Decisions in Economics and Finance (2019) 42:527-573
https://doi.org/10.1007/s10203-019-00247-w

®

Check for
updates

Asymptotic expansion for some local volatility models
arising in finance

Sergio Albeverio' - Francesco Cordoni? - Luca Di Persio?( -
Gregorio Pellegrini3

Received: 27 August 2018 / Accepted: 11 April 2019 / Published online: 6 May 2019
© Associazione per la Matematica Applicata alle Scienze Economiche e Sociali (AMASES) 2019

Abstract

In this paper, we study the small noise asymptotic expansions for certain classes of local
volatility models arising in finance. We provide explicit expressions for the involved
coefficients as well as accurate estimates on the remainders. Moreover, we perform
a detailed numerical analysis, with accuracy comparisons, of the obtained results by
means of the standard Monte Carlo technique as well as exploiting the Polynomial
Chaos Expansion approach.
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1 Introduction

In the present paper, we shall provide small noise asymptotic expansions for some local
volatility models (LVMSs) arising in finance. Our approach is based on the rigorous
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results on asymptotic expansions for solutions of finite-dimensional SDE’s obtained in
Albeverio and Smii (2013) [following the approach proposed in Gardiner (2004, Sect.
6.2)]; some extensions to a class of SPDE’s and infinite-dimensional SDE’s have been
presented in Albeverio et al. (2011, 2016a,b). In particular, we consider underlyings
whose behavior is characterized by a stochastic volatility term of small amplitude €
with respect to which we perform a formal, based on Gardiner (2004, Sect. 6.2), resp.
asymptotic, based on Albeverio and Smii (2013), expansion. The latter implies that
the equation characterizing the particular LVM of interest is approximated by a finite
recursive system of a number N of linear equations with random coefficients. We then
exploit the solutions of the latter system to provide a formal, resp. an asymptotic,
approximation of smooth functions of the original solution for the particular LVM of
interest. In a similar way, we derive the corresponding approximation for the expected
value of the related option price in a risk- neutral setting. Errors estimates and explicit
expressions for the involved approximations are also provided for some specific cases,
together with a detailed numerical analysis.

We would like to recall that LVMs are commonly used to analyze options mar-
kets where the underlying volatility strongly depends on the level of the underlying
itself. Let us mention that although time homogeneous local volatilities are suppos-
edly inconsistent with the dynamics of the equity index implied volatility surface, see,
e.g., Mandelbrot et al. (2004), some authors, see, e.g., Crepey (2004), claim that such
models provide the best average hedge for equity index options.

Let us also note that, particularly during recent years, different asymptotic expan-
sions approaches to other particular problems in mathematical finance have been
developed, see, e.g., Andersen and Lipton (2012), Bayer and Laurence (2014),
Benarous and Laurence (2013), Benhamou et al. (2009), Breitung (1994), Cordoni
and Di Persio (2015), Fouque et al. (2000), Friz et al. (2015), Fuji and Akihiko (2012),
Gatheral et al. (2012), Gulisashvili (2012), Kusuoka and Yoshida (2000), Liitke-
bohmert (2004), Shiraya and Takahashi (2017), Takahashi and Tsuzuki (2014), Uchida
and Yosida (2004) and Yoshida (2003), see also Albeverio et al. (2012), Imkeller et al.
(2009), Peszat and Russo (2005) for applications of similar expansion to other areas.

The present paper is organized as follows: in Sect. 2, the basic general asymptotic
expansion approach based on Albeverio and Smii (2013), is presented. Then, in Sect. 3
we apply the aforementioned results to important examples in financial mathematics.
In particular, in Sect. 3 we study a perturbation up to the first order around the Black—
Scholes model as well as a correction with jumps for the case of a generic smooth
volatility function f. We then give more detailed results for the case of an exponential
volatility function f, in Sect. 3.1 with Brownian motion driving, in Sect. 3.2 with
an additional jump term. In Sect. 3.3, we shall present detailed corresponding results
for the case of a polynomial volatility function f; in Sect. 3.4, we treat the case of
corrections for f being a polynomial and the noise containing jumps. To validate our
expansions, we present their numerical implementations obtained by exploiting the
Polynomial Chaos Expansion approach as well as the standard Monte Carlo technique,
also providing a detailed comparison between the two implementations in terms of
accuracy.
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2 The asymptotic expansion
2.1 The general setting

We shall consider the following stochastic differential equation (SDE), indexed by a
parameter € > 0

{de = p€ (Xg)dr + o€ (X¢)dLy, o

XG=x5€R, tel0,00)

where L, t € [0, 00), is areal-valued, d-dimensional, Lévy process of jump-diffusion
type, subject to some restrictions which will be specified later on and u€ : RY — R?,
o€ : R - R?*4 are Borel measurable functions for any € > 0 satisfying some
additional technical conditions in order to have existence and uniqueness of strong
solutions, e.g., locally Lipschitz and sublinear growth at infinity, see, e.g., Apple-
baum (2009), Arnold (1974), Mandrekar and Riidiger (2015), Gihman and Skorokhod
(1972), Imkeller et al. (2009) and Shreve (2004). If the Lévy process L, has a jump
component, then X in Eq. (1) has to be understood as X;_ := limgq; X5, see, e.g.,
Mandrekar and Riidiger (2015) for details.

Hypothesis 1 Let us assume that:

(i) u€, o€ e CK*Y(RY) in the space variable, for any fixed value € > 0 and for all
k € No :=NU {0},

(ii) the maps € — o€ (x), where @ = u, o, are in CM(Iyin €, for some M € N, for
every fixed x € R and where I := [0, €0], €9 > 0.

Our goal is to show that under Hypothesis 1 and some further smoothness con-
ditions on ¢ and o€ (needed for the construction of the random coefficients X f,
i =0,1,..., N appearing in (2)), a solution X; of Eq. (1) can be represented as a
power series with respect to the parameter €, namely

XS =X+ eX! + X7+ -+ VXN + Ry, 0), ()

where X' : [0, o0) > R,i =0,..., N, are continuous functions, while |Ry (¢, €)| <
Cn(@)eVt, VN € Nand € > 0, for some Cy(¢) independent of €, but in general
dependent of randomness, through X 0 x ,1, X ,N . For n € N, the functions X ; are
determined recursively as solutions of random differential equations in terms of the
X/, j<i—1¥iefl,...,N}.

Before giving the proof of the validity of the expression in Eq. (2), let us recall the
following result, see, e.g., Giaquinta and Modica (2000).

Lemma 1 Let f be a real (resp. complex)-valued function in CM+1 (B(xo, r)), r > 0,
xo € R for some M € Ny, where (B(xo, r) denotes the ball of center xo and radius r.
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Then, for any x € B(xg, r) the following Taylor expansion formula holds

M pp
Fo =3 %(x —%0)" + Rag (DM f(x0, 1))

p=0

with D? f(xo) := DP f(x)|y—y, the pth derivative at xo and

Ru (M0 o0, 00) 1= (6 = 20) "+ Cog (o, ),

with
Ci(x0, %) = (M+1),f (1= )" DM (xo + s(x — x0))ds.
We have
M+1 M M+l
[Cy(x0, x)| < / (I =) sup  [DT T f(xo + s(x — x0))|ds
(M + 1)' x€eB(xp,r)
=: Cy(x) < +00 (3)
and also

Ru (£ o,0) | < 10w o)l x =20+ < Carxolle = xol M *!, M € No.

With this lemma in mind, let us then consider a function f : RT x R — R, and
fe(x) := f(e,x), e =0, x € R. If we then suppose that for any fixed x € R, f is of
class CK“(I) in € for some K € Ny, I = [0, €o], €0 > 0, we can write the Taylor
expansion of f around € = 0, w.r.t. ¢ € [ for any fixed x € R, as follows:

K
fe@) =" fi0)e + RE (e, x), “)

J=0

where f; is the jth coefficient in the expansion provided by Lemma 1, while
sup, |R,j;‘ (e,x)] < CK,feK“ for some Cg r > 0, independent of €. Assume in
addition that x > f;(x) are in CM*! j = 0,..., K, for some M € Ny, then,

applying Lemma 1 to the function f; in B(xo, r), r > 0, we obtain

i | 5 D7 fix0) (M+1) 7
fe)y =Y e | Y = —x0)” + Ru (" (x0, 1)) | + Ry (€, ),

=0 vt
Q)

with Ry (fj(MH) (x0, x)) estimated as in Lemma 1 (with f; replacing f) and RIJ;E (€, x)
asin (4).
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Let us now take x = x(€) assuming € — x(€) in CN*l with 0 < € < €0,
0 <€y < 1and x(0) = xo € R. Then, by Lemma 1

x(€) =) exj+Ry(e), NeNo, x;eR,j=0,1,....N, (©6)
j=0

with f replaced by x, M replaced by N, x by €, xo by 0 and Ry (fM+D (xg, x)) by
R, (€). In particular,

IRy ()] < Cn(0)eN T, (7

with Cy (0) independent of €.
Plugging (6) into (5), we get

£ D
fetx(@) =Y [Z #( ©=x0)" + Rag (P o, x(@0) | + R (€. x(€))

Jj=0 y=0

K DY f;(xp) K ! (M+1) ®)
:ZEJ Z Z xk+ Ry @© | + Ry (fj (x(Jsx(E)))

y<M v k=1

+ R (e, x(€).

The estimates on Ryy, RIJ;E and Rj‘v have been given in Lemma 1, resp., after (4),

resp. (7).
By Newton’s formula, we have that, Vy € Ny, the following holds

14

4 !

Zeij +RY ()| =) et NIV (RY )V (9)
— il yN41!

where we have used the notation

Y Y
* Y1 YN+1=0
V1+2y2++Nyn+yn+1=Y

hence, using (9) to rewrite (8) we obtain the following.

Lemma?2 If. for0 < € < €q, € — x(€) isin CNTI(I), I = [0, e0], and € — f.(y) is
CKH*\(R)ine € Iandforanyy e R, y > fe(y) isin CM+L, the following expansion
in powers of € holds:

Ny D” fJ("O) - 2 Nyy ¥ v
fe(x(e)) = Z e/ Z Z '€V1+ e ENYN G N (R, (€))NH
20 | y=o " - YN+1! (10)

Ru (1M V00, x(@) | + RE (e x(@)),

1
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The estimates for the remainders are as follows:

IRy (e)] < Cn (0™,
Raa (£ o, x(@0)) = Car )l = w0/,

sup |R) (e, x)| < Ck. .
X, €

with C~'N (0), C~‘M (x0) and Ck  y independent of €.

Taking Eq. (10) into account, we can group all the terms with the same power k € Ny
of €. Calling [ f¢ (x (€))] the coefficient of ¥ andusingk = j+y withj =0, ..., K,
Y1+2y+---+Nyy =y withy =0, ..., M, we have the following, see, Albeverio
and Smii (2013).

