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Abstract

The critical state isnimportant concept for saturated and partially saturated granular risaterite

strength and volume become constant and unique under continuous shear. By incorporatiey the w

bridge effect, the mechanical behaviours of wet granular matters can be biuttiedliscrete element
method (DEM). A series of DEM simulations are performed following the conventigmaht loading
path for dry and wet granular materials, and different suction valeespatied at various confining
stress levels. Unique critical state behaviours have been observed in both macroscojgimandpic
scales. It shows that the confining stress level plays an important role in it stitte behaviour of
wet granular materials. The critical stress ratio for a wet materiabti a constant value at different
stress levels and it is found that both the critical stress ratio addat@ in wet granular matters are
also much higher with a low confining stress. A framework is proposed by consibletinipe contact
stress and the capillary stress effects to model the critical stateAtriasge strain, the coordination
number, the mean inter-particle force and fabric anisotropies evolve to consteaitstdte values for
both dry and wet materials. The macro parameters formulating the critical igageratio are found to

be associated with the critical state anisotropies in solid skeleton and watefaphiaseespectively.

Keywords: wet granular material; critical state; micromechanics; discrete element modelling

1. Introduction

A granular material reaches the critical state as the shear strength and volume beceméataibis
sheared to a relatively large deformation [27]. The critical statelependent of the initial void ratio
and is generally regarded as a unique state. For partially saturated soilictietate also exists, and
the critical state definition is used for modern constitutive modelling of unadatl granular materials
such soils [1, 13, 39, 40, 52].
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Laboratory tests can be carried out to investigate the critical stataipfaturated soil by maintaining
constant suctions in the sample [41, 42, 51]. In laboratory tests, the water conseratlisin relative
high range due to the difficulty in applying hagtsuction. The critical state of unsaturated soils with
relatively low water content, in which the water exits as discontinuous ‘Wwatkyes or absorption
layers, have not been well understood. Moreover, in the recent development of soil mefataidcs,
and microstructure are usually regarded as important factors governing tlocbeiaaviours [19]. The

conventional laboratory tests may not provide the micro scale information.

The discrete element method (DEM) [8] is a discontinuous numerical methedthsiulate granular
matter as individual particles, and thus the contact force network and fabbie cémained from the
particle scale quantities. The DEM method can be employed to extend the classimenaeistudy

on the critical state of granular materials, for example sands [2, ,ZplfBjcroscopic investigations.

The micro characteristics of dry granular material at critical sta@eecently studied from aspecfs o

fabric anisotropy, force transmission pattern and entropy convergence [14, 18, 37, 53, 54]. For wet

granular materials, basic macroscopic features of the critical state beh&aeeitseen observed in the
context of rheological study [4, 16, 29]. However, a more systematic study afnmeicihanics of wet
granular materials at the critical state, especially linking the macroscoalcstate behaviour to the

micro structure evolutions, is still necessary.

Techniques for modelling wet granular materials in DEM are raised and dedeéiothe last decade.
The water phase and water-air interface effect are usually considerateadpridge effects between
neighbouring grains [12, 26, 32, 34, 35, 38, 49] providing it has a low degree of eatwistin the
pendular state. Beyond the pendular state the water bridge may coalesce witthea¢BO, 46]
Although it is limitedto low moisture content, simulations of these wet granular materials mayvstil
evidence for the behaviours of unsaturated granular soils vettglatively low degree of saturation

range, whichs lack in laboratory studies.

In this study, a suction-controlled water bridge model [48] is employed to carry ateanagic study

on the critical state behaviour of granular materials. Conventional triaxiahtppdih is applied to
dense and loose specimens at different stress levels and various s&gtidesomposing the inter-
particle forcento amechanical force analcapillary force, the total stress is then expressed as the sum
of the mechanical contact stress and the capillary stress. The role of thet swass in representing
the effective stress at critical state is discussed. A framework is then prasosgthe mean contact
stress and the mean capillary stress to model the critical state ati@ssd void ratio. Based on the
stress-force-fabric relationship for wet granular material [48], the connectiordretive critical state
stress ratio and the internal fabrics of solid and water phases isgatest mainly on the aspects of
coordination numbers, mean force levels and also fabric anisotropies in solid anghasgés: It should

be noted that particle size distribution has a significant effect omé#terial hydraulic and strength



69
70

71

72
73
74
75
76
77
78

79
80
81

82

83
84
85
86
87
88
89
90
91
92
93

94

95
96
97
98

properties [45, 47], whereas this study only focuses on one kind of grain size distributiom laagev

the grain size distribution effect for future work.

2. DEM Simulation

2.1Capillary bridge effect between particles
In this study, wet granular material behaviours are simulated by DEM wjititlacy bridge effect
considered between neighbouring particles. The inter-particle force is the surmettiemical contact
force and the capillary force on the water bridge when grains are in physical cdfitantthere is a
distance between two grains but within the water bridge rupture distangggethgarticle interaction
is only raised by the capillary force (Fig. 1). Beyond the rupture distancéntéueparticle force

vanishes.

