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Predicative proof theory of PDL

and basic applications
L. Gordeev

Tiibingen University

lew.gordeew@uni-tuebingen.de

1 Extended abstract

Propositional dynamic logic (PDL) is presented in Schiitte-style mode as one-
sided semiformal tree-like sequent calculus SEQL"" with standard cut rule and
the omega-rule with principal formulas [P*]A. The omega-rule-free derivations
in SEQ;" are finite (trees) and sequents deducible by these finite derivations are
valid in PDL. Moreover the cut-elimination theorem for SEQ[’" is provable in
Peano Arithmetic (PA) extended by transfinite induction up to Veblen’s ordinal
©,, (0). Hence (by the cutfree subformula property) such predicative extension
of PA proves that any given [P*]-free sequent is valid in PDL iff it is deducible
in SEQ."" by a finite cut- and omega-rule-free derivation, while PDL-validity of
arbitrary star-free sequents is decidable in polynomial space. The former also
implies a Herbrand-style conclusion that e.g. a given formula S = (P*)AV Z
for star-free A and Z is valid in PDL iff there is a k > 0 and a cut- and
omega-rule-free derivation of sequent A, (P)'A, .-, (P)*A, B where (P)'A is an
abbreviation for (P)---(P)A. This eventually leads to PSPACE-decidability
—_———

of PDL-validity ofléimglfovided that P is atomic and A is in a suitable basic
conjunctive normal form. Furthermore we consider star-free formulas A in dual
basic disjunctive normal form, and corresponding expansions S = (P*)AV Z
whose PDL-validity problem is known to be EXPTIME-complete. We show
that cutfree-derivability in SEQ!" (hence PDL-validity) of such S is equivalent
to plain validity of a suitable “transparent” quantified boolean formulaAg . Hence
EXPTIME = PSPACE holds true iff the validity problem for any .S involved
is solvable by a polynomial-space deterministic TM. This may reduce the former
problem to a more transparent complexity problem in quantified boolean logic.
The whole proof can be formalized in PA extended by transfinite induction along
¢,, (0) —actually in the corresponding primitive recursive weakening, PRA, (o).

2 Introduction and survey of results

Propositional dynamic logic (PDL) was derived by M. J. Fischer and R. Ladner
[6], [7] from dynamic logic where it plays the role that classical propositional
logic plays in classical predicate logic. Conceptually, it describes the properties
of the interaction between programs (as modal operators) and propositions that
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are independent of the domain of computation. The semantics of PDL is based
on Kripke frames and comes from that of modal logic. Corresponding sound
and complete Hilbert-style formalism was proposed by K. Segerberg [15] (see
also [11], [9]). Gentzen-style treatment is more involved. This is because the
syntax of PDL includes starred programs P* which make finitary sequential
formalism similar to that of (say) Peano Arithmetic with induction (PA) that
allows no full cut-elimination. In the case of PA, however, there is a well-known
Schiitte-style solution in the form of infinitary (also called semiformal) sequent
calculus with Carnap-style omega-rule that allows full cut elimination, provably
in PA extended by transfinite induction up to Gentzen’s ordinal ¢ (cf. [3], [14]).
By the same token, in the case of PDL, we introduce Schiitte-style semiformal
one-sided sequent calculus SEQ" whose inferences include the omega-rule with
principal formulas [P*]A and prove cut-elimination theorem using transfinite
induction up to Veblen’s predicative ordinal ¢, (0) (that exceeds eg, see [17],
[5]). The omega-rule-free derivations in SEQ} " are finite and sequents deducible
by these finite derivations are valid in PDL. Hence by the cutfree subformula
property we conclude that any given [P*]-free sequent is valid in PDL iff it
is deducible in SEQ["" by a finite cut- and omega-rule free derivation, which
by standard methods enables better structural analysis of the validity of [P*]-
free sequent involved. ! The latter is related to computational complexity of
decision problems in PDL. Namely, the satisfiability (and hence the validity)
problem in PDL is known to be EXPTIME-complete (cf. [7], [13]). Actually
the EXPTIME-completeness holds for PDL-validity of special [P*]-free basic
disjunctive normal expansions (abbr.: BDNE), whose negations express that
satisfying Kripke frames encode accepting computations of polynomial-space
alternating TM. Thus the conjecture EXPTIME = PSPACE holds true iff
PDL-validity of BDNE is decidable in polynomial space. We show that cutfree-
derivability in SEQ/" (and hence PDL-validity) of any given BDNE, S, is equiv-
alent to the validity of a suitable “transparent” quantified boolean formula S.
Having this we conclude that EXPTIME = PSPACE holds true iff boolean
validity of any S involved is decidable by a polynomial-space deterministic TM.
Hence EXPTIME = PSPACE holds true iff S is equivalid with another
quantified boolean formula whose size is polynomial in the size of S, for ev-
ery S € BDNE. This may reduce the former problem to a more transparent
complexity problem in quantified boolean logic, which will be investigated more
deeply elsewhere. The whole proof can be formalized in PA extended by trans-
finite induction along ¢, (0) — actually in the corresponding primitive recursive
weakening, PRA, ().

Lcf. e.g. Gentzen-style conclusion that any given false equation n=m (in particular 0 = 1)
is not valid in PA, since obviously it has no cutfree derivation.



3 DMore detailed exposition

3.1 Hilbert-style proof system PDL
Language £
1. Programs PRO (abbr.: P, @, R, S, possibly indexed):

(a) include P-variables 7, 71, ...(abbr.: p, q, r, possibly indexed),

(b) are closed under modal connectives ; and U and star operation *.
2. Formulas FOR (abbr.: A, B, C, D, F, G, H, E, etc., possibly indexed):

(a) include F-variables vg, v1, ... (abbr.: z, y, z, possibly indexed),

(b) are closed under implication — , negation — and modal operation
F < [P] F, where P € PRO. 2

Axioms (cf. e.g. [15], [9]): 3

(D1) Azioms of propositional logic.
(D2) [P](A— B) = ([P]A— [P]B)
(D3)  [P](AAB) < ([PJAN[P]B)
(D4)  [P;Q]A < [P][Q]A

(D5) [PUQJA & [PAN[Q]A

(D7) [P*]A+ AA[P][P*]A

(D8)  [P*](A—[P]A) = (A— [P*]A)
Inference rules:

(MP) A AB—> B

A
(G) RE

3.2 Semiformal sequent calculus SEQFPL

Definition 1 The language of SEQ.L’" includes seq-formulas and sequents.
Seq-formulas are built up from literals x and —~x by propositional connectives V
and A and modal operations [P] and (P) for arbitrary P € PRO. Seg-negation
F is defined recursively as follows, for any seq-formula F.

