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Abstract. Consider a line segment R consisting of n facilities. Each
facility is a point on R and it needs to be assigned exactly one of the
colors from a given palette of ¢ colors. At an instant of time only the
facilities of one particular color are ‘active’ and all other facilities are
‘dormant’. For the set of facilities of a particular color, we compute the
one dimensional Voronoi diagram, and find the cell, i.e, a segment of
maximum length. The users are assumed to be uniformly distributed over
R and they travel to the nearest among the facilities of that particular
color that is active. Our objective is to assign colors to the facilities in
such a way that the length of the longest cell is minimized. We solve
this optimization problem for various values of n and c¢. We propose an
optimal coloring scheme for the number of facilities n being a multiple
of ¢ as well as for the general case where n is not a multiple of ¢. When
n is a multiple of ¢, we compute an optimal scheme in ©(n) time. For
the general case, we propose a coloring scheme that returns the optimal
in O(n?logn) time.

1 Introduction

In this paper we study a facility location problem. There are n facilities to be
distributed between c classes of service providers. Each class of service provider
should be assigned at least one facility and no facility should be assigned to more
than one class. Moreover, when one class of service provider is active, all other
classes are dormant. Our objective is to partition the set of facilities in ¢ classes
such that the users are served as equitably as possible, i.e., the maximum length
amongst the regions covered by any facility of any class is minimized.

In the area of wireless sensor networks, an effective approach for energy con-
servation is scheduling sleep intervals for sensors [1]. One can assign a color to
each sensor, each color representing a set of sensors which would be active at
a given time when the rest are in the sleep mode. Here the objective would be
to color the nodes such that the maximum area covered by any active node is
minimized. Lin et al [2] have explored the problem of maximizing the lifetime
of wireless sensor networks. Their study is based on finding the maximum num-
ber of disjoint connected covers that satisfy both sensing coverage and network
connectivity.
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Here we study the MinVor problem. Let n, be the number of facilities of
color class n, where n =0,...,c—1and n = Ef];én,,. For each n, we draw the
Voronoi diagram considering the corresponding n,, facilities which represents the
active sensors while the remaining n — n,, facilities represent the sensors in sleep
mode. A Voronoi diagram of a set of k sites partitions the Euclidean space into
k regions such that the region of each site consists of all points that are closer
to it than to any other site. For our problem, the region R is a horizontal line
segment. Let -y, ; denote the length of the Voronoi zones of the j-th facility from
the left end of some color 7.

Formally, the MinVor problem is to devise a coloring scheme that minimizes
maxy=0,1,...,c—1 MaXj=12 . j, Vn.j where j, is the total number of facilities as-
signed the color 7.

Problems similar to the MinVor problem in the plane have been considered
in [1,3-5]. Funke et al [1] presented a greedy algorithm that provides complete
coverage with an approximation factor no better than 2(logn), where n is the
number of sensor nodes. An algorithm is said to provide complete coverage if the
set of the selected sensors always covers the region R, provided that there exists
a feasible solution. The communication graph is an undirected graph in which
sensors are represented as nodes and there is an edge between two nodes if they
can talk to each other. Attempts have been made to cover the Communication
Graph using a connected dominating set (CDS) S’, which is a subset of the set
of sensors, S, such that each node in S\ S’ is adjacent to some node in S’ and
the communication subgraph induced by S’ is connected. Clark et al [3] have
shown that the problem of finding a minimum CDS for unit-disk graphs is NP-
hard. An 8-approximation algorithm with O(n) time complexity was suggested
by Wan et al [4] which was later improved to a 6.91 approximation factor [5].

In this paper we consider the case where R is a horizontal line segment and
provide optimal solutions. As input to the problem we have the location of n
facilities, specified by a distance vector d = (dy,ds,...,d,1), where the i-th
facility is placed at a distance of 23:1 d; from the left end of R, fori =1,...,n
and d, 41 is the distance of the n-th facility from the right end of R. We consider
various cases depending on the values of n and c. Note that each facility is
assigned exactly one of the colors from {0, 1,...,c—1} and each color is assigned
to at least one facility. We assume that the density of users is uniform over R
and hence the Voronoi length reflects the proportional user volume.

For n < 2c¢ observe that there has to be a color with only one facility whose
Voronoi zone is the whole space. In Section 3 we prove that C; (see Definition 1)
is an optimal coloring for any distance vector if the number of facilities is twice
the number of colors. In Section 4 we show that if the number of facilities is any
multiple of ¢, the same coloring scheme provides an optimal solution. Section 5
suggests a coloring scheme for the general case where n is not a multiple of ¢
which produces an optimal coloring in O(n?logn) time.



