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Preface

The study of Kéhler immersions of a given real analytic Kdhler manifold into a
finite or infinite dimensional complex space form originates from the pioneering
work of Eugenio Calabi [10]. With a stroke of genius Calabi defines a power-
ful tool, a special (local) potential called diastasis function, which allows him to
obtain necessary and sufficient conditions for a neighbourhood of a point to be lo-
cally Kahler immersed into a finite or infinite dimensional complex space form. As
application of its criterion, he also provides a classification of (finite dimensional)
complex space forms admitting a Kdhler immersion into another. Although, a
complete classification of Kéhler manifolds admitting a Kéahler immersion into
complex space forms is not known, not even when the Kdhler manifolds involved
are of great interest, e.g. when they are Kdhler—Einstein or homogeneous spaces.
In fact, the diastasis function is not always explicitely given and Calabi’s crite-
rion, although theoretically impeccable, most of the time is of difficult application.
Nevertheless, throughout the last 60 years many mathematicians have worked on
the subject and many interesting results have been obtained.

The aim of this book is to describe Calabi’s original work, to provide a detailed
account of what is known today on the subject and to point out some open
problems.

Each chapter begins with a brief summary of the topics discussed and ends
with a list of exercises which help the reader to test his understanding.

Apart from the topics discussed in Section 3.1 of Chapter 3, which could be
skipped without compromising the understanding of the rest of the book, the

requirements to read this book are a basic knowledge of complex and Kéhler

il



geometry (treated, e.g. in Moroianu’s book [61]).
The authors are grateful to Claudio Arezzo and Fabio Zuddas for a careful

reading of the text and for valuable comments that have improved the book’s

exposition.
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Chapter 1

The diastasis function

In this chapter we describe the diastasis function, a basic tool introduced by
E. Calabi in [10] which is fundamental to study Kéahler immersions of Kahler

manifolds into complex space forms.

In Section 1.1 we define the diastasis function and summarize its basic prop-
erties, while in Section 1.2 we describe the diastasis functions of complex space
forms, which represent the basic examples of Kdhler manifolds. Finally, in Sec-
tion 1.3 we give the formal definition of what a Kdhler immersion is and prove
that the indefinite Hilbert space constitutes a universal Kahler manifold, in the
sense that it is a space in which every real analytic Kédhler manifold can be locally

Kahler immersed.

1.1 Calabi’s diastasis function

Let M be an n-dimensional complex manifold endowed with a real analytic Kéhler
metric g. Recall that the Kéahler metric g is real analytic if fixed a local coordinate
system z = (z1,...,2,) on a neighbourhood U of any point p € M, it can
be described on U by a real analytic Kahler potential ® : U — R. In that
case the potential ®(z) can be analytically continued to an open neighbourhood

W C U x U of the diagonal. Denote this extension by ®(z,w).
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1.1. CALABI'S DIASTASIS FUNCTION

Definition 1.1.1. The diastasis function D(z,w) on W is defined by:
D(z,w) =®(z,2)+ ¢ (w,w) — P (z,w) — P (w, 2). (1.1)
The following proposition describes the basic properties of D(z, w).

Proposition 1.1.2 (E. Calabi, [10]). The diastasis function D(z,w) given by

(1.1) satisfies the following properties:

(i) it is uniquely determined by the Kdhler metric g and it does not depend on

the choice of the local coordinate system;
(1) it is real valued in its domain of (real) analyticity;
(1i) it is symmetric in z and w and D(z, z) = 0;
(iv) once fized one of its two entries, it is a Kdhler potential for g.
Proof.

(i) By the 90-Lemma a Kihler potential is defined up to the addition of the
real part of a holomorphic function, namely, given two Kéhler potentials ®
and ® on U C M, then & = ® + f + f for some holomorphic function f.

Conclusions follow again by (1.1).

(ii) Since ®(z,z) = P(z) is real valued, then from ®(z,z) = ®(z,z) and by

uniqueness of the extension it follows ®(z,w) = ®(w, z).
(iii) It follows directly from (1.1).
(iv) Fix w (the case of z fixed is totally similar). Then:

0? 0? 0?
D = =
82j82k (Z’ U})

The last property justifies the following second definition.

2



CHAPTER 1. THE DIASTASIS FUNCTION

Definition 1.1.3. If w = (wy,...,w,) are local coordinates for a fixed point

p € M, the diastasis function centered at p is given by:
D,(z) = D(z,w).
In particular, if p is the origin of the coordinate system chosen, we write Dg(z).

The importance of the diastasis function for our purposes is expressed by the

following:

Proposition 1.1.4 (E. Calabi, [10]). Let (M, g) and (S,G) be Kihler manifolds
and assume G to be real analytic. Denote by w and ) the Kdhler forms associated
to g and G respectively. If there exists a holomorphic map f: (M,g) — (S,QG)
such that f*QQ = w, then the metric g is real analytic. Further, denoted by
D). U — R and D]Sc(p) : V.= R the diastasis functions of (M,g) and (S,G)
around p and f(p) respectively, we have D?(p) of = D]])” on f~H(V)NU.

Proof. Observe first that the metric g on M is real analytic being the pull-back
through a holomorphic map of the real analytic metric G. In order to prove the
second part, fix a coordinate system {z} around p € M. From f*Glynsw) =
gl-1v)nw, if @ and M are Kahler potential for G and g around f(p) and p

respectively, we get:

0*°(f(2), f(2)) _ 0°M(2, %)

82j82k 8zj82k

ie. 5(f(2), f(2)) = ®M(2,2) + h + h and conclusion follows by (1.1).
[

Observe that the pull-back of any other Kéhler potential is still a Kéhler
potential, but the fact underlined in the previous proposition that holomorphic
maps pull-back the diastasis function in the diastasis function is a fundamental

ingredient to prove Calabi’s criteria in the next chapter.



1.1. CALABI'S DIASTASIS FUNCTION

Recall that given any Kéhler manifold (M, ¢g) and a Kéhler potential ® around
a point p € M, there always exists a coordinate system {z;} around p, which
satisfies:

0’

0'e 9 R )
82[82j82k (p) - a_zl (gjk) (p) =05 (%lazjaék (p) = 8_51 (g]k) (p) =0.

If we assume the Kéhler metric g to be also real analytic then in such coordinates

the diastasis satisfies:
Dy(2) = Y |zal” + 2, (1.2)
a=1

where 109 9 is a power series with degree > 2 in both the variables z and z. These
coordinates, uniquely defined up to a unitary transformation (cfr. |7, 10]), are
called the normal or Bochner’s coordinates around the point p (see |7, 10, 37, 38,
, 70] for more details and further results about Bochner’s coordinates).
The following proposition shows how the diastasis function is related to the
geodesic distance explaining the name diastasis, from the Greek didoTaois, that

means distance.

Proposition 1.1.5 (E. Calabi, [10]). If p(p,q) is the geodesic distance between
p and q, then

D(p,q) = (p(p,0))*> + O((p(p. q))").

Proof. Fix p € M and let {z} be Bochner coordinates around it. Then, since
D,(z) is a Kahler potential for g around p, its power expansion around p in the

variables z and Z reads:

D(p, q) = Dy(2) = [[2[]* + ¢h22(2, 2),

where 1055 is a power series with no terms of degree less than 2 in either the
variables z and z. On the other hand, since at the origin one has g;; = d;i, the

geodesic distance satisfies:

(p(p,@))* = ll2II* + O((l[=I*)?),

and conclusion follows. O



CHAPTER 1. THE DIASTASIS FUNCTION

We conclude this section giving a very useful characterization of the diastasis,
easily deducible by the definition, in terms of its power expansion. In order
to semplify the notation, let us first fix the following multi-index convention
that we are going to use through all this book. We arrange every n-tuple of
nonnegative integers as the sequence m; = (m;1,...,m;,) with not decreasing
order, that is mg = (0,...,0) and if |m;| = >~ _, m;, we have |m;| < |m;| for
all positive integer j. Further 2™ denotes the monomial in n variables []"_, 2o e
For example, if n = 2 we can consider the ordering mo = (0,0), m; = (1,0),

me = (0,1), mg = (1,1), my = (2,0), etc. and we would have 2™ =1, 2™ = z;,

m2 m3

= 29, 2™ = 2129, 2™

z = 22, etc. Notice that the order is not uniquely
determined by these rules, since we are allowed to switch terms of equal module
|m;| (i.e. in the 2 dimensional case we may also take m; = (0,1), mo = (1,0),

etc.).

Theorem 1.1.6 (E. Calabi, [10]). Among all the Kdhler potentials the diastasis
D,(z) is characterized by the fact that in every coordinate system (z1,...,%2)
centered at p, the oo x oo matriz of coefficients (aji) in its power expansion

around the origin
o

Dy(z) = ) a2z, (1.3)

7,k=0

satisfies ajo = ag; = 0 for every nonnegative integer j.

Proof. Let (z1,...,2,) be a coordinate system centered at p € M and assume

that:

oo
D(z,2) = Z a2z,

k=0
is a Kéhler potential satisfying a;o = aog; = 0 for every nonnegative integer j.
Then,

®(z,0) =0= (0, 2),

and by (1.1) we have:

Do(z,2) = ®(z, 2).

D



1.2. COMPLEX SPACE FORMS

Conversely, let:

O(z,2) = Z ajRz™IZ"E,

7,k=0

be the power expansion around the origin of a Kéhler potential. Then by (1.1):

(o0} oo oo

ms; =m my =m

D,(z) = D(2,0) = E a;p 2" 2" 4 agy — E a2 — E aprz™*,
=0 k=0

7,k=0

and conclusion follows. O]

1.2 Complex space forms

We describe here the diastasis of complex space forms. Recall that a complex
space form is a finite or infinite dimensional Kéhler manifold of constant holomor-
phic sectional curvature, that if we assume to be complete and simply connected,
then up to homotheties it can be of the following three types, according to the
sign of the holomorphic sectional curvature.
1. Complex Euclidean space. The complex Euclidean space CV of complex
dimension N < oo, endowed with the flat metric denoted by ¢go. Here C> denotes
the Hilbert space [*(C) consisting of sequences w; € C, j = 1,2,..., such that
;;0‘1’ |w;|? < +00. The diastasis, that we will denote from now on by D) is

equal to the square of the geodesic distance, i.e. it is given by:

D°(p,q) = [lp — ql|*.

Obviously, D? is positive except for p = q. The canonical coordinates (z1, ..., z,)
of CV are Bochner coordinates around the origin and the globally defined diastasis

DY: CV — R centered at the origin reads:
N
Do(z) =D Izl (1.4)
j=1

2. Complex projective space. The complex projective space CPY = (CPY, g),
namely the complex projective space CPY of complex dimension N < oo, with the

Fubini-Study metric g, of holomorphic sectional curvature 4b for b > 0. Here CP*°

6



CHAPTER 1. THE DIASTASIS FUNCTION

denotes the quotient of [?(C) by the usual equivalent relation. Let [Zp,. .., Zx]
be homogeneous coordinates, p = [1,0,...,0] and Uy = {Zy # 0}. The affine
coordinates z1, ..., zy on Uy defined by z; = Z;/ (\/EZQ) are Bochner coordinates

centered at p. The diastasis on Uj centered at the origin and defined on Uy reads:
1 N

DY(z) = 7 log (1 +by |zj|2> . for b > 0. (1.5)
j=1

Since (1.5) in homogeneous coordinates reads:

DY(Z) = 11og§: il
’ b 12l

by (1.1) we have:

N 2 2
1 S o2 IW
DY(Z, W) = —log 2= |21 ’;' : (1.6)

b N =
‘ijo ZjVVj

Observe that D’ is positive everywhere. Further, g, is Einstein with Einstein

constant A = 2b(N + 1).

3. Complex hyperbolic space. The complex hyperbolic space CH}' of com-

plex dimension N < oo, namely the unit ball B C CV given by:

N
1
B = {(Zl,...,ZN) S (DN, Z|Zj|2 < —g},

j=1
endowed with the hyperbolic metric g, of constant holomorphic sectional cur-
vature 4b, for b < 0. Fixed a coordinate system around a point p € B, the
hyperbolic metric is described by the (globally defined) diastasis DY centered at

the origin which reads as:

N
1
Dj(2) = 5 log (1 + bz ]zj|2> , forb<0. (1.7)
j=1

If we introduce homogeneous coordinates (Zy, . .., Zy), defined by z; = Z; /(v —bZ),

similarly to the case of the complex projective space, we obtain:

1 |ZO|2 ZN—1 ‘Zj|2
D7) = =1 J=
o(2) b 0g | Zo|2 ’




1.3. THE INDEFINITE HILBERT SPACE

and thus:

b 1 (122 = 2 12512) (1ol = S [Wal2)
D"(Z,W) =+ log . .

)ZOWO — YL ZW;

In this case g, is Einstein with Einstein constant A = 2b(N + 1).

Notation. In the sequel we denote g; by grs and g1 by gnyp. Furthermore, in
order to simplify the notation we write C¥, CPY and CH” instead of (CV, go),
(CPY, grs) and (CHY, g,,). Finally, according with the notation in [10], we will
write F(N,b) to refer to a complex space form of curvature 4b and dimension N.
Observe that for the case b = 0 the notation is justified since the diastasis D° can

be seen as the limit for b approaching 0 of D’. Moreover, notice also that with

these notations one has CPY = F(N,b), b > 0 and CHYY = F(N,b), for b < 0.

1.3 The indefinite Hilbert space

Consider the indefinite Hilbert space E of sequences

(T1, 1,9, B9, .., T, T—jy ... ), Z |z,]? < oo,
Jjez>

endowed with the indefinite Hermitian metric defined by the diastasis:

Dg () = ) _ (sgnj)lz;l*

jez*
Definition 1.3.1. We say that a complex manifold (M, g) admits a local Kdhler

immersion into E if given any point p € M there exists a neighbourhood U of p

and a map f: U — E such that:
1. f is holomorphic;
2. f is isometric, namely D) (z) = D?(p)(f(z));
3. there exists 0 < R < +o00 such that 3772, | f;(2)[* < R.

8



CHAPTER 1. THE DIASTASIS FUNCTION

The last condition is justified by the following:

Lemma 1.3.2 (E. Calabi, [10]). If a sequence f;(z) of holomorphic functions
defined on a common domain satisfies Z]O; |1i(2)]> < R, for some 0 < R < 400,
then the function f(z,2) = 3272, |f;(2)* is real analytic as a function in the

variables z and z.

In particular observe that the weaker hypothesis > >, |f;(2)[* < +oo does
not even imply f to be continuous.

As we are about to prove, the indefinite Hilbert space E constitutes a universal
Kahler manifold, in the sense that it is a space in which every real analytic Kéhler
manifold can be locally Kéhler immersed.

More precisely we have the following:

Theorem 1.3.3 (E. Calabi, |10, pages 6-9|). A complex manifold M endowed
with a metric g admits a local Kdhler immersion into the indefinite Hilbert space

E if and only if g is a real analytic Kdahler metric.

Proof. Let p € M and let D,(2) be the distasis function of g in a neighbourhood
Uotp. It f: U = E, f(2) = (..., f-i(2),.... f21(2), fi(2), ..., fi(2),...) is a
holomorphic and isometric immersion then by Prop. 1.1.4:
Dy(2) = Y (semj)|fi(2) = fi(p)P, (1.8)
jez*
and by Lemma 1.3.2 D,(z) is real analytic on U. Thus, since by (iv) of Prop.
1.1.2 D,(%) is a Kéhler potential around p for the induced metric g on M, g is a
real analytic Kahler metric.
Conversely, assume the metric g to be real analytic. Then for each p € M,
there exists a neigborhood U such that D,(z) is real analytic and admits the

power expansion:

D,(z,2) = Z ajp 2™z (1.9)

jk=1
Observe that being D, (2) real valued, (ajx) is a oo x co Hermitian matrix. We

need to construct a sequence of functions f; which satisfies (1.8) and converges

9



1.3. THE INDEFINITE HILBERT SPACE

in norm in a sufficiently small neighbourhood of p. Let r = (rq,...,7,) be an

n-tuple of arbitrary positive numbers to be fixed later. Define:

1 | - |
filz) =35 (ajjrmj + rmj) 2D agr™ ™

k=j+1

1 1 =
f_j<Z) = 5 (ajjrmf — ij) Pk + Z Cijijka

k=j+1
Then:
|fj<2)|2 - ‘f*j(Z)P = Z a2z
i k=j
and from:
Y el fi(2)F =D (I = 5GP = Y apzm 2™,
jezr j=1 jik=1

(1.8) follows. It remains to prove that the sequence (f;);ez+ converges in norm
to a real analytic function, i.e. due to Lemma 1.3.2, that it satisfies the third

condition of Def. 1.3.1 above. From the definition of f; and f_;, we get:

2
|fi(2)]? = 5 (ajjrmﬂ + rmf) 2™ 4 Z ajpr’™ 2

k=j+1
2

IN

1 o0
5 — 2" + E ar'™i "
rm;
k=1

2m;
Z J
<5 |2m Za TR
ram;
which implies:
YDITEIES Dl SES SR
JEZ j=1 ' jk=1

From the convergence of the RHS of (1.9) to a real analytic function on U, there
exists positive constant H such that for any polycylinder |z, < po, a=1,...,n
contained in U, we have |a;;| < H/(p™ p™), where p = (p1,...,pn). Choose an
n-tuple p’ such that 0 < p’ < p. Then for |z,| < p/, one has:

12my,

> 2m
Z |f](2)|2 < Z iQm + QHQZ 2m] p2mk ’
j=1

JEZ

10



CHAPTER 1. THE DIASTASIS FUNCTION

Fixing r; = \/p;p; we get:

> 1fi(2) Z_+2H22p Z P

JEZ* j=1
and thus:
1 2H?
1fi(2)]? < =5 14+ = =R< o
J;W ! [ (1= 05/py) [1=, (1= p?/p3)
as wished. 0

We end this chapter with the following result about Bochner’s coordinates

and Kahler immersions.

Theorem 1.3.4 (E. Calabi, [10]). Let f : (M, g) — (S, G) be a Kdhler immersion
of an n-dimensional Kdihler manifold (M, g) into a real analytic N-dimensional
Kahler manifold (S,G). Then g is a real analytic Kdhler metric and if z =
(21, ...,2,) are Bochner’s coordinates on M with respect to a point p € M, then
there exist Bochner’s coordinates on S such that the immersion f: M — S 1is

giwen in a neighbourhood of p by a graph:

(21, oy 2n) = (21, oy 2n, [1(2)s - ooy fven(2)), (1.10)

where for all j = 1,...,N —n, f; s a holomorphic function with no terms of

degree less than 2.

Proof. The metric g is real analytic by Proposition 1.1.4. Let z be Bochner’s
coordinates around a point p € M. Up to performe a unitary transformation,

one can choose Bochner’s coordinates on S centered at f(p) and such that f(z) =

(fi(2), ..., fn(2)) with:

[e.e]
2) =z + E ajpz™, forj=1,...,n;
k=n+1

= Z a;pz"™, forj=n+1,...,N.
k=n-+1

11



1.4. EXERCISES

Since both the diastasis around p and f(p) satisfy (1.2) in normal coordinates,

by Prop. 1.1.4 we have:

D,(z) = Z |2a|” + Poo(2) = D?(p)(f(z)) = Z | fal2)? + Ya2(f(2)),

and in particular from:

o0 (@) o0 oo
) S SME|2 ], |2 M2 oM S M,
|z + E , ajpz™ |7 = |z]" + | § a;rz"*|" + E apz " Zj + E , ajke "z
k=n-+1 k=n+1 k=n-+1 k=n-+1

we get that aj; must vanish for any j < n. O]

1.4 Exercises
Ex. 1.4.1 — Consider the Springer domain defined by:

n—1
D= {(ZO,...,zn_l) e | ) |y’ < e—lzoP},
j=1

with the Kéhler metric g described by the globally defined Kéahler potential:

n—1
® := —log <€|Z02 - Z |zj]2) :
j=1
Prove that ® is the diastasis function centered at the origin for (D, g).
Ex. 1.4.2 — Consider a bounded domain Q of C* endowed with the metric gp
described in a neighbourhood of the origin by the Kéhler potential:

Op = —3log(l — [21* = 2|z — |2 + [21[*]28]” + [22]* — 212375 — 2371 2%3).

Prove that ®p is the diastasis function centered at the origin for (€2, gp).

Ex. 1.4.3 — Consider on C the metric g whose associate Kahler form w is given

by: w = (4cos(z — z) — 1) dz A dz. Write the diastasis D(z,w) associated to w.

Ex. 1.4.4 — Let M be a complex manifold. We say that a real analytic Kahler
metric g on M is projective-like if for all points p € M the function e~P7 is globally

defined on M and e~ P»@ = 1 implies p = ¢q. Prove that:

(a) the Kahler metric of a complex space form is projective-like;

12



CHAPTER 1. THE DIASTASIS FUNCTION

(b) the Kéhler metric of a Kéhler manifold which admits an injective Kéhler

immersion into a complex space form is projective-like.
Finally, give an example of real analytic Kéhler metric which is not projective-
like.

Ex. 1.4.5 — Prove that if a Kéhler manifold (M, g) admits a Kédhler immersion
f into CP} then for any p € M, the diastasis D,(q) is real analytic, single valued
and nonnegative over M \ f~*(H) where H is a hyperplane in CP¥.

Ex. 1.4.6 — Prove that a Kéhler manifold (M, g) admits a Kéhler immersion
into CH} then for any p € M, the diastasis D,(q) is real analytic, single valued

and nonnegative for any ¢ € M.

13
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Chapter 2

Calabi’s criterion

This chapter summarizes the work of E. Calabi [10] about the existence of a
Kéhler immersion of a complex manifold into a finite or infinite dimensional
complex space form. In particular, Calabi provides an algebraic criterion to find
out whether a complex manifold admits or not such an immersion. Sections 2.1
and 2.2 are devoted to illustrate Calabi’s criterion for Kéahler immersions into
the complex Euclidean space and nonflat complex space forms respectively. In
Section 2.3 we discuss the existence of a Kéahler immersion of a complex space
form into another, which Calabi himself in [10] completely classified as direct

application of his criterion.