4. (PUQYA:=[PUQJA, [PUQ]A:=(PUQ)A

2Boolean constants are definable as usual e.g. by 1:=vg — v and 0 := —1.
3Standard axiom (D6) : [A?]B <+ (A — B) is obsolete in our ?-free language.




5. (P;Q)A:=[P;QlA, [P;QlA:= (P;Q)A

m times m times
m m
In the sequel we use abbreviations (P)" := (P) - -- (P) and [P]" := [P] - - - [P].

For any x € {0,1}, let (P) :—{ 53%’ i §2(1)7 Forany?:Pl,u',Pk

(kz(nandfzp,m-+{a1}Mt(?ﬁf::(Pnﬂn~~(Rgﬂm.By(a),<5>
and [6] we abbreviate (a)f for arbitrary f, f = 0 and f = 1, respectively.

Formulas from FOR are represented as seg-formulas recursively by —F := F,
F — G := F VG and, conversely, by FVG = -F = G, FAG :=~(F — —G),
(P) F := = [P]—F. Sequents (abbr.: I', A, II, ¥, possibly indexed) are viewed as
multisets (possibly empty) of seq-formulas. A sequent I' = Fy,--- | F,, is called
valid iff so is the corresponding disjunction Fy V ---V F,. Plain complexity of
a given formula and/or program in £ is its ordinary length (= total number of
occurrences of literals and connectives V, A, U, ;, *)

Definition 2 Ordinal complexity o(—) < w* of formulas, programs and se-
quents in L is defined recursively as follows, where a4+ 3 is the symmetric sum
of ordinals o and 3.

(z) = o(=z) = o(p) := 0.

2. o(AV B) =0(AAB) :=max{o(A4),0(B)} + 1.

3. o(PUQ) :=max{o(P),0(Q)} +1, o(P;Q):=0(P)+ o(Q) + 1.
4. 0(P*) = 0(P)-w, o((P)A) = o([P]4) := o(P) + o(4) + 1.

5. 0(l) =3 {o(A4): AeT}.

Definition 3 SEQY" includes the following aziom (AX) and inference rules
(V), (A), (U), [U], ), ], (%), [%], (GEN), (CUT) in classical one-sided sequent

1.0

.0

.0

formalism in the language L. In [x] we allow Q@ = [5} =(.*5
’ (Ax) z,—a,T ‘
AB.T AT BT
M aver | TarBr
(PYA, (RYA,T [P]A,T [R]A,T
Y Tpomar |Y [PURJAT
o (PXR)AT | [PIRJAT
6 mmar |V pRAT

4We assume that all rules exposed have nonempty premises.
5[#] has infinitely many premises. Ii is called the w-rule.



(@)pyma, (@) pPyar
() Frrar "2
o {6}[P]T”A,F - (¥m > 0)
[@]ipar
(GEN) (p)xlAil" .' .' 7 (’]j)l:nAn, T (n>0)
if iéxi =1.
cor) O FF ] Ha 11

For the sake of brevity we’ll drop “seq-” when referring to seq-formulas of
SEQLPE. T is called derivable in SEQLPY if there exists a (tree-like, possibly infi-
nite) SEQL " derivation O with the root sequent I' (abbr.: (9 : T') ). We assume
that SEQ.’" derivations are well-founded. The simplest way to implement this
assumption is to supply nodes  in 9 with ordinals ord (x) such that ordinals
of premises are always smaller that the ones of the corresponding conclusions.
Having this we let h (9) := ord (root (9)) and call it the height of .

In SEQ!P", formulas occurring in I and /or IT are called side formulas, whereas
other (distinguished) ones are called principal formulas, of axioms or inference
rules exposed. These axioms and inferences, in turn, are called principal with
respect to their principal formulas. Principal formulas of (CuT) are also called
the corresponding cut formulas. We’ll sometimes specify (GEN) as (GEN)p to
indicate principal program P involved.

Theorem 4 (soundness and completeness) SEQ! " is sound and complete

with respect to PDL. Moreover any PDL-valid sequent (in particular formula)
is derivable in SEQ.’" using ordinals < w +w =: w - 2.

Proof. The soundness says that any sequent I' that is derivable in SEQ
is valid in Kripke-style semantics of PDL. It is proved by transfinite induction
on h(9) of well-founded (9 :T) involved. ¢ Actually it suffices to verify that
every inference rule of SEQ."" preserves Kripke validity, which is easy (we omit
the details; see also Remark 5 below).

The completeness is proved by deducing in SEQ;" the axioms and inferences
(D1) — (D5), (D7), (D8), (MP), (G) of PDL.

(D1) is deducible by standard method via extended axiom (Ax)* : F,F,T
whose finite cutfree derivation is constructed by recursion on plain complexity
of F (in particular we pass by (GEN) from A, A to [P]A, (P)A,T).

PDL
w

6Plain (finite) induction is sufficient for []-free derivations.



(D4) and (D5) are trivial, while (D2), (D3),(DT7),(D8) are derivable as

follows.

(D2) :

[P](A— B) —

([P]A — [P]B)

£ (P)(AAB)

(ax)*
A A B

(ax)*

B,A,B

V (PYAV [P]B.

A/\EZB

) (AAB) ,(

(P)
(P)(ANB)V

: [P](AAB) +

(P) (A B) v ([PJA A [PIB))

([PIAN[P]B)

B
A ([P(AA B)

V (PYAV (P)B).

_(axT
A,B,A
kA Rl (V)
AVE, A

_(A9*
A4,B,B
(W)
AVB,B

(GEN)

(P)(AvB),[PlA

(GEN)

(P)(AvB),[P]B

(P) (AV B),[PIAN

[P|B

(V)

(P) (AV B) V ([PJAA

[P]B)

(AT
AAB

(AT
B, A, B

AANB,A B

(A

)

PLANB) . (P)A (@B

EN)

(V)

[P|(AAB)V

(PYAV (P)B

;[P

JA < AN[P][P] A

A ([P*JAV AV (P)(P*)A).

