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A parameter estimation approach was applied to characterise the heat transfer of Scraped Surface Heat
Exchangers (SSHEs) specifically designed for the food industry. It is difficult to apply the data available
in the literature to SSHEs, due to the specificity of each product, thermal treatment and geometrical con-
figuration, making the thermal design of these apparatuses critical. Therefore, it appears to be more use-
ful to assess the methodology used to derive a proper heat transfer correlation than to assess the form of
the heat transfer correlation itself, as the correlation often cannot be transferred to other heat exchang-
ers, even those that belong to the same class.

This study enabled successful and robust estimation of the heat transfer correlation for the product side
Nusselt number and the external side heat transfer coefficient; this approach differs from Wilson plot
methods, as no assumption is made regarding the functional dependence of the external side heat trans-
fer coefficient.

The procedure was validated through application to both synthetic data and experimental data
acquired from a coaxial SSHE pilot plant for the treatment of highly viscous fluid foods.

The procedure was optimised with the aid of sensitivity and uncertainty analysis, which provided con-
siderable insight into the problem.

The application to synthetic data demonstrated that under typical operating conditions, areas of insen-
sitivity to certain parameters are present. The application to the experimental data acquired under both
heating and cooling conditions confirmed that the measured values of the overall heat transfer coefficient
can be used to estimate the secondary fluid heat transfer coefficient, as well as the power law dependence
of the internal fluid Nusselt number on the rotational Reynolds number and the Prandtl number together
with the multiplicative constant. The uncertainty analysis provided the confidence intervals associated
with each estimated parameter, thereby enabling the quality and robustness of the resulting heat transfer
correlations to be determined.

� 2013 Elsevier Ltd. All rights reserved.
1. Introduction

Parameter estimation represents a powerful tool for many engi-
neering applications such as the design of heat exchangers. In fact,
this approach offers the ability to estimate unknown parameters,
which are often crucial for the design and optimisation of the
whole heat transfer apparatus. This strategy appears to be
particularly useful in the design of heat exchangers that are cus-
tomised for certain specific purpose, as often happens with Scraped
Surface Heat Exchangers (SSHEs). SSHEs may provide a suitable
solution to actively enhance the convective heat transfer mecha-
nism in highly viscous or sticky fluids, i.e., in conditions that are
generally critical due to the limited heat transfer coefficients that
can be achieved given the low Reynolds number values that gener-
ally characterise the fluid flow, as shown by Bozzoli et al. (2010),
Rainieri et al. (2011, 2012a, 2013), Datta (2002) and Rozzi et al.
(2007).

In these heat exchangers, the product to be heated/cooled flows
axially in an annular section between a stationary outer cylinder
and a powered coaxial rotor. The inner wall of the outer cylinder
is periodically scraped by blades attached to the rotor, while the
heating or cooling fluid circulates into the external jacket, which
is generally equipped with flow baffles.

There are generally between two and four blades, which can be
arranged longitudinally on the rotor wall along the whole length of
the heat exchanger. Alternatively, short blades can be arranged in
couples and shifted by 180� with respect to the rotor axis, in the
presence or absence of some degree of overlap. These two
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Nomenclature

Ai heat transfer inner surface area, Ai = pDiL (m2)
Ao heat transfer outer surface area, Ao = pDoL (m2)
C multiplicative constant, Eq. (6)
CI95% confidence interval, Eq. (14)
CV coefficient of variation, Eq. (15)
Di exchanger tube inner diameter (m)
Do exchanger tube outer diameter (m)
Dr rotor shaft diameter (m)
h convective heat transfer coefficient (W/m2 K)
j fluid specific enthalpy (J/kg)
J⁄ scaled sensitivity coefficient
J Jacobian operator
L heat exchanger’s length (m)
m mass flow rate (kg/s)
n number of blades
N rotational velocity (r.p.s)
Nu inner side Nusselt number, Eq. (5)
Pi generic unknown parameter
Pr Prandtl number
Q heat transfer rate (W)

Rw wall thermal resistance (K/W)
Rer rotational Reynolds number, Eq. (7)
S target function
T fluid temperature (K, �C)
U overall heat transfer coefficient (W/m2�K)
a Reynolds number exponent, Eq. (6)
b Prandtl number exponent, Eq. (6)
DTml logarithmic mean temperature difference (K, �C)
g fluid dynamic viscosity (Pa s)
k fluid thermal conductivity (W/m K)
kw wall thermal conductivity (W/m K)
q density (kg/m3)
r standard error

Subscripts
i inner-side
o outer-side
in inlet section
out outlet section
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configurations are named continuous and alternate blades, respec-
tively (D’Addio et al., 2012).

In any of the possible configurations, the heat transfer coeffi-
cient is augmented by the mixing of the fluid in the boundary layer,
activated by the rotation of the shaft (Härröd, 1986) and by back-
mixing phenomena (D’Addio et al., 2013). The complex flow pat-
tern established in SSHEs is often described by adopting the axial
Reynolds number and the rotational Reynolds number (Härröd,
1986).

Increasing the rotational Reynolds number results in several
different flow regimes (Härröd, 1986), and this complex flow is af-
fected by many factors including the blade profile, the entry region
effect, the possible non-Newtonian rheological behaviour and the
thermally induced modification of the working fluid properties.

