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THE DISCRETE LAPLACIAN ACTING ON 3-FORMS

BAALAL AZEDDINE AND HATIM KHALID

ABSTRACT. In the current paper, we study the discrete Laplacian acting on
3-forms. We establish a new criterion of essential self-adjointness using the
Nelson lemma. Moreover, we give an upper bound on the infimum of the
essential spectrum.
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1. INTRODUCTION

Spectral graph theory represents an active area of research. In the last few
years, the questions of the essential self-adjointness of discrete Laplacian operators
on infinite graphs have attracted a lot of interest, see [11, 18, 22,17]. There exist
other definitions of the discrete Laplacian, e.g., [24, 16, 4, 2]. The one we are
studying here is the discrete Laplacian acting on 3-forms and denoted by L3 skeuw,
where skew stands for skew-symmetric. This operator was introduced by us in [7].
We have showed the relation between the y—completeness geometric hypothesis
for the graph and essentially self-adjointness for the discrete Laplacian L3 skew-
More specifically, we have proved that L3 ke, is essential self-adjoint, when the 3-
simplicial complex is x—complete. The current study has two major aims. It first
aims to discuss the question of essential self-adjointness for L3 skew. It is worth
noting that this operator depends on the weight ¢ on oriented tetrahedrons, on
the weight s on triangular oriented faces and the weight r on oriented edges. In
the setting of electrical networks, the weight r correspond to the conductance. We
establish a hypothesis on the weights and involve essential self-adjointness by using

Key words and phrases. Locally infinite graph,3-simplicial complex, Laplacian on 3-forms,
essential self-adjointness.
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the Nelson commutator theorem. The technique of the proof are inspired from
[3]. Moreover, we give an upper bound on the infimum of the essential spectrum
Oess (Liskew), where L3F,skew is the Friedreichs extension of L3 skew. Note that this
discrete Laplacian was introduced on a skew-symmetric statistic on the space of
3-forms. We can define the discrete Laplacian L3 sy in the symmetric case by
the same expression of L3 siew. In the case of a four-partite graph, we prove that
the two operators are unitarily equivalent. We recall that the spectral theory of
adjacency matrix acting on graphs is useful for the study of some gelling polymers,
of some electrical networks, and in number theory, see [14, 13, 23]. As for the
rest of this paper, it is structured as follows: The next section is devoted to some
definitions and notations for graph. We find the definitions of two different Hilbert
structures on the set of tetrahedrons, in Section 2. Both definitions have their own
interest. This permits to define two different types of discrete Laplacian associated
to tetrahedrons. The relation between these two operators is clearly presented in
Section 3. In Section 4, we discuss the question of essential self-adjointness for the
discrete Laplacian L3 siew. We establish a new criterion of essential self-adjointness
using the Nelson lemma. In Section 5, we give an upper bound on the infimum of
the essential spectrum.