Proposition 1 Let x(€) be as in (6); let f. asin (4) with f; € cM+L j=0,....K.
Then,

K+M

fe(x(€) = Y e [fe(x(@)]y + R m(e),

k=0

with |[Rg 1p(€)| < Cxm€XTMEL for some constant Cx 4y > 0, independent of e,
0 < € < €p, and coefficients [ fc (x(€))]; defined by

[fe(x(€)]o = fo(x0);
[fe(x(e)]1 = Dfo(xo)x1 + f1(x0);

1
[fe(x(€))]y = Dfo(xo)xa + §D2fo<xo)x% + Df1 (x0)x1 + f2(x0);

1
[fe@(€)ls = Dfo(xo)xs + ¢ D* foxo)xi + Dfi (xo)xa + D2 (xo)x1 + D2 fi(xo)xf + f3(x0)-
The general case has the following form:

1
[fe(x(@)]x = Dfolxo)xy + EDka(XO)xlf + fi(x0)

+B{ o x1 e k=1 K+ M (11)

where B,{ is a real function depending on (xo, X1, . .., Xk—1) only.

Remark 1 We observe that [ f¢ (x(€))]; depends linearly on xi, non-linearly in the
inhomogeneity involving the coefficients x;,0 < j < k —1in (6). If x(¢) satisfies (6)
and both 1€ and o€ have the properties of the function fe in (4), then the coefficients
u€(x(e)) and o€ (x(€)) on the right-hand side of (1) can be rewritten in powers of €,
for 0 < € < ¢, as follows:
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Ky +M,

p@@) = Y [ @] e + Ry, ()
k=0
Ko+Ms

oc(x@) = Y [o°0c(e)], € + RE, 1, (©):

k=0

where the natural numbers K, and My, @ = 1, o depend on the functions €, resp.
o€, and

Ko+Mg+1

IR 411 (O] < Cypag, €Kt Matl,

for some constants Cg, 1y, dependingon C;, j =0, ..., K4 + M, but independent
of €,and 0 < € < ¢.

2.2 The asymptotic character of the expansion of the solution Xf of the SDE in
powers of €

Theorem 1 Let us assume that the coefficients a, « = [, o, of the stochastic differ-
ential equation (1) are in CXe(I) as functions of €, ¢ € I = [0, €0], €0 > 0, and
in CM«(R) as functions of x. Let us also assume that o are such that there exists a
solution X5 in the probabilistic strong, resp. weak sense of (1) and that the recursive
system of random differential equations

dx;/ = [ (Xf)]; de + [0 (X0)],dLi, j=0.1,...,N, £20,

has a unique solution.
Then, there exists a sequence €, € (0, €0], €9 > 0, €, | 0 asn — oo such that Xf”
has an asymptotic expansion in powers of €,, up to order N, in the following sense:

X=X+ e, X 4+ + VXN 4 Ry(en, 1),
with

SUPsefo.¢] |1RN (€n, 5]

st —lim¢, |0 T
E}’l

< Cny1,

Jfor some deterministic Cy4+1 > 0, independent of € € I, where st-lim stands for the
limit in probability.

Proof We proceed by slightly modifying the proof in Albeverio and Smii (2013) since
we have to take care of the presence of the explicit dependence on € of the drift
coefficient.

We shall use the fact that

N ivJ
[x: - Xy eix]]
eN+1

Tn(e, t) = , € €(0,e0l,
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satisfies a random differential equation of the form

€
eNlaryie n =y, (X0 xN RN o) d o+ agy (X0 XY RN @ o) dLy,

with coefficients A‘I{; LA =p,0 given by

N N
. A .
ARNg1 00 V1s - v =l [ D ey + Ny =Y elaioin YN |
j=0 j=0
withaj, j =0,1,..., N the expansion coefficients of &€ in powers of € € I.

By Taylor’s theorem, one proves
et sup (A% (X0 XY RN ©) = Ot €€ (0,eol,
s€[0,t

for some Cy+1 > 0, independent of €, 0 < € < €.
From this, one deduces that one can find a sequence €, — 0 asn — oo s.t.

. 1 o
st-lim ¢, 10 —r7 SUp 1A% (X?,...,X;].V,Rf,v(en))l
n=oo € T sel0,6]

exists and it is bounded by Cp 1.

Under some assumptions on u¢, o€ and L, it follows then from a theorem by
Skorohod, on the continuous dependence of solutions of SDE’s on the coefficients,
see, e.g., Gihman and Skorokhod (1972), that

st-lim ¢, ;0 sup | Ty (€n, 5)|
n—0o0 5¢[0,1]

exists and it is bounded by Cy 1, which proves the result.
See Albeverio and Smii (2013) for more details. m]

Remark 2 1t is worth to mention that if L, is a standard Brownian motion, then results
of the type stated in Theorem 1, have been already obtained, exploiting Malliavin
calculus’ techniques, see, e.g., Takahashi (1999) and Watanabe (1987). Recently, see
Shiraya and Takahashi (2017), results of Takahashi (1999) have been partially extended
to consider the case when the small perturbation parameter € is also in the jump
component and then expand the related SDE around € = 0, even if in a different
way compared to our approach. We further generalize previous setting considering
a small parameter which fully enters in the volatility term multiplying the stochastic
noise L,, possibly with a polynomial dependence. We would like to underline that,
w.r.t. the settings studied in Takahashi (1999) and Watanabe (1987), we retrieve the
driving SDE there analyzed and then obtain the same expansion. Let us also recall
that asymptotic expansions in the case of L, with jumps have been also discussed, by
using PDE methods, in Benhamou et al. (2009) and Matsuoka et al. (2004), where the
coefficients appearing in the expansion for the option price are expressed in terms of
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the Geeks, while in Pagliarani et al. (2013), PDE and Fourier transformation methods
are used to handle an expansion of the solution of the Kolmogorov equation associated
with processes with stochastic volatility and general jump terms. Expansions in terms
of nested systems of linearized SDE’s also occur in Fouque et al. (2000) and Takahashi
and Yamada (2012).

Remark 3 Tt can be seen that in general the kth equation for X in Theorem 1 is a
non-homogeneous linear equation in X¥, but with random coefficients depending on
X ?, X f_l and with a random inhomogeneity depending on X f Thus, it has the
general form

dXf = fi (X0, XE) xbar 4 g (XD XET ) e
(12)
+ 8 (X,O) dL; + (X?, . Xf—l) xkdL,.

for some continuous functions fx, gk, gr and hy.
Let us now look at a particular case

Example 1 Let us consider the linear case, that is, let u¢ = (a + €b)x and o€ =
(00 +€01)x with a, b, og and o1 some real constants. Applying Proposition 1, we get

t t
X?:xo—l-/ aX?ds—I—/ O'()X?dLS,
0 0
1 1 1 t
X! =/ axslds+/ bXSds+/ olxgdL,—{—/ oo X dL,, (13)
0 0 0 0
t t t t
x¥ =/ axfds+/ bxf—lds+f 01Xf_ldLs+/ ooXfdL k > 2.
0 0 0 0

If we consider the special case of Remark 1 where u€(x) = ax + b, independent
ofe,0(x) =cx + ec?x, for some real constants a, b, ¢ and c?, independent of €, and
where the Lévy process is taken to be a standard Brownian motion, L; = W;, then by
Eq. (11) we have that X f‘ satisfies a linear equation with constant coefficients for any
k € N; thus, applying standard results, see, e.g., Arnold (1974), an explicit solution
for X¥ can be retrieved.

Let us describe this in the case where we have a set of K coupled linear stochastic
equations with random coefficients of the form

dX; = [AMX, + f(O]dr + /L, [Bi(DX, + gi()]dW],

L ¢ (14)
Xo=xp€R, >0
where A and B; are K x K matrices and f and g; RX -valued deterministic functions.
Letus underline that, in a financial setting, A and B can be considered as the percentage
rate at which drift and volatility change, whereas f and g play the role of inhomoge-
neous terms. All the coefficients A, B, f and g are assumed to be measurable. The
solution of Eq. (14) is then given by
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X, = &) |:X0+ f > (s) (f(S) ZB (s)&(s)) ds+Z / gl(s)dW}

i=1

15)

where @ (t) is the fundamental K x K matrix solution of the corresponding homoge-
neous equation, i.e., it is the solution of the problem

{dqb(t) = AM®0)dr + Y1, Bi(t)® (1)dW], 6

@0)=1,1>0,

being [ the unit K x K matrix.

Remark 4 In the case where K = 1, we have that @ reduces to a scalar and is given

by
1 1 1
@ (1) = exp {/ (A(s) — 532(S)> ds +/ B(s)dWS} .
0 0

Still in the case K = 1 but with a more general noise, i.e., W; in Eq. (14) replaced by a

Lévy process composed by a Brownian motion plus W; a jump component expressed

by N, Eq. (16) is replaced by

d@ (1) = A()®(1)dt + B()P (1)dW,; + [ @(t-)C(z, x)N(dr, dx),

0 a7
e0)=1, t>0

with A, B, C Lipschitz and with at most linear growth, and where N (dr, dx) is
a Poisson compensated random measure to be understood in the following sense:
N(t,A) := N(t, A) — tv(A) for all A € B(Rg), 0 ¢ A, with A the closure of A,
N being a Poisson random measure on R x Rg and v(A) := E(N(1, A)), while
Ry := R\{0} and f]R (|)c|2 A Dv(dx) < oo, v is the Lévy measure to N see, e.g.,
Applebaum (2009), Imkeller et al. (2009), Mandrekar and Riidiger (2015).

Denoting then Eq. (17) for short as

do () = @(t.)dX (1), (18)
with

dX(t) = A(t)dt + B(t)dW, + / C(t, x)N(dt, dx), (19)
Ro

we have then that the solution to Eq. (18) is explicitly given, in terms of the coefficients
and noise, and the solution of Eq. (19), by
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! t
¢(f)=eXp{1+/ (A@)—%B%)) ds+/ B(s)dW,
: Y i (20)
—i—/ C(S,X)N(ds,dx)} l_[ (1_|_AXS)6—AXS’
Ro

O<s<t

where AX(s) := Xy — X,_ is the jump at time s € (0, ¢]. The stochastic process
(20) is called Doléans-Dade exponential (or stochastic exponential), and it is usually
denoted by @(t) = £(X;). The Doléans-Dade exponential has a wide use in finance
since it is the natural extension to the Lévy case of the standard geometric Brownian
motion, see, e.g., Arnold (1974) and Gardiner (2004) for a more extensive treatment
of the fundamental solution of the homogeneous equation for systems of linear SDE’s
and Applebaum (2009) for more details on the Doléans-Dade exponential.

