taCnosti - potrebna je vrlo
fina podela konacnih elemenata (t. mreza konacnih
elemenata). Ovo ograni¢enje metode deformacija treba
imati na umu [13].

S druge strane, implementacija fiber elementa,
formulisanog prema metodi deformacija u standardne
kompjuterske programe koji su uglavhom zasnovani na
metodi deformacija, jeste jednostavna buduci da je
odredivanje stanja elementa direktno. Kada su poznata
pomeranja krajeva elementa, pomocu interpolacionih
funkcija, odreduju se deformacije popre¢nog preseka
(izrazi 3 i 4); sile u preseku nalaze se direktno preko
konstitutivnih relacija. Konacno, sile na krajevima eleme-
nta odreduju se primenom principa virtualnih pomeranja.

Pored ove prednosti formulacije prema metodi
deformacija, treba pomenuti i jo$ jedno ogranicenje ove
formulacije: uticaj raspodeljenog optereéenja ne moze
se direktno uzeti u obzir, buduéi da se sile u preseku
odreduju pomoc¢u deformacija popreénog preseka gde
ovaj efekat nije ukljucen [5].

Suprotno elementu formulisanom prema metodi sila
kada je jedan element dovoljan za modeliranje stu-

a(x) 0
0 a,(X)  a5(x)

0 Vi
v, (3)
3

The displacement interpolation functions, for frame
element with two nodes, are Hermite polynomials and
represent the solution of the differential equation for a
linear elastic, prismatic frame element. Deformation at
any point along the element axis e(x) (dilatation &(x),

and curvature x(X)) obtains, under the assumptions of
the small deformation theory, as the first derivative of the
longitudinal displacement (dilatation &(x)) and the
second derivative of the transverse displacement
(curvature x (X)), i.e for 2D element:

0

uy (x)
2 o) @
ox?

Therefore the curvature change over the element
length is linear for the adopted displacement
interpolation functions that are third order polynomials
for transverse displacements. This assumption is
acceptable for linear behaviour. However, when plastic
deformations appear, the curvature distribution becomes
highly nonlinear and, in order to obtain results of
acceptable accuracy, the mesh refinement is necessary.
This limitation of the displacement formulation should be
kept in mind [13].

On the other side, the implementation of the
displacement based fiber beam/column element in
standard (displacement based) computer programs is
straightforward since the element state determination is
direct. From known end displacements, using
interpolation functions, section deformations can be
obtained (Egs. 3 and 4); section forces can be found
directly from section constitutive equations. Finally,
element end forces are obtained from the principle of
virtual displacements.

Besides this advantage of displacement formulation,
one more limitation should be mentioned: the effect of
distributed element loading cannot be directly
implemented into the formulation since section forces
are derived from section deformations where this effect
is not included [5].

Oppose to the element based on the force
formulation when one element per member can be used,
finer discretization per member should be used with the
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ba/grede, kod fiber elemenata formulisanih prema meto-
di deformacija, da bi se postigao isti stepen tacnosti,
potrebna je znatno finija diskretizacija. Navedeno ¢e biti
ilustrovano na narednim numeri¢kim primerima.

2.2 Fiber element prema metodi sila

Prilikom formulacije prema metodi sila, sile u bilo
kom preseku duz ose elementa s(x) odreduju se
koristeCi interpolacione funkcije za sile b(x) (za 2D
element) kao [5]:

$(x) = { \ (X)} —b(x)q =

M (x)

gde su q osnovne staticki nepoznate u osnovhom
sistemu, kao Sto je prethodno pomenuto. Relacije
izmedu deformacija na krajevima elementa v i
deformacija popre€nog preseka e(x) dobijaju se
primenom principa virtualnih sila [5]:

element based on the displacement formulation in order
to achieve the same level of accuracy. This would be
demonstrated on the following numerical examples.

2.2 Force based fiber element

In force based formulation, the section forces at any
point along the element axis s(x) may be obtained using
the force interpolation functions b(x) as [5] (for 2D
element):

1 0 0] %

(l_lj X g, )
L L ds

where q are basic element forces, as mentioned above.

