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On stable quantum currents ∗†

Joachim Asch ‡, Olivier Bourget §, Alain Joye ¶

21/02/2020

Abstract

We study transport properties of discrete quantum dynamical systems on
the lattice, in particular Coined Quantum Walks and the Chalker–Coddington
model. We prove existence of a non trivial charge transport implying that
the absolutely continuous spectrum covers the whole unit circle under mild
assumptions. We discuss anomalous quantum charge transport. For Quantum
Walks we exhibit explicit constructions of coins which imply existence of stable
directed quantum currents along classical curves. The results are of topological
nature and independent of the details of the model.

1 Introduction

We consider the signature of transport provided by the presence of a non trivial abso-
lutely continuous component in the spectrum of the evolution operator of two classes
of unitary network models: the celebrated Chalker-Coddington model of condensed
matter physics, [11, 19], which provides an effective description of one time step of
the motion of an electron in a plane subject to a strong perpendicular magnetic field
and a random potential, and the abstract d-dimensional Coined Quantum Walk which
finds applications in several areas of Quantum Computing, [25, 21]. Both models are
characterized by a unitary operator

U on a Hilbert space `2(Zd,Cn)
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which couples neighboring sites only.
Moreover both classes are parametrised by a countable family of unitary finite-

dimensional matrices that describe the local dynamics: the scattering matrices for
the Chalker-Coddington model and the coin matrices for the Quantum Walks. This
makes these models very versatile and they display a whole range of quantum dynamics
depending on the choice of these matrices. In particular, it is known that dynamical An-
derson localisation takes place for random versions of the Chalker-Coddington model,
[1, 2], and of Coined Quantum Walks, [16, 6, 17]. On the other hand for Quantum
Walks on trees there are localisation-delocalisation transitions,[14] and the localisation
length diverges with high coordination number for Balanced Random Quantum Walks,
[5]. Moreover, homogeneous parameters at infinity or the presence of boundaries in-
duce absolutely continuous spectrum for both models, [15, 3, 4]. For periodically driven
unitary networks models it is known that the presence of boundaries and symmetries
of the bulk imply occurence of currents, [22, 12, 13, 24].

By contrast, here we analyse transport properties of static models defined on the
whole of Zd.

To do so we use topological properties of the self-adjoint flux operator out of a
subspace Ran(P ) of an orthogonal projection

Φ = U∗PU − P.

The index of Φ is defined by the Fredholm index of the restriction of U to Ran(P ),
see (1) and proposition 2.2 below. It is an instance of the index of a pair of projections
which is invariant under small or compact variations of U or P . A trace formula in odd
powers of Φ is known for the index which is of essential importance for the theory of
the quantum Hall effect [7, 8]. We prove in general that a non trivial index implies the
appearance of a wandering subspace, reducing a perturbation of the evolution operator
which becomes a shift on the subspace. This shift may be considered as a current.
We prove that under regularity assumptions it implies the occurence of stable gapless
absolutely continuous spectrum, see Theorem 2.1. In the sequel we provide relevant
physical examples where these assumptions hold and also examples where the current
is anomalous, existing in a fully localised system.

We observe that a trace formula in even powers of Φ holds for its index which
generalises Kitaev’s formula [18], see Proposition 2.2.

Then we turn to Coined Quantum Walks. For P being the fully filled state on a
half space we analyse the properties of Φ as a function of the local coin matrices. We
show how to engineer currents along leads on an interface by choosing coin matrices,
Theorem 3.16. These currents imply existence of absolutely continuous spectrum stable
under perturbations at all quasienergies.

The fourth Section is devoted to the Chalker-Coddington model defined on the
plane. We show that under very general conditions there exists a non trivial flux of
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particles transversal to a curve. Under mild additional assumptions this implies gapless
absolutely continuous spectrum, see Theorem 4.7.

In the last section we conclude with remarks on anomalous charge transport.

2 General results

In [7] the relative index of two projections was defined and shown to be zero if and only
if there exists a unitary operator interchanging the projections; also a trace formula in
odd powers of their difference was shown for the index.

In this section we shall prove in general that stable currents and spectral properties
of U are implied by a non vanishing relative index of Φ. In particular we show that
stable absolutely continuous spectrum covers the whole unit circle if Φ is trace class.
We also observe that a trace formula in even powers of Φ holds for the relative index;
it is quite useful in our application in chapter 4.

Theorem 2.1. Let U be a unitary operator on a Hilbert space and P an orthogonal
projection. For the selfadjoint operator

Φ := U∗PU − P = U∗ [P,U ]

suppose that 1 is an isolated eigenvalue of finite multiplicity of Φ2 and define the
integer

ind(Φ) := dim ker (Φ− I)− dim ker (Φ + I) . (1)

If the index does not vanish, ind(Φ) = n 6= 0, then:

there exists a unitary Û such that Û = S ⊕ Ũ where S is a bilateral shift of
multiplicity |n|, Ũ is unitary on its subspace, it leaves P invariant : [Ũ , P ] = 0 and

1. ‖U − Û − F‖ = O(‖Φ<‖) for a finite rank operator F and Φ< the restriction
of Φ to its spectral subspace off ±1 : Φ< := Φχ(Φ2 < 1);

2. if [P,U ] is compact then U − Û is compact and the essential spectrum of U is
the whole unit circle :

σ(U) = S1;

3. if [P,U ] is trace class then U − Û is trace class and the absolutely continuous
spectrum of U is the whole unit circle:

σac(U) = S1.

Remark that the occurence of a wandering subspace for U in this context as well
as item (2) of Theorem 2.1 was observed by [10]. We proved item (3) for a special
case in [4]. For the proof and for our applications we shall use the following facts and
concepts, with the notation P⊥ := 1− P :
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Proposition 2.2. 1.
Φ2 ≤ 1; [Φ2, P ] = 0;

ker (Φ + I) = ker (PUP � RanP ) ; ker (Φ− I) = ker
(
P⊥UP⊥ � RanP⊥

)
.

