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ACTIONS WITH FINITE ORBITS ON LOCAL

DENDRITES

E. H. E. ABDALAOUI AND I. NAGHMOUCHI

Abstract. It is shown that the restriction of the action of any
group with finite orbit on the minimal sets of local dendrites is
equicontinuous. Consequently, we obtain that the action of any
amenable group and Thompson group restricted to any minimal
sets of dendrite is equicontinuous. We further provide a class of
non-amenable groups whose action on the minimal sets of local
dendrites is equicontinuous. Moreover, we extend some of our re-
sults to dendron. We further give a characterization of the set of
invariant probability measures and its extreme points.

1. Introduction.

This paper deals with the action of group on local dendrites. It
turns out that the minimal action on the nondegenerete dendrite is
similar to the minimal action on the circle. For the group action on
the circle, Margulis proved that either the group is not amenable or
there is a G-invariant probability measure [16]. It is also well-known
that the minimal sets can only be the whole circle, or a finite set, or a
Cantor set [6]. Moreover, the minimal action on the circle is either
equicontinuous or strongly proximal, and if the later case holds then
the group must contains a free non-commutative subgroup [16]. Nowa-
days there are several proofs of this theorem, see [12, Section 5.2], [25,
Chap.2, p. 54], [7, Theorem 4.5].

For dendrite, H. Marzougui and the second author classify the min-
imal sets of the group action on dendrite [17] and local dendrites [18].
This classification is analogue to the case of the circle.
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Exploiting result from [17], E. H. Shi and X. D. Ye proved that every
amenable group action on dendrites has a fixed point or finite orbit of
order 2 [34]. Very recently, E. Glasner and M. Megrelishvili proved that
every continuous group action of G on a dendron is tame [13]. They
asked

Question. Is there an amenable group G, an action of G on a dendrite
X , and a minimal subset Y ⊂ X , such that the system (G, Y ) is almost
automorphic but not equicontinuous?

The answer to this question was given by E. H. Shi and X. D. Ye
in [35]. They proved that the restriction action of any amenable group
on any minimal set K is equicontinuous. Their proof is based on their
result mentioned above.

In this paper, we will strengthened this result by considering the ac-
tion on a local dendrite and by relaxing the amenability condition.

Indeed, we will established that if the group action admit a finite
orbit then its restriction on any minimal set K is equicontinuous. As
a consequence, we get that the restriction of Thompson group on any
minimal set K of local dendrite is equicontinuous. We further obtain
the result from [17, Corollary 6.7].

Moreover, we will proved that there is a class of non-amenable groups
for which the infinite minimal sets are a Cantor and the action has a
finite orbit. Finally, we will describe the set of invariant probability
measures and its extreme points.

Our proof is based on the descriptions of the structure of a minimal
set and its convex hull and how finite orbits occur on its convex hull.

According to our results, it follows that the equicontnuity of the ac-
tion on the minimal sets of local dendrite can not separate the amenable
and not amenable groups. Nevertheless, we hope that the strategy of
searching for the good topological dynamical property will serve to en-
lighten the problem of amenability of Thompson group.

The plan of this paper is as follows. In Section 2, we recall some
definitions and tools on dendrites and local dendrites which are useful
for the rest of the paper. In section 3, we state our main results and we
give the proof of our main first result. In section 4, we recall some basic
definitions and tools on non-amenable groups and Thompson group F ,
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we further give the proof of our second and third main results. Finally,
in section 5, we describe the set of invariant measures and its extreme
points.

2. Set up and tools.

Let G be a group acting continuously on the topological space X ,
that is, there is a family (Tg)g∈G of continuous maps from X to X
such that for any g, g′ ∈ G, we have Tg ◦ Tg′ = Tgg′ , and Te = IdX
where e is the identity element of G and IdX is the identity map on
X . Obviously, for each g ∈ G, Tg is an element of the group of home-
omorphism on X denoted by Hom(X). For any x ∈ X , the subset
OrbG(x) = {Tg(x) : g ∈ G} is called the orbit of x (under G). A
subset A ⊂ X is called G−invariant (resp. strongly G−invariant) if
Tg(A) ⊂ A, for each g ∈ G (resp., Tg(A) = A). It is called a minimal
set of G if it is non-empty, closed, G-invariant and minimal (in the
sense of inclusion) for these properties, this is equivalent to say that it
is an orbit closure that contains no smaller one; for example a single
finite orbit. When X itself is a minimal set, then we say that G act
minimally. As usual, we denote the closure of any subset A by A. The
orbit of a point x ∈ X is said to be finite if OrbG(x)) = OrbG(x) is a
finite set. Obviously, if a point x is an atom of an invariant probability
measure then its orbit is finite. The action is said to have a finite orbit
if it admit a finite orbit.

For the case of action on dendrite, it is straightforward to see that
the action has a finite orbit if and only if there is an invariant measure
on X . Notice further that in this case the action fixed an arc. We shall
strengthened this result to the action of group on dendron.

The point x is said to be a recurrent point if there exists a net (gi)
in G such that lim gi.x → x and gi(x) 6= x for all i.

The action is proximal if for every (x, y) ∈ X2 there is a net (si) in
G and point z ∈ X such that limsi.x = lim si.y = z. It is well known
that if the action is proximal then there is unique minimal set.