2. PRELIMINARIES

2.1. The basic concepts. A graph K is a pair (V, E), where V is the countable
set of vertices and FE the set of oriented edges, considered as a subset of V' x V.
When two vertices x and y are connected by an edge e, we say they are neighbors.
We denote x ~ y and ¢ = (z,y) € E. We assume that F is symmetric, ie.
(z,y) € E = (y,x) € E. An oriented graph K is given by a partition of E:
E=FE UET(2z,y) € E- & (y,x) € ET. In this case for e = (z,y) € E™,
we define the origin e~ = =z, the termination et = y and the opposite edge
—e = (y,z) € ET. Let ¢ : V — (0,00) the weight on the vertices. We also
have r : E~ — (0,00) the weight on the oriented edges with Ve € E,r(—e) = r(e).
A path between two vertices z,y € V is a finite set of oriented edges e!,...,e",n > 1
such that e] =z, e =y and, ifn>2,Vj,1<j<n-1 = e+j=e—j+1
The path is called a cycle or closed when the origin and the end are identical, ie.
e; = et , with n > 3. If no cycles appear more than once in a path, the path is
called a simple path. The graph K is connected if any two vertices x and y can
be connected by a path with e = z and e;] = y. We say that the graph K is
locally finite if each vertex belongs to a finite number of edges. The graph K is
without loops if there is not the type of edges (z,x), ieVx € V — (z,z) ¢ E.
The set of neighbors of x € V is denoted by V(z) = {y € V:y ~x}. The de-
gree of © € V is by definition deg(x), the number of neighbors of z. In the se-
quel, we assume that K is without loops, connected, locally finite and oriented.
An oriented triangular face of K is a surface limited by a simple closed path of
lenght equals 3, considered as an element of E3, i. e w is an oriented triangu-
lar face = @ = (e1,e2,e3) € E? such that {e;}1<i<3 C E is a simple closed
path. Let F be the set of all oriented faces of K. In the sequel we will repre-
sent the oriented faces by their vertices For a face w = [(x,y,2)] € F. Let us set
w=(z,y,2) = (y,z,2) = (z,z,y) € F = —w = (y,x,2) = (x,2,9) = (2,y,2) € F.
A triangulation T is a 2-simplicial complex such that all the faces are triangular.
To define weighted triangulations we need weights, let us give s : F' — (0, 00)
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the weight on oriented faces such that for all w € F, s(—w) = s(w). The
weighted triangulation (T, ¢, r,s) is given by the triangulation T = (V, E, F'). We
say that T is simple if the weights of the vertices, the edges and faces equals 1.
For an edge e € F, we also denote the oriented face (¢™,e™,z) by (e, z), with
x € V(e7)NV(eT).The set of vertices belonging to the edge e € E is given by
F.={zeV,(e,x) e F} =V(e")NV(e"). An oriented tetrahedron of K is a vol-
ume limited by four oriented triangular faces of F, considered as an element of V*
,i. e Q is an oriented tetrahedron = Q = (z,y, z,v) € V* . Let Az be the set of
all oriented tetrahedron of K. We consider the pair (T, Ag) as a 3-simplicial com-
plex, we denote it by A. We can denote also A = (V, E, F, Az). Odd permutation
means we exchange the position of any two vertices an odd number of times. Even
permutation means we exchange the position of any two vertices an even number
of times. For a (Q,1II) € A3 we have :

Q) = 1II <= IIis obtened from Q by an even permutation.

Q) = —II « IIis obtened from Q by an odd permutation.

To define weighted 3-simplicial complex we need weights, let us give t : Az — (0, 00)
the weight on oriented tetrahedrons such that for all Q € Az, t(—Q) = ¢(Q).The
weighted 3-simplicial complex (V,¢,r,s,t) is giving by the 3-simplicial complex
A = (V,E,F,A3). We say that A is simple if the weights of the vertices, the
edges, the triangular faces and tetrahedrons equals 1. The set of vertices belonging
to the tetrahedron where (x,y,z) € F is an oriented triangular face si giving by:
As(z,y,2) = {veV, (x,y,z,v) € Az} = V()N V(y) N V(z). When A is simple,
the degre of faces is dp(z,y, z) = #As3(z,y, 2).

2.2. Functions spaces. We denote the set of 0—cochains or functions on V' by:
cV)=A{r:v-=C}

and the set of functions of finite support by C.(V'). Similarly, we denote the set of
1—cochains or 1—forms on E by:

C(E)={p: E—C p(-e) = —p(e)}
and the set of 1—forms of finite support by C°(E). Moreover, we denote the set of
2—cochains or 2-forms on F by:

Osk'ew(F) = {¢ P — (Ca Qb(*@) = 7¢(w)}
and the set of 2—forms of finite support by C¢. ., (F).

S

and the set of 2—forms of finite support by Cg, ,,(F'). Further, we denote the set of
3—cochains or 3—forms on F by:

Cskew(A?)) = {P t Az — (Cvp(_Q) = —p(Q)}
and the set of 3—forms of finite support by CS,.,,(A3).