2.
ind(Φ) = trace

(
Φ2j+1

)
for any odd integer 2j + 1 for which Φ2j+1 is trace class.

3. If ind(Φ) is defined then

ind(Φ) = dim ker
(
(Φ2 − I) � RanP⊥

)
− dim ker

(
(Φ2 − I) � RanP

)
.

Furthermore:
ind(Φ) = trace

(
(P⊥ − P )Φ2j

)
for any even integer 2j for which Φ2j is trace class; in particular if Φ2 is trace
class then

ind(Φ) = trace
(
P⊥U∗PUP⊥ − PU∗P⊥UP

)
.

4. If [0, 1] 3 t→ U(t) is norm continuous and unitary and for Φ(t) = U∗(t)PU(t):
1 /∈ σess(Φ(t)2) then Z 3 ind(Φ(t)) = const. If Φ(t0)j is trace class for a j ∈ N
then ind(φ(t)) can be calculated by a trace as in item (2) or (3).

5. A d-dimensional subspace L is called wandering for a unitary U , if UkL ⊥
L ∀k ∈ N. For an orthogonal decomposition L =

⊕d
j=1 Lj into 1-dimensional

subspaces and for the U -invariant subspace

M :=
⊕
k∈Z

UkL =
d⊕
j=1

⊕
k∈Z

UkLj

it holds that the restriction U � M is a bilateral shift of multiplicity d and U � M⊥
is unitary on M⊥. In particular σac(U) = S1.

Remark 2.3.

The assertions 1, 2, 5 are well known, see [7, 23]. We contribute the supertrace formula
for even powers of Φ for the index, i.e. item (3). This is in fact a generalization of
Kitaev’s formula [18], which says for the case of P a multiplication operator in `2(Z;C):

ind(Φ) = trace
(
(P⊥ − P )Φ2

)
=

∑
x∈P,y∈P⊥

|Uxy|2 − |Uyx|2.

We have formulated the result (3) for Φ = U∗PU − P , but, as for the result (2), see
[7], the proof works in the general case where Φ is the difference of two projections
Φ = R− P .
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Proof. of Proposition (2.2). Item(4) follows from items (2,3) and the stability of the
index, c.f. [7].
Item (3): ψ ∈ ker(Φ + I)⇐⇒ (ψ ∈ ker(Φ2 − I) and ψ = Pψ); ψ ∈ ker(Φ− I)⇐⇒
(ψ ∈ ker(Φ2 − I) and ψ = P⊥ψ) which implies the first assertion.

Denote the projection R := U∗PU and B := R⊥ − P . Then Φ = R− P and

Φ +B = P⊥ − P.

Denote Qλ2 the spectral projection on ker(Φ2 − λ2) whose dimension is finite, Φ2

being compact. From [7] we know that Φ2 + B2 = I and {Φ, B} = 0 and by their
Theorem 4.2 that:

trace (Qλ2(Φ +B)) = 0 if 0 < λ2 < 1.

Assuming that Φ2j is trace class and calculating the trace in the spectral decomposition
of Φ2 we have

trace
(
(P⊥ − P )Φ2j

)
=

∑
λ2∈σ(Φ2),λ2<1

λ2j trace (Qλ2(Φ +B))︸ ︷︷ ︸
0

+trace (Q1(Φ +B))

= trace (Q1(Φ +B)) = trace (Q1Φ) = dim ker (Φ− I)− dim ker (Φ + I) .

Proof. of Theorem 2.1 Following the idea of [10] we show that there exists a pertur-
bation of U which admits an |n| dimensional wandering subspace L. We freely make
use of Proposition (2.2).

For the dimensions of the ±1 eigenspaces of Φ we can suppose n = n+ − n− < 0
(else consider P⊥ in place of P as −Φ = U∗P⊥U − P⊥). Then

dim ker (Φ + I) = dim ker (Φ− I) + |n| = n+ + |n|.

Choose an |n| dimensional subspace

L ⊂ ker (Φ + I) = ker (PUP � RanP )

and denote its n+ dimensional complement L⊥ := ker (Φ + I) 	 L ⊂ RanP . The
orthogonal projection Q− on ker (Φ + I) then decomposes as Q− = QL + QL⊥ . Q+

projects on ker (Φ− I) ⊂ RanP⊥ and Q0 := I − Q+ − Q−. Note that Q0 =
χ (Φ2 ∈ [0, 1)), the spectral projection off 1.

Choose a n+ dimensional unitary V

V : L⊥ → ker (Φ− I) = RanQ+ = ker
(
P⊥UP⊥ � RanP⊥

)
.
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Observe for the diagonal operator :

PUP + P⊥UP⊥ = U − [P, [P,U ]] = U(I− Φ2 − [P,Φ]︸ ︷︷ ︸
=:W

).

Denoting the projection R := U∗PU , it holds : Φ = R− P , I− Φ2 = P⊥R⊥ + RP ,
W = R⊥P⊥ +RP . It follows

W ∗W = P⊥R⊥P⊥ + PRP = I− Φ2.

W commutes with Φ2 thus with Q0 because P does. Denote U0 : RanQ0 → RanQ0

the unitary such that
W = U0(I− Φ2)1/2 on RanQ0

and Û the unitary on the entire Hilbert space :

Û (ψL + ψ− + ψ+ + ψ0) := U (ψL + V ∗ψ+ + V ψ− + U0ψ0)

for ψL + ψ− + ψ+ + ψ0 ∈ RanQL + RanQ⊥L + RanQ+ + RanQ0.
By construction we have (see also figure 1):

ψL ∈ kerPUP ⇒ ψL ∈ kerPÛP,

ψ− ∈ kerPUP ⇒ V ψ− ∈ kerP⊥UP⊥ ⇒ Ûψ− = ÛPψ− = PÛPψ−,

ψ+ ∈ kerP⊥UP⊥ ⇒ V ∗ψ+ ∈ kerPUP ⇒ Ûψ+ = ÛP⊥ψ+ = P⊥ÛP⊥ψ+,

ÛQ0 = (PUP + P⊥UP⊥)
(
I− Φ2

)−1/2
Q0 = (PÛP + P⊥ÛP⊥)Q0

as [P,Φ2] = 0.