Let C(X) be the space of continuous functions on X equipped with
the weak-star topology. By the classical representation theorem of
Riesz the dual of C(x) denoted by C∗(X) is the space of the Borel
bounded measures on X . Let P(X) be the set of probabilities mea-
sures on X . The elementary probability measures are given the Dirac
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measure on a point. We denote the Dirac measure on a point x by
δx. By the theorem of Banach-Alaoglu-Bourbaki, P(X) is a compact
convex set of the space of measure on X . The action of G on X induce
an affine action on the P(X) as follows:

(g, µ) 7→ gµ,

where gµ is the push-forward measure given by

gµ(f) =

∫
f(g.x)dµ(x), ∀f ∈ C

If the action of G on P(X) is proximal we say that the action G on
X is strongly proximal. The compact set of G-invariant measures is
denoted by P(X " G). We recall that µ is in P(X " G) if for any
Borel set A, µ(g.A) = µ(A).

Let G acts on two compact space X, Y and assume that there is a
subjective homeomorphism X to Y such that

φ ◦ Tg = Tg ◦ φ,

then Y is said to be a factor of X . By Lemma 3.7 from [7], the factor
of proximal action is proximal, so is for the factor of strongly proximal
action.

Let us recall now the definitions and some basic properties of den-
drites and local dendrites.

A continuum is a compact connected space. Following [36], for any
topological property P, a continuum is said to be rim-P if it has a basis
of open sets with boundaries enjoy property P. For the rim-finite case
the space are also called regular space [30, Chap. VI, § 51, p. 274].
Please, notice that therein the notion of order of the point is given
with respect to the cardinality of the boundaries . An arc is any space
homeomorphic to the compact interval [0, 1]. A topological space is
arcwise connected if any two of its points can be joined by an arc.

By a graph X , we mean a continuum which can be written as the
union of finitely many arcs such that any two of them are either disjoint
or intersect only in one or both of their endpoints.

By a dendrite X , we mean a locally connected metrizable continuum
containing no homeomorphic copy to a circle. Every sub-continuum of
a dendrite is a dendrite ( [22], Theorem 10.10) and every connected sub-
set of X is arc-wise connected ( [22], Proposition 10.9). In addition,
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any two distinct points x, y of a dendrite X can be joined by a unique
arc with endpoints x and y, denote this arc by [x, y] and let denote by
[x, y) = [x, y]\{y} (resp. (x, y] = [x, y]\{x} and (x, y) = [x, y]\{x, y}).
A point x ∈ X is called an endpoint if X \{x} is connected. It is called
a branch point if X \ {x} has more than two connected components.
The number of connected components of X \ {x} is called the order of
x and denoted by ord(x). The order of x relatively to a subdendrite Y
of X is denoted by ordY (x).

Let us denote again by E(X) and B(X) the sets of endpoints, and
branch points of X , respectively. By ( [30], Theorem 6, 304 and Theo-
rem 7, 302), B(X) is at most countable. A point x ∈ X \E(X) is called
a cut point. It is known that the set of cut points of X is dense in X
( [30], VI, Theorem 8, p. 302). Following ( [4], Corollary 3.6), for any
dendrite X , we have B(X) is discrete whenever E(X) is closed. An arc
I of X is called free if I ∩B(X) = ∅. For a subset A of X , we call the
convex hull of A, denoted by [A], the intersection of all sub-continua
of X containing A, one can write [A] = ∪x,y∈A[x, y].

We further have that X is a dendrite if and only if any two points
of X are separated in X by a third point of X ( [22], Theorem 10.2).
We recall that a point z separates x and y in X if there exist in X
open disjoint neighborhoods U , V of x and y respectively such that
X \ {z} = U ∪ V.

More generally, a continuum X is said to be a dendron if every pair of
distinct points x, y can be separated inX by a third point z. Obviously,
a dendrite is a metrizable dendron. A local dendron is a continuum
having the property that every of its points has a neighborhood which
is a dendron. A local dendrite is a metrizable local dendron. It is easy
to see that the dendron is rim-finite. More generally, we have that any
local dendron is rim-finite [36]). Whence any local dendrite is rim-finite
(for a direct proof, we refer to [30, Theorem 1. page 303]). We further
have that any local dendrite is a locally connected continuum which
contains at most a finite number of simple closed curves ( [30, Theorem
4. page 304]). It follows that every sub-continuum of a local dendrite
is a local dendrite. Moreover, every graph and every dendrite is a local
dendrite.

For a local dendrite X containing at least one circle, let us denote
by ΓX the minimal graph (in the sense of inclusion) which contain all
the circles in X (i.e. the intersection of all graphs in X that contain
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all the circles in X).

If Y is a sub-continuum of a dendronX , then the canonical retraction
ofX onto Y is denoted by rY , for more details see [20] (see also Theorem
3.12 in [13]). If a and b are two distinct points in a dendron X , then
we define the generalized arc as follows:

[a, b] = {x ∈ X : x separated a from b in X} ∪ {u, v}.

The convex hull of a given subset in a dendron is defined and denoted
similarly as in the case of dendrite.