PHAV (A [P)[P]A))

g

P*] A.



(P*)(A A (P)YA) A, [P]A
_ (V) |, where:
(P*)(A A (PYA) VAV [P*]A
9o = (P*)(AN(P)A), A, A (Ax)T
(Ax)* (Ax)*

81 = — <>!<>

(Aot (At
A, A, PA L (P)A, [P]A N
(Ax)" A, AN (P)A,[P]A (GE)
AA(C)  (PYAP)(AN(P)A), [PIPA, () )
5, — AN(PYA (P)(AN(P)A),(---), A, [PPA ()
(P*)(A A (P)A) A, [PA

etc. via (A), (x) and (GEN).

Obviously these derivations don’t use (GEN) and require ordinal assignments
< wHw. SEQP" inferences (MP) and (G) are obviously derivable by (CuT) and
(GEN), respectively. These increase ordinals by one, which makes an arbitrary
Hilbert-style PDL deduction interpretable as a SEQ." derivation of the height
< w -2, as required. m

Remark 5 The validity of (GEN) also follows from that of (D1), (D2), (D3)
and plain generalzation (G), e.g. like this:

(G)




3.3 Cut elimination procedure
3.3.1 Auxiliary sequent calculus SEQPDL

Definition 6 SEQ[ is a modification of SEQ’" that includes the following
upgraded inferences <U> , ), G-

(L) < (P)A 7< > Ul [a}[P}A,F {6}[}3]1471-\
UR)A [6}[PUR}A,F

)
(@yp
@y | @
<Z§><P R)A,T ) [6}[P;R}A,F

Obviously these upgrades are still sound in PDL and cut-free derivable in
SEQ.". Hence SEQ" and SEQ_" are proof theoretically equivalent.

3.3.2 Derivable refinements

Lemma 7 The following inferences are derivable in SEQL"} minus (CuT). More-
)
(09 : 1)

(GEN) we assume that B =P, P, (k>0), fi,---,fn: [1,k] = {0,1}

over, for any inversion involved we have h(0°) < h(9) + w. In

and (Vj € [1,k]) >_ fi: (j) = 1. Note that (GEN) is a particular case of (GEN).
i=1

(W) T (weakening) | | (C) Ajéljle"F (contraction)
e O e
e <5><PUR>A,F
(@ )P)a (@ YR)AT
s [B]UDUR]A,F g [6][PUR]A,F
[Zﬂ [P]A,T [Zﬂ [R]A,T

(30 (@ PimaT 0 [@|ipiria T
©(@xpmar || [QiPIRIAT




[@|priar
T @rar "=
GEX A An (n > 0)
=) Ea G

Proof. Induction on proof height and/or formula complexity. Cases (W),
(C) are standard. Note that (C) with principal (GEN) is trivial, e.g.

0 :

(al :AaAvB)

(PYA,(P)A,|P] B,T

(GEN)| <

(0F : A, B)

0°: (PYA,[P] B,T

(G

EN) |.

JR
Case (GEN) is an obvious iteration of (GEN).

Cases (V)7, (N,

(/\)S are standard (and trivial) boolean inversions.

Case (U) ( [U]° analogous). We omit trivial case of principal inversion of
(U) and show only the crucial cases of principal (GEN) (in simple form):

. (81 . A, B7 C) U O
O PURAPURBPURCT (G| 0 >
(61:A,B,O) (812147870)
(GNP B A (RA(PIB(RB.PICT y (PIA(RAPIB (RBRCT CPNr
VA (RA(PURB.PICT ) (P\A(R)A.(PURB.[RICT y
(P)A,(R)A,(PUR)B,[PUR|C,T V]
[ 6, (PURA B)
O oupuma, @Bt ™|
| @)
| QUP A, QR A, QBT Y |

Case (;)° ([;]° analogous). As above, we omit trivial case of principal
inversion of (;) and show the crucial cases of principal (GEN) (in simple form):

. (01 : A,B,C)
O\ PRA (PRE PRCT GNV| 7
(81 IA B C) —
(PXF)A. (PR B, [PITRIC.T (GEN) ne
S0 (PYR)A, (P:R) B, P|[RIC, T
PYAA, (PR B (PG T I
_ (01 : (P;R)A, B, C)
O\ armA QB Qer O] 7




8P . (R}A,B,C)
APXR)A,(Q)B, [Q]C,T

G0N Cg (GEN) |

{
]

Case [#]” is analogous to (/\)?, via trivial inversion of [«]:
| _(01:AB)
0: W (GEN)| <
(01: A, B) e —
P B, (PBT (O 2
IR - m (x) |,
[P]™A, (P*)B,T
o, : [R|P1A, B
0: ( [ }[ | ) (GEN)| —
Q[ R]P-14, (@B,
(+]° m
9 (al .[ﬁ}[P] A,B,r) |
Q[R]PI™4, (@B, T

Note that (W), (C), (V)°, (/\)?, (/\)éD don’t increase derivation heights. m

3.3.3 Cut elimination proper

We adapt familiar predicative cut elimination techniques ([14], [4], [12], [8], [2])-

Theorem 8 (Predicative cut elimination) The following is provable in PA
extended by transfinite induction up to Veblen-Feferman ordinal ¢,(0) > &o.
Any sequent derivable in SEQ." is derivable in SEQ." minus (CUT). Hence
any PDL-valid sequent (formula) is derivable in the cut-free fraction of SEQL’Y,
and hence also in SEQL " minus (CUT).

Proof. Our cut elimination operator 0 — & (9) satisfying deg (£ (9)) = 0 is
defined for any derivation 0 in SEQ}>" by simultaneous transfinite recursion on
h (9) and ordinal cut-degree deg (9).