S
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and the set of 3—forms of finite support by Cf,,,(A3z). Let us define the Hilbert

spaces 12(V), 12(E), 12,.,(F), 12,,,(F), 12.,(As) and [%,,,(A3) as the sets of
cochains with finite norm, we have

(V) = {f eC(V); ) cl@)lf(2)]* < 00}7

zeV
with the inner product

(f, 9 = Y _cl@) f(2)g(=).

zeV

1%(E) = {«peC Y r(e)lele) }

eckE
with the inner product

(@, V)2 ZT

eEE

Bhew(F) = {¢ € Copew(F); Y s(@)|(w)|* < OO},

weF
with the inner product

Z s(x,y,z)¢1($,y7z)q_52(m7y,z).

(z,y,2)EF

liym( ) = {(b € Csym (F); Z s(w)|o(w)|* < oo},

weF

| =

<¢17 ¢2>l2

skew

F) =

with the inner product

1 -
<¢17¢2> Sym(F) = 6 Z S(a:,y,z)qbl(m,y,z)qbg(x,y,z).

(zy,2)€F

Brew(83) = p € Conenw(D3); D HQ)p(Q)* <00,
QEAg

with the inner product

1 _
<p13p2> 12, . (A3) = ﬂ Z t(x,y,z,v)pl(x,y,z,v)pQ(:c,y,z,v).
(%,y,2,v)EA3

Bym(A3) = $ p € Coym(A3); D HQIp(Q) < o0 ¢,
QEAg
with the inner product

1 _
<p1,p2>l§ym(A3) = ﬂ t(a:,y, Z,U)Pl(x,y, z,v)pg(x,y, Z,"U).

(z,y,2,v)EA3
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3. OPERATORS

In this section, we recall the concept of exterior derivative operator associated
to a tetrahedrons space, we refer to 7] for more details. This permits to define the
discrete Laplacian acting on 3-forms.

3.1. Skew-symmetric case. We start with defining the operators in the skew-
symmetric case. The skew-symmetric exterior operator is the operator

d?kew : Cgkew(F) — gkew(A?))?

given by Vo € C¢,_.,(F)

Cpew () (@, 2,0) = (Y, 2,0) + (v, 2,2) + (2,9, 0) + @(2,, ).
The formal adjoint of d? denoted §2

skew? skew*

551661[) : Cskew(A3) - Cskew( )

satisfies

< skew®P> ¢> 12,00 (A3) — <¢’5§keww> (F)’v( d}) € Csckew( ) X Cskew( )

bkeu}

Lemma 1. The formal adjoint

6skew : Cskew(A?)) - gk:ew(F)
is given by
1
Yy € Cgkew(Af'))?aikew(w)(yaZvv) = m Z t(@,y, 2, 0)¢(z, y, 2,0).
T z€A3(y,z,v)

P?”OOf. Let ((,0,1/)) € Ockew( ) X Cskew(A?))

We have
2
<dskew903 ¢> (AB) <907 skeww>l kew(F)
And
1 -
<¢,5§kew¢>l§kew(p) = 6 Z S(yaZ7U)@(yazav)éikeww(yaz,v)
(y,z,0)EF
Moreover,
1 _
<d§kew<p7¢>lfkew(A3) = ﬂ Z t(xvyaZ7U)d2§0(xvy7Zav)w(xvyvz7v)
(z,y,2z,v)EA3
1
= ﬂ Z t(%%%”) [(p(y,Z,U)+Q0(’U,Z,(E)+(,0($,y,’0)
(z,y,2z,v)EA3

+ ¢(z,y,2)] (2, y, 2, v)

The expression of d?, _ contributing to the first sum is divided into four similar

parts. So we obtain

skew
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HED DI CATERG VRO T ERTERD B SRR Ry

(z,y,2,v)€A3 (y,2,0)EF

skeww(y’ Z, ’U).