For the capillary effect, suction is assumed to be constantly maintained throtlyhooiaterial. By

Young-Laplace equation, the geometry of the water bridge has the following relatioitbhgpiation

1 1
S=ud—uN=T(r——r_—J @)

whereS is the matric suctiory, is the air pressure,, is the water pressurg,is the surface tension

as:

(T = 0.073N/m) andr,,; andr;,; are external and internal radius of the water bridge at the water

bridge neck. In this study, the water bridge is simplified as toroidal geapernal radius is constant
along the water bridge and the cross section is a circle). For a giveof geirticles with known
geometry (particle radius and inter-particle distance), sucfiprsrface tensiori) and water-solid-
air contact angled|), the shape of the water bridggt andr;,,;) can be obtained by an iteration metho
(more details can be seen in the previous work in [48]). The material is assumed to be liyydraphi
the water-solid-air contact angle is simplified as 0. With the obtajpe@ndr;,;, the capillary force
raisedby the water bridge can be calculated by using the ‘gorge method’. It is composed of two parts.
Ore part is from the surface tension effect and another part is from the pré$fguence (the suction)

acting on the cross section of the bridge. Therefore, the capillary force can be calculated as

f_ =Sxr 2+T(27z'rim) 2

cap int

The water bridge volume can be obtained from the integration of the water biiditge with the part
of the grain subtracted. The water bridge model is incorporated into the ¢lBlesizaMindlin contact
model in DEM simulations. In this study, the open source DEM platform LIGGGHA])$s employed

for its easier access to the source code and applicability on high-performance computiag serv



99 2.2 Sample preparation and water retention curve

100 The behaviours of dry and wet granular materials are investigatedepyesentative volume element
101 (RVE). The tested samples are made of spherical particles with a cubicpbapgeneration confined
102 by smooth rigid wall boundaries. Particle diameters are uniformly distributed ©.018mm to
103 0.022mm and the initial length of the RVE is 0.4mm (20 times of mean grairasd the total grain
104 number is around 9000). The contact model for the solid contacts is the typitalmibdel. The
105 material property parameters of the particles are based on the typical qunrialmBhe material
106 density of grains is 2500 kgfmyoung’s modulus and Poisson’s ratio of the particles are 70GPa and
107 0.25 respectively. The inter-particle friction coefficient is 0.5, which is a typ#tae for quartz sand.
108 The coefficient of restitution, which is defined as the ratio of thé tiinaitial relative velocity between
109 two patrticles aften collision, is 0.2. Therefore, the coefficient of restitution is a parangetezrning

110 the energy dissipation process in the system.

111 The specimens are prepared by using the radius expansion method without cdfaliaryParticles
112  with reduced sizes are firstly inserted without any contact inuthie enould. Then, radii of the particles
113 are increased gradually to the target size. Two samples with different initial voidahtées (e=0.629
114 and e=0.732) are firstly prepared at 10kPa confinement. The two samples amoiiEessed
115 isotropically to different mean stress levels. The isotropic hormal consotidates (noted as INCL)

116 of these two specimens can be seen in Fig. 2 (in lines) wlisrhie mean normal stress as:

_01%0,%03

3

117 (3

118 The wet specimens are prepared based on the dry materials at the correspondimgymelastress

119 levels (at 10kPa, 20kPa, 50kPa, 100kPa, 200kPa, 500kPa, 1MPa, 2Mpa and 10MPa). Capillary bridge
120 effect is appliedo particle pairs within the rupture criteria. As the capillary force iataactive force,

121 the material is further consolidated by maintaining the total boundary stresgefTfigecimens & =

122  20kPa are also presented in Fig. 2 (in sym)olt can be seen that the wetting process doesn’t have an

123 obvious effect on the void ratio.

124 By summing the water bridge volume and dividing by the void volume, degree citsatunf a

125 specimen a&certain suction value can be calculated. The relationship between the afegaegation

126 (S,) and suction is generally named as the water retention curve. Fig. 3 depicts tiaio@dd mean

127 normal stress effect on the water retention curve within the pendaler(8te water bridge model is

128 not valid for higher water content conditions). Under 10kPa mean stress, thesdene has a higher

129 degree of saturation at the same suction. It can also be observed that increasing the meanessrmal st

130 to 2MPa does not obviolysalter the water retention behaviour.
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2.3Triaxial shearingtothecritical state
After the preparation of isotropic specimens, conventional triaxial loadinggafiplied to shear the
samples to the critical state. The horizontal confining stresges §3) are maintaiad at a constant
value and the axial straim;( is applied by moving the boundaries in the axial direction. Fig. 4 is a

sketch of the loading path in which the deviatoric stress is:

g=o0,—0; (4)

The triaxial deformation satisfies the quasi-static condition. The quantity of untbdlforce ratio,
which is the ratio between average unbalanced force on grains and mean intefpesés, is adopted
to certify the quasi-static condition. During the triaxial test, the unbalanceg ffatio is controlled to

be less than 0.01 by adjusting the axial strain rate.