Let us also recall that the Vietoris topology is defined on the non-
empty closed sets of X denoted by 2X . It turns out 2X equipped
with Vietoris topology is compact and metrizable since X is a compact
metric space [19]. Furthermore, the metric is given by

D(F1, F2) = max
{
sup
x∈F1

d(x, F2), sup
y∈F2

d(y, F1)
}
,

where d(x, F ) = infy∈F d(x, y). The metric D is known as Hausdorff
metric.

We notice further that the map A 7→ [A] is continuous with respect
to the Vietoris topology [10] when X is a dendrite.

For a family of open set U , we define mesh(U) by

mesh(U) = sup
{
diam(U)/U ∈ U

}
.

Using the compactness of the Vietoris topology, it can be seen with-
out using Zorn lemma that X admit a minimal set [11, p.30]. On the
other hand, by applying Zorn lemma, it is easy to see the following.

Proposition 2.1. Let G a group acting on the dendrite X. Then,
there exists a minimal G-invariant subdendrite Y .

We warn the reader here that the minimality is used in the sense
of inclusion in the family of all G-invariant subdendrites. Indeed, it is
well known that there is example of minimal subdendrite which is not
minimal in the usual sense.

For the strongly proximal action, the unique minimal set is described
by the following lemma from [7]1.

1Therein, the results are stated for the action of semi-group. This leads us to ask
whether it is possible to extend the results of this paper to the action of semi-group.
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Lemma 2.2. Let G acts on a compact space X and M ={
x ∈ X/∀µ ∈ P(X), δx ∈ OrbG(µ)

}
. Then, the following are equiva-

lent.

(1) The action is strongly proximal.
(2) M is the unique minimal subset.
(3) M is nonempty.

We need also the following lemmas from [22] and [20] .

Lemma 2.3. Let X be a dendrite with metric d. Then, for every ε > 0,
there is a δ > 0 such that diam([x, y]) < ε whenever d(x, y) < δ.

Lemma 2.4 ( [20]). Let X be a dendron. Then

(i) X is locally connected.
(ii) If (Yi)i∈I is a family of subcontinua of X such that for any i 6= j,

Yi ∩ Yj 6= ∅. Then,
⋂

i∈I

Yi 6= ∅.

(iii) For any x, y ∈ X,

[x, y] =
⋂{

C subcontinuum of X which contains x, y
}
.

We notice that (i) and (ii) are stated in [20] as Corollary 2.15.1,
and the proof of (iii), as noted by Malyutin [14], can be obtained as a
consequence of Lemma 2.7 combined with Corollary 2.14 of [20].

3. main results on equicontinuity

We start by stating our first main result.

Theorem 3.1. Let G be a group acting on a dendrite X and assume
that the action has a finite orbit. If M is an infinite minimal set of G
then the action of G restricted to M is equicontinuous.

Theorem 3.1 can be augmented as follows.

Theorem 3.2. Let G be a group acting on a local dendrite X and
assume that the action has a finite orbit. If M is an infinite minimal
set of G then the action of G restricted to M is equicontinuous.

Our second main result is as follows.

Theorem 3.3. There exists a class of non-amenable groups for which
the action on dendrite has a finite orbit. Therefore, the restricted ac-
tion to any minimal set is equicontinuous and infinite minimal sets are
Cantor sets.

For the proof of our main results, we need the following.
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Proposition 3.4 ( [17]). Let X be a dendrite, a group G act on X
and M be a minimal set of G. Assume that the action of G has a finite
orbit. Then,

(i) M is the set of endpoints of [M ].
(ii) For any point a ∈ X in a finite orbit, the point r[M ](a) is in a

finite orbit.
(iii) [M ] contains at least one finite orbit consisting of one or two

points.
(iv) If M is infinite, then it is the only infinite minimal subset in [M ].

Moreover, we have the following.

Proposition 3.5 ( [17]). Let M be a minimal set of G. If M is infinite,
then there exists a sequence (Tn)n∈N of sub-trees in [M ] satisfying the
following properties:

(i) Tn ⊂ Tn+1, ∀n ∈ N.
(ii) E(Tn) ⊂ B([M ]) is a finite orbit, ∀n ∈ N.

(iii) [M ] =
⋃

n∈N Tn.
(iv) lim

n→+∞

E(Tn) = M (in the Hausdorff metric).

We need also the following results.

Lemma 3.6 ( [17]). Let a group G act on a dendrite X. Suppose that
the action has a finite orbit. Then the minimal set M is either a finite
orbit or a Cantor set.

Lemma 3.7 ( [17]). Let G be a group acting on a continuum X and
let M be a minimal set. Then, M is

(1) a finite orbit, or
(2) X, that is, the action is minimal, or
(3) a G-invariant, compact perfect nowhere dense subset of X.

For the case of the dendrites, we need the following results from
[19], and [13] which we state in the more general setting. For sake of
completeness, we present the proof.

Theorem 3.8. Let G acts on a dendron X and assume that the action
has no finite orbit. Then

(1) There is a unique infinite minimal set M ⊂ X.
(2) The action of G on M is strongly proximal.
(3) G contains a non-abelian free group on two generators.

Proof. For the proof of (1), We proceed by contradiction. Let (Mα)α∈I
be the family of minimal sets of X . Then, for any α, β ∈ I, if Mα ∩
Mβ = ∅ then [Mα]∩ [Mβ ] 6= ∅, since otherwise the endpoints of the arc
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[r[Mα](x), r[Mβ ](y)] (where (x, y) is any pair in [Mβ ]× [Mα]) would form
a finite orbit. Put

X∞ =
⋂

α

[Mα].