’deg (0) :=max {0,sup {o(C) + 1: C occurs as cut formula in 0}} ‘

Namely, for any inference rule (R) # (CuT) with

(B:F):(allzﬂirl)(pb) 7 (6:F):(81:F1) - (02 : ) (R)
or |(0:1) = " (amzl“m% ~{m >0} R®) = [+

10



we respectively let

€@):0)= EOVT (| o | (o)) - EQLT0)_(EO):T)
or | (£(9):1) = - EOnL D) _Am 20} )

Otherwise, if (R) = (CuT) with

(81 : 07 F) (82 : 6, H)

:TUIl) =
(9:TUID) Tull

(Cur)

then we stipulate

(D) :TUTI) = (5 <R<(5(31) A% F% - g@) 1) (Cm))) TU H)

with respect to a suitable cut reduction operation 0 — R (9) such that

|deg (R (9)) < deg (9) if deg (1) = deg (02) =0}

which makes £(9), deg (£ (9)) = 0, definable by induction on deg (9) and h (9).
Now R (9) is defined for any

(81 : C7 F) (82 : 6, H)

:TUIl) =
(9:TUID) Tull

(Cur)

by following double induction on ordinal complexity of C' and max (h (01) , h (02)),
provided that deg (91) = deg (92) = 0.

1. Case C = L and C = L for L € {z,~z}. This case is standard. Namely,
L is principal left-hand side cut formula only if (; : L,T) for I' = L,I’. But
then (82 L, H) infers T UII = L,T",II by derivable weakening (W). That is,
graphically speaking, R (9) is bottom up constructed by (1) substituting II for
every side formula predecessor of the cut formula L while ascending 0; up to
its disappearance due to (GEN) or else principal appearance in (AX) L,L,T’
followed by (2) adding I to every side formula predecessor of the cut formula
L while ascending 0.

2. Case C = AVB and C = AAB. Use derivable inversions (V)* (/\)(1D , (/\)S:

(81:AVB,I‘) (822/\?71_[)

0: U (Cut)| —
(60" a.BT) (667 - )
B.TUII (CuT) (a;Wé’ . B, H)
R(0) := TUT (Cur) |

11



3. Case C' = <6><P UR)A and C = [6}[1—7 U R] A. Analogous reduction to
(Cut)’s on <5><P>A and <6>(R>A by derivable inversions (U)?, [U]?, [U]g

4. Case C = <5><P; R)A and T = {6}[1); R]A. Immediate reduction to
(CuT) on <6><P>(R>A by derivable inversions (;)°, [;]°.

5. Case C = <@’>F and C = [5}? where G = Q1---Qn (0> 0) and
(Vj € [1,n]) (Q;=pj or Q; = P}), while F # (Q) F'. The reduction is either

J
trivial, if & = (AX)", or else defined hereditarily with respect to left-hand side

non-principal subcases like

/. /
O : (810761:’1—‘) (R) | with 0y : [p]A, I, when we let
_|(R(&):T"uIl) , | (01:C,T) (92 : C,I)
R (0) = —Tom (R)| for 0" : O (Cut) |,

(0 :C,1")y (97 :C, 1)
- (R) |

or analogous non-principal subcases 0; :

(a(m) . C, p(m)) - (Ym > 0)
C.T el

as well as the following principal subcases 5 (a), 5 (b), 5 (c).

5 (a). C=(Q)F = <c7><P*>A and

(o1 (@)Pyma (@ )poarr)
(@)priar

61:

with s : [@}[P*]Z,H. Let

81:

(*

-

>(P>mA, ru H) (6&*10 : [@}[P]”LZ, H)
TuUll

(o - <c7><P>mA, <C7><P*>A,F) (0 - [C?}[P*]Z, 1)

Ve
S|
’52.

By
QJ

(CuT) | where

(Cur) |

(a{ A, §,D> B
o1 : (GEN) | with 05 : [P*]A,II. Then let
(P*)A, (P*)B,[P*|D, T
= (P)A,T

12



: (a;; : <p*>§,[P]mD,r’un) . (Ym > 0)

R(0) := <P*>§, DI UL [] | where
=Tull
O =
9 : A, B, D)
(PymA, <p>m§7 [P]™D, <P*>§,F’ (GEN) (3%*10 : [P]™4, H)
(Cur)
(PY"B, (P*)B, [P"D,I" UTL !

(PYB,[P]™D,T" UTL

5 (c). C = <5>F = (YA and

o1 : < § DT (GEN) | with 05 : [p]A,II. Then we let
=< >A r
R(D) = (R’(ag,ag):@)ﬁ’ [p]D,H) w
O T B o ron V)
=Tull

where R’ (97, 02) is defined by induction on h (Js) — either trivially, if dy =
(AX)—F7 or hereditarily, in the non-principal subcases, while in the principal
subcases

, (954, 8) )| ond 5 (o 8,}1) am
ot EN an ot EN
Pl A, ()G, IV Pl A, ()G [plH.TI"
= [p]A 11 = [p]A 11
we respectively let
, (5 4, B D) (% :Z,EE)
R (O1,02):= § D, e o (CuT)| and
(n) B, [p|D, (p) G, II
= <p>§,[ |D.11
5 5 (85 : B,H) G
R (01, = EN) |, as desired.
O . B o
(p) B, [p|D,11

Obviously R reduces the cut degree of 0. That is, in each case 1-5 we

have deg (R (9)) < deg(9d) < w®, provided that both d; and 9y involved are

13



cutffree. Moreover it’s readily seen that nodes in R (9) can be augmented with
ordinals such that

(A (R(D)) < h (D) + h(D2) +w < h(D)-2+w]|

Having this one can define ordinal assignments also for (slightly modified) cut-
free derivations £ (9) such that for any 0 with deg (9) < w® it holds

[h(£(D) < ¢(a,h (D))

W

which for deg (9) < w*” and h (9) < w -2 (cf. Theorem 4) yields

h(€(9)) < sup ¢ (n,w-2) = ¢ (w,0) = ¢, (0)

nw

(see Appendix A for a detailed presentation). It is readily seen that the entire
proof is formalizable in PA, (), i.e. PA extended by schema of transfinite
induction along (canonical primitive recursive representation of) ordinal ¢, (0).
7

]

Corollary 9 Let T' be any sequent that does not contain occurrences [P*] and
suppose that ' is derivable in SEQ.P™. Then I' is derivable in a subsystem of
SEQ!", called SEQT™", that does not contain inferences [*] and/or (CUT). Note
that every derivation in SEQJ™" is finite. Consequently, any given [P*]-free

seq-formula is valid in PDL iff it is derivable in SEQ}"".