The critical state means that the shear strength and void ratio are constant when the srettessd i
to a certain deformation and the final shear strength and void ratio are indaéidematerial initial
state. Typical behaviours of dry and wet materials (at 20kPa suction) wifta Igfining stress in
triaxial loading are presented as an example. In Fig. 5, the evolution of the taaabriestressq),
deviatoric and mean stresses in mechanical contact stress compppgnafdp,,¢), volumetric
strain g,), void ratio ¢) and degree of saturatio$i.j of the dense and loose samples are depicted. All
the variables become nearly constant when the samples are sheared to Ol4sstoaild. also be noted
that it has also been observed by other authors that the granular material tteachiéical state around
0.4 axial strain by DEM simulation [53]. In Fig. 5a, the capillary effeatig@ntly increases the
material deviatoric stress. For both dry and wet materials, there is a utiimate deviatoric stress
regardless the initial void ratio difference. For the volumetric strain bmlvan Fig. 5b, the capillgr
effect significantly enlarges the dilatancy which leads the ultimate volursttiin of wet materials to
be much higher. Correspondingly, the void ratio evolution during triaxialislgdarpresented in Fig.
5c¢. Both dry and wet materials reach a unique void ratio. As the capillary $orobésive that a wet
granular material can afford larger voids upon loading, the critical staderatid for wet granular
materials at 10kPa confining stress is obviously larger. Furthermore, althoaighitial degree of
saturation is different for dense and loose specimens, it is observed thahthédebe a same critical

state degree of saturation (Fig. 5d), which could be related to the critical state void ratio.

Similar triaxial tests are then implemented on both dense and loose specimensuatogrfining
stresgsand suctions. Table 1 is a summary of the parameters for the triaxial teistd catrin this

study. For each pair of suction and confining stress, both the loose and dense specimens prepared from
the normal consolidation process in Fig. 2 are tested. All samples areddbear axial strain and the

final stage is regarded as the critical state. The critical state vatuesth the macro and micro
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behaviours (taking the average value of the dense and loose samples) can then be employed for further

investigations in the following sections.

3. TheCritical State Behaviour

3.1Contact stress and effective stress

In classic critical state soil mechanics [31], formulating the critiaté $ine (CSL) requires descriptions
of the deviatoric stress and void ratio by the mean stress (or mean effsotiss). For dry (or fully

saturated) granular materials, critical state deviatoric stress can be expressed as

q=Mp (5)
wherep' is the effective mean stress avids the critical state stress ratio (slope of CSh i g space).

According to Li et al. [20], for granular materials, the specific volume,=asl + e (e is the void ratio)

has the following relationship with mean effective stress:

\¢
v=1+e=1"—/1(%] )

whererl is a parameter denotingatp’ = 0, A and¢ are material parameters gngis the atmosphere
pressure (101kpa).

The effective stress for unsaturated granular materials is still a controvefisidiome The net stress
(6 —u,) and suctiony, — u,,) are widely accepted as the two variables that should be used in the

effective stress definitiorThe classic Bishop’s effective stress [5] is expressed as:

O_i‘j :(O-ij _LL)"'Z(Ua_qN)éh (7)

whered;; is the Kronecker delta angis a parameter related with the degree of saturation. Aftea’s
suction stress definitiof22], they parameter may be approximated as the degree of saturation or the
effective degree of saturation. In this numerical study, as the absogt@s hre not considered, the

macroscopic effective stress may be expressed as:

O-i‘j :(O-ij _LL)"'S(Q_LJV)@J' (8)

One of the benefits to study unsaturated granular materials using DEM method ésdifdity to
obtain the microscopic stress expression from grain scale interactions. Witrgapidge effects, the
inter-particle force is composed of the mechanical contact force and the capillary force. Thud, the tota

stress tensor can be decomposed into a contact stress tq‘g-?ﬁ'é) ¢counting only the mechanical

contact force and a capillary stress tens@?‘() raised from capillary forces [33, 48]. With the aid of

6



192
193

194

195
196

197
198

199
200
201
202

203
204
205
206
207
208

209
210
211
212
213
214
215
216
217
218

219

220
221
222
223
224

DEM simulation, by applying the homogenisation technique [7] and following the expressi@3s i

48], the stress tensor can be calculated from particle scale interactions as:

1 1
____cont cap __ s v
Oy = G + Gy = \7 Z\éonti Sfcont j +\7 Zvcapimf cap j (9)
seV weV

wheres andw denote thes-th inter-particle solid contact and theth waterparticle interaction

respectively (the total number is not necessarily the samg); is the contact vector pointing from

thes-th contact point to the particle centre a:gglp‘i"’ is a vector from the water bridge centre to the
particle centrefwntf and fcap:" are the corresponding contact force and capillary force associated with

the defined vectors. The positive direction of a force is defined from gvadtion point to the particle;
therefore, the attractive capillary force is a negative force leadintpgiibary stress tensor always to
be negative. It should also be noted that the frictional force is part of thetdontac Therefore, the

contact force is not necessarily to be normal to the particle.

The micromechanical stress tensors are usually employed in the study of graateldal behaviours
in both dry and partially saturated states. Some researchers attempted to desaitat strength
criteria of wet granular materials by using the contact stress tensor [KB]3Blowever, it has also
been argued by some authors that using the contact stress is not adequate themodebrial
deformation [6, 11]. Here, the authors verified this again at the critatal Isy using the contact stress

tensor to formulate the deviatoric stress and void ratio.