It follows

ker
(
PÛP � RanP

)
= L; ker

(
P⊥ÛP⊥ � RanP⊥

)
= 0; PÛP⊥ = 0.

This implies for all k ∈ N

PÛkP⊥ = 0, P ÛkQL = 0, and in particular QLÛ
kQL = 0,

thus L is a wandering subspace for Û . This implies for the invariant subspace M :=⊕
Z Û

kL that the restriction S := Û � M is a bilateral shift of multiplicity |n| and

that Ũ := Û � M⊥ is unitary.
Remark that Û(I − QL) commutes with P and in particular [QM, P ] = 0 which

implies [Ũ , P ] = 0.
Concerning the regularity remark that

U∗Û − I = (V ∗ − I)Q+ + (V − I)QL⊥︸ ︷︷ ︸
=:F

+(U0 − I)Q0
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Figure 1: The action of Û

where F is of finite rank, and, as operators on RanQ0 :

(U0 − I)(I− Φ2)1/2 = W − (I− Φ2)1/2 = −Φ2 − [P,Φ] + Φ2(I + (I− Φ2)1/2)−1

which is of order O(‖Φχ(Φ2 < 1)‖) and compact (trace class) if Φ is compact (trace
class).

The results on the spectrum of U then follow from invariance of the essential (resp.
ac) spectrum under compact (resp. trace class) perturbations.

3 Engineering Quantum Walks with prescribed cur-
rents on bulk boundaries

We consider coined quantum walks on H = `2
(
Zd,C2d

)
, with scalar product 〈·, ·〉.

Denote the discrete unit sphere by

I2d := Sd−1 ∩ Zd

and its directions by (±j) := ±ej, j ∈ {1, . . . , d}, with the canonical basis vectors
ej ∈ Zd; thus I2d = {(±j)}. A quantum direction is a basis vector |±j〉 ∈ C2d with
|+j〉 := ê2j−1, |−j〉 := ê2j for the canonical basis vectors êj ∈ C2d; we freely use the
bijection from classical to quantum directions : (±j)↔ |±j〉.

For τ ∈ I2d denote
Pτ := |τ〉 〈τ |

the orthogonal projection on span(|τ〉) ⊂ C2d.
By a multiplication operator on H with symbol M we understand

Mψ(x) = M(x)ψ(x), ψ ∈ H, M(x) ∈ B
(
C2d
)
.
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Denote Sτ the right shift Sτψ(x) := ψ(x− τ). The conditional shift operator is

T : H→ H, T :=
∑
τ∈I2d

SτPτ , (2)

where Pτ has the symbol Pτ ,∀x, i.e.: Tψ(x) =
∑

τ 〈τ, ψ(x− τ)〉 |τ〉.
By a simple quantum walk U : H→ H with coin C we understand

U = TC with C a multiplication operator with unitary symbol . (3)

Thus the corresponding one step unitary evolution U of the walker is so that
the coin matrices first reshuffle or update the coin states so that the pieces of the
wave function corresponding to different internal states are then shifted to different
directions, depending on the internal state : Uψ(x) =

∑
τ 〈τ, C(x− τ)ψ(x− τ)〉 |τ〉.

We are working with a flux operator defined for an adapted projection, i.e.: a
projection which at each site projects onto quantum directions:

Definition 3.1. A projection valued multiplication operator P with symbol P is called
adapted if

[P (x), Pτ ] = 0, x ∈ Zd, τ ∈ I2d

The set of open directions at x ∈ Zd is defined as

IP(x) := {τ ∈ I2d, 〈τ, P (x)τ〉 6= 0}

so P (x) =
∑

τ∈IP(x) |τ〉 〈τ |.
If P is an adapted projection then T∗PT is also adapted with symbol

P̂ (x) =
∑
τ∈I2d

PτP (x+ τ)Pτ ;

An adapted P is called homogeneous in G ⊂ Zd if

dim Ran P̂ (x) = dim RanP (x),∀x ∈ G.

Example 3.2. For d = 1, G = [1,∞) ∩ Z the only two adapted projections homoge-
neous in G and of dim RanP (x) = 1, x ∈ G are given by

1. Pa(x) := χ(x ∈ G) |1〉 〈1|

2. Pb(x) := χ(x ∈ G) |(−1)x〉 〈(−1)x|

then for x ∈ G : P̂a(x) = Pa(x), P̂b(x) = P⊥b (x)

Proposition 3.3. Let U be a quantum walk with coin C, P an adapted projection,
Φ = U∗PU −P. It holds
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1. the eigenvalue 1 of Φ2 is isolated and finitely degenerate iff there exists R > 0
such that P is homogeneous in {x ∈ Zd, |x| > R} and it holds in C2d :

sup
|x|>R

‖C∗(x)P̂ (x)C(x)− P (x)‖ ≤ c < 1.

In this case

ind(Φ) =
∑
|x|≤R

(
dim Ran P̂ (x)− dim RanP (x)

)
; (4)

2. [U,P] is compact iff lim|x|→∞ ‖C∗(x)P̂ (x)C(x)− P (x)‖ = 0;

3.
∑

x∈Zd ‖C∗(x)P̂ (x)C(x)− P (x)‖ <∞ implies that [U,P] is trace class.

Proof. 1. Φ is an operator valued multiplication operator with self-adjoint symbol

Φ(x) = C∗(x)P̂ (x)C(x)− P (x),

for the spectrum it holds σ(Φ) =
⋃
x∈Z2 σ(Φ(x)). Also the eigenspace ker(Φ ± I) is

the direct sum of ker(Φ(x) ± I) which is trivial for x with |x| > R as ‖Φ(x)‖ < 1
there. Thus dim ker(Φ ± I) =

∑
|x|≤R dim ker(Φ(x) ± I) which implies the formula

for the index.
2. Compactness of the multiplication operator Φ is equivalent to ‖Φ(x)‖ → 0.
3. Follows from lemma 3.4

Lemma 3.4. Let M be a multiplication operator. If its symbol satisfies∑
x∈Zd
‖M(x)‖ <∞

then M is trace class.