3 Corrections around the Black-Scholes price (with Brownian, resp.
Brownian plus jumps)

We shall study an asset S; evolving according to the particular stochastic differential
equation (SDE) governing the Black—Scholes (BS) model, with the possible addition
of some driving term determined by a compound Poisson process, see, e.g., Black
and Scholes (1973), Shreve (2004), resp. Benhamou et al. (2009), Merton (1976) and
Albeverio et al. (2006). Our aim is to apply the theory developed in Sect. 2 in order to
give corrections around the price given by the BS model for an option with terminal
payoft @ written on the underlying S; (@ is a given real-valued function assumed
here to be sufficiently smooth). In particular, if we consider the return process defined
as X7 := logSs, S being supposed to be strictly positive, at least almost surely, we
have that the price P (¢, T) at time ¢ of the option with final payoff @ with maturity
time 7,0 <t < T, is given by

P4, T) = EQ [e“T*’)qb(XT)‘ f,] , 1)

where Q is a relevant equivalent martingale measure, called in financial application
risk-neutral measure, EQ [-|-] the corresponding conditional expectation given the o -
algebra F; at time ¢ associated with the underlying Brownian motion; » > 0 is the
constant interest rate. We refer to, e.g., Black and Scholes (1973), Brigo and Mercurio
(2006), Cox et al. (1985), Filipovic (2009), Kim and Kunitomo (1999), Shreve (2004),
for a general introduction to option pricing. We stress that, defining the stock price as

dS(t) = S(_)dL(1),
for a general Lévy process L, as remarked in Egs. (18)—(20), its solution can be given
in terms of the Doléans-Dade exponential as S(t) = £(X;). In particular, using the

notation in Eq. (20) and requiring that

inf {AL(t), t >0} > —1 as.,
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then Z is almost surely finite and positive, see, e.g., Applebaum (2009, Proposition
5.1.1, pp. 247-248). Moreover, by Theorem 1 and using Lemma 2, we have that & (X7)
has an asymptotic expansion, in the sense of Theorem 1, in powers of € € [0, €p),
€0 > 0, with the following form

H
(X)) =Y e [DX])], + Ru(e. 1), (22)
k=0

where

sup |Rp(e,s)| < Cppr(Def ™

s€[0,t]

forany H € N, and the coefficients can be computed from the expansion coefficients
of X7, as discussed in Sect. 2.

More concretely, we will deal with two particular cases. In the first case, we have an
asset S€ evolving according to a geometric Brownian motion with a small perturbation
in the diffusion. Namely, the asset evolves, in a risk-neutral setting, according to

dSE = S¢ [(00 + €01 F(SNAW,],

23
so =s0,t>0 23)

where o¢ # 0 and o are real constants, so > 0, W; is a Q-Brownian motion adapted
to the filtration (F;), and f (87) == f(X;) with f a given smooth function on R.
In particular, the existence and uniqueness of a strong solution to Eq. (23) follow
under the general assumption of f € C! from McKean (1969, Problem 3.3.2). For
the sake of simplicity, we have assumed both oy and o7 to be time independent,
the generalization to time-dependent functions being almost straightforward, without
computational problems w.r.t. derivation of the results developed in what follows.

Suppose, for all t > 0, S; > 0 a.s. (which is the case if € is sufficiently small).
Applying It&’s lemma to X; := log S, we end up with the following evolution for
X7, the return of the asset price

t 2 2 X¢ 2
X5 =x0—f |:070+60001f(X§)+62#j| ds
0

t
+ / [00 + €01 f(X)] W, (24)
0

where we have set xo := logsg.
Applying the results obtained in Sect. 2 and expanding Eq. (24) to the second order
in €, we get
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2
o
X? = X0 — TOI + ooW;, withlaw N(xo + ut, aozt) ,

t t

th = —/(; anlf(Xg)ds +/(; o1 f (X?) dwg, (25)
t 02 XO 2 t

X2 = _/0 (# + 20001 17 (%0) x! ) ds +/0 orf (X0) X1aw,,

2 2
where N/ <— UTOt, ogt) denotes the Gaussian distribution of mean — UTOt and variance

O’Ozt, f/ the derivative of f.
The second model we will deal with, following Merton (1976) and Benhamou et al.
(2009), is the previous one with an addition of a small compound Poisson process

N
Zi=Y i
i=1

with N, a standard Poisson process with intensity A > 0 and (J;);=|
independent normally distributed random variables, namely such that

N, being

.....

J; has law N (y, 8%),

for some y € Rand § > 0.
We thus have that the Lévy measure v(dz) of Z reads as

_e=p)?
e 22 dz, zeR,

A
dz) =
V) = e

and the cumulant function of Z is
522
k() =M <er+2 - 1) .

In particular, we assume the asset S€ to evolve according to a geometric Lévy
process with a small perturbation in the diffusion. Namely, the asset evolves, in a
risk-neutral setting, according to

{ds; = 55 [ (00 + eor F(SNAW: + e %, ] 6

SS=s0>O, t >0,

Again the existence and uniqueness of a strong solution to Eq. (26) can be obtained
by arguments similar to the ones used in McKean (1969, Problem 3.3.2) together with
. N,
the properties of > ", J;.
Proceeding as above and applying It6’s lemma to X; := log Sy, we have that the
log-return process X; evolves according to
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1| 52 2 £x€)2 )
Xy =xO—/ [%OJreaomf(Xﬁ)Jrez—al f(2 ;) :|ds+e)»t <eV+‘Z _1>
0

M @7)

+/ (o0 + €01 £ (X)) dW, +€ 3,
0

i=1

fore € I = [0, €], €0 > 0.

In the present case, it is more tricky to deal with the risk-neutral probability mea-
sure Q. Under suitable assumptions on the coefficients and noise, one can assure the
existence (but not necessarily the uniqueness) of an equivalent probability measure Q.
We will assume the process (27) to evolve under a risk-neutral measure Q, see, e.g.,
Applebaum (2009).

In particular, we will use two specific forms for the function f that is an exponential
function and a polynomial function. The former is of special interest for its general
application to integral transforms, such as Fourier or Laplace transforms, see, e.g.,
Sect. 3.1, Remark 6. The latter mimics a polynomial volatility process [these types
of processes have been widely used in finance since they can be easily implemented,
see, e.g., Carr et al. (2013) and reference therein].

3.1 A correction given by an exponential function

Let us consider the first model described by Egs. (24) and (25), i.e., an asset S¢
evolving according to a geometric Brownian motion under the unique risk-neutral
probability measure QQ, recalling that X; = logS;. Let us first look at the particular
case f(x) = e*¥, for some @ € R. We take into account the particular case of an
exponential function due to the fact that it can be easily extended to the much more
general case where the function f can be written as a Fourier transform or a Laplace
transform of some bounded measure on the real line, as it will be further discussed in
Remark 6. We then get the following proposition.

Proposition 2 Let us consider the SDE (24) in the particular case where f(x) = e**,
for some o € Ry := R\{0}, op € Ry.

Then, the following expansion X¢ = X 4+ e X! + €2X? + Ry (e, t) holds, where
the coefficients are given by

op o
X?:x0—70t+00W,, withlaw N x()?()t,agt :

t
th = / Kae“X?ds + o <e“X9 — 1);
0 @op (28)

t t t
0 0 0 0
x?=cl / e?*Xsds + C2eXi / e*Xsids + CS[ e*Xsds
0 0 0

t N
0 0 0 0
+ Ci/ e Xs / e®Xrdrds + C3e¥ X 4 8 4 ],
0 0
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with
oy w0y 1 »(5 1 Ky 2 o1
K:: (———— ),C::_ -~ — = 1C:=K_v
TN\ Ty ) e m A (2 2 TET Sy ) o= e
1 « o Ao
3. 2 4 0 0
Ca.:—al <§+§+2),Ca:—K01a<200—?+7),
2 2 2
cs.— i 6._ _ 91 7= 91
« =505 b =T s Ca S S S
ooy oo ao;

Furthermore, Ry (€, t) satisfies the bound

SUPgepo.¢] | R2(€, 5)]

st — 1im€n¢0 3
€n

< (3,

for some subsequence €, |, 0 and with some constant C3 > 0.

Proof The proof consists in a repeated application of the It6 formula and the stochastic
Fubini theorem.

In fact, substituting f(x) = e** into system (25) we immediately obtain
X? = xout +ooW;, withlaw N (xo + ut, Ugt) ;

t t
xl=— aae"‘x-?ds—i—/ oe“X?dW;
t /O\ 001 0 1 N (29)

t 2 t
Xl2 = —/0 ( 21 201XA +20001ae°‘XAX )ds—l—/o Glae“X?Xbl,dWS.

To compute X tl, we apply Itd’s lemma to the function g(X 9) = X! (o get

t t
aXi =1 +/ < Xoeu—}— 2 2 e@Xs )ds—i—/ eax?aaodWs. (30)
0 0

Expressing the latter integral involving dWy by the other terms in Eq. (30) and
substituting it in the stochastic integral of X ,1 in the system (29), we get the result for
th in Eq. (28).

In order to derive the expression for X2, we use again Itd’s lemma, in particular
Eq. (30), getting from (29)

0 ! 0
X2 = _/0 ( 21 XY 1 2500y XS x}) ds +/ aoe®Xs xLdwg

! 1
:—f (712 (2a+§> 2O‘Xsds-i-‘/‘ 20:(72 "‘X?ds—/ f ZKaalaoae“X XP drds
0

O( 0 0 0
+/ e2Xs awy — / aof XY aw, +/ Kaow]e“’XS/ X7 drdwy .
0 00 0

M 2) ©)
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For the terms (1) and (2), we use Eq. (30), resp. It6’s lemma applied to the function

g(X?) = X} , as before to replace the stochastic integral by an integral against
Lebesgue measure. In order to treat the term (3), we use the stochastic Fubini theorem,
see, e.g., Theorem 6.2 in Filipovic (2009), to get

K ros K
3) = =% / f @o0e?X0 X drdw, = —27! / aX; / aooe® X dw,dr.
o0 0 JO

Using the expression for the integral in dW; coming from (30), we then get

K o t t
3) =2 1/ e“XQ/ aaoe“X?dWSdr
o0 0 r
_ Kaor (o X! ! (a0 Kao1 L ux? K,01 azog
= sds — e *tsds — ou+
(o)) 0 o) 2

// X @ X) 4 dy

Substituting now everything into the original system (29), rearranging and grouping
the integrals of the same type, we get the desired result in (28).
The estimate on the remainder is a consequence of Theorem 1. O

Remark 5 Our aimin Proposition 2 is to discuss in detail a particular choice of volatility
function around the Black—Scholes one. We obtain explicit formulae for the expansion
coefficients, keeping control of the remainder. This expansion can be seen as a par-
ticular, but more explicit, case of the one discussed in Takahashi (1999, Proposition
2.1).

Remark 6 The particular choice of f(x) = e** can easily be extended to any real
function which can be written as a Fourier transform, resp. Laplace transform, f(x) =
fRo e"Yo(da), resp. f(x) = fRo e“o(da), of some positive measure g on Rg (e.g., a
symmetric probability measure) resp. which has finite Laplace transform. Formula (28)
holds with K ,e®X* replaced by fRo Kaei“X9Q(doe), resp. fRo Kae"‘ng(da), which are
finite if, e.g., fRo |Kylo(da) < oo, resp. o has, e.g., compact support. In fact, Eq. (30)
gets replaced by

t
/ X7 o(dar) = 1 —l—/ |:/ ( ax?aﬂ‘i‘ e s )ds] o(da)
Ro R LJO 2
t
+f |:/ e“XgocaodWsi| o(da).
R 0

By repeating the steps used before and exploiting again the Stochastic Fubini’s theo-
rem, we get the statements in Proposition 2 extended to these more general cases.