2 Notations and definitions

The facilities on the horizontal line segment R are to be assigned colors from the
set {0,1,...,c— 1}. A facility at position f means that among the n facilities
on the line segment R, it is the f-th one from the left and hence at a distance
Egzldk from the left boundary of the line segment R. P; ; is the position of the
j-th facility from the left belonging to the color class 4, i.e., there are exactly
P; ; — 1 facilities to the left of this facility among which j — 1 are of color i. We
define M(a,b) = $X¢_ . d;, where M(a,b) is the Voronoi length of a facility at
some position f whose immediate left neighbor of the same color is at position a
and whose immediate right neighbor of the same color is at position b, a < f <b
(see Figure 1 for an illustration). We define L(a,b) = X¢_ dg+3X7_ . dy, where
L(a,b) is the Voronoi length of a facility at position a which is the leftmost of
its color and whose immediate right neighbor (of the same color) is at position
b. Analogously, we define R(a,b) = 3 X)_, d¢ + Z?Ibgrldg, where R(a,b) is the
Voronoi length of a facility at position b which is the rightmost of its color and
whose immediate left neighbor (of the same color) is at position a.

L(a,b)
R(a,b)
1 2 a-1 a b—1 b n-1 n
-+ <> R d - -+
di do da dy dn dn+a
«— >
2M (a,b)
M (a,b)

Fig.1. M(a,b), L(a,b) and R(a,b)

We define the objective function of a coloring C as A(C), which is the largest
Voronoi length among all the facilities corresponding to all the colors.

In this paper we use certain fixed coloring schemes, as they turn out to be
optimal for specific configurations. One such scheme is as follows.
Definition 1. (Coloring Cy): Consider a coloring of the facilities from the left
in the order0,1,...,c—1,¢—1,...,0,0,1,...,¢—1,¢c—1,...,0,.... We define this
assignment of colors as the coloring C1. The position of the jth facility of color i
for Cy is denoted by F; j. Note that Fy j = 2c| 25+ | + (2c—i)(1 — x;) + (i + 1)x;,
where x; =1 if j is odd and O otherwise.

For example, for n = 9 and ¢ = 3, C; will color the facilities by the colors
0,1,2,2,1,0,0,1,2, from left to right on R (see Figure 2). Let «; ; be the length
of the Voronoi cell of the j-th facility from the left belonging to the color class
1, where facilities are colored by C;. Note that

M(Fij-1, Fij1) ifj#1,5;
aij =4 L(Fi; Fij1) 1fj = 1
R(F; ;-1,F ;) ifj=y
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Fig.2. An example for n = 9,¢ = 3 using C;. The facilities are represented by
circles and the numbers 0, 1 or 2 within the facility represent the color of the fa-

cility. The distance vector is d = (3,2,5,7,3,5,1,2,5,7). The length of Voronoi
cells of the facilities are as follows: ap1 = L(1,6) = 3 + (2+5+7;+3+5) = 14,
a0z = M(1,7) = CEATEISHD — 115 ag3 = R(6,7) = L+ (2+5+7) = 14.5,
arg = L(2,5) = (342) + EHE) — 125 ;5 = M(2,8) = CHTHESEHIE2) _ 47 5
a3 = R(5,8) = Ot 4 (54 7) = 16, as,1 = L(3,4) = (3+2+5) + 5 = 13.5,
azz = M(3,9) = UHBESIIES) — 415 oy = R(4,9) = GEEHR2ED) 4 7 — 15
Therefore A(Cy) = a1,3 = 16.

A(Cy) = max{a, ;}, forall i =0,...,c—1and j = 1,2,...,7;, where j; is the
total number of facilities assigned to color 3.

The value of the objective function for the optimum coloring is denoted by
Opt.

3 n=2c

In Theorem 1 we show that C; is an optimal coloring when we have n = 2¢
facilities. It is obvious that for each color there will be exactly two facilities,
otherwise the Voronoi cell for at least one of the colors will be whole of R, which
is clearly non-optimal. In Case 1 of Theorem 1, we show that if the objective
function for C; returns the Voronoi length of the 1st facility of some color i (i.e.
A(Cy) = @;,1), then any attempt to get a new coloring to reduce «; ; will ensure
that in the new coloring there will be some color 4, such that the length of the
Voronoi cell corresponding to its 1st facility will be at least «; ;1. The analogous
result for the case where the objective function for C; returns the Voronoi length
of 2nd facility of some color 7 is shown in Case 2 of Theorem 1. Using these two
cases, we show in Theorem 1 that for n = 2¢, C; is an optimal coloring.