2.1 Kahler immersions into the complex Euclidean
space

We describe now Calabi’s criterion for Kéhler immersion into the complex flat

space CV (see Section 1.2).

Definition 2.1.1. We say that a complex manifold (M, g) admits a local Kihler
immersion into C if given any point p € M there exists a neighbourhood U of p

and a map f: U — CV such that:
1. f is holomorphic;

15
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2. f is isometric, i.e. D) (z) = 23 Ufi) = £(2)%
3. there exists 0 < R < 400 such that Zjvzl |fi(2)]* < R.

Further, we say that the immersion is full if the image f(M) is not contained in

any proper linear subspace of CV.

As already remarked, recall that if there exists a Kéahler immersion of a com-
plex manifold (M, g) into CV, then the metric g is forced to be a real analytic
Kéhler metric, being the pull-back via a holomorphic map of a real analytic Kah-
ler metric. Thus, consider a real analytic Kéhler manifold (M, g), fix a coordinate
system z = (z1, ..., 2,) with origin at p € M and denote by Dy(z) the diastasis
of g at p. Define the matrix (a;j) to be the co X co matrix of coefficients given

by (1.3).

Definition 2.1.2. A real analytic Kihler manifold (M, g) is resolvable of rank
N atp e M if (a;i) is positive semidefinite of rank N.

Calabi’s criterion for local Kéhler immersion into CV can be stated as follows

(cfr. [10, pages 9, 18]):

Theorem 2.1.3. Let (M, g) be a real analytic Kihler manifold. There exists a
neighbourhood U of a point p that admits a Kdihler immersion into CV if and
only if (M, g) is resolvable of rank at most N at p € M. Furthermore if the rank

15 exactly N, the immersion is full.

Proof. Assume that there exists a Kahler immersion f: U — C¥. Fixed local
coordinates (z1,. .., z,) centered at p € U, up to translate we can assume f(p) =

0. By Prop. 1.1.4, the induced diastasis:

2 (2) =) Ifu(2)

is real analytic on U. By expanding f;(z) = > ;- Oak 2"k we get;:

00 N
=D da
7,k=0 h=1

16
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h

4 with its transpose

It follows that (a;i) is the product of the N x oo matrix a
conjugate, and thus it is positive semidefinite and of rank at most N.

Assume now that (1.3) converges in a domain U and that (ajz) is positive
semidefinite. Then, we can decompose (aj;) = S, alay, where for each h, o =
(a') is an infinite nonzero vector. Then, we can define the map f = (f1,..., fv)

as a formal power series:

fn(z) = Z aj-”zmj.
j=1
Since for any j, k = 1,2,..., |a;| is bounded on any maximal polycylindrical

domain, from:
N
h|2 h|2
|aj|” < Z a7 |” = lay;],
h=1

we get that also |a§b| is bounded in such domain. Since U is a convergence domain
of the power series (1.3), it is a union of its maximal polycylinders. Thus, the
fn are holomorphic function on U and by construction the sum of the square of

their absolute values S, | f4(2)|? converges on U to D (z). O

It follows directly by Th. 2.1.3 that all Stein manifolds with the induced
metric are examples of resolvable manifolds of finite rank.
In order to state the global version of Calabi’s criterion, we need two further

results (cfr. [10, pages 8, 11, 18]):

Theorem 2.1.4 (Rigidity). If a neighbourhood U of a point p admits a full
Kihler immersion into CV, then N is uniquely determined by the metric and the

immersion is unique up to rigid motions of C.

Proof. Let (z1,...,2,) be a coordinate system on U centered at p and consider

two full Kahler immersions:
f:U—=CN, f2) = (fi(z),..., fn(2),

floU—=CNf(2) = (f(2), - fa(2)).
We can assume without loss of generality that f(p) = f'(p) = 0.

17



2.1. KAHLER IMMERSIONS INTO THE COMPLEX EUCLIDEAN SPACE

Observe now that being f holomorphic, for any j = 1,..., N, f;(U) is not
contained in a one dimensional real subspace of C. In fact, if it was so, we would
have f;(2) = f;(2) and thus f;(z) would be a constant which is equal to zero
since f(0) = 0, contradicting the hypothesis of fullness. The same holds for f’.

Since f*(g0) = f*(go0), by Prop. 1.1.4 we get:

Zl\fj w)|[* = ZHf (w)]|*. (2.1)

Consider n + 1 points pg,p1,...,p, € U. Their images in CV are linearly de-

pendent in a real sense if and only if the vectors v; = f(p1) — f(po),---,vn =

f(pn) — f(po) are, i.e. if and only if:

n
E Oéj’l)j =0
j=1

for real constants o; not all vanishing. Taking the norm, this is equivalent to

require that:

Z a;ag(vs, vg) =0,

Jk=1
for not all vanishing «;, . From:

(s, v) = |1f (ps) — fWo)lI* = D(p;, po),
we get:

(D(po,p;) + D(po, p) — D(pj, px)) »

N | —

(v, v) =
which means that we can write the condition of being linearly dependent in
terms of the diastasis. In view of (2.1), this means that the maximum number of
linearly independent points in the images of U through f and f’ does depend on
the metric on U alone and thus, the fullness condition implies N = N'.

From (2.1) the two maps f and f’ preserves distances and thus there exists a
rigid motion T of C such that f'(U) = T f(U). Furthermore T is unique, since
f(U) and f'(U) span linearly CV in the real sense. It remains to show that 7T is

unitary. Since f(0) = f'(0) = 0, the transformation 7" can be written:

N N
= apfu(2) + D bifi(2), j=1,...,N,
k=1 k=1

18
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1.e.:
N

N
fi(z) = Zajkfk(z) = ijkfk(z), j=1,...,N,
=1

k=1

which implies both sides are constant and thus vanish. Then, T" can be written:

N
£(2) = anfilz), j=1,....N,
k=1

which is a complex linear transformation preserving distance and thus a unitary

transformation of CV. O

Theorem 2.1.5 (Global character of resolvability). If a real analytic connected
Kdahler manifold (M, g) is resolvable of rank N at a point p € M, then it also is

at any other point.

Proof. We will prove that the set of resolvable points in M is open and closed.

The set of resolvable points of rank /N is open since a point p is resolvable
of rank N if and only if there exists a neighbourhood U > p which admits a
Kihler immersion f into CV. Since the points in f(U) spans C (see the proof of
the previous theorem), it follows that any other point in U is resolvable of rank
exactly V.

In order to prove it is also closed, let p be a limit point of the set of resolvable
points of rank N in M. By Theorem 1.3.3 there exists a neighbourhood V' of
p admitting a Kéhler immersion into the indefinite Hilbert space E. Since p
is a limit point of the set of resolvable points, there exist also p’ € V and a
neighbourhood V/ C V of p’ such that V' admits a Kéhler immersion into CV.
Let z be a coordinate system defined on V with origin at p’ and denote by
f' = (f})j=1,...n the Kahler immersion f': V' — CV and by f = (f;)jez- the
Kahler immersion f: V — E. Assume also that f/(0) =0 = f(0). Observe that
the diastasis of E restricted to the subspace £’ spanned by f(V’) (and thus by
f(V)) is positive semidefinite, in the sense that for any ¢ € E’, D¥(f(p'),q) > 0.
In fact, we can write the vector v = g — f(p') as a linear combination of vectors

v; = f(pj) — f(p') with p; € V', let us say v = Z?:l a;vj. Then, we consider
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v+ f'(p)) = ¢ € CN where v = Z?Zl v}, for v = f'(p;) — f'(p), and by Prop.

1.1.4, we have:

Dg () :% > e (DECF@): f(py) +DP (W), f(or)) = DE(f (), £ (1))

=5 30 s (D7 (). £) + D™ (7). £ () = D 03). £ 1))
:% Z ajan d (£ + 115w = 1fo ) = Fr(0e)])

2
>0,

N
o=1

k
> aifi(p))
j=1

as wished. Denote now by Ej the subspace of E’ defined by:
By = {y e B Y (senj)ly;l” = o},
JEZ*

(where y are coordinates in E) and by F, the orthogonal complement of E, with

respect to the Hermitian form ZjeZ* y;|* (if necessary E', Ey and E, should be
replaced by their completion with respect to that metric). On E, the diastasis
is positive definite, and further the orthogonal projection T" of E’ onto E, has
the effect of preserving the diastasis of all pairs of points. Thus, the map defined
by To f: V — E, is an isometric immersion of V' into a unitary space. Finally,
since V span the same linear space as V', we have that E, must be of dimension

N. Thus, every points in V', and in particular p, must be resolvable of rank N

concluding the proof. O

Last theorem states that if a local Kéhler immersion around a point p € M
exists, then the same is true for any other point. Due to this result, we can say
that a manifold is resolvable without specifying the point.

The following result states that if M is chosen to be simply connected, then
it is possible to extend the local immersion to the whole manifold (cfr. [10, pages

12-13)):
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Theorem 2.1.6 (Calabi’s criterion for simply connected manifolds). A simply
connected complex manifold (M, g) admits a Kdihler immersion into CN if and
only if the metric is real analytic and M is resolvable of rank at most N. Fur-

thermore, the immersion is full if and only if the rank is exactly N.

Proof. The conditions are necessary in view of Theorem 2.1.3. Thus, assume that
M 1is a real analytic Kéhler manifold resolvable of rank N. By Theorem 2.1.3
for any point p € M there exists a neighbourhood U > p admitting a Kéhler
immersion into CV in such a way that the image of U spans linearly CV. Let
{U;} be an open covering of M such that each U; admits a Kéhler immersion
into CV. Let py be the origin in Uy and let f: Uy — CV, f = (f;), be a Kéhler
immersion. For any point p € M, consider a path connecting py and p and denote
by 7, 71, ..., T, the overlapping open segments obtained as intersection between

the path and the U;’s.

At each overlap m; N 7,41, there exists a unique unitary motion which trans-
forms the immersion functions of m; into those of m;y;. If we apply the trans-
formation to all the neighbourhood of 7;, we get the same Kéhler immersion for
both 7; and 7;;. By induction, we can extend the Kéhler immersion around
po to a Kéahler immersion around the whole path between py and p. Since M
is arcwise connected, the Kéhler immersion can be extended to the whole mani-
fold and since it is simply connected, the extension does not depend on the path

chosen. O

Corollary 2.1.7. If a simply connected Kdhler manifold (M, g) is resolvable of
any rank, then its diastasis D(p,q) can be extended to all pairs of points and its

everywhere nonnegative.
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Proof. Since the diastasis of the complex Euclidean space can be extended to all
pairs of points and its everywhere nonnegative, the statement is an immediate

consequence of the previous theorems and of Prop. 1.1.4. O

Theorem 2.1.8. A complex manifold M endowed with a Kdihler metric g admits

a Kihler immersion into CV if and only if the following conditions are fulfilled:

(i) g is real analytic Kdihler metric,
(i) (M, g) is resolvable of rank at most N,

(iii) for each point p € M the analytic extension of the diastasis Dy, is single

valued.

Further, the immersion is also injective if and only if for any point p € M :

(iv) Dy(q) = 0 only for ¢ = p.
Proof. By Theorem 2.1.6, conditions (i) and (i¢) are necessary and sufficient for
the universal covering 7: M — M to admit a Kéhler immersion f: M — CV.
The necessity of condition (#ii) follows directly from Prop. 1.1.4. In order to
prove it is also sufficient for f to descend to the quotient, fix p € M and consider
the analytic extension Dp of D, to the whole M. If D, is single valued on M,
D,om = ]51, implies that ﬁp(q) = 0 for any point ¢ € M that belongs to the same
fibre of p. Hence, the Poincaré group of M acting on M leaves the image of M
in CV pointwise fixed and the map f descends to a globally defined Kihler map
M — C¥. Finally, condition (iv) is equivalent for the immersion to be injective

since by Prop. 1.1.4 f(p) = f(q) only for p = gq. ]

2.2 Kahler immersions into nonflat complex space
forms

Let F(N,b) be an N-dimensional complex space form of holomorphic sectional
curvature 4b and denote by DP its diastasis function, described in Section 1.2.

The following definition generalizes Def. 2.1.1 to the case when b # 0:
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Definition 2.2.1. We say that a complex manifold (M, g) admits a local Kdhler
immersion into F(N,b) if given any point p € M there exists a neighbourhood U
of p and a map f: U — F(N,b) such that:

1. f is holomorphic;
2. [ is isometric, i.e., due to Prop. 1.1.4, D} (z) = D’}(p)(f(z));
3. there exists 0 < R < 400 such that Zjvzl 115(2)]> < R.

Further, we say that the immersion is full if the image f(M) is not contained in

any proper totally geodesic submanifold of F(N,b).

We introduce here a generalized stereographic projection performed from a
complex space form of nonzero curvature to the complex euclidean space. Let p
be a point in F(V, b) and set normal coordinates z in a neighbourhood U centered

at p. The generalized stereographic projection is the map:
U= CY, w(2) = (m(2),...,7n(2))
which satisfies D}(z) = D§(7(2)):

b
F(N,b) DU D R

| &

(DN

i.e. such that:

al 1
> Im) =5 (™ —1).

Jj=1

Consider now a real analytic Kéhler manifold (M, g) and fix a coordinate
system (zi,...,z,) with origin at p € M. Recall that as for the case of flat
ambient space, chosing a real analytic Kahler manifold is not restrictive since if
there exists a Kéhler immersion of a complex manifold (M, g) into F(N,b), then
the metric ¢ is forced to be a real analytic Kdahler metric, being the pull-back

via a holomorphic map of the real analytic Kdhler metric g,. Denote by Dg(2)
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the diastasis of g at p and consider the power expansion around the origin of the

function (e?P0) — 1) /b:

bDo(z) _ 1 &
PO S e,
J,k=0
Definition 2.2.2. A real analytic Kdhler manifold (M, g) is b-resolvable of rank
N at p € M if the matriz (s;) is semipositive definite of rank N.

In particular, (M, g) is 1-resolvable of rank N at p if the matrix of coefficients

(b;i) given by:

ePo) 1 = Z bip 2™ 2™, (2.2)
4,k=0

is positive semidefinite of rank N. Similarly (M, g) is —1-resolvable of rank N at
p if the matrix of coefficients (c;;) given by

[e.9]

1 — e Pol®) = Z cjk 22 (2.3)
J7k:O
is positive semidefinite of rank N.

Remark 2.2.3. Observe that a Kéhler manifold (M, g) is b-resolvable of rank N
at p € M if and only if the diastasis:

(ebDo(z) . 1) 7

S =

Dy(w(2)) =

obtained from the diastasis Dg(z) of g after a stereographic projection 7 with

respect to pg, is resolvable of rank N at p.

I

Calabi’s criterion for local Kéhler immersion can be stated as follows (cfr. |

pages 9, 18]):

Theorem 2.2.4. Let (M, g) be a real analytic Kdihler manifold. There exists a
neighbourhood V' of a point p that admits a Kahler immersion into F(N,b) if and
only if (M,g) is b-resolvable of rank at most N at p € M. Furthermore if the

rank is exactly N, the immersion is full.
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Proof. Consider local coordinates z around p and denote by Dy the diastasis
of M centered at p. By Prop. 1.1.4, there exists a Kéhler immersion f :
V' — F(V,b) of a neighbourhood V' of p into F(V,b) if and only if Dy(z) =
+log (1 + bz;.vzl |fj(z)|2>. Taking a stereographic projection with respect to p,
we get that this is equivalent to have Dj(z) = Z;il |f;(2)|?, which is in turn
equivalent by Theorem 2.1.3 to M being resolvable of rank at most N at p, and
the rank is exactly N if and only if the immersion is full. The following diagram

summarizes this setting:

D[):Dgof

v fv) c R, Do
éN %

Dy =Djomo f

Conclusion follows since by Remark 2.2.3, (M, g) is b-resolvable at p if and

only if its projected diastasis Dj, is resolvable at p. O]

In particular, a neighbourhood V' > p of (M, g) admits a K&hler immersion
into CPY (resp. CHY), if and only if M is l-resolvable (resp. —Il-resolvable) of
rank at most N at p.

Hermitian symmetric spaces of compact type are examples of 1-resolvable
manifolds of finite rank. This follows from Th. 2.2.4 and the existence of a Kéh-
ler immersion of such spaces into the finite dimensional complex projective space,

well-known since the work of Borel and Weil (see [19] or [69] for a proof).

In order to state the global version of Calabi’s criterion, we need two further
results analogous to Theorem 2.1.4 and Theorem 2.1.5 respectively (cfr. [10, page

18)):
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Theorem 2.2.5 (Rigidity). If a neighbourhood V' of a point p admits a full
Kahler immersion into F(N,b), then N is uniquely determined by the metric and

the immersion is unique up to rigid motions of F(N,b).

Proof. Let V' be a neighbourhood of p admitting two full Kéhler immersions
f:V = F(N,b)and f: V — F(N',b). Let w: f(V) — CY¥ and 7' f'(V) — CV
be stereographic projections with respect to f(p) and f’(p) respectively. Since:

Dj(2) = S_ 1522 = YOI,

7o fand 7’ o f' are two Kéhler immersions of V into CV and CV' respectively,
with the same metric induced by Dj(z), and thus the proof reduces to that of
Theorem 2.1.4.

O

Theorem 2.2.6 (Global character of b-resolvability). If a real analytic connected
Kahler manifold (M, g) is b-resolvable of rank N at a point p € M, then it also

1 at any other point.

Proof. Similarly to the case of flat ambient space, we will prove that the set of
b-resolvable points in M is open and closed. It is open since by Theorem 2.2.4
the b-resolvability is equivalent to the existence of a local Kéhler immersion. It
is also closed, in fact let p be one of its limit points and let V' be a small enough
neighbourhood around p such that D(q,¢’) is real analytic and single valued for
any ¢, ¢ € V. Let p’ be a b-resolvable point in V. By Theorem 2.2.4 there exist
a neighbourhood V' of p’ and a Kéhler immersion f: V' — F(N,b). Define a
second diastasis on V' by:

etP(a.d) _ q

D'(q,q) = ; (2.4)

Observe that on V', D'(q, ¢') coincides with the stereographic projection of D(q, ¢’)
and thus at p’ the metric induced by D'(g, ¢) is resolvable of rank N. By Theorem
2.1.5, V with the metric induced by D’(q,q’) is resolvable of rank N at any of
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its points. By Theorem 2.1.8, since in addition D'(q, ¢') is single valued on V|
the immersion f can be extended to a Kéhler immersion of the whole V' with
the metric induced by D’(¢,¢') into CV. Thus, f maps isometrically V into
F(N,b). The proof is complete by observing that when b < 0, from (2.4) one gets
D'(¢q,q') < —%, and thus:

N
S 1fila) = (@) < 7
=1

implies that the image of V' is actually contained in CH}. O

The previous theorem states that if a local Kahler immersion into F(N,b)
around a point p € M exists, then the same is true for any other point. Due to
this result we can say that a manifold is b-resolvable without specifying the point.
In particular, if (M, g) is 1-resolvable, we say also that g is projectively induced.

In complete analogy with the case of flat ambient space, the theorems just

proven imply the following global criteria (cfr. [10, thms. 11-12, pages 19-20|):

Theorem 2.2.7. A simply connected complex manifold (M,g) admits a Kihler
immersion into F(N,b), if and only if the metric g is b-resolvable of rank at most

N. Furthermore, if the immersion is full the rank is exactly N.

Theorem 2.2.8. A complex manifold (M, qg) admits a Kdhler immersion into

F(N,b), if and only if the following conditions are fulfilled:
(i) the metric is a real analytic Kahler metric,
(i) the Kdihler manifold (M, g) is b-resolvable of rank at most N,

(iii) for each point p € M the analytic extension of the diastasis D, over M is

single valued.

Further, the immersion is also injective if and only if for any p € M:

(tv) Dy(q) = 0 only for ¢ =p.
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Remark 2.2.9. Observe that, if it does exist, a Kéahler immersion f: M — CP*
of a compact Kahler manifold into CP* is forced not to be full. In fact, assume
by contradiction that f: M — CP* is a full Kéhler immersion. Then we can
write f(p) =[so:---:s;j:...], where each s; is a global holomorphic section of
the holomorphic line bundle L on M obtained as the pull-back of the hyperplane
bundle of CP*°. Since the map is full, the s;’s are linearly independent and so
the space of global holomorphic sections of L is infinite dimensional. This is in
contrast with the well known fact that this space is finite dimensional due to the
compactness of M. Notice also that being the pull-back of the integral Fubini-
Study form of CP¥ through a holomorphic map, the induced Kéhler form on M
is forced to be integral and so we are in the realm of algebraic geometry. It is
worth pointing out that if we start with compact Kahler manifold (M, w) with w
integral then the Kodaira embedding k : M — CP¥ is a holomorphic map into
some finite dimensional complex projective space CP¥, but in general k is not

isometric (k*wpg cohomologous to w, up to rescaling, but in general not equal).

We conclude this section with the following example of Kahler metric admit-

ting a local but not global immersion into CP*°.

Example 2.2.10. Consider the Kéhler metric ¢ on C* whose fundamental form
is
1dz Ndz

TR

Since C admits a Kahler immersion fy: C — CP* into CP*> (cfr. Eq. (2.7)
below) and it covers C* through the map exp: C — C*, given by exp(z) = €™,
then a neighbourhood of each point of C* can be Kéhler immersed into CP°.
The immersion cannot be extended to a global one. In fact, since exp*(§) = go,
such Kahler immersion f composed with exp, would be a Kéhler immersion of C
into CP*°. By Calabi’s rigidity Theorem 2.2.5, it would then exist a rigid motion
T of C such that T o fy = f oexp, that is impossible since fj is injective and exp

1S not.
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2.3 Kahler immersions of a complex space form

into another

As application of its criterion Calabi studies the existence of Kéhler immersion
of a complex space form into another. Following the notations of the previous
chapter, we will denote by F(N,b) a complex space form of dimension N and

holomorphic sectional curvature 4b.