€1y

If we assume the payoff function x + @ (x) to be smooth, x € R, we can expand
@ (X;) in powers of € using the formulae in Proposition 1. Then, exploiting Eq. (22)
with H = 1, i.e., stopping at the first order, we get
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@ (X;) = (X)) + @' (X)X + Ri(e. 1), 32)

with SUP;e[0.] IR1(€, 8)] < C’(s)ez, for some C independent of € (@’ is the derivative
of D).

Calling @ the terms on the r.h.s. in Eq. (32) minus the reminder term R (e, 1), we
get that the corresponding corrected fair price Pr!(0; T), up to the first order in €, of
an option written on the underlying Sf := eXi at time ¢ = 0 with maturity 7', reads
as follows:

Pri0; T) = e "TEQ [0 (X$)] = e/ TEC [qb(X%) + 6@’(X(})X1T]
(33)
= Pras+ee”TE? [0/ (X)X} ]

0
Xt see, e.g.,

where Prpg stands for the standard B—S price with underlying St0 =e
Black and Scholes (1973).

This formula yields thus, for a smooth payoff function, the corrected price up to
the first order, with an error term related to the “full price” and bounded in modulus

by C,e€? for a constant C, > 0 independent of .

Remark 7 1t is worth to recall that typical payoff functions usually fail to be smooth,
as in the case of European call options where @ (x) = (e* — K)™, K > 0 being the
strike price. In particular, latter case is characterized by a point of non-differentiability
ate” = K. To avoid such an issue, one can consider a smoothed version of the payoff
function, namely @), := @ x pp,, with p, a smooth kernel s.t. @, — @ as h — 00, in
distributional sense. As an example, taking pj, to be a smooth C* mollifier, properties
of the convolution product imply that also @ inherits the smooth C*° regularity. Then,
choosing a suitable calls of mollifier, the desired convergence @, — ® ash — oo is
obtained, see, e.g., Showalter (2010). As a byproduct of such an approach, we have
that the smoothed payoff function @;, see Eq. (33), is well defined. In particular, the
first derivative appearing in Eq. (33) is given by a regularized version of 1jy~n k().
Heuristically, interchanging the limits involved in the expansion with the regularization
removing, we can look at Pr! (0, T') as given by (33), also in the case of the payoff
function @ (x) = (¢¥ — K)™, x € R. Namely, we can considered we have that it
approximates the price, with @’(x) = Ljy~1n k](x) given as above. In fact, it can be
notice that, being @ € C 1(R\{ln K1), we have that its derivative on the domain of
differentiability corresponds to 1~y k(). We stress that the above approach should
ideally deal with distributional coefficients, using methods of see Watanabe (1987),
and also to handle distributional @, see Takahashi and Yamada (2012).

We have the following result.

Proposition 3 Let us consider the particular case of an European call option ® with
payoff given by ®(X) = max{eXi — K, 0} =: (extE — K)+, K being the strike price.
Then, the approximated price up to the first-order Pr'(0; T), in the sense of Remark 7,
is explicitly given by
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Pri0; T) = Pps + eKisg ™ 1 (s, T, @) — eKasoN (dy)
+elCasgTIN (d2a + 1)), (34)

with N (x) the cumulative function of the standard Gaussian distribution and

2

d(a) = aof (1 0g2 + <r—°;°a> T), dy = d(), dy = (dy +ooVT),

o2

2
0 o o1 %0
K= Kae_TT, Ko=—, K3= 7leTTa(a+l)+arTy
oo - ao(

T
LG, T,a) = e“‘”/ 1 e?0¥e(14@)00y v 0.7 — 5 .0, s)dxdyds,
1( ) /0 . [x+y>ﬁdz} &( )9 (v, 0, s)dxdy

where we have denoted by ¢ (x; (., o) the density function of the normal distribution

with mean u and variance o; Pps denotes the usual B-S price with underlying S,0 =

0
eXr,

Proof Given the exponential function f(x) = e**, where o € R, the approximated
price up to the first-order Pr!(0; T) of an European call option with payoff function
®(XE )—( r-K) is
+
Pri; 7) = Pps +eeTE2 [0/ (X}) X} |
—rT ) rQ X9 ’ ax?
= Pps +e€e E H[Xg>ln(K)]e T | Kye“"sds [+ (35)

X9 X9 X9
— IE® []l[xg>1n(1<)]e T] +IGE? |1 [ (X7 >in(k)® € ]}

where Ppg is the standard B-S price with underlying S,O — X!,

Let us first compute the integral

T
0 0
e "B [l[x‘}»nmnex’/o Kae“XSdS}

By means of Fubini Theorem, we can exchange the expectation with respect to the
integration in time so that we obtain

T
ee*rTKa/o EQ []l[X0>ln(K) eXTe"‘XO]ds. (36)
From the definition of X (% and X 9, for every fixed 0 < s < T, we have

X9 = xo + uT + ooWr,
XY = xo + ps + oWy,
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are two correlated random variables, by means of the Wiener processes involved. By
algebraic manipulation let us define Wy = Wy — W 4+ Wy, where X := Wy — Wy is
N(0, T — s) independent with respect to W;. Then, X(% =x0+ uT + 09X + ooW;
and (36) becomes

T
—rT Q (I4a)xo+uT apms 00X (14+a)og Wy
€e K Ex|1 e e*Me%0%e ds
“/0 [ {U()X+U()Wy>ln(%)f,uT}

2
_ 1 _%
ce rTKasé +0) 1T o= 2T

T
ausQ 00X . (14+a)og Wy
X /0 e K |:1{dox+dowv>ln(§))_ﬂ}e e :|ds.

The expectation with respect to the risk-neutral measure can be exchanged with the
time integration. Moreover, by exploiting the independence of X and W, we get the
final result

o2 T
0 ,
eKusg e 2T f ¢ o0t e(1H0%03 6 (1, 0, T — 5) (y. 0, s)dxdyds
0

QLS /H;XRIL{X+Y>*«/7“’2}C

T
= es(<)1+a)lC1 /0 eaﬂs./]R “ ]l{x+y>_ﬁd2}e”Uxe(l"'a)GO-"qb(x, 0,7 —s5)$(y,0,s)dxdyds.
X

Then, we have from the definition of X (%

9 Vix_ L =2
]E[Il r eXT] :/ efotrTHooVTy ___o=-dyx
XI >In(K)1 e, e
2 ( x _ogVT 27
T —%r ! (ﬁ ﬁ) L
=spe’ e 2 / —e ez dx (37)
x>—dy V2T
()
T NG
= soe” / e dx
x>—dp 2

By setting y = x — 0p+/7, the integral in (68) reads as

1 »2
E [ 1 mcie™” | = soerT/ e Tdr = s’ TN(). (38
[Xo >In(K)] o —d \/E
Eventually by multiplying by —ee™"7 I, we obtain

_ 0
— e TIGE 17 g™ | = —eKasoN @) (39)

@ Springer



546 S. Albeverio et al.

Let us now compute the last term in the bracket { } in (35). We have

X9 X (+4) (xo+uT+ooV/Tx) 1 =
Ko |:]I[XT>1n(K)]e re T} B ]CZ/ oo )Te P
0 x0+uT+o0v/Tx>In(K) 2

=’C2/ (@) o+ T) (1+@)ogy/Tx ! e%ﬁdx (40)
x>—dy V2

(S

2 2
_ IC2S(()1+a)e(1+a)rTe—(l+a)JT°T / cHaogyTe L ==
x>—d V2

The integrand function can be recast as

S

2
1 7<L7(l+a)aoﬁ
(S

)
1 e(l-i—ot)aoﬁxe% V2 ) 670(1+a)2T'

T3 T Vom

By the change of variable x — y = x — (1 + a)oo~/T, the domain of integration
becomes

y>—dy — (1 +a)ooT = — Ooi/_( <K)—rT+ao/2—(1+a)a§T>
1 K
= Go\/_< < >+rT+—(2oz~|—1)T>
= —dQa+1).

Therefore, (40) becomes

0
ICzIE[ Xr>ln(K)]eXTe“X]

o2 o2 2
:K2sél+a)e(l+a)rTe—(l+oz)TOTeTO(1+a)2T/ 1 e dy

y>—dQa+1) V21
02
_ K:2S(gl+ot)e(l+oz)rTea(l+a)70TN(d(za 1))

—rT

Eventually by multiplying by ee™ ", we get

o2
OB [1yg nqiyye*F o™X | = Kasf! e e+ 03Ty @20 + 1))
= K35 T N(dQa + 1)) O

By Proposition 3, we have that the explicit computation of the corrected fair price
is reduced to a numerical evaluation of a deterministic integral, which might be more
efficient than directly simulating the random variables involved.

Remark 8 Our result in Proposition 3 covers the case of a perturbation around the
classical Black—Scholes model. This is different in this sense from the one discussed
in Takahashi (1999).
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Remark 9 We could have also considered the second order perturbation Pr2(0; T)
around the BS price. This is given by

2
PrAO;T) = Pr'0: T) + 2 TE? [0 (X)) X} | + ¢ TEC [q)(x‘%)” (x}) } ,

with Pr! the up to first-order price in Eq. (33). For the particular case of a European
call option, we have that @” = §(X — log K)e* + 1[X>10gk]ex, with § the Dirac
measure at the origin. Thus, the correction up to the second order of the BS price for
a European call option reads

Pr20; T) = Pr' + €2 Kysl* 11 (s, T, 2a)
+ 62/C5s3a+112(s, T) + 621C6sg+111 (s, T, )
+ 255 M I (ry 5, T) + K853 TN (d (=3 — 4a))
+ €2 KosETN (d(—1 — 2a)) + €2K1050N (d(1)),

(41)

with Pr! as in Eq. (34), the notations as in Proposition 3 and
o1 ”(% "g
’C4 — (C(}l + 2Ka_> e—TT’ }CS — CiearT—T(oH—l)T’
Qo
o1 "g "g
Ko= (24 2k 2t )e T 0 = (et v 2K2) 3T,
a0y
o o1\ %
Ks = CgeTTa(2a+l)+2arT’ Ko = <C2 + 1 )ezTa(a+1)+arT’

oo
ol
oo

T
L(s, T) = 1 aus+(2a+1)ooy+(a+1)oox
2(s, 1) /0 /RxR [x+y>—«/7d(1>]e

x¢px;y, T —s5)p(y;0,s)dx dyds,

T ps
I s, T) = 1 eau(s+r)+aox+(1+a)aoy+(1+2o¢)<roz
2 ) /0 /0 /]RXRXR [x+y+z>—ﬁd(1)]

X @¢x;y, T —5)p(y; 2,5 —r)p(z; 0, r)dx dydzdrds,
3.1.1 Numerical results concerning the pricing formula in Proposition 3.