Then, by Lemma 2.4, we get that X∞ is nonempty. We further have
that the restriction action ofG to it has no finite orbit. Now, letM1,M2

be two minimal sets of X∞, then [M1] = [M2] = X∞, and so M1 = M2.
At this stage, we have proved that in X∞ there is a unique minimal set
M and its convex hull [M ] = X∞ ⊂ [Mα] for any α.
Fix an α ∈ I such that Mα∩M = ∅, and put Y = [Mα]. Let x ∈ Mα

and suppose Z is the connected component in Y of Y \X∞ that contains
x and a = rX∞

(x). It follows that for any g ∈ G, g(Z)∩X∞ = {g(a)}.
By assumption, there is no finite orbit, therefore the orbit of a is infi-
nite and so is the orbit of the set Z. By taking a suitable net (gi)i∈I
in G, we may assume that limi gi(a) = b ∈ X∞ and gi(a) 6= b for all i.

Therefore M is a subset of OrbG(b), and the point b is obviously out-
side the set Mα. But X is rim-finite, we can thus find a neighborhood
U of b in X with finite boundary and such that U ∩Mα = ∅. It turns
out that for infinitely of i, {gi(a)} meets U however {gi.x} meets X \U
and this yields that the boundary of U is infinite, which is inconsistent
with the rime-finiteness.

Let us denoted by M this unique minimal set. (2) follows by the
same arguments as in [13]. Therefore, by Lemma 2.2,

M =
{
x ∈ X/∀µ ∈ P(X), δx ∈ OrbG(µ)

}
.

But, the factor of strongly proximal action is strongly proximal. Whence,
the action of G on M is strongly proximal. To finish the proof, we need
to prove (3). For that we follows [13]. The proof of the lemma is com-
plete. �

This combined with Margulis’s theorem [16] gives the following:

Corollary 3.9. Let G be a group acting on a local dendrite X without
invariant probability measure. Then,the action is strongly proximal and
the group must contain a non-abelian free group.

Proof of Theorem 3.1. Suppose that M is an infinite minimal sub-
set. Let (Tn)n be the sequence of trees defined in Proposition 3.5. For
each n ∈ N and for any a ∈ E(Tn), let F

n(a) be the closure of the union
of all connected components of [M ]\{a} which are disjoint from Tn. In

this way, F n(a) =
⋃

[a, x] where the union is taken over all arcs [a, x]

such that x ∈ M and [a, x]∩Tn = {a}. Put F n = {F n(a) : a ∈ E(Tn)}.
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Claim 1. limn→+∞Mesh(F n) = 0. Let ε > 0 and δ be as in Lemma
2.3. By assertion (iv) in Proposition 3.5, there is N ∈ N such that
dH(E(Tn),M) < δ for any n ≥ N . Take an integer n ≥ N and
any a ∈ E(Tn), if x ∈ M is such that [a, x] ∩ Tn = {a} then there
is b ∈ E(Tn) such that d(x, b) < δ, it follows from Lemma 2.3 that
diam([b, x]) < ε. It turns out that d(a, x) < ε since [a, x] ⊂ [b, x].
Furthermore, diam(F n(a)) < 2ε. We notice that an alternative proof
can be given using the continuity of the map F 7→ [F ].

Claim 2. For any g ∈ G, n ∈ N and a ∈ E(Tn), g(F
n(a)) = F n(g(a)).

Indeed, let x ∈ M be such that [a, x] ∩ Tn = {a} then g([a, x]) =
[g(a), g(x)]. Moreover, as g(Tn) = Tn, [g(a), g(x)] ∩ Tn = {g(a)}. It
follows that g(F n(a)) = F n(g(a)).

Now, let ε > 0 and x ∈ M . Then by claim 1, there is n ∈ N such
that Mesh(F n) < ε. Take a ∈ E(Tn) such that x ∈ F n(a) then F n(a)
is a neighborhood of x in [M ]. For any y ∈ F n(a) and for any g ∈ G,
we have g(y) ∈ F n(g(a)). However, diam(F n(g(a)) < ε. This shows
the equicontinuity of the action of G restricted to M . �

For the proof of Theorem 3.2, we need the following two lemmas
from [18].

Lemma 3.10. Let G be a subgroup of Hom(S1) and M ⊂ S1 a minimal
set of G. Assume that G has a finite orbit. Then M is a finite orbit.

Lemma 3.11. Let X be a graph different from a circle and a group G
acting on X . Then a minimal set M of G is finite (in fact a finite
orbit).

We are now able to proceed to the proof of Theorem 3.2.