Proof. M is trace class iff
∑

x

∑
µ λµ(x) =

∑
x ‖M(x)‖tr <∞ for the singular values

of M(x). The result follows from the equivalence of norms.

As a corollary from Theorem 2.1 and Proposition 3.3 we have

Corollary 3.5. Let P be a projection homogeneous in {x ∈ Zd, |x| > R} such that∑
x∈Zd

dim Ran P̂ (x)− dim RanP (x) 6= 0

let C be a coin and U = TC the associated quantum walk. Then
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1. C∗(x)P̂ (x)C(x)− P (x)→|x|→∞ 0 implies : σ(U) = S1;

2.
∑

x ‖C∗(x)P̂ (x)C(x)− P (x)‖ <∞ implies : σac(U) = S1;

3. for C(x) as in 2. and a second coin C2 such that
∑

x ‖C(x)− C2(x)‖ <∞ it
holds

σac(TC2) = S1.

Proof. 1. and 2. follow from Theorem 2.1, proposition 3.3 and Lemma 3.4. For the
third assertion remark that TC2 −TC1 = T(C2 −C1) which is trace class, and the
claim follows from the Birman-Krein theorem.

Our basic example, see figure (2) and example (3.2), in one dimension is

Example 3.6. (Basic example) For dimension d = 1 let C be a coin such that[
C(x), P(1)

]
= 0 ∀x ≥ N ≥ 0 then σac(TC) = S1.

Proof. Let P be an adapted projection such that P (x) = 0 for x less or equal to −N
and P (x) = P(1) for x greater or equal to N .Then for all directions τ : P (x + τ) =

P (x),∀|x| > N and C∗(x)P̂ (x)C(x) − P (x) = Φ(x) = 0,∀|x| > N . So Φ is trace
class and

trace(Φ) =
∑
|x|≤N

∑
τ

(trace(PτP (x+ τ)Pτ )− trace(PτP (x)Pτ )

= trace(P(1)(P (N+1)−P (−N)))+trace(P(−1)(P (−N−1)−P (N))) = trace(P(1)) = 1

and the claim follows from Theorem (2.1).

01=0 P=PX X 111

•  •  • •  •  •  • •  •  •  • •  •  •  • A

- N N

Figure 2: Basic example

Remark that the above quantum walk TC � χ([N,∞))P1 is a unilateral shift and
the coin is totally arbitrary on the left of N . In particular other spectral type may
coexist with the absolutely continuous spectum on S1.
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3.1 Networks of leads in Zd

The basic example above is effortlessly transported to a halfline in Zd.

Example 3.7. (Halfline in Zd) Denote N(1) := N× {0} × · · · × {0} ⊂ Zd. Let C be
a coin and U = TC the associated quantum walk.

1. If [C(x), P(1)] = 0,∀x ∈ N(1) then it holds with the symbol P (x) := χ(x ∈
N(1))P(1) : ind(U∗PU −P) = 1.

2. If [C(x), P(−1)] = 0,∀x ∈ N(1) then it holds with the symbol P (x) := χ(x ∈
N(1))P(−1) : ind(U∗PU −P) = −1.

Proof. It is sufficient to calculate P̂ in a 1-neighborhood of N(1) because Φ(x) vanishes
outside. Here we have, see figure (3)

Br
••  • • •  • • • •  •

•  • •  •  •  • •  •  •  •

•  • • •  •  • •  •  •  •

•  • •  •  •  • •  •  •  • Bo Nga ,

•  • • A •  Ba Ba  I •  •

•  • • •  •  • •  •  •  •

•  • • •  •  • •  •  •  •

Figure 3: 1-neighborhood

1.

P (x+ (1)) =

{
P(1) x ∈ N(1) ∪ {(0, 0, . . .)}

0 else

P (x+ (−1)) =

{
P(1) x ∈ N(1) \ {(1, 0, . . .)}

0 else

P (x+ (2)) =

{
P(1) x ∈ N(1) + (−2)

0 else

P (x+ (−2)) =

{
P(1) x ∈ N(1) + (2)

0 else

it follows P̂ (x) = P(1)χ(x ∈ N(1) ∪ {(0, 0, . . .)}) so P is homogeneous in Zd \
{(0, 0, . . .)} and by formula (4) : ind(Φ) = rank(P1χ(x = (0, 0, . . .)) = 1.

2. In the second case
P̂ (x) equals P (x) on N(1) \ {(1, 0, . . .)} , P is homogeneous in Zd \ {(1, 0, . . .)}

and
ind(Φ) = −rank(P(−1)χ(x = (1, 0, . . .))) = −1.
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Generalising this example we consider outgoing and incoming leads :

Definition 3.8. A path γ : Z ⊃ G → Zd is called regular if |
−−−−−−−−→
γ(t− 1)γ(t)| = 1,∀t−

1, t ∈ G and simple if it is injective. An unbounded regular path is called a (classical)
lead. A lead is outgoing if G = N = {1, 2, . . .} and a lead is incoming if G = −N =
{. . . ,−2,−1}.

The tangent path of γ is

τγ : G→ I2d, τγ(t) :=
−−−−−−−−→
γ(t− 1)γ(t)

with the convention : τγ(1) := τγ(2) for an outgoing lead. An outgoing or incoming
lead is called admissible if it has no tangential selfintersections, i.e.

G 3 t→ (γ(t), τγ(t)) ∈ Zd × I2d

is injective.