Although SSHEs are frequently used in industrial applications
such as in the dairy and food industry where the fluid under treat-
ment often undergoes phase changes and is often highly viscous
and exhibits complex rheological behaviour, the scientific litera-
ture on this topic contains some gaps, including the thermal design
of these apparatuses (Boccardi et al., 2010; Fayolle et al., 2013).
Very few studies in the open scientific literature address the topic
of SSHE design using a theoretical approach (Härröd, 1986),
although the numerical approach has led to some critical results
(Yataghene and Legrand, 2013; Rainieri et al., 2012b).

Most studies about SSHEs are based on experimental investiga-
tions of single-phase and two-phase heat transfer modalities. The
mostly widely used correlations have been reviewed by Härröd
(1986), Abichandani and Sarma (1987) and Skelland (1958).

The experimental data are treated by adopting the dimensional
analysis approach, but due to the specificity of each plant and
product treated, it is often difficult to extend the validity of the
suggested heat transfer correlations that often hold for the partic-
ular geometry under investigation.

Generally, the experimental investigations reported in the liter-
ature aim to measure the average product Nusselt number for dif-
ferent conditions (different rotational or axial Reynolds number
values, heating/cooling conditions) and different geometric config-
urations (number and/or profile of the blades). The product con-
vective heat transfer coefficient is generally indirectly derived by
measuring the overall heat transfer coefficient, which accounts
for both the internal and external convection thermal resistances,
and for the conductive thermal resistance of the tube wall. This
procedure is sometimes performed by assuming that the external
thermal resistance is much lower than the inner resistance (D’Ad-
dio et al., 2013). This simplified approach can lead to misleading
conclusions for SSHEs because increasing the rotational velocity
of the rotor makes the magnitude of the inner and outer thermal
resistances comparable.

For the internal side heat transfer correlation, a monomial form
is generally adopted by accounting for the dependence of the Nus-
selt number on the rotational Reynolds number and the Prandtl
number, while the dependence on the axial Reynolds number is
generally disregarded (Härröd, 1986).

One of the simplest methods used to account for the external
side heat transfer coefficient is the well-known Wilson plot tech-
nique (Wilson, 1915), which was originally developed to estimate
the inside heat transfer coefficient in a steam condenser by holding
the shell side mass flow rate constant and assuming a known
power law dependence of the internal heat transfer coefficient on
the fluid velocity (Wilson, 1915). A simple linear curve fitting pro-
cedure was used to estimate both the sum of the wall and shell
side resistances and the constant of the internal side heat transfer
correlation. Briggs and Young (1969) suggested and validated a
procedure for determining three unknowns rather than two, as
the exponent expressing the power law dependence of the internal
Nusselt number on the Reynolds number was also estimated. A
more general approach based on a non-linear regression scheme
was presented by Khartabil and Christensen (1992). A unified Wil-
son plot method based on non-linear regression was applied by
Styrylska and Lechowska (2003). Some of these approaches assume
that the external side heat transfer is constant, while others as-
sume that it follows some specific correlation, the parameters of
which have to be estimated.

A general review of the Wilson plot method and its modifica-
tions to determine convection coefficients in heat exchanger de-
vices is presented by Rose (2004) and Fernández-Seara et al.
(2007).

In our opinion, this approach appears to be unsuitable to accu-
rately describe the performance of SSHEs. In fact, the convective
heat transfer on the external side cannot often be analytically
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determined with enough accuracy because the geometry of the
external jacket is often more complex than a simple annular chan-
nel, and also because baffles of different shapes and inclinations
are generally used to improve mixing or promote turbulence. In
this case, parameter estimation procedures can provide a valid
strategy to extract the convective heat transfer coefficients from
the measured values of the overall heat transfer coefficient.

While the Wilson plot method and its subsequent modifications
have been applied to several types of heat exchangers such as
tube-in-tube or shell and tube heat exchangers, and also to cases
of two phase heat transfer (Rose, 2004; Fernández-Seara et al.,
2007), to our knowledge the application of parameter estimation
procedures to SSHEs has not yet been deeply investigated in the
literature.

The present work reports the application of a data processing
procedure based on the parameter estimation methodology to
the characterisation of SSHEs. This investigation is intended to en-
able the robust estimation of the heat transfer correlation for the
product side Nusselt number by assuming unknown the external
side heat transfer coefficient and by assuming it variable with
the secondary fluid mass flow rate. This approach differs from both
the original and the modified Wilson plot methods in that no
assumption is made regarding the functional dependence of the
external side heat transfer coefficient.

Moreover, the uncertainty analysis is complex for Wilson plot
techniques (Uhia et al., 2013), and therefore it is often overlooked.
However, in our opinion, parameter estimation cannot be ad-
dressed without considering uncertainty, and the estimated
parameter values are not fully useful without reporting the associ-
ated confidence interval. For this reason, the parameter estimation
procedure reported here was optimised with the aid of the sensi-
tivity and uncertainty analyses, both of which provided consider-
able insight into the problem by enabling an assessment of the
quality and robustness of the resulting heat transfer correlations.