Theorem 2.3.1 (E. Calabi, |10, pages 21-22|). A complex space form F(n,b)
admits a global Kdhler immersion into F(N, V') if an only if b <V and

either b < 0 and N = oo,
or b = kb for some positive integer k, and N > ("+k) 1.

Proof. Assume first b # 0. By Theorem 2.2.7 it is enough to check for what values
of b, gy is b'-resolvable. Fix a point p € F(n,b) and consider local coordinates z
centered at p. Then:
D) = %log (1 + bi \zj|2> :
j=1
and the (7, k) entry in the matrix (a;;) of its power expansion around the origin

(1.3) reads:
(Jmy] — 1)!<_b)\mj|_1‘

aji = 0k
7 J mj!

Thus, (ajx) is a diagonal matrix with nonvanishing elements on the diagonal. It
follows that its rank is infinite and it is positive semidefinite if and only if each of
its entries is nonnegative, i.e. if and only if b < 0. It follows that F(n,b) admits
a Kéhler immersion into CV iff F(n,b) = CH? and N = oco. In order to check

the t/-resolvability for &' # 0, consider that:

124
Db 1+05"  ]2]2) " =1
ebDb, 1 _ ( Z] ;/|ZJ| ) . b/ Z (b//b) (bz |Z |2>
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and thus the matrix (s;;) of the coefficients of its power expansion around the

origin is a diagonal matrix with terms on the diagonal given by:

|m;|—1
I1,_] (@I

e for |m;| > 1;

Sjj =
1 otherwise.

The rank N of (s;5) is the number of nonvanishing entries. When ¢’ is a multiple of

n+k) .

b, i.e. there exists a positive integer k such that b’ = kb, then N is equal to ( .

1. Since in this case each entry is nonnegative, (s;;) is positive semidefinite. When
b is not a multiple of b, then the rank is co and (s;j) is b'-resolvable iff &' — 1b is
nonnegative for any [ = 2,3,..., ie. iff b < 0.

Finally, the case b = 0 is trivial when ' = 0. For &’ #£ 0 we get:
(b')lmal=1

mj!

Sjj =

and thus (s;j) is positive semidefinite if and only if &' > 0 and the rank is infinite,

i.e. the only nontrivial Kahler immersion C" admits is into CP}°. O

Remark 2.3.2. It is interesting to notice that a Kéhler manifold (M,w) is b-
resolvable for b > 0 (resp. b < 0) if and only if (M,bw) is 1-resolvable (resp.
—1-resolvable). To see this, notice that if we denote by ¢ the immersion ¢: M —

CP}, by Prop. 1.1.4 we have:
1 N
DY (2) = - log (1 £y Isoj(Z)IQ) ,
j=1
thus the map /b satisfies:
N
(Vb)) Dg(z) = log (1 +by I%'(Z)IQ) =D, (2).
j=1
Totally similar arguments apply to the b < 0 case. Finally, notice that the
multiplication of the metric g by ¢ is harmless when one studies Kéhler immersions

into the infinite dimensional complex Euclidean space 1?(C) equipped with the

flat metric go. In fact, if f: M — [?(C) satisfies f*(go) = g then (v/cf)*(g0) = cg.
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In sight of the previous remark, Theorem 2.3.1 can be stated in terms of
Kéhler immersions of (CH", ¢ gx,,), C" and (CP", c grg) into CHY=® CN<> or

CPN=> a5 follows.
Theorem 2.3.3.

1. For any ¢ > 0, (CH", ¢ gnyp) admits a full Kihler immersion into [*(C) and
into CP*. Further, (CH", ¢ gn,,) admits a Kdihler immersion into CHN=>

if and only if c <1 and N = .

2. The flat space C™ does not admit a Kdihler immersion into CHYN=* for any

value of N, but it does, full, into CP*°.

3. For no value of ¢ > 0, (CP", c gps) admits a Kdhler immersion into CHNY=>

nor CN=°_ Further, (CP", c grs) admits a full Kihler immersion into CPY,

N < oo, if and only if ¢ is a positive integer and N = (njc) — 1.

We conclude this chapter with the following theorems which show that if a a
Kihler manifold (M, g) admits a Kihler immersion into [2(C) (resp. CH*) then
it also does into CP*> (resp. [*(C)). These facts has been firstly pointed out by
S. Bochner in [7].

Theorem 2.3.4. If a Kdhler manifold (M, g) admits a Kdhler immersion into
the infinite dimensional flat space [*(C) then it also does into CP>.

Proof. Fix alocal coordinate system (z1, ..., 2,,) on a neighbourhood U of p € M.
By Theorem 1.1.6 for some holomorphic functions fi,..., f;,..., the diastasis

function for g reads
Dy'(2) =) Il
j=1

Let D)(z) = loge with ¢y = ¢P0'). Then for some suitable functions h;,

j=1,2 ... we get
=1+ |h
j=1
and the conclusion follows. O
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Theorem 2.3.5. If a Kdhler manifold (M, g) admits a Kdhler immersion into

the infinite dimensional hyperbolic space CH™ then it also does into I*(C).

Proof. Consider a local coordinate system (z1,...,z,) on M in a neighbourhood
of p € M and let D}!(2) be the diastasis function for g at p. By Theorem 1.1.6,

there exists fi,..., f;,... holomorphic functions such that

Dy’ (2) = —log (1 - Z |fj!2> :

Hence
(e}
Dy'(2) = > Iyl
j=1
for some suitable holomorphic functions h;, j = 1,2,..., and we are done. n

2.4 Exercises
Ex. 2.4.1 — Prove that

11— 1)
f:CH”<—>l2(@):z>—><..., Mzmj,...), (2.5)
mj:
is a full Kdhler immersion of CH" into 1?(C).
Ex. 2.4.2 — Prove that
|
f:(DH”<—>(DP°°:zr—><..., mzmﬂ',...), (2.6)

is a full Kahler immersion of CH" into CP°.

Ex. 2.4.3 — Prove that

f:C"—=CP®:z—|..., Lzmj,... , (2.7)
m,;!
;!

is a full Kahler immersion of C" into CP°.

Ex. 2.4.4 — Let k be a positive integer. Construct a full Kahler immersion of

(CPY, kgps) into CP¥ (cfr. 3. of Theorem 2.3.3).
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Ex. 2.4.5 — Consider the Springer domain defined by:

n—1
D = {(207 e ,Zn—1) e C" ’ Z ‘2j|2 < 6_|ZOI2} ’
j=1
with the Kéahler metric g described by the globally defined Kéahler potential:
n—1
] GRE e
j=1

Prove that (D, g) admits a full Kéhler immersion into ?(C).

Ex. 2.4.6 — For a > 0, consider:

D:{m---,zn ) e ZW %0 |2+a}’

endowed with the Kéahler metric g described by the globally defined Kéahler po-

n—1
(6%
o= —log| —r — 12 .
og (‘ZO|2+05 ;’Z]‘ )

Prove that (D, g) admits a full Kéhler immersion into CP>.

tential:

Ex. 2.4.7 — Let:

D=<(20,...,20,1) € C" 2i|? < ,
{(0 1 |Z|]| W}

with the Kéhler metric g described by the globally defined Kéahler potential:

@:z—log(W Z| JP)

Prove that (D, g) does not admit a Kéhler immersion into any complex space

form.

Ex. 2.4.8 — Consider a circular bounded domain £ of C? endowed with the

metric gg described in a neighbourhood of the origin by the Kéahler potential:
Op = —3log(l — [a1” = 2|zaf* — |25]* + |1’ |2s]? + [22]" — 21287 — 2321 2).

Prove that (€, gg) does not admit a Kéihler immersion into [?(C).
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Ex. 2.4.9 — Theorem 2.3.4 combined with Remark 2.3.2, implies that if a Kéh-
ler manifold (M, g) admits a Kihler immersion into [2(C), then (M, cg) does into
CP*, for any value of ¢ > 0. Shows that the converse is true, namely that if
Kahler manifold (M, cg) admits a local Ké&hler immersion into CP* for all ¢ > 0

then (M, g) does into [?(C).
Ex. 2.4.10 — Prove that if a Kéhler metric g is projectively induced the same

is true for kg, for any positive integer k.

Ex. 2.4.11 — Let (M, g) be a Kihler manifold and let f: M — CPY, N < o0,
be a Kéhler immersion. Prove that the Bochner coordinates around a point
p € M can be extended over M \ f~'(H,), where H, is the hyperplane at infinity
with respect to f(p).
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Chapter 3

Homogeneous Kahler manifolds

In this chapter we survey what is known about the existence of Kéahler immer-
sions of homogeneous Kéahler manifolds into complex space forms. Recall that a
homogeneous Kéhler manifold is a Kéhler manifold on which the group of holo-
morphic isometries Aut(M) N Isom(M, g) acts transitively on M (here Aut(M)

denotes the group of biholomorphisms of M).

In the first two sections we summarize the results of A. J. Di Scala, H. Ishi
and A. Loi 18] about K&hler immersion of homogeneous Kéhler manifolds into
complex Euclidean and hyperbolic spaces. Section 3.1 is devoted to proving that
the only homogeneous bounded domains which are projectively induced for all
positive multiples of their metrics are given by the product of complex hyper-
bolic spaces. This result, combined with the solution of J. Dorfmeister and K.
Nakajima [26] of the fundamental conjecture on homogeneous Kéhler manifolds
(Theorem 3.2.3), will be applied in Section 3.2 to classify homogeneous Kéhler
manifolds admitting a Kihler immersion into CHY or C¥, N < oo (Theorem

3.2.4).

In the last three sections we consider Kéhler immersions of homogeneous
Kéhler manifolds into CPY, N < co. The general case is discussed in Section
3.3, while in sections 3.4 and 3.5 we detail the case of Kdher immersions of

bounded symmetric domains into CP>°.
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3.1. A RESULT ABOUT KAHLER IMMERSIONS OF H.B.D. INTO CP*

3.1 A result about Kahler immersions of homoge-

neous bounded domains into CP*

We have already noticed in Section 2.3 that the complex Euclidean space (C™, Ago)
and the complex hyperbolic space (CH", Agp,,) both admit a Kéhler immersion
into CP*°, for all A > 0. In the following theorem we prove that this fact charac-
terizes these two spaces among all homogeneous bounded domains. Recall that a
homogeneous bounded domain (£, g) is a bounded domain (i.e. a connected open
set) © C C" such that (2, ¢g) is a homogeneous Kéhler manifold. Recall also that
we say that a Kéhler manifold is projectively induced when it is 1-resolvable in
the sense of Definition 2.2.2, i.e. when it does admit a local Kéhler immersion
into CP*°.

This theorem will be one of the key ingredients for the study of Kahler immer-
sions of homogeneous Kéhler manifolds into finite or infinite dimensional complex

space forms.

Theorem 3.1.1 (A. J. Di Scala, H. Ishi, A. Loi [18]). Let (©,g) be an n-
dimensional homogeneous bounded domain. The metric Ag is projectively induced

for all X > 0 if and only if:
(Q, g) = (CHnl X - X CH”T, Alghyp b--- D )\Tghyp) R (31)
where ny +---+n, =n, \;, j =1,...,r are positive real numbers.

Proof. First we find a global potential for the homogeneous Kéhler metric g on the
domain (2 following Dorfmeister [25]. By [25, Theorem 2 (c)|, there exists a split
solvable Lie subgroup S C Aut(€2, g) acting simply transitively on the domain (.
Taking a reference point 2y € €2, we have a diffeomorphism S 3 s ¥ s- 25 € ,
and by the differentiation, we get the linear isomorphism s := Lie(S) 3 X
X -z € T,,2 = C". Then the evaluation of the Kahler form w on T, 2 is given
by w(X - 2,,Y - 20) = B([X,Y]) (X,Y € s) with a certain linear form § € s*. Let
j : 5 — 5 be the linear map defined in such a way that (X)- 2o = v/—1(X - z) for
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CHAPTER 3. HOMOGENEOUS KAHLER MANIFOLDS

X € 5. We have Rg(X - 20, Y - z0) = B([j X, Y]) for X, Y € s, and the right-hand
side defines a positive inner product on s. Let a be the orthogonal complement
of [s,s] in s with respect to the inner product. Then a is a commutative Cartan
subalgebra of s. Define v € a* by v(C) := —48(jC) (C € a), where we extended
v to s = ad [s,s] by the zero-extension. Keeping the diffeomorphism between S

and € in mind, we define a positive smooth function ¥ on €2 by:
T((expX)-2) =e 7% (X €5).
From the argument in [25, pages 302-304], we see that:
W= %88 log V. (3.2)

It is known that there exists a unique kernel function U : Q x Q — C such
that (1) W(z,2) = ¥(2) for z € Q and (2) ¥(z,w) is holomorphic in z and
anti-holomorphic in w (cf. [39, Prop. 4.6]). Let us observe that the metric g is
projectively induced if and only if ¥ is a reproducing kernel of a Hilbert space
of holomorphic functions on Q. Indeed, if f: Q — CPY (N < o0) is a Kéhler
immersion with f(z) = [¢o(2) : ¥1(2) : -+ -] (2 € Q) its homogeneous coordinate
expression, then we have w = 290 log Zj.vzo 1;|?. Comparing (3.2) with it, we see
that there exists a holomorphic function ¢ on  for which ¥ = |e?|? Z;.V:O ;2.
By analytic continuation, we obtain W(z,w) = e?()e?(®) Z;V:() Y;(2)1;(w) for

z,w € Q). For any z1,...,2, € Qand cq,...,c, € C, we have
m m _ N
Z Cpéq‘ij(zpa 2q) = Z Cp5q6¢(zP)€¢(ZQ) Z%(Zp)wj(zq)
p,q=1 p,q=1 J=0
N m
—Z|Zce¢(zf’ z))? > 0.
7=0 p=1

Thus the matrix (V(z,, z,))pq € Mat(m, C) is always a positive Hermitian matrix.
Therefore ¥ is a reproducing kernel of a Hilbert space (see [0, p. 344]).

On the other hand, if U is a reproducing kernel of a Hilbert space H. C 0(Q),
then by taking an orthonormal basis {wj , of H, we have a Kéahler immersion

fiM> 2z [o2): hi(z) : ---] € CPYN because we have U(z) = W(z,2) =
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Z;V:o |4;(2)]%. Note that there exists no point a € Q such that ¢;(a) = 0 for all
1 <j < N since ¥(z) = Z;V:O |4;(2)|* is always positive.

The condition for ¥ to be a reproducing kernel is described in [39]. In order
to apply the results, we need a fine description of the Lie algebra s with j due to
Piatetskii-Shapiro [65]. Indeed, it is shown in [65, Ch. 2] that the correspondence
between the homogeneous bounded domain 2 and the structure of (s, j) is one-
to-one up to natural equivalence. For a linear form « on the Cartan algebra a, we
denote by s, the root subspace { X € 5; [C, X]| = a(C)X (VC € a)} of 5. The
number 7 := dim a is nothing but the rank of Q. Thanks to [0, Ch. 2, Sec. 3|,
there exists a basis {a1, ..., a,} of a* such that s = s(0) ® s(1/2) @ s(1) with:

@D 5]
s(0)=a® ) <kt @1m0R)/2) s(1/2)= ) 1<her o2

@ ®
5(1) - Z 1§k§rﬁak b Z 1§k<l§r5(al+ak)/2‘
If {A;,..., A} is the basis of a dual to {ay,..., .}, then 5, = RjA;. Thus

Sa, (k=1,...,7) is always one dimensional, whereas other root spaces s,, /2 and
S(ay+ay)/2 Mmay be {0}. Since {a1,...,a,} is a basis of a*, the linear form v € a*
defined above can be written as v = Y, _, gy with unique 74, ...,7, € R. Since

JAy € s,,,, we have:

Ve = Y(Ax) = —4B(j Ar) = —4B8([Ar, jAx]) = 48([j Ax, Ax])
and the last term equals 4g( Ay - 20, Ak - 20). Thus we get v > 0.

Fore = (e1,...,¢) € {0,1}", put gp(e) := > o, e dimsa,—ay2 (K=1,...,7).

Define:
2O = 4 (0.0 € O or > qi(€)/2 (ex = 1) |
or = qr(€)/2 (ex =0)
and X := [ |.c 9,y X(€). By [39, Theorem 4.8], U is a reproducing kernel if and
only if v := (v1,...,7) belongs to X. We denote by W(g) the set of A > 0
for which A\g is projectively induced. Since the metric Ag corresponds to the
parameter Ay, we see that Ag is projectively induced if and only if \y € X.

Namely we obtain:

W(g)={A>0;yeX},

38



CHAPTER 3. HOMOGENEOUS KAHLER MANIFOLDS

and the right-hand side is considered in [10]. Put ¢, = >,_, dim§(,_q,)2 for
k=1,...,r. Then [10, Theorem 15| tells us that:

W(g)U{O}C{%;kzl,...,r}u(co,+oo),

where ¢q := max{%; k= 1,...,7‘}.

Now assume that Ag is projectively induced for all A > 0. Then we have
co = 0, so that dim $(4,—q,)/2 = 0 for all 1 < k <[ < r. In this case, we see that s
is a direct sum of ideals s := jSqa, ® Sa, /2 PSa, (k=1,...,7), which correspond
to the hyperbolic spaces CH™ with n, = 1 4 (dim,,/2)/2 (|05, pages 52-53]).
Therefore the Lie algebra s corresponds to the direct product CH™ x - - - x CH"",
which is biholomorphic to €2 because the homogeneous domain 2 also corresponds

to 6. Hence (3.1) holds and this concludes the proof of the theorem. O

3.2 Kahler immersions of homogeneous Kahler man-

ifolds into CY=>* and CHV=>

In this section we classify homogeneous Kéahler manifolds which admit a Kéhler
immersion into C¥ or CHY, N < oo (Theorems 3.2.4 and 3.2.5 respectively).
For this purpose, we need the following two lemmata (Lemma 3.2.1 and Lemma
3.2.2) and the classification of all the homogeneous Kéahler manifolds (Theorem
3.2.3) due to J. Dorfmeister and K. Nakajima [20].

Recall that complete connected totally geodesic submanifolds of R™ are affine
subspaces p + W, where p € R” and W C R" is a vector subspace. The reader is

referred to [1]| for the proof of the following result.

Lemma 3.2.1. Let G be a connected Lie subgroup of isometries of the Fuclidean
space R™. Let Gp = p+V and G.q = ¢+ W be two totally geodesic G-orbits.
Then V=W, i.e. G.p and G.q are parallel affine subspaces of R™.

Notice that if two Kéhler manifolds (M, g;) and (Ms, go) admit Kéhler im-

mersions, say f; and fy, into CM and C™ respectivley, N; < oo,j = 1,2, then

39



3.2. KAHLER IMMERSIONS OF H.K.M. INTO CN<* AND CHM=*>

the Kihler manifold (M; x M, g, ® g») admits a Kihler immersion into C¥,
N = N;+ N, obtained by mapping (21, z2) € M;x My to (c1fi(21), cafa(22)) € CV,

for suitable constants ¢; and ¢;. The converse is also true:

Lemma 3.2.2. A Kdhler immersion f: My x My — CV, N < oo, from the prod-
uct My x My of two Kdhler manifolds is a product, i.e. up to unitary transfor-
mation of C f(p,q) = (fi(p), f2(q)), where fi: My — € and fo: My — C™2,

N = Ny + Ny, are Kdhler immersions.

Proof. Let a(X,Y) be the second fundamental form of the Kdhler map f. In
order to show that f is a product it is enough to prove that o(TM;,TM,) = 0,

see [60] and [17, Lemma 2.5]. The Gauss equation implies the following equation
for the holomorphic bisectional curvature of M; x Ms, see |11, Prop. 9.2, pp.
176]:

— < Rx xJY,Y >=2||a(X,Y)|],

where R is the curvature tensor of M; x M,. Thus, if X € TM; and Y € T'M,,
we get that a(X,Y) = 0. O

Theorem 3.2.3 (J. Dorfmeister, K. Nakajima, [20]). A homogeneous Kdhler
manifold (M, g) is the total space of a holomorphic fiber bundle over a homoge-
neous bounded domain (£, g) in which the fiber F = € x C is (with the induced
Kihler metric) the Kdhler product of a flat homogeneous Kdhler manifold £ and

a compact simply-connected homogeneous Kdhler manifold C.

A flat homogeneous Kéhler manifold is the Kéhler product of the quotients of
the complex Euclidean spaces with the flat metric. Examples of such manifold are
in the compact case the flat complex tori (see Example 2.2.10 for a noncompact

and non simply-connected example).

Theorem 3.2.4 (A. J. Di Scala, H. Ishi, A. Loi, [18]). Let (M,g) be an n-

dimensional homogeneous Kdahler manifold.

(a) If (M, g) can be Kihler immersed into CN, N < oo, then (M, g) = C";

40



CHAPTER 3. HOMOGENEOUS KAHLER MANIFOLDS

(b) if (M, g) can be Kihler immersed into I>(C), then (M, g) equals:
C* x (CH™, Atgnyp) X -+ x (CH™, A\ ghyp),
where k+mny+---+n,=n, \; >0,7=1,...,r.

Moreover, in case (a) (resp. case (b)) the immersion is given, up to a unitary
transformation of CN (resp. 1?(C)), by the linear inclusion C* — CV (resp. by
(fo, f1s- -, fr), where fo is the linear inclusion C* — [*(C) and each f; : CH" —
12(C) is \/A; times the map (2.5)).

