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Abstract

The empirical mode decomposition (EMD) algorithm, introduced
by N.E. Huang et al in 1998, is arguably the most popular mathemati-
cal scheme for non-stationary signal decomposition and analysis. The
objective of EMD is to separate a given signal into a number of com-
ponents, called intrinsic mode functions (IMF’s), after which the in-
stantaneous frequency (IF) and amplitude of each IMF are computed
through Hilbert spectral analysis (HSA). On the other hand, the syn-
chrosqueezed wavelet transform (SST), introduced by 1. Daubechies
and S. Maes in 1996 and further developed by I. Daubechies, J. Lu
and H.-T. Wu in 2011, is first applied to estimate the IF’s of all signal
components of the given signal, based on one single frequency reas-
signment rule, under the assumption that the signal components sat-
isfy certain strict properties of the so-called adaptive harmonic model,
before the signal components of the model are recovered, based on
the estimated IF’s.

The objective of this dissertation is to develop a hybrid EMD-
SST computational scheme by applying a modified SST to each IMF
produced by a modified EMD, as an alternative approach to the
original EMD-HSA method. While our modified SST assures non-
negative instantaneous frequencies of the IMF’s, application of the
EMD scheme eliminates the dependence on a single frequency reas-
signment rule as well as the guessing work of the number of signal
components in the original SST approach. Our modification of the
SST consists of applying analytic vanishing moment wavelets (in-
troduced in a recent paper by C.K. Chui, Y.-T. Lin and H.-T. Wu)
with stacked knots to process signals on bounded or half-infinite time
intervals, and spline curve fitting with optimal smoothing parame-
ter selection through generalized cross-validation. In addition, we
modify EMD by formulating a local spline interpolation scheme for
bounded intervals, for real-time realization of the EMD sifting pro-
cess. This scheme improves over the standard global cubic spline
interpolation, both in quality and computational cost, particularly
when applied to bounded and half-infinite time intervals.
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Chapter 1

Introduction

Time-frequency analysis is one of the most important and powerful tools in
signal processing for understanding the oscillatory features of signals.

Let us consider the signal (or function)

ft)=ao+ Z a;j cos(2mw;t), (1.0.1)

J=1

for arbitrary real values w; > 0 and a; € R. It is clear from (1.0.1) that fis a
superposition of the signal components f;(t) = a; cos(2mw;t), j=1,..., N,
each with a frequency of w;Hz. Since each w; is a constant, independent of
the time variable ¢, such a signal is classified as stationary.

However, most real-world signals (for example, biological signals, speech
signals and music signals) are non-stationary, meaning that their frequen-
cies may change with time. In the literature, these types of signals are
represented by a generalization of the model in (1.0.1), namely

N

F(t) = Ao(t) + ) A;(t) cos 2mes; (t), (1.0.2)

j=1

where A;(t) > 0 and each ¢;(t) is a general C" function such that ¢;(t) > 0
(where C! denotes the space of all functions with continuous first deriva-
tives). The derivative ¢’(f) is a natural extension of the frequency w; in
(1.0.1), and is called the instantaneous frequency (IF) of the component
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fi(t) = A;(t) cos2m;(t), 5 =1,..., N. While the mathematical theory to
analyze stationary signals is well developed in the literature (and is mainly
founded on Fourier analysis), the study of non-stationary signals is still a
relatively new field, only developing over the last thirty years |31, 17, 23, 2|.

The contributions of this dissertation can be grouped into two parts:
first, the development of a spline interpolation scheme, which is then ap-
plied in the second part, which concerns the non-stationary signal analysis
problem described above.

In the first part, we formulate a new spline interpolation scheme for a
bounded interval [a, b], in terms of the m'™ order B-splines. We start by de-
veloping a quasi-interpolation operator Q,, with a local formulation (in the
sense that the value of Q,, applied to a given function f at any z* € [a, b]
only depends on the values of f in a small neighborhood of x*), which pre-
serves polynomials of degree < m — 1. This quasi-interpolation operator is
based on a scheme introduced in [9]; however, the method in |9] is formu-
lated for an unbounded interval, and is adapted here (in a non-trivial way)
for a bounded interval.

The next step is to develop a local spline interpolation operator R,,,
such that R, f interpolates the function f at a given sequence of discrete
data points in [a,b] and satisfies certain Hermite interpolation conditions
at the endpoints of the interval x = @ and x = b. We base our local spline
interpolation operator on an idea described in [15]; it is adapted here to
include the Hermite interpolation conditions at the endpoints.

The quasi-interpolation operator Q,, and interpolation operator R,, are
then combined in a smart way to form a so-called blending operator Py, (first
considered in [13]), such that P,, meets all the requirements met by Q,, and
R,.. Corresponding error bounds for both Q,, and P,, are also derived rig-
orously.

The local formulation and boundary considerations make this spline
interpolation method particularly useful. A specific application for this
scheme is presented in our approach to instantaneous frequency estimation
of non-stationary signal components, considered in the second part of this
dissertation.
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The empirical mode decomposition (EMD) algorithm, introduced by
N.E. Huang and others in 1998 [36], is currently one of the most popular
mathematical schemes for non-stationary signal decomposition and time-
frequency analysis. The objective of EMD is to decompose a given (non-
stationary) signal into a number of oscillating components, called intrinsic
mode functions (IMF’s), and a monotone or slowly oscillating remainder.
This is done through an algorithm that is based on standard cubic spline
interpolation. Each IMF is then extended to an amplitude-frequency mod-
ulated (AM-FM) signal through Hilbert spectral analysis (HSA), based on
the Hilbert transform, in order to compute its instantaneous frequency and
amplitude.

However, the EMD scheme, and the current modifications and improve-
ments of it [53, 55|, have several limitations. Firstly, there is no guarantee
that the AM-FM extension of an IMF will yield a non-negative IF. This is a
serious defect, since negative frequency is meaningless for signals and limits
the application of EMD. Moreover, since the Hilbert transform is defined
for functions on an unbounded interval, while real-life signals are typically
defined on bounded or half-infinite intervals, artificial extension of an IMF
to the real line is necessary in order to apply the Hilbert transform, often
yielding unreliable results.

Instead of computing the IF’s after the signal is decomposed as is done
when applying EMD, the approach that I. Daubechies and others [20, 21|
proposed is to first estimate the IF’s of the signal components, under the
assumption that the signal satisfies certain strict properties of the model
in (1.0.2), before recovering the signal components of the model. For this
purpose, the notion of the synchrosqueezed wavelet transform (SST), based
on the continuous wavelet transform, was introduced to compute a single
reassignment rule, or IF reference function, through which the IF’s of all
the signal components are “squeezed out” from the input signal in the form
of a digital image displaying a set of IF curves, allowing the estimation of
the individual IF functions and the signal components themselves.

Again, there are a few limitations to the SST. First, to estimate the in-
stantaneous frequencies of signal components, the IF curves represented in
the digital image output of the SST must be extracted, one by one, through
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a suitable curve fitting scheme. In general, this can be quite complicated,
particularly for over four of five IF curves, and therefore, the process must
be supervised. Moreover, the SST’s original formulation is not suited to
real-time implementation.

Our approach to instantaneous frequency estimation of non-stationary
signal components consists of combining the “best” parts of EMD and SST
to form a hybrid EMD-SST scheme. In a nutshell, we apply a modified SST
to each IMF produced by a modified EMD. With this approach, we are as-
sured of non-negative instantaneous frequencies of the IMF’s through the
SST, while the EMD eliminates the need to extract multiple IF curves from
the digital image output of the original SST approach. In addition, since
the Hilbert transform of the original EMD approach is replaced by our mod-
ified SST, artificial extension of the IMF’s to the real line is avoided, solving
many computational issues. The modification of the SST consists in apply-
ing so-called analytic vanishing moment wavelets with stacked knots (first
considered in [15]) to allow processing of signals on bounded or half-infinite
time intervals, as well as applying spline curve fitting with optimal smooth-
ing parameter selection through generalized cross-validation to identify the
IF curve displayed in the digital image output of the SST. The modifica-
tion of EMD consists in replacing the standard cubic spline interpolation
in the original algorithm with our real-time spline interpolation scheme for
bounded intervals.

According to our results, the instantaneous frequency estimation of sig-
nal components is remarkably more accurate when using our approach,
compared to the original EMD-HSA approach. The construction of IMF’s
through EMD is also improved by our real-time spline interpolation scheme.

The next chapter is devoted to the study of the preliminary results that
we will rely on in this dissertation. Specifically, we will study the theory of
Fourier series and the Fourier transform, B-splines and spline interpolation,
the continuous wavelet transform, and the Hilbert transform.

In Chapter 3, we introduce our quasi-interpolation scheme for a bounded
interval in terms of the m' order B-splines. We consider two variants of
this scheme, developed for different types of knot sequences and sampling
points. A corresponding approximation order analysis is also derived. We
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formulate our local spline interpolation operator in Chapter 4, again con-
sidering two variants for different knot sequences and sampling points. The
blending operator and corresponding error bounds are also derived in Chap-
ter 4.

Next, we move on to the second part of the dissertation, namely the
study of instantaneous frequency estimation of non-stationary signal com-
ponents. To this end, we start, in Chapter 5, by considering the notions of
stationary and non-stationary signals in greater detail, as well as different
time-frequency methods in the literature. The EMD algorithm, some mod-
ifications and improvements of it and its limitations are studied in detail
in Chapter 6, while the SST and its limitations are discussed in Chapter
7. 'The essential properties and computational algorithms of the analytic
vanishing moment wavelets are described in Chapter 8. In Chapter 9, we
describe our hybrid EMD-SST scheme in greater detail and provide graph-
ical results, numerical experiments and comparisons, based on a number of
representative test signals.

Final remarks and conclusions follow in Chapter 10.
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Chapter 2

Preliminaries

This chapter is devoted to the development of preliminary results that will
be needed later in this dissertation.

In Section 2.1, we discuss Fourier series, with specific reference to the
Fourier cosine series (which occur often in signal processing applications).
The Fourier transform and its properties are studied in Section 2.2. Section
2.3 is devoted to B-splines and its properties, and in Section 2.4, we con-
sider the basic theory of spline interpolation, including quasi-interpolation
and Hermite interpolation. Next, in Section 2.5, we define the notions of
wavelets and the continuous wavelet transform. Lastly, in Section 2.6, we
consider the Hilbert spectral analysis technique, a method in the signal
analysis literature to estimate a signal’s instantaneous frequency, which is
based on the Hilbert transform.

2.1 Fourier series

Traditionally, signal analysis has been based on finding a Fourier represen-
tation of a signal. In this section, we examine the notions of Fourier series
and Fourier cosine series.

To this end, let L2[—§7 %} denote the set of square-integrable functions
on [—£, L] (for some L > 0). Any function f € L*[—% L] can be extended
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to an L-periodic function F(z) on R through the definition

F(z) = f(x), z€(-%%);
F(-5) = F(§) = L (1(5) + S(-5)
F(x+ kL) = F(z), ke€Z.

For convenience, we will rename F'(x) as f(z) also. With this definition, we

denote the inner product space of all L-periodic square-integrable functions

by L¥[-Z L] with inner product

() = [, ra)gads

Definition 2.1.1 (Fourier series) If f € L**, its Fourier series Sf is
defined by

ag 2myx . [ 2mjx
(Sf :E Zl(ajcos< >+bjsm( 7 )), (2.1.1)
2 [ 2mjx .
aj:z/oof(x)cos( 7 )dx, j=0,1,2,...;
2 [ 2
:E/_Oof(x)sin< e

7 )dx, j=1,2,....

where

(2.1.2)

The significance of the Fourier series in Definition 2.1.1 is the following
(see [14, Theorem 2, p.282]):

Theorem 2.1.1 (Fourier series) For L > 0, the family

s an orthonormal basis of LQ[—E, é] Therefore, any f € L*[—

represented by its Fourier series, namely

F@) = (55w = 2+ i (aycos (27%) + s (ﬁ”)) ,
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which converges to f in L2[—§, %], where a;, j = 0,1,2,... and b;, j =
1,2,... are defined in (2.1.2).

The convergence of the Fourier series in Theorem 2.1.1 rests upon the
fact that the partial sums of the Fourier series of f are best L?-approximations
of f from the space of all trigonometric polynomials, and is proved in [14,
Chapter 6.

For signal analysis, to reduce computational complexity, it is customary
in the literature to find a Fourier cosine series representation of a signal
instead of the Fourier series representation in terms of both cosines and
sines. To this end, we consider a function f € L?|0, %], and extend f to an
even function f, on [—%, é] through the definition

L
ISE,

f(=z), —2<z<0.
This implies that the coefficient b; of the Fourier series of f, (defined in

(2.1.2)) is 0, since sin (2222) in (2.1.2) is an odd function. Therefore, the

Fourier series in (2.1.1) of f. reduces to the Fourier cosine series

(Sf.)(z) = % n iaj cos (2772;5) |

P
—~
=
I
—N
=
8
:—/
]
ol A

with

. L .
a; = Z/ fe(z) cos <2ﬂzx) dz = %/02 f(zx) cos (2772:1:) dz,

for 7 =0,1,2,.... From Theorem 2.1.1, we have that

(Snfe)(x) = % + Zaj oS (272”)

converges to f. in L*[—£, L] as n — oo, so that S,f. restricted to [0

converges to f in L?[0, £].

ol N

5]

We therefore have the following (see [14, Theorem 3, p.284]):
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Theorem 2.1.2 (Fourier cosine series) For L > 0, the family

1 2 2myr\ 19
i 7 e8| —7 j=1,2,...

is an orthonormal basis of L2[O,§]. Therefore, any f € LQ[O,é] can be
represented by its Fourier cosine series, namely

) = (S @) = 2+ D ayeos ().

J=1

which converges to f in L*|0, é], where aj, j =0,1,2,... is given by

L
4 [z 2mj
ajzz/o f(x)cos(%)dx, j=0,1,2,....

We note that a Fourier sine representation may be found in a similar
way (by extending the function f € L?[0, é] to an odd function instead of an
even one), but this is not conventional for signal analysis in the literature.

2.2 Fourier transform

The Fourier series, considered in Section 2.1, provides us with a method
to study the frequency contents of periodic functions (as we shall see in
Chapter 5). In this section, we consider the Fourier transform, which may
be used instead to study the frequency contents of stationary signals.

Definition 2.2.1 (Fourier transform) Let f be a function in L'(R), where
L' denotes the space of all integrable functions. Then the Fourier transform
of f, which we denote by f or F [, is defined by

flw) = (F(w) = / f@)e ™ dy, weR  (2.21)
In Theorem 2.2.1, we list some important properties of the Fourier trans-

form of a function f in L'(R) or L'[0, 00). We will make use of the following
function operations:
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e [lven extension:
For f € L'[0,00), the even extension f, of f is defined by

S f@), x>0
felx) = {f(_x% 0, (2.2.2)

e Translation:
For f € L*(R) and b € R, the translation operator T} is given by

(Tof)(x) = f(x —b). (2.2.3)
e Dilation:
For f € L'(R) and a > 0, the dilation operator D, is defined by
(Duf)() = flaz). (2.2.4)

e Frequency modulation:
For f € L'(R) and ¢ € R, ¢ # 0, the (frequency) modulation operator
M. is defined by

(M.f)(x) == f(x)e™ . (2.2.5)

e Convolution:
Let f, h be functions on R. Then the convolution of f with h is
defined by

(f*h) (z) = /Oo F(O)h(z — t)dt. (2.2.6)

We note that each of the function operations in (2.2.2)-(2.2.5) are in L'(R).
If f,h € L'(R), then the convolution fx h in (2.2.6) is also in L'(R); that
is,

/OO | (fxh)(x)|dz < /oo /OO |f(t)h(x —t)|dtdz < oo. (2.2.7)

This follows from Fubini’s Theorem (see, for example, [14, Theorem 1, p.376)|),
by which we may interchange the order of integration in (2.2.7).

Theorem 2.2.1 (Properties of Fourier transform) The Fourier trans-
form satisfies the following properties:
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(i) Let f. be the even extension of f € L'[0,00). Then
w) = 2/ f(z) cos 2rwxdx;
0
(ii) For f € L'(R) and b € R,

—

(Tof)(w) = e 2™ f(w);

(1ii) For f € L'(R) and a > 0,

(iv) For f € L}(R) and c € R, ¢ # 0,
(Mef)(w) = f (w=¢);

(v) Let f,h € LY(R). Then

—

(f *h)(w) = f(w)h(w).
Proof:

(i) From (2.2.1) and (2.2.2), we have

/ fe —z27rw$dx
/ f —zZﬂ'qudx + / f —’LQTI'OJJZ‘dx
/ f z27rwxdx + / f —z27rwacdl,

(2.2.8)

(2.2.9)

(2.2.10)

/ f(x) [¢2m7 4 e72m0n] dz = 2/ f(z) cos 2mwadz,
0

from Euler’s formula € = cos @ + isin 6 for § € R.
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(ii) From (2.2.1) and (2.2.3), it follows that

—_—

Toh(w) = / o= beerds

_ eiQﬂ'wb/ f(x>€7i27rwzdx _ efiQﬂwa'(w)'

(iii) From (2.2.1) and (2.2.4), it follows that

—

D.he) - | " flaz)erds

1 [ ,
_ / f<x>67127rw(:r/a)dx
aJ
1 o0 . 1 4
— _/ f<x>67127r(w/a)xdx _ _f <£> )
a ) o a” \a

(iv) From (2.2.1) and (2.2.5), it follows that

—_—

(Mcf) (w> — / f(x)ei%rcme—i%rwxdx
= / Fla)e @974 = f(w — ).
v) From (2.2.1), (2.2.6) and Fubini’s theorem, we have
(v) (2.21), (2.2.6)

T - [ T (F ) ()T d

—0o0

_ /_ Z { /_ Z F(Oh(z — t)dt] ¢ gy
_ /_ Z () { /_ Z hx — t)emwxdx} t
_ /_ 0 { /_ Z h(x)e‘ﬂw(“t)dx} dt

N /_Oo F)h(w)e 2™t = f(w)h(w).
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Example 2.2.1

(a) For f(x) = cos2mcx with ¢ > 0,
. 1

fw) = 5(5(w—c)+5(w+c)). (2.2.11)

(b) For f(x) = sin2mwcx with ¢ > 0,

Flw) = % (6(w — ¢) — 6(w +¢)). (2.2.12)

Solution:

(a) From the definition of the Fourier transform in (2.2.1), we have

flw) = / cos(2mex)e P dw
_ 1 > i2mex —12mex —i27rwzd
=35 3 (e +e ) e T
1 - —i2m(w—c)x —i27 (w+c)x
=5 (6 +e ) dz
1
25(5(w—c)+5(w+c)),

where § denotes the Dirac delta distribution.

(b) The solution is obtained in a similar way to the solution of (2.2.11)
above. |

If f € L*(R) such that its Fourier transform fis in L'(R), f may be
recovered from its Fourier transform (as shown in [14, Theorem 4, p.335|):

Theorem 2.2.2 (Inverse Fourier transform) For a function f € L*(R),

A~

let g(w) = f(w) € LY(R). Then

f(@) = 3(o) = / g(w)e?mmduy.