[s9)
[\

1 - 1
5 oo lewzv) Y Uy z o),y z0)| = 6 > sy, zv)e(y, z,v)
(y,2,v)EF z€A3(y,2,v) (y,z,0)EF
5§k’ewq/)(y7 2, U)
Then
1
6§kew(w)(yazvv) = m Z t(x,yazav)¢($,y7z>v)-
7 z€A3(y,z,v)

O

Both operators are closable (see [7, Lemme 6]). We denote their closure by the
same symbol. The skew-symmetric discrete Laplacian operator acting on 3-forms
is given by

L3,skew'(/} (3;‘, Y, z, 7]) = d?kew(szkeww (x, Y,z U)
1 1
= Z t(uayazvv)/l/} (u,y,z,v)—i—i
S(y’ Z7 U) uGA;;(y,z,’U) S(U7 271‘)
1
Z t(w,v,z,2)Y (w,v,z,2) + ——
s (z,y,v)
weA3(v,z,z)
1
t(b b _
> tbwy ) (b 3,y,0) + 520, )
beAs(z,y,v)
t(a7 2:7 y7 x)w (a7 z? y7 w) *
a€A3(z,y,x)

with ¢ € C%,,,(As).

3.2. Symmetric case. We turn to the symmetric case. The symmetric exterior

operator is the operator

sym . Cscym( ) — Csym( )

given by Vp € Cg, . (F)

By (9) (2,9, 2,0) = @y, 2,0) + ¢(v, 2,2) + (@, 9,0) + @(2,y, 2).
The formal adjoint of d2,,,, denoted 6§ym

sym?

62 : Cf (A3) - C&ym( )

sym sym

satisfies

<d2%¢>13ym(m) = <§0a 521Z)>l3y1n(F) 7V(<P,¢) € CSym( ) X Csym( )
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Lemma 2. The formal adjoint

62 CGon(A3) — €, (F)

sym skew sym

is given by

1
\V/w € ngm(A3),5§ym(¢)(y,Z,U) = Z t(x7yazvv)w(x7yvzav)'

s(y, z,v) o)

The operators dZ,,, and 5§ym are closable. Indeed, since (fym 2 (As) —

I3,sym(F) (resp. d2,,, : 12, (F) — 12,,(A3)) is with dense domain then 6§ym
(resp. d?

sym) 18 closable. We denote their closure by the same symbol. The symmet-
ric discrete Laplacian operator acting on 3-forms is the operator L3 sym = diymézym,
given by the same expression of L3 skew-

3.3. Relationship between L3 ;e and L3 sym. The two operators L3 skew and
L3 sym have the same expression. However, they do not act on the same spaces.
Namely, when A is four-partite, we shall prove that the two operators are unitarily
equivalent. A four-partite graph is a graph whose vertices can be partitioned into 4
disjoint sets so that there are no two vertices within the same set are adjacent. A
four-partite 3-simplicial complex is a 3-simplicial complex A = (V, E, F, A3) such
that G = (V, E) is four-partite.

Theorem 1. Let A = (V, E, F, A3) be a four-partite weighted 3-simplicial complex.
Then, L3 skew and L3 sym are unitarily equivalent.

Proof. We consider the four-partite decomposition {V;, Va2, V3, V4}. Set

OVE x Vo x VaxVy={0 (z,y,2,v) | (x,y,2,v) € V1 x Vo x V3 xVy}.
Let
h: l2 (A3) - lgym(A3)

skew

be the unitary map given by
h (1/}) (I? y7 Z’ U) = t(w7 y? Z? /U),llzj(x’ y? Z? IU)’

Where

t( )_ l,if($7y,z7’l}) EOV1><V2><V3><V4,
S5 = 713 if(I,y,Z,’U) €O V4 X ‘/2 X V3 X Vl.