Proof. Assume that there exists a Kihler immersion f : M — CV. By Theorem
3.2.3 and by the fact that a homogeneous bounded domain is contractible we get
that M = C* x Q as a complex manifold since, by the maximum principle, the
fiber F cannot contain a compact manifold. Let M = G/K be the homogeneous
realization of M (so the metric g is G-invariant). It follows again by Theorem
3.2.3 that there exists L C G such that the L-orbits are the fibers of the fibration
m:M=G/K - Q=G_G/L. Let F,, F, be the fibers over p,q € Q2. We claim
that f(F,) and f(F,) are parallel affine subspaces of C". Indeed, by Calabi’s
rigidity f(F},) and f(F,) are affine subspaces of C" since both F), and F, are flat
Kéhler manifolds of C". Moreover, Calabi rigidity theorem implies the existence
of a morphism of groups p : G — Isoc(CV) = U(CY) x CV such that f(g-z) =
p(g)f(x) forall g € G,z € M. Let W, , be the affine subspace generated by f(F,)
and f(F;). Since both f(F,) and f(F,) are p(L)-invariant it follows that W, ,
is also p(L)-invariant. Indeed, for any g € L the isometry p(g) is an affine map
and so must preserve the affine space generated by f(F,) and f(F,). Observe
that W, , is a finite dimensional complex Euclidean space, p(L) acts on W, ,
and f(F,) and f(F;) are two complex totally geodesic orbits in W, ,. Then, by
Lemma 3.2.1, we get that f(F),) and f(F,) are parallel affine subspaces of W,
and hence of CV. Since p,q € Q are two arbitrary points it follows that f(M)
is a Kéhler product. Thus M = CF x Q is a K#hler product of homogeneous

Kéhler manifolds. Using again the fact that M can be Kéhler immersed into
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CV it follows that the homogeneous bounded domain €2 can be Kihler immersed
into CVV. If one denotes by ¢ this immersion and by gq the homogeneous Kihler
metric of €2, it follows that the map v/Ap is a Kéhler immersion of (2, Agq) into
CV (cfr. Remark 2.3.2). Therefore, by Lemma 2.3.4, Agq is projectively induced
for all A > 0 and Theorem 3.1.1 yields:

(M7 g) = Ck X (@Hn17 Alghyp) X oo X (CHnra )\rghyp)y

where k4+mn; +---+n, =nand \;, j = 1,...,r are positive real numbers. If the
dimension N of the ambient space CV is finite then M = C" since there cannot
exist a Kihler immersion of (CH™, \;gp,,) into CV, N < oo (see Theorem 2.3.3)
and this proves (a). The last part of Theorem 3.2.4 is a consequence of Calabi’s

Rigidity Theorem 2.1.4 together with Lemma 3.2.2. O]

Theorem 3.2.5 (A. J. Di Scala, H. Ishi, A. Loi, [18]). Let (M,g) be an n-
dimensional homogeneous Kdahler manifold. Then if (M,qg) can be Kdhler im-
mersed into CHY, N < oo, then (M, g) = CH" and the immersion is given, up

to a unitary transformation of CHY, by the linear inclusion CH" — CHY.

Proof. If a homogeneous Kéhler manifold (M, g) can be Kahler immersed into
CHY, N < oo, then, by Lemma 2.3.5 it can also be Kihler immersed into [2(C).
By Theorem 3.2.4, (M,g) is then a Ké&hler product of complex space forms,

namely

(M7 g) = Ck X ((DHnl? Alghyp) XX (CH”TJ )‘Tghyp)v

Then the conclusion follows from the fact that C* cannot be Kéihler immersed
into CHY for all N < oo (see Theorem 2.3.3) and from [2, Theorem 2.11] which
shows that there are not Kéhler immersions from a product M; x M, of Kéahler

manifolds into CHY, N < oo. O]
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3.3 Kahler immersions of homogeneous Kahler man-

ifolds into CPY=

As we have already pointed out in Remark 2.2.9 a necessary condition for a
Kéhler metric g on a complex manifold M to be projectively induced is that
its associated Kéahler form w is integral i.e. it represents the first Chern class
c1(L) in H?(M,Z) of a holomorphic line bundle L — M. Indeed L can be taken
as the pull-back of the hyperplane line bundle on CP?» whose first Chern class
can represented by wrg. Observe also that if w is an exact form (e.g. when M
is contractible) then w is obviously integral since its second cohomology class
vanishes. Other (less obvious) conditions are expressed by the following theorem

and its corollary.

Theorem 3.3.1 (A. J. Di Scala, H. Ishi, A. Loi [18]). Assume that a homogeneous
Kiihler manifold (M,g) admits a Kdihler immersion f : M — CPY, N < oo.

Then M is simply-connected and f is injective.

Proof. Theorem 3.2.3 and the fact that a homogeneous bounded domain is con-
tractible imply that M is a complex product 2 x F, where F = £ x C is a Kahler
product of a flat Kéhler manifold £ Kéhler embedded into (M, g) and a simply-
connected homogeneous Kéahler manifold C. We claim that £ is simply-connected
and hence M = Q x £ x C is simply-connected. In order to prove our claim
notice that &€ is the Kdhler product C* x Ty x - - - x Ty, where T} are non simply-
connected flat Kahler manifolds. So one needs to show that each 7} reduces to
a point. If, by a contradiction, the dimension of one of this space, say 7}, is not
zero, then by composing the Kéhler immersion of T}, in (M, g) with the immer-
sion f: M — CP" we would get a Kdhler immersion of T}, into CP" in contrast
with Exercise 3.6.6. In order to prove that f is injective we first observe that, by
Calabi’s Rigidity Theorem 2.2.5, f(M) is still a homogeneous Kéahler manifold.
Then, by the first part of the theorem, f(M) C CPY is simply-connected. More-

over, since M is complete and f: M — f(M) is a local isometry, it is a covering
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map (see, e.g., [22, Lemma 3.3, p. 150]) and hence injective. O

Remark 3.3.2. When the dimension of the ambient space is finite, i.e. CPY,
N < 0o, M is forced to be compact and a proof of Theorem 3.3.1 is well-known by
the work of M. Takeuchi [69]. In this case he also provides a complete classification
of all compact homogeneous Kéhler manifolds which can be Kahler immersed into
CP" by making use of the representation theory of semisimple Lie groups and

Dynkin diagrams.

Corollary 3.3.3. Let (M, g) be a complete and locally homogeneous Kdhler man-
ifold. Assume that f : (M,g) — CPY, N < oo, is a Kdihler immersion. Then

(M, g) is a homogeneous Kdhler manifold.

Proof. Let m: M — M be the universal covering map. Then (M, §) is a homo-
geneous Kéhler manifold and, by Theorem 3.3.1, f ox : M — CP”" is injective.
Therefore 7 is injective, and since it is a covering map, it defines a holomorphic

isometry between (M, §) and (M, g). ]

The following somehow surprising theorem shows that, once that the nec-
essary conditions expressed above are satisified then, up to homotheties, any

homogeneous Kéhler manifold is projectively induced.

Theorem 3.3.4 (A. Loi, R. Mossa [51]). Let (M, g) be a simply-connected ho-
mogeneous Kdihler manifold with associated Kihler form w integral. Then there

exists a positive real number A such that (M, \g) is projectively induced.

Proof. Since w is integral there exists a holomorphic line bundle L over M such
that ¢;(L) = [w]. Let h be an Hermitian metric on L such that Ric(h) = w, where
Ric(h) is the 2-form on M defined by the equation:

Ric(h) = —%aé log h(o (), o(z)), (3.3)

for a trivializing holomorphic section o : U C M — L\ {0} of L.
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Choose A > 0 sufficiently large in such a way that Aw is integral and the
Hilbert space of global holomorphic sections of L* = ®*L given by:

Hop = {s € Hol(LM | /th(s, ) ‘;—T < oo} | (3.4)

is non-empty. The existence of such a A is due to Rosenberg—Vergne [(0]. Let

{s;}j=0...ns N < 00, be an orthonormal basis for #, ;. Consider the function

,,,,,

ex(z) = Z W (si(@), 55(x)). (3.5)

This definition depends only on the Kéahler form w. Indeed since M is simply-
connected, there exists (up to isomorphism) a unique L — M such that ¢;(L) =
[w], and it is easy to see that the definition does not depend on the orthonormal
basis chosen or on the Hermitian metric h. Assume now that the function ¢ is

strictly positive. One can then consider the map f : M — CP¥ defined by:
f(x) =[so(z),...,sj(x),...]. (3.6)
It is not hard to see (cfr. Exercise 3.6.8) that:
ffwrs = Aw + %88 log ey, (3.7)

where wpg is the Fubini-Study form on CPY.

Let now F' be a holomorphic isometry and let F be its lift to L (which exists
since M is simply-connected). Notice now that, if {sq,...,sny}, N < oo, is an
orthonormal basis for 5, then {F~ (so (F (2))),...,F (sy (F (z)))} is an

orthonormal basis for H, z.,. Therefore

() = Y- B (B sy (P(@)). (s (F(@))
= >~ W (5(F@), 5 (F(@))) = ex (F())

Since the group of holomorphic isometries acts transitively on M it follows that
ey is forced to be a positive constant. Hence the map f can be defined and it is

a Kéhler immersion. O
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Remark 3.3.5. The integrality of w in this theorem cannot be dropped since
there exists a simply-connected homogeneous Kéhler manifold (M, w) such that
Aw is not integral for any A € R* (take, for example, (M,g) = (CP', gpg) X
(CP',\/2grs)). Observe also that there exist simply-connected (even contractible)
homogeneous Kéhler manifolds (M, g) such that w is an integral form but g is

not projectively induced (see e.g. Theorem 3.5.3).

Remark 3.3.6. The Kéahler metric g as in the previous theorem such that the
function €, is a positive constant for all A > 0 plays a prominent role in the theory
of quantization of Kéhler manifolds and also in algebraic geometry when M is
compact. A Kéahler metric \g satisfying this property is called a balanced metric
and the pair (L, h) is called a regular quantization of the the Kéhler manifold
(M,w). The interested reader is referred to [5, 15, 23, 24, 28 32 54, 55, 57] for

more details on these metrics.

3.4 Bergman metric and bounded symmetric do-
mains

Let D be a (non necessarily homogeneous) bounded domain of C" with coordinate
system zi,...,z, and consider the separable complex Hilbert space L3 (D) of

square integrable holomorphic functions on D, i.e.:

12,(D) = {f e Hol(D), | |1Pdu < oo} ,

where dp denotes the Lebesgue measure on R** = C". Pick an orthonormal basis

{o;} of L} ,(D) with respect to the inner product given by:

(f.h) = /D FORDAN(C),  f h € 2y(D).

The Bergman kernel of L2 ,(D) is the function:

K(z,¢) = Z%(Z)soj((),
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which is holomorphic in D x D, or equivalently, holomorphic in z and antiholo-

morphic in (, also called reproducing kernel for its reproducing property:

1) = [ KOO0, f € (D), (39
D
The Bergman metric on D is the Kéhler metric associated to the Kéahler form:
wp = %8510gK(z,z).

Since log K(z, z) is a Kéhler potential for wg, from (1.1) we get:

K(z, z2)K(w, w)
K(z,w)[>

D(z,w) = log

further, since by the reproducing property (3.8) we get:

1 1
K(0,0) ~ /Q KC.0) (6 0)dnlc).

from which follows K(0,0) = 1/V(2), the diastasis centered at the origin reads:

B K(z, 2)
Polz) = o8 o)z, o)

The Bergman metric is projectively induced in a natural way. In fact, the full

holomorphic map:
o: M — CP*, xw[po(x),...,px),...], (3.9)

satisfies g = ¢*(grs), for by (1.6):

DFS(QO(Z), <p(w)) = log Z;)jc:o |¢J(Z)|2|¢k(wg|2 _ K(Z, Z)K(w,w)

S i (2)@n(w) [K(z,w)[?

= D(z,w).

Notice that the group of automorphisms Aut(D) of D, i.e. biholomorphisms
f: D — D, is contained in the group of isometries Isom(D, gg), that is if F' €
Aut(D) then F*gp = gp. If Aut(D) also acts transitively, i.e. D is homogeneous,
then gp is Einstein and Ric,, = —2g¢p, i.e. the Einstein constant is —2 (cfr. |14,
p. 163]). Observe that the Bergman metric and the hyperbolic metric on CH™

(see 3. of Section 1.2) are homothetic, more precisely one has (n + 1)gny, = g5.
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On a homogeneous bounded domain there could be many non-homothetic
homogeneous metrics, the Bergman metric is one of them. It could happen that
the only homogeneous metric on homogeneous bounded domain is a multiple
of the Bergman metric. This happens for example for the bounded symmetric
domains (2, cgp) that are convex domains 2 C C™ which are circular, i.e. z €
O, 0 e R= €% € Q (see [12] for details). Every bounded symmetric domain
is the product of irreducible factors, called Cartan domains. From E. Cartan
classification, Cartan domains can be divided into two categories, classical and
exceptional ones (see [13] for details). Classical domains can be described in

terms of complex matrices as follows (m and n are nonnegative integers, n > m):

M [m,n] ={Z € My ,(C), I,, — ZZ* > 0} (dim(€2y) = nm),
W] ={Z € My(C), Z=2", I, —ZZ° >0} (dim(Q,) = 20y,
Quln] = {Z € Mo(C), Z =27, I, = 22" >0} (dim(Q) = "1y,

Uln] ={Z = (21,...,2.) €C", Y |5 <, 14D 2272 |z > 0}
j=1 j=1 j=1

(dim(24) = n), n # 2,

where I, (resp. I,,) denotes the m x m (resp n x n) identity matrix, and A > 0
means that A is positive definite. In the last domain we are assuming n # 2
since €24[2] is not irreducible (and hence it is not a Cartan domain). In fact, the

biholomorphism:
fI 94[2] — @Hl X CHI, (2,'1, Zg) — (21 + iZQ,Zl — iZg),

satisfies:
f*(2(ghyp ¥ ghyp)) = gB-

The reproducing kernels of classical Cartan domains are given by:

Koa(22) = gy (et = 2201707
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Ko,(z,2) = [det(I, — 22*)]~ ™D,

V(23)

_ 1 . 212 . 2 -
KQ4(27’Z> - V(Q4) (1 + ’ jZ:;Zj’ - 2; |Zj’ ) ) (310)

where V' (€;), 7 =1,...,4, is the total volume of ; with respect to the Euclidean
measure of the ambient complex Euclidean space (see [19] for details).

Notice that for some values of m and n, up to multiply the metric by a positive
constant, the domains coincide with the hyperbolic space CH™, more precisely

we have:

(Ql[la n]vgB) = (CHH’ (TL + 1)ghyp)>
(Q[1],98) = (23[2], 98) = (u[1], g8) = (CH', 2g4,),

(Q?) [3]7 gB) = (CHga 4ghyp)'

In general, (2, gg) = (CH", cgpyp), for some ¢ > 0, if and only if the rank of
is equal to 1. There are two kinds of exceptional domains €25[16] of dimension
16 and §26[27] of dimension 27, corresponding to the dual of £ I1] and E VI,
that can be described in terms of 3 x 3 matrices with entries in the 8-dimensional
algebra of complex octonions O¢. We refer the reader to [78] for a more complete

description of these domains.

Remark 3.4.1. It is interesting to observe that any irreducible bounded symmet-
ric domain of rank greater or equal than 2, can be exhausted by totally geodesic
submanifolds isomorphic to €4[3] and that every bounded symmetric domain

different from

(CHnl X oo X CHnS,Cl ghyp @ e @ nghyp)’

for ¢1,...,cs positive constants, admits Q4[3] as a Kéhler submanifold (cfr. [72]

for the proofs of these assertions).
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INTO CP*

3.5 Kahler immersions of bounded symmetric do-

mains into CP*

Being a bounded symmetric domain a particular case of homogeneous bounded
domain and so of homogeneous Kéahler manifolds, we already know about the
existence of Kahler immersions into finite or infinite dimensional complex space
form. In Theorem 3.5.3 we describe for what values of ¢ > 0 a bounded symmetric
domain can be Kahler immersed into CP*°. We start with the definition of the
Wallach set of an irreducible bounded symmetric domain (2, cgp) of genus v and
Bergman kernel K, referring the reader to [3], [29] and [77] for more details and
results. This set, denoted by W (), consists of all n € C such that there exists
a Hilbert space H, whose reproducing kernel is K>. This is equivalent to the
requirement that K~ is positive definite, i.e. for all n-tuples of points z1,...,z,
belonging to € the n x n matrix (K(z,, xg)%), is positive semidefinite. It turns
out (cfr. [3, Cor. 4.4, p. 27| and references therein) that W (2) consists only
of real numbers and depends on two of the domain’s invariants, a and r. More

precisely we have:

W(Q) = {0, g 2%, o (- 1)%} U <(r - 1)%, oo) . (3.11)

The set Wy = {0, 5,25, ..., (r— 1)%} and the interval W, = ((r -1)g, oo)
are called respectively the discrete and continuous part of the Wallach set of the
domain Q. The reader is referred to [50, Prop. 3| for an analogous description of

the Wallach set of bounded homogeneous domains.

Remark 3.5.1. If  has rank » = 1, namely 2 is the complex hyperbolic space
CHY, then gp = (d + 1)gnyy. In this case (and only in this case) Wy = {0} and
W. = (0,00). If d = 1, the Hilbert space H associated to the kernel:

1
Ke—" a>0,
(1—|z?)e
is the space:
i o D@r(+1)
_ 1 _ 2
H= {f € Hol(CH'), f(2) = ;%Z” ;WI%I <0000,
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endowed with the scalar product:

N HrG+n),
<g7h>_z F(]-FCY) b]C]a

=0
where g(2) = > 222 b2/, h(z) = 3°72¢;2’ and T is the Gamma function.

If > 1, H is the weighted Bergman space of {2, namely the Hilbert space of
analytic functions f € Hol(CH') such that:

|15 Pdual) < .
cH!
where 11,(z) is the Lebesgue measure of C.

The following proposition provides the expression of the diastasis function
for (©2,g9p) (see also [19]) and proves a very useful property of the matrix of

coeflicients (b;;,) given by (2.2).

Proposition 3.5.2. Let ) be a bounded symmetric domain. Then the diastasis

for its Bergman metric gg around the origin is:
Dy (2) = log(V(Q)K(2, 2)), (3.12)

where V() denotes the total volume of Q with respect to the Fuclidean measure
of the ambient complex Euclidean space. Moreover the matriz (bj;) given by (2.2)

for D satisfies bj, = 0 whenever |mj| # |my].

Proof. The Kihler potential D}(z) is centered at the origin, in fact by the repro-

ducing property of the kernel we have:

1 / 1
= | ——K((,0)dpu,
KO.0) ~ JoKico)
hence K(0,0) = 1/V(Q), and substituting in (3.12) we obtain D{}(0) = 0. By the

circularity of Q (i.e. 2 € Q, 6 € R imply ¢?z € ), rotations around the origin
are automorphisms and hence isometries, that leave D invariant. Thus we have
D (z) = Df}(e?z) for any 0 < § < 27, that is, each time we have a monomial

z™iz™k in DE}(z), we must have

mismp __ ilmj|0 om; _—ilmgl0zmg _ mi smp(|mg|—|mg|)if
Z]Z _el]'z J@ I |Z =z ]Z €(| ]“ D,
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implying |m;| = |my|. This means that every monomial in the expansion of
D{}(z) has holomorphic and antiholomorphic part with the same degree. Hence,
by Theorem 1.1.6, D{}(z) is the diastasis for gg. By the chain rule the same
property holds true for ePi) — 1 and the second part of the proposition follows

immediately. [

The following theorem interesting on its own sake will be an important tool

in the next chapter.

Theorem 3.5.3 (A. Loi, M. Zedda, [53]). Let Q2 be an irreducible bounded sym-
metric domain endowed with its Bergman metric gg. Then (0, cgg) admits a
equivariant Kdhler immersion into CP* if and only if ¢y belongs to W(Q2) \ {0},
where v denotes the genus of €.

Proof. Let f:(Q,cgp) — CP> be a Kéhler immersion, we want to show that ¢y
belongs to W (), i.e. K¢ is positive definite. Since € is contractible it is not hard
to see that there exists a sequence f;,j = 0,1... of holomorphic functions defined
on €2, not vanishing simultaneously, such that the immersion f is given by f(z) =
..., fi(2),...], 7=0,1..., where[..., f;(2),...] denotes the equivalence class in
I2(C) (two sequences are equivalent if and only if they differ by the multiplication
by a nonzero complex number). Let zi,...,z, € Q. Without loss of generality
(up to unitary transformation of CP>) we can assume that f(0) = e;, where ¢;
is the first vector of the canonical basis of [*(C), and f(z;) ¢ Ho,Vj=1,...,n

Therefore, by Theorem 1.1.4 and Proposition 3.5.2, we have:

cD§(2) = log[V(Q)°K (2, 2)] = log (1 + Z A z ) , 2€Q\ f1(Hy),

that is:
c1e - f
V() K (za,5) =14+ gi(xa)g;(zs), g5 = f_(])
j=1
Thus for every (vyq,...v,) € C" one has:
Z VoK (2o, 25)05 v1gk(21) + -+ - + vngi(zn) | > 0,90 = 1,
a,f=1 =0
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and hence the matrix (K°(z,,xg)) is positive semidefinite.

Conversely, assume that ¢y € W(2). Then, by the very definition of Wallach
set, there exists a Hilbert space H., whose reproducing kernel is K¢ = Z;io | f512,
where f; is an orthonormal basis of H.,. Then the holomorphic map f : € —
[?(C) C CP constructed by using this orthonormal basis satisfies f*(grs) = cgs.
In order to prove that this map is equivariant write Q@ = G/K where G is the
simple Lie group acting holomorphically and isometrically on €2 and K is its
isotropy group. For each h € G the map foh : (2,cgg) — CP* is a full
Kéhler immersion and therefore by Calabi’s rigidity (Theorem 2.2.5) there exists

a unitary transformation U, of CP* such that foh = Ujo f and we are done. [J

Remark 3.5.4. In [3] it is proven that if 7 belongs to W(2)\ {0} then G admits
a representation in the Hilbert space H,. This is in accordance with our result.
Indeed if ¢y belongs to W(2) \ {0} then the correspondence h — Uy, h € G
defined in the last part of the proof of Theorem 3.5.3 is a representation of G.

Remark 3.5.5. Notice that Theorem 3.1.1 for bounded symmetric domains fol-
lows directly by Theorem 3.5.3 and Remark 3.5.1.