—0o0

The function § is called the inverse Fourier transform of f.
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In Section 5.1 in Chapter 5, we will see how the Fourier transform may
be applied to reveal the frequency content of stationary signals.

2.3 B-splines

We start this section by defining the m'™ order spline space S, [a,b] with
knot sequence x, for m > 1.

Definition 2.3.1 (Spline space) For positive integers m and N and a,b €
R, let

X: Tgpui=-=a=Tp<x; < - <ITyp1=b=:=2Tnim. (2.3.1)

We denote by Sx.mla,b] the linear space of m™ order polynomial splines on
[a, b] with knots in x, namely

Smla,b] = { fz) € C"2a,b]: f

| € T, z‘zO,...,N},

(2.3.2)
where C™ 2[a,b] denotes the space of all functions on [a,b] with m — 2
continuous derivatives, and m,,_1 denotes the space of all polynomials of
degree < m — 1.

[zi,2441

As shown in [19],[6, Theorem IX.1], a locally supported basis for Sy ,,,[a, 0]
is given by the set of normalized m™ order B-splines

{Nx,m,j: ]:—m—i—l,,N},

where each Ny, ; is defined in terms of divided differences of truncated
powers (to be made precise in Definition 2.3.2 below). Divided differences
are defined by

‘
_ g (u)
[u,...,ulg = €! (2.3.3)
if there are ¢ 4+ 1 entries in [u...,u|, and
[Uo, o 7un]g — [uh s 7un]g B [Uo, cee 7un—1]g (234)
Up — Ug

if up < uy < --- < wy, with u, > ug, where [u;]g := g(u;). The truncated
powers are given by
z” = (max {0,z})". (2.3.5)
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Definition 2.3.2 (B-splines) For the sequence x in (2.58.1), the normal-
ized m™ order B-splines Nymj, j=—m~+1,...,N, are defined by

Nem (%) == (Tjom — ) [Ty oo, Tjrm) (- — x)T_l, j=—-m+1,... N.
(2.3.6)

For the knot sequence x in (2.3.1), the B-splines Ny, ;, j =0,..., N —
m+1, are called interior B-splines, while Ny ,,, ;, j = —m+1,...,—=1; N —
m + 2,...,N, are called left hand side and right hand side boundary B-
splines, respectively.

We note that
Nx,m,jEO, ]ﬁé {—m+1,,N} (237)

By expanding the divided differences in the definition of B-splines (2.3.6),
we obtain the following special formulations for the boundary B-splines
Nx,m,—m+1 and Nx,m,N-

Theorem 2.3.1 (Boundary B-splines) For the knot sequence x in (2.3.1),
the boundary B-splines Ny —m+1 and Nx ., n satisfy the formulations

< >m—1

11— .

2= a<z<a
— ) J— — )

Nx,m,—m—i—l(x) = ri—a

(2.3.8)
0, otherwise,
and ,
IIN < x <b;
Noemv(z) = (b—ww)  avsesh (2.3.9)
0, otherwise.
Proof:

We proceed to prove (2.3.9); the proof of (2.3.8) is similar.

From (2.3.6) and the definition of divided differences in (2.3.3)-(2.3.4),
we have

Nx,m,N(x)
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= (@N+m —N) [N, TNm] (- — x)T_l
— (enam — ) [TEN11y -y TNam) (- — :c);NJFm—_[x;V]\;. o ENpmet) (- — )]
_ (m — 1)!(1)—9&)9r
(m—1)!
B TNty TNmo1] (- — :E)T_l — TN, TNemo] (- — x)T_l
INtm—-1 — TN
B (m—l)!(b—:zc)(jr B (m—l)!(b—x)i
B (m—1)! (m —2)111(b — xy)
TNty TNem2] (- — :E)T_l — TN, TNems] (- — x)T_l
- (b—2)(TNim—2—TN)
_(m—l)!(b—a:)i_ (m—l)!(b—x)i (m—l)!(b—x)i
(m—1)! (m—=2)!111(b—xy)  (m—3)121(b — xyn)?
[I’N_H, c. 71:N+m—3] ( — ZL‘)Til — [QTN, e ,$N+m_4] ( — ZL’)Tﬁl

(b—2n)?(TNym—3 — TN)

5 ( ) ((: —~ xx])v) + (_1(>bm_(:c;N)—mx)lT1.

From the definition of truncated powers (2.3.5), we have
Nymn(x) =0, x>b.
Therefore, let x < b, so that
Noc.m, v ()

I e R =
() () e
r=b o, 1)’”‘1 G OV

(b — $N>m—1

(
_ (3? - xN)ml N (—D)™(zy — )7

1=0
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from the binomial theorem. If x < xy, it follows from the definition of
truncated powers (2.3.5) that

z—ay\" ! (—1)™(xy —x)™ !
) S

while, if xny < x < b, we have

m—1
Ny () = (:1: ZBN) ’

b—ZL’N

again from (2.3.5), completing our proof of (2.3.9). [ |

The normalized m'™ order B-splines Ny, j, j = —m+1,..., N, in (2.3.6)
satisfy the following properties (see, for example, [12, Theorem 6.4] and [22,
Theorems 10.2.2, 10.2.5, 10.2.6] and [5]).

Theorem 2.3.2 (Properties of B-splines) The B-splines

{Nxmj: j=—-m+1,...,N} with knot sequence X, as defined in (2.3.6)
and (2.3.1), respectively, satisfy the following properties:

(i)
suppNym; = [a, 0] N [z}, Tjrm], j=-m+1,...,N; (2.3.10)

(1) Nxmj, j=—m+1,...,N, may be computed recursively through

xr—XT; €X; — X
]me‘gj :—]Nxm— i\ +]+m—Nxm— j L),
; 7]( ) Tigmo — T 173( ) Tigm — Tjg1 1,J+1( )
(2.3.11)
where
Nx717j($) = X[acj,xj+1)(x)7 j = O, e ,N, (2.3.12)

the characteristic function on the interval [x;, xj41);

Nymj(®) >0, € (25, Tj0m); (2.3.13)
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(iv) The B-splines {Nxm;:j=—m+1,...,N} form a partition of unity;
that s,

N
Y Newyle) =1, z€la,b] (2.3.14)
j=—m+1

(v) The derivative of N j, j = —m+1,..., N, may be computed recur-
stwely through

m—1 m—1

N, (t)= ————Nym 1) = ————————Nym_141(2),
) = e Ny (1) = N (e)

(2.3.15)
form > 2.

Proof:

(i) First, let © > x;.,, for some fixed j. Then

Nenj () = (@jm = 25)[25, -, Tjrm] (- — 2)771 =0,

from the definition of truncated powers. On the other hand, if we let
x < xj, we have

Ny (2) = (Tjqm — )T, o Tjgm] (- — )77
= (Zjpm — x)[Tj, s Tjpm] (- — x)™ (2.3.16)

We now use the fact that, if g is a function with n continuous deriva-
tives in the smallest interval containing the points {uo,...,u,}, then

9™ (&)

n!

[ug, ..., uy)g =

for some point £ in the smallest interval containing the points {uo, ..., u,}
(see [22, Theorem 2.1.2]). With g := (- —x)™!, (2.3.16) therefore be-
comes
(m)
9" (&)
Nx,m,j(x> = (Q}jer — l’j)[l’j, ce 7xj+m]g = ($j+m — IJ)T = O,
where ¢ is some point in the smallest interval containing {x;, ..., Z1m},
since g € Tp,_1.
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(ii) The formulation (2.3.12) for Ny j, j
the definition (2.3.

ences (2.3.4).
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=0,..., N, follows directly from
6) with m = 1 and the definition of divided differ-

For j = —m + 1 and j = N, the formulation (2.3.11) follows from
Theorem 2.3.1. Indeed, if j = N and x € R is fixed, we have

r — TN

LTN+m—-1 — TN

r — TN

x -
Nym—1.n(x) + ARl Ny m—1,n+1()

IN+m — TN+1

b—.Z'N

r — TN
b—ZI}N

using also (2.3.7).

Hence, let j € {—

m—2
(:E—xN) +o
b— N

m—1
> == Nx,m,N<x)7

The result follows similarly if j = —m + 1.

m+2,...,N —1}, so that x4, > z; and z; >

z;+1 both hold, and let x € R be fixed. To prove (2.3.11), we recall
the Leibniz rule for the divided difference of a product, namely, for

two functions f and g and any sequence of points {uy, ..

[UQ,...

(see |45, Theorem

. 7un}>
n

>un](fg) = Z[u(]? s

J=0

2.52|). Using also (2.3.6) and (2.3.4), we have

,Uj]f[u]', Ce ,un]g

Ncm (%)
= (.%’j+m - xj)[xj, o ,me](. — x)T—l
= (jpm — T)[T5, s Tjm] (- — 2)( x)T_Q
= (Tjpm — ;) Z[%‘, R Gl 1 S ,ZL‘j+m](. — x)T—2
= (l'j-i-m - l'j) [(5173 - $)[:17j, ce ,xj+m](. — x):_n—z
HEjr1s - T (- — x)T—z}

= (Tj4m — 7j) %

— )P [y — 2] (= 27

|:(.Z‘ _ .CE) [:CjJrlv . ,l’jer](‘
! Ljtm = Ly
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+ [xj+17 B 7xj+m](' - J:)T_2
= (= 2)[xj11, - Tjm] (- — )72
_(mj - $)[xj7 cee >xj+m*1](' - 95)7172
F(Tjm — ) [Tja1, s T (- — )P0
= (@i, Tyl (- = 2) 77 (25 — 2+ Ty — 1)
=)z, Tpma] (- — )T
Titen — & _
= e (g = ) [l (= )
JTm J
xr—XT; _
+ ’ (Tjpm—1 — ) [T, -+ Tjypm—] (- — 97)7: ?
Tjtm—-1 — Tj
X — X xr — XI;
= = Nyt (1) + ————Ny15(3).
Ljtm Tj Lj+m—1 T

(iii) We know that suppNxm; = (2, Tjem), § = —m +1,..., N, so that

Nymj(x) =0, x € R\ [z, Zj4m]). We now proceed to show by in-
duction that (2.3.13) holds. Since Ny1;(2) = X[z;.z,.1)(7) (as follows
from (ii)), it is clear that the result holds for m = 1. Next, we as-
sume that (2.3.13) holds for a fixed non-negative integer m — 1, and
let © € (zj,%j4m). From the recursion formula (2.3.11), we have

T —x; Titm — T
Ny j(@) = ————Nyxm1,(x) + ﬁ_m—Nx,m—l,j+1(I)~
Tjtm-1— Tj Tjtm — Tjt1
Next, we note that, from the support property (2.3.10),
{Nx,m—l,j(x) =0, T E [Tjtm—1,Tjtm);

Nx,m—l,j+1($) =0, z¢ (xja$j+1]>

for all j = —m + 1,..., N. Therefore, using also the induction hy-
pothesis, we deduce that

Nx,m,j(x) > 0, T € (Ij,Ij+m),

for all j = —m + 1,..., N, which completes our inductive proof of
(2.3.13).

Our proof is once again by induction on m. Since Ny 1;(Z) = X(z;.2;41)(T),
it is clear that (2.3.14) holds for m = 1. Next, we assume the result
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holds for a fixed non-negative integer m — 1 and let = € [a,b]. From
the recursive formulation in (2.3.11), it follows that

> Nymyj(®)

j=—m+1

T —T;
=Y N
Tjtm—1 — Tj

X, — X
Jt+m
Nx,mfl,j+1 (3:)
Ljtm — Tj4+1

j=—m+1 Jj=—m+1
N T X N+1 x T
— 4y Jj+m—-1 —
= Y ——— Newg@)+ > T Nepo1(2)
jm—my1 Titm=1 T L jm—me2 Titm—1 = L
N N
_ r—Zj N. Lj+m—1 — X N
= ———————Nam—1,5(7) + —————Nym-1,;(7),
j=—m+2 Ljtm—1 = Ty j=—m+2 Ljtm—1 = Ty

from the support property (2.3.10). It therefore follows that

N
T—Tj+ Tjpm—-1— %
J jt+m—1
§ Nemj(z) =) . —— Nxm-15(2)
j=—m+1 j=—m+2 jHm—1 J
N xr A
o j+m—1 j
- NX,W’L71,] ($)
j=—m+2 jtm—1 7 L
N
= Z Nx7m—17] (l’) = 17
Jj=—m+2

from the induction hypothesis, completing our proof of (2.3.14).
(v) Lastly, to verify (2.3.15), we differentiate (2.3.6) and use (2.3.4) to

obtain
N (@) = =(m = 1) (@jm = 25) [, @] (= 2) ]
= —(m = 1) (2jm — ;) X
[Tty ) (= )T = [ ] (- — @)
Ljtm = Lj
=—(m—=1)[zjt1, -, Tjgm] (- — x)Tﬁ

+(m = 1) [z, ..., Tjpm] (- — )]



CHAPTER 2 Van der Walt, Maria, 2015, UMSL, p.22

m—1 m—2
= ——————— (Tjrm — 1) [Tjr, - Ty (- — 33)+
Tjtm — Tj+1
m—1 _
(et — ) [ ] (= )T
Tjm—1 — T;
m—1 m—1
= — N 1) - ———— Ny 1:01(x
from (2.3.6). [ |

2.4 Spline interpolation

B-splines are useful in many applications, including spline interpolation and
approximations problems (the applications that we will be studying in this
dissertation).

Before defining a spline interpolation operator in terms of B-splines of
any arbitrary order, we start this section by reviewing the standard cubic
spline interpolation scheme in |6, Chapter IV], since it is one of the most
popular interpolation methods in current applications (due to the simplicity
to implement it).

For a function f : [a,b] — R and a sequence
y: a=y1 <y <---<y,=b,

we proceed to investigate the construction of a cubic spline interpolant .S,
with knot sequence y, that satisfies the interpolation conditions

S(wi) = flyi), 1=1....n.
Since S is a cubic polynomial spline, we know that

SeC? and S|[yi7yi+1] € m3
(as in (2.3.2)). Therefore, we have

S(x) =pi(z), x € [Yi,Yir1],
forall v =1,...,n — 1, for some cubic polynomials

pi() = a;+b; (x — y;)+¢; (v — ?/i)Z—l—di (x — yi)3 , i=1,...,n—1, (2.4.1)
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such that
pi(yi) = fwi);  pi(Yir1) = f(Yir1);
, 0 , B (2.4.2)
Piyi) = si; Pi(Yiv1) = Sit1,
fori =1,...,n — 1, where sq,...,s, are free parameters determining the
slope of each polynomial p;, and such that

By substituting the conditions (2.4.2) in the polynomial formulations (2.4.1),
we may solve for a;, b;, ¢;, d;;, i =1,...,n—1,in terms of the parameters
S1y...,8n. Assuming that the parameters s; and s,, are chosen by the user
in some way, the remaining n — 2 free parameters so, ..., s,_1 are then de-
termined uniquely by the n — 2 conditions in (2.4.3).

There exist different approaches in the literature to choosing the bound-
ary slopes s; and s,,. The most popular techniques include the so-called nat-
ural spline interpolation, where s; and s,, are chosen to satisfy the free-end
condition S”(y1) = S"(y,) = 0, and the spline resulting from the not-a-knot
condition p; = py and p,_2 = p,—1 (so that the knots yo and y,,_; are not
active).

We now turn our attention to spline interpolation schemes in terms of
B-splines with arbitrary order m (the type of spline interpolation methods
that we will be considering in this dissertation), and where the spline knot
sequence x need not coincide with the interpolation points y.

For a function f : [a,b] — R, we will be interested in finding a spline
interpolation operator S, : Cla,b] — Sk, where Cla, b] denotes the space
of continuous functions on the interval [a, b] and with the spline space Sk,
defined in (2.3.2) for the knot sequence x in (2.3.1), such that the spline
S,.f interpolates the function f at a given sequence of discrete data points
on the interval [a, b].

Since the set of normalized B-splines { Nx ,,, j : j = —m +1,..., N} forms
a basis for the spline space S ,,, the dimension of Sx ,, is m+N. This means
that we can accommodate m + N interpolation conditions on the interval
[a, b].
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Definition 2.4.1 (Spline interpolation operator) Given a function f :
[a,b] = R, let y = {y1,...,Ymsn} denote a sequence of m + N distinct
points in the interval [a,b], with

Vi a<y <yYs < Ynin < Db (2.4.4)

Then the spline interpolation operator S, : Cla,b] — Sxm, with knot se-
quence X given in (2.5.1), satisfies the m + N interpolation conditions

(Smf) i) = fly:), i=1,...,m+N. (2.4.5)

Spline interpolation has the advantage over traditional polynomial in-
terpolation (for example, the Lagrange and Newton interpolation formulas
[22, Sections 1.2, 1.3]) that the approximation accuracy may be improved
by decreasing the distance between consecutive knots in x while keeping
the polynomial degree m — 1 relatively low.

Now, since {Nxm;: j=-m+1,...,N} forms a basis for the spline
space Sxm, we know that there exists a spline S,,, f satisfying (2.4.5) if and

only if
N

(Sul)@)= Y /Nemylz), @ €lab]

j=—m+1

for certain coefficients {c{mﬂ, ceey c{v} C R, such that

N
Z C;'CNx,m,j(yi) = f<y1)7 L= 177m+N (246)
j=—m+1
i P\
In other words, the vector ¢ := (C—m+1> o ,CN) € RV where R™+V

denotes the (m + N)-dimensional real space, is a solution to the matrix
equation
Am,ch =N,
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with £ = (F(1)s - f(men))’ € R™N and where A,, v is the (m +
N) x (m + N) coeflicient matrix

Nx,m,—m—l—l(yl) Nx,m,—m+2(y1) e Nx,m,N(Ql)
Nx,m,—m—i—l(yQ) Nx,m,—m+2 (92) e Nx,m,N(yQ)
Am,N - . . .
Nx,m,—m+1 (ym—i-N) Nx,m,—m+2 (ym+N> e Nx,m,N (ym+N)
(2.4.7)

A necessary and sufficient condition for the matrix A,, y to be invertible is
given by the Schoenberg-Whitney theorem [44]:

Theorem 2.4.1 (Schoenberg-Whitney) The matriz A, n in (2.4.7) of
the linear system (2.4.6) is invertible if and only if

Nx,m,feri(yi) 7&0, 1= 1,,m—|—N

In other words, from the B-spline support property (2.3.10), the linear
system (2.4.6) has a unique solution if and only if

I,mJﬂ'SyiSCEi, izl,...,m+N,

in which case the spline interpolant is given by

(Suf)(@) = ) (A vEnsn), Noms (@), 2 € [a,0]. (2.4.8)

j=—m+1

This gives an existence and uniqueness result for spline interpolation in
terms of the normalized m'" order B-splines, for any arbitrary order m.

In general, the inverse matrix A;L%N is not banded, but a full matrix.
This means that the value of (S,,f)(z) in (2.4.8) at any x € [a, b] depends
on most, if not all, of the function values {f(y1),..., f(Ym+n)}. The spline
interpolant in (2.4.8) is therefore not a local interpolant. In Chapter 4, we
will investigate the construction of local interpolation schemes in terms of
B-splines.