The procedure was validated through its application to both
synthetic data and experimental data acquired from a coaxial SSHE
pilot plant. In particular, the highly viscous fluid glycerol was
tested as a working fluid over rotational Reynolds numbers ranging
from 50 to 700. The experimental conditions have been tailored to
simulate the actual operating conditions under which SSHEs are
used in the food industry.
2. Parameter estimation and sensitivity analysis for the
characterisation of SSHE behaviour

For any parallel flow heat exchanger, the average overall heat
transfer coefficient U for the inner heat transfer surface area Ai

can be obtained from the equation:

U ¼ Q
AiDTml

ð1Þ

where DTml is the logarithmic mean temperature difference and Q is
the heat flow rate. This definition is based on the following
hypothesis:
1. the steady state condition is verified;
2. the heat exchanger is perfectly thermally insulated from the

environment;
3. the heat conduction in the flow direction is negligible.

For realistic applications, SSHEs only partially meet the assump-
tions stated above, furthermore the parallel flow condition is veri-
fied only by the average flow; however, the definition of the overall
heat transfer coefficient given by Eq. (1) is commonly accepted and
adopted to evaluate the thermal performance of this type of equip-
ment (Geankoplis, 2003). Moreover, the error introduced by using
Eq. (1) is often negligible in comparison to the measurement chain
error.

In Eq. (1), the heat flow rate Q can be recovered by determining
the energy balance of the secondary fluid stream flowing in the
jacket side as follows:

Q ¼ moðjo;out � jo;inÞ ð2Þ

where jo,out and jo,in express the outer-side fluid specific enthalpy
evaluated at the outlet and inlet sections, respectively.

The energy balance could also be evaluated for the product fluid
stream, but in this case, some care is needed in the measurement of
the bulk temperature, as a fluid thermal stratification is expected
to occur over the cross section, and moreover the contribution of
the dissipated work due to the rotating element has to be ac-
counted for. The overall heat transfer coefficient is related to the
product side and secondary fluid convective heat transfer coeffi-
cients by the following equation:

1
UAi
¼ 1

hiAi
þ Rw þ

1
hoAo

ð3Þ

where hi is the convective heat transfer coefficient of the product
flowing in the tube equipped with the rotor and ho is the convective
heat transfer coefficient of the fluid stream flowing in the jacket
side, Ai and Ao are the inner and outer heat transfer surface areas
and Rw is the thermal resistance of the wall that separates the
two fluids, expressed as follows:

Rw ¼
lnðDo=DiÞ

2pkwL
ð4Þ

where kw is the thermal conductivity of the wall material and L is
the length of the heat exchanger.

The wall thermal resistance Rw can be assumed to be known
and constant for a given heat exchanger under a given operating
condition.

Using the exchanger tube’s internal diameter as the characteris-
tic length, the internal side Nusselt number is expressed in the fol-
lowing straightforward manner:

Nu ¼ hiDi

k
ð5Þ

where k is the product (inner side fluid) thermal conductivity.
It is difficult to predict which thermal resistance in Eq. (3) is

dominant for SSHEs, as variations in the rotational velocity of the
rotor may induce significant variations of the internal-side heat
transfer coefficient.

In Eq. (3), both hi and ho are generally unknown, and can be
determined with suitable accuracy by adopting a parameter esti-
mation technique under an inverse problem data processing meth-
odology (Beck and Arnold, 1977).

With regard to SSHEs, under the hypothesis of single-phase
flow, the product side heat transfer coefficient can be assumed to
be correlated in terms of the Nusselt number as follows:

Nu ¼ CRea
r Prb ð6Þ

where the rotational Reynolds number Rer is defined according to
Härröd (1986) as follows:

Rer ¼
NðDiÞ2q

g
ð7Þ

In Eq. (7), N is the rotational velocity and g and q are the prod-
uct dynamic viscosity and density, respectively.

For the outer-side heat transfer coefficient, it is difficult to iden-
tify a heat transfer correlation because the jacket side generally has
a complex geometrical configuration that can modify the flow
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regime in unpredictable ways. Therefore, the value of the outer-
side convective heat transfer coefficient has to be considered an
unknown parameter. Moreover, under typical operating condi-
tions, the external side heat transfer coefficient can be considered
to depend on the fluid mass flow rate only, as the service fluid tem-
perature often undergoes small changes (Fernández-Seara et al.,
2007).

Therefore, an SSHE can be described by assuming that the
unknown variables in Eqs. (3) and (6) are C, a, b, and ho, with
this last parameter assumed to vary with the secondary fluid
mass flow rate. In principle, these variables could be concur-
rently estimated by the parameter estimation approach by
minimising the squared errors of the prediction with respect
to the experimentally measured values for U (Beck and Arnold,
1977).

This implies that the following function should be minimised
using the usual least squares approach:

Sðho;C;a; bÞ ¼
XM

j¼1

½Uexp;j � Ucalc;j�2 ð8Þ

where M is the number of measurements made for a given second-
ary fluid mass flow rate by varying Rer and Pr, with the resulting
Ucalc expressed as follows:

Ucalc ¼
1
Ai

Di

AikCRea
r Prb þ Rw þ

1
Aoho

 !�1

ð9Þ

Then, the parameter estimation procedure applied to the heat
transfer characterisation of SSHEs results in the minimisation of
the objective function S given by Eq. (8) by assuming Rer and Pr
as the independent variables; C, a, b and ho as the unknown vari-
ables, and all the other properties and geometrical quantities as
known.