We use the following notations : for x0 ∈ Zd, τ ∈ I2d : |x0, τ0〉 ∈ `2
(
Zd,C2d

)
is

defined by x 7→ δx,x0 |τ0〉 and
|x0, τ0〉 〈x0, τ0|

for the orthogonal projection on span{|x0, τ0〉}.

Definition 3.9. Let γ : G→ Zd be a classical lead and τγ its tangent. The associated
quantum lead is an adapted projection with symbol along γ, i.e.

Pγ(t) = |γ(t), τγ(t)〉 〈γ(t), τγ(t)| , t ∈ G.

We construct quantum walks which implement the time evolution along a lead :

Proposition 3.10. Let Pγ be an admissible outgoing (resp. incoming) quantum lead
and let C be a coin such that

| 〈τγ(t+ 1), C(γ(t))τγ(t)〉 | = 1 ∀t ∈ G s.t. t+ 1 ∈ G. (5)

Then Pγ(t)Pγ(s) = 0,∀t 6= s ∈ G and for the quantum walk U = TC it holds:

UnPγ(1)U∗n = Pγ(1 + n) ∀n ∈ N if γ is outgoing ,

U∗nPγ(−1)Un = Pγ(−1− n) ∀n ∈ N if γ is incoming .

In particular RanPγ(1) (resp. RanPγ(−1)) is a wandering subspace for U (resp. U∗)
if γ is outgoing (resp. incoming), and for the total projector

Pγ :=
∑
t∈G

Pγ(t) and the flux Φ = U∗PγU −Pγ, G = N ( resp. G = −N)

it holds

ind(Φ) =

{
1 if γ is outgoing
−1 if γ is incoming .

12



Proof. By the admissibility assumptions |γ(t0), τγ(t0)〉 ⊥ |γ(t1), τγ(t1)〉 , ∀t0, t1 ∈ G.
It follows that Pγ is well defined as a strong limit of orthogonal projections.

For any t ∈ G ( except t = −1 in the incoming case) it holds for a phase ϕt ∈ S1:

U |γ(t), τγ(t)〉 = ϕtT |γ(t), τγ(t+ 1)〉 = ϕt |γ(t+ 1), τγ(t+ 1)〉 .

This proves the wandering subspace property and furthermore :

UPγU
∗ =

{
Pγ − |γ(1), τγ(1)〉 〈γ(1), τγ(1)| if γ is outgoing
Pγ + U |γ(−1), τγ(−1)〉 〈γ(−1), τγ(−1)|U∗ if γ is incoming.

It follows for Φ = U∗PγU −Pγ:

Φ =

{
U∗ |γ(1), τγ(1)〉 〈γ(1), τγ(1)|U if γ is outgoing
− |γ(−1), τγ(−1)〉 〈γ(−1), τγ(−1)| if γ is incoming.

(6)

and

ind(Φ) =

{
1 if γ is outgoing
−1 if γ is incoming .

Because of the locality or the construction we can consider an arbitrary finite
number of leads and design currents.
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Figure 4: Networks of leads

Definition 3.11. We say that leads do not cross tangentially if for any (x, τ) ∈ Zd×I2d

there is at most one lead γ such that (x, τ) ∈ Ran(γ, τγ)

Proposition 3.12. For ni, no ∈ N consider ni incoming leads γj and no outgoing leads
ρk which do not cross tangentially. Let C be a coin satisfying condition (5) along all

13



leads and U = TC the associated walk. Then the total projections on the quantum
leads are mutually orthogonal and for

P =
∑
j

Pγj +
∑
k

Pρk and the flux Φ = U∗PU −P

it holds
ind(Φ) = no − ni.

Proof. At a given x ∈ Zd no more than 2d paths can cross non tangentially so
there exists a C(x) ∈ U(2d) satisfying (5). The non-tangential condition implies
Pα(t)Pβ(s) = 0,∀t 6= s, ∀α = β ∈ {γj, ρk}. The result then follows because equation
(6) implies: ind(ΦP1+P2) = ind(Φ1) + ind(Φ2)

Remarks 3.13. 1. Note that the coin C(x) is arbitrary for x outside the leads and
that no − ni 6= 0 implies σac(U) = S1; also the spectral result remains true if
condition (5) is only satisfied asymptotically in the sense of Corollary 3.5, point
3.

2. Note that σac = S1 as soon as a quantum lead is present such that condition
(5) is satisfied.

Examples 3.14. In Z2 consider

1. two outgoing leads: ρ1(n) = (0, n − 1),∀n ∈ N, ρ2(n) = (−n + 1, 0),∀n ∈ N
with tangents τρ1(n) = (0, 1), τρ2(n) = (−1, 0). Then for Φ = U∗(Pρ1 +
Pρ2)U − (Pρ1 + Pρ2) : ind(Φ) = 2;

2. an incoming and an outgoing lead: γ1(n) = (0,−n − 1),∀n ∈ −N, ρ2(n) =
(−n + 1, 0),∀n ∈ N with tangents τγ1(n) = (0,−1), τρ2(n) = (−1, 0). Then
for Φ = U∗(Pγ1 + Pρ2)U − (Pγ1 + Pρ2) : ind(Φ) = 1− 1 = 0.

3.2 Networks of leads tangential to bulk boundaries

We now design quantum walks which propagate along a network of leads on a surface
bounding a half-space and such that there is no flow out of the halfspace. We start by
constructing a projection and a coin such that there is no flow out the halfspace and
add conducting leads on the surface in a second step.

Consider the lattice

Zd+1 split in two halfs Zd+1
± := Zd × (±N) separated by the boundary Γ = Zd × {0}.