Firstly, the critical state deviatoric stress is investigated at differeahratress levels. Fig. 6a shows
the relationship between the critical state deviatoric stress and the messnastvarious suctions. For

a clearer presentation, only low stress stgtes 150kPa) are plotted. It can be seen that for the dry
granular matter there is a lingar q relationship as Eq. 5. For unsaturated materials, due to the
capillary effect, the critical state deviatoric stress is higher than that of timeatieyial. In Fig. 6b, the

p' — q relationship is presented, whereis the mean effective stress ane q' as the suction induced
stress is assumed to be isotropic in Eg. 8. However, as it can be seen in Bygugibg the effective
stress definition in Eq. 8, the points dofall in the same line. This is because of, in reality, when the
water content is relatively low, the suction induced stress may not be isottagin.also be seen i

Fig. 6¢ in which the critical state deviatoric stress is plotted inpthg: — q space pcont =

Glcont+o.2cont+o.§ont

. ). Usingp.on: as the effective stress will also overestimate the deviatoric stresstfor w

materials as the CSL is almost above the simulated data points. This is becaugdldhesteess has
been proven to be an anisotropic stress tensor associated with tis¢rgotigre anisotropy [32, 48, 50]
In Fig. 6d, the relationship between contact deviatoric srggs = o{°"* — 65°™ and mean contact
stres.on; IS investigated. It looks like that the.,.: — gcont relationship for various suctions nearly

fall in a linear line, which is also the conclusion drawn in [10, 32fé¥3hep.on: — 9cont Felationship

7
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but at the peak strength. The coefficient of determinatirvélue) also proves that in tipg,,,, —

qcont SPace the united critical state line has the best fithess.

We may further investigate the critical state void ratio to validateeitbntact stress can be adequately
used as the effective stress in deformation. The relationship between stitiealoid ratio and,,,;

is demonstrated in Fig. 7. For the dry material pthee relationship can be fitted by Eq. 6, in whigh

is simplified as 1I' = 1.755 andA = 9.89 x 10~°. Due to the higher dilatancy in wet granular media

the critical state void ratio is obviously higher than that of thenhterial, especially when the mean

contact stress is relatively low. This indicates that using the contact stissgtthe‘effective stress

is not enough, especially for modelling low stress conditions. A more comgbégonship for the CSL

is required that involves both the capillary stress and the contact stress.

3.2Critical state formulation
Besides using an effective stress definition to model the critical staawibehfor unsaturated soails,
based on laboratory experiments, Toll{48] proposed a framework for the unsaturated soil critical
state using two stress state variables: the mean net @iress,) and suctiof(u, —u,,). It can
overcome the difficulty in modelling stress ratio and void ratio. In this frameworkgethatoric stress
at the critical state is modelled as:

sza(p_ua)+Mb(ua_ uw) (10)

where the parametdf, denotes the contribution of the mean net stress on the stress ratio and the
parameteM,, represents the effect of suction on total stress ratio. Similarly, theisp@tifme (and

void ratio) at critical state is written as:

v=e+l=T,-4,In( p-u,)-4,In(u- u,) (11)

whererl, represents the specific volume when both u, andu, — u,, are 1kPa and, and, are

parameters associated with effecpof u, andu, — u,, respectively.

In laboratory experiments, only the macro state varialplesy, andu, — u,,) can be measured. By
using DEM, the stress tensor of a wet granular material can be expass&gd9. Thus, the contact
stress g.0nt), Which is the physical mechanical stress transmitting through solid contactdjeand t
capillary stress raised by water meniscus can be used to model the criticastavedrk. The capillary
stress can also be expressed by contact stress and total stpggs @ — Pcon:- Similar to Eq. 10

the deviatoric stress could be modelled as:

q= Ms pcont+ M w( p- pcont) (12)
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whereM; andM,, are model parameters representing the stress ratio contributed by the mean contact

stress and mean capillary stress respectively. Thus the critical state strass ratio

M =E=Ms Peont +M " P~ Peont (13)
p p p

It can be seen that when it is absolutely dry or fully saturatedp ..., thenM = q/p = M.
Moreover, when the mean stress is relatively high, the effect from the capillarystaissssmaller to
the total stress ratio. In addition to the soil mechanics point of view, Rady[@8] proposed another

relationship between cohesion effect and critical state stress ratio baseel defibition of bond

max
cap
_2 1

pd

number of the specimen, expressedBas=

in which f_ ™ is the maximum capillary in the

specimen andl is the mean grain diameter. In their study, bond number has a linear relationship with
critical state stress ratio. Similarly, we plot the relationship between bondenwand critical state
stress ratio in Fig. 9. The linear relationship is consistent witpréngous study and the relationship

can be fitted as:

M =a,Bo+M, (14)

whereM; is the critical state stress ratio for dry granular materialsagnid the slope the linear

relationship which is related to suction.

For the void ratio at the critical state, the formula can be extenoledHg. 6. It has been observed by
[36] by using DEM method that there is a linear relationship between sadidiofr (li—e) and mean

pressure for cohesionless granular materials at the critical state. Thefefotds taken in this study
to represent the linear relationship between pressure and void ratio. In Figcal,state void ratio for
wet granular materials is higher than that of the dry material, howeklien the mean stress level is
higher, the difference is reduced. Therefore, we propose the following equatiodébtire specific

volume.

v=e+l=T_- ﬂ,s(h] - ﬂw[_p_ pcontj (15)
P, p

wherer is the specific volume of a dry material whes: 0kPa, p, is the atmosphere pressure as

101kPak, andi, are material parameters. In this equation, the capillary stress effect is presented by

P”Peont i which the effect op is considered. This means that when the mean stress is very large, the

effect of the capillary stress on void ratio becomes less signifitaet.suction/capillary cohesion
increased the critical state void ratio in Fig. 7 and Fig. 10, especially fasttess conditions. This is

consistent with the work done by Roy et al. [29] , in which the volunoéidra(void ratio)is increased



284  with bond number (a relative measurement of cohesive effect), although the $hhpesbeared
285 specimen is different. This is because the cohesive force between particlés featisle granulatign

286  which can support larger inter-particle space especially in the sheared zones.