3.6 Exercises

Ex. 3.6.1 — Prove that the Bergman metric gp on 4[3] is not resolvable.
(Hint: compute the first 9 x 9 entries of the matriz of coefficients in the power
expansion (1.3) for the diastasis function given by (3.10) and (3.12) and show it
is not positive semidefinite).

Ex. 3.6.2 — Use Remark 3.4.1 and the previous exercise to prove that up to
biholomorphism, the only irreducible bounded symmetric domain of complex

dimension n admitting a Kdhler immersion into {*(C) is CH".

Ex. 3.6.3 — Let Gy, be the complex Grassmannian of k-planes in C". Let
M C C™* denote the open subset of matrices of rank k& and 7 : M — G the

canonical projection which turns out to be a holomorphic principal bundle with
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structure group GL(r,C). Let Z be a holomorphic section of 7 over an open
subset U C G, and define a closed form wg of type (1,1) on U by:
i - _
wg = 588 log det (ZtZ) .
Show that:
(a) we is a well-defined Kéhler form on Gy ;

(b) (Ggn,g) is a homogeneous Kéhler manifold, where ¢ is the Kéhler metric

whose associated Kéhler form is w;

(¢) the Plicker embedding, namely the map
p:Gin— P (Ak(C”)) = @P(Z)fl, spanf{vy, ..., v} — vg A Ay,

is a Kédhler immersion from (Gy,, g) into (CP(:)_l, gFS)-

Ex. 3.6.4 — Prove that the Segre embedding, namely the map o : CP" x
CP™ — CPHDmH+D-1 defined by:

U([Z(), .. .,Zn], [W(), .. ;Wm]) —> [Z()W(), .. .,ZjWk7 .. .,ZnWm]7

is a Kahler immersion.

Ex. 3.6.5 — Let g; (resp. ¢2) be a projectively induced Kéhler metric on a
complex manifold M; (resp. M,). Prove that the Kédhler metric g; & g2 on
My x M, is projectively induced.

(Hint: generalize the previous exercise).

Ex. 3.6.6 — Prove that a not simply-connected flat Kéhler manifold does not

admit a global Kéahler immersion into CPV=°,

(Hint: cfr. Example 2.2.10).

Ex. 3.6.7 — Prove that the hyperbolic metric ¢ on a compact Riemannian
surface ¥, of genus g > 2 is not projectively induced.

(Hint: wuse the fact that the universal covering map m : CH' — X,, satisfies

T*W = Whyp)-

Ex. 3.6.8 — Prove (3.7).
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Chapter 4

Kahler—Einstein manifolds

A Kahler manifold (M, g) is Einstein when there exists A € R such that p = \w,
where w is the Kéahler form associated to g and p is its Ricci form. The constant
A is called the Einstein constant and it turns out that A = s/2n, where s is the
scalar curvature of the metric g and n the complex dimension of M (as a general
reference for this chapter see e.g. [71]). If w = %Z?Zl Gapdza N dZg is the local
expression of w on an open set U with local coordinates (z1,. .., z,) centered at

some point p then the Ricci form is the 2-form on M of type (1,1) defined by
p = —i00 log det 9o (4.1)

By the d0-Lemma (and by shrinking U if necessary) this is equivalent to require
that

det(g,g) = e~ 2P0EH/HT, (4.2)
for some holomorphic function f, where D,, denotes Calabi’s diastasis function
centered at p.

In this chapter we study Kéahler immersions of Kahler—Einstein manifolds into
complex space forms. We begin describing in the next section the work of M.
Umehara [75] which completely classifies Kdhler-Einstein manifolds admitting a
Kéhler immersion into the finite dimensional complex hyperbolic or flat space.

In Section 4.3 we summarize what is known about Kahler immersions of Kdhler—

Einstein manifolds into the finite dimensional complex projective space.
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4.1 Kahler immersions of Kahler—Einstein mani-

folds into CHY or C¥

In this section we summarize the results of M. Umehara in [75] which determine
the nature of Kihler-Einstein manifolds admitting a Kihler immersion into CHY

or CV, for N finite.

Theorem 4.1.1 (M. Umehara). Every Kdhler-Einstein manifold Kdhler im-

mersed into CV or CHY is totally geodesic.

In order to prove this theorem we need the following lemma, achieved by
Umehara himself in [71]. Let M be a Kéhler manifold and denote by A(M) the
associative algebra of R-linear combinations of real analytic functions of the form
hk + hk for h, k € Hol(M). The importance of A(M) for our purpose relies on
the fact that given a Kéhler map f: M — ¢*(C), if f is full then |f|* ¢ A(M)
(cfr. [74, p. 534]).

Lemma 4.1.2. Let fi,..., fy be non-constant holomorphic functions on a com-
plex manifold M such that for all j = 1,...,N, f;j(p) = 0 at some p € M.
Then:

(1) it I3l ¢ A(M),
(2) log(1 =30 | f51?) & A(M),
(3) (L=300 1f15) 7" ¢ A(M),  (a>0).

Proof. We prove first (1) and (2). Consider the power expansions (cfr. Exercises

2.5 and 2.7):

2
SN LR Z |f"”|
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which, since f;(p) = 0 for any j = 1,..., N, converge in a sufficiently small
neighbourhood U of p. We can then define two full Kéhler maps ¢, ¢: U — ¢*(C)
by:

e _ (my =)
Spj T \/m—j!7 % T mj! f )
from which follows:
X = 1 4|2 ¢ A(M), (4.3)

log (1 > |fj|2> = vl ¢ AQM). (4.4

In order to prove (3), write (1 Z] A= e~a1os=XL1 151 and use (4.4)

to get:
‘mah/;ma |2

(1—2%) Ly e

Imj|=1 j=1
If we arrange to order the (\/E)Wj| Y™ as |m;| increases, we get again a full map

) = (1;1, T > of U into £%(C) and conclusion follows. O
Let us prove first Umehara’s result in the case when the ambient space is CV.

Proof of the first part of Theorem 4.1.1. Let (M, g) be an n-dimensional Ké&hler—
Einstein manifold Kahler immersed into CV, w the Kahler form associated to g
and p its Ricci form given by (4.1). Let z = (21,...,2,) be a local coordinate

system on U C M such that 0 € U and let
U os M
U.}U - _86 DO y
2
where D) is the diastasis for g on U centered at 0. The Gauss’ Equation
p < 2b(n+ 1w, (4.5)

where b is the holomorphic sectional curvature of the ambient space (see for
example [11, p. 177]), gives for b = 0 p < 0, where the equality holds if and
only if M is totally geodesic. Hence, if M is not totally geodesic, p is negative
definite and the Einstein’s Equation p = Aw implies A < 0. Up to homothetic

transformations of CVV we can suppose A\ = —1.
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Since M admits a Kéhler immersion into C*, by Proposition 1.1.4 there exists

fi,--., fv holomorphic functions such that:
N
Dy (z) = ) Ifi(2)I%
j=1

Thus, by previous lemma we have 2o’ ¢ A(M). On the other hand, by Equation
(4.2) with A = —1, the function log det(g,3) is a Kdhler potential for g, hence we

have:

D{'(z) = h + h + log det(g,3),

for a holomorphic function h. Hence:
PV = [P det(ga).

Since det(g,53) € A(M), for it is a real valued function being the matrix (g,z)

Hermitian, we get the contradiction ePo" e A(M).

Before proving the second part of Umehara’s theorem we need the following

lemma:

Lemma 4.1.3 (M. Umehara). Let M be a complex n-dimensional manifold and
let (z1,...,2n) be a local coordinate system on an open set U C M. If f € A(U)
then:

2]
£ det <gz %gzg ) e A(U).

Proof. Let us write fo for 0f/0z4, f3 for 0f/0Z5 and f,j for 8°f/0z,0z5. We

have:

Plogf  Jap  Jafp
T A P
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thus we get:
fir— ffi/f
92 log f Jal3 :
fn+1det< 2 > — fdet <fa—— ) — fdet
92207 Cod fut = Jufil
filf
fir -+ fin N fi
— fdet| S = et
foi o fon fn fn
flf o &l fi

Hence:
0% log f
n+1
f det (Qzaaz@> e A(U),

fin = fifa/f 0O

fnﬁ_fnfﬁ/f O

falf 1
fin  f1
fnﬁ fn
fa f

for it is finitely generated by holomorphic and antiholomorphic functions on U

and it is real valued, because the matrix (0°log f/02,0z5) is Hermitian. O

We can now prove the second part of Theorem 4.1.1.

Proof of the second part of Theorem 4.1.1. Let (M, g) be an n-dimensional Kéahler—

Einstein manifold Kihler immersed into CHY. Comparing Gauss’ Equation (4.5)

with b < 0 and Einstein’s Equation p = Aw, we get that the Einstein constant A

is negative. Let (z1,..., 2,) be local coordinates on an open set U C M centered

at p € U. On U the Monge-Ampére Equation (4.2) for g reads:

e 2P0 = |2 det(g,5),

for some holomorphic function h. By Proposition 1.1.4, for some holomorphic

functions ¢y, . ..
N

Dy (2) = —log(1 = > l¢;(2)]%).
j=1

Setting f =1 — Zjvzl [ |* we get:

det(g,3) = (—1)" det (82 10gf) .

6Za825

39
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Thus:

A
2

F 8210gf>’

_ (_1\n| |2
= (=1)"|e"| det(azaazg

and hence:

2bntl _ (| h(2 fntl 9*log f
f = (=1)"|e"|*f"" det (—8za825 :

By previous lemma we obtain:

. N gHn+l
frintt = (1 -y |90j(2)|2> € A(U),
j=1

and by (3) of Lemma 4.1.2 we get 3 +n+1 > 0. On the other hand, Gauss’
Equation (4.5) implies n+ 1+ 2 < 0. Thus A = —2(n + 1), and M is totally
geodesic. O]

Regarding the existence of a Kdhler immersion of a Kéhler manifold (M, g)
into CH*® and /?(C), Umehara’s result cannot be extended to that cases, as one
can see simply considering the Kéhler immersion (2.5) given by Calabi of CH”

into [?(C). Nevertheless, we conjecture that this is the only exception:

Conjecture 4.1.4. If a Kdhler—Finstein manifold (M, g) admits a Kdhler im-
mersion into CH® or [?(C), then either (M, g) is totally geodesic or (M,g) =
(CH™ x -+ x CH™,c1gnyp ® -+ ® Crgnyp) for positive constants ¢y, ..., ¢, and

somer € IN.

4.2 Kahler immersions of KE manifolds into CP¥:
the Einstein constant

We summarize in this section the work of D. Hulin [37, 38] that studies Ké&hler—
Einstein manifolds Kihler immersed into CP¥ in relation with the sign of the
Einstein constant. By the Bonnet—Myers’ Theorem it follows that if the Ein-
stein constant of a complete Kdhler—Einstein manifold M is positive then M is
compact. D. Hulin proves that in the case when M is projectively induced the

converse is also true:
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Theorem 4.2.1 (D. Hulin, [38]). Let (M, g) be a compact (connected) Kdihler—
Einstein manifold Kdhler immersed into CPY. Then the Einstein constant is

strictly positive.

Proof. Let p be a point in M, up to a unitary transformation of CPY we can
assume that ¢(p) = po = [1,0....,0]. Take Bochner’s coordinates (wy, ..., w,)
in a neighbourhood U of p which we take small enough to be contractible. Since
the Kéahler metric ¢ is Einstein with Einstein constant A, the volume form of

(M, g) reads on U as:

i?’L _
== 2_6—%Dp+f+fdw1 Adiwy A -+ A dwy, A didy, | (4.6)
n! n

where f is a holomorphic function on U and D, = ¢~ !(D,,) is the diastasis on p
(cfr. Prop. 1.1.4), where D,, is the diastasis of CP" globally defined in CP™\ H,,
Ho ={Zy # 0} (cfr. (1.5)).

We claim that f 4+ f = 0. Indeed, observe that:

" 9°D
—det | =——=2— ) dwy Adwy A -+ A dw, A di,,.
w2 (awaawﬁ) e Hn A

By the very definition of Bochner’s coordinates it is easy to check that the ex-

%D,
8’wa8’lflﬂ

(i.e. of the form wi@w",j # 0,k # 0). On the other hand by formula (4.6):

pansion of log det( ) in the (w,w)-coordinates contains only mixed terms

A _ 9D,

Again by the definition of the Bochner’s coordinates this forces f + f to be zero;

hence:
9*D A
det [ ——=2— | = e 2D 4.7
(810,18105) ’ ( )
proving our claim. By Theorem 1.3.4 there exist affine coordinates (z1,...,zy)

on X = CPN \ Hy, satisfying:
21|pU) = Wi, - - - Znlp) = Wn.

Hence, by formula (4.6) (with f + f = 0), the n-forms w:# and e~2Prodz Adz A

-+ ANdz, N dz, globally defined on X agree on the open set p(U). Since they are
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real analytic they must agree on the connected open set M = e(M)N X, ie.:

Whe A"
=S = 2—@‘%Dpodz1 Az A Adzg A dz. (4.8)
n! n

Since wﬂ# is a volume form on M we deduce that the restriction of the pro-

jection map:
T X2CN = C": (21, 28) = (21,0005 20)

to M is open. Since it is also algebraic its image contains a Zariski open subset of
C" (see [3, Theorem 13.2]), hence its euclidean volume, v0leyq (m(M)), has to be
infinite. Suppose now that the Einstein constant of ¢ is non-positive. By formula
(4.8) and by the fact that D,, is non-negative, we get vol(M, g) > v0lye(7(M))
which is the desired contradiction, being the volume of M (and hence that of M )

finite. O

Consider now the following construction. Let (M,g) be an n-dimensional
Kéhler manifold which admits a Kéhler immersion F: M — CPY into CPY and

consider the Pliicker embedding:
i: Gr(n,CPY) — P(A"TICN™), span(ej,,...,ej,) = [ej A--- Aej,].

where Gr(n, CPY) is the Grassmanian of n-dimensional projective spaces in CP
and (eg,ey,...,ex) is a unitary frame of C¥*1. The Gauss map v: M —
P(A"TLCN*) takes a point p € M to the n-dimensional projective space in CPY
tangent to M at p. Setting Bochner coordinates z = (21, ..., 2,) around p € M,
by Theorem 1.3.4 we can write F'(z) = [1,21,...,2n, f1,-- -, [N_n] € CPY. The

vectors:
n N—n
vo(2) = eo + Z zjej + Z fi(2)entj,
j=1 j=1

N—n
vp(2) = e + Z = (2)entj, 1<k <n,

span a complex space C¥*! whose projection is the projective space tangent to

M at [1,21,...,2n, f1,- -, fn—n], and thus they satisfy v(z) = vo A -+ Awv,. It
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~N—n and for suitable

77777777

© = (Pa)azt,. s S = (]Z:) —1—(n+1)(N —n). One has (see S. Nishikawa [63]
and also M. Obata [64] for the case of real setting and ambient space of constant
curvature):
Y (Grs) = (n+1)g — %Ricg, (4.9)
where we denote by Grg the Fubini-Study metric on P(A"CNF1).
When (M, g) is Kéhler-Einstein with Einstein constant A, from (4.9) we get
v (Grs) = (n +1-— %) g, which by (1.1.4) and by the expression of the Fubini—

Study’s diastasis implies:

n N n+17% n S
(uzmm S w) S AR S el (410)
j=1 a=1

k=n+1 7,k=1

which we write shortly:
2 2\ntl-5 2 2
(L+ 127+ [ =1+ |Vf]*+ ol (4.11)

In the sequel we will denote by H a hyperplane of CPY and by H, the hyper-
plane at infinity relative to the point F'(p), for p € M.

Lemma 4.2.2. Let (M, g) be a Kihler—FEinstein manifold with Einstein constant
A <0 andlet F: M — CPN, N < oo, be a full Kihler immersion. If X\ ¢ Q then
F(M) c CPN\ H.

Proof. Assume by contradiction that there exist two points p, ¢ € M such that
F(q) € H,. Since the immersion is full and H, N H, has codimension 1 in CPY,
we can further choose © € M such that F(p), F(q) ¢ H,. By Exercise 2.4.11
we can set Bochner coordinates (z) = (z1,...,2,) centered at x in the whole
M\ F~'(H,). From (4.11), duplicating the variables and evaluating at z = ¢ (to

simplify the notations we identify a point with its coordinates) we get:

(14204 16T@) " =1+ (ONETH@ +ee@.  (412)

where F(z) = [1, z, f(2)] (see Theorem 1.3.4 or the discussion above). Observe

that since F'(q) € Hy, from F(p) =[1:p: f(p)], F(q) =[1:¢q: f(q)] we get:

1+pg+ f(p)f(q) = 0.
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Thus, the RHS of (4.12) is a holomorphic function equal to:
(= = p)"* 7 F by

for some suitable h(z). Since the order of a zero of a holomorphic function must

be rational, we get the desired contradiction A € Q. ]

Lemma 4.2.3. Let (M, g) be a Kdihler—FEinstein manifold with Einstein constant
A< 0andlet F: M — CPN, N < oo, be a full Kihler immersion. If X\ & Q then
F(M) c CPN\ H is bounded.

Proof. Let p € M. Since by Lemma 4.2.2 F(M) C CV, Bochner coordinates
(2) = (z1,...,2,) around p extends to the whole M. Assume F(M) is not
bounded, i.e. any open neighbourhood U of CP¥ \ H is such that U N F(M) #
(. Consider a path ¢ — F(x;) in F(M) which diverges as t increases. Since
F(zy) = [1, 2y, f(x;)] (where to simplify the notations we identify a point with
its coordinates), this means that either x; or f(z;) diverges. If x; diverges, then
since M is complete the limit point z., belongs to M and F(x.) would be a
point of both F(M) and CPY \ H. If f(x;) diverges and x; does not, then
[1, 2, f(x;)] approaches [0, 0, b] for a suitable nonvanishing (N — n)-vector b as ¢
increases. Thus, we can conclude by showing that there exists a neighbourhood
of [0,0,b] € CPY which does not meet F(M). Since by Lemma 4.2.2 for any
p,q € F(M), p ¢ H,, it is enough to show that for each («,8,7) € CN*! close

enough to the origin the function:

O:CVTxC—C, ((o,8,7),t) = ((1,tz, f(t2)), (a, B, b+ B)),

satsfies ®((«, 8,7),t0) = 0 for some t; € C. In order to do so, observe that
since the function ®;: C — C defined by ®((t) := ®((0,0,0),t) = f(tz)b is
a holomorphic function not vanishing everywhere, the image ®¢(U) € C of an
open neighbourhood U € C of the origin is still an open neighbourhood of the
origin. Let ¢ be a closed curve in U such that its image is contained in ®,(U)

and turns around the origin. In the compact set with ®(c) as boundary both
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[toz| and |f(to2)| are bounded. For sufficiently small (o, 5,7) € CN¥*! the image
of ¢ through ®(, 5,4 := ®((v, 8,7),-) is a closed curve contained in @, (U)

and still turning around the origin. Thus there exists a point ¢, € C such that

(1,t0z, f(to2)), (o, B,b+ B)) = 0, and we are done. O

Theorem 4.2.4 (D. Hulin, [37]). Let (M, g) be a complete Kihler—FEinstein man-
ifold which admits a Kdhler immersion F : M — CPY into CPY. Then the
FEinstein constant X is rational. Further, if the immersion is full and we write
A = 2p/q > 0, where p/q is irreducible, then p < n+1 and if p=n+ 1 (resp.
p=mn), then (M, g) = (CP", qgrs) (resp. (M,g) = (@n,qgrs))-

Proof. Assume first A > 0. Since M is complete, by Bonnet—Myers’ theorem
M is compact. Combining the fact that %wps is an integral Kéhler form (since
it represents the first Chern class of the hyperplane bundle of CPY) and g is
projectively induced we deduce that %w is integral, where w is the Kéhler form
associated to g. Moreover, %p is an integral form since it represents the first
Chern class of the canonical bundle over M. Then the Einstein condition p = Aw
forces A to be rational.

Let now A < 0. Assume by contradiction that A ¢ Q. Then by Lemma
4.2.2, F(M) c C¥ c CPY and by Lemma 4.2.3 F(M) is bounded. Set Bochner
coordinates (z) = (z1,...,2,) around a point p € M and write F(z) = [1, 2, f]
(see Theorem 1.3.4 and the discussion above for the notations). Consider the path
Rt — CN, t +— (t,0,...,0), and observe that since 0 € F(M), for small values
of t >0, (¢,0,...,0) € F(M). Set T'= sup,{(z,0,...,0) € F(M) for all z < t}.
Since F'(M) is bounded, we have that the image [1 : (¢,0,...,0) : f(£,0,...,0)]
is bounded and thus, 7" < +o0 and f(t,0,...,0) is bounded for all ¢ < T. By
(4.11) we get:

S
PP < (U P+ 1P)"F
i.e. also f’ is bounded and so is the length of the curve in F'(M) defined by:
v:[0,T) = F(M), t—][1,(t0,...,0),f((£,0,...,0))],
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contradicting the completness of M and the existence of global Bochner coordi-

nates given by Exercise 2.4.11. ]

4.3 Kahler immersions of KE manifolds into CPY:
codimension 1 and 2

The problem of classifying Kéahler—Einstein manifolds admitting a Kahler immer-
sion into the finite dimensional complex projective space CP? has been partially
solved by S. S. Chern [13] and K. Tsukada [73], that determined all the projec-
tively induced Kéahler—Einstein manifolds in the case when the codimension is
respectively 1 or 2 (see Theorem 4.3.2 below). We follow essentialy the proof of
D. Hulin given in [37], which makes use of the diastasis function.