The tangent space is

TΓ = {(±j), j ∈ {1, . . . , d}} ⊂ I2(d+1), and the in-(out-)ward normal ±N = (±(d+1));

14
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we use the same notations for the quantum directions TΓ = {|±j〉}j∈{1,...,d} ⊂
C2(d+1), |±N〉 = |±(d+ 1)〉

Lemma 3.15. Let P be the adapted projection with symbol

P (x) =


I x ∈ Zd+1

+

0 x ∈ Zd+1
−

|−N〉 〈−N |+ PTΓ = I− |N〉 〈N | x ∈ Γ

(with PTΓ the projection on the tangential directions) and C any coin whose symbol
leaves the tangent space invariant and which reflects the normal on Γ, i.e.:

C(x)TΓ = TΓ, C(x) |±N〉 = |∓N〉 ∀x ∈ Γ

then P is homogeneous in Zd+1 and for U = TC it holds

Φ = U∗PU −P = 0.

Note that because the coin is reflecting on the surface a Quantum Walker can
move tangentially to, but cannot cross Γ.

Proof. By homogeneity it is sufficient to consider the 1-neighborhood of Γ = Γ∪ (Γ +
N) ∪ (Γ−N). For x ∈ Γ we have

P̂ (x) =
∑
τ∈Γ

Pτ IPτ + PN P (x+N)︸ ︷︷ ︸
=I

PN + P−N P (x−N)︸ ︷︷ ︸
0

P−N = I � TΓ + PN ,

for x ∈ Γ +N :

P̂ (x) =
∑

τ∈I2(d+1)\{−N}

Pτ + P−NP (x−N)P−N︸ ︷︷ ︸
P−N

= P (x)
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and for x ∈ Γ−N :

P̂ (x) = PNP (x+N)PN = 0 = P (x).

It follows that rankP̂ (x) = rankP (x), ∀x and from the properties of C:

Φ(x) = C∗(x)P̂ (x)C(x)− P (x) = 0, ∀x.

We now are able to consider a network of leads on the surface Γ and a quantum
walk such that there is no crossing from Zd+1

+ to Zd+1
− but which propagates on Γ with

arbitrary index of Φ:
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Figure 6: Leads on a surface

Theorem 3.16. For ni, no ∈ N consider ni-incoming leads γj and no outgoing leads
ρk on Γ which are admissible and do not cross tangentially.

Let P be the adapted projection with symbol

P (x) =


I x ∈ Zd+1

+

0 x ∈ Zd+1
−

|−N〉 〈−N | x ∈ Γ

and, as in proposition 3.12

PL =
∑
j

Pγj +
∑
k

Pρk

the total projection on the leads. Let C be any coin which is reflecting on Γ :

C(x) |±N〉 = |∓N〉 ∀x ∈ Γ

16



and such that condition (5) is verified for all leads. Then for

Q = P + PL, Φ = U∗QU −Q

it holds
ind(Φ) = n0 − ni.

Furthermore

1. U`2(Zd+1
± ;C2d) ⊂ `2(Zd+1

± × Γ;C2d)

2. RanPρk(1) is a wandering subspace for U

3. RanPγj(−1) is a wandering subspace for U∗

Proof. PL contains only tangential directions while P contains none, ind(ΦPL) +
ind(ΦP) = ind(ΦQ). For the same reasons the two conditions on the coin are

compatible and the dynamical results follow from the previous results.

Remark 3.17. 1. Note that the coin C(x) is arbitrary for x outside the leads and
that no − ni 6= 0 implies σac(U) = S1; also the spectral result remains true if
condition (5) is only satisfied asymptotically in the sense of Corollary 3.5, point
3.

2. It is straightforward the extend the above results to hypersurfaces more general
than Γ.

4 Transport perpendicular to bulk boundaries, the
Chalker–Coddington model

This section is devoted to spectral and transport results for Chalker-Coddington models
defined in the two-dimensional plane. It is an extension of the spectral analysis for the
model in a quasi one-dimensional strip via a flux study lead in [4]. For background on
the model we refer to [4] and references therein. Let

{Sj,2k}j,k∈Z

be a collection of unitary 2× 2 matrices Sj,2k ∈ U(2) called scattering matrices, even
or odd according to the parity of j; they define the unitary operator which characterises
the Chalker-Coddington model

U : `2(Z2;C)→ `2(Z2;C)

17



in the following way : denoting by |j, k〉 the canonical basis vectors of l2(Z2;C), U is
defined according to figure (7) by:

(
U |2j, 2k〉

U |2j + 1, 2k − 1〉

)
:= S2j,2k

(
|2j, 2k − 1〉
|2j + 1, 2k〉

)
,(

U |2j + 1, 2k〉
U |2j + 2, 2k + 1〉

)
:= S2j+1,2k

(
|2j + 2, 2k〉
|2j + 1, 2k + 1〉

)
. (7)

S2j,2k

S2j+1,2k

(2j,2k)

(2j+1,2k)

-
Qasim

Lezion

Q

Q̂

-
S E -

\

Arnhem
'

around

(2j,2k)

(2j,2k)

Figure 7: A Chalker–Coddington model with its incoming (solid arrows) and outgoing
links.

The in- and outgoing subspaces of the scattering matrices play a prominent role in
the following:

for z = (j, 2k) ∈ Z× 2Z denote Qz the orthogonal projections on

RanQ2j,2k = span {|2j, 2k〉 , |2j + 1, 2k − 1〉} ,
RanQ2j+1,2k = span {|2j + 2, 2k + 1〉 , |2j + 1, 2k〉} .

and their images Q̂z = UQzU
∗ on

Ran Q̂2j,2k = span {|2j + 1, 2k〉 , |2j, 2k − 1〉} ,
Ran Q̂2j+1,2k = span {|2j + 1, 2k + 1〉 , |2j + 2, 2k〉} .

Remarks 4.1. 1. In the original paper [11] the moduli of the elements of Sj,2k were
constant and the phases random variables. Here we have no restrictions.
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2. Note that Qz, Q̂z do not depend on the collection of scattering matrices.

For the flux operator we observe the following :

Proposition 4.2. Let G be a subset of Z2 and P the multiplication operator P =
χ(x ∈ G),

Φ = U∗PU − P.