In some applications, it might be advantageous to not only interpolate
function values f(y;), i = 1,...,m + N, as in (2.4.5) in Definition 2.4.1,
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but derivative values of f as well. If {ry,..., 7 N} is a sequence of m + N
non-negative integers such that
4+ rman=m+ N,
the m + N interpolation conditions in (2.4.5) in Definition 2.4.1 become
(S ) wi) = fOws), €=1,...,m;i=1,...,m+N,

called Hermite interpolation conditions. We will investigate spline interpo-
lation operators with this type of interpolation conditions in Chapter 4.

We note that, in practice, the /** order derivative values of the function
f may also be approximated with the ¢! order divided differences of f,
with the divided differences defined in (2.3.3)-(2.3.4).

In this dissertation, we will also be interested in certain spline approx-

imation operators, called quasi-interpolation operators, first introduced by
De Boor and Fix in [7].

Definition 2.4.2 (Spline quasi-interpolation operator) The spline ap-
prozimation operator Q,, : Cla,b] — Sk, with knot sequence x in (2.3.1)
18 called a quasi-interpolation operator if it reproduces polynomials of degree
< n for any non-negative integer n; that is,

(Qmp)(x) =p(z), =€ [a,b], (2.4.9)
for polynomials p € m,.
Again, since {Nx,;: j=—-m+1,..., N} forms a basis for the spline
space Sxm, we know that there exists a spline Q,, f satisfying (2.4.9) if
N

(Qu)@)= Y Namy(@), z€[ab]

j=—m+1

for certain coefficients {cfmﬂ, e C{v} C R, such that

N
Z N j(z) = p(z), pE M
j=—m+1
We will investigate the construction of quasi-interpolation operators,
with a local formulation in terms of the normalized m'® order B-splines, in
Chapter 3.
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2.5 Continuous wavelet transform

Let us consider a function ¢ € L*(R). If ¢ satisfies the conditions

Y(z) -0, x— oo, (2.5.1)

and . N
p.v./ Y(z)de = Jim / Y(z)der =0, (2.5.2)

oo —o0 J_4

where “p.v.” denotes the Cauchy principal value, then ¢ is called a wavelet.
From (2.5.2), we see that v oscillates (¢ has a “wavy” shape), while the
condition (2.5.1) ensures that the function ¢ dies down as z — 400, so
that the graph of ¢ looks like a “short wave” or wavelet.

Given a wavelet 1, we can generate a whole family of wavelets through

o) = 20 (20, (253

a

where b € R and a > 0. The factor a is used to adjust the scale and length
of the wavelet, while the support interval of 15, can be shifted over the
entire real axis by changing the value of b.

There are many applications of wavelets in the literature. In this dis-
sertation, we will mainly be interested in the continuous wavelet transform
(CWT), where the wavelets ¢, (2.5.3) generated by 1 are used as integra-
tion kernel.

Definition 2.5.1 (Continuous wavelet transform) For a function f €
L*(R), the CWT Wyf of [ at the time-scale point (b,a) is defined as the
inner product of f with the wavelet vy ,; that is,

Wy f)(b,a) = (f, Ypa) = / flx ($_b>dx. (2.5.4)

The CWT is a time-frequency method used to analyze the time and
frequency contents of a function f. In this regard, the wavelet v, is called
a window function, and it is used to localize f in order to examine its
time and frequency contents. This localization depends on the width of the
window function. In general, the window width of a time-frequency window
function is calculated as follows.
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Definition 2.5.2 (Time-frequency window width) Let
u € (L'N L% (R) be a non-trivial window function such that zu(x) €
L*(R). The center of the localization window function u(z) is defined by

S wlu(z)Pda

*._ Joo , 2.5.5
Tu oo u(z)|?de ( )
and the radius of the window function u(x) is defined by
1
* (2 —2%)2|u(x)|?dx | 2
A, = Sl W) u()| (2.5.6)

S lu(z)[Pde
The window width of u(z) is defined by 2A,,.

With this definition, and using also (2.5.3), we may calculate the center
of the window function v, to be

L e (D) Pde [T (ax +b) () Pdr

— = = b
Tone = T (20) da = l@pde et
while
. 1
o[ e (5 Pac]
el e () P

= al\,. (2.5.7)

ffooo(aaj +b — (ax}, + b))?|Y(x)*dx 2
7 ()2

With the Fourier transform of a function f € L'(R) defined by (2.2.1),

we may also consider w* and Al;b , which describe the center and radius
b,a ,a

of the window function @/A)b@ in the frequency domain. Since

7721)7(1((“) _ 6_i27rwb7j}(aw),

from the definition (2.5.3) of 1, and the Fourier transform properties
(2.2.8) and (2.2.9) in Theorem 2.2.1, we have

S22 wlb(aw)Pdw [ 2] (w)]Pdw

wt _=

e [ aw)Pde 7 (W) [Pdw

1
—W
a ¥
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and
1
N _ffom(w—w;bya)2|?/;(aw)|2dw 2
Vba - ffooo |1ﬂ(aw)|2dw
— ‘A; l
I S el R 258
T P | a? B

from (2.5.5) and (2.5.6).

From (2.5.7) and (2.5.8), it is clear that the localization window 1, in
the CWT has the advantage that the window width is not fixed (in con-
trast to the short-time Fourier transform, for example [14, (7.4.1), p.354]);
it varies with a. When the value of a is larger, the window width 2A,, = =
2aA,, widens (in other words, the CWT “zooms out”), while the frequency
window width 2A A narrows, facilitating analysis of high-frequency
contents. On the other hand when the value of a is smaller, the window
width 2aA, narrows (the CWT “zooms in”), providing higher resolution in
the time domain, while the frequency window width %Aqﬁ widens.

At the same time, the window function v, “slides” across the entire real
axis as the value of b € R changes. In this way, the window v, facilitates
the analysis of f for different time and frequency detail over the whole real
line or “time axis”.

The CWT is equipped with an “inversion” or “recovery” formula, called
the inverse CWT. This allows us to recover a function f from its CWT
Wy f (see [14, Theorem 3, p.391]).

Theorem 2.5.1 (Inverse continuous wavelet transform) Let € L*(R)

be an admissible wavelet, in the sense that

C’w::/ooonw<oo.

w

to =g [T ovnman (27 @] &

Then
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Jor all f € (L* N L>) (R), where L™ denotes the space of all bounded func-
tions.

2.6 Hilbert spectral analysis

We end this chapter by considering the notion of Hilbert spectral analysis,
which is based on the Hilbert transform, defined as follows.

Definition 2.6.1 (Hilbert transform) Let f be a measurable real-valued

function and let

h(z) = S

™

denote the Hilbert kernel. Then the Hilbert transform of f s defined as the
convolution of f with the Hilbert kernel h; that is,

AP @) = (h ) () = Lpv. [ L)

U 0 T— S

ds, (2.6.1)

or, equivalently,

(Hf)(x) = %p.v. /00 Mds,

o S
provided that the integral in (2.6.1) exists and is finite.

The Hilbert transform in (2.6.1) satisfies the following properties (see
[40, Chapter 4]):

Theorem 2.6.1 (Properties of Hilbert transform) The Hilbert trans-
form operator in (2.6.1) satisfies the following properties:

(i) The Hilbert transform operator is linear; that is, for real-valued func-
tions f and g and a,b, € R,

H(af 4+ bg) = aHf + bHyg;
(i1) For a real-valued function f and a,b € R,

H (f(ax +b)) = sgn(a)(H[f)(ax +b),
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where sgn denotes the sign of a, namely

-1, ifa<0;
sgn(a) :=40, ifa=0;
1, if a > 0;

(11i) For a real-valued function f,
df(z)\ _ d
() = Lo

Proof:

(i) From the definition of the Hilbert transform in (2.6.1), it is clear that

H(af +bg)(x) = %p.v. /OO Mds

e X —S
= %p.v. _00 %ds + %p.v. /_Oo %ds
= a(H[)(x) +b(Hg)(x).
(ii) From (2.6.1), we have

H (f(ax + b)) :—pv fa$+b>d

xr — S
1 0 f(s) d .
— 7rp'v fooax+b s 5, (I>O,
—%p.v [~ J©) 4 q < 0;

oo ax+b—s

= sgn(a) (Hf) (ax +b).
(iii) We start by recalling the Leibniz integral rule

d 8%

— d
i ). f(z, 2)dx

B(z) z Z
- / © & fa2dn + F(5(2), 9P _ fa(), 522
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so that, if @ and 8 are independent of z,

B B o
— f(x,z)d:v:/ Ef(x,z)dx

We therefore have

d 1d f()
%(Hf)(tf) 7rd ——p.V. x_s

7rdx / fx_s
:—pv/ Sfx—_8>ds
_%pv/ fa:—s
(%)

We will also rely on the following two results. The first is a formulation
of the Fourier transform applied to the Hilbert transform, the proof of which
can be found in [40, pp.252-255].

Theorem 2.6.2 (Fourier transform applied to Hilbert transform)
For f € L*(R),

—

(HF) (w) = —isgn(w) f(w). (2.6.2)

The second is referred to as the Hilbert transform product theorem or
Bedrosian’s theorem [3].

Theorem 2.6.3 (Bedrosian) Let f,g € L*(R). If the Fourier transform
f(w) of f(z) vanishes for |w| > a, with a > 0, and the Fourier transform
g(w) of g(z) vanishes for |w| < a, then

H(f(z)g(x)) = fz)(Hg)(x). (2.6.3)
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Example 2.6.1

(a) Fora € R,
Ha = 0; (2.6.4)

(b) For f(z) = cos2mcx with ¢ > 0,

(Hf)(x) = sin 2mcz. (2.6.5)

Solution:

(a) From the definition of the Hilbert transform in (2.6.1), we have

(’Ha)(x):%p.v. /_ R

X —S8

=L Jim [~ In|z —s|)?,

T A—oo
A
= ¢ lim In T ‘:O.
T A—o0 x—A

(b) Let f(x) = cos2mcx. Using (2.6.2) in Theorem 2.6.2 and (2.2.11)-
(2.2.12) in Example 2.2.1, we know that

F((HF) (@) = ~isgn(w)f (@)
— sgn(w) [6(w —¢) + d(w + ¢)]

i
=5 [0(w —¢) — §(w + ¢)]
= F (sin2mcx) .

Therefore,

(Hf) (z) = sin 27cz.
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In this dissertation, we will be using the Hilbert transform to extend a
given signal f to its analytic signal representation f*, given by

f7(@) = f(&) +i(Hf)(@). (2.6.6)

This approach is commonly used in the area of signal processing and analy-
sis to analyze a signal’s instantaneous frequency information, and was first
proposed by Dennis Gabor [26]. By taking the real part of the polar for-
mulation of f* in (2.6.6),the given signal f(¢) has the representation

f(t) = A(t) cos 2m0(t), (2.6.7)

where )
Alt) =110 = ((f(1)* + (HA)(1))*) 2 (2.6.8)
is called the instantaneous amplitude (IA) of f, and

- an*! HI)
0(t) = 5t ( o ) (2.6.9)

denotes the instantaneous phase of f. The instantaneous frequency w is
simply defined to be the time-derivative of the instantaneous phase; that
is,

w(t) = %it), (2.6.10)

as already mentioned in Chapter 1. (This terminology will be considered
in general in Section 5.2 in Chapter 5.) This method of finding a signal’s

amplitude, frequency and phase information is called Hilbert spectral anal-
ysis in the current signal processing literature.

Since a negative IF is not physically meaningful, we include the following
condition:

Theorem 2.6.4 (Non-negative IF) The IF w(t) in (2.6.10) is non-negative
if and only of
F&) () () = (R @O (t) > 0. (2.6.11)
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Proof:

From (2.6.10) and (2.6.9), we know that

T omdt £(t)
_ 1. 1 SO (E) = (H)@)S' ()
24 (%f (F1)’

_ L FOMHN'@) — HHO ()
2 (f() + (RN

Therefore, w(t) > 0 if and only if

F&) () (8) = (HF) () f'(t) > 0.

As mentioned in Chapter 1, the empirical mode decomposition is one
approach to signal decomposition and analysis that relies on the HSA tech-

nique described above. We will discuss this method in detail in Chapter
6.
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Chapter 3

(Quasi-interpolation

In this chapter, we define and describe a quasi-interpolation scheme (as
introduced in Section 2.4 in Chapter 2) based on the m'" order B-splines
(defined in (2.3.6) in Chapter 2). Our idea is to use this scheme, together
with a local interpolation scheme (to be described in Chapter 4) to create a
so-called blending operator (which will also be defined in Chapter 4). This
operator is developed in such a way that it preserves the properties of both
its constituent parts — it will therefore have a local formulation, preserve
polynomials up to a certain degree, and satisfy certain interpolation condi-
tions. This interpolation scheme may then be used in applications such as
constructing upper and lower envelopes in the empirical mode decomposi-
tion algorithm (to be described in Section 6.1 of Chapter 6).

In Section 3.1, we start by developing a quasi-interpolation operator,
in terms of the m'™ order B-splines, that preserves polynomials p of degree
< m—1. Our quasi-interpolation operator is based on a quasi-interpolation
scheme for real-time application described in [9] — however, the method in
[9] is derived for data values on an unbounded interval, and is adapted here
(in a non-trivial way) for a bounded interval.

In Section 3.2, we develop a variation on the quasi-interpolation scheme
described in Section 3.1 (where the spline knots are chosen to be equal to the
sampling points) by adapting this scheme for the case where the knots are
chosen to lie midway between every two consecutive sampling points. This
setup facilitates a more symmetric formulation of the quasi-interpolation
scheme.
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The quasi-interpolation schemes in Sections 3.1 and 3.2 are exact on
Tm—1; that is, when it is applied to a polynomial of degree < m — 1, this
exact polynomial is returned. In Section 3.3, we provide error bounds that
describe how well a general, real-valued function f (that is not a polynomial)
is approximated by these schemes.

3.1 Quasi-interpolation: Scheme F

For m > 3, let
y: a=yo<y1 <---<yns1=2>b (311)

be a given sequence of (non-uniform) sampling points, and let f be a real-
valued function. In this section, we develop a spline quasi-interpolation
operator QF ~under the assumption that the B-spline knot sequence x is
equal to the sampling point sequence y. We append the m — 1 stacked
knots x_,,y1 =+ =2x_1 =aand b = xn,0 = -+ = Ty, On either side,

so that the (non-uniform) knot sequence x is given by
X:T = =a=20<T1 <+ <Tyy1=b=+=2Tnim (3.1.2)

In this section, we will therefore denote the sampling points y by x also, for
convenience. This setup facilitates easy implementation in real-time appli-
cations in practice.

We will need the following notations.

First, D(xj, ..., Zj+m—1) denotes the Vandermonde determinant of
Tj, ..., Tjym—1; that is,
1 1 .- 1
D(xj, . 7$j+m,1) _ JU] 55]‘2-4-1 e Q]j+:771—1 : (3.1.3)
and D(z;, ..., Tj1k-1,Emits Tjtht1s - - - s Tjrm—1) 18 obtained from

D(xj,...,%jtm-1) by replacing its (k + 1)™ column with the vector

Exme = [E2(0), ... 771 O], (3.1.4)
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with
() =1
. 0™"(Tes1ys -+ Torm1) (3.1.5)
En(l) = (m—l) , o n=1,...,m—1;
and where 0™ (xpy1,...,2Ze1m_1) denotes the classical symmetric function,
defined by
O_O(xf-i-la S 7xf+m—1) = 17
0" (Ter1, - Team—1) = > Tty Ttar  (3.1.6)
(1<t <to<--<tn<l+m—1
n=1,...,m—1,
with the definition that ¢"(xyi1,...,Tprm—1) =0 if n > m.

Furthermore, Dc(z5,. .., Zj4p, xﬁ)p, e ,xﬁp, Tjgptts - Tjpmq1) de-
notes the confluent Vandermonde determinant; that is, for £ = 1,...,q, the
(p+ 1+ £)" column of D¢ is given by

(Do) 0, if k <¢; (3.17)
Ckp+i+e = (k=1)!  k—1—¢ o
G Lie o Hhk>L

(In other words, confluent columns are derivatives of the original Vander-
monde columns.) The remaining m — ¢ columns of D¢ are regular Vander-

monde columns corresponding to x;, ..., Zj1m—q—1 (as in (3.1.3)). Similar
as above,

(1) (k=1) (k+1) (9)
Do(Tjy oy T gy Tjps 3 Tjap > Sximts Tjag v+ s Titps Tikptds -+ + > Tjtm—q—1)
. . 1 (a)
is obtained from Dc(Tj, ..., Tjp, Ty Tipp Tjtptis - > Titm—q-1) DY

replacing its (p + k + 1)™ column with & ..

Definition 3.1.1 (Quasi-interpolation operator) For an integer m >
3, the quasi-interpolation operator QF is defined by

m—1 N+1 m—2
Q@) = @My _o(x)+ Y fly) My i(2)+ Y fOO)My 1 (@),
/=1 1=0 r=1

(3.1.8)
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in terms of the spline molecules

( m—1—¢
Mgﬁe(x) = aﬁ,faij,m,j—m—i-l(x)y (=1,....m—1,
=0
m—1
Mgz(l‘) = %Ez,i,ij,m,Hj—mH(w), 1=0,...,N;
j=0
m—2
MnEl,N—l—l—i-r(x) = Z anEz,N+1+r,ij,m,N+j—m+2(37), r=0,....,m—2,
\ j=r

where the coefficients are given by:

Fori=0,... m—2, j=m—1—4,....m—1, andi=m—1,... , N+
1—-m, j=0,....m—1, andi=N-m+2,...,N, 7=0,..., N —i:

E D(Ii+j—m+17 sy Li—1, gx,m,i—i-j—m-‘rl’ Lit1y--- ,«'Ez‘+j) . (3 1 10)

i i =
m?"’h] ’
D(Tirjmy1,- -+ Tits)

Fori=0,....m—2, j=0,....m—2—u:

(1) (m—1—i—j)
B o DC(JZ‘(),.’EO NN ,.73'1,...,xi_1,§X7m7i+]’_m+1,.ﬁEi+1,...,ZEH_]')'
Uinjij = D 6 (m—1—i—7) 7
C(.T(),ZL'O v Ly 7$17"'in+j)
(3.1.11)
o fFort=1,....m—1, 7=0,....m—1—1¢:
(1) (£=1) (£+1) (m—1-7)
o _ De(wo, g, w5 7 mg—mt1s Ty e T (L, 1)
m,—L4,j — 1) (m—1—j) !
De(xg,zg7, ... 2 LTy, L)
(3.1.12)
o fori=N-m+2....N, j=N—-i+1,....m—1:
E
m,i,J
(1) (i+j—N-1)
Dc($i+j—m+17 s Tin 1y Sxomyitj—mA1s Titls -+ - TN, TNi1s-- - TN )
- (1) (i+j—N-1) ’
DC(xi+j—m+17'"axN+l7xN+17"'axN+1 )

(3.1.13)
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o Forr=0,....m—2, j=nr,....,m—2:
E
a’m,NJrlJrr,j
(1) (r-1) (r+1) ()
B Do(TNgjmmt2s - s TNAL Tyt - Ty > Sxom Nbj—mt2s TNo1 s -+ TN 1)
o (1) () ’
DC<xN+j—m+27 <oy TN, TNy - - 7$N+1)
(3.1.14)

We note that the molecules in the definition above are compactly sup-
ported, with

supngﬁe = [0, Tm-e], €=1,....,m—1;
suppM. = [Tims1, Tizm), 1=0,...,N; (3.1.15)
suppMy v i1ir = [TN-mi2ir Tni1], T=0,...,m —2,

With these definitions, we can show that polynomials of degree < m —1
are indeed preserved, as follows.