The relation between the element deformations v and

section deformations e(x) obtains from the principle of
virtual forces [5]:

o

V= IbT (x)e(x)dx (6)

Stoga, u ovoj formulaciji, deformacije popre¢nog
preseka e(x) odreduju se iz sila u popre€énom preseku
s(x). Medutim, ove relacije nisu raspolozive, ve¢ njima
inverzne [5]. Zbog toga se deformacije poprec¢nog
preseka odreduju kao reSenja nelinearnog sistema
jednacina i odredivanje stanja kod ovih elemenata
komplikovanije je nego kod fiber elemenata zasnovanih
na metodi deformacija.

S druge strane, jedna prednost elemenata zasnova-
nih na metodi sila treba da bude pomenuta. Uticaj
raspodeljenog opterecenja duz ose elementa moze se
lako ukljuciti u formulaciju modifikovanjem relacije (5) na
sledeci nacin [5]:

Therefore, in this formulation, the section deforma-
tions e(x) needs to be obtained from section forces s(x).
These relations are unavailable, but inverse relations are
available [5]. Therefore, the section deformations are
obtained as the solution of the nonlinear system of
equations and the element state determination is more
complex than the element state determination for the
displacement based fiber element.

On the other side the following advantage of the
force based beam/column element should be mentioned.
The effect of the element (distributed) load can be easily
included into the formulation by modifying the relation (5)
as [5]:

s(x) =b(x)q +5,(X) (7)

gde sp(x) predstavlja partikularno resSenje diferencijalne
jednacine uslova ravnoteze za gredni element. Sve dok
su popreCna pomeranja mala i uslovi ravnoteze su
zadovoljeni u nedeformisanoj konfiguraciji, relacije (5),
(6) i (7) jesu taCne bez obzira na prisustvo materijalnih
nelinearnosti [5]. Zbog toga, samo jedan element
dovoljan je za modeliranje stuba ili grede. Ovo je
najvaznija prednost formulacije prema metodi sila u
odnosu na formulaciju prema metodi deformacija.
Medutim, kada numericki model ukljuCuje i ploce kod
kojih je neophodna finija diskretizacija konacnim
elementima, grede je takode neophodno podeliti na vise
elemenata u skladu s podelom plo¢a, a to donekle
ograni¢ava pomenutu prednost metode sila.

Tacnost lokalnog odgovora elementa zavisi od broja
taCaka integracije koje su koriS¢ene duz ose elementa,
ti. od broja posmatranih poprecnih preseka. Najtacniji
rezultati dobijaju se kada ,numeri¢ka tezina poprecnog
preseka” odgovara veli€ini (duzini) plasti¢nog zgloba.
Imaju¢i ovo u vidu, tacnost elementa nece se uvek
povecéati s povecanjem broja posmatranih poprec¢nih
preseka. Tacnije, kada je u pitanju ponasanje materijala

where sp(x) represents the particular solution of the
differential equations of equilibrium for a frame element.
As long as the transverse displacements are small and
the equilibrium equations are satisfied in the undeformed
configuration, the relations (5), (6) and (7) hold true
despite of the presence of material non-linearities [5].
Therefore, only one element per beam or column
member is sufficient. That is the main advantage of the
force formulation over the displacement formulation.
However, when numerical model includes slabs that
require finer discretization, beams also need to be
discretized in accordance with this finer discretization
and that limits the mentioned force formulation
advantages.

The accuracy of the local element response depends
on the used number of integration points along the
element axis, i.e. number of monitored cross-sections.
The best quality results are obtained when the ,section
weight* corresponds to the plastic length. Having this
fact in mind, the element accuracy would not always
increase with rapid increment of the number of the
monitored sections. Actually, in the absence of
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bez ojaCanja, s velikim brojem popre¢nih preseka
odgovarajuc¢a duzina plasti¢nog zgloba ¢e biti vrlo mala i
sraCunata neelasti¢na krivina nerealno velika. Stoga, za
stubove je obi¢no dovoljno uzeti tri ili Cetiri tacke
integracije duz ose elementa. Za grede je dovoljno Cetiri
tacke ili pet tacaka, u zavisnosti od toga da li je potrebno
posmatrati presek na sredini elementa, odnosno da li je
prisutno ili ne raspodeljeno optereéenje. Povecéanje broja
popre€nih preseka ima smisla samo u slu€aju kada
postoji ojacanje materijala. Tada je moguce pratiti Sirenje
zona plastifikacije duz ose elementa.