We consider C' to be a coloring scheme different from C; introduced as a
candidate for possible improvement over C;. Let O‘(i,j denote the length of the
Voronoi cell corresponding to the j-th facility from the left belonging to the color
class i in C'. Let F} ; be the position of the j-th facility from the left of color i
using C'.

Theorem 1. For n = 2¢, C; is an optimal coloring for the MinVor problem.

Proof. Suppose A(Cy1) = ap for some i € {0,...,c—1} and some ¢ € {1,2} for
Ci.



Case 1: £ = 1: We investigate if it is possible to achieve an objective function
whose value is smaller than A(Cy) by any alternate coloring scheme C'. F} ; is the
position of the k-th facility of color j for the coloring C" and aj  be the Voronol
length of the facility at I} , in C’ Note that each color in C' is assigned to exactly
two facilities. Let S = {z F}, | >i+1}, ie., S is the set of colors whose first
facility for coloring C’ is at position ¢ + 1 or hlgher Clearly |S1| > ¢ —i. Note
F}, | > Fio implies o, | = L(F}, |, F}, ;) > L(F 1, Fy2) > a; 1 = A(Cy). Hence
F/ 1< Fia=2c—1 Vz €{0,...,c— 1} (from Definition 1). Let Sp = {i" : I, , >
2c—1i} i.e., Sy is the set of colors Whose second facility for coloring C’ is at position
2¢—1i or higher. Since F}, | < 2c—iV i, S| =i+ 1. Therefore |S1| + [Sa| > ¢,
i.e., S1 and Sy are not dlS_]OlIlt and there exists some i’ such that F,’1 > Fia
and F/2>F12:>L(Fl, 1,F ) >L(Z—|—1 QC—Z) L(Fi71,Fi72)=>O(;,)1 Zai,l.

Case 2: £ = 2: Let d, = dp42—; Vi=1,...,n+ 1. Then, for the distance vector
d = (di,...,d, ), the value of the objective function is c; ;. This is because
if the Voronoi length of the 2nd facility for color ¢ is the value of the objective
function for coloring Cy, if we look at the mirror image such that the ¢-th facility
from the left is now the ¢-th facility from the right, then the Voronoi length of
the 1st facility for color ¢ is the value of the objective function for coloring C;.
So, as demonstrated in Case 1, for the distance vector d’, for any new coloring
C', Isome 4’ such that F}, | > Fi; and F}, , > Fj ». Hence for the distance vector
d={dy,...,d,+1), for any coloring C’, there exists some ¢’ such that F), 1< Fi1
and F}, 2 < Fio. Therefore, there exists some ¢’ such that FJ, 1 < F, 1 and
F,2 < Fzg :>R(F/, 1,F/,2) >R(FL1,F12) =>Oé,2 > Q2.

Hence, no colorlng C’ can result in an objective function with value less than
A(Cy). O

4 n=kec, k> 2

In this section, we extend the Cj-coloring result of the previous section to the
cases where n = kc and k > 2.

Theorem 2. For n = kc and any integer k > 2, Cy is an optimal coloring for
the MinVor problem.

Proof. As the facilities are colored by the coloring C;, let Voronoi length of
the j-th facility of the color 1 achieve maximum amongst all the facilities, i.e.
A(Cy) = ayy ;. If j =1 or k, then we are looking at facilities at the left or right
end among all the facilities of color 7. Else, we are dealing with some intermediate
facility of color 7.

Consider first the case j ¢ {1,k}. Let S = {F;, j_1+1, Fy j—14+2,..., Fy jy1—
1}. We investigate if it is possible to achieve an objective function with value
smaller than A(Cy) by the alternate coloring scheme C’. There exists an ¢ such
that for the coloring C’ there is at most one facility of color ¢ in S because
there are ¢ colors and |S| = 2¢ — 1. Let there be one facility, say the j;-th
of color 7 with a position in S and jmq, is the number of facilities of color .

Then for 1 < j1 < Jmaz, Fi/,jlfl < Fio1 < F”1 < Fpj < F” 41 Which



implies 04”1 > ay; = A(C). If j; =1, F,m'_l. < FZ’1 < Fyjn1 < Fj, which
1n,1phes o ;= L(F{,,F}5) > o, = A(C ) If j1 = Jmaz; F o1 < Ffm—l <
Fl o <yt which 1mphes s =RE; G F ) > ay = A(C).