Theorem 3.1.1 (Polynomial preservation) For N > 3m—3, the quasi-
interpolation operator QF | formulated in (5.1.8) in Definition 3.1.1, salis-
fies the condition

(Qhp)(x) = p(x), (3.1.16)
for all x € [a,b] and p € Tp_1.

Proof:

We divide the proof into three parts.

(a) Let z € [Tom—2, TN—2m+3], s0 that (3.1.8) becomes simply

N+1-m

QL)) = Y fla)ME (), (3.1.17)

1=m—1

from the support properties of Mfm in (3.1.15). We proceed to show
that the constants ), ., i=m—1,...,N+1—m, j=0,...,m—1,
satisfy the formulation (3.1.10) in Definition 3.1.1 if QF satisfies
(3.1.16), for p(x) = 2*, t =0,...,m — 1.
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To this end, by using (3.1.17) and the second equation in (3.1.9), the
left hand side of (3.1.16) becomes

N+1—-m m—1

(Qip)(l’) = Z If Z afz,i,ij,m,i—&—j—m—i-l(I)

i=m—1  j=0
m—1 N+2-2m+j

_ t E
= E E xk—j—&-m—lam,l{:—j—i—m—l,ij»m»k(x)
Jj=0 k=j

N+1-m min{m—1,k}

_ t E
= E E fk—j+m—1am,k—j+m—1,ij,m,k:(93)a

k=0 j=max{0,k—N—-2+2m}

(3.1.18)

for p(z) = 2', t =0,...,m—1. Next, from Marsden’s identity on the
interval (X9, 2, TN_2m13], we have

N—2m+2

v'= > (k) Nmir(r), t=0,...,m—1, (3.1.19)

k=m—1

where &L (k) is defined in terms of the classical symmetric functions
as in (3.1.4)-(3.1.6). By substituting (3.1.18) and (3.1.19) in (3.1.16),
we obtain

min{m—1,k}

§ : t E __ ¢t —
xkfj+mflam,k7j+mfl,j - éx(k% = 07 S, M= ]-7
j=max{0,k—N—2+2m}

fork=m—1,...,N —2m+ 2, yielding (for N > 3m — 3)

-1

3

t E t
wk*j+mflam,k7j+’n’7,7l,j :éx(k>7 t - 0’...,m_ 1

Il
=)

J
The formulation (3.1.10) in Definition 3.1.1 then follows by using
Cramer’s rule.

(b) Next, let z € [a, Xom—2], so that (3.1.8) becomes

-1 Im—4

(Qnf)@) = fUa)My _y(x)+ Y fla) My (x),  (3.1.20)

1 =0

3

o~
I
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from the support properties of M ;in (3.1.15). Asin the first part, we
show that the constants aZ iy t=—m+1,...,m—2, satisfy the for-

mulation (3.1.10)-(3.1.12) in Definition 3.1.1 if QF satisfies (3.1.16),
for p(x) =2t t=0,...,m — 1.

By using (3.1.20) and the first two equations in (3.1.9), the left hand
side of (3.1.16) becomes

mfl m—1—/4
E 1
(Qmp)(m) = g"CEO a xm] m+1(33)
/=1 jZO
3m—4 m—1
t E
+ Z xi Z a’m,i,jNX,m,i+jfm+1 (‘T)
=0 j=0
m—1 —/
t—0 FE

- Z glxﬂ A, — 0,k +m— 1Nx,m,k(x>

=1 k=—m+1

m—1 2m+j5—-3
t E
30D w11, Nema (@)
Jj=0 k=j—m+1
-1 —k
t t—{ FE

- Z Z(Z)glq‘b A0 ke tm— 1Nx,m,k(x)

k=—m+1 (=1

3m—4 min{m—1k+m—1}

¢ E
+ E E Ty tm—1%m i tm—1, Nxm k()

k=—m+1 j=max{0,k—2m+3}
(3.1.21)

Combining (3.1.16) and (3.1.21) with Marsden’s identity on the inter-
val [a, o, 2], given by

2m—3
' = Z ft() Nymp(x), t=0,...,m—1,
k=—m+1
we have
-1 —k

Z Z (E)ﬁ‘xé eaﬁ —k+m—1

k=—m+1 L{=1
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k+m—1

§ t E
Lg— —j+m— lamk j—i—m—l,j] NX,m,k(x)
=0

— m—1
+ ‘rk —j+m— 1am k—j+m—1 ]] NX,m,k(x)
k=0 j=0
Z 5 xmk( )
k=—m-+1
The result follows by comparing the left hand side and right hand side
fork=—-m+1,...,m—2, and using Cramer’s rule. The formulation

(3.1.10) corresponds to k = 0,...,m — 2, while (3.1.11) and (3.1.12)
(in terms of confluent Vandermonde determinants) correspond to k =
-m+1,...,—1.

Lastly, let © € [xn13-2m,b], so that (3.1.8) becomes

N m—2
(Q5N@) = Y fa)ME () + Y FOOME vy (),
i=N+4-3m r=0
(3.1.22)
from the support properties of ME in (3.1. 15) We proceed to show
that the constants am”, i=N-—m+ 2,...,N +m — 1, satisty the
formulation (3.1.10), (3.1.13) and (3.1. 14) in Definition 3.1.1 if QF
satisfies (3.1.16), for p(z) = 2*, t=0,...,m — 1.

By using (3.1.22) and the first two equations in (3.1.9), the left hand
side of (3.1.16) becomes

N m—1

(Qﬁp) (z) = Z mf Z arb;,i,ij,m,iJrjme (z)

i=N+4-3m  j=0

m—2 m—2
+z : TIN+1§ :amN+1+erme+] m+2( )
r=0 j =r
m—1 N-+j—m+1
E E
xkz —Jj+m— 1amk —j+m— 13Nxmk($)
7=0 k=N+j—4m+5
m— N
t t—r FE
+ (r)T!xN—i—lam7N+1+r,k—N+m—2Nx,m,kz(x)

r=0 k=N+r—m-+2
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min{m—1,k—N+4m—5}

N
_ t E
= E E xkfj+m71am,kfjerfl,jNX,m,k(x)

k=N—-4m+5 j=max{0,k—N+m—1}
N k—N+m—2
t t—r _FE
+ Z (T’)T!'TNJrlam,N+1+r,k—N+m—2Nx,m,k (fﬂ)
k=N—m+2 =0 (3.1.23)

Combining (3.1.16) and (3.1.23) with Marsden’s identity on the inter-
val [Zn43-2m, ], namely

N
t t
Tt = E (k)N mp(x), t=0,...,m—1,
k=N+3—2m
we have
N—m-+1 m—1
¢ E
§ E Tl jtm—1%m k—j+m—1,j Nocm i (2)
k=N+3—2m L j=0
N m—1
t E
+ E E T i Ok jim 1
k=N-m+2 Lj=k—N4+m—1

k—N-+m—2
+ Z (fn)T!xé_rai,zwur,k—]wm_z] Ny m ()
r=0

= D &R Nemi():

k=N+3—2m

The result follows by comparing the left hand side and right hand side
fork=N+3—2m,..., N, and using Cramer’s rule. The formulation
(3.1.10) corresponds to k = N+3—2m,..., N —m+1, while (3.1.13)
and (3.1.14) (in terms of confluent Vandermonde determinants) cor-
respondtok=N-—-m+2,...,N. [ |

3.2 Quasi-interpolation: Scheme H

For the sampling points

yia=y <y <---<ynvy==>0 (321)
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and a real-valued function f, we proceed in this section to adapt the spline
quasi-interpolation scheme of Section 3.1 (where the spline knots were cho-
sen to coincide with the sampling points) for the case where we define the
spline knots to lie midway between consecutive sampling points. More pre-
cisely, we define the knot sequence x by

X T 1= =a=20< T < - <Tnyy1=b=+=2Tnim,
with
To ‘= Yo,
Tii=1% i1 +y), i=1,...,N; (3.2.2)

TN+1 = YN-
Using the definitions (3.1.3)-(3.1.7), we have the following:

Definition 3.2.1 (Quasi-interpolation operator) The quasi-interpolation
operator QF is defined by

m—1 N m—1
Qi N(@) =Y fO )Myl _(2)+> fly) Mot (2)+> ) FOO) MY ., (2),
(=1 =0 r=1
(3.2.3)
wn terms of the spline molecules
( m—1—/¢
Mnlj,—é(x) = Z ag,—Eijme*erl(x% =1, ,m—1;
§=0
m—1
Mgz(l’) = aﬁi,ij,m,Hj_mH(x), 1=0,...,N;
§=0
m—1
M57N+T(x) = a57N+,~7ij7m7N+j—m+1($)7 r=1,...,m—1,
\ j=r
(3.2.4)

where the coefficients are given by:

e fori1=0,.... m—2, j=m—1—1,....m—1,andt=m—-—1,..., N+
1—-m, j=0,....m—1, andi=N-m+2,...,N, 7=0,..., N —i:

C E— D(yi+j*m+17 - Yi1, gx,m,i+j*m+1’ Yirts - - - 7yi+j) ) (3 2 5)
m,t,] D(yi+j7m+17 e 7y7«'+]'> 7
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Fori=0,... m—2 57=0,....m—2—u:

1 m—1—i—j
O/H- o DC(?J07ZU(() )7' .. 79(() j)ayl)' .. 7yi—17§x,m,i+j—m+17yi+17- .. 7yZ+])
m,e,j 1 m—1—i—j )
DC(y0>y(())7"'>y(() J)ay17"'7y’i+j)
(3.2.6)
o for/=1,....m—1, j=0,...,m—1—{:
1 /-1 /+1 m—1—7j
ol = Dc(yovy(() )7 “ e 7?/(() )7£x,m,jfm+17y(()f ), o ,y(() J),yl,...,yj)_
Y DC(yD>y(()1)a"'>y(()m_l_])7y17-"ayj)
(3.2.7)
e Forir=N-m+2,...,.N, j=N—i+1,..., m—1:
ag,i,j
1 i+j—N
_ Dc(yz'+j—m+1> e ;yz‘—lafx,m,z'+j—m+1>yz’+17 e 7yN7y](V)7 e 71/1(v+] ))_
1 i+j—N ’
DC(yi+j—m+17"'ayN7y](\7)a"'7y](\7+] ))
(3.2.8)
e Forr=1,....m—1, j=r,...,m—1:
aﬁ,NJrr,j
1 r—1 r+1 ]
_ DC(yN+j7m+17' e 7yNay](V)7' .. ay](\[ )7gx,m,NJrj*ﬂ’L+17y](\f+ )7' .. 7y](\Jf))
= 1 - .
DC(yN—l—j—m-i-la"'7yN7y](V)7"'7y](\][))
(3.2.9)

The molecules in the definition above are compactly supported, with

suppM,{i_e = [0, Tmy], €=1,....m—1;
suppMﬁi = [Ti—mi1, Tizm), ©=0,...,N; (3.2.10)

H
suppM,, nvr = [TN-mi14r TNy1), T=1,...,m—1.

We remark that, in contrast to the quasi-interpolant described in (3.1.8)
in Section 3.1, each sampling point yo,...,yn, is located precisely in the
center of the support interval of each corresponding molecule M7

m,i) =
0,...,N.



CHAPTER 3 Van der Walt, Maria, 2015, UMSL, p.47

With these definitions, we can show that QX preserves polynomials of
degree < m — 1:

Theorem 3.2.1 (Polynomial preservation) For N > 3m—3, the quasi-
interpolation operator Q| formulated in (5.2.3) in Definition 3.2.1, salis-
fies the condition

(Qnp)(z) = p(a), (3.2.11)
for all x € [a,b] and p € 1.

The proof follows a similar pattern as the proof of Theorem 3.1.1 and
is omitted here. [ ]

3.3 Approximation order

Lastly in this chapter, we analyze the order of approximation of the quasi-
interpolation operators QF and Q.

In this regard, since QF and QX are expressed in terms of the spline
molecules Mnﬁj:l and M,{f’i, respectively, it is a key requirement to find upper
bounds on these spline molecules on the interval [a, b]. These upper bounds
will be given in Theorem 3.3.1. Our first task in developing these upper
bounds is to bound the spline coefficients af” ; - and af ; ..

To this end, we start by noting that, for an integer m > 3 and a sequence
of real numbers {x1,..., 21},

m—1
Z ol (xy, . T, Tty 1) = (M= 1= 0o (zy, . Tm1);
i=1
m—1
SL’Z'O'Z<I1, ey L1, L1y - - - ,Z‘m_l) = (6 + 1)0’£+1(l’1, e ,ZL’m_l),
i=1
(3.3.1)
for {=0,...,m—2, and
T 10" 2 2y, ) 0T 2y as) = 0T (2, B,

(3.3.2)
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for £ =0,...,m — 1, all of which follow directly from the definition of the
symmetric polynomials in (3.1.6).

We will rely on the following lemma, which originally appeared in [9,
Lemma 2.1]. Tt is given here with a modified proof.

Lemma 3.3.1 (Symmetric polynomials) For an integer m > 3, let

{z1,.. ., xm_1} and {y1,...,ym—1} denote two sequences of real numbers.
Then
m—1 m—1—¢
o (T1, .oy Ti1)
(_1)Z m—1 O-é(yh e 7ym—1)
=0 (")

:G;%BT 3 fI@%—wJ- (3.3.3)

1<ty,..., tm—1<m—1 k=1

Proof:

Our proof is by induction on m. It can be verified directly, using the
definition (3.1.6) of the symmetric polynomials, that the result holds for
m = 3. We now assume the result holds for an integer m — 1 and proceed

to prove (3.3.3). Using the induction hypothesis, (3.3.1) and (3.3.2), we
have that

1

(m—1)! Z H (@1, — Yr)

1<t1,ccotm—1<m—1 k=1

= m E (iﬂt,C —yk) + E (xtk — Yk)
" 1<te, ot 1<m—2 k=1 1<tttz tm_1<m—2 k=1
ti1=m—1 to=m—1
m—1
et (70, — yr)
1<ty,..., tm—2<m—2 k=1
tm—1=m—1
m—1
1

" (m—1) (Tm-1 = 1) > (@0, — i)

1<ta,..., tm—1<m—2 k=1
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+ (Tm-1 — Y2) Z 1:[ (1, — yr)

1<ti,tz...tm—1<m—2 k=1

o (Tt — Y1) Z 1__[ (T4, — Yk)

+
1<ty,..., tm—2<m—2 k=1
m—2
1 O'm_2_€ T1yee oy Tim—2
= m (xmfl —yl) (—1)E ( —2 )Oj(y%"-aymfl)
par (")
m—2 m—2—/
o Ti1yeny Tip—
+($m71 —Z/z) (_1>£ ( nl‘b_g 2>0€(ylay37"'7ymfl)
par (")
m—2 m—2—/
g L1yevnoy Tp—
+e (xmfl - ymfl) Z<_1)£ ( ,,711_2 2) Oj(ylv cee 7ym72)
par (")
1 2 gxm,lam_Q_Z(xl, ,QZm,Q)
=1 |2 @B
£=0 l

(Ug(y% s 7ym71) + Uz(ylay& s >ymfl) +oeee A+ Uz(yla s >ymf2))

) m—9—
B (_1)60- 2 ﬁ(
£=0

T1y... ,I‘mfg)
(")

(yloj<y27 s >ymfl) + y206(3/1> Yz, ... 7ym71) +oee A+ ym710—£<y17 s 7ym72)) ]

m—1 m—Z—K(

1 — Typ10 Tiyey T
= — D (-1 - 2)(m—1—e)af(y1,...,ym,1)
m = =0 ( ¢ )

m—2—F4
+ 3 (- (@0 Tnoz) () gyt ,ymn]

{=—1 ( 4 )

m—1 m—2—/4
Tm—10 (Ily s axm—2)
- (_1)2 m—1 Ug(y17 s ;ym—l)

=0 ( 14 )

m=1 m—1—¢
o (T1,. .oy Tm2)
+ (_1)2 m—1 O-Z(yb s 7ym—1)

=0 ( ¢ )
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m—1
—1)¢
( ) [xm_lam—Q—é(xb o 7$m—2) + Om—l—ﬂ(

T1,y... ,il?m_g)] X
O—g(yh s 7ym—1)
m—l—ﬁ(

m—1
Z(_l)éo' z‘;,_.l.)-,xm—l)gg(y17...’ym1),
/=0 )4

completing our inductive proof of (3.3.3). [ |

Next, we derive an upper bound on the spline coefficients af, ; ., alf ; ;, i =
—m-+1,...,.N+m—1, 7 =0,...,m—1. To this end, we recall the standard
formula for the expansion of a linear factorization of a monomial in terms
of the symmetric polynomials in (3.1.6): for a sequence of real numbers
{t1,...,t,} and some r € R and n € N,

n n

(r—t;) => (1" o (t,... ,ty). (3.3.4)

1 §=0

J

The following lemma originally appeared in |9, Theorem 2.2|, where the
result was proved only for an unbounded interval. Our lemma below is a
non-trivial extension that include upper bounds on the spline coefficients
near the boundaries x = a and x = b.

Lemma 3.3.2 (Upper bound on spline coeflicients) For an integer m >
3, let x and y be the sequences defined in (3.1.2) and (3.2.1), respectively.

Suppose that

E . _ .
v= Sup |xn - xn—m+1|a
n=0,...,N+m—1

=U,...,

} | (3.3.5)

6% := min {1, inf N |Tpa1 — T

and "
Y= Sup ‘xn - ynferl‘;
n=0,...,N+m—1
(3.3.6)
H . .
= 1 f —
0 min { ’n:O,l.r},N—l ‘Z/n+1 yn’} )
with the definition that y_,,.1 = -+ = yo. Then

1 ’}/E m—1
E
| 5] < o (5—E) (3.3.7)
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and )
1 vH me

H
forir=—m+1,... N+m-—1,7=0,....,m—1.

Proof:
We provide the proof of (3.3.8); the proof of (3.3.7) is similar.