3 DISKRETIZACIJA POPRECNOG PRESEKA |
TACNOST REZULTATA

Tacnost rezultata i kompjuterska efikasnost fiber
elemenata raspodeljene plasti€nosti umnogome zavisi
od upotrebljenog broja taCaka integracije po povrSini
popre¢nog preseka. Na osnovu prikazanog [9], uocljivo
je da nije potrebno koristiti nekoliko stotina tacaka
integracije za poprecni presek, kao Sto to vrlo &esto
istrazivaCi rade. Rezultati prihvatljive tanosti mogu se
dobiti i sa, na primer, samo 12 tafaka integracije kod
¢eliénih | profila i 17 tacaka integracije kod pravougaonih
betonskih preseka. U ovom radu, celicni | profil
diskretizovan je 108MP diskretizacijom (slika 3) [9] kako
bi se izbegle numericke greSke nastale usled
diskretizacije popre¢nog preseka i kako bi se analizirao
uticaj formulacije elementa na njegovu tacnost.

hardening, when too many sections are monitored, the
corresponding plastic length is very small and the
calculated inelastic curvature has become unrealistically
high. Therefore, usually, for columns, 3 to 4 integration
points over the element length are sufficient. For beams,
4 to 5 integration points are used depending whether the
middle cross section is monitored or not, i.e. whether the
distributed loading is present or not. To increase the
number of monitored cross-sections has a sense only in
the case when hardening is present. The spread of
plastic zones over the element length can be captured in
this way.

3 SECTION DISCRETIZATION AND ACCURACY

The accuracy and computational efficiency of the
fiber based distributed plasticity beam/column element
largely depends on the used number of integration
points over the cross section. It was shown [9] that there
is no need to use several hundred integration points for
the cross section discretization as usually researchers
do. The results of acceptable accuracy may be obtained
using only 12 integration points for the steel WF sections
and 17 integration points for the concrete rectangular
section. In this study, the steel WF cross-section is
discretized with 108MP discretization (Figure 3) [9] in
order to avoid numerical errors due to the section
discretization and to analyse the effect of different
formulations on element accuracy.

y

]

%

108MP

Slika 3 108 MP $ema diskretizacije
Figure 3. 108MP discretization scheme

4 NUMERICKI PRIMERI

Razlike u formulaciji fiber konanog elementa i njihov
uticaj na rezultate numeri¢ke analize ilustrovani su u dva
naredna numeri¢ka primera. Za numeri¢ke simulacije
koriS3¢en je FEDEASLab [4], Matlab toolbox za
nelinearnu stati¢ku i dinamicku analizu.

4.1 Staticka pushover analiza

Prvi primer obuhvata statiCku pushover analizu rama
prikazanog na slici 4, koji je prethodno analizirao
Ziemian [14]. U ovom primeru, pored rezidualnih
napona, postoji i raspodeljeno opterecenje duz ose
elementa. Ram poseduje svojstvo redistribucije sila s
pojavom plasti¢nih zglobova [1].

Da bi se analizirao uticaj formulacije fiber elementa
na odgovor rama, napravljena su dva modela sa

4 NUMERICAL EXAMPLES

The discussed differences in the fiber element formu-
lations and its effect on analysis results are illustrated on
the following two numerical examples. For numerical
simulations, the FEDEASLab [4], a Matlab toolbox for
nonlinear static and dynamic analysis is used.

4.1 Static pushover analysis

The first example involves the static pushover
analysis of the low-rise frame in Figure 4, previously
studied by Ziemian [14]. In this example, besides
residual stresses, the distributed element loading is
present. The frame shows the effect of force
redistribution upon plastic hinge formation [1].