Then it holds

1. [Φ, Qz] = 0 ∀z ∈ Z× 2Z;

2. ΦQz = U∗(PQ̂z)U − PQz;

3. ind(Φ) is well defined iff for a c, R > 0 : sup|z|>R ‖ΦQz‖ ≤ c < 1, then it holds

ind(Φ) =
∑

z,|z|≤R

dim Ran(PQ̂z)− dim Ran(PQz).

Proof. By definition Qz, Q̂z are multiplication operators on `2(Z2;C) thus commute
with P , or

[Φ, Qz] = [U∗PU,Qz] = U∗[P, Q̂z]U = 0.

Also ker (Φ2 − I) =
⊕

z∈Z×2Z ker ((Φ2 − I)Qz) and σ (Φ2) =
⋃
z∈Z×2Z σ (Φ2Qz). By

assumption dist
(
{1},

⋃
|z|>R σ(Φ2Qz)

)
> 0 thus 1 is an isolated finite dimensional

eigenvalue and

ind(Φ) =
∑
|z|≤R

dim ker ((Φ− I)Qz)−
∑
|z|≤R

dim ker ((Φ + I)Qz) =

=
∑
|z|≤R

ind(ΦQz) =
∑
|z|≤R

trace(ΦQz) =
∑

z,|z|≤R

dim Ran(PQ̂z)− dim Ran(PQz).

To define an appropriate projection P we use some graph terminology. To the
given U be can associate the directed graph

G = (V,E)

with vertices in V = Z2 and whose directed edges are defined by

−→xy ∈ E iff 〈y, Uc x〉 6= 0
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Figure 8: The weights of G.

where Uc is the critical model which has all its scattering matrices equal to 1√
2

(
1 −1
1 1

)
.

Some features of the given U are then described by attributing

the weight |〈y, Ux〉| to the edge −→xy ∈ E

and we call an edge open of its weight does not vanish, see figure (8).
The dual graph

G∗ = (V ∗, E∗)

has its vertices at the center of the faces of G

V ∗ = Z2 +
1

2
(1,−1)

and its edges (which we call links to distinguish) connect all neighbours at distance 1
thus bisecting the edges of G. We use the notations:

V ∗ 3 v∗ = (x∗1, x
∗
2) := (x1, x2) +

1

2
(1,−1)

for integers x1, x2 and say that

x∗j ∈ Even if xj ∈ 2Z, x∗j ∈ Odd if xj ∈ 2Z + 1.

Our parameters for the scattering matrices Sz, z ∈ Z× 2Z are:

Sz = qz

(
rz −tz
t̄z r̄z

)
with qz ∈ S1, rz, tz ∈ C s.t. |rz|2 + |tz|2 = 1.

Now consider a partition of G in two infinite connected subgraphs G+ and G− and
consider a path in G∗ which bisects the edge boundary of G+.
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Figure 9: Edges of weight |r| (black) are crossed by links on γ incident to (x∗1, x
∗
2)

which are : horizontal if x∗2 ∈ Even or vertical if x∗1 ∈ Odd. Red edges are of weight
|t|.

To be specific apprehend such a path as a continuously parametrized injective
piecewise unit speed curve of segments of length one

γ : R→ G∗ ⊂ R2 such that γ(t) ∈ V ∗ and
−−−−−−−−→
γ(t)γ(t+ 1) ∈ E∗ for t ∈ Z

oriented such that G+ is to the left of γ; we call it an admissible path. Let V+ be the
set of vertices of G+ and consider its projection and flux operator in `2(Z2;C) :

Pγ = χ(x ∈ V+), Φγ = U∗PγU − Pγ.

In the following we shall give sufficient conditions for non-trivial ind(Φγ). By the
general theory of Theorem 2.1 and Proposition 2.2 we know that all vertices which are
not incident to the edge belong to ker(Φγ); in view of proposition 4.2 we label the set
of interesting vertices as follows:

Definition 4.3. Let γ : R → G∗ be an admissible path. We call Eγ ⊂ E the set
of edges bisected by γ and Vγ the labels of subspaces RanQz which contain vertices
incident to Eγ :

Vγ :=
{
z ∈ Z× 2Z;P⊥γ UcPγQz 6= 0 or PγUcP

⊥
γ Qz 6= 0

}
.

γ is called an r-path in I ⊂ R if its restriction to I bisects only black edges of weight
|rz| for z ∈ Vγ. A t-path in I is defined analogously.

Remark 4.4. Observe that according to figure(9) any link of an r-path can be incident
to dual vertices in Odd×Even but it has to be horizontal at Even×Even and vertical
at Odd×Odd. For a t-path the opposite is true.
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Lemma 4.5. Let γ be an admissible r-path in R; then it holds for the operator and
the trace norm:

‖Φγ‖ ≤ sup
z∈Vγ
|rz|, ‖Φγ‖1 ≤ const.

∑
z∈Vγ

|rz|.

Proof. We suppress the subscript γ to Φ and P for the proof. Only states with label
in Vγ contribute and [Φ2, Qz] = 0 so we have

Φ2 = PU∗P⊥UP + P⊥U∗PUP⊥ =
∑

z∈Z×2Z

Φ2Qz =
∑
z∈Vγ

Φ2Qz =
∑
z∈Vγ

|rz|2Qz.

Now [Φ2, P ] = 0 and γ crosses Qz horizontally or vertically and only edges of weight
|rz| thus Φ2Qz = |rz|2Qz, see figure (10). It follows that |Φγ| =

∑
z∈Vγ |rz|Qz which

implies the assertion.

Figure 10: The action of Φ2Qz for an r-path

Proposition 4.6. Let γ be an admissible r-path in I = R \ [−N,N ] for an N > 1
and such that for a c > 0

|rz| ≤ c < 1 ∀z ∈ Vγ�I
then ind(Φγ) is well defined and it holds

ind(Φγ) = 0.

The analogous statement holds true for a t-path.