First, let i € {m —1,...,N+1—m} and j € {0,...,m — 1} be fixed.
From a standard result in linear algebra, we have an explicit formulation of
the Vandermonde determinant D(Yiyj—m+1,- - -, Yits), Damely

D(Yigjmits - Yirj) = 1T (ye — k) (3.3.9)

it j—mA1<k<C<i+j

(see, for example, [32]). Therefore,

D(yiJrjferla <o Yie1, 5x,m,z‘+j—m+17 Yit1y - - - 7yi+j)

= H (Ye — yr) ¥

i+j—m1<k<f<i+j

k,6£i
i—1 i+j
H (fx,m,i+j—m+1 - yk) H (yk - 5x,m,i+jfm+1)
k=i+j—m+1 k=i+1

m—1

= 11 we—we) [ (-1 Cxmisimmer — Yrrisimms)
1<k <l<i+j -0
k(i km—j—1

= (1) II (ye — yi)x

i+j—m+1<k<(<i+j

el

3

k0#i
m—1
Z(_l)nf;nflfn(i +J=m+ 10" Yirjmits- - Yiots Yirts - - Yits)
n=0

= (=1) II (Ye — yu) x

it j—mA1<k<€<i+j
i

m—1 m—1—n

o Tt it 2s - oy Tt
Z(_l)n ( 7l+<]7n?n1; ’ : Z+])0n(yi+j—m+17 e Yi—1, Yty - - ayi+j)
n=0 n
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= (-1) H (ye — yx) %
i+ j—mA1<k<l<it+j
ki
i+j

1
m—1)! Z H (@, — yn) |

1+J—mA2<t i jomt 15 ti— 1t 1sestigj SEHJ n:i+j;m+1
n=*t

(3.3.10)

from the definition (3.1.4)-(3.1.5), together with (3.3.4) and (3.3.3) in Lemma
3.3.1. It therefore follows from the definition of @} ; ; in (3.2.5), as well as
(3.3.9)-(3.3.10), that

i+j

1
|amigl < i — yil '
m,i,j (m _ 1)| ki+];__[m+1 i
k#i

i+j

Z H |4, — Ynl

14+ —mA2<big jom1yesbim 15t 1, bipy S n=itj—mA1

n#i
HN\ m—1
< (
— (m—=2)! \ oH '

Next, we prove (3.3.8) for the spline coefficients near the left hand side
boundary = = a; the proof for the spline coefficients near the right hand
side boundary is similar.

Letie{l,...,m—2}and j € {0,...,m — 2 —i} be fixed. An explicit
formulation of the confluent Vandermonde determinant

De (o, y(()l), . ,yém_l_j_i), Yty .-, Yits) 18 given in [32, 43|, namely
i+j
1 m—1—j—i m—ji
Do us” ™ i) = [ @)™ T we—w).
=1 1<k<l<i+j
(3.3.11)
Therefore, with y_,,,.1 = -+ = yo, we have

1 m—1—j—1i
DC(y07y(() )a s 7?/(() ! )7y17 s 7yi—17€X,m,i+j—m+17yi+1a s 7yi+j)
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i+j
=W —w)" " I (ve—w)x
=1 1<k<t<i+j
L ki
il i+j
(Exmiitj—mer —y0)" 7 H (Exmitj—m+1 — Yk) H (Yr — Exomiiti—m+1)
k=1 k=i+1
i+j o i+j ‘
=we—vo™ = TI @-w) J[ 1 Eemiriomer — )
=1 1<k<t<i+j k=it+j—m+1
L ki ki
i+ o
= (-1 [Jwe—wo)" 77 ] (ve—w)x
=1 1<k<t<i+j
L#i ki
m—1
H (Exmyitj—m+1 — Yritj—m+1)
k=0
k#m—1—j
= (=1) H(ye —yo)" H (ye — y) x
(=1 1<k<t<i+j
01 k.0
m—1
(D)™l + j — m+ 1) (Yitjmmetts - - s Yiots Yitls - - -+ Yits)
n=0
it+j
=) [Jwe—w)" 7" T (we—w)x
£=1 1<k<t<itj
L1 k0
m—1 m—1—-n
nO' Litimma42y -y Ljag n
(_1) ( +]m_1+ +])0' (yi+j—m+17 o Y1, Yig1, - - ,yi+j)
n=0 ( n )
i+ .
= (-1 H(ye —yo)" H (Ye — yr) x
(=1 1<k<t<i+j
e ki

i+j

1
= 1) > I G.-—w|

1+ —mA2<t i1t 1t 1yt Si+J n:i—‘—j#—.m—&—l
n*+1
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(3.3.12)

from the definition (3.1.4)-(3.1.5), together with (3 3.4) and (3.3.3) in Lemma
3.3.1. It therefore follows from the definition of @} ; ; in (3.2.6), as well as
(3.3.11)-(3.3.12), that
1 it+j
jalt il < ——lvi = yol " ]y — T x
BT (m— 1)! /H
kti
it+j

Z H |xtn - yn|

it —mA2<t 4 1y ti— 15t 1505ty SiHJ n=i+j—m+1

n#i
HN\ m—1
< (2
Smo\sE)

Lastly, let i =0, 7 € {0,....m—2}ori=0, £€{l,... m—1}, j €
{0,...,m —1—{} be fixed. Then, with the definition y_,,11 = -+ = o,
we have, from (3.3.11) with i = 0,

1 — /+1 m—1—j
DC(y07y((])7"'7y(() 1)’§X,m,j—m+17y(()+)a"'ay(() j)7y17"'ayj)
J
=[[w: =)™ T] (ve—w)x
s=1 1<k<s<j
J
(gx,m,j—m—l—l - yO)m_]_l H (yk: - gx,m,j—m—s—l)
k=1
j . j .
= H(ys - Zlo)miji1 H (Ys — ur) H (=1) <§X,m7j*m+1 — Yk)
s=1 1<k<s<j k=j—m+2
Ji m—2
= (-1) H(y —yo)" H (Ys — k) H (&xsmojmm+1 = Yh+j—m+2)
s=1 1<k<s<y k=0
J
1) [T =w)™ 7 T] (e —w)x
s=1 1<k:<s<j

Z DTG = m o+ D)o" o - 3)

n=0
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= [T = w7 T] (e —wi)x

s=1 1<k<s<j
m—1 m—1-n
g Tj_ TN ]
Z(_l)n ( jmT1+ — J)Jn(yj—m+27"'vyj)
n=0 ( n )

= (= [Jws —wo)™ 7 I (ws —we)x

s=1 1<k<s<j

1 J
(m—1)! Z H (Tt, = Yn) |

j—m+2§tj_m+2 ..... tjgj n:]7m+2

(3.3.13)

from (3.1.4)-(3.1.5), and (3.3.4) and (3.3.3) in Lemma 3.3.1. It therefore
follows from the definition of alf;; in (3.2.6)-(3.2.7), as well as (3.3.13),
that

J

J
el | ST IS Tl
s=1

J=mA2<tj g2yt <J n=j—m+2

From Lemma 3.3.2, and the fact that the B-splines
{Nxmj: j=-m+1,...,N} provide a partition of unity, the result on
the upper bound on the spline molecules M} . and M follows easily:

Theorem 3.3.1 (Upper bound on spline molecules) For an integer m >
3, let MY and M". i=—-m+1,...,N +m — 1, be the spline molecules

m,i m,i?

defined in (3.1.9) and (3.2.4), respectively. Then
1 ’YE m—1
ME. < — | = 3.14
ME < g (35 (3:3.14)

and

| M, ()] < ﬁ <g—H) _ , (3.3.15)
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Joralli =—m+1,....,N+m—1, and x € [a,b], where the constants v¥, §¥
and v, 6% are defined in (3.3.5) and (5.5.6), respectively.

Proof:
We provide the proof of (3.3.15); the proof of (3.3.14) is similar.
Using the spline molecule definition (3.2.4) and (3.3.8) in Lemma 3.3.2,

and the properties (2.3.10)-(2.3.14) in Theorem 2.3.2, we have, for i =
-m+1,....N+m—1,

3
L

‘Mgz(x” < ’aH Nymyitj—m+1(7)|

m77/7]

I
o

J
1

1 'YH m—1m—
< m ((5_H) Z Nx,m,i+j—m+1($)

J=0

We are now ready to provide error estimates for the quasi-interpolation
operators QY and Q. In the following, || - ||oo,fs:,2:,,] denotes the uniform
(or supremum) norm on the interval [z;, z;,1]; that is,

19lloe.fzi.00a) = sUP{lg(2)| = @ € [ws, wiga]}.

Theorem 3.3.2 (Error of quasi-interpolation) For a function f € C™|a, b,
let QF and QY be the quasi-interpolation operators defined in Definitions
3.1.1 and 3.2.1, respectively. Define

€:= supN |Tni1 — T, (3.3.16)

and let vF, 6% and v, 6% be defined by (3.5.5) and (3.3.6), respectively.
Then the supremum norm approrimation error of quasi-interpolation is
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given by

Hf_ Qﬁ“oo,[mi,zﬁﬂ < sz”f(m)Hoo,[mi,ziﬂ}Sg, i=1,....N—m+2;

CﬂE7,Hf(m)HOO,[$z,ﬂCZ+1}T£7 Z:N_m—i_?),,N,
(3.3.17)

where AL BE and CE are constants independent of €, v¥ and 6%, and

( ) g\ m—1 g\ m—1
R =™ +em (}—E> +e (}T) ;

E m m ,YE m—1 ,YE m—1 1_€'m72
e () e () (),

whereas
AN FN| s RE i =05

I1f - Qg||007[$i711711+1] < B,I,fo(m)Hoo,[xi,xm]Sﬁ, i=1,...,.N—m-+1,
Cg||f(m)||00,[$z,$z+ﬂTwI_~;” Z:]\f_"’n/—i'_2,7]\[7
(3.3.18)

where AL BH and CI are constants independent of e, v# and 6%, and

( m—1 m—1
RH .= gm 4 gm (}—fj) +s(}—§> :
m—1
SH = gm 4 g™ (’g—ﬁ) ;
TH .= ™4 g™ (ﬂ)m_l +e (ﬂ)m_l (—1_57”71)
m T 5T 5T 1= )

Proof:

We proceed to prove (3.3.18); the proof of (3.3.17) is similar. In the
following, we suppress the superscript H to simplify notation.

Let ¢ € {0,...,N} be fixed, and let © € [z;,;11]. Then, with the

definition
h(z,y) = (x —y)7 ", (3.3.19)
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the Taylor expansion of f at x; is given by

m—1 :
f s fim(y)
> 5 Ve~ a) + / L.y,

whereas the Taylor expansion of Q,,f is given by

,_.

m—

@)= X L o+ [T L 0 by

. (m=1)

Jj=0

since the quasi-interpolation operator Q,, preserves polynomials in 7, ;.
It therefore follows that

Tit1  f£(m)
)= @ufo) = [ L

The rest of the proof is divided into three parts.

[h(z,y) — (Qmh(-,y))(x)]dy. (3.3.20)

Proof of second inequality in (3.3.18):

We first derive the second inequality in (3.3.18). To this end, let ¢ €
{m—=1,...,N —m+ 1} (with « € [z;,2,41]). In the following, we suppress
the variable of integration y, so that h(z,y) = h(z).

By using the definition (3.2.3) of Q,, and keeping in mind the support
conditions (3.2.10) of the spline molecules constituting Q,,, it follows that

i+m—1

h(z) — (Qmh)(z) = = > h(y) M (). (3.3.21)

j=t+1—-m
Next, we observe that
hy) = (g —v) ™ =0, y>uy,

from the definition of h in (3.3.19), so that, since y € [z;, ;41| and z; <
yj <zjp forallj=1,...,N —1 (from (3.2.1)),

hy;) =0, j<i-—1. (3.3.22)
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Therefore, with e defined in (3.3.16) and the upper bound on the spline
molecules M, ; given in (3.3.15) in Theorem 3.3.1, (3.3.21) becomes

1) = (Quh) (@)
1
<)+ g (3) Z h(y;)]

Therefore, (3.3.20) becomes
£ (x) = (Quf)()]

<[ et () e

7

" L mma ey
<IIf Hoo’[zi"““]{(m—l)!+2(m—1)!(m—2)!<6) ’

from which our result follows.

Next, for a fixed i € {1,...,m — 2}, let x € [x;, z;41]. In this case, from
the definition (3.2.3) and the support properties (3.2.10), we have

o) — (Oub) (@) = b — S W@ Mog(a) — S hlay) M ).
Jj=i+l-m j=0

Now, we deduce from the definition of & in (3.3.19) that

A (z)=(m—1)(m—2)---(m—n)(z—y)T ", n=0,...,m—1,
(3.3.23)
so that

. (m—=11 n=m-—1;
M%@:{O P (3.3.24)

Therefore, using also the upper bound (3.3.15) and (3.3.22), we have

|h(2) = (Qnh) ()]
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m—i—1 i+m—1
1 Y m—1 (j 1 ¥ m—1

< - (L 7) I .
< @)+ oo (5) D ] (3) > W)

1 m—1
<egmtg )] (%) (g™t +2e™ 4 me™

m—1 1
I € ™ m(m + 1)
—° +(m—2)'(5> 2

Therefore, (3.3.20) yields

[f(x) = (Quf)()]

<[ e ()

em m(m + 1)e™ (v)m—l} ’

< || £ . =
S U Moo i) [(m —1)! + 2(m — 1)l(m —2)!' \§

producing the same result as before.

Proof of first inequality in (3.3.18):

Next, we proceed to show the first inequality in (3.3.18). To this end,
let © € [zg, x1]. In this case, we have

h(w) = (Quh)(@) = hiw) = 3 W (@) M s(x) = 3 h(ys) Mins (@),

from (3.2.3) and (3.2.10). Keeping in mind that zp = yo < =1 < y; <
xe < -+- from (3.2.1), we have, using also (3.3.19), (3.3.22), (3.3.24) and
the upper bound (3.3.15),

() = (Luh)(2)]

<@+ g () mz @)+ g () m h(y)]
<" : %) (%)m_l (m —1)!
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(m—1)! ry\ym-1 g™t syl m(m+ 1)
(m—2)!<5) 1 —2)l<5> >
Therefore, (3.3.20) yields

)~ (@u )
Tit1  f(m) m(m m=1 m m-1
S/ (J;n—(?ﬁl [5m1+ (2( +—1)26)' () +Em 3(_> }dy
<N it | e + e .(

<egm 4

from which our result follows.
Proof of third inequality in (3.3.18):

Lastly, we let i € {N —m +2,..., N} be fixed, and let = € [z;, ;1]
This time, we have

h(x) = (Quh)(@) = hiz) = > hiyy) Z WO~ () My (),

from the definition (3.2.3) and the support properties (3.2.10). Using
(3.3.22) and the upper bound (3.3.15), we have

[h(2) = (Qnh)(@)] |

1 m—1 1 m—1 .
Sh@l+ o (5) L+ =g (5) X W00

j=i i=1

(3.3.25)

Z m—1)(m —2)-- (m— )b —y)7 |
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S(N+1=i)[(m=1e™ 2+ (m—1)(m—2)e™ >+
o= 1)(m = 2) - (m — (i — 1 = N))r =i
N
< (m—1)(m — 1)!7:_25’“ — (m—1)(m — )12 : fn: (3.3.26)
Therefore, (3.3.25) become:
|h(z) — (Qmh) ()|
e () e s e
o (5) == 125 Iil
<egm 4 ﬁ (%)m 1 (g™t 2" 4+ (m—1)e™ T
e ()
<ot () M R ()T
Therefore, (3.3.20) becomes
|f(z) = (Quf)(7)|
[ L [ 0 e

P D 0y (L2
< 1 oo fosisa] {(majl)! + 2(m o 1)_(2 2)! (5)m 1
S TOMCEl!

which completes our proof. |
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Chapter 4

Blending interpolation

Given a real-valued function f and a strictly increasing sequence of sampling
points {y;} C [a,b], our objective in this chapter is to construct a spline
interpolation operator P, in terms of the m™ order B-splines (defined in
(2.3.6) in Chapter 2) such that the following conditions are satisfied:

(i) Py, is local in the sense that the value of P, f at any y* € [a, b] only
depends on the values of f in a small neighborhood of y*;

(ii) P,, preserves polynomials of degree < m — 1; that is,
(Pmp)(x) = p(x), pE M1, x € |a,b]; (4.0.1)
(iii) P,.f interpolates f at the interpolation points {y;}; that is,

(P f)(yi) = f(i), (4.0.2)
for all i in {y;};
(iv) P, preserves derivatives of f of order ¢ (for some ¢) at a and b, so
e { (P )0 (a) = 1“(a);
(Pu )0 (0) = fO ().

In (iv), since the derivatives of the function f might not be known in
practice, we approximate the /" derivative of f at a and b by the ¢'" order
divided difference of f at a and b, respectively, when applying our method.

(4.0.3)
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Our idea is to apply the spline quasi-interpolation operator Q,, (specifi-
cally, QF or Q)  developed in Chapter 3, to satisfy properties (i) and (ii).
Then, to satisfy the interpolation conditions (iii) and the Hermite interpo-
lation conditions (iv) above (while preserving local support), we will apply
a local interpolation operator R,, as well, leading to the blending operator
P, as introduced in [13], defined by

where

with Z,, denoting the identity operator. From this formulation, it becomes
clear that the idea of the blending operation is to first apply the local quasi-
interpolation operator Q,, to f to ensure desired smoothness and high ap-
proximation order, and then to apply the local interpolation operator R,
to the error produced by Q,, to achieve interpolation at the interpolation
points {y;} and preservation of the £*" order derivatives at the boundaries
x =a and x = b. (Note that the operators Q,, and R,, are not commuta-
tive.)

In Section 4.1, we develop a local interpolation operator REZ that will
achieve properties (iii) and (iv) when the knot sequence x is chosen to
coincide with the interpolation point sequence y. Our local interpolation
operator is inspired by a method in [15]. However, we note that, in contrast
to the scheme in [15], our method is defined for a bounded interval and
accommodates the Hermite interpolation conditions in (iv).

Similar to our approach in Chapter 3, we also develop a variation on
the local interpolation scheme in Section 4.1 by considering a spline knot
sequence x where each knot z; is defined to lie midway between the inter-
polation points y;_1 and y; in y. This gives rise to the local interpolation
operator R and is described in Section 4.2.

In Section 4.3, we combine the quasi-interpolation operators QF and
QH of Chapter 3 with the local interpolation operators RE and R re-
spectively, in the blending operator, defined in (4.0.4)-(4.0.5). We also show
in this section that the blending operator preserves the properties of both



CHAPTER /J Van der Walt, Maria, 2015, UMSL, p.65

the quasi-interpolation and local interpolation operators.

Lastly, in Section 4.4, we investigate the error bounds for the blending
interpolation operator applied to a general real-valued function f.

4.1 Local interpolation: Scheme £

For m > 3, let y = {yo,...,yn+1} in (3.1.1) be a given sequence of (non-
uniform) sampling points in [a, b], and let f be a real-valued function. We
proceed to define the local spline interpolation operator RZ | which will facil-
itate the interpolation conditions (iii) and Hermite interpolation conditions
(iv) on p.63. This operator will accompany the spline quasi-interpolation
operator QF | described in Section 3.1 in Chapter 3, in the formation of the
blending operator P, in (4.0.4). Therefore, the B-spline knot sequence x is
chosen to coincide with the interpolation point sequence y, and we denote
both by x in this section.