For j = 1, the situation is similar to the Case 1 of Theorem 1. We have
A(Cy) = ay = L(n + 1,2¢ — n). We investigate if it is possible to achieve an
objective function with value smaller than A(Cy) by C'. Let Sy = {i’ : F}, | >

F,1}. Since F, 1 = n+1, [Si| > ¢ —n. Let Sy = {7 : F’,2 > Fpo}. S1nce
Fho=2c—mand Fj, ; < F oV, \SQ| > 1+ 1. Therefore |Sl|+\52| > ¢, ie., 51
and Sy are not dlSJOlnt and 3 some ¢’ such that F}, ; > Fy 1 and F}, , > Fn_rg =
L(F} 1, F o) > L(Fya, Fo2) = oy > g1

For j = k, we have A(Cy) = a1 = L(n — 2¢ +u,n — u+ 1) for some u €
{1,...,c}. Let jy be the number of facilities assigned to the color i’ by the new
coloring scheme C’ for which we investigate if it is possible to achieve an objective
function with value smaller than A(Cy). Note that if Fi'/ i, < F, -1 for some

', then R(F} ;,_1, F}) ;) = R( mk—1, Fn, k) since F}, ;1 < Fj;, < Fpp1<
F77 1. Hence we assume F , > Fyr1 Vi Let S] = {z F}, g S F, 1}. Since
For=n—u+1,|5]] > cfqul Let Sy = {i' : F}, ;,_1 < Fyp-1}. Since
Fnk 1=n—2c+uand F), . > F, 1V |52\ > u. Therefore |S1]+1S5] > e,

, S1 and S} are not d15301nt and 3 some i’ such that F/ . < Fyp and
< By k- 1$R( F/ )>R( nk— 1,F,,7):>oz,4 > Q. k- U

g =

/
Fi’,ji/fl G —1

5 n=kc+m

In this section we consider the general case where n is not a multiple of c¢. Note
that 0 < m < c¢. In Section 5.1, we introduce a coloring C, where the facility
of any color and its next to next neighbouring facilities of the same color have
exactly 2c — 1 facilities in between them. If the maximum Voronoi length among
all the facilities in this coloring corresponds to an interior facility of some color,
i.e, a facility which is neither the leftmost nor the rightmost of its color, then
C, is the optimal coloring. Otherwise, for a given A, we define a coloring Ca in
Section 5.2. We denote the Voronoi length of the j-th facility of the i-th color
for coloring C, as 3; ; and for coloring Ca as ; ;. In Theorem 3 we show that
there exists an optimal Ca which can be obtained in O(n?logn) time.

5.1 Coloring C,

Definition 2. (Coloring Cy): Let S; = 0,1,....m — 1, S = m — 1,m —
2,...,1,0, So=m,m+1,...,c—1, S =c—1,c—2,...,m+1,m. Consider a
coloring of the facilities from the left in the order Sy, Ss, S1,S2, S1,S2, 51, Sa, . . ..
We define this assignment of colors as the coloring C,.

Lemma 1 If the value of the objective function for C, is not equal to B;1 or
Bik for some i€ {m,m+1,...,c— 1}, then Cy is an optimal coloring.

Proof. The value of the objective function for C, can not be equal to 3,1 or
Bir k41 for some ¢’ € {0,...,m—1}. By Definition 2, Vi’ € {0,1,...,m—1} and
Vi € {m,m—|—1,...,c—1}, Pi/,l :’L/—Fl <7;+1:Pi,1 <Pi/72:C+’L./+1 <



c+i1+1 = Pi72, which lmpheS Bi/,l = L(Pi/71,ﬂl72) < L(Pi71,Pi72) = /87;,1.
Similarly Pi/,k < Pi,k—l < Pi/,k+1 < Pi,k’ and hence Bi’,k = R(Pi’,kapi/,k+1) <
R(P; p-1,Pi k) = Bi k-

Consider the case where the value of the objective function for C, is 3; ; for
some intermediate facility j of any color i. We call j-th facility of a color ¢ as an
intermediate facility when 2 < j <k—1fori € {m,m+1,...,c— 1} or when
2<j<kfori € {0,1,...,m—1}). Then, by Definition 2, P; j41 — P, j_1 = 2c.
Any alternate coloring scheme C’ will have at least one color i’ with at most one
facility in S = {P; j_1 +1,..., P j41 — 1}. If there is one facility of i’ in .S, then
its Voronoi length is at least j3; ; and if there is no facility of i’ in S, then the
Voronoi length of a facility of color ¢’ nearest to S is greater that §; ;. Hence
the value of the objective function can not be reduced from f; ; by any different
coloring scheme C’. O