287 3.3Critical statelinesand parameters

288 Based on the proposed critical state framework based on the v mwiechanics, the critical state
289 lines on stress ratio, deviatoric stress and void ratio are inatestigt various suction values. In Fig. 8,
290 the critical state lines are depicted in the M space and the — g space respectively. In the— M

291 space, the dry material critical state stress ratio is around 0.73 and it is not obviously affected by mea
292  stress. The value is consistent with the result in another DEM simulatioin [8fich the inter-particle
293 friction coefficient is also 0.5. Howevehe critical state stress ratios for wet granular materials are not
294  constant values in different mean stress levels, they are higher than the dry material valuregdow s
295 conditions due to the capillary effect. The capillary effect on stress ratio decreases withetieeinér
296 mean stress level. This is because of that the capillary effect is ahmegendent of the mean stress
297 level and the contribution of capillary stress on stress ratio is more cagntifit relatively low stress
298 conditions. At high stress levels all critical state stress ratio valuestohaterials converge to the dry
299 material critical state stress ratio value. The results of the proposed statesframework (Eq. 13) are
300 plotted in linesAt high stress levels, the stress ratio is mainly contributed by the contasttietresr

301 and the total stress ratio values are similar. Considering the aboyvthéaparameteV for the dry

302 material as 0.73 is used for all dry and wet materials. The paraMigtezpresents the effectf

303 capillary stress and is fitted for different suctions. pheq space critical state lines are presented in
304 Fig. 8b. As the mean capillary stress is almost constant for different mearesmlavels, the critical
305 state lines in high stress range are almost the same. A clearer gtiesenit the capillary effect on
306 critical state shear strength can be seen in the inset in which the meais tvessthan 100kPa. This

307 also indicates that the water effect on strength is more important for low mean stress @ndition

308 Similarly, the critical state lines in the— e space are then presented in Fig. 10. The results of Eq. 15
309 are in solid lines with points as the measured values. The parameligandil; are taken from the
310 dry material results and not altered by suction. The paramgtrfitted for different suctions. AS =

311 5MPa presents a condition that the material has a very low degree of satusatio®.001%), this

312 indicates that a small amount of water will increthsematerial’s dilatancy and void ratio at the critical
313 state significantly in the low mean stress state. However, further changeidm $trats water content)

314 does not alter the void ratio obviously. It also shows that with thedserof mean stress level, the
315 discrepancies in critical state void ratio between the dry and wet mategabduced. The — e lines

316 for wet materials converge to the dry state line at high stress.

317 Fig. 8 and Fig. 10 only present part of the simulated results to have more explicit plots. Trabéea? g

318 summary of critical state parameters of all simulations in Table 1. As introduéégl 5d, when the

10
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unsaturated material reached the critical state, there is a unique degatgration. The relationship
between critical state stress ratio parameters and degree of saturation from the DEM simulliion resu
are demonstrated in Fig. 11a. In the dry state, we defindthatM,, = 0.73. AlthoughM,, has no

true meaning at the dry state, this is to imply that when the watentas extremely low, the water
bridges should share the same directional distribution with the inter-particéetsoM/ith a very small
amount of water added in the materi], reduces significantly to around 0.2 and further increase of
degree of saturation from 4% to 10% has little influencd/gnIn this study, the water bridge model

is only valid within the pendular state. With the recent developmémther numerical method, such

as coupling granular matter with the Lattice Boltzmann method in [9tl#5¢apillary stress and thus

the contact stress can be calculated. Using contact stress to modeldhlestaite can be expected to

be applied to the funicular and capillary states in the near future. Beyond the petatalawe may
imagine that the water bridges start coalesced and the capillary effect will be gradually reduced. Whe
it is fully saturated,u, —u,, = 0 andp.q, = 0. In Eq. 12, the capillary stress is related to suction.
Therefore, one possible trendMdj, is that it increases in the funicular state and reaches to vallie of

at fully saturation. Another possibility is thif, converges to O at saturation (Fig. 11b). This is from
the implication that the capillary stress tensor could become a isatr@pic tensor with a high water
content This will be investigated in the next section. Moreover, the relationsivpebe degree of
saturation and parametgy, is presented in Fig. 12. It can be seen ihataries around 0.04 and the

water content effect ok, is not obvious.