We will now use the techniques based on the multi-element Polynomial Chaos Expan-
sion (PCE) approach, to show the accuracy of the above derived approximated pricing
formula in Proposition 3.

In what follows, we will numerically compute the first-order correction of the price

of an European call option, whose payoff function is (ex; - K ) . In particular, we
+

focus our attention on the second summand of
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Table 1 Numerical values of the parameters employed in further computations

Sigmal r Alpha T K Sigmazero s0 Epsilon
0.15 0.03 0.1 0.5 50 0.15 90 0.15
0.75 75 0.25 100 0.1
1 90 0.35 110 0.06
1.25 100 0.03
1.5 110 0.01
1.75 125
2
Pri(0;T) = Pgs + e "TEQ [@’(X%)XIT]. (42)

Also, X (% and X ; are defined as in Proposition 2.

The expectation is computed by means of the standard Monte Carlo method, using
10,000 independent realization, and by means of the multi-element PCE, see, e.g.,
Bonollo et al. (2015), Crestaux et al. (2009), Ernst et al. (2012), Peccati and Taqqu
(2011) and references therein, for a detailed introduction to such a method. Indeed,
the random variable of interest is

0y yl
LixT (@w)>Ink ) XPXT) X T

For both methods, we will use the available analytical expression of X (% and X lT,
depending on the function f(x). In what follows, D := {Xg (w) > In(K)}.

In particular exploiting the linearity of the expectation and the definition of the two
random variables involved, (42) becomes

T
EQ [1Dex‘%f Kae“X?ds:| + KoEQ [ﬂDeX?e“X(%] — K,EQ [ﬂDeX‘%] (43)
0

Then, we perform a multi-element PCE approximation of each random variable
in (43), setting the degree of the approximation to be p = 15, since the degree of
precision reached for such approximation seems to be sufficient. For higher degree, the
computational costs increase as well as numerical fluctuations; as witnessed exploiting
the Non-Intrusive Spectral Projection (NISP) toolbox developed within the Scilab
open-source software for mathematics and engineering sciences becomes relevant for
multi-element approximation. It is worth to mention that multi-element PCE is nothing
else that a PCE focused on D. Moreover, the global statistics are given by D, scaled
by means of the weight w.

The numerical values of the parameters are gathered in Table 1.

Figures 1, 2 and 3 report percentage error between analytical and PCE approxi-
mations of the above pricing equation, for different strike prices, maturity and €; also
similarly, the same results are collected in Fig. 4 regarding relative error over € grouped
by maturity.

@ Springer



Asymptotic expansion for some local volatility models... 549

PCE
Strike (K)

0,0059%

0,5/ 0,0027% 0,0021% 0,0015%
0,75/ 0,0041% 0,0031% 0,0024%
1| 0,0055% 0,0042% 0,0033%
1,25 0,0069% 0,0054% 0,0042%  0,0033%

1,5| 0,0084% 0,0065% 0,0052%  0,0041% ( rw
1,75| 0,0098% 0,0077% 0,0062%  0,0050%  0,0037%  0,0015%
0,0089% 0,0072%  0,0059%

0,5/ 0,0025% 0,0023% 0,0019%  0,0015%
0,75/ 0,0043% 0,0034% 0,0029%  0,0023%
1[ 0,0058% 0,0046% 0,0039%  0,0032% 19
1,25| 0,0073% 0,0058% 0,0049%  0,0042%  0,0033%  0,0017%
0,0070% 0,0060%  0,0051%  0,0041%  0,0024%
0,0083% 0,0071%  0,0061%  0,0050%  0,0032%
0,0096% 0,0082%  0,0071%  0,0059%  0,0040%

Fig. 1 Percentage error for PCE and analytical estimation—error w.r.t. strike price K

In particular, Figs. 5, 6 and 7 show that, as expected, the relative error increases
with and volatility; nonetheless, the relative error remains low. Same reasoning holds
increasing the maturity 7.

Also varying €, it emerges how the error decreases for smaller values of €, in accord
with the small noise expansion nature of the pricing formula.

3.2 A correction given by an exponential function and jumps

In what follows, we extend the results in Sect. 3.1 to the second model in Sect. 3. In
particular, we will consider a correction up to the first order around the BS price (for
a European call option) where both diffusive and jump perturbations are taken into
account. We consider an asset whose return evolves according to Eq. (27) and consider
as before the particular case where f(x) = e**, @ € Rp. Carrying out the asymptotic
expansion in powers of €, 0 < € < €, and stopping it at the second order, we get the
following proposition:
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Fig.2 Percentage error for PCE
and analytical estimation—error

w.It. o

Strile (K) sO

epsilon

90 0,060
90 0,100
90
100
100 0,030
100 0,060
100 0,100
100 0,150
110 0,010
110 0,030
110 0,060
110 0,100
110 0,150

0,01%
0,01% 0,01%
0,01% 0,02%

0,02%
0,01% 0,01%
0,01% 0,02%
0,01% 0,02%

0,03%

0,01%
0,01% 0,02%
0,02% 0,03%
0,02% 0,03%

100 90 0,15
100 90 0,15
100 90 0,15
100 90 0,15
100 90 0,15 1,5
100 90 0,15 1,75
100 90 0,15 2
100 100 0,15
100 100 0,15
100 100 0,15 1
100 100 0,15 1,25
100 100 0,15 1,5
100 100 0,15 1,75
100 100 0,15
100 110 0,15
100 110 0,15 ,
100 110 0,15 1
100 110 0,15 1,25
100 110 0,15 1,5
100 110 0,15 1,75
100 110 0,15 2

0,004%

0,004%
0,005%
0,006%
0,008%

0,003%

epsilon
0,06

0,007%
0,009%

0,01%
0,02%
0,03%
0,03%

0,01%
0,02%
0,03%

0,02%
0,03%
0,04%

0,002% 0,004% 0,006% 0,006% 0,007%
0,003% 0,006% 0,008% 0,009% 0,009%
0,004% 0,008% 0,010% 0,012% 0,012%
0,005% 0,010% 0,013% 0,015% 0,016%

0,012% 0,016% 0,018% 0,019%

0,003% 0,003% 0,004% 0,004%
0,002% 0,004% 0,006% 0,006% 0,007%
0,003% 0,006% 0,008% 0,009% 0,010%
0,004% 0,008% 0,011% 0,013% 0,014%
0,005% 0,010% 0,014% 0,016% 0,017%
0,006% 0,013% 0,017% 0,020% 0,022%
0,007% 0,015% 0,020%

Fig.3 Percentage error for PCE and analytical estimation—error w.r.t. €
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Relative Error % over epsilon by Maturities
0,014%
0,013%
0,012%
0,012%
0,010%
0,010%
0,010% 0,009% o— 0.5
0,008% 0,008% g 0,75
0,008% — 0,007% "
0,006% = '
—— 1,25
0,006% 0,005% ——15
0,004% o2e
0,004% 0,009% 0,003% ’
0,003% e 2
o,
0,002% o, BT 0 0,002% 0,002%
o TO80% 0,000% 0,080%
0,000% =

Fig.4 Percentage error for PCE and analytical estimation grouped by maturity—error w.r.t. €

0,01 0,03 0,06 0,1 0,15

PCE
Strike (K)
sigma epsilon T
90 0,15 0,01 0,5
90 0,15 0,01 0,75
90 0,15 0,01
90 0,15 0,01 1,25
90 0,15 0,01 15
90 0,15 0,01 1,75
90 0,15 0,01
100 0,15 0,01 0,5 2% 0,002%
100 0,15 0,01 0,75 0,004%  0,003%
100 0,15 0,01 1| 0,006%  0,005%  0,005% 0,005% 0,004%
100 0,15 0,01 1,25 0,008% 0,007%  0,007% 0,006% 0,006%
100 0,15 0,01 1,5 0,010% 0,009%  0,009% 0,008% 0,008%
100 0,15 0,01 0,011%  0,011%
100 0,15 0,01 3 )
110 0,15 0,01
110 0,15 0,01
110 0,15 0,01
110 0,15 0,01
110 0,15 0,01
110 0,15 0,01
110 0,15 0,01

Fig.5 Percentage error for PCE and analytical estimation—error w.r.t. strike price K

Proposition 4 Let us assume X; evolves according to Eq. (27) with f(x) = e**, for
some o € R, then we have the asymptotic expansion up to the second order in powers
ofe, 0 <€ < e, X; = X? —i—eXt1 + 62X,2 + Ry (€, t), where the coefficients are given

by
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Fig.6 Percentage error for PCE
and analytical estimation—error

w.It. o

Strile (K) sO

sigma

s0 epsilon

epsilon

90 0,060
90
90
100
100
100 0,060
100
100
110
110 0,030
110 0,060
110 0,100
110 0,150

0,016% 0,036%

0,019%  0,038%

0,015%
0,021%
0,026%
0,029%

0,03

100 90 0,15
100 90 0,15 0,004%
100 90 0,15 0, 0,006%
100 90 0,15 1,25/ 0,006% 0,010%
100 90 0,15 1,5/ 0,007% 0,013%
100 90 0,15 1,75| 0,010% 0,017%
100 90 0,15 2| 0,012% 0,022%
100 100 0,15

100 100 0,15 0,005%
100 100 0,15 0,008%
100 100 0,15 1,25/ 0,006% 0,012%
100 100 0,15 1,5 0,008% 0,015%
100 100 0,15 1,75/ 0,010% 0,020%
100 100 0,15 2| 0,012% 0,024%
100 110 0,15 0,004%
100 110 0,15 0,003 0,006%
100 110 0,15 ,005%  0,010%
100 110 0,15 1,25/ 0,007% 0,013%
100 110 0,15 1,5| 0,000% 0,017%
100 110 0,15 1,75/ 0,011% 0,021%
100 110 0,15 2| 0,013% 0,026%

PCE

epsilon
0,06

0,012% 0,013% 0,014%
0,017% 0,018% 0,019%
0,022% 0,024%  0,026%

0,028% 0,031%  0,033%

0,006% 0,007% 0,007%

0,010% 0,011% 0,012%
0,015% 0,016% 0,018%
0,020% 0,022% 0,024%
0,026%  0,029%

0,031%

0,036%

. 0,005% 0,005%
0,008% 0,009% 0,010%
0,012% 0,014% 0,015%
0,017% 0,020% 0,021%
0,023% 0,026% 0,028%
0,029% 0,033%  0,036%

0,035%

Fig.7 Percentage error for PCE and analytical estimation—error w.r.t. €
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X? = xo + ut +ooW,;, withlaw ./\/(xo + ut, a&t) :

t 2 N
th = /0 Kae"‘X?ds + o (e“X? — 1) + At (eVJ“BZ — l) + Zfi;
i=1

oo

t t
0 0 0
X2 = C(L/ e Xids + C2eXi / e*Xsds
0 0

3 1 axo 4 [ ax0 [ axo
+Ca/0 e Sds—i—Ca/O e” j/() e“*rdrds (44)

2 t
+ OS2 X! | cbeXT 4 7 4 B (eVJrSZ - 1) v(dx)/ seXids
0

2 2 t
— X7y, <ey+82 — 1) + 4, <e”+82 — 1) f e? X3 dg
00 0
0 o1 0 Vi o1 L
a A0 X 2 aX 21 . aXy
—i—Cg/O E Jie ds—i—a e* E Ji o0 E Ji A e*sds,

with the constants as in Proposition 2 and

o] 0001 o1 0001
Cg = —au+ ——a? - 20001, Cz = 2000100 — —Q L — = a2
o)) 2 00 2

Proof The proof follows from Proposition 2 just taking into account the presence of the
Poisson random measure terms and applying Itd’s lemma, together with the stochastic
Fubini theorem. O

Remark 10 As mentioned in Remark 6, it is easy to extend Proposition 4 and formula
(33) to the case where f(x) = e*" is replaced by fRo e'““o(da), resp. fRo e“o(dw),
with assumptions corresponding to those in Remark 6.