Let p be the following mapping from 12, (A3) into [2, ., (A3) such that p (v) (z,y, 2,v) =

sym skew
t(z,y,2,v)¢(z,y,2,v). Then

(M, 0)i2  (ag) = (3PP, (Ag)

and

p(h(¥)=1v
for all ¢ € 12,.,,(As) and ¢ € 12, (As3).
So we have
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for all ¢ € i2,,,(As).
Therefore,

hL3,Sk€wh‘_1 (1/}) (CE, ya Z, ’U) = L3,sym (¢) (JJ, yv Z? ’U)

for all ¢ € C¢,,,,(Asz).
Then L3 skew and L3 sym are unitarily equivalent. O

4. A NELSON CRITERIUM

For the general theory of unbounded Hermitian operators and their extensions,
we refer the reader to [25, 20, 27]. Let Lgkew be the following mapping from
Cskew(A3) into itself:

1 1
Lkew s Yy <y = T3 t(u,y, 2, s Yy < N
b @s) = T 3 tema o s+
u 3\Y,z,v
1
> twv,z2) (w,v,z,2) + s@y.0)
weA3(v,z,z) » I

S t(6,2,9,0) (0,25, 0) + ——

bEA3 (2,y,v) s(29,2)

Z t(a7 Z’y7 x)w (a7 Z’ y’ :r) °

a€ls(z,y,z)

Let L3 maz,skew be the restrictions of Lgyey to

D (L3 maz,skew) = {"‘/’ € lzkew (A3) such that Lgew? € lgkew (A3)} .

Lemma 3. L3 .., = L3 maz,skew-

Proof. Let ¢ € g, (Az) and ¢ € CF,,, (Az). Let Too the support of ¢ and set

TO :{(xay7z7v) EAS | Hme Va{ (m,y,z,v)+(m,v,z,x)+(m,x,y,v)—i—(m,z,y,x)}ﬂToo #0}

which is a finite set. Then, supp(Ls skew) C To and the following relation holds:
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1 _
ﬂ Z t(-’IJ,y,Z,’U)Lg)Skew (1/)) (x7yaz7v)¢(xay7zav)
(z,y,2z,0)ETH

= i Z t(wvya’z?l))(# Z t(u,y, 2,0)% (u,y, 2,v) +

s(y,z,v
(@,y,2,v)€To (v, 2, )UEAs(y%U)

L Y twenapenn)+——— 3 by

S(’U,Z,.’b) wEA3(v,2,z) S({E,y,U) bEA;(x,y,v)

w(bvxvyﬂv)+ Z t(aazﬂyw)lb (a,z,y,x))@(m,y@,v}

5 (27 Y 1:) a€A3(z,y,z)

— i Z t(z,y,z,0)Y (2,9, 2,v) [ ] Zt(m,y,z,v)qﬁ(m,y,z,v)

(z,y,2,0)€Too s(y,z,v mevV
1 I
+mn§/t(mava Z,.’E)¢(m,v, 27-7:) + m%t(m7$ay,ﬂ)¢(m7x,y7v)
1
(> 2 1) t(m,z,y7$)¢(m,z7y’x)
S(z,y,x)mze:‘,
1 —
= o Z t(z,y,z,0)0 (x,y, z,v) L3d(z,y, z,v). (1)

z,y,z2,veEV
Let ¢ € D(L3 maz,skew)- 1t follows from (1) that

<L3,skeww7 ¢> = <1/}7 L3,ma:1:,sk:ew¢>
for all 1 € €%, (As), which implies that ¢ € D (L* ) Now let ¢ €

3,skew
D (L*

3,skew

). Let (z,y, z,v) € As and let

1
= oo U — 15 .
’(/} t(x,y,z,v) ( O (2,y,2,0) u(w,y,z,v))

Then, ¢ € C¢,.,, (As) and we obtain from (1):

skew

(L5000®) @0 200) = (.15 )
= <L3,skew’lr/)7 ¢>
_ i ST £ (m, By A 1) L skew () (m, B, A, 1) & (my By, 1)

(m,B,\, 1) EA3
1

= o Z t(m, B, A, 1) (m, B, A, 1) L3 maz,skew® (M, B, A, 1)