To construct RE, we also consider a knot sequence t O x, which is con-
structed as follows:

e First, let m be even.

With the definition
Om = — (4.1.1)

we insert ¢,, — 1 equally spaced knots in between every two (interior)
knots of x, so that

tm+(]—l)qm = xj7 ] = ]_, .. '7N‘

Furthermore, to facilitate the Hermite interpolation conditions at the
boundaries x = a and x = b, we also insert m — 1 evenly spaced knots
t1,. .., tm—1 in the interval (xg,z1), with ty := o, as well as m — 2
evenly spaced knots ¢, (N—1)gn+1s- s t2m+(N—1)gm—2 i the interval
(TN, TN41), With topi(v—1)g.—1 = Tn41. The knot sequence t is also
extended with stacked knots in the same way as x, with t; = x;, j =
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—1, ] + 1, and t2m+(N71)qul+j = TN+1+j, j = 1, e, — 1.

With this setup, we define the knot sequences t_;, k=0,...,m —1,
and ty 1%, K=0,...,m—2, by

m + 1 — k knots

A (N=1)gm s -+ + 3 L2mA(N=1)gm—15 « - + 3 L2m+(N—1)gm—1+k+1 ¢ 5
TV
m — k knots

L k=0,...,m—2,
(4.1.2)
where the m+1—k knots in [ty, t,,] are chosen to be evenly spread out
among to, ..., t,; and the m — k knots in [t 4 (n—1)g,n: t2m+(N=1)gm—1)
are chosen to be evenly spread out among ¢, (N~1)g.» - - - » L2m+(N=1)gm—1-

[l
2
=
+
ko
I

~

N

Lastly, the knot sequence t; is defined by
t1 == {tm_qm, e ,tm_;’_qm} .

We note that, with the above definitions, each t;, k = —m+1,...,1; N+
1,...,N +m — 1, contain exactly m + 1 knots.

e Second, suppose m is odd.

With the definition 1
P 1= mT (4.1.3)

we insert 7, — 1 equally spaced knots in (z;,x;41) if j is even, and
rm — 2 equally spaced knots in (x;,z,41) if j is odd, so that

bt G=1yrm—1j/2] = Tjs J=1,...,N.

Furthermore, to facilitate the Hermite interpolation conditions at the
boundaries * = a and x = b, we also insert m — 1 evenly spaced
knots ty,...,t,—1 in the interval (zg, 1), with ¢ty := zo, as well as
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m—2 evenly spaced knots €., (N—1)rn—|N/2)+1s - - - » L2m-+(N=1)rm—|N/2| -2
in the interval (xn,2n41), With omi(v—1)r—|N/2)-1 = Tn41. The
knot sequence t is also extended with stacked knots in the same way
as X, with tj = Ty, j = —1, e, M+ 1, and t2m+(N—1)rm—\_N/2J—1+j =
TN+1+7, ]: 1,...,m— 1.

With this setup, we define the knot sequences t_, k=0,....,m —1,
and tyi14%, £=0,...,m—2, by

t_k: t_k,..., to,...7tm R k::O,,m—l,
——

m + 1 — k knots

ENiek = Lt (N=1)rm=[N/2)5 - - s L2mea (N=1)rm— [ N/2) -1,
m —;rknots

e Lo (N= D= [NJ2)—14k41 s kK =0,...,m —2,

\

(4.1.4)
where the m + 1 — k knots in [to, t,,] are chosen to be evenly spread
out among ty,...,ty; and the m — k knots in

[t (N—1)rm— [ N/2]s t2mt (N—1)rm—|N/2)—1) are chosen to be evenly spread
out among Lyt (N—1)rm—|N/2)s - - - 5 L2m+(N—1)rm— | N/2|—1-

Lastly, the knot sequence t; is defined by
tr = {tors o s 1}

Again, we note that with the above definitions, each ty, £k = —m +
1,...,1; N+1,...,N +m — 1, contain exactly m + 1 knots.

Definition 4.1.1 (Local interpolation operator) With the definitions
(4.1.1) and (4.1.8), the local interpolation operator RE is defined by

(REF)(@) = 3 FO@VEE ()43 F@)LE (a)+ S FOM)LE i1 (),
=1 1=0 r=1

(4.1.5)
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in terms of the spline molecules

4

m Z me ék m+l+kam(:c>7 6207"~7m_1;
Nt m( )
LE (z):= ymi) :
m,l( ) Ntl,m(xl)

N

N; m,m+4(i— .
LE (:L‘) — t,m, +( Q)Q'm(x)7 i = 2’.
Nemmt (i-2)qm (Ti)

N m,m+(1—2)rm— | (i— :
LE () e Nemmt =2 (@)

.., N, if mis even;

, ..., N, if mis odd;
Ntmm+(' 2)rm—| (i—1)/2] (i)
LfL,N+1+r Z b m,N+1+r, thN+1+k m(I) r= O? cee, M — 27
(4.1.6)
with the coefficients b _, ., k.0 = 0,.. — 1, and b} N yyip Bir =
0,...,m — 2, determined by the condz’tions
Ly "y(a) =0, £, n=0,...,m— 1
e )"( a) = o (4.1.7)
Loy Ni1gr() =0y 7, n=10,...,m —2.

The above molecules are compactly supported, with

’supme o= lxo, 1], £=0,...,m—1;

suppLy, | = [tm—q,., @2], if m is even;

suppLl | = [tm—r,., 2], if m is odd; (4.1.8)
Suppow =[zio1,Ti1], 1=2,...,N;

L SuppLinHJrr =lzn,zN41], T7=0,...,m—2.
From the construction in (4.1.6), it is clear that

LY (z5) =0, i=1,...,N; j=0,...,.N+1 (4.1.9)

vk
By using also (4.1.7), the following result follows immediately.
Theorem 4.1.1 (Interpolation conditions) The local interpolation op-

erator RE | formulated in (4.1.5) of Definition 4.1.1, satisfies the Hermite
interpolation conditions

(R (@) = f(zi), i=0,...,N+1,
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and
(Rﬁf)(”)(a):f(”)(a), n=1,....,m—1;
(RENHE () = ™ @), n=1,...,m—2.

4.2 Local interpolation: Scheme H

For m > 3, let y = {yo,...,yn} in (3.2.1) be a given sequence of (non-
uniform) sampling points in [a, b], and let f be a real-valued function. In
this section, we define the local spline interpolation operator RE to satisfy
the interpolation conditions (iii) and Hermite interpolation conditions (iv)
on p.63. This operator will accompany the spline quasi-interpolation oper-
ator Q4 described in Section 3.2 in Chapter 3, in the construction of the
blending operator Py, in (4.0.4). We therefore construct the spline knots to
lie midway between consecutive sampling points, as in (3.2.2) in Section 3.2.

To construct RE . we again consider a knot sequence t D y, which is
constructed following a similar approach as in Section 4.1:

e First, suppose m is even.

With g, defined in (4.1.1), that is,
m
qm = 9

we insert ¢, — 1 equally spaced knots in between every two (interior)
knots of y, so that

tm+(j_1)QW = y]) ] - ]-, .. .,N — ]_

Furthermore, to facilitate the Hermite interpolation conditions at the
boundaries * = a and x = b, we also insert m — 1 evenly spaced
knots ti,...,t,—1 in the interval (yo, 1), with ¢ty := x, as well as
m — 1 evenly spaced knots &, (N—2)gn+1s- - t2omt(N-2)gm—1 I the
interval (yn_1,yn), With ton4(n—2),. = yn. The knot sequence t
is also extended with stacked knots, with t_,,,; = --- = ¢, and

lomt+(N=2)gm = = = U3m+(N—2)gm—1-
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With this setup, we define the knot sequences t_, k=0,....m — 1,
andtNHw k:O,...,m—l, by

m + 1 — k knots

tyye = tm+(N—2)qm7 cee 7t2m+(N—2)qm7 cee 7t2m+(N—2)qm+k )
g

.

m—+1 :,k knots
L k=0,...,m—1,
(4.2.1)
where the m+1—k knots in [y, ¢,,,] are chosen to be evenly spread out
among to, . . ., ty; and the m 41—k knots in [t (N—2)g,.» t2m+(N—2)gm]
are chosen to be evenly spread out in among £,, 1 (N—2)gu.s - - - » L2m-+(N=2)gu -

Lastly, the knot sequences t; and ty_; are defined by

tl = {tm_QWN e 7tm+Qm} 7

tyo1 = {tm+(N73)qm> SR 7tm+(N71)qm} -
We note that, with the above definitions, each t;, k = —m+1,...,1; N—
1,..., N +m — 1, contain exactly m + 1 knots.

e Second, let m be odd.

With 7, defined in (4.1.3), that is,

m+ 1
T'm ‘= )
2
we insert 7, — 1 equally spaced knots in (y;,y,41) if 7 is even, and
rm — 2 equally spaced knots in (y;,y,4+1) if 7 is odd, so that

thr(jfl)rmej/QJ = Yj, jg=1,...,N —1.

Furthermore, to facilitate the Hermite interpolation conditions at the
boundaries x = a and x = b, we also insert m — 1 evenly spaced knots
t1,...,tm—1 in the interval (yo,y1), with ¢y := yo, as well as m — 1
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evenly spaced knots bt (N —=2)rm— [(N—=1)/2) 415 - - - » L2m (N—2)rm— [(N—1)/2] —1
in the interval (yn, yn+1), With top i (v—2)r.—|(N—1)/2) := Yn. The knot
sequence t is also extended with stacked knots, with ¢t_,,.1 =--- = 1o

and tom 1 (N—2)rm— |(N-1)/2] = " = U3m+(N—-2)rm—[(N-1)/2)—1-

With this setup, we define the knot sequences t_, k=0,....m —1,
andtNJrk, k:O,...,m—l, by

t_k: t_k,..., to,...,tm y kZZO,...,m—l;
~——
m + 1 — k knots

CNik =t (N=2)rm—[(N=1)/2]> - - = » L2mt (N—2)rm— [ (N—1)/2]

[ ~

~~
m + 1 — k knots

e b (N=2)rm— [(N=1)/2)+k ¢+ k=0,...,m—1,

\

(4.2.2)
where the m + 1 — k knots in [to, t,,] are chosen to be evenly spread
out among ty,...,t,; and the m + 1 — k knots in

[t (N=2)rm—(N=1)/2] > Lam+(N—2)rm—|(N—1)/2]] are chosen to be evenly
spread out among &y, (N—2)rm—[(N=1)/2]s - - - » L2m+(N=2)rm—|(N—1)/2] -

Lastly, the knot sequences t; and ty_; are defined by

t; = {tm—’r‘m7 B 7tm+7‘m—1} ’

and
tN_1 = {Emt (N=8)rm— [(N=2)/2]» - - - » bt (N—1)rm— [ (N—1)/2]—1 } +
if NV is even;
ty1 = {tm+(N—3)rm—\_(N—2)/2ja e 7tm+(N—1)rm—\_(N—1)/2j} ;
if N is odd.
Again, we note that with the above definitions, each ty, k = —m +

1,...,1; N—1,...,N+m — 1, contain exactly m + 1 knots.
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Definition 4.2.1 (Local interpolation operator) With the definitions
(4.1.1) and (4.1.3), the local interpolation operator RE is defined by

(REF)(a) = 3 FO@LE )+ 3 Fu) L () + 3 FOW)LE o (2),
=1 =0 r=1

(4.2.3)

in terms of the spline molecules

(

m—1
Lfke(x) = Z b{j%,&kNLka,m(x), (=0,....,m—1;
k=0
LH (I) . Ntlym(x)_
™1 Ntl,m(yl),
N, m,m—+(i— . . .
LE () := tamm+-2)an (7) ., i=2,...,N—2, ifmiseven;
' Nt,m,m+(i—2)qm(yi>
N, m,m~+(1—2)rm—| (t— . : :
LE () := bt (E=2)rm — sz(x), 1=2,....,N—2, if mis odd;
’ N mme-(i—2)rm— | (i-1)/2] (i)
Ny (z)
L7Hn () = N—-1,m 7
N 1( ) Nthl,m(yN_1>
m—1
sz,Nw(@ = Z biNJmthN%,m(x), r=0,....,m—1,
\ k=0
(4.2.4)
with the coefficients b)) _, ., k& = 0,...,m — 1, and b} .\, k7 =
0,...,m—1, determined by the conditions

m,—f

LTHVL,(]":I)-i—r(b) - 5T—n; r, n = O, e, — ]_

LA™ (@) =64 p, £, n=0,...,m—1;
(4.2.5)
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The above molecules are compactly supported, with

’suppLgv_g: [vo, 1], £=0,....,m—1;
suppLyl | = [tm—g,.,y2], if m is even;

suppLg’1 = [tm—r,,,y2|, if mis odd,;

suppLgvi = Wi—1,Yit1), 1=2,...,N—2;
suppLit n_1 = [YN—2, bt (N—1)gn)s  if m is even;
SuppLg,N 1=

[

= [yn—2, bt (N—1)rm—|(N=1)/2)-1), if mis odd, N is even;
SUPPLZ,N 1= [Yn-2, bt (N—=1)rm— (N )/2JL if m is odd, N is odd;

[

ksuppLﬁNﬂ, Yn-1,Yn], T=0,...,m—1.
(4.2.6)
From the construction in (4.2.4), it is clear that
LI (y;)=6i—j, i=1,...,.N—1;j=0,...,N. (4.2.7)

By using also (4.2.5), the following result follows immediately.

Theorem 4.2.1 (Interpolation conditions) The local interpolation op-
erator RE | formulated in (4.2.3) in Definition 4.2.1, satisfies the Hermite
interpolation conditions

and

(Rﬁf)(")(a):f(”)(a), n=1,...,m—1;
(REAHM™B) = ™), n=1,...,m—1.

4.3 Blending interpolation

With QF and RE formulated in Definitions 3.1.1 and 4.1.1, respectively,
and Q7 and RE formulated in Definitions 3.2.1 and 4.2.1, respectively, we
can now derive the blending operator as in (4.0.4), (4.0.5). More specifically,
we have

PE
- O 4RI - REQE
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=S FO@ME () + 3 [fOa) — (QEAO(@)] LE,_ ()
/=1 /=1
£ FEIME) + Y [F) ~ (@5 )] IE,(2)
S FOBME @)+ S FOG) = (QEHD )] LE s (@),
! - (4.3.1)
and
Py
=l +RE-RIQN
=Y FO@ME @)+ Y [FOa) — (O (@)] L ()
/=1 /=1
+ 2 P Ma (@) + > [Fw) = (Quf) )] L)

+ Z_ FOOM v (@) + ) [FO0) = (Qu )V 0)] L v (@)
(4.3.2)

We can then show that PZ and P satisfy all four conditions (i)-(iv)
on p.63, as follows:

Theorem 4.3.1 (Blending operator) The blending operators PE and PH,
defined by (4.3.1) and (4.3.2), respectively, are local and satisfy the polyno-
mial preservation property of the quasi-interpolation operators QF and QI
respectively, as well as the Hermite interpolation conditions of the local in-
terpolation operators RE and RX, respectively; that is, PE and PH satisfy

(4.0.1)-(4.0.3).

Proof:

We proceed to prove Theorem 4.3.1 for the blending operator PX; the
proof for PZ is similar.
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(i) First, from the support properties (3.2.10) and (4.2.6), it is clear that
PH is local.

(ii) To verify the polynomial preservation property (4.0.1), let p be a poly-
nomial in 7, ;. Then, from Theorem 3.2.1,

(Pmp)(@) = (Qup)(x) + (Ryp)(2) — (Ryn(Qp)) ()
= p(@) + (Ryup)(2) — (Ryp)(w) = p(w),

for all z € [a, b].

(iii) To show that PH f interpolates f at y;, ¢ = 0,..., N, we may use
Theorem 4.2.1 together with (4.2.3), (4.2.7) and (4.2.5) to deduce
that

(P (i) = (Quuf) (i) + (R ) (i) — (Ria(Qumf)) (i)
= (Qn )W) + fy) = (L) (W) = fws),
for i =0,..., N, yielding (4.0.2).

(iv) Lastly, we observe that
(Ro(Qm )™ (a) = ()™ (a); n=1,...,m—1;
(R (QufN™(0) = (Qu )™M (®), n=1,....m—1,

from the construction of R/ and the spline molecules L ; in Defini-
tion 4.2.1. Therefore, using also Theorem 4.2.1, we have

(P /)™ (a)
= ()™ (a) + (R /)™ (a) — (R (Q )™ (a)
= (QHf)(")(a) + f"(a) = ()™ (a) = f™(a),
forn=1,. — 1, and
(PHf)(” (b)
= ()™ (b) + (RHf) '(b) = (R (Qm /)™ (b)
= (QuN™ (1) + 1™ () = (Qm /)™ () = F(b),
forn=1,...,m — 1, so that (4.0.3) follows. [ |
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4.4 Approximation order

Lastly in this chapter, we provide an error analysis of the blending interpo-
lation operators PE and PH.

From the definitions of PZ and PH in (4.3.1) and (4.3.2), respectively,
it is clear that, in order to bound the error of spline interpolation of these

operators, we need upper bounds on the spline molecules M, LT Mg(f)
and M1, LI .. Mﬁg"), respectively. The upper bounds on M} ; and M,

are given in Theorem 3.3.1 of Chapter 3. We now proceed to derive upper
bounds on L[ ;, Mg(f) and LI, Mﬁﬁ”)

To this end, we start by obtaining an upper bound on the spline coeffi-
cients bl . and b7, in (4.1.6) and (4.2.4), respectively.

Lemma 4.4.1 (Upper bound on spline coefficients) For an integer m >
3, let x and y be the sequences defined in (3.1.2) and (3.2.1), respectively,
and let t be the fine knot sequence defined in (4.1.2), (4.1.4), (4.2.1) and
(4.2.2). Suppose that

p¥ = max{L,|e1 — 2ol len — o]} (4.4.1)
and
p'" = max {1, [y — wol, lyx —yn—1l}- (4.4.2)
Then
’|bi,i,k|:17 i=0,k=0,...,m—1;
t=N+1, k=0,...,m—2;
E
|biik’§ P , i=—-m+1,...,—1; k=0,....,m—1; (4.4.3)
i m—1
i:N+2,...,N—|—m—1;
0 k=0,....,m—2,
and
m,i,k
H
bl < L Sod=-mt o ~LN+1 Ntm—1; (444)

E=0,...,m—1.
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We provide the proof of (4.4.4); the proof of (4.4.3) follows the same

pattern.

Let =0 =i € {-m+1,...,0} and k € {0,...,m — 1} be fixed (the
proof for the case when i € {N,.... N+m—1}, k € {0,...,m—1} is
similar). From the linear system in the first line of (4.2.4), we may obtain

an explicit expression of b7 _,, by using Cramer’s rule; that is,

where

S =

AmD)

t_m+1,m

H _
bm,fé,k —

(a) N, .,mla)
(a) NV (a)

det Sm’g
det S,, ’

Nt,erl,m(a) Nt7m+27m(a’)
/ /
t_m+1,m

Nto,m<a)

NI

N(m_l) a

to,m

to,m<a>

and S,,, is obtained from S, by replacing its (¢ + 1) column with the
column vector

that is,

From the construction of the B-splines Ny_

Ntf’m«klym(a)

N(E—l) (a)

t777L+17m

Nt_m+1,m<a)
(f+1) (a)

t_mt1,m

| * " t—mt1,m

d,:=1[0,...,0,1,
14

Ntf'rn«kl’m(a)

N(f—l) ((l)

t_mte,m

t_m ,m(
)

t7m+lum

tf'm+lvm

0,...,0%;

m—_{—1

0 Nt7m+e+2,m<a)

. - .