Proof. We suppress the subscript γ to Φ and P for the proof. It follows from Propo-
sition (4.2) and Lemma (4.5) that ind(Φ) is well defined because∑

z∈Vγ

ΦQz −
∑
z∈Vγ�I

ΦQz

is of finite rank and

ind(Φ) =
∑

z∈Vγ�[−N,N ]

dim Ran(PQ̂z)− dim Ran(PQz).
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If γ is already an r-path in all R then dim Ran(PQ̂z) = dim Ran(PQz) = 1,∀z ∈
Vγ because only r edges are bisected thus P splits RanQz and Ran Q̂z horizontally or
vertically according parity, c.f. (4.4). Thus ind(Φγ) = 0.

If not, choose two integers N± ∈ Z such that ±N± > ±N and such that γ(N±) ∈
Odd× Even thus all links incident to the dual vertices γ(N±) bisect edges of weight
|r|. Then we can define a new admissible path γ̂ replacing the part γ �(−N−,N+) by
an r path inside G+ connecting γ(N−) to γ(N+). The difference Pγ − Pγ̂ is of finite
rank thus

ind(Φγ) = ind(Φγ̂) = 0.

Theorem 4.7. Let U be a Chalker Coddington model such that there exists an ad-
missible path γ which is an r-path in (−∞,−N ] and a t-path in [N,∞) for an integer
N > 1, and such that for a c > 0

|rz| ≤ c < 1 ∀z ∈ Vγ�(−∞,−N ] and |tz| ≤ c < 1 ∀z ∈ Vγ�[N,∞).

Then ind(Φγ) is well defined and it holds

| ind(Φγ)| = 1.

In addition

1. Φγ is compact iff lims→−∞ rγ(s) = 0 = lims→∞ tγ(s) and then σ(U) = S1

2. Φγ is trace class iff
∑

z∈Vγ�(−∞,−N ]
|rz|+

∑
z∈Vγ�[N,∞)

|tz| <∞ and then

σac(U) = S1

and a trace class pertubation of U contains a shift operator.

Proof. If γ is a path which switches from r to t on one site, i.e : if γ is an r-path
in (−∞, 0) and a t-path in [0,∞), then as a corollary of Propositions 4.2 and 4.6 we
have

ind(Φ) =
∑

z∈Vγ�[−N,N ]

dim Ran(PQ̂z)−dim Ran(PQz) = dim Ran(PQ̂z0)−dim Ran(PQz0)

where z0 is such that γ(0) is the center of the face defined by the vertices in Ran Q̂z0

and RanQz0 . By the symmetry of the problem these two edges are either incoming

or outgoing to G+ thus dim RanPQz0 = 1 and dim RanPQ̂z0 = 0 or the other way
round, see figure (11). Thus | ind(Φγ)| = 1.
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Figure 11: Crossover from r to t.

If not, choose two integers N± ∈ Z such that ±N± > ±N and such that γ(N−) ∈
Odd × Even and γ(N+) ∈ Even × Odd thus all links incident to the dual vertices
γ(N−) bisect edges of weight |r| and all links incident to the dual vertices γ(N+)
bisect edges of weight |t|. Then we can define a new admissible path γ̂ replacing the
part γ �(−N−,N+) by an r path inside G+ connecting γ(N−) to γ(N+), c.f. figure (12).
The difference Pγ − Pγ̂ is of finite rank thus

ind(Φγ) = ind(Φγ̂).

The additional assertions follow from lemma 4.5 and theorem 2.1.

As by unitarity it holds |rz|2 + |tz|2 = 1 it follows:

Corollary 4.8. The critical Chalker Coddington model defined by |rz| = |tz| = 1√
2
,∀z

admits a projection P with non-trivial index

ind(Φ) 6= 0

for any distribution of phases of its scattering matrices.
More generally: a Chalker Coddington model defined by a collection of scattering

matrices such that for c1, c2 ∈ (0, 1) and all z: 0 < c1 < |rz| < c2 < 1, admits a
projection with non trivial index.

5 Spectral implications and anomalous charge trans-
port

Observe that Corollary 4.8 applies to the dynamically localised case studied in [2, 1], i.e.:
|rz| = const 6= 0 sufficiently small and i.i.d. and uniformly distributed phases; another
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Figure 12: Join r path to t path.

remarkable situation which is covered by the Corollary is the translation invariant 0 <
|rz| = const 6= 1√

2
case with all phases equal to unity. In the first case the system

is almost surely dynamically localised, in the second case the spectrum is absolutely
continuous and exhibits gaps. In both situations, as in the critical case |rz| = 1√

2
, the

flux operator Φγ is not trace class or even compact.
To close this analysis of the transport properties of the Chalker-Coddington model,

we argue that the random case is an example of a non trivial anomalous charge trans-
port in a regime of Anderson localisation in the following sense:
consider U defined by {Sz}z∈Z×2Zsuch that |rz| = const 6= 0 and such that σ(U) is
pure point. For ε0 > 0 choose an admissible path γ like in Theorem 4.7 which is an
r-path in (−∞,− 1

ε0
] and a t-path in [ 1

ε0
,∞). Now define for 0 < ε ≤ ε0 the unitary

Uε by the scattering matrices

Sεz :=



(
0 −1
1 0

)
z ∈ Vγ�(−∞,− 1

ε
](

1 0
0 1

)
z ∈ Vγ�( 1

ε
,∞]

Sz z elsewhere

Let Φ := U∗PγU − Pγ, Φε := U∗εPγUε − Pγ. Φε is trace class, thus, considered
as a symbol, its fermionic second quantisation is a bona fide operator in the CAR
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observables. Furthermore for the full quasifree state, whose symbol is the identity
operator I, the mean transported charge across γ reads: trace(IΦε) = trace(Φε) =
ind(Φε). From Theorem (4.7) we know that | ind(Φε)| = 1 so that

lim
ε→0

trace(IΦε) = ind(Φ) 6= 0

and we have an anomalous charge transport by U across γ. Note that Uε → U and
Φε → Φ strongly.

We draw an analogy between this very concrete example and the phenomenon of
anomalous currents in gauge field theories, see [20].
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