4. Micro-characteristics at the Critical State

4.1 General relationship between stress state and microstructures

After the pioneering work of [21, 28], the stress tensor of a granulariatasentrinsically related to
its fabric and mean interparticle force, which is known by the stress-fabocie-frelationship. The
statistical micro interpretation of stress of wet granular materials can also be ggrbased on two
dimensional simulations in which the repulsive contact force and attractpibaigaforce were
integrated together d@bond forces In their work, the critical stress ratio can be expressed as the
anisotropies of different micro-scale based quantities. In addition to thier @@ork, a stress-force-
fabric relationship for wet granular materials was developed by our previous[48rito have an
explicit understanding of the connection between the macro stress and the mic® dalrforces
associated with the contact stress and capillary stress respectively. & browbted here that the
capillary force does not necessarily act on a physical inter-particlactoas the capillary bridge can
be formed between neighbouring particles with a small gap less than the water bridgedisfsnce.
In this case, the capillary stress effect may be less anisotropic upomglédn that of the contact

stress and it is necessary to study the stress tensors separately.

11



353 In our interpretation, for a representative elementary voldiwith N particles inside, the total stress
354 tensor, as a sum of the contact stress tensor and the capillary stressémnberapproximated by its
355 internal fabrics and forces as:

NR 2 2 NR 2
356 O ® ? 2N fconto (5ij +Giij + E DijS + _5 Dn.G, o ) + ? a, fcapo(é‘ij + _5D|JW) (16)

1) m; —jmy

357 whereR is the mean particle radius, is the solid contact coordination number (average physical
358 contacts per particle,, is the water bridge coordination number (average solid-water interactions per

359  particle, normallyw,, # ws), feont, andfc,w0 are parameters quantifying the directional mean contact

360 and capillary forces respectively. The tensors in the equ&lﬁqn])}’} andGisjf , are obtained from the

361 directional distributions of solid contact normalgater bridge directions and solid contact forces
362 respectively. More details about this relationship can be referred to [48] amttradadtion about

363 procedures to calculate the three direction tensors can also be seen in the appendix aifper this p

364 The evolutions of the micro parameters during the triaxial shearintgemwestudied. The evolutions of
365 the micro parameters for the set of tests in Fig. 5 (dry and wet granaterials are sheared at 10kPa
366 confining stress) are presented as examples in Fig. 13. The evolutionsdifi@on numbers of solid
367 contacts and water-solid interactioas @ndw,,) for the dry and wet granular materia¥s= 20kPa)

368 are depicted. In Fig. 13a, the solid contact coordination numbers are higher in thenuktrgnaterial
369 due to the attractive capillary force. Independent to the initial number, byrgh#simaterial to large
370 deformation, there are unique critical state solid coordination numbers for dry einchaterials
371 respectively. In wet granular materials, the water bridge coommatimber is higher than the solid
372 contact coordination number (Fig. 13b). This is because that a water bridgexistagetween two
373 neighbouring particles without a physical contact. With axial deformatioa, water bridge
374  coordination numbers for the loose and dense specimens also evolve to the same value, cogrespondi

375 to the critical state degree of saturation.

376  Similarly, the directional mean contact and capillary force evolutioreisdme set of triaxial tests are
377 demonstrated in Fig. 14. In the wet material, the mean contact force is largeathadritta dry material
378 due to the water bridge effect (Fig. 14a). The maximum contact force in the dates@lnis higher
379 than that of the loose specimen. By shearing to 40% axial strain, the ultieatecontact forces are
380 stable and have unique values for dry and wet materials respectively. Figls@4ndicates that at

381 critical state the mean capillary forces become the same for both dense and loose samples.

382 In Eq. 16, the scalars determining the mean stress level, and the directios, tehsth quantify the
383 solid contact fabric, solid contact force network and water bridge fedsjmectively, ascertain the
384 magnitude of stress deviator. The evolutions of the anisotropy of these tesiien presented in Fig.

385 15.In Fig. 15a, the solid contact fabric becomes anisotropic upon loading from thesioiit@dic state.
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The maximum solid fabric anisotropy is higher in the dense material, buitithate fabric anisotropy

is the same for materials with different initial void ratios. Fomteematerials with a constant suction,
the induced solid phase fabric anisotrgpy — D3) is lower than that of the dry material. There is also
a unique fabric anisotropy at the critical state. In Fig. 15b, regarding the solid contacriisotropy
(fo - Gs,sf), the initial void ratio influenesits maximum value but the ultimate value is also the same.
It also indicates that the capillary effect has little influence on the cdotaet anisotropy evolution.
However, this doesn’t mean that the cohesive capillary force has no influence on the force traimsmiss
pattern. As [44] already introduced that the capillary bridges incre&segdssibility of weak
interparticle contact forces.hése forces didn’t change the contact force anisotropy index, which is
based on a tensorial form calculation. In Fig. 15c¢, the anisotropy of theégogar term is obviously
altered by capillary bridge. Although the water bridge distribution is naahe as the solid contact
distribution, it is indeed affected by the solid structure and become anisotropidriapal loading
(Fig. 15d). The water phase anisotr@py’ — D¥") evolution in Fig. 15d also shows that there may also

be a critical state value for each suction

4.2Critical state stressratio and fabric anisotropies
After the stress-force-fabric relationship in Eq. 16, the mean stress, sum of the mearstrestaand
the mean capillary stress, can be formulated by the scalar micro parameters as:

NR NR
P= Peont pcapzwwsfcorﬁ_'_ 3/ w vvf cap 17)