5.2 Coloring Cp

If the objective function for C, returns the Voronoi length of the 1st

or last facility of some color in {m,m + 1,...,¢ — 1}, C; need not
be optimal. For example if n = 18, ¢ = 5 and the distance vec-
tor d = (2,10,1,1,1,8,1,1,1,1,1,1,1,1,1,1,1,1,1), then C; returns an
objective function 20.5 where as Opt = 19 for the coloring scheme

0,1,2,3,4,4,3,2,1,0,3,0,1,2,4,2,1,0. To handle such cases, let us consider a
number A such that max(max,—1, . n—2c M(u,u+2c), maxy=1,.. . L(u,2c—u+
1), maxy=1, . R(n—2c+u,n—u+1)) < A <max(M(1,n), max,=1,.. .L(u,n—
u+1), max,=1,.. . R(u,n—u+1)). The lower bound of A will be clear from Ob-
servation 1 and the upper bound is arrived considering the extreme cases where
the 1st and 3rd facilities of a colour are at positions 1 and n respectively, or the
1st and 2nd facilities of a colour are at positions v and n — u + 1 respectively
for some u € {1,2,...,c}, or the last but one and last but one facilities of a
colour are at positions u and n — u + 1 respectively for some v € {1,2,...,c}.
We intend to define a Coloring Ca where the value of the objective function will
be lesser than or equal to A. If A is less than the optimum, clearly the coloring
doesn’t exist. There are O(n?) possible choices for A since the optimum can be
of the form L(a,b), M(a,b) or R(a,b), where 1 < a < b < n.

yaes

Proof. Proof omitted due to paucity of space. O

After choosing a A at least as large as the maximum among
maxy=1,. n—2c M(u,u+2c), maxy=1, . L(u,2c—u+1) and max,=1, . R(n—
2¢+ u,n —u + 1), our scheme to obtain Ca can be divided into two parts. The
first part assigns k facilities to each of the colors m,...,c — 1, ensuring that
the Voronoi length of each of these k(c — m) facilities is lesser than or equal to
A. The second part assigns the remaining colors 0,...,m — 1 to the remaining
m(k + 1) facilities, each of these colors being assigned to k + 1 facilities.



In the first part of the coloring scheme, we identify the facilities to be as-
signed the colors m,...,c — 1. Initially we define the positions of the first fa-
cilities of these colors as P,1 =i+ 1V i € {m,...,c—1}. P, 5 is such that
L(P._11,Pec12) <A< L(Pe—1,1,Peo12+1), ie., the farthest positon to ensure
that Ye—1,1 < A.

Observation 2 P._;5>c+1

Proof. A is chosen such that A > max,—1 . .L(u,2c —u+1) > L(c,c+1). As
P._11=cand P,_jsissuchthat L(P._11,Pe—12) < A< L(P._11,Pe_12+1),
the observation follows. O

Now Vi = ¢—2,...,m, we define P, such that L(i + 1,P;2) < A <
L(i+1,P2+1). If kis odd and P, 3 > 2¢ — i + 2m, we set P, o = 2¢ — i + 2m.
If kiseven and P, o > 2c—i+m, weset Pjo =2c—i+m. If P, o < P12, we
backtrack by reducing P;;; 2 and if necessary even earlier defined assignments of
colors. Essentially we reduce P;y; 2 by one, but if that conflicts with P14 2, we
reduce that by 1 and so on. Please note that the operation of backtracking will
stop at P._j 2 or before because of the lower bound discussed in Observation 2.
We observe, similar to the Observation 2, the following:

Observation 3 P; 5 > 2c —1

To assign the j-th facility of each of these colors, V j =3,... .k — 1:

1. If j is odd, we define P; ;, where the order of 7 is m,...,c—1, i.e, first P, ;
is identified, then P41 ; and soon. If kisodd, P, ; = (j —1)e+i+ 1. If k
is even, P; ; is such that M(P; j_o, P; ;) < A< M(P;j_2, P j+1). If i >m
and P; ; < P;_; ;, we backtrack starting with P;_, ; = P; ; — 1. If i = m and
P; ; < P; j_1, we backtrack starting with P; ;_; = P; ; — 1. For even k and
P ;>jct+ti+m+1, weset P ; =jc+i+m-+ 1L