To investigate the effect of the fiber element formu-
lation on the frame response, two models with elements
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elementima formulisanim prema obe metode. Oba
modela analizirana su s nekoliko diskretizacija. Podaci o
ovim diskretizacijama dati su u Tabeli 1, gde ne
oznacava broj konacnih elemenata po stubu/gredi, a nj,

based on both formulations are created. Both models
are used with several discretizations. Details about these
discretizations are given in Table 1, where n. denotes
the number of elements per member and n;, denotes the
number of integration points over the element length.

oznacava broj taaka integracije duz ose elementa.

A
w1 =71.5kN/m =
v v b b
T B3 B4 C1: W8x15
~ C2: W14x132
v |C4 C5
Ry w2 = 153.2 kN/m C3: W14x120
| [ 1 ] C4: W8x13
J(ngMwbvﬁz,eV\L\LCs:wmmo
C6:; W14x109
= B1: W27x84
Z |C C2 E =200000 MPa  C3| B2 wW3sx170
i fy= 248 MPa B3: W21x44
fre=0.333f, B4: W27x102
(M) je— 6,10 —=t=e 14.63 -

Slika 4. Ziemian ram
Figure 4. Ziemian low-rise frame

Kada su u pitanju oba modela, pretpostavljena je
raspodela rezidualnih napona prilikom koje se naponi
menjaju linearno u flanSama i imaju najvecu vrednost
pritiska od 0.3330y, dok je raspodela rezidualnih napona
u rebru konstantna [7]. Kod fiber grednog konacnog
elementa, rezidulni naponi zadaju se kao inicijalni naponi
svakom vlaknu popre¢nog preseka na pocetku analize.
Zbog 2D varijacije rezidualnih napona po povrSini
popre€nog preseka, potrebna je diskretizacija preseka u
pravcu ose y- i u pravcu ose z- popre¢nog preseka i u
slucaju 2D analize rama.

In both models, the residual stress pattern is
assumed to vary linearly in the flange with peak stress in
compression of 0.3330y and constant tensile stress in
the web [7]. The fiber beam-column element accounts
for the residual stress pattern with the assignment of an
initial stress to each fiber at the start of the analysis.
Because of the 2D variation of residual stresses over the
cross section, a fiber discretization in the y- and z-axis of
the cross section is required, even for a 2D frame
analysis.

Tabela 1. Podaci o diskretizacijama rama
Table 1. Details about used frame discretizations

Column C1-C6 | Beam B1, B3 Beam B2, B4 Total number
Discretization Stub C1-C6 Greda B1, B3 Greda B2, B4 of elements
Diskretizacija Ukupan broj
Ne Nip Ne Nip Ne Nip elemenata

D1 1 4 1 5 1 5 10

D2 1 4 1 5 1 7 10

D3 1 4 2 5 4 5 18

D4 1 4 2 5 4 7 18

D5 2 3 8 5 16 5 60

D6 4 3 16 5 32 5 120

D7 4 3 32 5 64 5 216

D8 4 3 64 5 128 5 408
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Materijal je elasti€no-idealno plasti¢an. Geometrijske
nelinearnosti uzete su u obzir primenom Kkorotacione
formulacije [3].

a)
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The material model is assumed elastic-perfectly
plastic. The nonlinear geometry under large
displacements is accounted for with the corotational
formulation [3].
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Slika 5. Pomeranje vrha rama-faktor opterec¢enja za
a) fiber element prema metodi sila; b) fiber element prema metodi deformacija

Figure 5. Top displacement-load factor relation for
a) force based fiber element; b) displacement based fiber element

Slika 5 prikazuje rezultate za zavisnost vrha
pomeranja rama A od faktora opterecenja za dva modela
i razli¢itim diskretizacijama rama. Rezultati se slazu s
rezultatima drugih autora [1]. Prednosti formulacije
prema metodi sila nad formulacijom prema metodi
deformacija evidentne su u ovom primeru, narocito zbog
mogucnosti metode sila da direktno uzme u obzir uticaj
raspodeljenog opterecenja duz ose elementa
modifikovanjem interpolacionih funkcija za sile. Kao
posledica, u formulaciji prema metodi sila diskretizacija
rama sa samo jednim elementom po stubu/gredi daje
rezultate prihvatljive tacnosti. Nasuprot tome, kod
modela s fiber elementom prema metodi deformacija
potrebna je mnogo finija diskretizacija da bi se postigao
isti nivo tacnosti.