(m,B,\,p)EAs

= (L3,7nam,skew¢) (xay, Z,’U).

which implies that L3 skew® = L3 maz,skew® € 12, (A3) by the definition of the

skew

adjoint, it follows that ¢ € D (L3 max,skew). Hence

*
LS,skew = LB,maz,skeuw
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O

Remark 1. Let Ly, be the mapping from Csym, (As) into itself given by the same
expression of Ly sym. Then, L3 ;.. = L3 maz,sym where Ly maz sym 15 the restric-
tions of Leym to

D(L3 maz,sym) = {w € lsym 3) such that Lsymt € lsym (A3)} )

Using the Nelson commutator theorem, we prove the criterium of essential self-
adjointness for L3 skew and L3 sym.

Theorem 2. Let A = (V, E, F,A3) be a weighted 3-simplicial complex. Set
N(xvyvz7v) =1+ dF(y,Za'U) + dF(’l},Z7ZL') + dF(x7y7'U) + dF(z,y,z)'

Suppose that
1

s(z,y, 2)

sup t($7yaz7’r) | N(.T,y,Z,T)—N (x,y,z,v) |2< o0.

zovy, oz, Yz VEAS(T.Y,2) e A (ry.2)

Then
L3 skew 1s essentially self-adjoint on C¢., (As) and Lg sym 1is essentially self-
adjoint on C% ., (As).

Proof. Let N be the operator of multiplication by N(, ., .,.) ant take f € CS,_,, (As).
Going over the same techniques of the proof of [3, Theorem 5.13], we obtain:

|| LS,Sk:ewf ||2§ % Z t(%%z’v) m | E t(u,y,z,'u)f (u7yazav) |2 +
Ty, Tz, Yz, vEAs(T,Y,2) u€A3(y,z,v)
52(v1,z,:1:) | Z t(w,'v,z,x)f (w,v,zw) |2 +s2(arl,y,v)
weA3(v,z,x)

X ey ) f (02,90 Pty | X Hazyo)f(a2y,0) 2)

beAs(z,y,v) a€A3(z,y,z)
< 2 Z t(x,y,z,v)m | Z t(a,z,y,:z:)f(a,z,y,:z:) |2
Ty, vz, Yz, vEA3(T,Y,2) a€A3(z,y,x)
< 2 Z t(x,y,z,v)m Z t(T,y,Z,’U)
xvy, Tz, Yz, vEA(T,Y,z) ) r€As(z,y,x)

> ta,zy,2) | f(a 2y, T) I2>

a€A3(z,y,x)

2
=2 Z t(z,y,z,v) <é(z,1y71) Z t(a,z,y,z)) | f(vazvyam) ‘2

Ty, oz, Yoz, VEAS(3,1,7) €23 (z,y,0)

< 12| N(f) %
Moreover, we notice that N(., ., .,.) is symmetric and f(z,y, z,v) = —f(v,y, 2, x)
and let J = [(f, [L3 skew,N] f)|- We get:

J< 5 > . 2,0) (If (@9 2,0 + |[Ls.srensN] (F) @3, 2,0) )
vy, Tz, Yz, vEA3(T,Y,2)
% HN2 H Z t(ill,y, Z,U) | E s(zé,w)t(a,z,y,x)
ey, Tz, Yz, vEAS(2,y,2) a€A3(z,y.x)

(N (017Z,y,$) _N(’U7Z7y7m))f(a7z7yax)|2
<LINE(D I + > (EARR ( 5 S(,z,;,x)t(a,z,w)) <

Ty, Tz, Yy~vz, vEAs(z,Yy,z a€A3(z,y,z)
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Z S(Z}y)g;)t(razvyvx) | N(Tazvyax) - N(U7Zay7$) |2| f(?“,z,y,x) |2
r€lAs(zy@)

—LINE() I+ > Ww&@( > W;me%@>x

vy, Tz, Y~z vEA3(2,Y,2) a€A3(2,y,x)