2. If j is even, the order of ¢ is ¢ — 1,...,m while defining P, ;, i.e, first P._; ;
is identified, then P._5; and so on. We ensure that M(P; j_2, P ;) < A <
M(P;j—2,Pj+1).If i <c—1and P ; < P,y ;, we backtrack starting with
Pi1j=F,;—-11lfi=c—1and F;; < P;;_1, we backtrack starting with
P ;i 1=PF;—1.Ifkisodd and P; ; > jc—i+2m, weset P, ; = jc—i+2m.
If k is even and P; ; > jc—i+m, we set P; ; = jc — 1+ m.

Observation 4 P; j 11 — P ;-1 >2cV j=23,...,k—1.

Proof. A is chosen such that A > max,=1,__n—2c M(u,u + 2¢). If P, j41 —
Pi,j—l < 2c¢ for any j € {2,3, . .,k — 1}, then Yij = M(]Di,j—lapi,j+l) <
M (u,u + 2¢) for some u. O

Observation 5 P; ; > (j —1)c+i+1 for odd j and P; ; > jc— i for even j.

Proof. P;; =i+ 1 and by Observation 4 for odd j, P; j — Pi1 > %20 =P ;>
(j = De+i+ 1. By Observations 2 and 3, P o > 2c—i foralli € {m,m+

1,...,¢—1}. Therefore for even j, P;j — P, 2 > %QC =P ; > jc—1i. U



Now we define P i, i.e., the last position for the colors ¢ = m,...,c¢ — 1. If
k is odd, we define P, =n—c—m+i+1Vi=m,...,c— 1. If k is even, we
define P, =n—1Vi=m,...,c— 1. Irrespective of whether %k is odd or even,
if M(P;—2,P; ) > Aforanyi € {m,...,c—1} or R(P;_1,P; ) > A for
any i € {m,...,c— 1}, then Ca does not exist for the given A. Otherwise we
proceed to the second part of the coloring scheme.

In the second part of the scheme, we assign facilties to the colors 0, ..., m—1.
We have remaining m(k + 1) facilities to be colored 0, ..., m — 1. We color them
using Coloring C; for m colors. It is easy to note that,

Observation 6 Fori=0,1,...,m—1, we have P;; =i+1, P, ,41 =n—1 for
odd k and P, 41 =n—m+1i+1 for even k.

5.3 Optimality of Ca

In this section we prove that an optimal coloring Ca and the corresponding
A = Opt can be identified in O(n?logn) time. Proof of Lemma 4 is omitted
because of paucity of space.

Lemma 2 For alli € {0,...,m—1}

1. vi1 < L(u,2¢ —u+1) for some u € {1,...,c}
2. v k41 < R(n—2c+u,n—u+1) for someu €{1,...,c}
3. Py jry1—Pyjy_1<2cVj € {2,...,k}.

Proof. If 2¢ — i’ < Py o < 2¢ for some i/ € S; = {0,...,m — 1}, then to its
left there are at least 2¢ — ¢’ facilities of which the first ¢ are the first facilities
of each color (by the description of Ca and Observation 6). Moreover, there
are m — i’ — 1 more facilities with colors in S; with position less than Py 5. So
in {c+1,..., Py — 1} there are atleast 2c — ¢ — (m — ¢ — 1) = c—m+1
facilities with colors in Sy = {m,...,c— 1}, which implies P;» 3 < Py o < 2¢ for
some i € Sy . Then Py 3 — Py 1 < 2c violating Observation 4. If Py o > 2,
then there are at most 2m — 1 of the facilities with position less than Py o are
from S;. Therefore there are at least 2c — (2m — 1) = 2(c — m) + 1 facilities
assigned colors from m,m+1,...,c— 1 with positions in {1,2,...,c}, i.e., there
isacolori € {m,m+1,...,¢— 1} such that P; 3 < 2c. But P;; > m for all
i € {mym+1,...,c—1} and hence P, 3 — P;1 < 2c violating Observation 4.
So Pyro < 2c—7 for all ¢/ € S; and hence ;1 < L(u,2c — u+ 1) for some
ue{l,...,c}.

Similarly vis k41 < R(n —2c¢+ u,n —u + 1) for some u € {1,...,c}.