0 N (@)

1 t—m+Z+27m<a)

O t,jn+e+2,m(a>
m—1

O Nt(f'm+2)+27m<a>

m+41,1M) *

Nto,m(a)

N(ﬁ—'l) (CL)

to,m
0
Nighm(@)
N(f+1) (G)

to,m

to,m

., Ngym, it is clear that

both S,, and S, are lower triangular matrices, so that their determinants
are simply the products of the elements on the main diagonals. Therefore,
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we have

[T Ny ml) X
Hj:O Nt,m+1+j7m(a’) Nt,m+1+g,m(a)

If ¢ =0, it follows from the construction of t_,, 1 in (4.2.1), (4.2.2), that

Ntfm“,m(a’) = 17
so that (4.4.5) yields
b’rI;Il,O,k - 1

If ¢ # 0, we deduce, by using the recursive formula for the derivative of a
B-spline in (2.3.15) and the positivity property (2.3.13) in Theorem 2.3.2,
together with the definitions of the knot sequences t_,,.1,...,to in (4.2.1)
and (4.2.2), that

N (a)

tmt14em

¥ (@)
t,m+1+g m, —m—+1+¢

1 e
= (m_ ]‘) |:—Ntm+1+em 1, m—i—l—i—f( )

te — Yo
1 (e-1)
_m t*m+1+é»m*1ﬁm+2+e(a)
1 1 —2)
=(m-1)(m—2 N . .
( )( ) {(tf _yo) <(t41 — yo) tomt1e,m—2, +1+£( )
1 (t-2)
- (y1 — tomt2+0) Nt*m+1+’f’m—2’—m+2+e(a)
L 1 (¢-2)
- N,
(Y1 — tmt2+0) ((te — o) oM, —mt2+e(@)

)
(Y1 — t_mygye) ComriremTomAdHL

1 (¢-2)
= -1 -2 N,
(m )(m ) |:(tg — yo)(tf—l — yO) t_mt14e,m—2, m+1+£( )
1 (¢-2)
—2 Nt_m+1+g,m—2,—m+2+€(a‘)

(te = yo) (Y1 — t—msate)

1 (—2) }
+ N I a
(Y1 — tomaore) (Y1 — tomsgy) SO 1310(@)
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=(m—-1)(m—2)---(m—1~)x
1

(te—yo) -~ (t1 — wo
1

(Y1 — tomgies1) - (Y1 — tomaigoe

)Nt_m+1+g,m—€,—m+1+ﬁ<a> -

+

) Nt_m+1+g,m—€,—m+1+2€(a)

The only B-spline in this sum with a non-zero value at * = a is
Nt iriom—t—m+14¢(@) = 1; that is, the only non-zero term in the sum
above is the first term. Therefore, with pf defined in (4.4.2), we have

) (m—1)(m-=2)---(m—4¥) _ m—1
‘Nt_m,+1+g,m(a>| Z (pHy 2 pH .
Therefore, (4.4.5) yields
i, < P

m,ff,k — m — 1

[
Using Lemma 4.4.1, we may now obtain the following upper bounds on
the spline molecules L% ; and LYl ;. as follows.

Theorem 4.4.1 (Upper bound on spline molecules) For an integer m >
3, let L and LY ., i = —m+1,...,N +m — 1, be the spline molecules

m,i m,i’

defined in (4.1.6) and (4.2.4), respectively. Then

m,i

|LE (z)| << ™ j=0,N+1; (4.4.6)

L pF, i=N+2,...,N+m-—1,

for all x € [a,b], and

P i 1, -1
m—1
m, i=0, N
FACIER SOENAN (147
’ ) ZZ? ) )
H
M i N4+1,... N4+m—1,
\m — 1
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for all x € [a,b.
Proof:

We show the proof of (4.4.7); the proof of (4.4.6) is similar.

First, if ¢ € {1,..., N — 1}, the result follows immediately from the con-
struction of L)Y, in (4.2.4).

For i+ = 0 and + = N, we have, from the spline molecule definition
(4.2.4), (2.3.10)-(2.3.14) in Theorem 2.3.2, (4.4.4) in Lemma 4.4.1, and the

construction of the knot sequences t_,,41,...,to in (4.2.1) and (4.2.2),
Z mlth7m+l+k m( )’ S m.
k=0
Lastly, for i € {-m+1,...,—1}ori € {N+1,..., N+m— 1}, we

have, again using the spline molecule definition (4.2.4) and (2.3.10)-(2.3.14)
in Theorem 2.3.2 and (4.4.4) in Lemma 4.4.1 and the construction of the
knot sequences t_,,11,...,to in (4.2.1)-(4.2.2),

m—1 mpH
H H
Lo i (@)l < ) 1om ik Ve piriim (2)| < :
m—1
k=0
|
Next, we find an upper bound on the spline molecule derivatives Mg(l" )
and Mm i > as follows:

Theorem 4.4.2 (Upper bound on spline molecule derivatives) For
an integer m > 3, let Mrgz and MY . i =—m+1,...,N+m—1, be defined

mz?

by (3.1.9) and (3.2.4), respectively. Then

neons o2 () ()

ti=—m+1,...m—1, n=1,...,m—1,;

B(n) m ,YE m—1 9 m—2
M < — (L= =
ol s (%) (%)

L t=N—-m+3,.... N+m—-1, n=1,....m—2;

(4.4.8)
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and
( H m—1 m—1
2
M ™) c_m (0 il
| m,i (a)l— m_2)' 5H 5H )
i=—m+1,...m—1,n=1,...,m—1; (4.4.9)
‘MH(H)(b)’<L ﬁ " 2 " h
ot — (m—=2)! \ o7 o ’
L t=N—-m+2,... N+m—-1,n=1,....m—1.
Proof:

We provide the proof of (4.4.9); the proof of (4.4.8) is similar.

Let i € {—m +1,...,m — 1} be fixed (the proof for the right hand side
boundary follows similarly). From the spline molecule definition (3.2.4),
the upper bound (3.3.8), the recursive formulation of the derivative of a
B-spline in (2.3.15), and the definition of 6” in (3.3.6), we have, for any
ne{l,...,m—1},

H(n n
MEP (@) <> o N (@)

’}/H m—1m—1 n n
< I Nx m—n,i+j—m
= (5H)n (m _ 2)' <5H) L (k) 5 a+J +1+k‘(a/)

We are now in a position to analyze the approximation order of the
blending interpolation operators PZ and P

Theorem 4.4.3 (Error of blending interpolation) For a function f €
C™a,b], let PE and PH be the spline interpolation operators defined in
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(4.8.1) and (4.3.2), respectively. Let e and vF, 6% and v, 62 and p¥, p*
be defined as in (3.3.16), (3.3.5), (3.8.6), (4.4.1) and (4.4.2), respectively.
Then the supremum norm approzimation error of blending spline interpo-
lation is given by

A7€l||f(m)||m7[xiyxi+1]U7§7 1= 0;
B5||f(m)||00,[$z,xz+1}vn€a Z:177N_m+27
CENF oo tws i Wi, i=N—-m+3,...,N—1;
Drin(m)Hoo,[mi,wiH]Xga i =N,

||f_7)r€||007[96i,90i+1] <

(4.4.10)
where AZ BE and CE are constants independent of e, v and 6%, and

, m—1 m—1 m—1 m—
UE .= g™ 4 em (g—ﬁ) te (g—ﬁ) +empP (g-ﬁ) (2)"

\
whereas
Aﬁ”f(m)||00,[$i,xi+1]UrIr{7 1= 07 1;
Cnlf||f(m)||oo7[$“ajl+1]wﬁ, i:N_m+2,...7N_2;
DENF o mang XH, i=N-1, N,

Hf_,PrZHOQ[ﬂCiJHﬂ <

(4.4.11)
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where AL B qnd CH qre constants independent of €, v% and 6, and

/ m—1 m—1 m—1
U =gm 4 em (g—fj) +e (}—5) +empH <g—Z> (5
1

m—1 m—1 _
o (B e ) ()
XH . m m [ ~H m-1 ~H m-1 1—egm—1 m H [~ m-1 2 \m—1
m =E TE (r) +5<5—> ( s >+€ P (TH) (57)

_-m—1 H m—1 m—1 m—1
\ rep (5) + e () ()" ()
Proof:

We proceed to prove (4.4.11); the proof of (4.4.10) is similar. In the
following, we suppress the superscript H to simplify notation.

Similar to our approach in Theorem 3.3.2, let ¢ € {0,..., N} be fixed,

and let x € [x;, z;41]. Then, with
h(I,y) = (‘T - y)T—17

as in (3.3.19), the Taylor expansion of f at x; is given by

D) (g, , i1 fm)
f@) =3 -y [ Ly
j=0 @i

J: (m —1)!

whereas the Taylor expansion of P,, f is given by

m—1 () T ) Tit1  £(m)
Pu)e) = X T -y [ L P )@l

since the blending interpolation operator P, preserves polynomials in 7, 1.

It therefore follows that
Tit1  f£(m)
1) = P = [ L ) - Pat @]y (@412
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The rest of the proof is divided into three parts.
Proof of second inequality in (4.4.11):

Let i e {m —1,...,N —m+ 1}, with « € [z;,z,41]. In the following,
we suppress the variable of integration y, so that h(z,y) = h(z).

From the definition of P, in (4.3.2), the support properties (3.2.10) and
(4.2.6) of the spline molecules, and the definition of Q,, in (3.2.3), we have

h(x) = (Pmh)(x)

i+m—1 i+1 i+1
D by My(x) = > () Lons (@) + D (Quuh)(Y5) Lo i (@)
j=itl-m j=i—1 j=i—1
i+m—1 i+1
> h(y) My () = > h(y;) L ()
j=itl-m j=i1
i+l [ jt+m—1
+ Z Z h yk mk y]) Lm,j(x>‘
j=i-1 Lk=j+1-m

Next, we use the upper bounds (3.3.15) in Theorem 3.3.1 and (4.4.7) in
Theorem 4.4.1, together with (3.3.22), to deduce that

h(z) = (Pmh)(2)]
| i+m—1 i+1

<+ g (3) > hul+ . )
i+l ]+m1

et DD O

j=t—1k=j+1-m
<oty L <1>m 1 (™ 4 2e™ g™ 4 (e 422

m —2)! \o
(
i+m—2 i+m—1 +m

o (5) [zmwzmwzmk

< 4™+ ﬁ (%)m l [(8m_1 +o 4+ (m— 1)6m—1)

2 (™ me™ ) (e (m+ 1))
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=4 4 (mL_;)' (%)m‘l {m(””;— DI 2m(n; +1) , (m+ 1)2(m + 2)}
— gem-l 4 (2m? d(iiri —12—)'1)€m1 (%>m—1 |

Therefore, (4.4.12) becomes
(@) = (Pmf)()|

e e O
(m4€—m1)! * (?g—iflr(nm+—l)2€)zn (%)m_l} ’

1

< ||f(m)||007[xi71’i+1] |:
from which our result follows.

Next, for a fixed ¢ € {2,...,m — 2}, let © € [x;,2;41]. By applying the
definition of P, in (4.3.2), the support properties (3.2.10) and (4.2.6) of
the spline molecules, and the definition of Q,, in (3.2.3), we deduce that

W) = (Pmh)(x)

= h(z) — :gj_ W (a) My, () — Hﬁ;l h(y;) Mo, ; ()
- 3 s+ 3 (@u (0

= h(z) - ‘g:_ W () My, () — Hf; h(y;) M () — il h(y;) Lin.j(x)
+ il L;Zi_ B (@) My i (y5) +j:i;lh(yk)Mm,k(yj)] L ().

Next, we use the upper bounds (3.3.15) in Theorem 3.3.1 and (4.4.7) in
Theorem 4.4.1, together with (3.3.22) and (3.3.24), to obtain

[h(2) = (Prnh) ()]

m—1—1 m—1 i+m—1

1 m—1 . 1
< @)+ g (3) Z @]+ gy (3) Z ()|
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i+l il m—1—j j4+m—1
+Z|hyg = _2) < ) > W% (a)| + Z R (yr)|
. Jj=i—1 L k=1
<€m—1+; <1>m—1 (gm_1+2€m_1+...+m€m_1) + (gm—1+2€m—l)
- (m—2)!' \o
1 v m—1 m—i m—1—1i m—2—i
- (X (k) (k) (k)
T2y (5) [Z|h (@l + Y M@+ > 1h¥ ()
k=1 k=1 k=1
i+m—2 i+m—1 i+m
+ Z |h(ye)| + Z |h(y) |+Z\hyk ]

s (m_i 2)! (%)m et e

F2 (Nt me™ ) 4 (€ (4 1) )]
el yNm=1[m(m—1) 2m(m+1) (m+1)(m+2)
)
= T2 \s { > T 2 2 }
(2m? 4+ 2m + 1)e™! (7>m1
(m —2)! '
Therefore, (4.4.12) becomes

|[f(2) = (P f) ()]

it fm)(q)) o (2mE2m 4 )emt pyml
<), o S — () ]

= 4" +

m 4e™ (2m? +2m 4 1)e™ /y\m-1
< Hf( )||001[17i71'i+1] Y] + — ( ) )
(m—=1! " (m—1)(m-2)!
which is the same result as before.

Proof of first inequality in (4.4.11):

Next, let = € [x;,2;41], @ € {0,1}. In this case, we have

h(z) — (Pm h)( )
Z K (a) M,y (7)) — Z h(y;) My j(x)

i+1

- Z WD () L () = > By L ()

j=1-m 7=0
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-1 i+1
+ > (Quh)™ +Z Qunh) () Linj ()
j=1-m
i+m—1
Z S J) Z h yj
j=i+1—-m
i+1
S K@) ansla) = 3 Al s
j=l—-m J=0
-1 Jj+m—1
> [ > wen D kM >] e
j=1—-m Lk=j+1-m
Ji—l-l ' j+m—1
+Z Z KM (@) M, 1 (y;) + Z h(yg Mmk(yj)] Ly, (),
j=0 Lk=j+1-m k=0

from the definition of P,, in (4.3.2), the support properties (3.2.10) and
(4.2.6) of the spline molecules, and the definition of Q,, in (3.2.3). Now,
we use the upper bounds (3.3.15) in Theorem 3.3.1 and (4.4.7) in Theorem

4.4.1 and (4.4.9) in Theorem 4.4.2, together with (3.3.22) and (3.3.23), to
obtain

[h(2) = (Prmh) ()]
1 1M 1—i
§|h(:c)\+(—( )" Z RO

i+1

o1 Z B9 @) +m ) |h(y;)
m 1 m—1 2 m—1m—1 [m-1 . m—1—j
+m—p1(m—2)! (%) m(g) ; ;\h”(a)w ; yh(yk)|]

gt ()L g WS how

<em 4 % (%)m 1 (m —1)!

1 z—l—m 1

—() Zlhyg
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—l—ﬂ(m — Dl +m (2e™ " 4 3™
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+m—1(m—2)! (5) m<5> 8

[(m—1)(m — 1)+ (26™ " 4+ + (m —1)e

g (1) im0 )

(m —2)!
< (bm + 1)5m_1 + (m Z;)E”;)l— 1)! (%)m—l
+(nim 12) (%)m 1 {<m+1)(m+2) L3 (m+§)(m+3>}
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Therefore, (4.4.12) yields

|f(z) = (Pmf)(2)|
- / /™) [(5m )em-t 4 D —1)! (1)’“‘1

- (m—1)! (m — 2)!
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N m2p€ <z>m_1 2 m—1 N mSpEm (z>m_1 2 m—1
(m—2)!'\o ) 2(m — 1)l(m —2)!' \§ ) ’

from which our result follows.
Proof of third inequality in (4.4.11):

Next, let it € {N —m+2,...,N —

2}, with z € [z, z;41]. In this case,

we have, from the definition of P, in (4.3.2), the spline molecule support
properties in (3.2.10) and (4.2.6), and the definition of Q,, in (3.2.3),

h(z) = (Pmh)(z)
N i+m—1
> h(y)M — > W) M, ()
j=itl-m j=N+1
i+1 i1
— > by Lo (@) + Y (Quh)(y5) Ln i (@)
j=i1 j=i1
N itmo1 it1
> h(y)M, — > Wi — > W(Y;) L ()
j=i+l-m J=N+1 J=i—1
i+1 J+m—1
+ Z [ Z h(y) My 1 (y;) Z h* mk(y])] Ly, j ().
j=i=1 Lk=j+1-m k=N+1

Now, we apply the upper bounds (3.3.15) and (4.4.7) together with (3.3.22),

(3.3.23) and (3.3.26), to deduce that

|h(z) — (Pnh)(z)|
g!h(m)H(m—2< ) Z‘h w
+ Zz: |h(y;)] — 2). <%>m1 'Z:zi;l

_ g
<egm g =
- )
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1 Y

+m(‘

J

)ml {(m —1)(m — 1)!1—} + (& 2™

|

A9 ()]

1 N o1 itmo1=N

oom3) X oo
j=1

N ji—m—l—N

S bl + Y

k=j+1-m k=1

)m—1 <8m—1 4+ (m— 1)5m71)

_ gm—l
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1 ~ m—1 N i+m—2—N
+ o2 (5) [3Z!h<yk>!+ >, 1w
’ k=i k=1
i+m—1-N t+m—N
+ > P+ Y |h(’“)(b)\]
k=1 k=1

b ) vt

() A D Syt e

= 4™ +

Therefore, (4.4.12) becomes

(@) — (Puf)(@)
<[l )

k3

ARG (2

m) 4e™ 4m(m —1)em y\ ™1
<l o fesi l(m — Dl(m — 2)! (5)

+4<( —21) (5)" 1(%)]

and our result follows.

Proof of fourth inequality in (4.4.11):

Lastly, let i« € {N — 1, N}, with © € [z;,2;11]. In this case, we have,
from the definition of P, in (4.3.2), the spline molecule support properties
n (3.2.10) and (4.2.6), and the definition of Q,, in (3.2.3),

W) = (Pmh)(x)

N i+m—1

=h(z) = > hy)Mui(x)— Y BIN(b)M,, ()

j=i+1-m j=N+1
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Next, we apply the upper bounds (3.3.15), (4.4.7) and (4.4.9), together with
(3.3.22), (3.3.23) and (3.3.26), to deduce that
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Therefore, (4.4.12) becomes
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e ()
) ()]

thereby completing our proof of (4.4.11). [ |
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Chapter 5

Stationary and non-stationary
signals

Signals with frequencies that do not change with time are called stationary
signals. These types of signals are best analyzed by Fourier series meth-
ods or the Fourier transform. This is discussed in Section 5.1 of this chapter.