Let (M, g) be a Kéhler—Einstein n-dimensional manifold with Einstein con-
stant A and let F': M — CP""2 be a Kéhler immersion. Setting Bochner coordi-
nates z = (21,..., 2,) around a point p € M, due to Theorem 1.3.4 we can write
F(z) =[1,21,...,2n, f1, f2]. Let us denote by Q; and B; (j = 1,2) the homoge-
neous part of f; of degree 2 and 3 respectively. From (4.10) setting { =n+1— %,

follows:

IVQUI* + IV Qa|l* = Cll2I*,  (VQ1,VB1) +(VQ2, VBy) = 0; (4.13)

2 2 ((l=1) & 1 &2
S IVBIP = (t=1)) 101+ 5 > \%‘\4—5 > IVQAVQR?, (4.14)
=1 j=1 j=1

4, k=1
where [VQ; A VQi|* = [[VQ;|P|[VQ| P — (VQ;, VQi)[*.

We begin with the following lemma.

Lemma 4.3.1 (D. Hulin, [37]). Let (M, g) be an n-dimensional Kdihler manifold
admitting a Kdihler immersion F: M — CP"*2 into CP"*2 and let Q, Q2 as
above. One can choose a unitary frame (vy,v2) of the normal space to T,M and

a coordinate system (z1,...,z,) around p € M, such that:
1 1

Q=35 o7, Q=35> a3
j=1 j=1

66



CHAPTER 4. KAHLER-EINSTEIN MANIFOLDS

witha; >0 anda; €C, j=1,...,n.

Proof. We proceed by induction on n. When n = 1 there is nothing to prove.
Assume n > 1 and choose (v, 15) such that () has rank less than n. Observe
that this choice is always possible. In fact, if ()2 has rank n then the polynomial
Q1 + tQs is not constant in ¢t and has at least one zero t = t;. The unitary

transformation of the normal space to T, M given by:

1 to
VIHE /1442
to 1

V12 /1482

moves Q7 into Q] = ﬁ (@1 + toQ2), whose rank is less than n since det(Q; +
0

to@Q2) = 0. Up to a unitary transformation 7" € U(n) we have:

1 n
Q=35 o3,
j=1

and from (4.13) we get:

n

IVQalI? =) (€~ a)lz*.

j=1
Write Qg = 37", 1;(2)?, where [;(2) are homogeneous polynomials of degree 1 in
Z1,...,%n. By hypothesis there exists £ € ker Q2, & # 0, such that ;(§) = 0, for
all 7 =1,...,n, which implies that also ker(||VQ3||?) is not trivial and thus one

between «;’s must be equal to V0. Assume a,, is. Then we have:

Ql = Qll(zla cee 7zn71) + g’zn|2, QQ = Qé(zla cee 721171)7

for Q\(z1,...,2n-1) = %Zj’:—f a;z; and Q5(z1,. .., 2p—1) a quadratic form in
21, ..., 2n—1. We can apply the inductive hypothesis to @} and @), and performe
a change of coordinates which leaves z, invariant and modifies 21, ..., z, in such

a way that:
1 I~
Q'1=§Z%'Z?, Q'zzgzaﬂj,
j=1 j=1
and conclusion follows. O
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Theorem 4.3.2 (S. S. Chern [13], K. Tsukada [73]). Let (M, g) be an n-dimensional
Kihler—Einstein manifold (n > 2). If (M,g) admits a Kdhler immersion into
CP"™2, then M s either totally geodesic or the quadric Q, in CP™™ (which is

totally geodesic in CP™*2), with homogeneous equation Z2 + - - - + ZgH =0.

Proof. Assume first that Q2 = cQ;. Up to unitary transformation of CP"*? we
can assume ¢ = 0. Then, from (4.13) we get B; = 0 and ||[VQ]||* = ¢||z||*>. Up to
a unitary transformation 7' € U(n), we can then assume @); = ‘/72(212 4+ 22),

and substituting into (4.14) we obtain:

0—1) [ & =
- (13 23l
j=1 j=1
Comparing the right and left hand sides of the above identity as polynomials in

the variable 21, ..., z,, we see that when ¢ # 0, 1, the right hand side contains

(n+1

) ) different monomials while the left has at most n. This implies £ = 0 or

¢ =1,1ie. A\=n+1 and by Theorem 4.2.4 M is totally geodetic or A = n and
M 1is the quadric.

Assume now that (); and ()2 are not proportional. We will prove that this
case is not possible. By Lemma 4.3.1, we can choose a unitary frame (v, v5) of
the normal space to T,M and a coordinate system (z1, ..., z,) around p such that
Q1 = %Z?Zl a;z3, a; > 0,7 =1,...,n, and Qy = %Z?:1 a;z, a; € C. From

(4.13) we get:
Z(OCJQ + ’G]"Z — 6)‘2]’2 = O, 04]-(9]-31 + %@Bg = 0, j = 1, oo, n.

J=1

In particular, from the linear system in 0%, B and 97, B,, obtained deriving the

j™ identity a;0;B; + a;0;Ba = 0 with respect to z; and the k™ with respect to
zj, for each j, k = 1,...,n we get 07, B = 0%, By = 0 whenever a;a;, — aga; # 0.

Observe that for j =k, |VQ; A VQi|* = 0. Further:

n

Q:” = 411| zn:%‘zﬂg = % z”: ajonzzy,  |Qof* = }L| Zn:ajz]2-|2 = i > ajansi,
=1 =1

Jk=1 Gk=1
n n
IVQiIP =)l [IVQallP =) layl*lz,
j=1 j=1
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and for j # k:

n

(VQ;, VR = ajanasarz|zl*

G k=1
Thus:

n

2
Z IVQ; AVQL? =2|VQ1 AVQy|* =2 (a§|ak|2 — ajonazag) |2z,

j:kzl j,kzl
and we have:
2 n
1 30(0—1
SIVBIE =3 (- 1) Y 25 (g + am) + LS ey
=t igk 7=t (4.15)

1 n
~ 5 Z (aj2-|ak|2 — ajoa;ag) |zjz)*

k=1
Since ()1 and ()2 are not proportional, there exist j, k such that oja, — oga; # 0.
Observe that up to a unitary transformation of the normal space to T,M we
can assume that such a;, oy, a;, a, are not zero. For these fixed j, k£ and
for any [ = 1,...,n, By and By do not contain monomials in z;2;2;. Thus,
|[VBi|]* + ||[VBs||> does not contain terms in |z;2;*. Comparing the left and
right sides of (4.15), we then get a|ax|* — ajaga;ar = 0, which leads to the

desired contradiction ojay — apa; = 0. O

In general, it is an open problem to classify projectively induced Kéhler—
Einstein manifolds. The only known examples of such manifolds are homogeneous

and it is conjecturally true these are the only ones (see e.g. |1, 13, 69, 73]):

Conjecture 4.3.3. If a complete Kdhler—Einstein manifold admits a Kdhler im-

mersion into CPY, then it is homogeneous.

Remark 4.3.4. When the ambient space is CP*°, Conjecture 4.3.3 does not hold.
Indeed in the next chapter we describe a family of noncompact, nonhomogeneous

and projectively induced Kéahler—Einstein metrics.

Since a homogeneous Kéhler manifold which admits a K&hler immersion into
a complex projective space is compact (see [09, §2 p. 178|), we can state the

following weaker conjecture (cfr. Ex. 4.4.5):
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Conjecture 4.3.5. If a complete Kdihler—FEinstein manifold admats a local Kahler

immersion into CPYN, then it is compact.

4.4 Exercises

Ex. 4.4.1 — Let (M,g) be a complex n-dimensional Kéhler manifold which
admits a Kéhler immersion into the finite dimensional complex projective space
(CPY, grs). Assume that the diastasis Dy around some point p € M is rotation
invariant with respect to the Bochner’s coordinates (zi,...,z,) around p (this
means that Dy depends only on |2]2, ..., |2,|%). Prove that there exists an open

neighbourhood W of p such that Dy(z) can be written on W as:

n N
Do(Z) :10g (14—2‘2]’2_*_ Z aj’thjP)
=1

j=n+1
where a; > 0 and h; # hy, for j # k.

Ex. 4.4.2 — Let (M, g) be as in the previous exercise. Show that its Einstein
constant is a positive rational number less or equal to 2(n + 1). Deduce that if
M™ is complete then M" is compact and simply connected.

(Hint: The upper bound for A follows by Theorem 4.2.4. For the lower bound,
use the previous exercise to write Do(z) = log P, where P = 1 + Z?Zl |z;]* +
Z;.V:nﬂ a;|z™|2. From det(g,5) = pt= det (PP,5 — P.Pj3) one gets a inequality
involving the total degree of det (PPQB — PQPB) as a polynomial in the variables
21y ey Zny 21y - - -y Zn, Which combined with Eq. (4.7) implies X > 0. The last part
follows by Bonnet—Myers’ Theorem and by a result of Kobayashi [/ 1] which asserts

that a compact manifold with positive first Chern class is simply-connected.)

Ex. 4.4.3 — Let (M, g) be a complex n-dimensional Kéhler manifold which
admits a Kéhler immersion into the finite dimensional complex projective space
(CPY, grs). Assume that the diastasis Dy around some point p € M is radial
with respect to the Bochner’s coordinates z1, . .., z, around p (this means that Dy

depends only on |z;|?+- - -+|z,|?). Prove that there exists an open neighbourhood
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W of p such that Dg(z) can be written on W as

n N n k
Do(z) =log | 1+ ) |z[P+ > a (Zpﬂ?) :
j=1 k=2 j=1

where a > 0 for each k =2,... N.

Ex. 4.4.4 — Let (M, g) be as in the previous exercise. Prove that M is an
open subset of CP™.
(Hint: Write the Monge—Ampére Eq. (4.7) in terms of the polynomial P =

k
n N n
L+ P+ S o (S 15 2) )

Ex. 4.4.5 — Give an example of complete Kéhler manifold which can be Kéhler

immersed into the finite complex projective space (CPY, gpg).

Ex. 4.4.6 — Show that a compact simply-connected Kéhler—Einstein manifold
with nonpositive Einstein constant cannot be locally Kéhler immersed into any
complex space form. Show with an example that the assumption of simply-

connectedness cannot be dropped.
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Chapter 5

Hartogs type domains

Hartogs type domains are a class of domains of C"™™ characterized by a Kéhler
metric described locally by a Kéhler potential of the form ®(z,w) = H(z) —
log (F'(z) — |w|?), for suitable functions H and F. They have been studied under
several points of view and represent a large class of examples in Kahler geometry
(the reader finds precise references inside each section).

The first section describes Cartan—Hartogs domains. Prop. 5.1.3 discusses the
existence of a Kéhler immersion into the infinite dimensional complex projective
space in terms of the Cartan domains they are based on, and Th. 5.1.5 proves
they represent a counterexample for Conjecture 4.3.3 when the ambient space
is infinite dimensional. Section 5.2 extends some of these results when the base
domain is not symmetric but just a bounded homogeneous domain.

Finally, in Section 5.3 we discuss the existence of a K&ahler immersion for

a large class of Hartogs domains whose Kéhler potentials are given locally by

—log (F(|z0]?) — ||2]|?) for suitable function F' (see Prop. 5.3.1).

5.1 Cartan—Hartogs domains

Let ©2 be an irreducible bounded symmetric domain of complex dimension d and

genus 7. For all positive real numbers p consider the family of Cartan-Hartogs
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domains:

Mo(p) = {(z,w) € Q@ x C, |w|* < N{(z,2)}, (5.1)

where Nq(z, 2) is the generic norm of €, i.e.:

1

Na(z,2) = (V(Q)K(z,2))

with V() the total volume of © with respect to the Euclidean measure of the
ambient complex Euclidean space and K(z, z) is its Bergman kernel.

The domain  is called the base of the Cartan-Hartogs domain Mgq(u) (one
also says that Mgq(p) is based on ). Consider on Mg () the metric g(u) whose
globally defined Kéahler potential around the origin is given by

Do(z,w) = —log(Nb(z, 2) — |w|?). (5.2)

Cartan—-Hartogs domains has been considered by many authors (see e.g. [30, 31,

, D3, 05,78, 79, 81,82, 83, 84]) under different points of view. Their importance
relies on being examples of nonhomogeneous domains which for a particular value
of the parameter p are Kédhler—Einstein. The following theorem summarizes these

properties. (see [78] and [79] for a proof).

Theorem 5.1.1 (G. Roos, A. Wang, W. Yin, L. Zhang, W. Zhang, [78]). Let
o = v/(d+1). Then (Mq(po), g(po)) is a complete Kdihler—Einstein manifold
which is homogeneous if and only if the rank of Q equals 1, i.e. 2 = CH?.

Remark 5.1.2. Observe that when 2 = CH?, we have o = 1, Mqg(1) = CH**!
and g(1) = gnyp-
The following proposition shows that the existence of a Kéahler immersion of a

Cartan—Hartogs domain into CP* is completely determined by the base domain

(Q, gp), where gp is its Bergman metric.

Proposition 5.1.3 (A. Loi, M. Zedda, [53]). The potential Do(z,w) given by
(5.2) is the diastasis around the origin of the metric g(u). Moreover, cg(u) is
projectively induced if and only if (¢ + m)‘;;gB 15 projectively induced for every

mteger m > 0.
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Proof. The power expansion around the origin of Dy(z,w) can be written as:
Do(z,w) = Y Aj(zw)™ (zm)™, (5.3)
k=0

where m; are ordered (d + 1)-uples of integer and:
(Zw)m] — ZTJJ ez Iod g MG, d+1

In order to prove that Dg(z,w) is the diastasis for g(u) we need to verify that
Ajo = Apj = 0 (see Theorem 1.1.6). This is straightforward. Indeed if we take
derivatives with respect either to z or z is the same as deriving the function
—log(N§(z,2)) = %Dg(z) that is the diastasis of (2, £gp), thus we obtain 0. If
we take derivatives with respect either to w or w we obtain zero no matter how
many times we derive with respect to z or z, since Dg(z, w) is radial in w.

In order to prove the second part of the proposition take the function:

1
Dolzw) _ 1 = —1 5.4
€ (NG&(2, 2) — |w|?)e ’ (5.4)

and using the same notations as in (5.3) write the power expansion around the
origin as:

6(:D()(Z,w) — 1= Z Bjk.(Z'lU)mJ (le))mk
7,k=0

By Calabi’s criterion (Theorem 2.1.3), cg(p) is projectively induced if and only

if B = (Bj) is positive semidefinite of infinite rank. The generic entry of B is

given by:
1 Hlmil+Ime| 1

m;l - mi! 0(zw)™i0(Zw)™ \ (NG(z, 2) — |wl|?)e .
where m;! = m;1! - mj ! and d(zw)™ = 9z -+ - 0z, Ow™sidr1. By Propo-
sition 3.5.2 we have:

mj1+ -+ Mg # Mg+ +mpg = Bjr =0, (5.5)
and since (5.4) is radial in w we also have:

mMjd+1 7& Mg d+1 = Bjk =0. (56)
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Thus, B is a oo X oo matrix of the form

0 0 0 O 0 0
0 FEy 0 O 0
B=10 0 E, 0 0 )
0 0 E; O
0 0 Dots

where the generic block E; contains derivatives d(zw)™ d(zw)™ of order 2i,

i=1,2,... such that |m;| = |my| = i. We can further write:
Fp0) 0 0
E, = 0 Fu,(0) 0 : (5.7)
0 0 Few(0)

where F;)(0) (resp. Fi(i)(0), Fi.w))(0)) contains derivatives d(zw)™ 0(zZw)™*
(of order 2¢ with |m;| = |my| = @) such that m; 411 = mg a1 =0 (resp. mj 441 =
Mids1 = & Myjar1, Migar1 7 0,7). (Notice also that we have 0 in all the other
entries because of (5.5) and (5.6)). Since the derivatives are evaluated at the
origin, deriving (5.4) with respect to d(zw)™ 0(zZw)™ with |m;| = |my| =i and
mMjar1 = Myq+1 = 0 is the same as deriving the function:

1 cEDE(2)
— 1 =¢€"770 — 1. 5.8
MGy (5:8)

Thus, by Calabi’s criterion, all the blocks F(;)(0) are positive semidefinite if and
only if C'f)—th is projectively induced. Observe that the blocks F,;(0) are semi-
positive definite without extras assumptions. Indeed if we consider derivatives
O(zw)™ 0(zw)™ of (5.4) with |m;| = |my| = i and m; g1 = Mmyq41 = 4, since
N&(z, z) evaluated in 0 is equal to 1, it is the same as deriving the function
1/(1—|wf*)e—1= <Z;>io |w|27)c — 1 and the claim follows. Finally, consider the
block F{. ) (0). It can be written as:

Hz(ifl),w(l) (0) 0 0 0
0 Hi—2)w(2)(0) 0 0
Fiouy@(0) = . Dot ’
: ots
0 0 0 H.a)uwi-1)(0)
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where the generic block H.(;—m)wm)(0), 1 < m < i — 1, contains derivatives
O0(zw)™, O(Zw)™ of order 2¢ such that |m;| = [my| = ¢ and m; 411 = Mgy =m
evaluated at zero (as before, by (5.5) and (5.6) all entries outside these blocks
are 0). Now it is not hard to verify that these blocks can be obtained by taking
derivatives 0(zw)™, d(zZw)™ of order 2(i —m) such that |m;| = |my| = 2(i —m)
and m;q11 = mgqr1 = 0 of the function

(m+c—1)!
(c— 1)l m! NECT™ (5 2)

— 1= (HmEPEE) (5.9)

and evaluating at = = z = 0. Thus, again by Calabi’s criterion, F{. . (0) is
positive semidefinite iff (¢ + m)% gn, m > 1, is projectively induced and this ends

the proof of the proposition. O

Remark 5.1.4. Proposition 5.1.3 can be also proved for “general” Cartan-Hartogs

domains with dimension n = d + r, namely
Mo () = {(z,w) € Q2 x €, [|w]|* < N§(z,2)},

where ||w||? = |wi]?* 4+ -+ + |w,]?. In that case Equation (5.9) can be obtained

using the following formula
1 o*m 1 ‘o
my!2 - -m, 12 Ow w™ - - - Owmrdwrr \ f(z,2) — ||w|2)
mi1+1 m7+1[ _i_m_i_c_/r’_l)

l2 -m, |2 Z Z (0_1)

ki=1 kr=1

. H [(kni 1)2(% 1 — E) (wpmy) P!

1
(f(z,2) — ||w||2)2;—1(kj)+m+cr] .

From Theorem 5.1.1, Prop. 5.1.3 and Theorem 3.5.3 we get the following

=1

theorem, which gives a counterexample to Conjecture 4.3.3 in the case when the

ambient space is infinite dimensional.

Theorem 5.1.5 (A. Loi, M. Zedda, |53]). There exists a continuous family of
homothetic, complete, nonhomogeneous and projectively induced Kdahler-Einstein
metrics on each Cartan—Hartogs domain based on an irreducible bounded sym-

metric domain of rank r # 1.
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Proof. Take u = pg = v/(d + 1) in (5.2) and Q # CHY By Theorem 5.1.1
(Mq(po), cg(po)) is Kéhler-Einstein, complete and nonhomogeneous for all pos-

itive real numbers c. By Proposition 5.1.3 c¢g(uo) is projectively induced if and

only if cdt’;‘ gp is projectively induced, for all nonnegative integer m. By Theorem
3.5.3 this happens if ((ZLT) > (r;)a. Hence cg(pp) with ¢ > W is the
desired family of projectively induced Kéahler-Einstein metrics. O]

a(d+1)

By applying the same argument with 0 < ¢ < o (and r # 1) one also gets

the following:

Corollary 5.1.6. There exists a continuous family of nonhomogeneous, complete,
Kihler-Finstein metrics which does not admit a local Kihler immersion into CPY

for any N < oo.

Remark 5.1.7. As direct consequence of Corollary 5.1.6 together with Exercise
2.4.9, we get that a Cartan-Hartogs domain (Mq(uo), cg(io)) does not admit a
Kihler immersion into [?(C). Further by Theorem 6.1.3, it does not admit a

Kahler immersion into CH* for any value of ¢ > 0 either.

We conclude this section with the following lemma which gives an explicit

expression of the Kahler map of a Cartan-Hartogs domain into CP>°.

Lemma 5.1.8 (A. Loi, M. Zedda, [55]). If f: Mq(n) — CP* is a holomorphic

map such that f*wps = aw(p) then up to unitary transformation of CP* it is

given by:
B (m+a—1)! "
f— ll,s,hu;%,..., mhu(ajm)w yeoo |y (510)
where s = (81, ..., Sm, ... ) with:
(m+a-11
Sm = 4| ——————w",
(a—1)Im!
and hy, = (h},, ..., hf;, ... ) denotes the sequence of holomorphic maps on € such

that the immersion hy, = (1, hy, .. .,hi, o), hy . Q — CP™, satisfies iszFS =

kwg, t.e.:

L+ |hf” = S (5.11)
j=1
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Proof. Since the immersion is isometric, by (5.2) we have f*®pg = —alog(N§(z, 2)—

|w|?), which is equivalent to:

W Z|fg|2

for f = [fo,..., f;,...]. If we consider the power expansion around the origin of

the left hand side with respect to w, w, we get:

i an; 1 |w|2k; _i 8% 1 |w|2k
Qwkowk (N# — Jw?)e [, k12— & [dwkow* (1= |w?)* ], kP2

k=1
1

(1 [wP)e

— 1.

The power expansion with respect to z and z reads:
Z Plmil+Imil 1 2 ZMk Z glmsl+mel 1 2™ ZMk
jk 9zmi9zme (N# — Jw|?)e | mylmy! o 0z 0z Nea | o mylmy!

o .
=D _ Il
=1

where the last equality holds since by (5.11) > 72, \h «|? is the power expansion

of — — 1.

NW

Finally, the power expansion with respect to z, z, w, w reads:
a|m]\+\mk\ aZm 1 ST 5Tk M
Z Z 0zmigzmr Qwmow™ (N — |w|?)* ], mjlmy!m!?
o0 —
a|mj‘+‘mk‘ m+oa—1 M ZM,
POIE R ol
0zmi 0z (a — 1)ImIN#@tm) | m;lmy!
m=1 jk M,

e~ (mAda—1)
Sy e

m=1 j=1

where we are using (5.11) again. It follows by the previous power series expan-
sions, that the map f given by (5.10) is a Kéahler immersion of (Mq(u), ag(p))
into CP*°. By Calabi’s rigidity Theorem 2.2.5 all other Kéhler immersions are

given by U o f, where U is a unitary transformation of CP>. m
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5.2 Bergman—Hartogs domains

Bergman-Hartogs domains are a generalization of Cartan-Hartogs domains where
the base domain is not required to be symmetric but just homogeneous and
endowed with its Bergman metric. To the authors knowledge, they have already
been considered in [35, 85].