After Eq. 16, the deviatoric stress, which is associated with the anisotropy effée direction tensars

can be approximately written as:

qz%wsfconﬂ[(eff_G;f)_i_é(Dls 35) _(DsGle D;Q ):l—'__ Wtapo (Q D") (18)

We can denotd\¢S" = (67 — 5') as the anisotropy in contact forca®’ = (D§ — D$) as the solid

contact fabric anisotropy\D3GS/ = (Dfof - D?fG?ff) as the joint tensor anisotropy and" =

(DY — DY) as the water phase fabric anisotropy. Thus, the stress ratio can be formulated as:

f 2 2 o, f 2
9. @ oo ( AG* +—ADS+—ADSGSfj LA —ADW (19)
p a)s f(:onlO + a)wf caf 5 5 a)sfconto + a)wf apo
AsPeont — __@sleonty o qPean ____wleang (from Eq. 16), combining Eq. 19 with Eq. 13,

14 wsfcontg"'wwfcapo 14 wsfconto‘l'wwfcapo
the critical state parameters for stress ratio can then be linked teetimaifiabric and force anisotropies

as:
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M.~ AG® +2AD*+2ADG® (20)
s 5 5

and:

széADW (21)

Fig. 16 demonstrates the critical state fabric and force anisotropies in diffezantstress levels. The
solid contact anisotropy is depicted in Fig. 16a. For a dry material, theakstate solid fabric
anisotropy is reduced by the mean stress increase. In a low stress state, wheiliaheeftget is
applied, the magnitude of critical state solid fabric anisotropy is reduadficgigtly from its dry state
value. With the increase of mean stress, solid fabric anisotropy at @gititehas a raise-and-fall trend.

The discrepancies of solid fabric anisotropy between the dry and wet fsade@aalso reduced by
mean stress. Fig. 16b shows the solid contact force anisotropy quantified bﬁfgnﬂ;tindicates that

the capillary bridge effect on contact force anisotropy is not significaith. thé logarithmic increase

of mean stress, the contact force anisotropy at critical state raises Ahmarly. The anisotropy of the

joint tensoermGjS,ﬁ , depicted in Fig. 16c, is generally a negative value. For the dry matbdal
anisotropy of the joint tensor is almost constant for different mean stressgsvét, in the wet
materials, the joint tensor anisotropy is higher in the low stress conditions eetliced with mean
stress increase. The critical state anisotropy of the water phase, mgatdgethe water bridge direction
anisotropy in Fig. 16d, is rather constant under different mean stress conditass shiows that with
a higher suction, which means a lower degree of saturation, the craieahstter phase anisotropy is

more significant.

The anisotropy values of different components can be summed up according to Eq. 20 toMstimate
In the previous sectio; was taken as a constant value 0.73 for all stress conditions for model
simplicity. In Fig. 17a, it shows that thé, values estimated from the internal force and fabric
anisotropies are not always constant. There is an overestimation at lowesteds$Y taking! =

0.73, especially for the wet materials. Fig. 17b present#fihe@alues estimated from the critical state
water fabric anisotropy as a function of the degree of saturation. As thephasse fabric anisotropy

is not influenced by mean stress obviously. The average value was takasHapplied suction and
the relationship betweeﬁnADW and degree of saturation is then obtained. It showsimv (the

triangles) has a similar trend with the measurgdvalues in Table 2 but is however lower than the
measured value (the dasHine). This is due to the fact that the constant approximatiofy ef 0.73
was taken for simplicity. Therefore, the deviatoric effect of the contasssin low stress conditions

was overestimated and was actually corrected byfthealues in Table 2. The correctionfify, values

is about 0.21 by evaluating the difference betweeheralues and théeADW values. It can be seen
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that Wheni—ADW is shifted up by 0.21 they coincide with the measiMgdvalues. By following that

M, is associated with the water phase anisotropy effect, one may deduce that the sedand-ig.
11b, asM,, converges to O at saturation, is more realistic. This is because, as it calybmdasstood,

at full saturation the water phase effect becomes isotropic.

4.3Therelationship between scalar micro-parameters and mean stress level
From the macro observations, it has already been know that capillary effess$ igrominent under
high stress conditions. A more insightful understanding can also be achieved sngnigdymicro-
structures and force transmissions. From Eqg. 17, it can be seen that the maetrst@sis and the mean

capillary stress are related to the coordination numbgraridw,,) and mean forceg,,., and fcapo).

Fig. 18& demonstrates the critical state mean contact stress under different mean total stee$slev
dry materialsp.,,: = p and for wet granular materighs,,,; is higher. It shows that the capillary effect
is more significant whep < 100kPa. From Eq. 17p..n: iS microscopically determined by the solid
contact coordination number and mean contact force. Flydégicts the critical state solid contact
coordination numbers under various mean stress and suctions. For a dry material, ttentadid
coordination number at critical state is positively related to its meas.sttes dilatancy of wet granular
materials is generally higher in triaxial shear, which leads a higher ksitéta void ratio. Therefore
the critical state solid contact coordination numbers of wet materials are gehigtadr than that of
the dry material. With the increase of mean stress, the criticakstatdues for wet granular materials
are gradually reduced and they increase again to approachug thies for the dry material at high
stress conditions. In Fig. 18c, the mean contact force is increased linearly witlstnesarlevel and

when the mean stress is relatively low, the capillary effect has ngniicant influence orfcoye,,.,

which leadsf;oy:, to be higher than that of the dry material.