4.2 Nelinearna dinamicka analiza

Drugi primer prikazuje nelinearnu dinamicku analizu
dvospratnog rama, prikazanog na slici 6. Prostornu 3D
verziju ovog rama analizirali su Kim i drugi [8].
Karakteristike materijala prikazane su na slici 6. Model je
usvojen kao elasti¢an-idealno plasti¢an.

Ram je prvo optere¢en konstantnim gravitacionim
optere¢enjem, a zatim zemljotresnim opterec¢enjem 1940
El Centro zapisa skaliranog tako da je maksimalno
ubrzanje tla (PGA) 1.2753g, u X pravcu. Mase su
koncentrisane u ¢vorovima s vrednostima prikazanim na
slici 6. Pretpostavljeno je viskozno prigudenje u iznosu
od 4% za prva dva svojstvena tona oscilovanja elasti¢ne
konstrukcije. Slicno kao u prethodnom primeru,
diskretizacije rama koje su koriS¢ene prikazane su u
Tabeli 2.

Figure 5 shows the results for the top displacement A
- load factor relation of the two models with different
discretization schemes. These results agree well with
the results obtained by the other authors [1]. The
advantages of the force-based element over the
displacement-based element are evident in this example
with the capability of the former to account directly for
the presence of distributed element loading by
modification of the force interpolation functions. As a
consequence, the discretization with only one force-
based fibre beam-column element per member provides
the results of acceptable accuracy. On the contrary, for
the model with displacement-based fiber beam-column
element, for the same level of accuracy, much finer
discretization needs to be used.

4.2 Nonlinear time history analysis

The second example refers to the nonlinear time
history analysis of a small two-story frame from Figure 6.
3D version of this frame was studied by Kim at all. [8].
Data about the frame geometry and material properties
are given in Figure 6. The material model is assumed to
be elastic-perfectly plastic.

The frame is first subjected to the constant gravity
loading and, then, to a ground excitation in X direction
with the 1940 El Centro record scaled to a peak ground
acceleration (PGA) of 1.2753g. The mass is lumped at
each node with a value given in Figure 6. Rayleigh
damping was assumed in the analysis with 4% viscous
damping ratio for the first two vibration modes of the
elastic structure. Similarly to the previous example, the
used discretizations are explained in Table 2.
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Slika 6. Dvospratni ram
Figure 6. Two-story frame

Tabela 2: Podaci o diskretizacijama dvospratnog rama
Table 2: Details about used two-story frame discretizations

Columns Beams Total number of
Discretization elements:
Diskretizacija Ne Nip Ne Nip Ukupan broj
elemenata:

D1 1 4 1 5 6

D2 2 4 2 4 12

D3 4 4 4 4 24

D4 8 4 8 4 48

D5 16 4 16 4 96

D6 24 4 24 4 144

Slika 7 prikazuje istoriju pomeranja vrha rama, a slike
8 i 9 prikazuju promenu momenta savijanja i aksijalne
sile za presek u ukljeStenju stuba C1.

Kao Sto se moze videti, kod modela s fiber
elementom prema metodi sila, ¢ak i diskretizacija sa
samo jednim elementom po stubu/gredi daje rezultate
vrlo visoke ta¢nosti kako za pomeranje vrha, tako i za
sile u preseku. Da bi se postigao isti nivo ta¢nosti
pomoéu modela s fiber elementom prema metodi
deformacija, ponovo je neophodna mnogo finija
diskretizacija.

Figure 7 shows the top story displacement history,
and Figures 8 and 9 show bending moment history and
axial force history for column C1, section at fixed end. It
can be seen that even the model with the coarsest
discretization with the fibre element with force
formulation that has only one element per member gives
results of great accuracy for both, top displacement and
section forces. To achieve the same level of accuracy
with the fiber element with displacement formulation,
much finer discretization is required.