Proof. This is obvious by the subformula property of cutfree derivations.
]

Remark 10 Here and below we argue in PA, (o) that is a proper extension
of PA, as ¢, (0) > 9. Actually by standard arguments the whole proof is
formalizable in the corresponding primitive recursive weakening, PRA, ().

3.4 Herbrand-style conclusions

Let Ly be the star-free sublanguage of £. Denote by SEQ(™" the (finite) Lo-
subsystem of SEQ[™".

Theorem 11 Let ¥ = (P*)A, 11 with A,II € Ly. Suppose that ¥ is derivable
in SEQ™™". Then there exists a k > 0 such that S == A, (A, -+, (p)*A, I is
derivable in SEQG"".

Proof. The nontrivial implication SEQ.™™ F ¥ = SEqQ™" S follows
by standard arguments from the cut elimination theorem by induction on the
height of the corresponding finite cutfree proof 9 of ¥ in SEQ."". Since no [P*]

",,(0) = D(w*%) according to ordinal notations used in [8].
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occurs in X, no (P*)A can be principal formula in (GEN). Thus the only crucial
case is when some (P*)A is principal formula in

(P*)A,(P)"A, %

() (PA, %

which by the induction hypothesis yields k such that (P)™A, f]k is derivable in
SEQ("". By (C) or (W) this yields the derivability of X/ for &' := max (k, m).
]

Remark 12 By the same token, for any [P*]-free seq-formula F, one can suc-
k ,

cessively replace all subformulas (P*)A by appropriate disjunctions \/ (P)'A
i=0

such that F' is PDL-valid iff the resulting expansion F' is derivable in SEQp"".

3.4.1 PSPACE refinement

Denote by L1 a sublanguage of Ly containing only atomic programs p = m; and
let Lo be the PRO-free fraction of Ly;. Note that program operations “;” and
“U” are definable in Lo; via (P;Q)A = (P)(Q)A, (PUQ)A := (P)AV (Q)A
and [PUQJA := [P]A A [Q]A. Let SEQ(;" be the following Loi-restriction of
SEQ("" (that proves the same Ly;-sequents as SEQ("").

’(AX) x, —mc,l“‘
W) A B, T ) AT B,T
AV B,T AANB,T
Al An
GEN L n >0
( ) (p)XlAh ) (p)anm r ( )
if Yy, =1
i=1

Note that any Loo-formula A is derivable in SEQQT" iff it is valid in propositional

logic, and hence, by contraposition, SEQ{Y" ¥ A iff = —A (i.e. —A is satisfiable).

Lemma 13 (p-inversion) Suppose that [p|Ai,---, [plA;,(p)B1, - ,{p)Bk, T,
where I'=(q1)Ch, -+, (@)C1, 11 for q; # p, and I € Lo, is derivable in SEQpY".
Then so is either T or A;, By, -+, By, for some i € [1, j], without increasing the
height of the former derivation.

Proof. By straightforward induction on the derivation height. In the crucial
principal case we have

AL A

(CEN) A WA, ) Br . By
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where 0 < ¢ < k and A C By,---, By, which by derivable (W) yields the
required derivability of A;, By,--- ,B;. &

Theorem 14 The derivability in SEQRY" is a PSPACE problem.

Proof. For the sake of brevity we consider Ly; formulas containing at most
one atomic program p = m. Furthermore, we refine the notion of SEQ}"
derivability by asserting that a sequent A # (AX) is the conclusion of a rule

(R) if one of the following priority conditions 1-3 is satisfied.
1. (R) = (V).

2. (R) = (A) and no disjunction AV B occurs as formula in A; thus A is not
a conclusion of any (V).

3. No disjunction AV B or conjunction A A B occurs as formula in A. Thus
A is not a conclusion of any (V) or (A), i.e. A= (p); F1,---,(p)e, Frn for

>>¢&, > 1. In this case we stipulate that A is the conclusion of (R) if one
i=1
of the following two conditions holds:

M=

(a) > ¢ =1and Fy,---,F, is the premise of (R) = (GEN).

1

«.
Il

(b)

-

<
l
—

§; > 1 and there exists j € [1,n] with {; = 1 such that either

>

)= FjU{F, € A:¢& =0} or A7) := A\ {F};} is the premise of
(R). (Note that we have (R) = (GEN) and (R) = (W) in the former
and in the latter case, respectively.)

=

Having this we consider derivations in the refined SEQ}" as at most binary-

branching trees 0 whose nodes are labeled with sequents of Ly;. Actually, for
any given Lo1-sequent ¥ it will suffice to fix one distinguished proof search tree
0y with root sequent 3 that is defined by bottom-up recursion while applying
the conditions 1-3 in a chosen order as long as possible. It is readily seen by
inversions in Lemmata 7, 13 that X is derivable in SEQY" iff 9y proves X, i.e.
every maximal path in 0y is locally correct with respect to 1-3. Moreover,
by the obvious subformula property we conclude that the depth, d(dy), and
maximum sequent length, max {|A|: A € 9y}, of Jy are both proportional to
|2]. Hence every maximal path in 9y can be encoded by a Ly;-string of the
length proportional to || whose local correctness is verifiable by TM in O (|X])
space. The corresponding universal verification runs by counting all maximal
paths successively, still in O (|X|) space, which completes the proof. m

Remark 15 Arguing along more familiar lines we can turn 0y into a Boolean
circuit with (binary) AND, OR and (unary) ID gates, where ID(x) := x for
x € {0,1}, such that AND, OR and ID correspond to the above conditions 2,
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3 (b) and 1 and/or 3 (a), respectively. The corresponding truth evaluations
val (=) are defined as usual via val (A) :=1 (true) iff A = (AX), for every leaf
A. Then val (X) = 1 iff 9y proves ¥, as required. 8

3.4.2 Special cases

Recall that by (a particular case of) Theorem 11, for any ¥ = (p*)A,II with
A€ Lo1,1I € Ly the following holds. Suppose that ¥ is derivable in SEQ]".
Then there exists a k > 0 such that 3, := A (pA, -, <p>kA, IT is derivable in
SEQpr". It turns out that in some cases it’s possible to estimate the minimum

k and hence the corresponding ‘ik’

Definition 16 Let p = mg be fized. Call basic conjunctive normal form (abbr.:

BCNF) any Lo1-formula \ | B; V (p)C; V \/ [p)D;,; | for m >0, n; > 0 and

i=1 j=1
B;, C;, D; ; € Loo U{0}. Formulas (p*)AV Z for A € BCNF and Z € Loy are
called basic conjunctive normal expressions (abbr.: BCNE ).