The practical possibility of concurrently estimating all the un-
known parameters (C, a, b and ho) is only feasible if the param-
eter sensitivity coefficients for the output variable U with respect
to each parameter are linearly independent over the range of
interest (Beck and Arnold, 1977). In practice, the sensitivity coef-
ficients quantify the extent to which variations in the parame-
ters of interest affect the output of the system, which is
evaluated in the present case by measuring the overall heat
transfer coefficient U. The coefficients are then defined with re-
spect to the generic parameter Pi in a dimensionless form as
follows:

J�i ¼
1
U
@U
@Pi

Pi ð10Þ

where Pi represents the unknown variables, i.e., C, a, b and ho, and U
is the overall heat transfer coefficient expressed as a function of the
independent variables Rer and Pr.

Although the sensitivity analysis is a useful tool to theoretically
verify the possibility of concurrently estimating several unknown
variables, it does not provide any quantitative information about
the uncertainty associated with each estimated value (Blackwell
and Beck, 2010). A well-known method used to address this issue
involves the computation of confidence intervals for the parameter
estimates using asymptotic theory (Banks et al., 2010; Seber and
Wild, 2003). Following this approach, once the optimal curve-fit
parameters P are determined, the parameter standard errors rP

are given by:

rP ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2

U � diagð½JT � J��1Þ
q

ð11Þ

where J is the Jacobian matrix of the target variable, i.e., the func-
tion Ucalc
J ¼ @UcalcðPÞ
@P

� �
ð12Þ

and r2
U is the residual variance:

r2
U ¼

1
M � z

XM

j¼1

½Uexp;j � Ucalc;jðPÞ� ð13Þ

where M is the number of measurements and z is the number of
parameters to be fitted.

In order to express the reliability of the parameter estimates
and to compare the relative precision of different parameter esti-
mates the 95% confidence interval, CI95%, and the coefficient of var-
iation, CV, are generally used (Banks et al., 2010). With regard to
the parameter Pi, they are defined as follows:

CI95%
Pi
¼ ðPi � 1:96rPi; Pi þ 1:96rPiÞ ð14Þ

CVPi
¼ rPi

Pi
ð15Þ

The sensitivity and uncertainty analyses were applied to both
synthetic and experimental data for a coaxial SSHE.

It must be stressed that the approach presented here, based on
the assumption that the external side heat transfer coefficient var-
ies with the secondary fluid mass flow rate, is optimised for appa-
ratuses in which single-phase convection is present on the
secondary fluid side. If evaporation or condensation occur in the
external jacket, then this method should be applied with caution
because other terms apart from the fluid mass flow rate drive the
mechanism of heat transfer (e.g., vapour quality, heat flux, and
pressure).

3. Application of the parameter estimation approach to
synthetic data

To test the parameter estimation approach, the function given
in Eq. (8) was minimised for synthetic data. The data sets were
generated for an SSHE with L = 2 m, Rw = 2.8 � 10�4 K/W,
Ai = 0.93 m2, and Ao = 0.98 m2 by varying Rer over the range of
50–1000 and randomly varying Pr over the range of 1000–3000
and assuming that the values a = 0.76, b = 0.24 and C = 1.8 are rep-
resentative of the behaviour of a real SSHE (Härröd, 1986). The con-
vective heat transfer coefficient of the fluid stream flowing in the
jacket side, namely ho, was first varied over the range 1000–
4000 W/m2 K, which is representative of SSHEs in which the sec-
ondary fluid flows under the turbulent regime, as often happens
when water is used as the service fluid.

To verify the possibility of concurrently estimating the un-
known parameters, i.e., ho, C, a and b, it is important to analyse
the behaviour and the relative magnitude of their sensitivity coef-
ficients versus the independent variables, i.e., the rotational Rey-
nolds number and the Prandtl number.

In Fig. 1(a) and (b), the scaled sensitivities are reported for a sin-
gle Pr number value (Pr = 2000) versus the rotational Reynolds
number for the representative cases: C = 1.8, a = 0.6, b = 0.24,
ho = 1000 and 4000 W/m2 K, respectively.

The trends of J�ho, J�C and J�a confirm that the concurrent estima-
tion of the three parameters is feasible, although the relative mag-
nitude of the three scaled sensitivities varies significantly with the
progression of ho. In particular, by increasing ho, the low values as-
sumed by J�ho suggest that it is critical to estimate the external heat
transfer coefficient in this operating condition. This point, which
ultimately arises due to the relative magnitudes of the thermal
resistances, was also observed by Khartabil and Christensen
(1992), who analysed the accuracy that could be achieved with
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Fig. 1. Scaled sensitivity coefficients versus the Reynolds number for C = 1.8, a = 0.7, b = 0.24, Pr = 2000, with ho = 1000 W/m2 K (a) and ho = 4000 W/m2 K (b).
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non-linear regression models in the characterisation of heat
exchangers based on experimental measurements of the overall
heat transfer coefficient. On the other hand, for the lowest ho value
considered here, the estimation of the multiplicative constant C is
identified as the critical issue. Moreover, the presence of a maxi-
mum of J�a in the low rotational Reynolds number range suggests
that the experimental conditions can be optimally designed to
accurately infer the a exponent through the minimisation of the
functional S.