Suppose 3¢ € S such that Py ji41 — Py jyi—1 > 2¢. Let T = {Py j_1 +
1,...,Pyjsix1 — 1} and |T| = 2¢ — 1 + w where u > 0. Since the colors in
Sy form an C; of m colors for the m(k + 1) facilities they are assigned to,
Vip € S — {i'} there are exactly two facilities in 7. Hence there are 2¢ —
14+u—(2m—1) = 2(c — m) + u facilities in T" with colors in Ss. Let colors
i1,...,9, € Sohave 3 facilities each in T'. If the leftmost facility in T" of any color
i € {i1,...,%y} 18 positioned at P; > P;, j1—1+u, then P, ;. 4o — P <

asJa asJa



2¢, violating Observation 4. Similarly, the rightmost facility in 7" of any color

tq € {i1,...,4,} can not positioned at P;, j,+2 < Pi j,+1 — u. Therefore,
positions P;, j,—1+1,..., P, ;,—1+u are assigned to colors from {i1,...,4,} and
positions P;, j, 41—, ..., P, j,+1—1 are assigned to colors from {71, ...,4,}. Let

Pia,yja = Pil,j1*1 —|— 1. If Piavja+2 = Pi1,j1+1 u, then TheoremPZa Fat+2 leja =
2¢ — 1 < 2c, violating Observation 4. If F; ; +2 > Pi, j,+1 — u, then there
exists an 4, such that P, j, 42 = F;, j,+1 —w and P;, j, > P, j,—1 + 1. Hence
Py, 12— Py, iy, < (Piyji41 —u) — (P, j1—1+ 1) =2¢c— 1 < 2¢, again violating
Observation 4. O

Lemma 3 If Ca exists and v, ; is the Voronoi length of the j-th facility of color
i, then Yiand Vj,v; <A.

Proof. By the definition of Ca, if it exists, 7,;, < AV i € {m,...,c— 1},
Vi e {l,....k}.
From Lemma 2 we have for all i € {0,...,m — 1}

1. 1 < L(u,2¢c —u+ 1) for some u € {1,...,c}

2. Y pt1 < R(n—2c+u,n—u+1) for someu €{1,...,c}

3. Pi’,j’Jrl - Pi’,j’fl < 2V j/ € {2,...,k}, ie, V5 € {2,...,]6}7 Vit ,j <
M(u,u+ 2¢) for some u € {1,...,n—2c}

Our coloring scheme for Ca chooses a A at least as large as the max-
imum among maxy=1, . n—2:M(u,u + 2¢), max,=1, .L(u,2c — u + 1) and
maxy=1,_cR(n—2c+u,n—u+1). Therefore v; < AV@ € {0,...,m—1},
Vie{l....k+1}

Lemma 4 IfC, is an optimal coloring where the colors of the facilities 1,2, ..., ¢
are not distinct or the colors of the facilities n —c+ 1,n—c+2,...,n are not
distinct, there exists another optimal coloring Cy where the colors of the facilities
1,2,...,c are distinct and the colors of the facilitiesn —c+1,n—c+2,....,n
are distinct.

Lemma 5 If Opt < A, there exists a Ca where the value of the objective func-
tion is A.

Proof. Suppose, if possible, there exists some A > Opt and the coloring scheme
announced that Ca does not exist for such A. This announcement is made if,
for some ¢ € {m,...,c— 1}, at least one of the following occurs:

lM(PZk 2, )>A
2R( ik— 1, )>A

If M(P;j—2,Px) > A and there would exist a coloring C' where
the j-th facility for color 7 is at position P/ .o has Voronoi length 77”,

MaX;=0,...,c~1 MAX=1,...,jrmau, 7,] ; < Aand at least one of the following is true:

1. Pk 2>Pi,k—2
2. Pk<Pi,k



As is obvious from the definition of Ca, P; ;—2 could not be increased without
increasing ; x—1 or 7y, for some n and some u < k—1.S0if P/, = Py =i+1,
then P/ k-2 > Pik—2 would imply that the value of the obJectlve functlon for
C'is greater than A. Lemma 4 suggests for every optimal coloring we can have
a recoloring such that P/, = 1 =i+1Vi € {0,1,...,c—1}. P/} < Pij
can not be achieved because by Lemma 4 there exists an optimal coloring such
that the colors of the facilities n — c+ 1,n — ¢+ 2,...,n are distinct and if
P,=PFP1=i+1Vi € {0,1,...,c— 1}, the maximum Voronoi length will
only increase if Pi’,k < P, 1, since it would violate the C; coloring for the colors
mm-+1,...,c—1.