1
;Wt(y,zayax) | N(T,Z,y,l’) —N(’U,Z,y,.’b) |2 | f(’U,Z7y,.’£) |2

< C
1
< () Nz () -
Applying [26, Theorem X.37], the result follows. The proof of L3 sy may be

checked in the same way as the proof of L3 sgew. O

Corollary 1. Let A = (V, E, F, A3) be a simple 3-simplicial complex. Assume that

sup Z | #Ag(y,Z,U)+#A3(U,Z,$)+#A3($,y7’l))—
xvy, Tz, Yz, vEA3(T,Y,z) relAs(z,y,x)
#A?)(yv 2, T) - #Ag(’f‘, Z, :U) - #A3($7 Y, 7")) |2< 0.
Then L3 skew 15 essentially self-adjoint on CSp,., (Az) and L3 gym is essentially
self-adjoint on C¢,,,, (As).

sym

5. ESSENTIAL SPECTRUM

Let A be a closed, densely defined linear operator on a Banach space X, and let
o (A) denote the spectrum of A. We denote by K (X) the set of compact operators
on X to itself. We define the essential spectrum of the operator A by

Oess (A) N g (A + k) .

keEK(X)

It is well known that if A is a self-adjoint operator on a Hilbert space, the
essential spectrum of A is the set of limit points of the spectrum of A, i.e., all
points of the spectrum except isolated eigenvalues of finite multiplicity, see [30].
Let A = (V,E, F,As) be a weighted 3-simplicial complex. Note that Lj skew is

non-negative symmetric operator on C%,_,, (Az). We consider

q (fv g) = <f7 LS,skewg> + <f7 g>
On C%,.,, (As) x CS,..., (A3). Let Hy be the completion of C,,, (Az) under the

skew
norm

I £ o=\ Esskents 1)+ 11 £ 112

We define the Friedrichs extension Lzl,i shew

) if and only if f € Hy and €, (As)

5 g — (f, L3 skewg) + (f,g) extends to a norm continuous function on

Of LB,Skew by

i) A vector f is in domain D (Lgskew

lgkew (A?))
ii) For each f € D (Lgskew), there is a unique uy such that (f, L3 skewg) +

(f,g) = (uy,g) by Riesz’ Theorem. The Friedrichs extension of L3 sgew, 1S

given by ngskewf = uy — f. It is a self-adjoint extension of L3 siecw, €.8-
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see [26, Theorem X.23]. Note that L%, ,, is bounded if and only if dr(.)
is bounded, e.g. see [8].

Theorem 3. Let A = (V, E, F,A3) be a weighted 3-simplicial complex and let
To = {K C A3 | K finite}
Then,

1 1 1 1
info (LY < inf ¢ .
o U( 3,skew) o (Ivy»gi})eAS (wvy’ZM)) <3(y,Z,’U) * S(’U,Z,.T) * S(.Z‘,y,U) N S(Z,’y,Q?))

and

1 1 1 1
inf oo (LY < inf  t(z,y,2, .
e ( 3,skew) - ICSlclgo(vaU,Lr,lU)G}CC (33 Y2 U) (s(y,z,v) + S(U,Z,l’) * S(l’,y,’U) * S(Z7y,.’b)>

F

3 shew 18 MOt with

In particular, if A is a simple 3-simplicial complex then L
compact resolvent.

Proof. Let (xg, Yo, 20,v0) € Ag and let

f= Lo (@0,50,20,0) ~ 10 (0,90,20,00)
t (20, Yo, 20, Vo)
Where 165 (2,y0,20,00) denotes the indicator function of (4o yo.z0,v0)-
Then || f ||=1 and

1 1 1 1
(f, L3,skewf) = t (0, Yo, 20, v0) ( + + + )

s(yo,20,v0)  s(vo, 20,%0)  s(xo,Yo0,v0)  S(20, Yo, To)

Applying [21, Proposition 3], the result follows. O
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