Regarding the trend of J�b versus Rer reported in Fig. 1(a) and (b),
as expected, J�b shows a linear dependence on J�C for a given Pr value,
with the multiplicative constant correlated with the Prandtl expo-
nent. To make the estimation of the b exponent feasible indepen-
dently from the multiplicative constant C, it is obviously
necessary to consider a sensitivity analysis by assuming that the
Prandtl number is the independent variable. Moreover, both C
and b can be successfully estimated if they are linearly indepen-
dent: this condition can be verified by evaluating the ratio J�C

�
J�b

versus the Prandtl number (Beck and Arnold, 1977). This function
is reported in Fig. 2 for three representative Reynolds number val-
ues in a Prandtl number range of interest for SSHE applications
(1000 < Pr < 3000). The fact that the ratio J�C

�
J�b is not constant over

the Prandtl number range considered here confirms the feasibility
of independently estimating both the multiplicative constant and
the Prandtl number exponent.

To identify a strategy to accurately determine the secondary
fluid convective heat transfer coefficient ho as well as a and C, it
is necessary to perform various measurements characterised by
different values of the external side thermal resistance to cover
the space of possible values for the design variables.

To simulate the presence of experimental noise, multiplicative
white noise with a mean of zero and a constant variance was
superimposed to the overall heat transfer coefficient distributions
as follows:

Uexp ¼ Ucalcð1þ eÞ ð16Þ

where e is the uniformly distributed random noise with zero mean
and variance r. Two different variance values were considered,
r = 1% and 5%. The synthetic U-data set is reported in Fig. 3 versus
Rer for the representative case r = 1% by assuming four ho values,
namely ho,1 = 1000, ho,2 = 2000, ho,3 = 3000 and ho,4 = 4000 W/m2 K,
with Pr randomly distributed over the range 1000–3000.

At first, the estimation procedure was developed by sepa-
rately considering each set of data characterised by a given ho

value. Therefore, the functional to be minimised was defined
as follows:

Sðh0;i;Ci;ai; biÞ ¼
XM

j¼1

½Uexp;j � Ucalc;j�2 i ¼ 1;2; . . . ;K ð17Þ

where K is the number of datasets, each containing M
measurements.

To assess the robustness of the estimation approach, the func-
tional given by Eq. (17) was performed within the MATLAB
R2011a� environment by adopting the Levenberg–Marquardt
algorithm developed for nonlinear least squares fits (Levenberg,
1944; Marquardt, 1963). The uncertainty associated with
each estimated value was estimated from the parameter



Table 1
Best estimates and uncertainty analysis for the data set with ho = 1000 W/m2 K.

Unknown
parameter

Exact
value

Estimated
alue

CI95% CV
(%)

r = 1%
ho (W/m2 K) 1000 991 (968, 1014) 1.2
C 1.80 1.80 (1.32, 2.27) 13
a 0.760 0.773 (0.741, 0.803) 2.0
b 0.240 0.233 (0.210, 0.257) 5.2

r = 5%
ho (W/m2 K) 1000 883 (816, 951) 3.9
C 1.80 0.38 (�0.27, 1.03) 87
a 0.760 0.950 (0.778, 1.211) 9.2
b 0.240 0.335 (0.172, 0.498) 25

Table 2
Best estimates and uncertainty analysis for the data set with ho = 4000 W/m2 K.

Unknown
parameter

Exact
value

Estimated
value

CI95% CV
(%)

r = 1%
ho (W/m2 K) 4000 3991 (3847, 4135) 1.8
C 1.80 1.79 (1.59, 1.97) 5.5
a 0.760 0.762 (0.749, 0.775) 0.87
b 0.240 0.239 (0.230, 0.248) 1.8

r = 5%
ho (W/m2 K) 4000 3901 (3084, 4718) 11
C 1.80 1.60 (0.52, 2.67) 34
a 0.760 0.778 (0.699, 0.856) 5.1
b 0.240 0.244 (0.190, 0.297) 11

Table 3
Best estimates and uncertainty analysis for the whole data set (Eq. (18), K = 4).

Unknown
parameter

Exact
value

Estimated
value

CI95% CV
(%)

r = 1%
ho,1 (W/m2 K) 1000 996 (987, 1006) 0.48
ho,2 (W/m2 K) 2000 1982 (1948, 2016) 0.87
ho,3 (W/m2 K) 3000 2953 (2879, 3028) 1.3
ho,4 (W/m2 K) 4000 3919 (3790, 4049) 1.7
C 1.80 1.71 (1.54, 1.87) 5.2
a 0.760 0.766 (0.754, 0.778) 0.79
b 0.240 0.243 (0.235, 0.252) 1.7

r = 5%
ho,1 (W/m2 K) 1000 971 (928, 1014) 2.2
ho,2 (W/m2 K) 2000 1929 (1777, 2081) 4.0
ho,3 (W/m2 K) 3000 2886 (2553, 3220) 5.9
ho,4 (W/m2 K) 4000 3744 (3186, 4302) 7.6
C 1.80 1.62 (0.808, 2.431) 26
a 0.760 0.788 (0.729, 0.847) 3.8
b 0.240 0.237 (0.195, 0.279) 9.0

Table 4
Best estimates and uncertainty analysis for the data set with ho = 150 W/m2 K, r = 5%.

Unknown
parameter

Exact
value

Estimated
value

CI95% CV
(%)

ho (W/m2 K) 150 151 (141, 161) 3.3
C 1.80 0.180 (�0.743, 1.10) 261
a 0.760 0.699 (0.314, 1.08) 28
b 0.240 0.577 (0.0480, 1.11) 47

Table 5
Best estimates and uncertainty analysis for the data set with ho = 300 W/m2 K, r = 5%.