Proof of Theorem 3.2. Suppose that X is a local dendrite not a
dendrite. First, note that by assuming the existence of finite orbit, a
finite one will occur in the canonical graph ΓX . Indeed, if {a1, . . . , as}
is finite orbit disjoint from ΓX , then for i = 1, . . . , s, let Yi be the
connected component of X \ ΓX that contains ai and let {bi} = Yi ∩
ΓX . For any i, j ∈ {1, . . . , s}, there is g ∈ G such that g(ai) = aj.
Hence, g(Yi) = Yj, since, obviously, ΓX is G-invariant. It follows that
g(bi) = bj . Therefore {b1, . . . , bs} is a finite orbit included into ΓX .
Furthermore, any minimal set with non empty intersection with ΓX

will be entirely included into ΓX . Hence, it is finite by Lemma 3.10
and Lemma 3.11. Now suppose K is an infinite minimal set. Then K
is disjoint from ΓX and intersects at most finitely number of connected
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component of X \ ΓX , which we denote by Z1, . . . , Zk. Put {zi} =
Zi ∩ ΓX . by similar reasoning as above, {z1, . . . , zk} is a finite orbit.
Now let us consider the set Z = Z1 ∪ · · · ∪ Zk. This set is G-invariant
and it is a finite union of dendrites. By collapsing the orbit {z1, . . . , zk}

to a single point z, we obtain a quotient space Z̃ which is in fact a
dendrite, in this new quotient space, the set K still minimal for the
generated action of G and so by Theorem 3.1, K is equicontinuous for
the generated action on Z̃ and the same holds for the initial action on
Z.

�

4. On the action of non-amenable group and Thompson
groups.

The notion of amenability was introduced by von Neumann to shed
some light on the Banach-Tarski paradox [26]. Roughly speaking, the
Banach-Tarski paradox [5] say that in R3, every two bounded sets A
and B with non-empty interior can be decomposed in finite pieces say

n such that A =

n⋃

i=1

Ai and B =

n⋃

i=1

Bi so that Ai can be rotated to

Bi, i = 1, · · · , n. As, we will see, von Neumann noticed that this para-
dox is due to the fact that the group of rotation SO(3) is not amenable.

We recall that if G is a group, then, obviously, G acts from the left
on the space of all bounded complex-valued function B(G) equipped
with the uniform norm ‖.‖∞. G is said to be amenable if there ex-
ist a non-negative bounded linear functional µ on B(G) left invariant
and such that µ(1) = 1. µ is called left mean. In the case of discrete
group (group equipped with discrete topology) this equivalent to the
existence of finitely additive measure. von Neumann proved that the
class of amenable groups is closed under subgroups, factor groups, ex-
tensions and direct groups. He further proved that all abelian groups
are amenable. It follows that the solvable groups are amenable. By
applying Følner criterion, it is easy to see that the finitely generated
groups of subexponential growth are amenable. It follows that the
finitely generated nilpotent groups are amenable. We recall that the
group G is amenable if and only it has a Følner sequence, that is, a
sequence {Fn} such that

∣∣gFn∆Fn

∣∣
∣∣Fn

∣∣ −−−−→
n→+∞

0.
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von Neumann proved also the following Lemma. We present the proofs
for sake of completeness of exposition.

Lemma 4.1. Let G be a group which contain a free non-abelian group
then G is not amenable.

We recall that the free group FS generated by the alphabet S is the
set of all the class words generated by S. For a nice account we refer
to [15, Chap. 7]. Let s ∈ S, we denoted by W (s) the set of reduced
words beginning with s. Now, let us observe that the proof of Lemma
4.1 follows from the following.

Lemma 4.2. Let F2 be a free non-abelian group generated by two ele-
ment s, t then F2 is not amenable.

Proof. Suppose, per impossible, that there is a left invariant finitely
additive measure µ on F2. We start by noticing that we have

F2 =
⋃

g∈E

W (g), where E =
{
e, s, s−1, t, t−1

}
(4.1)

and

F2 = W (s)
⋃

s−1W (s) = W (t)
⋃

t−1W (t).(4.2)

Therefore, µ{e} = 0. Moreover, since µ is additive, by (4.1), we get,

µ(F2) = µ({e}) + µ(W (s)) + µ(W (s−1)) + µ(W (t)) + µ(W (t−1)),

We further have, by (4.2),

µ(F2) = µ(W (s)) + µ(W (s−1)) = µ(W (t)) + µ(W (t−1)).

This yields a contradiction since µ(F2) = 1, and thus the proof of the
theorem is complete. �

Let us notice that the equation (4.1) combined with (4.2) is exactly
what is called Banach-Tarski paradox.

According to Day [9], it is seems that von Neumann conjectured
that any non-amenable group contain a non-abelian free group. It is
turns out that this conjecture is false. Indeed, Ol’shanskii proved that
the so-called “Tarski monsters” groups are not non-amenable groups
[27], [28], [29]. Later, Adian showed [2] that the free Burnside group
of odd exponent > 665 with at least two generator is non amenable
2. Very recently, N. Monod [21] gives a simple counterexample to
von Neumann conjecture. Indeed, he proved that if A is a subring

2The representation of the group is given by
〈
a1, · · · , am/wn = 1

〉
, where w is

in the set of all words of the alphabet{a1, · · · , am}
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of R and A 6= Z, then the subgroups H(A) of the group G(A) of piece-
wise projective transformations contain finitely generated subgroups
that are non-amenable without non-abelian free subgroups.

For the proof of Theorem 3.3, we start by stating the following
lemma. This lemma can be seen as a corollary of the main result
in [21]. But, we give here a simple proof.

Lemma 4.3. Let G be a non-amenable group without non-abelian free
group acting on the nondegenerate dendrite X. Then the action has a
finite orbit.