Theorem 17 Let A = A (BZ— vV (p)C; vV \/ [p]D”> € BONF, k > 0, Ay :=
j=1

i=1
A, (DA, - ,(p}kA and &, = //l\k,H for L € Log. If S, is derivable in SEQq"

then so is Xp41 too, where n.= 3 n;.
i=1

Proof. For i € [1,m] let A; := {[p|D; ;:1 < j <n;}. So Lemma 13 yields

FSoe R ATLe \F B, (p)Ci, AT
i=1

m i
N (/\) F B, IV \/ FCi, Dy

i=1 j=1
where “ - stands for “ SEQEY" 7, and hence

Ky e KA (\/) (FBZ‘,H/\ (/()J"C%Dm) g
1

i=1 j=

By the same token, for any s > 0 we let (p)A, := (p) (AV (P)AV -+ V (p)°A)

8This proof is dual to familiar proof of polynomial space solvability of QSAT (cf. e,g. [10]).
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and arrive at
F S ek Ay Ile A (p) A, Tl
o A\F B ()0 AL () AT
=1
& (7\) - B, TV \/ - A,,Ci, D;
i=1 j=1

which yields

j=

[ SRS VI S | S (\/) (Jz‘ Bi, T A (/\) %Es,ci,DiJ) .
1

i=1

Thus for any k > 0, the assertion ¥ f)k is equivalent to the existence of a labeled
rooted refutation tree T} of the height k + 1 such that the following conditions
1-3 hold, where sequents £ (x) are the labels of x € Ty, (p being the root).

1. £(p) =1L
2. ¥ £(x) holds for every leaf x € Tj.

3. For any inner node x € T}, there exists ¢ € [1,m] such that z has m; + 1
ordered children: zq (the son) with label £ (xg) = B;, ¢ (z) and @1, , Zp,
(the daughters) labeled £ (x;) = C;, D; ;, respectively; moreover z; (j > 0)
is a leaf iff it is either a son or else a daughter of the depth k + 1.

Since daughters are subsequents of their sons, condition 2 is equivalent to
2*. ¥ ¢ (z) holds for every node x € Tj,.

Now if K < n+1 then f]k - §n+17 and hence f]k implies - EAIHJFI. Further-
more, from F §n+1 we'll infer (Vs > n) ¥ f]s and conclude by contraposition
that (3k) F S, implies (in fact is equivalent to) Snt1, as required. So assume
¥ §n+1. We prove the existence of the refutation trees Ty, s > n, by recursion
on s. Basis case k = n+1 holds by the assumption. To pass from T to Tsy1 we
argue as follows. Let & € T be any leaf-daughter and 6 = (p,y1,-- ,ys = )
the corresponding maximal path, in Ts. Since 6 contains at most n < s different
labels £ (y,) = C;, D, j (i € [1,m], j € [1,n;]), there exist a (say, minimal) pair
0 <r <t < ssuchthat £(y,) = £(y:). Let T(5, r+) be a tree that arises from
Ts by substituting its subtree rooted in y, for a one rooted in y;. T(s .z ¢ is

higher than T — so let Ts(ﬂ be a subtree of T(; ;) consisting of the nodes
of the depths < s 4+ 1. Proceeding this way successively with respect to all
leaf-daughters x € T, while keeping in mind condition 2* we eventually obtain
a refutation tree Tsy1 of the height s 4 1, as required. m

By Remark 10 and Theorem 11, the following are provable in PRA (o).
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Corollary 18 Let A € BCNF, n and II be as above. ThenX: := (p*)A,Il is
derivable in SEQLP" iff 41 1= Apy1, I is derivable in SEQFY".

Corollary 19 Let S € BCNE. Problem PDL + S, i.e. PDL-validity of S, is
solvable by deterministic TM in O (\S|2> space.

Proof. For A as above we have n < |A[, and hence‘gnﬂ’ =0 (\A|2) This

~

yields ‘A,LH, Zl=0 (|A|2 n |Z\> ~0 (|S|2>. Now by Theorem 4 followed by
Theorems 11, 17 we have

PDLF S < SEQ™™ + S < SEQSY™ F Appq, Z

while problem SEQ{}Y" - jn_H, Z is solvable in O(’XH_H, ZD :(’)(|S|2> space.
|

Definition 20 Call basic disjunctive normal form (abbr.: BDNF) any Lo;-

formula A\ | B; V (p)C; vV \/ p|D;; | for m > 0, n; > 0 and B;, C;, D;;
j=1

i=1
€ Loo U{0}. Formulas (p*)AV Z for A € BDNF and Z € Loy are called basic
disjunctive normal expressions (abbr.: BDNE ).

Problem 21 Let S € BDNE. Is problem PDL + S solvable by deterministic
TM in |S|-polynomial space?

3.4.3 More on BDNE

PDL-satisfiability problem for certain statements ACCEPTSy, = [p*]V AW
for V€ BCNF, W € Ly — expressing that satisfying Kripke frames encode
accepting computations of polynomial-space alternating TM — is known to be
EXPTIME-complete (cf. [1] and [9]: Theorem 8.5, et al; see also [16]). Hence
so is also the dual PDL-validity problem for the corresponding negations S :=
ACCEPTS ) = (p*)AV Z € BDNE. ? So the affirmative solution to Problem
21 would infer EXPTIME = PSPACE (and vice versa, since general PDL-
validity is EXPTIME-complete).