Proposition 5 Let us consider the model described by (27) in the particular case of
an European call option @ with payoff given by @ (X5) = (ext€ — K)+. Then, the
approximated price up to the first-order Pru1 (0; T), in the sense explained in Remark
7, is explicitly given by

2
Pr]}(O; T) = Pr' 4+ €TsoN (dy) (eVJ“BZ — 1) + eTsoN (dy) SA,
where Prl is the corrected fair price up to the first order as given in Eq. (34) (the

notations are as Proposition 3).

Proof The proof is analogous of the proof of Proposition 3 adding the jump process.
The claim follows then from the independence of the jump process and of the Brownian

motion together with the fact that E [ZlN:'I Ji] = &T X as consequence of the definition
of J; in Sect. 3.1. O
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3.2.1 Numerical results concerning the pricing formula in Proposition 4

We consider numerically the model discussed in Proposition 5, assuming that the J;
is independent and normally distributed random variable

Ji~ Ny, 8% y=0.05 6§=0.02,

and A = 2. In particular, we are aiming at numerically computing the expectations in
the second summand of (42), which in the present case reads

T
EQ [1Dex‘% / Kaeo‘x?ds:| + K,EQ [1Dex(%e“"°r] — K,EQ [1Dex‘%]
0

45
Q X0 482 Q X0 @
+ KEQ [ 1pe*TAT (e¥t7 — 1) | + KLEQ | 1pe TZJ,- .
i=1

By means of independence of the jumps and [E; [Z,N:T1 Ji] = AT3, we get

T
EQ [11De"9 / Ko,e“X?dsi| + K,EQ [1DeX9e“X9] — K,EQ [1Dex‘%]
0
(46)
2
K>EC []lDeX%»T <e”+52 - 1)} + KoATSEQ [ﬂDeX‘%].

We are going to compute (64) by multi-element PCE approximations.

Figures 5, 6 and 7 report percentage error between analytical and PCE approx-
imations of above pricing equation, for different strike prices, maturity and €; also
similarly, the same results are collected in Fig. 8 regarding relative error over € grouped
by maturity. Also parameters are shown in Table 1

Conclusion similar to the one drawn in Sect. 3 can be derived.

3.3 A correction given by a polynomial function

Let us consider Eq. (24) with f a polynomial correction, namely f(x) = ZIN:O o;xt,
with ; € R and N € Ny. We then get the following proposition.

Proposition 6 Let us consider the case of the B-S model corrected by a nonlinear
term given by (24) with f(x) = ZZN=0 a;x', for some a; € R, then the expansion

coefficients for the solution X; of (24) up to the second order are given by the system
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Relative Error % over epsilon by Maturities
0,040%
0,035% 0,033%
0,031%
0,030% 0,028%
0,026% —
0,024% 05
0.025% 0,022% 0,022% —e— 075
0,019% -1
0,020% 0,018% -
’ SIS 0,017% JE— —— 125
f—
0,013% 0,014% — 15
oo 0,012% — 0,012% o.013% 175
0,010% ~0,010% .
0010%  goor 0,009% 5
g,oos% 0,005%
0,005% 0 %
0,000% —
0,01 0,03 0,06 0,1 0,15
Fig. 8 Percentage error for PCE and analytical estimation grouped by maturity—error w.r.t. €
X? =xo + put +ooW;, withlaw N (xo + ut, 0021‘> ;
N N .
X! =) Ki(x))Tt - Z/ Ki(X9)'ds + o100 W;;
i=1 i=0 "0
2N+1 AN+
=y clodt - Y [ coadras
1 el Y0 47
N N . .
3 0vi—1 0y j
+> Z/ / c? L xNH =1 (xdrds
i=1 j=070 70
N N s
0yi 4 0y j
+ZXMW/CM&MK
i=1 j=0 0
where the constants are given by
o001 + g—(l)y,ai + %ai+1(i + 1, i#0,i#N,
opoo . ~ o
K; = {oooiap + 25, i =0, Kji=——'_,
oo (i +1)

oporay + gtpan, i =N,

Ci=vi+vi+7
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where
Zk:i+j+1 pia; + g—f) - %(i +j+1), k#I1,k#2N,
1 o _
Ve =172 k=0,
M%NO(N (O'OO'I(XN-F%M(XN), k =2N,
k 2
) (—(‘lé = %) o2, ifl<k<N,
Yi =
0, otherwise
= > 200aik;,
i+j=k—1
il e
o3 ke ifi =1, j=0,
v Z—(‘)iain + Dio; Kj(i — 1),  otherwise.
a1
Ct. = —wKj,
L] UO 1 J

Proof The proof consists in a series of applications of It6’s formula and stochastic
Fubini theprem, see, e.g., Filipovic (2009), Theorem 6.2. In fact, substituting f(x) =
SN, aixt into system (25) we obtain

X? =xo+ ut +ooW;, withlaw N (xo + ut, oozt) ;

t N t N
Xl] = —/ 0001 (Z%’(XS)’) ds +/ o1 (Z%‘(X?)’) dWws;
0 0 i—0

i=0

to2 (N ’ N / @9
Xt2 = —/ 71 (Z ozi(X?)i) + 201 (Z%(X?)) Xslds
0 i=0

i=0

/

p N
+ [ o (Zai<xg>> Xlaw,.
0

i=0

To compute X tl obtaining Eq. (47), we apply Itd’s lemma to the function g(X ?) =
i1 (X0 to get

t
(X)) = f (M(i + 1)(X?)i%a()2i(i + 1)(X?)i‘1> ds
0
. (49)
+ / (X% (i + 1)opdW.
0
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Then, summing up we obtain
N N
> fo (XD (i + DogdW, =Y (X)) ™'+
i=1 =1
1 L (50)

N o '
- Z/ <u(i + (XY + Eogi(i - 1)(X§))l_l> ds.
i=1"0

Substituting now Eq. (50) into X! in Eq. (48), we obtain the following

N

X}:

01 o
Lo (i +1)

—Z/ 00010 (X)) —Z/ i+ 1 X+

_Z/ SodiGi 4 1) ?l‘j‘r’l)(xg)i*‘ds,

( )i+1+

and rearranging the terms we then get the desired result in (47) for X tl
Substituting the expression of X! into X2, we obtain

Z / Lo2(x%%ds — Z / 2000101 K (X0 1 (x%)7+ds

i,j=1

N t s
=ZZ/ f 200010;i K; (X0~ (X?) drds
=0 i=1 o Jo

+ Z / o10;i K (X0 (X0 dws
i,j=1

—ZZ/ / 010;i K j (XY~ (X9)/ drdws.

j=0i=1

Exploiting again the stochastic Fubini theorem from Eq. (50) and grouping the terms

with the same powers, we obtain (47).

O

Proposition 7 Let us consider the particular case of N = 1, i.e., a linear perturbation,
namely f(x) = ap + a1x, a; € R, i = 0, 1. Then, the terms up to the first order in

Eq. (47) read
X9 = xo + put + oW,

t
X! = Bit + Bot® + BsW, + BaW? + Bst W, —/ BeWids,
0

&1V
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with
0001¢]
B1 = —opoi1ap — oo X — 5
o001 [
,32=—T, B3 = @100 + xp0101,
20911 B oo, B aau—i-azaa
,3422,5:11,6:11 0011,

The first-order correction (in the sense discussed in Remark 7) of the price of an
European call option @ with payoff given by ®(X5) = (eXET — K) is explicitly
+
given by

Pri0; T) = Pgs + eso(B1 + 003 + BTN (dy) + €so(Ba + o4 f) TN (dy)
+€50(Bs +200BsT + TPINT ¢ (—dy) — esoPaTdip(di)  (52)

02
+ esoT2BsooT2N (dy) — esoe™ 2 T BeI (s, T).

where the notation is as in Proposition 3 and we have denoted for short by ¢ (x) the
density function of the standard Gaussian law and we have set

T
— o0(x+y) . _ .
I(s,T) = /0 /RxR ]l[x+y>—ﬁd1]e yop(x;0, T —s)p(y;0,s)dx dyds.

Proof Let us consider the linear function f(x) = ag + «o1x, where o, @1 € R. The
approximated price up to the first-order Pr!(0; T') of an European call option with

payoff function @ (X%) = (eXGT — K) is
+
Pri(0: T) = Pps + ee"TEQ [qb(x(%)x;] (53)

where Ppg is the standard B—S price with underlying so(7) = eX?.
In particular, we have that X (% and X lT are defined as

X% = x0 4 uT +ooWr (54)

T
X‘T=ﬂ1T+ﬂzT2+ﬁ3WT+ﬁ4W%+ﬁsTWT—ﬂ6/ Wds. (55
0

By linearity of the expectation, (53) becomes, collecting the terms with coefficients
B3 and Bs,
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_ 0
Prl(0; T) = Pps + ee ’T{EQ [ﬁlTﬂ{xg>1n(K)}eXT]
[ 5 2 X9
+E? BT Lyt k) T]
r 0
+EQ|BI5 WT]I{Xg>ln(K)}eXT:| (56)

(5 w2 X9
+EY | BaWT Ly inck))© T]

r T
0
+EQ ﬁﬁ]l{xg>ln(K)}eXT/0 Wsds]},

with 1 5 := B3 + TBs.
From the definition of X (%, we have that

e TEQ [BIT Ly nix)j e | = €TBisoN @),
and as above we have
e TE? [ BT 1 o)™t | = T2 BasoN (@)
Concerning the third term in (56), we have that
BisE? [WT 1 {Xg>ln(K)}eX9]

ol 1
% 2
=Bl soeTe 2 TVT eVTry e Tdx
’ x>—dp LY, 2

2
5~ aq
V2 ﬁ)eZde,

ol 1 _<
%
= plsoe’Te 2 TVT x e
' x>—dy \/277.'

and by setting y = x — 00~/T, we get that the r.h.s. is given by

1
V21

1 21T
= Bl Tsoe'TooN(dr) — B s/ Tsoe’™ [ e_2]
’ ’ V2w —d

= BYsTsoe" ooN(dy) + 1 s7/Tsoe" ¢ (~dy, 0, 1).