10
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Slika 7. Pomeranje vrha rama za
a) fiber element prema metodi sila; b) fiber element prema metodi deformacija

Figure 7. Top displacement history for
a) force based fiber element; b) displacement based fiber element
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Slika 8. Moment savijanja u stubu C1, presek kod ukljeStenja za
a) fiber element prema metodi sila; b) fiber element prema metodi deformacija

Figure 8. Bending moment history for column C1, section at fixed end for
a) force based fiber element; b) displacement based fiber element
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Figure 9: Aksijalna sila u stubu C1, presek kod ukljestenja za
a) fiber element prema metodi sila; b) fiber element prema metodi deformacija

Figure 9. Axial force history for column C1, section at fixed end for
a) force based fiber element; b) displacement based fiber element
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5 ZAKLJUCAK

Fiber element raspodeljene plastinosti pokazao se
kao vrlo uspeSan u nelinearnoj analizi ramova. Prilikom
formulacije elementa, uobi¢ajena su dva pristupa: prema
metodi sila i prema metodi deformacija. Osnovna
prednost formulacije prema metodi sila jeste to Sto je
jedan element po stubu s tri ili Cetiri tacke integracije duz
ose, odnosno, jedan element po gredi s Cetiri tacke ili pet
taCaka integracije duz ose elementa dovoljan i Sto se
uticaj raspodeljenog opterecenja lako moze uzeti u obzir
direkno formulacijom. S druge strane, osnovna prednost
fiber elementa prema metodi deformacija jeste njegova
jednostavnost.

Pomoc¢u dva numeri¢ka primera, pokazano je da se
za postizanje istog nivoa ta¢nosti globalnog odgovora,
mora koristiti mnogo finija mreza konacnih elemenata
kod modela s fiber elementom prema metodi
deformacija. U slu€aju lokalnih parametara odgovora,
neophodno je &ak dalje proguséenje mreze konacnih
elemenata kod modela prema metodi deformacija.
Stoga, treba imati na umu da dve formulacije fiber
elementa nisu ekvivalentne i da se ovi elementi ne mogu
koristiti na isti nacin.
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SUMMARY

FORMULACIJA FIBER ELEMENTA KOD
NELINEARNE ANALIZE RAMOVA

Svetlana KOSTIQ’ )
Biljana DERETIC-STOJANQVIC

U radu su prikazane dve formulacije fiber konacnog
elementa raspodeljene plastinosti. Za metodu sila i
metodu deformacija, ukazano je na osnovne razlike dve
metode. Razlike u rezultatima analize koje se dobijaju
primenom fiber elementa prema ove dve formulacije
prikazane su putem dva numeri¢ka primera. Prvi primer
obuhvata staticku pushover analizu rama s
raspodeljenim opterecenjem duz greda. Drugi primer je
nelinearna dinami¢ka analiza dvospratnog rama
izlozenog zemljotresnom opterecenju. Prikazane su
razlike kod dobijenog globalnog i lokalnog odgovora u
zavisnosti od formulacije i diskretizacije rama. U
zakljuku, rezimirane su primene dve formulacije fiber
elementa i date napomene u vezi s njihovim
koris¢enjem.

Key words: fiber konacni element, raspodeljena
plasti¢nost, metoda sila, metoda deformacija

REZIME

FIBER ELEMENT FORMULATION FOR INELASTIC
FRAME ANALYSIS

Svetlana KOSTIQ .
Biljana DERETIC-STOJANOVIC

The paper discusses two formulations for the fiber
based distributed plasticity beam/column element. For
force based and displacement based formulations, basic
details and main differences are emphasized. The
differences in results of analysis when elements with
these two formulations are used are demonstrated on
two numerical examples. The first example involves the
nonlinear static pushover analysis of low-rise frame with
distributed element loading. The second example is
nonlinear time history analysis of two-story frame
subjected to earthquake loading. The differences in
global and local response depending on the used finite
element discretization are shown. In conclusion, the
advantages of force based formulation and directions for
the use of the two elements are summarized..

Kljuéne reci: fiber based beam/column element,
distributed plasticity, force formulation, displacement
formulation
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