Now consider a given S := (p*)AV Z for A € BDNF and E € Ly, where

s t
for brevity we let A = Fo vV (F;A[p)G)V V (F; A (p)H;), cf. Footnote
i=1 i=s+1
9 and Appendix B. We wish to present the assertion PDL F S in a suitable
“transparent” quantified boolean form. To this end, by de Morgan laws, we first
convert A € BDNFto R = A R¢ € BCNF, where R¢ = B¢V (p)CeV \ [p]De,j
fe= j€J5

s t
91t suffices toset A:=FoV V (F; Ap|Gi)V V  (Fi A (p) H;), see Appendix B.
i=1 i=s41
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for 2:={&=(£(1),---,& ()} with £ (i) € {1,2}, for every 1 <4 < ¢, while

Be : =R Vv\/[{F:1<i<tng(i)=1},
Ce = =\/{Hi:s<i<tn&(i)=2},
Dej + =Gjforjede:={i:1<i<sANE(i) =2},

Clearly PDL A < R (also by PDL-equivalence (p) HV(p)H' <> (p)(H VH')).
Note that |Z| = 2" and |R¢| < |A|, for every £ € E.

By the cut-elimination theorem PDL - S is equivalent to SEQ " F (p*)R, Z,
which by Theorem 17 is equivalent to SEQy}" F §n+1, Z, where

En-‘rl = Ra <p>R7 T <p>n+1R
for n:= Y |Je| < s-|E] = s2'. Hence arguing as in the proof of Theorem 17

fe=
we arrive at

PDL‘ S & SEQS F Ryy1, Z & f(s20+1,2) =1

where f is boolean-valued function defined for every ¢« > 0 and formula X € Lqg,
| X| < |S], by the following recursive clauses 1-2, where “F Y ” stands for plain
boolean validity of Y, for any given Y € Ly (see above Ch. 3.4.1).

L1f(0,X)=1< A (I— (BevX)V V F(Cva&j))

§eE J€e

te= jeJe

2. 1f+1,X)=1< A (k (BevX)Vv V f(z',Cgng7j):1>

Moreover, every “F Y ” involved is expressible in quantified boolean logic as
Vaq - -Va,Y, where {x1, -, 24} is the set of propositional variables occurring
in Y. Having this done, by recursion on ¢ according to clauses 1-2 we obtain a
desired quantified boolean formula S such that

PDLF S & f(s2+1,Z) =14 QBLF S

(QBL being the canonical proof system for valid quantified boolean formulas).

Conclusion 22 For any S € BDNE there exists a “transparent” quantified
boolean formula S that is valid iff S is valid in PDL. Moreover, since PDL-
validity of BDNE is EXPTIME-complete, EXPTIME = PSPACE holds true
iff the walidity problem for any S involved is solvable by a polynomial-space
deterministic TM.
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Remark 23 The size 0f§ is exponential in that of S, 1° while quantified boolean
validity (and/or satisfiability) is known to be PSPACE-complete (cf. e.g. [10]).
Hence EXPTIME = PSPACE holds zﬁ§ 1s equivalid with another quantified
boolean formula whose size is polynomial in the size of S, for every S € BDNE.
This interrelation will be investigated more deeply elsewhere.
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4 Appendix A: Ordinal assignments

4.1 Ordinal arithmetic

We use basic properties 1-8 of Veblen’s ordinals (abbr.: v, 8,7,6) ( [17],[5],[12]).
1. Basic relation < is linearly ordered.
2. Symmetric sum is associative and commutative.

0<1l=uw’ w=w!w=p/7H).

a4 0=a, a<f— a4y <f4yHI.

a<f—=el@y)<eBr)Ae(,a) <e(r,h)

a<f<e(v,0) = atp <p(y,9).

a<BAy<@(B:0) = w(a,y) <¢(B,0) Np(a,¢(B,0) = ¢(B,9).

a<w*, 0<a—w? P =p(a,p).

® N e o s W

¢ (o, B) is also denoted by ¢, (). Note that eg = ¢, (0) < ¢, (0) < Tg.
In the rest of this chapter we freely use these properties without explicit
references.

4.2 Cut elimination 0 < £ (0)

For the sake of brevity we’ll slightly refine our inductive definition of £(9). To

this end we upgrade R to R™ : (8 Iﬁ A) — (R*(p, a,d) IM A). That

is, for any p > 0, o and (0 : A) with deg (9) < p+w® we define (R*(p, a, 9) : A)
such that deg (R™ (p, @, d)) < pand h (RT(p,,9)) < ¢ (a, h (9)). Then for any
0 with cuts we let

£(0) :=R*(1,a,0), where a := min {3 : deg (9) < w’}

and conclude that deg (£ (9)) =0 and h (€ (9)) < ¢ (e, h (D).

Now R*(p,a, d) is defined for any 9 with deg () < p + w® as follows by
double induction on « and h(9). Let (R) be the lowermost inference in 9.
If (R) is not a (CuT) on C with o(C) + 1 > p then Rt (p,a,d) arises from
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0 by substituting Rt (p, o, ;) for the lowermost subdeductions d; (recall that
h(0;) < h(0) ). Otherwise, we have

(81 : 07 F) (82 16, H)
ruil

where p < 0(C) + 1 < deg(9) < p+ w®. Let

(0:TUIl) = (Cur)

(RT (p,,01) : C,T)  (RY(p,c,02) : C,10)
TUI

(5: ru H) = (Cur)

and consider two cases.
Case a =0. Let RT(p,a,0) =R1(p,0,0) =R (5) Recall that
deg (R (5)) < deg (5) =0(C)+1<deg(d)<p+1

and hence deg (R™(p, a, 9)) = deg (R (5)) < p. On the other hand

#(=(9))

N

h (R+(p7 «, al)) 4+ h (R+(p7 a, 82)) +w
J (R 00)) 4 (R (pre02)) 4

2O = 4 (0.1(3))

which yields h (RT(p,«,0))=h (’R (5)) < (O7 h (5) ), as desired.

A IA

Case a > 0. Thus w® = w* + -+ 4w for a > a1 > -+ > ay, (by
Cantor’s normal form). In this case we apply inductive hypotheses successively
for ay, -+, a, and let

R+(p,04,8) = R+(p7alaR+(p17a27 e aR+<pn—17an7a)))

where pg := p and (Vi > 0) p; 1 := p; + w**'. Then deg (R*(p, ®, d)) < p and
h(RY(p,a,0)) < p(ai, ¢ (an,h(0))) < ¢(a,h(d)), as desired.