For all positive real numbers y a Bergman-Hartogs domain is defined by:
Ma() = { (z.w) € @ x €, Juf? < K(z,2)},

where K(z, 2) = % with K the Bergman kernel of 2. Consider on Mg ()
the metric g(u) whose associated Kéhler form w(u) can be described by the

(globally defined) Kéhler potential centered at the origin:
CD(z,w) = 10g(f<(2, Z)_u - ’U}|2)

The domain (Q is called the base of the Bergman—Hartogs domain Mgq(p) (one
also says that Mq(u) is based on ).

In the previous section it is proven that when the base domain is symmetric
(Mq(p), cg(p)) admits a Kahler immersion into the infinite dimensional complex
projective space if and only if (2, (¢ + m)ugp) does for every integer m > 0. As
pointed out in [34], a totally similar proof holds also when the base is a homo-
geneous bounded domain. This fact together with Theorem 3.3.4 proves that
a Bergman-Hartogs domain (Mq(u),cg(p)) is projectively induced for all large
enough values of the constant ¢ multiplying the metric. Further, the immersion

can be written explicitely as follows (cfr. Lemma 5.1.8 in the previous section):

Lemma 5.2.1. Let a be a positive real number such that the Bergman—Hartogs
domain (Mq(p),ag(p)) is projectively induced. Then, the Kdhler map f from
(Mq(p),g(p)) into CP*®, up to unitary transformation of CP*, is given by:

(m+a—1)!
(v — 1)Im!

f: ll,s,hua,..., hﬂ(a—’_m)wm"“] s (5.12)
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where s = (S1, ..., Sm,...) with
(m+a-1)"
Sm = ——————w"",
(v — 1)lml!
and hy, = (h},, ... ,hi, ...) denotes the sequence of holomorphic maps on € such
that the immersion hy = (1,h,1€,...,hf;,...), hy . Q — CP™, satisfies ﬁ,’ngS =
kwg, 1.e.
L+ |hg> =K
j=1

Proof. The proof follows essentially that of |55, Lemma 8| once considered that

O(z,w) = —log(K(z,2)™" — |w|?) is the diastasis function for (Mq(u), g(p)) as
follows readily applying the definition of diastasis (1.1). O

Observe that such map is full, as can be easily seen for example by considering
that for any m = 1,2, 3, ..., the subsequence {s1, ..., s,,} is composed by linearly

independent functions.

5.3 Rotation invariant Hartogs domains

The class of domains we are about to describe is a very rich class of examples. It
has been considered in [27] in the context of Berezin quantization and in [18] in
relation to the existence of a Kéhler immersion into finite dimensional complex
space forms (see also |21, 51, 58, 59] for other results on their Riemannian and
Kéhler geometry).

Let zp € RYU{+o00} and let F' : [0,29) — (0, +00) be a decreasing continuous
function, smooth on (0,z9). The Hartogs domain Dp C C™ associated to the

function F' is defined by:
Dp ={(20,21,...,2n-1) € C" | |20]* < 20, ||2]]* < F(|20]*)},

where ||z||> = |21|> + -+ + |2,_1]*>. We shall assume that the natural (1, 1)-form
on Dy given by:
(5.13)

T — 1
= =00lo ,
P g(F<|ZO|2>—||z||2>
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is a Kéhler form on Dg. The following proposition gives some conditions on D

equivalent to this assumption:

Proposition 5.3.1 (A. Loi, F. Zuddas [59]). Let Dg be a Hartogs domain in C™.

Then the following conditions are equivalent:

(1) the (1,1)-form wp given by (5.13) is a Kdhler form;

/ / /
(i) the function —wg(g) 15 strictly increasing, namely — (%) > 0 for every
x € [0,z9);
(i1i) the boundary of Dp is strongly pseudoconver at all z = (zo, 21, ..., 2n—1)

with |zo|? < o.

The Kahler metric gr associated to the Kéhler form wg is the metric we will
be dealing with in the present paper. It follows by (5.13) that a Kéahler potential

for this metric is given by:
Cp = —log (F(jzf*) —I2II*) -
Observe that this is also the diastasis function around the origin for wg.

Remark 5.3.2. It is worth pointing out that an Hartogs domain (Dp, gr) is
either homogeneous or Einstein if and only if F'(z) = 1 — z, namely Dp is the
complex hyperbolic space equipped with the hyperbolic metric (see Theorem 1.1

in [59] for a proof).

In order to study the existence of a Kéhler immersion into the complex
projective space, we start considering that setting |20|> = x and |z|* = v,

7=1,...,n—1, we get:

an anl ann,l 1
0407 021028 9P 1978 (F(j20?) — []2117)° l
o ok oFn—1 1
=gl k!l zlo
0x7 gyt oyt (Flx) = [lyl?)
: Dle+ki+-+kpq) O 1
= gkl k! - :
J-h ! I(c) O (F($))c+k1+---+kn71 lo
(5.14)
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From Calabi’s criterion Theorem 2.2.8 it follows that a Hartogs domain (Dp, cwp)
is projectively induced if and only if:
J
5 = o
for all integers j, £ > 0. This condition is of course strictly related to F. The
following example, Prop. 5.3.4 and exercises 5.4.1, 5.4.2 and 5.4.3, show that there
are cases when the immersion exists for all values of ¢, or only for integers values

of ¢, or for no value. Observe that since such domains are rotation invariant,

when the immersion exists it can be written as:

fiDp = CP® f(2) = [, fiknkn -]
where:
r [ Pe+ki4- -+ kyy) O 1 | Zhk .
Gk, kno1 — j'k1| ~ .k‘nil!l—‘(c) axj (F(I’))C+k1+m+kn_1 0~0~1 n—1

Example 5.3.3. Let F(t) = (1 —¢)?, p > 0, 9 = 1 (for p = 1 we recover CH"

described in Section 1.2). The Hartogs domain associated to F' is given by:
Dp = {(20---za1) € C" | 20> + (|2 < 1}.
Since:

ol 1 o = L(p(c+ k) + )
0w (1 — gyt~ ’

I(p(c+k))
this domain is infinite projectively induced for any value of ¢ > 0 and thus (see

Ex. 2.4.9) it also admits a full K&hler immersion into I?(C).

The next proposition gives an example of Hartogs domain not admitting a
Kéhler immersion into CP* even when the metric is rescaled by a positive con-

stant.
Proposition 5.3.4. The Hartogs domain (Dp, gr) defined by

Fla) = (z — 1) @-%) <x+%)

and with x¢o = 1 does not admit a Kdhler immersion into CP* even when the

metric is rescaled by a positive constant c.
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Proof. By definition F'(z) > 0 in [0,1). Further:

This domain does not admit a Kéhler immersion into CP* for any value of c¢. In

order to prove it, consider that for any polynomial P(z) = (x — a;y) -+ (x — a,),

one has:
ol _ (—1)75! T(c+ky) --T(c+ky) 1
—P ¢ = .
ax] (CC) |0 F(c)n . +;€ —; kl' .o kn' (_al)c"l‘kl e <_an)c+kn
Forn=3and a; =1, ay = %, asz = —%, we get:
8j —c (_1)j]' k1+k
57 P@) %l = L > A<—1) 162 A Ky, ke, kes), (5.16)
k1+ko+ks=j
where we set:
T(c+ k)D(c+ ka)T(c+ ks) (4 )T /4
A = — = . 1
(ks e, ) Fey Vo Vs 11 3 (5.17)

When j is odd and greater than 1, the sign of (—1)¥ %2 A(ky, ko, k3) is positive for
ks odd, and negative for k3 even. Thus, in order to prove that for any ¢ > 0 there

exists j such that (5.16) is negative, it is enough to show that forall h =1,... j:

> Ak ke h)> Y A(ky ke b — 1),

ki+ko=j—h k1+ko=j—h—1

By (5.17), this is equivalent to the following quantity being positive:

§F(0+k)r(c+j—h—k)r(c+h—1) AN AN T det h =1 ctj—h—k .
— Kl(j— h— k)l(h— 1) 11 3 3 & j—h—k+1

Tc+j—h+ I)F!(C)F(c +h—1) ( 4 )C*J’—h“ (4)c+h—1 |

(j—h+1)(h—1) 11 3

(5.18)

We claim that for any fixed h, (5.18) is positive as j — 4o00. In order to prove
the claim we observe that the second part of (5.18) goes to zero as j grows, while

the first part does as k grows. Thus, the sign of (5.18) as j goes to infinity is
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determined by finite values of k, i.e. those values that do not approach j. The

claim then follows since for k£ and h fixed:

=-————1>0.
3 h

lim
j—+o0

3 h  j—h—k+1

(4c—|—h—1 c+j—h—k> _Ae+h-1

O

The property of being not projectively induced even when rescaled is a not

trivial property which we discuss in more details in Section 7.1.

5.4 Exercises
Ex. 5.4.1 — Consider the Springer domain, i.e. the rotation invariant Hartogs

domain defined by:
DF:{@muw%q)EGWHdF<eﬂm?,

with F(t) = e, g = 400, and let gr the Kahler metric defined by the Kéh-
ler potential —log(F(|20]?) — ||z||*). Prove that (Dp,gr) admits a full Kéhler

immersion into CP> for any ¢ > 0, and thus into {*(C).

Ex. 5.4.2 — Consider the rotation invariant Hartogs domain given by:

Q
DF = {(Zo,...,an) € cr | HZH2 < —},

|20]% + «

for F(z) = %=, @ > 0, 29 = 400 and let gr the Kéhler metric associated to

the Kéhler potential —log(F(|z|?) — ||z]|?). Prove that (D, cgr) is projectively

induced if and only if ¢ is a positive integer.

Ex. 5.4.3 — Consider the rotation invariant Hartogs domain given by:
Delp) = { G-z € € 1 BIP < it |
F p 0y -9 n—1 <|2,/0|2+1)p Y

for F(z) = m, p >0, zyp = 400 and let gr(p) the Kahler metric associated

to the Kéhler potential —log(F(|z0]*) — ||2]|?). Prove that (Dr(p),cgr(p)) is

projectively induced if and only if ¢p is a positive integer.
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Ex. 5.4.4 — For any value of 1 > 0, a Fock-Bargmann-Hartogs domain D,, ,, (1)
is a strongly pseudoconvex, nonhomogeneous unbounded domain in C"™ with

smooth real-analytic boundary, given by:
Dpm(p2) :== {(z,w) € C"*™ : lw||? < e—ul\ZIIQ}.

One can define a Kéhler metric w(y;v), v > —1 on D, ,,,(¢) through the globally
defined Kahler potential:

(2, w) == vp||2|[* — log(e I — || ).

Prove that the metric ¢g(u;v) on the Fock-Bargmann-Hartogs domain D, ,, ()
admits a full Kéhler immersion into {?(C) for any value of g > 0 and v > —1 (see

[9] for more details and results on these domains).
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Chapter 6

Relatives

We say that two Kéhler manifolds (finite or infinite dimensional) M; and M, are
relatives if they share a complex Kéahler submanifold S, i.e. if there exist two
Kahler immersions h: S — M; and hy: S — Ms. Otherwise, we say that M; and
M, are not relatives. Further, we say that two Kéahler manifolds are strongly not
relatives if they are not relatives even when the metric of one of them is rescaled

by the multiplication by a positive constant.

This terminology has been introduced in [20], even if the problem of under-
standing when two Kéhler manifolds share a Kéhler submanifold has been firstly
considered by M. Umehara [76], which solves the case of complex space forms with
holomorphic sectional curvature of different sign and finite dimension, which we

summarize in Section 6.1.

In the remaining part of this chapter we pay particular attention to under-
standing whether or not a Ké&hler manifold (M, g) is relative to a projective
Kéhler manifold, which is by definition a Kéhler manifold admitting a Kéhler
immersion into a finite dimensional complex projective space CPY. In Section
6.2 we discuss the case when (M, g) is homogeneous while in Section 6.3 (M, g)

is a Bergman-Hartogs domain.
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6.1 Relatives complex space forms

In [76] M. Umehara proved that two finite dimensional complex space forms with
holomorphic sectional curvatures of different signs do not share a common Kéhler
submanifold. His result should be compared to Bochner’s Theorem 2.3.4 (see also
Theorem 2.3.5), which shows that when the ambient space is allowed to be infinite
dimensional, the situation is much different (see also [12] for the case when the
complex space forms involved have curvatures of same sign).

The following theorems summarize Umehara’s (and Bochner’s) results. Recall
that we denote by CP{, b > 0, the complex projective space of holomorphic
sectional curvature 4b and by CH}, b < 0, the complex hyperbolic space of

holomorphic sectional curvature 4b (cfr. Section 1.2).

Theorem 6.1.1. Any Kdhler submanifold of CV, N < oo, admits a full Kihler

immersion into CPp°, for any value of b > 0.

Proof. Let (M, g) be a Kihler submanifold of CV, for N < oco. Then for any
p € M, there exist a neighbourhood U and Bochner coordinates (z1,...,z2,)

centered at p, such that g is described by the Kahler potential:
N
Do(z) = Y f(2)]%,
j=1

where f: U — CV, f(2) = (fi(2),..., fx(2)) and f(0) = 0. If U admits a Kéhler

immersion h: U — CP}', then we also have:

Do(z) = %log (1 + bz |hk(Z)’2> )

and thus: N
N’ exp (DY L |fi(2)]?) — 1
S )P = ( - )=
k=1
Since
k
N < (b33 1fi(2)? >
exp <bZ]fJ(Z)]2> kz< o ) _kZb’“|Z %Ifmf(z)lﬂ
j=1 =1 =1 |myl=k
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the map v defined by v; = \/b_kfmf/\/mj!, |m;| = k, is a full holomorphic and
isometric map from U to [?(C) C CP*. By Calabi’s Rigidity Theorem 2.2.5 we
get N' = co. ]

Corollary 6.1.2. There are no Kdhler submanifolds of both the complex Fu-

clidean space CN<*° and the complex projective space CPIJ)V,@O.

Proof. By Theorem 6.1.1 any Kéhler submanifold of CV admits a full Kahler

immersion into CPy°. Conclusion follows by Calabi Rigidity’s Theorem 2.2.5. [

Theorem 6.1.3. Any Kdhler submanifold of CH;VSOO admits a full Kdhler im-

mersion into 1*(C).

Proof. Let (M, g) be a Kihler submanifold of CHY, for N < co. Then for any
p € M, there exist a neighbourhood U and Bochner coordinates centered at p,

such that ¢ is described by the Kéhler potential:
1 N
_ 2
Do(2) = Elog (1 + ngl |hi(2)] ) :

where h: U — CHY, h(z) = (h(2),...,hy(2)) and we assume h(0) = 0. If U

admits a Kihler immersion f: U — CV', then we also have:

N
Do(2) = 3" I ()P
and thus:
> 1 - (D k
ST = log (1—b2|hk<z>|2> -y = ( rhj<z>12) .
k=1 k=1 k=1 j=1
Since:

k

—b k—1 N’ ) e —b k—1 hmj2
> = (;mj(zn) Sy

oo
k=1 k=1

mj|=

It follows that the map ¢ defined by v, = \/%hmﬂ'/\ /m;l, im;| =k, is a full
holomorphic and isometric map from U to [?(C). By Calabi’s Rigidity Theorem
2.1.4 we get N' = co. O
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Corollary 6.1.4. There are not Kdhler submanifolds of both the complex Eu-

clidean space CN<*>° and the complex hyperbolic space CH£V/<°°.

Proof. By Theorem 6.1.3 any Kihler submanifold of CH} admits a full Kihler
immersion into ¢?(C). Conclusion follows by Calabi Rigidity’s Theorem 2.1.4. [

Corollary 6.1.5. There are not Kahler submanifolds of both the complex hyper-

bolic space CH{)V@O and the complex projective space CP{,\,N«’O.

Proof. By Theorem 6.1.1 and Theorem 6.1.3 follows that any Kéhler submanifold
of CHYY, N < oo, admits a full Kéhler immersion into CP{. Conclusion follows

by Calabi Rigidity’s Theorem 2.2.5. O

6.2 Homogeneous Kahler manifolds are not rela-
tive to projective ones

In this section we discuss when a homogeneous Kéhler manifold is relative to
a projective one. Recall that a projective Kéhler manifold is (by definition)
a Kahler manifold which admits a Kéahler immersion into a finite dimensional

complex projective space CPY. We begin with the following theorem.

Theorem 6.2.1 (A. J. Di Scala, A. Loi, [20]). A bounded domain D of C" en-

dowed with its Bergman metric and a projective Kdahler manifold are not relatives.

Proof. Observe first that by Prop. 1.1.4, it is enough to show that (D, gp) is not
relative to CPY for any finite N. Since D is bounded, L? (D) contains all poly-
nomials in the variables zi,..., z,. In particular, we can choose an orthonormal
basis containing A\,2¥, for any k = 0,1... and some suitable constants \; and a
full Kiihler immersion F': D — CP> is given by [Ag, A121, ..., Ag2t, ... ,F], where
F is the sequence of holomorphic functions which complete {\,z*} as orthonormal
basis of L? (D).

Assume by contradiction that S is a 1-dimensional common Kéhler subman-

ifold of CPY and (D, gg) and denote by a: S — D and 3: S — CP¥ the Kéhler
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immersion. By Prop. 1.1.4 and Theorem 2.2.5, it is enough to show that F o« is
a full Kéhler map from S to CP*. Let a = (o, ..., ). Since the role of z; in

the above construction can be switched to any other z;, we can assume without

Doy

o¢
lows since {\zaf} is a subsequence of {(F oa);} composed by linear independent

loss of generality that # 0, where ¢ is the coordinate on S. Conclusion fol-

functions. []

Observe that such result does not hold for multiples of the Bergman metric,
since it makes use of the existence of a full Kéhler immersion of (D, gp) into CP°,
which is in general not guaranteed when one multiplies gg by a positive constant
c. As we see in a moment, an improvement in this direction can be achieved by
adding the assumption of D to be symmetric or homogeneous.

Dealing with the symmetric case, observe that since a Hermitian symmetric
space of compact type with integral Kahler form admits a Kéhler immersion into
some finite dimensional complex projective space, then due to theorems 6.1.1 and
6.1.3 and their corollaries it does not share a common Kéhler submanifold with
either the complex flat space or the complex hyperbolic space of finite dimensions.
It is still an open question if a Hermitian symmetric space of compact type is
relative to (?(C) or to CH*® and what happens when the metric is rescaled to
be not integral. Consider now a bounded symmetric domain €2 of C" and let gp
denote its Bergman metric. The complex flat space and (2, gg) are not relatives
due to a result by X. Huang and Y. Yuan [36]. Further, due to Theorem 6.2.1
nor are (€2, gp) and a projective Ké&hler manifold. Observe that when we deal
with flat spaces we can forget about rescaling the metric by a positive constant.
Although, the situation is different dealing with projective spaces. We ask what
happens when the metric is rescaled by the multiplication to a positive constant

c. The following theorem answers this question.

Theorem 6.2.2 (A. J. Di Scala, A. Loi, [20]). A bounded symmetric domain
(Q, cgp) endowed with a positive multiple of its Bergman metric is not relative to

any projective Kdihler manifold.
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This result follows from Theorem 6.2.1 and the following general lemma, which
proves that when the Kahler manifold considered is regular, in the sense that it
is projectively induced when rescaled by a great enough constant, the property
of not being relative to any projective Kéhler manifold is invariant by the multi-

plication of the metric by a positive constant.

Lemma 6.2.3 (M. Zedda [81]). Assume that (M, Bg) is infinite projectively in-
duced for any B > o > 0. Then, if (M,g) and CP™ are not relatives for any
n < 0o, then the same holds for (M,cg), for any ¢ > 0.

Proof. For any ¢ > 0, we can choose a positive integer o such that ca > ;.
Denote by w the Kéhler form associated to g. Let F': M — CP* be a full
Kéhler map such that F*wps = caw. Then y/aF is a Kahler map of (M, cg)
into CP°. Let S be a l-dimensional common Kéhler submanifold of (M, cg)
and CP". Then by Theorem 1.1.4 for any p € S there exist a neighbourhood U
and two holomorhic maps f: U — M and h: U — CP", such that f*(cw)|y =
(VaF o fYwrsly = h*wrslu.
Thus, by (1.5) one has:

log (1 + Z |h/j|2> = élog (1 + Z |(Fof)j)|2> :
=1 =1
le.:

alog (1 +Z |hj|2> = log (1 + Z |(Fof)j)|2> : (6.1)

j=1 j=1
If this last equality holds, then U is a common Kéhler submanifold of both CP>
and (DP?/@. This is a contradiction, for F o f is full, since otherwise U would be
a Kéhler submanifold of both (), g) and a finite dimensional complex projective
space, and by Calabi rigidity Theorem 2.2.5, from (6.1) since « is integer we get

n = 0o. O

Observe that in general there are not reasons for a Kéhler manifold which is
not relative to another K&hler manifold to remain so when its metric is rescaled.

For example, consider that the complex projective space (CP?, ¢ grg) where gpg
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is the Fubini-Study metric, for ¢ = % is not relative to CP?, while for positive
integer values of c it is (see |12] for a proof).
We refer the reader to [20] for a proof that Hermitian symmetric spaces of

compact and noncompact type are not relatives to each others.
We conclude this section with the following result due to R. Mossa [62], which

generalises Theorem 6.2.2 to bounded homogeneous domains:

Theorem 6.2.4 (R. Mossa, [62]). A bounded homogeneous domain (€2, g) and a

projective Kdhler manifold are not relatives.