Fig. 1% presents the critical state mean capillary stress at differemrssiend mean stress levels. The
capillary stress is a negative stress and with the increase of suction, whichardearease in water
content, the absolute value of mean capillary stress is lower. It aisatexlthat the mean capillary
stress is not changed obviously by the mean total stress increase. As thepiflaay steess is related

to the water bridge coordination number and mean capillary force (from Eq. 1@, tima:ifcapo

values at critical state are presented in Fig. 19b and Fege$pectively. It can be observed thgt

and fean,, values are not obviously altered by the mean total stressfcgll',;g)evalue is negative as

capillary force is an attractive force. With the increase of suction (a deokasger content), the
water bridge coordination number is reduced and the magnitude of the capiitaryits absolute value)

is larger.
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5. Conclusions

In this paper, the critical state of wet granular materials is systematroadstigated by series of DEM
simulations. Water bridge effect is considered between neighbouring partmedimpg the material
has a relatively low degree of saturation ia tésidual state (the pendular state). By testing relatively
dense and loose materials in different suctions in the conventional thiedaig path, the critical state

is reached in both macro stress-strain behaviours and micro structures. Main concarsioasirawn

from both macro and micro aspects as follows:

The contact stress tensor, which is formulated by inter-particle mechanicas,fos not
sufficient to be used as the effective stress of unsaturated granulaalsébamnodel the critical
state behaviours. It can model the critical state with a linear mean contact stress andaeviatori
contact stress relationship (in theg space). However, due to the higher dilatancy in wet
materials, solely using contact stress is not enough to describe the deforanaticritical state
void ratio (in thep-e space).

The critical state stress ratio for wet materials is not constantsasitch higher under a low
mean total stress. Critical state equations (Eq. 12 to BaqréSroposed to fit the simulated
critical state stress ratio and void ratio by using the mean contes$ $tf,,,;) and mean
capillary stresspl.qp, Orp — Peont)- Classic parameters for dry or fully saturated conditions are
kept with one more term added to quantify the capillary stress effectlnesmation. The
parameter associated with capillary stress is correlated to suction or degree of saturation.
As reported before [48], the stress state is related to the internalisrinctexed by the micro
guantities such as the solid contact coordination number, water bridge number, solideand wa
phase fabric tensors and contact force and capillary force levels and anisottdpés been
observed in this study that at the critical state, unique values have been reacbse ini¢ho
guantities.

By analysing the deviatoric stress and mean stress with the stress-forcedhiinship
equation, it is realised that the two parameters for the critical $tass satio in the proposed
critical state equationsf; andM,,) are related to the critical state internal solid structure
anisotropy and the water phase fabric anisotropy respectively. This aldesitt@t at full
saturation, the paramet®, is possibly converged to 0, as the water phase is an isotropic effect
at full saturation.

At the critical state, the mean capillary stress is almost indepeofide mean total stress.
This is because the water bridge coordination number and the mean cégitlargre almost

not affected by the total stress level. The solid contact coordination number and maat cont
force are obviously increased by the capillary effect especially inttesssconditions which

induce a more significant mean contact stress when in low stress conditions.
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Appendix: Calculation of direction tensors

For a granular assembly wilNy solid contacts (note that one physical contact point has two contacts),
after Oda et al. [23], a moment tensor quantifying the directions of solid comtanals can be

expressed as:

N; = 2N, @n, (22)
s ceV

wheren, is the unit vector of the contact normal on thi solid contact. Similarly, a second rank
tensor for water bridge network can also be raised. For a sampl& yijtharticle water interactions

(two times of total water bridge number), the moment tensor can be written as:

N = 1 > n,®n, (23)

NW weV
wheren,, is the unit vector pointing from water bridge centre to particle centrieeon-th water-solid
interaction. The direction tensorsif; andD;; consider the deviatoric part of the moment tensor being

formulated as:

s/w 15 Jw 1
Dij = E Nij - éél‘] (24)
by taking the corresponding superscript.

For the directional distribution of contact forces, a second rank moment teredeo defined. By

integrating the tensor product of the average contact force along a particulaomlirdet moment

tensor notecs Kisjf, can be expressed in a unit sphere sfaas:

. 11
ijfzgw Q<fcont>

_®ndo (25)

where(feone) |n, IS the average value for the contact forces imgheirection. The direction tensor of

contact forceGisjf , is the deviatoric part of the contact force moment tensor in a normalised form:

sf
sf 3K ij

DOKI KK

(26)

Note that the directional mean contact forcef is,, KT+ K37 + k3L . Similar to the above
procedures, the directional mean capillary fqtggo can also be obtained from a moment tensor for

the capillary forces which will not be repeated.
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been implemented.
Table 1. Summary of triaxial test parameters.

Table 2
S(“kCFt,g” s, (%) | M, M, r, 2 A,
dry 0 0.73 0
5000 | 0.000876 0.59 0.0407
700 | 0.042 0.42 0.0398
300 | 0.196 0.38 0.0427
200 | o411 | O73 037 | 1755 | 98910 —5s3m
100 119 0.33 0.0484
50 3.39 0.24 0.0337
20 9.75 0.22 0.0404

Table 2. Summary of critical state parameters.
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