Proof. Suppose, per impossible, that the action has no finite orbit.
Then, by Lemma 3.8, the action on its minimal set is strongly prox-
imal. We further have that the group G contains a free group which
contradicts our assumption. The proof of the lemma is complete. �

Lemma 4.4. Let G be a non-amenable group without non-abelian free
group acting on the nondegenerate dendrite X. Then the infinite min-
imal sets of the action of G are Cantor sets.

Proof. By Lemma 4.3, the action has a finite orbit. Therefore, by
appealing to Lemma 3.6, it follows that the infinite minimal sets are
Cantor sets. The proof of the lemma is complete. �

Proof of Theorem. 3.3. TakeG to be any non-amenable group with-
out non-abelian free group. For example, “Tarski monsters” groups,
free Burnside group of odd exponent > 665 with at least two genera-
tor or the subgroups of H(A). Suppose X is a non-degenerate dendrite
then by Lemma 4.3 any action ofG onX has a finite orbit. By Theorem
3.1, the restriction of this action to any minimal subset is equicontin-
uous. Moreover, by Lemma 4.4, any infinite minimal set is a Cantor
set. �

4.1. Thompson group F . Consider the following two homeomor-
phisms of [0, 1]:

f(x) =






x
2

if 0 ≤ x ≤ 1
2

x− 1
4

if 1
2
< x < 3

4

2x− 1 if 3
4
≤ x ≤ 1

, g(x) =






x if 0 ≤ x ≤ 1
2

x
2
+ 1

4
if 1

2
< x < 3

4

x− 1
8

if 3
4
< x < 7

8

2x− 1 if 7
8
≤ x ≤ 1.

The group generated by f and g is called Thompson group. We denoted
by F , so F =< f, g >. For a nice account on Thompson groups, we
referee to [8].
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B. Duchesne and N. Monod established that the action of Thompson
group has a finite orbit [10]. Form this we deduce the following.

Corollary 4.5. Any action of the Thompson group F on a dendrite
X restricted to its minimal sets is equicontinuous.

Remarks. It is seems not known whether Thompson group is amen-
able. But, according to our main results combined with Corollary 4.5,
it can be deduced that the strategy of the study of the dynamical
properties of the action of F on dendrite may not be the right tool to
highlight the question of amenability of F .

5. Invariant measures of group action on dendrites.

We start by pointing out that, by the classical Krylov-Bogolyobov,
any amenable group action has a invariant probability measure on den-
drite. Indeed, Krylov-Bogolyobov procedure allows us to construct an
invariant measure as limit of sequence of Dirac measures. This later
sequence has a weak limit if the space X is compact since the set of
the probabilities measures is compact convex space with respect to the
weak star topology. The limit is invariant since the group is amenable.
We further have by the classical Krein-Milan theorem that the set of
extremal measures, that is, ergodic probabilities measures is not empty.
We recall that the probability measure µ is ergodic if the measure of
any Borel invariant set is 0 or 1. According, to the Choquet repre-
sentation theorem [31, p.79], any invariant measure is a barycenter of
ergodic elements of the set of invariant measure. We need here to ex-
plore the case of general groups. In this case, such invariant measure
may not exist.

But, as for the case of the action of the group of homeomorphism
on the real line and circle, on may expect to give a characterization of
the support of such measure when it is exist. The endpoints will play
a great role in this characterization.

It follows from the previous discussion that the action of any amenable
group has a finite orbit. We thus get that the set of invariant proba-
bility measures under the action of any amenable group is not empty
since the probability measure supported uniformly on a finite orbit is
in P(X " G).
The following result is due essentially to Glasner and Megrelishvili

[13].
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Theorem 5.1 ( [13]). Let G be an amenable group acting on a dendrite
X, then, the ergodic invariant measure is either a uniform distribution
on a finite set, or the unique ergodic measure on an infinite minimal
set.

Theorem 3.2 combined with the strict ergodicity of minimal equicon-
tinuous action [3, Theorem 6. p.53] allows us to strengthen the previous
result as follows 3.

Theorem 5.2. Let G be a group acting on a local dendrite X with
finite orbit. Then, the ergodic invariant probability measure is either
a uniform distribution on a finite orbit, or it is the uniquely ergodic
measure on a minimal infinite set.

For the case of dendron, we have the following alternative.

Theorem 5.3. Let G act on a dendron X. Then either the set P(X "

X) contains a uniform distribution on a finite set or it is empty.

Proof of Theorem 5.3. Obviously, we have only two alternative, ei-
ther the action has a finite orbit or not. If the action has a finite orbit.
Then, by taking the probability measure

µ =
1∣∣M
∣∣
∑

x∈M

δx,

where δx is a Dirac measure on x, it is easy to see that µ is an invariant
probability measure. Now, suppose that the action has no finite orbit.
Then, by Lemma 2.2, the action is strongly proximal and the minimal
set is given by

M =
{
x ∈ X/∀µ ∈ P(X), δx ∈ OrbG(µ)

}

Assume further that there is aG-invariant measure µ. Then, for x ∈ M ,
we get δx = OrbitG(µ) = µ. This contradicts our assumption. The
proof of the theorem is complete. �

We end this section, by producing an effective construction of invari-
ant measure in the case of amenable group action.