Proof. Observe first that by Prop. 1.1.4, it is enough to show that (2, g) is not
relative to CPY for any finite N. Let (€2, g) be a homogeneous bounded domain
of C". Then by Th. 3.3.4, there exists 5y > 0 such that for any 8 > Sy, Bg is
projectively induced. Denote g = fyg. Due to Th. 6.2.3, it is enough to show
that g is not relative to CP? to get the same assertion for a homogeneous metric
not necessarily projectively induced. Since (£2,g) is pseudoconvex, the Kéhler
metric g admits a globally defined Kéhler potential ®, i.e. © = %85@, where we
denote by @ the Kéhler form associated to g. Denote by He the weighted Hilbert

space of square integrable holomorphic functions on , with weight e~®:
Ho = {f € 0O(Q)] /e‘l’|f|2w—' < oo}.
Q n.
In [50, 62] it is proven that He # {0} and a Kéhler immersion F': 2 — CP>,

F*wpg = @ is given through one of its orthonormal bases (a Kéhler metric satis-

fying such property is called balanced, see Remark 3.3.6 for references). Since

Q is bounded, M contains all the monomials {\yzf} for j = 1,...,n and
k = 0,1,2,.... Thus, a orthonormal basis of H¢ and hence the Kéhler map
F, can be written as F' = [P(z1), f], where P = [..., \;2F,...] and f is a se-

quence obtained by deleting from the basis {F}} the sequence {Asz}. The proof
is now totally similar to that of Th. 6.2.1. Namely, assume by contradiction that
S is a 1-dimensional common Kéhler submanifold of CPY and (€2, §) and denote

by a: S — Q and 3: S — CP¥ the Kihler immersion. By Prop. 1.1.4 and Th.
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2.2.5, it is enough to show that F' o « is a full Kéhler map from S to CP*°. Let
a = (aq,...,qp). Since the role of z; in the above construction can be switched
to any other z;, we can assume without loss of generality that 8{% # 0, where
¢ is the coordinate on S. Conclusion follows since {\za¥} is a subsequence of

{(F o a);} composed by linear independent functions. O

6.3 Bergman—Hartogs domains are not relative to
a projective Kahler manifold

We begin this section with a general result which somehow generalizes the pe-
culiarity of the K&hler maps described in theorems 6.2.1 and 6.2.4. In order to
state it, consider a d-dimensional K&hler manifold (M, g) which admits global
coordinates {1, ..., 24} and denote by M; the 1-dimensional submanifold of A

defined by:
Mj:{Z€M|Zl:"':Zj_1:Zj+1:"':Zd:()}.

When exists, a Kahler immersion f: M — CP® is said to be transversally full

when for any j = 1,...,d, the immersion restricted to M; is full into CP*°.

Theorem 6.3.1 (M. Zedda [$1]). Let (M, g) be a Kihler manifold infinite projec-
tively induced through a transversally full map. If for any a > a9 > 0, (M, g) is

infinite projectively induced then (M, g) is strongly not relative to any projective

Kahler manifold.

Proof. Due to Lemma 6.2.3 and Theorem 1.1.4 we need only to prove that a
if a Kahler manifold is infinite projectively induced through a transversally full
immersion then it is not relative to CP™ for any n. Assume that S is a 1-
dimensional Kéhler submanifold of both CP" and (M, g). Then around each
point p € S there exist an open neighbourhood U and two holomorphic maps
: U — CP"and p: U — M, ¢(§) = (p1(§), ..., pa(£)) where £ are coordinates

on U, such that Y*wrg|y = ¢*(cw)|y. Without loss of generality we can assume
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8%;5(5)(0) # 0. Let f: M — CP* be a Kéhler map from (M, g) into CP*. Since
by assumption f is transversally full, f = [fo,..., fj,...]| contains for any m =
1,2,3,..., a subsequence {fj,,..., f;.} of functions which restricted to M; are
linearly independent. The map foyp: U — CP* is full, in fact f|s o is full since
©1(€) is not constant and for any m =1,2.3,..., {f;,(¢1(§)), .-, fi.(¢1(§))} is
a subsequence of { f|y, o} of linearly independent functions. Conclusion follows

by Calabi’s rigidity Theorem 2.2.5. [

Combining Theorems 6.2.1 and 6.3.1 with Lemmata 5.2.1 and 6.2.3, we get

the following:

Corollary 6.3.2. For any p > 0, a Bergman—Hartogs domain (Mq (), g(p)) is

strongly not relative to any projective manifold.

Proof. Observe first that due to Theorem 1.1.4 it is enough to prove that (Mq(u), ag(p))
is not relative to CP" for any finite n. Further, by Lemma 6.2.3 and Theorem
6.2.1, a common submanifold S of both (Mq (1), ag(r)) and CP™ is not contained
into (2, ag(p)|), since ag(p)le = “Fgp is a multiple of the Bergman metric on
Q). Thus, due to arguments totally similar to those in the proof of Th. 6.3.1, it
is enough to check that the Kéahler immersion f: Mq(u) — CP* is transversally
full with respect to the w coordinate. Conclusion follows then by (5.12). O

6.4 Exercises
Ex. 6.4.1 — Prove that for any integer m > 0 the Hartogs domain (Dp, m gr)

described in Exercise 5.4.2 is relative to CP?!.

Ex. 6.4.2 — Consider the Hartogs domain (Dr(p), cgr(p)) described in Exer-
cise 5.4.3. Prove that if both p and ¢ are positive integers then (Dg(p),cgr(p))

is relative to CP?!.

Ex. 6.4.3 — Prove that the Hartogs domain described in Exercise 5.4.1 is

strongly not relative to any projective Kahler manifold.

95



6.4. EXERCISES

Ex. 6.4.4 — Prove that for any pu, o > 0, v > —1, a Fock-Bargmann-Hartogs
domain (see Ex. 5.4.4 for a definition) (D, (1), c w(p; v)) admits a transversally
full Kéhler immersion into CP>.

Ex. 6.4.5 — Prove that for any p© > 0, a Fock-Bargmann-Hartogs domain
(see Ex. 5.4.4 for a definition) (D, (@), w(p;v)) is strongly not relative to any

projective manifold.
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Further examples and open

problems

In this chapter we describe three Kahler manifolds with interesting properties.
The first section summarizes the results in [56] showing that the complex plane C
endowed with the Cigar metric does not admit a local Kéhler immersion into any
complex space form even when the metric is rescaled by a positive constant. The
importance of this example relies on the fact that there are not topological and
geometrical obstructions for the existence of such an immersion. In the second
section we describe a complete and not locally homogeneous metric introduced by
Calabi in [I1]. The diastasis function associated to this metric is not explicitely
given and it makes very difficult to say something about the existence of a Kéhler
immersion into complex space forms. Finally, in the third and last section we
discuss a 1-parameter family of nontrivial Ricci-flat metrics on C2, called Taub-
NUT metrics. The diastasis associated to these metrics is rotation invariant, i.e.
depends only on the module of the variables, but it is not explicitely given and
it is still unknown whether or not they are projectively induced for small values

of the parameter.
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7.1 The Cigar metric on C

The metric we describe in this section is an example of Kéhler metric whose
associated diastasis is globally defined and nonnegative but nevertheless it does
not admit a Kéhler immersion into any complex space form.

The Cigar metric g on C has been introduced by Hamilton in [33] as first

example of Kdhler—Ricci soliton on non-compact manifolds. It is defined by:

dz ® dz

I TR

A (globally defined) Kéhler potential for this metric is given by (see also [65]):

|Z\21 1
Dy(|=[2) = / log(1 ) 5,
0

S

whose power series expansion around the origin reads:

(e}

Doflo) = Y -1y EE (1)

J=1
By duplicating the variable in this last expression, by the very definition of dias-
tasis function (1.1) we get:

B SIE

J=1

(|27 + |w|” — (z0)* — (wz)¥). (7.2)

The following lemma proves that D9(z, w) is everywhere nonnegative and globally

defined on C x C (the fact that D9(z,w) is globally defined was also observed in

[05]).

Lemma 7.1.1 (A. Loi, M. Zedda, [56]). The diastasis function (7.2) of the Cigar
metric 1s globally defined and nonnegative.
Proof. 1f we denote by Li,(z) the polylogarithm function, defined for |z| < 1 by:

Li,(2) = —,

="
and by analytic continuation otherwise, from (7.2) we can write D9(z,w) as:
D(z,w) = —Liy(—|2|?) — Lia(—|w|*) + Lig(—2w) + Lig(—wZ).
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Write z = p1e?t and w = pye”? and let o = 6, — 6,. Then:

D(z,w) = — Lis(—pi) — Lia(—p3) + Liz(—p1ps €'*) + Liz(—p1ps ™)

= — Liz(—p}) — Lis(—p3) + 2ReLis(—pipz ),

(7.3)

where we are allowed to take the real parts since D9(z,w) is real. In order

to simplify the term ReLis(—pips ™), we recall the following formula due to

Kummer (see [15] or [17, p.15]):
) 1 ) [
ReLiz(pe”) =3 (Lig(pew) v Lig(pe’9)>
:__</plog(1—ye /plog )dy>
2 \Jo 0
- _/” log(1 —2ycos€+y )dy
2 Jo
ie.
) io 1 [?log(1 + 2y cos(a) + y?
0

Since 1+ 2y cos(a)+%? is decreasing for 0 < o < 7 and increasing for 7 < a < 2,

o = 7 is a minimum. Thus:

, P log (|1 —
ReLiy(—pei®) > _/ Md% (7.4)
0 Yy
where:
_/” log(ll—yl)dy: Liz (p) if p<1
" ’ ™ — Lig(1—p) —In(p— 1)In(p) otherwise.

Thus, when pyps <1 from (7.3) and (7.4), we get:
D(z,w) > —Lia(=p;) = Lia(—p3) + 2Lia(p1p2) = 0,

where the last equality follows since all the factors in the sum are positive. When
p1p2 > 1, from (7.3) and (7.4), we get:

2
. . ™ .
D(z,w) > —Lis(—p}) — Liz(—p3) + 5~ 2Lia(1 = p1p2) — 2Inp1p2 — 1) Inp1p2).

(7.5)
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The RHS is positive for 1 < p1ps < 2 since it is sum of positive factors. When
p1p2 > 2, since all the factors are monotonic, it is enough to consider the limit
as p; goes to +o00 of —D(z,w)/Lis(—p?). By (7.5) above we get:

lim DGz, w)

)
T\ s 2
p1—+00 —ng(—p%) -2’

and we are done. O

In the previous chapters we have seen how the multiplication of a Ké&hler
metric by a positive constant c affects its being projectively induced. The interest
of the Cigar metric relies on the fact that it does not admit a Kéhler immersion
into CP* for any value of ¢ (and thus due to theorems 2.3.4 and 2.3.5 into any
other complex space form). Observe that Calabi himself provides in [10]| examples

of metrics which have the same property.

Example 7.1.2. Consider on C the metric ¢ whose associate Kéhler form w
is given by: w = (4cos(z — z) —1)dz A dz. The associated (globally defined)

diastasis:

D(p,q) = 4cos(p — p) + cos(q — @) — cos(p — q) — cos(q — p)] — |p — q*,
takes negative values, e.g. for ¢ = p + 2.

Example 7.1.3. Consider the product CP! x CP! endowed with the metric
g = b1grs @ bagrs, with by, by positive real numbers such that by /b; is irrational.
Then (CP! x CP!,cg) does not admit a Kéhler immersion into CP> for any
value of ¢. In fact, in [10, Theorem 13|, Calabi proves that (CP", cgrs) admits a
Kéhler immersion into CP* iff 1/c¢ is a positive integer, and this property cannot

be fulfilled by both 1/¢by and 1/cb,.

Althought, both those metrics present geometrical obstructions to the exis-
tence of a Kéahler immersion into CP* that put aside the role of ¢. More precisely,
in the first example the diastasis associated to ¢ is negative at some points, while

in the second one the Kéahler form w associated to ¢ is not integral. In this sense,
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the Cigar metric is important not only because it cannot be Kéhler immersed into
any (finite or infinite dimensional) complex space form for any ¢ > 0 but also
since its associated Kahler form is integral and its diastasis is globally defined on
C x C and positive (cfr. Lemma 7.1.1 above).

In order to prove the nonexistence of a Kéahler immersion of (C, ¢ g) into CP*>
we need the following definition and properties of Bell polynomials. The partial
Bell polynomials By, x(x) := By g(z1,...,Tn_rs1) of degree n and weight k are

defined by (see e.g. [14, p. 133]):

n! :rl s1 ,’L'2 s9 xn_k+1 Sn—k+1
Bhr(x,...,xn = —( ) (_> R e o :
w1 1) % s11. . Sp_pp1! \1I 2! (n—k+1)!
(7.6)
where the sum is taken over the integers solutions of:
s1+2s9+ -+ ksp_pr1 =n
s1+ -+ Sp_py1 = k.

Bell polynomials satisfy the following equalities (the second one has been firstly

pointed out in [10]):

By, (tray, trag, .t g ) = tkr"ank(xl, ey T fet1)- (7.7)
— a1—1 ag-—1—1 o
k—1
Busn) S5 s () ()
' l
k: +1 ai1=k az= ap=1 a1 Ok (78)
"Tn—aylar—ay """ Lag_1—ap Loy,

The complete Bell polynomials are given by:
Yo(zy,...,z,) = Z Bhr(x), Yp:=0,
k=1

and the role they play in our context is given by the following formula |11, Eq.

3b, p.134]:
dr N
% (exp (; ajF)) ’0 = Yn(al, N ,&n). (79)

Observe that from (7.7) it follows:
Yo (ray, riazy, .. r"w,) = Y (21, ..., ). (7.10)
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Theorem 7.1.4. Let g = ﬁdz ® dz be the Cigar metric on C. Then the
diastasis function of the metric g is globally defined and positive on C x C and
(C, cg) cannot be (locally) Kdhler immersed into any complex space form for any

c > 0.

Proof. Observe first that if (M, cg) does not admit a Kahler immersion into CP*>
for any value of ¢ > 0, then it does not either into any other space form. In
fact, if (M, cg) admits a Kdhler immersion into {*(C) then by Th. 2.3.4, it also
does into CP*°, and in particular since the multiplication by c¢ is harmless when
one considers Kéahler immersion into flat spaces, it does for any value of ¢ > 0.
Further, Th. 2.3.5 implies that it does not admit a Kéhler immersion into CH*>
either. Thus, it is enough to show that (C, c¢g) does not admit a Kdhler immersion
into CP* for any ¢ > 0.

Further, the diastasis function associated to the Cigar metric is globally de-
fined and positive by Lemma 7.1.1 above.

Then, by Calabi’s criterions, it remains only to show that there exists n such

that:
0% exp (cDy(]2]?))
o0znozn

‘0 < 0,
where Dg(|z|?) is the Kihler potential defined in (7.1). Observe first that setting:

1l
i; = —cL (7.11)

7
by (7.9) and (7.10) we get:

02" exp (c¢Dy(|2]?)) 1 d" exp (cDy(z))

0zn0z™ o n! dx o
1 . . -
_EYn (_ala (_1)2a27 ) (_1) an)
(=", _
- n‘ Yn (a'la 7an)

We wish to prove that for any ¢ > 0 there exists n big enough such that:

YVZn (ala---7a2n) < 0.
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Observe first that since a; = —ca; with a; = j!/52, we get:
2n
Yau(@) =) (=1)F¢* Bay(a)
k=1
_ (2n)lc 14 c(2n)*Bana(a) c*(2n)?Ba, 3(a) ey cA=1(2n)
(2n)? (2n)! (2n) (2n)

Thus, we need to prove that for any value of ¢ there exists n large enough such

that the following inequality holds:

c(2n)?Baopo(a)  c2(2n)%Ba,s(a) 2 =1(2n)?
’ — : e ———— < L. 7.12
(2n)! et T T @) (7.12)
Since (see [56, Lemma 4]):
. (2n)?Bonpsi(a) k+1 X1 =1
lim = 2o 2
noeo o (2n)! IR e e T
then:
. (2n)?Bopg(a) B+l K11 1
G Ba(0) _ Brl LSS S
noteo o (2n)! B CE e ie T
Further, by:
F1e
=
we get:
. (2n)2Bapssi(a) 1 (72"
lim : =——= .
n—+00 (271)' k! 6

Plugging this into (7.12), we get that as n goes to infinity the left hand side

© k+1 ck /a2\F 2
et 1 —_ T 76
SEE () m1-e

k=1

converge to:

C7r2 . . . .
and conclusion follows by observing that 1 — e~ 6 is strictly increasing as a

function on ¢ and its limit value as ¢ grows is 1. O

Remark 7.1.5. It is worth pointing out that the cigar metric has positive sec-
tional curvature. Hence, in view of Theorem 7.1.4, it is interesting to see if there
exist examples of negatively curved real analytic Kédhler manifolds (M, g) with
globally defined diastasis function which is positive and such that (M, c¢g) cannot

be locally Kéhler immersed into any complex space form for all ¢ > 0.
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METRIC

7.2 Calabi’s complete and not locally homogeneous

metric

Consider the complex tubular domain M, = %D @ 1R™ C C", where D denotes
any connected, open subset of R". Let g, be the metric on M,, whose associated

Kéhler form is given by:

Wy = %8<§F(2),

with:

F(z)=f(z14+ 21, ., 20+ Zn),

where f: D — Ris a radial function f(x1,...,2,) = y(r), with r = (327 23)'/2,

satisfying the differential equation:

N\ n—1
<y‘) yi=e (7.13)

with initial conditions:

y(0) =0, y(0) = O/ (7.14)

This metric introduced by Calabi [11] is the first example of complete and not
locally homogeneous Kéhler—Einstein metric. In [30] J. A. Wolf gives a stronger
more straight-forward version of Calabi’s result, namely if n > 2 and g, is an
E(n)-invariant Kéhler metric on M, where E(n) = R™ - SO(n), then (M,, g,)
cannot be both complete and locally homogeneous. Moreover, E(n) is the largest
connected group of holomorphic isometries of (M, g,).

It is still an open question if this metric admits or not a Kéahler immersion
into some complex space form (except with the case exposed in Exercise 7.4.1).
Although, the following lemma guarantees that the metric is smooth around the

origin and we are able to write its diastasis function.

Lemma 7.2.1. If y(r) is a function satisfying (7.13), then y(r) is smooth at
r=0.
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Proof. Let y(r) be a solution of (7.13). From ((y')") = n(y')""'y” and (7.13) we

r 1/n
/)= (o [ etear)
0

and by substituting ¢ = rs we have:

1 1/n
y'(r)=r <n/ s"_ley(”)ds> .
0

Since fol s"1e¥(")ds is not zero at © = 0, the last equation implies that y/(r) €

C*(0) whenever y(r) € C*(0). By (7.14), y(r) € C?(0) and we are done. O

get:

By recursion from (7.13) and (7.14), one obtains that for all m € IN:

y®m(0) = 0,

thus the power expansion of y(r) around the origin is of the form:

and we have:

F(z,z) = F(0,0)+

3
QN
+
QN
"~ 3
el
(@)
N—
R
-
—~
&
+
QN
S~—
o
~_
(Y]
+

Thus by (1.1), we have:

Do(z) = F(z,2) + F(0,0) — F(0,2) — F(z,0),
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1.e.:

y2R) (0)
@0

puted from (7.13) and (7.14). Although, the matrices of coefficients in the power

can be com-

Observe that we can assume 3”(0) = 1 and the coefficients

expansions (1.9), (2.2) and (2.3) are not diagonal and it is not easy to find a

negative eigenvalue or to prove they are positive semidefinite.

7.3 Taub-NUT metric on C?

In [16] C. Lebrun constructs the following family of Kihler forms on C? defined

by w,, = %85@,,1, where:

D, (u,v) = u* +v* + m(u* +v*), for m >0, (7.15)

and u and v are implicitly defined by:

—v

21| = €™y, 2| = ey, (7.16)

For m = 0 one gets the flat metric, while for m > 0 each of the metrics of this
family represents the first example of complete Ricci-flat (non-flat) metric on C?
having the same volume form of the flat metric wy, i.e. wy, A w, = wo A wo.
Moreover, for m > 0, these metrics are isometric (up to dilation and rescaling)

to the Taub-NUT metric.
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Lemma 7.3.1 (A. Loi, M. Zedda, F. Zuddas, [57]). Let m >0, g, be the Taub—
NUT metric on C? and o be a positive real number. Then ag,, is not projectively

N [e%
induced for m > 5.

Proof. Assume by contradiction that ag,, is projectively induced, namely that
there exists N < oo and a Kéhler immersion of (C?, ag,,) into CPY. Then, it does
exist also a Kihler immersion into CP¥ of the Kihler submanifold of (C?,w,,)
defined by z, = 0, 21 = z, endowed with the induced metric, having potential
®,, = u® + mu?, where u is defined implicitly by zz = ¢*™*42. Observe that
®,, is the diastasis function (1.1) for this metric, since it is a rotation invariant
potential centered at the origin.

Consider the power expansion around the origin of the function e@®m _ 1,

that, by (7.15) and (7.16), reads:
ad,, _ 2 @ 4
e*®m — 1 = alz| +§(a—2m)|z| +....

Since a — 2m > 0 if and only if m < g, it follows by Calabi’s criterion Th. 2.2.4

that ag,, can not admit a Kihler immersion into CPY for any m > 5 O]
In [57] the authors state the following conjecture:

Conjecture 7.3.2. The Taub-NUT metric ag,, on C? is not projectively induced

for any m > 0.

7.4 Exercises

Ex. 7.4.1 — Prove that for n = 2, Calabi’s complete not locally homogeneous

metric (Mo, ws) does not admit a Kihler immersion into CHY, N < oo.

Ex. 7.4.2 — Verify that the Taub-NUT metric (C?, ag,,) cannot be Kéhler

immersed into the complex hyperbolic space CHY, N < 0.

Ex. 7.4.3 — Prove that if the Taub-NUT metric (C?, g,,) admits a Kéhler im-

mersion into CV, N < oo, then m = 0.
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