Unknown
parameter

Exact
value

Estimated
value

CI95% CV
(%)

ho (W/m2K) 300 301 (286, 315) 2.5
C 1.80 2.17 (�0.866, 5.20) 71
a 0.760 0.739 (0.572, 0.905) 12
b 0.240 0.228 (0.0924, 0.364) 30
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covariance matrix by asymptotic theory (Banks et al., 2010; Se-
ber and Wild, 2003). Both the 95% confidence intervals and the
coefficients of variation were calculated, according to Eqs. (14)
and (15).

Tables 1 and 2 report the results for the cases ho = 1000 W/m2 K
and ho = 4000 W/m2 K for two different noise levels. As expected
from the outcome of the sensitivity analysis, for the lowest value
of the external side heat transfer coefficient (ho = 1000 W/m2 K),
the highest uncertainty is associated with the estimation of the
multiplicative constant C and the Prandtl exponent b. For the high-
est noise level (r = 5%), the accurate estimation of C becomes prac-
tically infeasible (coefficient of variation of 87%). For the same
noise level, when the external side heat transfer coefficient is in-
creased (ho = 4000 W/m2 K), the estimation of the multiplicative
constant C is still critical, although the coefficient of variation de-
creases to 34%.

One strategy to address the problem of the low sensitivity coef-
ficient of C is to minimise the following functional:

Sðho;1; ho;2; . . . ;ho;K�1; ho;K ;C;a;bÞ ¼
XM�K
j¼1

½Uexp;j � Ucalc;j�2 ð18Þ

i.e., by simultaneously assuming that all the parameters K, ho val-
ues, and C, a and b are unknown.

In minimising the objective function in Eq. (18) due to the
high number of unknown parameters, it is necessary to verify
that the solution algorithm correctly finds the global minimum,
avoiding remaining stuck in a local minimum as observed by
Pacheco-Vega et al. (2003) for the global regression of heat ex-
changer data.

Table 3 reports the results of the optimisation problem for the
case K = 4 (namely, ho,1 = 1000, ho,2 = 2000, ho,3 = 3000 and
ho,4 = 4000 W/m2 K) and r = 1% and r = 5%. This strategy enabled
improving the accuracy of the estimation of C by enhancing the
accuracy of the estimation of the other unknown parameters. This
improvement is verified for both noise levels.

To verify the effectiveness of this approach for different second-
ary fluids, a new set of synthetic data was generated considering
the convective heat transfer coefficient of the fluid stream flowing
in the jacket side over the range of 150–400 W/m2 K; these values
are representative of operating conditions in which a highly vis-
cous liquid, that necessarily flows under the laminar flow regime,
is used as the secondary fluid (e.g., diathermic oils). Tables 4 and
5 report the results obtained by separately considering each set
of data characterised by a given ho value for the cases
ho = 150 W/m2 K and ho = 300 W/m2 K, assuming a noise of
r = 5%. As in this case the magnitude of the inner resistance is less
than that of the outer side thermal resistance, the estimation of the
multiplicative constant C is even more critical than in the previous
cases.

Table 6 summarises the results of the optimisation problem
based on the assumption that all unknown parameters are
simultaneously unknown. The results confirm that this strategy
enables an improvement in the accuracy of the estimation of all
parameters also in the case of laminar flow conditions in the jack-
et side.



Fig. 5. Cross section of the SSHE.

Table 7
SSHE geometric characteristics.

Symbol Description Value (mm)

Di Exchanger tube inner diameter 152
Do Exchanger tube outer diameter 156
Dr Rotor shaft diameter 102
L Tube exchanger length 2000
/e Exchanger external diameter 230
/i Jacket tube external diameter 188

Table 6
Best estimates and uncertainty analysis for the whole data set (Eq. (18), K = 4), r = 5%.

Unknown
parameter

Exact
value

Estimated
value

CI95% CV
(%)

ho,1 (W/m2 K) 150 151 (147, 155) 1.3
ho,2 (W/m2 K) 200 202 (196, 208) 1.5
ho,3 (W/m2 K) 250 253 (244, 262) 1.9
ho,4 (W/m2 K) 300 303 (290, 316) 2.2
C 1.80 2.19 (�0.34, 7.72) 59
a 0.760 0.711 (0.578, 0.843) 9.5
b 0.240 0.241 (0.128, 0.354) 24
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4. Application of the parameter estimation approach to
experimental data

4.1. Experimental facility

The estimation methodology described above was assessed in
an SSHE prototype provided by MBS S.r.l. (Parma–Italy). The prod-
uct to be heated/cooled flows axially in an annular section between
a stationary outer cylinder and a powered coaxial rotor. The inner
wall of the outer cylinder is periodically scraped by two couples of
alternate blades attached to the rotor. Fig. 4 presents a sketch of
the coaxial SSHE, while Fig. 5 shows a sketch of the heat exchanger
cross section tested here. The main geometrical characteristics are
reported in Table 7. The blades are made of plastic material (Ry-
ton�), while the rotor, stator and external jacket are made of AISI
316L steel.