For the case of invariant measure, we need the following classical
result from [22, Theorem 10.28].

Lemma 5.4. If X is a nondegenerate dendrite, then X can be written
as follows:

X = E(X) ∪
+∞⋃

i=0

Ai,

3See also Lemma 2 in [16].
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where E(X) is is the endpoint set of X and each Ai is an arc with

endpoints pi and qi such that Ai+1 ∩
( i⋃

j=1

Aj

)
= {pi+1}, for each i =

1, 2, · · · and diam(Ai) −→ 0 as i −→ +∞.

Let X be a dendrite with a metric ρ. For any arc [a, b] in X , put

d(a, b) =
+∞∑

i=1

1

2i
∣∣h−1

i

(
[a, b]

⋂
Ai

)∣∣,

Where (hi) is a family a homeomorphism defined for each i from [0, 1]
to Ai, |.| denote the Euclidean metric on the interval [0, 1].
Then, it is observed in [33] and it is easy to see, that d is equivalent to ρ.

In the same manner, we define a probability measure µ on X by
putting, for any f ∈ C(X),

µ(f) =

+∞∑

i=1

1

2i

∫

h−1

i

(
Ai

) f ◦ hi(x)dx(5.1)

=

+∞∑

i=1

1

2i

∫ 1

0

f ◦ hi(x)dx,

dx denote the Lebesgue measure on the interval [0, 1]. We further have
µ
(
[a, b]

)
= d(a, b).

Theorem 5.5. Let G be an amenable group, and suppose that G acts
continuously on a non-degenerate dendrite X. Then the compact set
P(X " G) contain an invariant probability measure associated to µ.

Proof of Theorem 5.5. By our assumption, let ν be a mean on G
and µ the measure defined by (5.1). We further assume without loss
of generality, that G is a discrete group. Put τg(f)(x) = f(g.x), for
f ∈ C(X), and τh(F )(g) = F (g.h), for F ∈ B(G). Therefore, for any
f ∈ C(X) and g ∈ G, let us put

(
Φ(f)

)
(g) =

∫
f(g.x)dµ(x).

Obviously Φ is a positive linear application from C(X) to B(G), that
is,

• Φ(1X) = 1G,
• Φ(f) ≥ 0 if f ≥ 0, and
• Φ(f + c.g) = Φ(f) + c.Φ(g),, f, g ∈ C(X) and c ∈ C.
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This, combined with the Riesz representation theorem, allows us to
define a positive probability measure by putting,

µ̃(f) = ν(Φ(f)).

We further have

gµ̃(f) = µ̃
(
τg(f)

)

= ν(Φ(τg(f))).

But,

Φ(τg(f))(h) =

∫

X

τg(f)(h.x)dµ(x),

=

∫

X

f(gh.x)dµ(x)

= Φ(f)(gh).

Whence

gµ̃(f) =

∫

G

Φ(f)(gh)dν(h)

=

∫

G

Φ(f)(h)dν

= µ̃(f),

since, for any bounded function F : G −→ C, we have∫

G

F (g.h)dν(h) =

∫

G

F (h)dν(h).

The proof of the theorem is complete. �

Remarks. In the proof of Theorem 5.5, we assume that G is a discrete
group. Therefore, the mean is defined on B(G). For the more general
case of locally compact group G, the mean is defined on L∞(G) or
CB(G) the space of bounded continuous functions.

At this point, let us further observe that we have the following result
which we hope can be used in future studies and research.

Theorem 5.6. Let G be a group acting on the non-degenerate local
dendrite X and assume that the set of recurrent points is not empty.
Then there exists a continuous probability measure which gives one or
zero to any invariant Borel set.

Proof. By Glimm-Effros theorem (see [23, p. 91]), if x is a recurrent

point then there is a continuous probability measure on OrbG(x) which
gives mass zero or one to G−invariant sets. Since the set of recurrent
points is not empty, the result follows. �
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Corollary 5.7. Let G acts on the non-degenerate local dendrite X.
Suppose that G is an amenable group and the set of recurrent points is
not empty. Then, there exists an invariant probability measure which
is ergodic.

Proof. By Theorem 5.6, there exists a continuous probability measure
with gives one or zero to any invariant Borel set. Let σ be such prob-
ability measure. By applying the same procedure as in the proof of
Theorem 5.5, we get an invariant probability measure which is ergodic.
This finish the proof of the corollary. �

Questions.

(1) Let G be a semi-group and X a local dendron. It is natural to
ask if Theorem 3.2 can be extended to the action of G to X .

(2) Let G be a group and X a dendrite. One may ask on the
classification of invariant σ-finite measures, ergodic invariant
σ-finite measures, stationary measures (Quasi-invariant prob-
ability measures) for amenable and non-amenable group and
their ergodic proprieties.

Let us point out that a characterization of discrete spectrum for ac-
tion of amenable group on compact space is given in [1]. We notice here
that according to Theorem 3.2 the restriction action to any minimal of
local dendrite has a topological discrete spectrum.
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5. S. Banach and A. Tarski. Sur la décomposition des ensembles de points en parties

respectivement congruentes [On decomposing point-sets into congruent parts].
Fund. math., 6:244-277, 1924. French.