2
e_dey

ﬁ;ssoerTﬁ (00\/7 + y)

y>—di

Hence, the third term in (56) reads

— 0
e TEQ[BsWr T |7 o) eF | = €BsToosoN (@) + eBasor/To(—di, 0, 1.

Exploiting the definition of X g occurring in the fourth term in (56), as well as

similar algebraic computation as in the previous previous section, we get
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2
9 s 1
EQ[ A W21 o1 ex(}] = Bysoe’ Te” gT/ Tx2eVTY e~ 7dx
IB r {XO >ln(K)} ﬂ x>—dy V27T

1 y2
= 4soe’TT/ (y + ooVT)? e~ 2 dy.
ﬁ y>—d| Y V21 Y

Developing the square and using the linearity property of the integral, we get that
the r.h.s. is equal to

2

1 »? 1 y
2 _x _x
y e 2dy +/ 200v Ty e 2dy
/y>—d1 2w y>—di V2

1 v?
+/ olT e” 2dy
y>—di 0 \/27'[
1 »?
2 - /7 2
= y e 2dy+200vT¢(—d1,0,1) + 0y TN(dy).
fy>d1 N 21 0

The first term is computed using integration by parts,

1 ¥
/ Ve T dy = —dip(d)) + N(d));
y>—d
therefore,

— 0
e TEQ [:34W%1{Xg>ln(K)}eXT]

— eBusoT (—d1¢(d1) + N(dy) + 2008 Td(—dy,0,1) + agTN(dl)) .

To compute the fifth term in (56), we use Fubini theorem to exchange the expectation
with the integral with respect to time, getting

T 0
ﬂ6/0 B2 [ 17 - no)e™F Weds ] (57)

Forevery fixeds € [0, T], Wy and Wr, the latteris included in X g by its very definition,
are Gaussian random variable jointly distributed. Therefore, exploiting basic properties
of Brownian motion we can recast them by means of a sum of independent random
variable, namely

W =Y ~N(0,s),
Wr=Wr —W;+ W, =X+Y.

In particular, X ~ N (0, T — s) and it is independent with respect to Y. Thus, (57)
reads
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! xo+uT gop(ety) L 2(;72) ! '
1 € e y ——e2(T—s
Ps »/0 ./]RXR bry>—vTdy) Y V2 V2

e I ds
2
= =% 1 0+ v (x;0; T — 0, s)dxdyd
= Besoe’ " e 0 e R]l{x+\f>—ﬁd2]e yo(x;0; T —5)¢(y,0,s)dxdyds,
y )

and the claim follows. O

3.3.1 Numerical results concerning the pricing formula in Proposition 7

Let us consider the case of the B—S model corrected by a linear term given as in
Proposition 7 by f(x) = ag + o1x. We compute the first-order correction of the price
of an European call option with @ (X%) = (XK as payoff function, according
to Proposition 7.

Our aim is computing the expectation in (42) in the present case. By the very
definition of X/ and X7 and the form of @', it reads as

o []1DeX5ﬂ1 T] +EQ []lDeXg ,32T2] +EQ [1DexoT,33 WT]

T
+EQ []lDeXgﬂ4W%] +EQ []1DeX5,35TWT] _EQ [1De"3,36f Wsds:|
0
(58)

Each random variable in the brackets is approximated by means of a multi-element
PCE of degree p = 15 and, respectively, by means of standard Monte Carlo methods,
using N = 10,000 independent simulations of the random variable involved.

The accuracy of PCE is represented by its absolute error, using as benchmark the
analytical value coming from (52). Due to the Law of Large Numbers, the accuracy
of MC estimation of (33) is provided by its standard error (S E ;¢ ). Upon considering
N = 10,000 realizations (Y;) of the random variable ¥ := @’(X(%)XlT inside the
expectation in the r.h.s. of Eq. (33), let us compute

SE o (59)
MC N

where 6% = ﬁ Z;VII (Y — ,UMC)Z and uyc = % ijzl Y;.

Figures 9, 10 and 11 report percentage error between analytical and PCE approx-
imations of above pricing equation, for different strike prices, maturity and €; also
similarly, the same results are collected in Fig. 12 regarding relative error over €
grouped by maturity. Also parameters are shown in Table 1

Conclusion similar to the one drawn in Sect. 3 can be derived.

3.4 A correction given by a polynomial function and jumps

In the present section, we generalize the results obtained in Sect. 3.3 adding a com-
pensated Poisson random measure. In particular, let us assume that the normal return
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0,15

sigma epsilon

0,01

Maturity (T)

PCE

strike (K)

90

0,00050%

100
0,00138% 0,00269% 0,00504%
0,00174%
0,00208%
0,00240%
0,00272%
0,00303%
0,00333%

0,15 0,01 0,00075%
0,15 0,01  1,00{80;00005% 0,00022 0,00100%
0,15 0,01 0,00033% 0,00124%
0,15 0,01 0,00046% 0,00149%
0,15 0,01 0,00059% 0,00173%
0,15 0,01 o 0,00074% 0,00198%
0,15 0,01
0,15 0,01
0,15 0,01
0,15 0,01 0,00058%
0,15 0,01 0,00076%
0,15 0,01 0,00094%
0,15 0,01 0,00112%
0,15 0,01
0,15 0,01
0,15 0,01
0,15 0,01
0,15 0,01
0,15 0,01
0,15 0,01

0,00050% 0,00127% 0,00305%
0,00075% 0,00162% 0,00355%
0,00100% 0,00195% 0,00400%
0,00124% 0,00227% 0,00441%
0,00149% 0,00258%  0,00479%
0,00173% 0,00288% 0,00517%
0,00198% 0,00317%  0,00552%
0,00050% 0,00164%
0,00030% 0,00075% 0,00203%
0,00046% 0,00100%  0,00238%
0,00063% 0,00124%  0,00273%
0,00081% 0,00149% 0,00305%
0,00099% 0,00173% 0,00337%
0,00118% 0,00197% 0,00369%

Fig.9 Percentage error for PCE and analytical estimation—error w.r.t. strike price K

Fig. 10 Percentage error for

PCE and analytical

estimation—error w.r.t. o
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90
90

90

epsilon

100
100
100
100
100

110
110
110
110
110

PCE
SIGMA
15% 25% 35%

0,00650% 0,00530% 0,00600%
0,01120% 0,00990% 0,01130%
0,01590% 0,01510% 0,01770%

0,00730% 0,00740% 0,00920%
0,01080% 0,01150%

0,01430% 0,01610%

0,00460% 0,00560% 0,00760%
0,00710% 0,00880% 0,01220%
0,00970% 0,01250% 0,01740%
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PCE

epsilon
0,06

Strile (K) sO

100 90 0,15

100 90 0,15

100 90 0,15

100 90 0,15 ) 0,004%

100 90 0,15 1,5| 0,003% 0,005% 0,006% 0,007% 0,007%
100 90 0,15 1,75 0,004% 0,006% 0,008% 0,009% 0,010%
100 90 0,15 2 0,008%

100 100 0,15 0,002

100 100 0,15 0,003%

100 100 0,15 0,004% H 2

100 100 0,15 0,006% 0,008% 0,009% 0,009%
100 100 0,15 0,008% 0,010% 0,012% 0,012%
100 100 0,15 0,010% 0,013% 0,015% 0,016%
100 100 0,15 0,012%  0,016%  0,018%  0,019%
100 110 0,15 0,003% 0,003% 0,004% 0,004%
100 110 0,15 0,004% 0,006% 0,006% 0,007%
100 110 0,15 0,006% 0,008% 0,009% 0,010%
100 110 0,15 0,008% 0,011% 0,013% 0,014%
100 110 0,15 0,010% 0,014% 0,016% 0,017%
100 110 0,15 1,75 0,006% 0,013%

100 110 0,15 2| 0,007% 0,015%

Fig. 11 Percentage error for PCE and analytical estimation—error w.r.t. €

Relative Error % over epsilon by Maturities

0,0400%
0,0350%
0,0300%
—p— 0,5
0,0250% —e— 0,75
—— 1
0,0200% 155
0,0150% *=1,5
175
0,0100% 2
0,0050%
0,0000%

0,01 0,03 0,06 0,1 0,15

Fig. 12 Percentage error for PCE and analytical estimation grouped by maturity—error w.r.t. €
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of the asset price evolves according to Eq. (27) with a polynomial f. Then, we have
the following proposition.

Proposition 8 Ler us consider the case of the B—S model with added compensated

Poisson noise and corrected by a nonlinear term given by (27) with f (x) = ZZ{VZO oixt,
for some «; € R, then the expansion coefficients for the solution X; of (27) up to the
second order are given by the system

X? = xq + ut +ogW, withlaw N(xo—i-,ut,crgt);

N;
x! = ZK(XO)’“ Z[ K (X0 ds + oyagWy — Mt (eV+z _ )+Z/,-;
i=1

i=1

2N+1
Z Crx)k - Z / ctxHk d”ZZ/ / ¢ x N drds
i=1j=0
N N ' N-1 ; ;
+ZZ(X?)’/ ctix)ar + Z Cox <eV+z —1>f s (X9) as
i=1j=0 0 -0 0 (60)

O\, [+
—otH_lolt(X,) Ale”T 2 —1
t 52 52

+/ ooy Wydsh <ey+7 - 1) — o1tag WA <ey+7 - 1>

0

N 52 t i N i
+ZO{,’01A (ey+7 — 1)/(; <X§)> ds + o1y Wy + Z(I]o{i (X?) ZJ,'

i=2 i=2 i=1

t Ns

;N
—Zala,// X0 dsZJ—i—ZCS/ Z] XO ds
where the constants are as in Proposition 6 and

00201012 + 209011, =0,

5 . 2. . . .
CP = Yo+ 1)+ 3G +2)G + D +4oporair1, i #0,i #N,
ayoNu + 20001 Nayyy, i #N,

and

> o1 o
= —

o0 i +1)

Proof The proof is analogous to the one in Proposition 6 taking into account the
compensated Poisson random measure terms and applying It6’s lemma together with
the stochastic Fubini theorem. O

Proposition 9 Let us consider the particular case of N = 1, i.e., a linear perturbation,

namely f(x) = ag + a1x in Proposition 8. Then, the terms up to the first order in
Eq. (60) read
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X? = xo + put + oW,
X) = it + Bot® + B3 Wi + Ba W

! 2
+ BstW; — / BeWyds — At (eVJrSz — 1) + Z J;
0 .

the constants being as in Proposition 7.
Also, the first-order correction of the price of an European call option ® with payoff

(61)

given by @ (X5) = (eXST — K) (in the sense of Remark 7) is explicitly given by
+

Pri(0; T) = Pr' + €TsoN (d(1)) <ey+’sz2 - 1> +€TsoN (d(1)) 81,  (62)

where Pr' is the corrected fair price up to the first order as given in Eq. (52) and the
notations are as above.