4.3 Formalization

We fix a chosen “canonical” primitive recursive ordinal representation

O = <01 ]-70')7 <7+7-H-,OJ(_),QO(—7 _)>

(also known as system of ordinal notations) in the language of PA that is
supposed to be well-ordered by < up to ¢, (0) (at least). To formalize the latter
assumption we extend standard formalism of PA by the transfinite induction
axiom (schema) for arbitrary arithmetical formulas, TIp (¢,,(0)). The extended
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proof system is abbreviated by PA, (o). Derivations 0 used in the proofs are
interpreted as primitive recursive trees whose nodes x are labeled with sequents
and ordinals ord (z) < ¢,,(0). Having this it is easy to formalize in PA, (o) the
whole cut elimination proof; note that the operators R, R* and £ involved are
constructively defined and TIp (¢,,(0)) is used in the corresponding termination-
and-correctness proofs only. Actually we can restrict TIp (¢,,(0)) to primitive
recursive induction formulas thus reducing PA, () to PRA, (o).

5 Appendix B: Formula Accepts);, '

5.1 Semantics

Consider a given polynomial-space-bounded k-tape alternating Turing machine
M on a given input z of length n with blanks over M’s input alphabet; - and -
are the left and right endmarkers, respectively. Formula ACCEPTS s, involves
the single atomic program NEXT, atomic propositions SYMBOL? and STATE]
for each symbol a in M’s tape alphabet, ¢ a state of M’s finite control, and
0 < ¢ < n, and an atomic proposition ACCEPT. Then ACCEPTS)s, has the
property that any satisfying Kripke frame encodes an accepting computation
of M on z. In any such Kripke frame, states u represent configurations of M
occurring in the computation tree of M on input x = x1,--- ,x,; the truth
values of SYMBOL{ and STATE] at state u give the tape contents, current state,
and tape head position in the configuration corresponding to u. The truth value
of AcCEPT will be 1 iff the computation beginning in state w is an accepting
computation according to the rules of alternating Turing machine acceptance.
Then M accepts z iff ACCEPTS)s , is satisfiable. ACCEPTS);, is EXPTIME-
complete (cf. [9]: Theorem 8.5) and hence so is the negation ACCEPTSs 5.

5.2 Formal definition

Let T" be M’s tape alphabet and @) the set of states; there is a distinguished
start-state s € @ and left/right annotations ¢, ¢ Q. Let U C Q and F C Q
be the sets of universal and existential states, respectively. Thus UU FE = Q
and U N E = (. For each pair (q,a) € Q x I let A (g, a) be the set of all triples
describing a possible action when scanning a in state q. Working in £ we let

’ ACCEPTS 1,5 := ACC ASTARTA[NEXT*](CONFIGAMOVEA ACCEPTANCE) ‘

where ACC(EPT), STATEE:;, SYMBOLE:; € VAR, NEXT € PRO while START,

CONFIG, MOVE and ACCEPTANCE are defined as follows.
L. START := STATE; A A SymBoL" A A SymBoL}.
1<i<n n+1<i<n®
2. CONFIG :=

HThis is a recollection of [9]: 8.2.
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a——b —
V [SymBoL{A A SyMBOL; | A SYMBOLy A SYMBOL,, ;A
0<i<n+la€el a#bel

\V  V StaTte! A A V (STATE;? A A STATEf) A

0<i<n+1¢geqQ 0<i<n+1geQu{l,r} q#peQU{l,r}

A N (STATE? v STATEfH) AN N (STATE;-I v STATE;”_1>.
0<i<ngeQu{t} 0<i<n+1geQu{r}
3. MOVE :=

YA T —

A STATE; V STATE; V. A (SYMBOL? V [NEXT] SYMBOL?)) A

0<i<n+1 a€l
SYMBOL; \V STATE; V

A (NEXT) (SYMBOL? A STATEf+d) A
(p,b,d)EA(q,a)

0<i<n+1a€l
q€Q

[NEXT] \V SYMBOL? A STATE? +d)
(p,b,d)€A(g,a)

ACCEPTANCE :

A STATE? V ((Acc v [NExT] Acc) A (Acc V (NEXT) ACC))) A
0<z<n+1q6E

0<i<n+1qeU

4(
( A STaTE; V ((Acc Vv (NExT) Acc) A (Acc V [NEXT] Acc))).
H

ence

ACCEPTS ),z =

Acc V START V(NEXT*) (CONFIG VMOVE V ACCEPTANCE)

is equivalent to | (p*)A V Z | for ’p = NEXT, F = ACCV START € Ly ‘ and

A=F V(LA GV (FaA[p]G2) vV V (Fa Alp|Ga) V (F5 A (p) Gs)

VEA )GV (Fah ) Ga) YV (P, A (5) Go) € BDNF
BET yES

where:

R={a=(i,a,q,(p,b,d)) € [n+1] xT x Q x A(q,a)},

T={8=(i,a) € [n+ 1] x T},

S={r=(>0,¢9 €n+1]xTxQ},

Fob= 'V A [Svymsor;v V SYMBOL?) Y SYMBOLE\/ Sym™mBOL;! 4
0<i<n+lacl a#bel

0<i<n+1¢eQ 0<i<n+1qeQuU{t,r} a#£peQU{l,r}

V. A ASTATE] VvV A STATE] V V STATE’?>

(STATE?/\STATEfH)\/ V V (STATE A STATE]_, |,

0<i<ngeQu{L} 0<i<n+lgeQu{r}
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Fi= A ) STaTE/A Acc, Gy = Acc,
0<i<n+1q€E

F,= A A Stare! AAcc, Gy = Acc,
0<i<n+1qeU

Fs= A A STATE; A Acc, Gz = Acc,
0<i<n+1g€eFE

Fy= N\ )\ STATE;AAcc, G4 = Acc,
0<i<n+1qeU

b
F,, = SYMBOL? A STATE;, G, = SYMBOL,; V STATEf+d,
Fj = STATE{A STATE;A SYMBOLY, G = SYMBOL;
a— b
E, = SYMBOL{ A STATE;, G, = \V SYMBOL, V STATEZ_d).
(p,b,d)€A(g;a)
Note that |(p*)A V E| is at most quadratic in | ACCEPTS /4|
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