6. L. A. Beklaryan, On analogues of the Tits alternative for groups of homeomor-
phisms of the circle and the line , Math. Notes 71 (2002), 305-315 (translation
from Mat. Zametki 71 (2002), 334-347).

7. A. Bouziad and J.-P. Troallic, Some remarks about strong proximality of com-
pact flows, Colloq. Math. 115 (2009), no. 2, 159-170.

8. J. W. Cannon; J. W. Floyd; W. R. Parry, Introductory notes on Richard Thomp-
son’s groups. Enseign. Math. (2) 42 (1996), no. 3-4, 215-256.

9. M. M. Day, Amenable semigroups, Illinois J. Math. 1 (1957), 509-544.
10. B. Duchesne and N. Monod, Group actions on dendrites and curves, Ann. Inst.

Fourier, Grenoble 68, 5 (2018) 2277–2309.
11. B. Hasselblatt & A. Katok, Handbook of Dynamical Systems, Volume 1, Hand-

book of Dynamical Systems, Vol 1B, Elsevier 2005.
12. E. Ghys, Groups acting on the circle , Enseignement Math. 47 (2001), 329-407.
13. E. Glasner and M. Megrelishvili, Group actions on treelike compact spaces, Sci.

China Math., to appear, arXiv:1806.09876v2 [math.DS].
14. A. V. Malyutin, On groups acting on dendrons, (Russian) Zap. Nauchn. Sem.

S.-Peterburg. Otdel. Mat. Inst. Steklov. (POMI) 415 (2013), Geometriya i
Topologiya. 12, 62–74; translation in J. Math. Sci. (N.Y.) 212 (2016), no. 5,
558565.

15. Hall, Marshall, Jr. The theory of groups. Reprinting of the 1968 edition. Chelsea
Publishing Co., New York, 1976.

16. G. Margulis : Free subgroups of the homeomorphism group of the circle , C.R.
Acad. Sci. Paris 331 (2000), 669-674.

17. H. Marzougui and I. Naghmouchi, Minimal sets for group actions on dendrites,
Proceedings of American Mathematical Society, 144 (2016), 4413–4425.

18. H. Marzougui and I. Naghmouchi, Minimal sets and orbit spaces for group

actions on local dendrites, Math. Z.(2018), https://arxiv.org/abs/1803.03810.
19. A. I. Mej́ıa and Sam Bernard Nadler, Jr. Hyperspaces: Fundamentals and

recent advances, volume 216 of Monographs and Textbooks in Pure and Applied
Mathematics. Marcel Dekker, Inc., New York, 1999.

20. J. van Mill and E. Wattel, Dendrons, in Topology and order strzlctwes, Math.
Centre Tracts, vol. 142, Amsterdam, 1981, pp. 59–81.

21. N. Monod, Groups of piecewise projective homeomorphisms. Proc. Natl. Acad.
Sci. USA 110 (2013), no. 12, 45244527.

22. S.B. Nadler Jr., Continuum Theory, Marcel Dekker, Inc., New York, 1992.



20 E. H. E. ABDALAOUI AND I. NAGHMOUCHI

23. M. G. Nadkarni, Basic ergodic theory, Hindustan Book Agency, New Delhi 2013
(India), (In Europe, Birkhauser) (1999)).

24. I. Naghmouchi, Dynamical properties of monotone dendrite maps, Topology
and its Applications, 159, (2012) 144149.

25. A. Navas, Groups of Circle Diffeomorphisms, arXiv:math/0607481v3
[math.DS].

26. J. von Neumann. Zur allgemeinen Theorie des Maßes [On the general theory of
measure]. Fund. Math., 13:73116, 1929. German.

27. A. Y. Ol’shanskii, An infinite simple torsion-free Noetherian group. Izv. Akad.
Nauk SSSR Ser. Mat., 43(6):13281393, 1979.

28. A. Y. Ol’shanskii, An infinite group with subgroups of prime orders. Izv. Akad.
Nauk SSSR Ser. Mat., 44(2):309321, 479, 1980.

29. A. Y. Ol’shanskii, On the question of the existence of an invariant mean on a
group.Uspekhi Mat. Nauk, 35(4(214)):199200, 1980.

30. K. Kuratowski, Topology, vol. II, Academic Press, New York, 1968.
31. W. Rudin, Fonctionnal Analysis, 2nd ed., McGraw-Hill, Inc., New York, 1991.
32. G. T. Seidler, The topological entropy of homeomorphisms on one-dimensional

continua, Proc. Amer. Math. Soc., 108 (1990), 1025–1030.
33. E. H. Shi, Free subgroups of dendrite homeomorphism group, Top. & its appl.

159 (2012), 2662-2668.
34. E.H. Shi and X.D. Ye, Periodic points for amenable group actions on dendrites.,

to appear in Proceeding of AMS.
35. E.H. Shi and X.D. Ye, Equicontinuity of minimal sets for amenable group ac-

tions on dendrites, Contem. Math. in the memory of Sergii Kolyada, to appear,
arXiv:1807.01667v1 [math.DS].

36. L.E. Ward, Recent Developments in Dendritic Spaces and Related Topics, in:
Studies in topology, 1975. pp. 601-647.

el Houcein el Abdalaoui, University of Rouen Normandy, Depart-
ment of Mathematics, LMRS UMR 6085 CNRS, Avenue de l’Université,
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