The rotor is driven by a three phase asynchronous electric mo-
tor with a variable speed drive. The working fluid is pure glycerol,
and both heating and cooling conditions were tested by adopting
hot or cold water as the secondary fluid, flowing in a separate loop.
The jacket side contains baffles with a pitch of 200 mm that force
the secondary fluid to follow a helical path along the heat exchan-
ger. The product is conveyed by a screw pump from a tank to the
heat exchanger. The product flow rate was measured by a volumet-
ric flowmeter (CRAIND, model Kontax) placed upstream of the inlet
section of the heat exchanger, while the water stream flow rate
was measured by a magnetic flowmeter (SIEMENS, model
mag5000).

To simulate a steady state condition, the working fluid was
thermally treated in the SSHE and then reconditioned to a fixed
temperature in a recovery heat exchanger fed by city water before
being delivered to the tank. The hot water was provided by a gas
boiler connected to a storage tank, which was thermally insulated
from the environment, while the cold water was provided by the
tap water loop. A centrifugal pump conveyed the water stream
Fig. 4. Sketch of the coaxial alternate blade SSHE used for these experiments.
from the tank to the SSHE. Both the working and secondary fluid
inlet and outlet bulk temperatures were evaluated by averaging
the temperature values acquired by thermocouples placed at three
different radial positions on each tube section.

The whole heat exchanger was thermally insulated from the
environment by means of a 2 cm Armaflex� layer. All the instru-
ments were connected to an Agilent Technologies multimeter
(model 34970A), driven by a personal computer.

The standard approach of Kline and McClintock (1953) was
adopted to perform the error analysis: the maximum uncertainty
associated with the convective heat transfer coefficient was ±15%
(Rainieri et al., 2012b).

4.2. Results

To simulate the typical operating conditions of SSHEs in the
food industry, which generally handle highly viscous fluids, glyc-
erol was used as the working fluid and water was used as the ser-
vice fluid. Different sets of runs, each characterised by a constant
outer-side water mass flow rate value, were considered by varying
the rotor velocity over the range of 0.57–3.5 r.p.s. to emphasise the
heat exchanger’s behaviour in the laminar and vortical regimes. Ta-
ble 8 reports the experimental conditions of some representative
runs. In the data processing and the definition of the dimensionless
parameters, the properties of the working fluid (glycerol) were
evaluated at the average bulk temperature between the inlet and
outlet sections.

The measured and calculated values of the overall heat transfer
coefficient were forced to match by minimising the functional S gi-
ven by Eq. (18) by adopting the parameter estimation approach de-
scribed in the previous paragraph.



Table 8
Experimental conditions of some representative runs.

mo (kg/s) To,in (�C) To,out (�C) Ti,in (�C) Ti,out (�C) N (r.p.s.)

Heating conditions
0.63 63.1 60.7 36.5 41.4 0.57

62.8 60.2 40.0 46.3 1.17
62.0 59.2 43.9 50.6 2.2
62.0 59.3 45.3 51.9 2.83
62.1 59.4 45.7 52.3 3.08

0.90 62.3 60.6 36.8 41.8 0.57
62.0 60.1 39.1 45.1 0.92
61.4 59.3 43.7 50.4 1.75
61.3 59.2 44.2 50.9 2.00
61.1 59.0 45.1 51.8 2.50

mo (kg/s) Ti,in (�C) Ti,out (�C) To,in (�C) To,out (�C) N (r.p.s.)

Cooling conditions
0.61 56.40 44.2 15.0 19.0 0.57

53.23 40.4 14.8 19.6 1.17
51.81 38.4 14.9 19.6 1.75
48.02 34.2 15.2 20.1 3.33
47.88 33.9 15.0 19.9 3.50

0.89 61.54 47.3 14.4 17.9 0.57
56.52 40.4 14.4 18.5 1.75
54.63 38.0 14.4 18.7 2.50
53.54 36.6 14.4 18.6 3.08
52.98 35.9 14.4 18.6 3.50

Table 9
Best estimates and uncertainty analysis for the experimental data set (heating and
cooling conditions).

Unknown parameter Estimated value CI95% CV (%)

Heating conditions
ho,1 (W/m2 K) 1527 (1255, 1799) 9.3
ho,2 (W/m2 K) 1690 (1322, 2058) 11
ho,3 (W/m2 K) 2057 (1405, 2708) 16
ho,4 (W/m2 K) 2398 (1400, 3395) 21
C 2.7 (1.3, 4.1) 27
a 0.69 (0.60, 0.77) 6.2
b 0.18 (0.16,0.20) 5.9

Cooling conditions
ho,1 (W/m2 K) 1844 (1258, 2430) 16
ho,2 (W/m2 K) 2001 (1313, 2689) 18
ho,3 (W/m2 K) 2330 (1397, 3262) 20
ho,4 (W/m2 K) 2425 (1414, 3435) 21
C 0.90 (0.39, 1.40) 29
a 0.54 (0.47, 0.60) 5.9
b 0.42 (0.37, 0.47) 5.8
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Fig. 6. Optimal Nusselt number correlation for the heating conditions.
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Fig. 7. Optimal Nusselt number correlation for the cooling conditions.
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This approach estimated the outer-side convective heat transfer
coefficient, assumed to be constant for each water mass flow rate
value, the multiplicative constant C and both the rotational Rey-
nolds and Prandtl number exponents.

The assumption of the constant value of the outer side heat
transfer coefficient for a given water mass flow rate value is justi-
fied by the fact that under the present experimental conditions, the
average water temperature varies ±0.5 �C from one run to another
(see Table 8), and therefore the thermal properties (density, viscos-
ity, thermal conductivity and specific heat) are expected to change
to a limited degree. Under these conditions, ho is expected to de-
pend mainly on the mean fluid velocity.