Proof The proof is similar to the one in Proposition 7. O
3.4.1 Numerical results concerning the pricing formula in Proposition 8
The J; is assumed to be independent and normally distributed random variables

Ji ~N(y,8%), forall i € {1,2,...,Nr}, y =005 §&=0.02,

and A = 2. In particular, we are aiming at computing the expectation in (42) for the
model described in Proposition 8. In the present case, we have that this expectation in
equal to

EQ [1DeX5ﬂ1 T] +EQ []lDeXg ,82T2] +EQ [1DeX5,33 WT]

T
+EQ [ﬂDeX3ﬁ4W%] +EQ []1DeX5,35TWT] _EQ [1De"3ﬂ6/ Wsds:|
0

2 Nt
+ K,EQ [ﬂDex‘%xT (e}’JrBZ - 1)} + K,EQ [ﬂDe"? 3 J,}. (63)
i=1

By means of the independence of the jumps and E [ZlNle Ji] = 6AT, we can rewrite
(63) as

EQ []1DeX5,31 T] +EQ []lDeXg,Bsz] +EQ [IIDeXOTﬁgWT]
xI 2 xr xI r
+EQ []lDe 0;34WT]+IEQ []lDe OﬂsTWT] —EQ|1pe o,s6f W,ds
0

2
+ KoEQ [ﬂyexng (ey+52 - 1)} + KoATSEQ [1Dex9]. (64)
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PCE
Strike (K)
sigma epsilon  Maturity (T) 90 100
0,15 0,01 0,50
0,15 0,01 0,75
0,15 0,01 1,00
0,15 0,01 1,25
0,15 0,01 1,50
0,15 0,01 1,75
0,15 0,01 2,00
0,15 0,01 0,50
1 0,15 0,01 0,75
100 0,15 0,01 1,00
100 0,15 0,01 1,25

888888888

100 0,15 0,01 1,50
100 0,15 0,01 1,75
100 0,15 0,01 2,00
110 0,15 0,01 0,50
110 0,15 0,01 0,75
110 0,15 0,01 1,00
110 0,15 0,01 1,25

110 0,15 0,01 1,50
110 0,15 0,01 1,75
110 0,15 0,01 2,00

Fig. 13 Percentage error for PCE and analytical estimation—error w.r.t. strike price K

We shall then compute multi-element PCE approximations for this expression.
Figures 13 and 14 report percentage error between analytical and PCE approxi-
mations of above pricing equation, for different strike prices, maturity and €; also
similarly, the same results are collected in Fig. 15 regarding relative error over €
grouped by maturity. Also parameters are shown in Table 1
Conclusion similar to the one drawn in Sect. 3 can be derived.

4 Conclusions

In this work, we have focused our attention on the analysis of the small noise asymptotic
expansions for particular classes of local volatility models arising in finance. We have
given explicit expressions for the associated coefficients, along with accurate estimates
on the remainders. Furthermore, we have provided a detailed numerical analysis,
with accuracy comparisons, of the obtained results exploiting the standard Monte
Carlo technique as well as the so-called Polynomial Chaos Expansion approach. We
would like to underline that our approach allows to consider, other than the well know
Gaussian noise component, a realistic stochastic perturbation of jump type.

In a future work, we plan to use the latter extension, along with the described asymp-
totic expansion techniques, to study particular types of implied volatilities models and
further related functionals, as suggested by one of the anonymous reviewers. Such
developments will be also the basis for an extensive calibration work on real financial
data.
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Fig. 14 Percentage error for
PCE and analytical
estimation—error w.r.t.

sO

90
90
90

epsilon

epsilon

100
100
100
100
100

110
110
110
110
110

0,0062%
0,0102%
0,0140%

0,0174%

0,0038%
0,0067%
0,0096%
0,0123%

0,0042%
0,0063%
0,0084%

0,0052%
0,0094%

0,0038%
0,0070%
0,0107%
0,0144%

0,0053%

0,0082%
0,0113%

0,0139%
0,0184%

0,0089%

0,0137%
0,0190%

0,0038%
0,0073%
0,0115%
0,0160%

Relative Error % over epsilon by Maturities

0,0350%
0,0300%
0,0250% 05
g 0,75
0,0200%
— 1
— 1,25
0,0150%
—— 15
1,75
0,0100%
2
0,0050%
0,0000%

0,01 0,06 0,1 0,15

Fig. 15 Percentage error for PCE and analytical estimation grouped by maturity—error w.r.t. €
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Appendix
Polynomial Chaos Expansion

In the present section, we briefly recall the basics and main characteristic of the Polyno-
mial Chaos Expansion (PCE) approach. We refer the interested reader to, e.g., Bonollo
et al. (2015), Crestaux et al. (2009), Ernst et al. (2012), Peccati and Taqqu (2011) and
references therein, for a detailed introduction to such a method, particularly from the
financial point of view. The PCE approach allows to approximate a random variable as
a linear combination of orthogonal polynomials in order to compute its statistics with a
lower computational effort if compared to the one needed by taking into consideration
the full set of information characterizing it. Before entering into details, we would like
to underline that the PCE technique is a generalization of the original Wiener Chaos
decomposition, see Wiener (1938).

Let us consider a standard probability space (£2, F, IP), and the Hilbert space of
real-valued random variables Lz(.Q, F,P) X defined on (£2, F, IP), such that

E[X?] = f (X(a)))Z]P’(dw) < +o0,
Q
equipped with the standard scalar product
EXY]=(X,Y)p = / X (@)Y (w)P(dw),
Q

and corresponding norm
X113 = ELX?],

with related concept of mean square convergence or strong convergence.

Among the elements of LZ(Q, F,P), we can identify the class of basic random
variables, which is used to decompose stochastic quantity of interest as, e.g., the
stochastic process solution of a Stochastic Differential Equation (SDE), evaluated at
(horizon)time T > 0. Itis worth to mention that not all the functions £ € LX(2,F,P)
can be used to perform aforementioned decomposition. In fact, they have to satisfy,
see, e.g., Ernst et al. (2012, Section 3), at least the following two properties

— & has finite moments of all orders
— the distribution function F¢ (x) := P (§ < x),x € R, of the basic random variables
& is absolutely continuous, with a probability density function (pdf) denoted by

fe.

Let us denote by o (&) the o-algebra generated by the basic random variable &;
hence, o(§) C F. If we want to polynomially decompose a given random variable
Y in terms of &, then Y has to be, at least, measurable with respect to the o-algebra
o (£). Exploiting the Doob—Dynkin Lemma, see, e.g., Kallenberg et al. (2006, Lemma
1.13), we have that Y is o (£)-measurable if for some Borel measurable function

@ Springer



Asymptotic expansion for some local volatility models... 569

g R — R,Y = g(&).Inwhatfollows, without loss of generality, we restrict ourselves
to consider the decomposition in L2(£2, o (£), P). The basic random variable & is
assumed to determine a class of orthogonal polynomials {¥; (§)};cy, Which is called
the generalized polynomial chaos (gPC) basis. We underline that their orthogonality
properties is detected by means of the measure induced by & in the image space
(D, B(D)), where D C R is the range of & and where B(D) C B(R) denotes the
Borel o-algebra associated with D. For each i, j € N, we have

(@i, v =/94’i (¢ (@) ¥ (§(w)) dP(w) =fDWi(X)Wj(X)fs(X)dX- (65)

If & has law NV (0, 1/2), namely the centered normal distribution of variance %, then
the related set {¥;(x)};cN is represented by the family of non-normalized Hermite
polynomials defined on the whole real line, namely D = R, and

Yo(x) =1
Ui(x) =2x

Wy(x) =4x2—2 (66)

Figure 16 provides the graph of the first six orthonormal polynomials, achieved by
scaling each ¥; in (66) by its norm in L3(2,0(8),P), namely, Vi € N, ¥; is divided
by Wi llp := v27il.

Latter polynomials ¥; constitute a maximal system in L%(£2, o (&), P); therefore,
every random variable Y € L%(£2,0(£),P) can be approximated as follows:

P
YO =3 @), (67)
i=0

for some p € N and suitable real coefficients ¢; which depend on the random variable
Y, see, e.g., Ernst et al. (2012, Section 3.1). We refer to Eq. (67) as the truncated
PCE, at degree p, of Y. Exploiting previous definitions, taking i € {0, ..., p} and
considering the orthogonality property of the polynomials {¥; (§)};en, we have

_ 1
w13

(Y, ¥p (g, ¥ip, (68)

Ci =—
2
1¥illp

and, since Y = g(&), we also obtain

(Y. ¥)p=(g. ¥p Zfﬂg(é(w))‘lfi(é(w))df’(w) = /Rg(X)Wi(X)fg(X)dX-
(69)
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Psi_i(x)
HhooA b N L o
PR I T S S N L
| \%/
T T T T T T
LU | | N | N 1}
a A W N = O

Fig. 16 Hermite normalized polynomials up to degree 5

The convergence rate of the PCE approximation (67) in LZ(SZ, o (£),P) norm is
strictly linked to the magnitude of the coefficients of the decomposition. Indeed, by
the Parseval identity, we have

+0oo

2 2 2.
IYlp = E i 1% llps
i=0

furthermore, using the orthogonality property of the Hermite polynomials in
L%(£2, o (£), P), the norm of (67) is given by

2 P
o = 5 o
i=0

Exploiting the fundamental properties of the orthogonal projections in Hilbert
space, see, e.g., Rudin (1986, Theorem 4.11), we can estimate the mean square error
as

—+00
2 2
HY Y™ HP =73 - HY(N) HP = > Il (70)
i=N+1

thus, the rate of convergence depends on the coefficients. In particular, the PCE of
Y (P) approximates the Y -statistics in terms of the ¢; coefficients appearing in Eq. (67),
e.g., the first two centered moments are determined by
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E [Y<P>] = cq, 71)
p

Var [Y?] = 3" w3, (72)
i=1

Multi-element decomposition

Concerning the application of the PCE method to the approximation of quantities as in
the case of European call options, we have implemented a method called multi-element
generalized polynomial chaos (ME-gPC) method, see, e.g., Peccati and Taqqu (2011),
and references therein. Without entering into technical details, let us mention that it
is an extension of the PCE approach which can be applied to arbitrary probability
measures. In particular, see, e.g., Wan and Karniadakis (2005, 2006), the ME-gPC
approach can be effectively used to numerically solve S(P)DEs, by decomposing
the random inputs, e.g., the Brownian motion, into smaller elements. Each of the
latter is then used to define a new random variable, with respect to a conditional
probability density function, and a set of orthogonal polynomials defined in terms of
the aforementioned random variable. Then, the procedure we have already recalled is
applied element by element and, thanks to the convergence of the method, the final
result is achieved rearranging, in a suitable way, the ones obtained for each term.
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