If R( k=1, Pik) > A and there would exist a coloring C' where
the j-th facﬂlty for color n is at position P’ ;> has Voronoi length 777 >

MaX;—0,....c—1 MAXj=1,... jruas, Vn,; < A and at least one of the following is true:
1. lek 1> Pz k—1
2. PZ B> PZ k
But, as explained above while considering the case P’ k 5 > P; —2, we can not
haveRk1>Rk 11fP11—PZ1—z+1Vz€{O .. c—l} k>sz
would violate the Cy colorlng for the colors m,m+1,...,¢c—1 as it Would for
Pz/,k < Pz,k- O

Theorem 3. For n = kc+ m,0 < m < ¢, an optimal coloring scheme can be
obtained in O(n?logn) time.

Proof. From Lemma 5 it is clear that there exists a A such that Ca is optimal.
A candidate for A is any of the following;:

1. L(a,b) where 1 <a<b<n
2. M(a,b) where 1 <a<b<n
3. R(a,b) where 1 <a<b<n

There are O(n?) candidates for A, which can be sorted in ascending order
in O(n?logn) time. For a given A, we can identify Ca in O(cn) time as follows.
We have a list of n cumulative distances D =XJ_,d;Vj=1,2,...,n. One can
calculate L(a,b) = Latlr M (a,b) = 222Pa and R(a,b) = dps1 + D, — 2ot
for any pair of a and b in constant time. For odd k, P; ; is fixed for odd j and,
for even j, jc—i1 < Py j < jc—i+2m. Foreven k, jc+i1 < P j < jc+i+m+1
for odd j and jc—1¢ < P;; < jc— i+ m for even j So, for identifying P; ; for
i € {m,m+1,...,c—1} using the rule M(P; j_o,P; ;) < A< M(P;j_2,P; j+1)
fOI‘j > 2 or L(Pi71, Pi,g) < A < L(Pi71, Pi,g + 1) we need O( ) time for each Z,]
and hence O(cn) time for all the facilities as m < ¢. For backtracking we need:

1. At most ¢ — i time for odd k and even j for each i € {m,m+1,...,¢—1}
2. No backtracking for odd k and odd j

3. At most ¢ — i time for even k and even j for each i € {m,m+1,...,¢—1}
4. At most m time for even k and odd j for eachi € {m,m+1,...,c—1}

So for backtracking we need O(cn) time and altogether we need O(cn) time for
each A. Using binary search over the sorted list of O(n?) candidates for A, we
obtain the optimum coloring by trying atmost O(logn) candidates. Hence the
total time complexity is O(cnlogn) +O(n?logn) , i.e., O(n?logn). O



6 Conclusions

With the objective of coloring the available facilities to a population of users
distributed uniformly in a line segment R such that the load of the different
facilities are distributed as equitably as possible (MinVor problem) we obtained
some interesting results. We observed that when n = k¢, C; offers us an optimal
coloring for any distance vector, while for n = kc + m facilities with ¢ colors for
the MinVor problem, we have C; is the optimal coloring in some special cases
and otherwise Ca is the optimal coloring with A being the optimal value which
can be obtained in O(n?logn) time.

If A < maxy—1.. n-2M(u,u+2c) = M(uj,u; +2c) , there must be a color
i with only one facility in {u; +1,...,u; + 2¢ — 1}. The Voronoi length of that
facility of color 4 is clearly atleast M (uy,uq + 2¢) > A.

Let A < maxy=1,.. . L(u,2c —u+1) = L(ug, 2c — ug + 1). If the first facility
of color ¢ is at position ug or higher, we say that it follows Property 1. If the
2nd facility of color 4 is at position (2¢ — ug + 1) or higher, we say that it
follows Property 2. Clearly at least ¢ — ug 4+ 1 colors follow Property 1 and uo
colors follow Property 2. So, there is at least one color, say i1, whose 1st facility
is at position ue or higher and 2nd facility at 2¢ — us + 1 or higher. Clearly
L(Pil,la 31,2) > L(Ug, 2c — ug + 1) > A,

Similarly if A < max,—1,..R(n—2c+u,n—u+1) = R(n—2c+ug,n—
us + 1), there is at least one color, say i, whose last facility is at position
n—us3+ 1 or lower and the 2nd last facility at n — 2c+ w3 or lower, which implies
R(P;, j—1,Pi, ;) > R(n —2c+ ug,n —uz + 1) > A, where j is the total number
of facilities of color is.
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