A simplified approach was considered for the minimisation pro-
cedure: unique values for the exponents of the Prandtl and the
rotational Reynolds numbers were considered over the whole rota-
tional velocity range, although different flow regimes are expected
to occur in the Rer range investigated here.

Table 9 reports the results of the optimisation procedure for
both the heating and cooling conditions. As predicted by the appli-
cation of the estimation procedure to the synthetic data, the high-
est uncertainty is associated with the estimation of the
multiplicative constant for both the heating and cooling conditions
(coefficient of variation of approximately 30%), while both the Rey-
nolds and Prandtl number exponents are determined with a coef-
ficient of variation of approximately 6%. The experimental data
are compared to the optimal correlations found in Figs. 6 and 7;
accounting for the experimental error, all the data fall within an er-
ror margin of ±20%.

The results obtained here for a (0.60 < a < 0.77) for the heating
conditions are in good agreement with the data reported for the
transitional flow regime in SSHEs by Härröd (1986), who reported
values of the exponent of the rotational Reynolds number in the
range of 0.6–0.96 under these flow conditions. A slightly lower a
value was obtained for the cooling conditions (0.47 < a < 0.60).
For the Prandtl number exponents, the optimal value found for
the heating conditions (0.16 < b < 0.20) is close to the value pre-
dicted by Sykora et al. (1968) (b = 0.24), while the result for the
cooling conditions (0.37 < b < 0.47) is in good agreement with pen-
etration theory with surface renewal prediction (b = 0.5), as re-
ported by Higbie (1935) and Kool (1958).
To assess the robustness of the parameter estimation methodol-
ogy, the restored internal-side Nu data were then compared in
more detail with the correlations derived by modifying the pene-
tration theory outcomes as suggested by Härröd (1986). According
to this theory, originally formulated by Higbie (1935) and applied
to SSHEs by Kool (1958) with limited success, the product Nusselt
number correlation is expressed as follows:

Nu ¼ 2 � p�0:5 � ðRer � Pr � nÞ0:5 ð19Þ
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where n is the number of blades.
Härröd (1986) analysed the experimental results available in

the literature and observed that the product Nusselt number varied
from 0.2 to 0.5 and from 0.3 to 1.4 times the value predicted by Eq.
(19) for the laminar and vortical flow regimes, respectively. The
present experimental data are compared with the predictions of
the modified penetration theory under the approach suggested
by Härröd (1986) in Fig. 8.

This comparison highlights that the parameter estimation pro-
cedure adopted here provided internal side Nu values that are
coherent with the data available in the literature for SSHEs. More-
over, this comparison highlights that for Rer values lower than 250,
considered as the critical value for the departure from the laminar
flow regime (Härröd, 1986), the thermal performance of the SSHE
is similar in heating and cooling conditions. Increasing the Rer re-
sults in lower product Nu data in cooling conditions than in heating
conditions. This can be explained by the strong effect of the tem-
perature dependence of the viscosity of the working fluid on the
onset of the vortical flow regime.

Note that under the operating conditions investigated here, the
inner to outer side thermal resistance ratio was in the range of 0.4–
2. Therefore, for the present conditions, neglecting the external
side thermal resistance would have led to a misinterpretation of
the experimental data.

5. Conclusions

The aim of the present investigation was to enable the robust
estimation of the heat transfer correlation for the product side
Nusselt number in an SSHE by assuming that the values of the
external side heat transfer coefficient are unknown, as well. The
estimation procedure presented here did not require any hypothe-
sis about the functional dependence of the external side heat trans-
fer coefficient, as is generally assumed in modified Wilson plot
approaches.

The procedure was validated through its application to both
synthetic and experimental data acquired from a coaxial alternate
blade SSHE pilot plant planned to treat highly viscous fluid foods.
The parameter estimation procedure was optimised for sensitivity
and uncertainty analysis, which provided considerable insight into
the problem.

The application to synthetic data demonstrated that under typ-
ical operating conditions, some parameters have areas of insensi-
tivity, especially in the presence of highly noisy data. A strategy
was developed to enhance the parameter estimation procedure
by simultaneously processing different sets of data characterised
by different secondary fluid mass flow rates. The success of the
parameter estimation methodology was verified for both the lam-
inar and turbulent flow regimes for the secondary fluid stream heat
transfer modality.

The application to the experimental data confirmed that from
the measured values of the overall heat transfer coefficient, the
secondary fluid heat transfer coefficient, and the power law depen-
dence of the internal fluid Nusselt number on the rotational Rey-
nolds number and the Prandtl number can be successfully
estimated together with the multiplicative constant for both the
heating and cooling conditions.

The uncertainty analysis provided the confidence intervals
associated with each estimated parameter, enabling the quality
and robustness of the resulting heat transfer correlation to be
assessed.

Regarding the experimental data, the highest uncertainty was
associated with the estimation of the multiplicative constant (coef-
ficient of variation of approximately 30%), while both the Reynolds
and Prandtl number exponents were determined with a coefficient
of variation of approximately 6%.

The methodology presented in this study offers the ability to
estimate all the unknown parameters that are crucial for the de-
sign and optimisation of SSHEs, which often must be customised
to enable specific thermal treatment of highly viscous fluid foods.
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