However, most real-life signals are non-stationary; that is, their frequen-
cies may change with time. To analyze these types of signals, we need to
expand the traditional Fourier signal model. In the current signal processing
literature, this is done by the adaptive harmonic model, to be introduced
and described in Section 5.2 of this chapter.

In Section 5.3, we give an overview of a few existing methods in the lit-
erature that analyze non-stationary signals, namely the short-time Fourier
transform, the continuous wavelet transform, the Wigner distribution, and
reassignment methods. Empirical mode decomposition and the synchrosqueezed
wavelet transform are two more non-stationary signal analysis techniques —
these will be studied in much more detail in Chapters 6 and 7, respectively.

5.1 Stationary signals

We have already seen in Section 2.1 in Chapter 2 that, by considering the
Fourier series of even function extensions, every finite-energy signal f on
the bounded interval [0, £] (that is, f satisfies fOL/2 |f(#)]*dt < o) has a
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Fourier cosine series representation given by

agp > 27Tjt L L

/f (2 ﬁ), i=0,1,2,... (5.1.2)

(see Theorem 2.1.2 in Chapter 2). Therefore, every periodic signal f, with
period L as in (5.1.1)-(5.1.2), has frequencies w; = %Hz, for all positive
integers j, provided that a; # 0 (where “Hz” stands for the unit Hertz, for
measuring the number of cycles of oscillation per second, when t represents
the time variable).

where

On the other hand, to study the frequency content of a finite-energy
signal f with time-domain R, the Fourier transform, defined in (2.2.1) in
Section 2.2 in Chapter 2, is commonly used instead. As an example, let us

consider the signal
N

ft) =aog+ Z a;j cos 2mw,t, (5.1.3)
j=1
for arbitrary frequency values w; > 0 and a; € R, j = 1,..., N. This signal
is called a stationary signal, since the frequencies w;, 7 = 1,..., N, are
independent of the time variable t € R. Using (2.2.11) in Example 2.2.1,
the Fourier transform of f in (5.1.3) is given by

Za] (W—wj)+d(w+wj)). (5.1.4)

Jj=1

N —

f(w) = apd(w) +

Therefore, the frequencies of a stationary signal f with time domain R can
be easily determined by applying the Fourier transform.

We remark that the stationary signal in (5.1.3) is a special case of the
general stationary signal model

N
f(t) =ao+ Z a; cos 2m(w;t + b;), (5.1.5)

Jj=1
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with b; = 0. This general model allows for the use of sine functions and
negative amplitudes for stationary signals. Of course, every f in (5.1.5) has
the same frequencies w;, j = 1,..., N, as the corresponding f in (5.1.3),
since

N
) = aud() + 5 37 age ™I (3w — ) + 6w+ )
j=1

as in (5.1.4), using also (2.2.8) in Theorem 2.2.1.

It is clear that the Fourier transform is useful to discover the frequency
contents of a stationary signal. However, since the Fourier transform does
not display the time instants at which specific frequency values are assumed,
it becomes problematic to analyze the frequency contents of signals whose
frequencies change with time. These types of signals and methods to study
them are the topics of investigation in our following sections.

5.2 Non-stationary signals

In the previous section, we saw how the Fourier cosine series representation
(5.1.1)-(5.1.2) may be used to study the frequency content of periodic sig-
nals, whereas the Fourier transform is useful to study the frequency content
of stationary signals as in (5.1.3) or (5.1.5).

In this section, we study signals of the form
N
F(£) = Aj(t) cos2me;(t) + T(1), (5.2.1)
j=1

where A;(t) > 0, ¢;(t) € C? such that ¢(t) > 0, and T'(t) is some polyno-
mial (possibly embedded with noise). In other words, f is a superposition
of the signal components

fi(t) = Aj(t)cos2mep,(t), j=1,...,N. (5.2.2)

The functions A,(t) are called magnitude or amplitude functions, general-
izing the constants a; in (5.1.3), while the functions ¢;(t) are called phase
functions, generalizing the linear functions w;t in (5.1.3). The derivative
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of the phase function ¢(t), j = 1,..., N, is therefore a natural extension
of the frequency w; in (5.1.3), and we call each ¢(t) the instantaneous
frequency of f;(t) (as mentioned in Chapter 1). The trend T'(t) is a gener-
alization of the constant factor ag in the stationary signal model (5.1.3).

If the phase functions ¢;(¢) are non-linear functions, we say that f in
(5.2.1) is a non-stationary signal (as introduced in Chapter 1). If the mag-
nitude functions A;(t) are allowed to be non-constants, f is said to be
non-linear.

In the current signal processing literature, the signal model (5.2.1) is
called the adaptive harmonic model (AHM) [11, 15, 20, 48, 16|. It is impor-
tant to point out that when a given signal f in the AHM (5.2.1) is a blind
source signal, it is definitely not feasible to determine its specific signal com-
ponents f;(t), j = 1,..., N, by any decomposition scheme, without prior
knowledge of these components and/or specifying appropriate restrictions
on the AHM. In the literature, these restrictions are described by

(4, € C'R)NL¥(R);  ¢; € C*(R);

inf A;(t) > c1; sup A;(t) < co;
teR teR

inﬂg Pi(t) > c1; sup @(t) < ca;
te teR
AL )] < edi(t); 8] ()] < edj(t),

for all t € R, where 0 < ¢ < 1 and ¢ < ¢; < ¢g < oo. Also, this model
assumes that the components are well-separated, in the sense that their
respective phase functions ¢,(t) satisfy

¢;(t) > ¢51(t); and |@5(t) — @, (1) = d[j(t) + ¢, (1)), (5.24)

for some 0 < d < 1 and all t € R. We will denote the class of functions f
that satisfy the AHM conditions (5.2.3)-(5.2.4) by AZ;™.

(5.2.3)

In general, the representation of a signal component f;(¢) in (5.2.2) is
not unique — indeed, there exist smooth functions «(t) and 3(t) such that
cost = (14 a(t))cos(t + S(t)). This is called the identifiability problem in
[11]. However, it is shown in [11, Theorem 2.1] that if

g(t) = A(t) cos 2mp(t) = (A(t) + a(t)) cos 2m(o(t) + B(1))
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satisfies the conditions in (5.2.3), then
la(t)] < Ce and |B'(t)| < Ck,

where C' is a constant depending only on ¢; and cy. In other words, the
definitions of instantaneous frequency and amplitude are rigorous in the

sense that they are unique up to a negligible error when ¢ is small enough.
(See also [15].)

We remark that the definition of the AHM in (5.2.1)-(5.2.4) may be
adapted to model signals contaminated with noise (see [11, 15]), or even
to model signal components in terms of general wave shape functions s;(t)
instead of cosine functions (see [52, 15]).

5.3 Overview of time-frequency methods

Since the IF’s ¢%(¢), j = 1,..., N, in (5.2.1) may be time-dependent, the
Fourier transform (which provides us with a frequency domain representa-
tion f(w) of a signal f(¢) in the time domain) is not sufficient to study
the frequency content of non-stationary signals of the form (5.2.1). This
type of signal is better analyzed through methods that provide us with
a signal representation in the time-frequency plane. These methods are
commonly called time-frequency methods in the signal processing literature
[31, 17, 23, 30, 4]. We proceed to give a brief overview of well-known time-
frequency methods in the literature, namely:

e the short-time Fourier transform;
e the continuous wavelet transform;
e the Wigner distribution; and
e reassignment methods.
Short-time Fourier transform:
The short-time Fourier transform (STFT) or localized Fourier transform

is one method that aims to make the traditional Fourier transform time-
dependent by introducing a window function, as follows.
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Definition 5.3.1 (Short-time Fourier transform) For a window func-
tion u € (L* N L?) (R) and a function f € L*(R), the short-time Fourier
transform F.f of f with respect to u at the time-frequency point (x,w) is

defined by .
(Fuf) (@ w) = /_ FOult — z)e-2tdt, (5.3.1)

for x,w € R.

The STEFT was first considered by Dennis Gabor in his 1946 paper on the
mathematical theory of communications |26], where he used the Gaussian
function

1 _(1)2
= 20
90 () 20/ ‘ ’
with o = ﬁ;, as window function, leading to the Gabor transform (a spe-
cial case of the STFT).

The STEFT may be described as follows: the window function v in (5.3.1)
is used to localize the signal f before the Fourier transform is applied,
and this window is allowed to “slide” continuously along the time-axis R.
In other words, the STFT F,f essentially consists of consecutive Fourier
transforms, where each transform is performed on the signal f within the
window u. As the window u moves along the time line, the Fourier trans-
form is performed on the entire signal f [27].

An important feature of the STFT is that the signal f may be recon-
structed from its STFT F, f, provided that the window function u satisfies
certain conditions (see [14, Theorem 4, p.358]):

Theorem 5.3.1 (Inverse short-time Fourier transform) Letu € (L'N
L?)(R) such that i € (L' N L*) (R) and u(0) # 0. If f € (L' N L*)(R) with
f e LYR), then

1 > 2nwz
f(z) = m/oo(}"uf)(x,w)e dw.

Continuous wavelet transform:
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Second, the continuous wavelet transform, considered in Section 2.5 of
Chapter 2, is another example of a time-frequency method. Like the STFT,
the CW'T makes use of a window function (the wavelet 1, ,) to localize the
observed signal f to analyze its time and frequency content. However, where
the window width of the window function u in the definition of the STFT
(5.3.1) is fixed for a given window u, the window width of the wavelet v,
is allowed to change as the scale factor a varies (as explained in Section 2.5).

Wigner distribution:

Next, the Wigner distribution (WD) was invented by E. Wigner in 1932
[61] in the context of quantum mechanics, and introduced in the area of
signal analysis by J. Ville in 1948 [49].

Definition 5.3.2 (Wigner distribution) For a function f € L*(R), the
Wigner distribution W[ of f at the time-frequency point (x,w) is given by

W) (z,w) = / fz+L)f(z—L)e ™ dt. (5.3.2)
Unlike the STFT and CWT, the WD does not depend on an arbitrary
window function; it only depends on the signal f itself. As such, it should
display the time-frequency behavior of f in a “pure, unobstructed form”
[30, p.60]. However, the WD is an example of a quadratic time-frequency
method (whereas the STFT and CWT are classified as linear time-frequency
methods), as can be seen from its definition in (5.3.2). In other words, if
we think of the WD W[ of a signal f as Wf = C(f, f), it follows that, for
any complex numbers o and £,

W(af + Bh) = [aWf + [BPWh+ aBC(f.h) + TBC(h, f).

Therefore, the quadratic nature of this method introduces the cross terms
C(f,h) and C(h, f), which are difficult to analyze and interpret [30]. The
cross terms may also introduce disturbing interferences in the visual repre-
sentation of the WD in the time-frequency plane (see |20, 2, 24]). There are
many variations on the WD which aim to reduce the effect of the cross terms,
at the expense of good localization in the time-frequency plane. These in-
clude the pseudo Wigner-Ville distribution and the smoothed pseudo Wigner-
Ville distribution [1].
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Reassignment methods:

Lastly, reassignment was first introduced in the late 1970’s by Kodera,
Gendrin and De Villedary [41, 42], and later generalized by Flandrin and
Auger (who coined the term “reassignment”) [1]. The method works by cre-
ating a modified version of a time-frequency representation (like the STFT,
for example) by moving its time-frequency values away from where they are
computed, in order to produce a better localization of the signal compo-
nents. In essence, the time-frequency values (z,w) are moved or reassigned
to the center of gravity or local centroid (Z,) of the energy contributions
of the time-frequency representation [1, 2|. This improves classic time-
frequency representations by providing a clearer graphical display of the os-
cillatory features of a signal, easing signal interpretation. It is very effective
in this regard, but reconstruction of signal components is not straightfor-
ward.

More recent developments in the area of time-frequency methods include
empirical mode decomposition and the synchrosqueezed wavelet transform,
as introduced in Chapter 1. We will study these methods in great detail in
Chapters 6 and 7, respectively.
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Chapter 6

Empirical mode decomposition

The EMD algorithm, introduced by N.E. Huang and others in 1998 [36], is
arguably the most popular mathematical scheme for non-stationary signal
decomposition and time-frequency analysis. As briefly described in Chapter
1, the objective of EMD is to decompose a given (not necessarily station-
ary) signal into a number of oscillating components, called intrinsic mode
functions, and a monotone or slowly oscillating remainder, which may be
considered as the trend of the given signal. Each IMF is then extended to
an amplitude-frequency modulated signal through the Hilbert transform in
order to compute its instantaneous frequency and amplitude.

In Section 6.1, we describe the EMD algorithm in detail and provide
illustrations of the method. Much research has been done to develop vari-
ations on EMD to improve the results yielded by EMD; we consider some
of these variations in Section 6.2. Lastly, in Section 6.3, we describe some
limitations of this method.

6.1 EMD algorithm

We start this chapter by describing the EMD algorithm.

Given a real-valued signal f on an interval [0,7] for some 7" > 0, the
EMD algorithm starts by setting hy o := f and computing the cubic spline
interpolants (as described in the beginning of Section 2.4 in Chapter 2) of
the local maxima and minima of h, g, respectively, called the upper and
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lower envelopes of hjp. Next, it computes the average m;; of the upper
and lower envelopes, and subtracts it from h; ¢ to obtain h; ;. This process
of finding upper and lower envelopes and subtracting their mean from the
input signal is now repeated on hy; to find Ry o, hi 3, b1 4, and so on, until
for some ¢ > 1 the resulting hy ¢ = hy ¢—1 —my ¢ satisfies the definition of an
IMF:

(i) its upper and lower envelopes are (at least approximately) symmetric
about the time axis; and

(ii) the difference between its number of local extrema and its number of
zero crossings equals -1, 0 or 1.

In practice, hy g is classified as an IMF when a certain stopping criterion is
satisfied. In the EMD literature, various criteria have been implemented.
The most common one originates from the original paper [36], namely that
hi . is defined to be an IMF when

D oico 1P a(ti) — hag(ts)]
D ico P31 (i)

for all sampling points {to,...,%,} in the time interval [0,7]. Typically,
e is set between 0.2 and 0.3 [36]. A different approach was proposed in
[35, 39], called the S-stoppage criterion. With this approach, the sifting
process stops after the number of zero crossings and the number of extrema
are equal or differ by at most 1 (condition (ii) above), and these numbers
stay the same for S consecutive iterations. Experimental results indicate
that S should be chosen between 3 and 8 [39]. (See also [37].)

<e,

The first IME h, 4 is denoted by C}, and this process to find an IMF
is called sifting. To find the subsequent IMF’s Cj}, j = 2,3, ..., the sifting
procedure is repeated on h;o := f —C) —---—C;_;. The stopping criterion
can be chosen by the user; usually, the algorithm stops when the remain-
der Ry == f— C; — -+ — Cy (for some N > 1) is a monotonic or slowly
oscillating function [37].

The above series of sifting procedures yields a decomposition of the
original signal f into the N IMF’s C4,...,Cy, and the remainder Ry,
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written as
f(t) = ch(t) + Ry (1). (6.1.1)

This constitutes the first part of the algorithm, with the aim of extracting
the intrinsic oscillating modes, at characteristic time scales, contained in-
side the signal f. The first IMF, C}, constitutes the mode with the finest
time scale and is extracted first. The subsequent IMF’s C, ..., Cy each
represent modes with coarser time scales. Therefore, the IMF-expansion in
(6.1.1) may be viewed as a waveform-based decomposition.

The second part of the algorithm is to find the instantaneous frequency
and amplitude of each IMF through Hilbert spectral analysis, described in
(2.6.6)-(2.6.10) in Section 2.6 in Chapter 2, so that

f(t) = ;Om + Ry (t); 612)
O](t) :Bj<t)COS27T49j(t), j:]_,...,N,
with
Bj(t) = |C}(t)]; and 6,(t) = itan_1 w (6.1.3)

N 2w Cj(t)
The derivative 0}(¢) of the phase function 6;() is the II" of the IME Cj.

In Figures 6.1-6.3, we illustrate the working of the EMD-HSA approach
by considering the stationary signal

f(t) = fi() + f2() + f5(D), (6.1.4)
with
fi(t) = cos2m(8t);  fa(t) = cos2m(4t);  f3(t) = cos 2nt. (6.1.5)
The three components have actual frequencies 8, 4 and 1, respectively.
In Figure 6.1, we display the first part of the sifting process, with the

original signal hyo := f in (a), the upper envelope (in red) and lower en-
velope (in blue) in (b), the mean envelope m;; (in purple) in (c), and
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(c) (d)
Figure 6.1 Illustration of sifting. (a) Original signal f(¢) = cos2m(8¢) + cos 27 (4t) + cos 27t.

(b) Construction of upper envelope (in red) and lower envelope (in blue). (c) Calculation of
mean envelope (in purple). (d) Result of subtracting mean envelope from input signal.

hl,l = hl,O — M1 in (d)

In Figure 6.2, we display the three IMF’s C}(t), Cy(t) and C5(t) together
with the remainder R3(t), calculated by the EMD algorithm. We note that
C;(t) is an approximation of f;(¢) for each i = 1,2, 3. For this example, the
remainder is the zero function. We also note that C(t) in (a) represents the
intrinsic oscillating mode with the finest time scale (or highest frequency),
while C3(t) in (c) has the coarsest time scale (or lowest frequency).

Lastly, in Figure 6.3, we display the end result of the EMD-HSA proce-
dure. The three IMF’s C4(t), Cy(t) and C5(t) are displayed in (a)-(c), while
the calculated IF’s 0] (), 05(t), 05(t) of the IMF’s are shown in (d)-(f). The
calculated IF’s are estimations of the actual I[F’s 8, 4 and 1, respectively.

6.2 Variations on EMD

The EMD algorithm remains to be an active research field in the signal pro-
cessing community, and several extensions to the original EMD formulation
have been developed over the last fifteen years. In this section, we consider
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Figure 6.2 Illustration of IMF-expansion obtained through EMD. (a) C1(t) (b) C2(t) (c) C3(t)
(d) Rs(t)
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Figure 6.3 End result of EMD and HSA. (a)-(c) IMF’s Ci(t), Ca(t), Cs(t). (d)-(f) IF’s
01(t), 02(t), O5(t).
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two of these.
Ensemble EMD:

The EMD algorithm works really well when it is applied to signals
with “well-behaved” components — components with well-separated instan-
taneous frequencies, and non-intermittent components. When some of the
signal components are intermittent, the end result of EMD could suffer from
mode maxing: different oscillating modes are extracted in a single IMF, or
one oscillating mode is identified in different IMF’s. Of course, this restricts
the physical interpretation of an IMF as representing a characteristic time
scale contained in the signal [37].

In [54, 55], Z. Wu and N.E. Huang proposed an extension of EMD
to overcome the mode mixing problem, called ensemble EMD (EEMD), a
noise-assisted data analysis method. As the name suggests, EEMD can be
thought of as an ensemble of EMD trials. For each trial ¢« = 1,..., K, for
some large K > 0, the algorithm starts by adding white noise w; with finite
amplitude «a to the original signal f to create the “observation”

filt) = f(t) +aw(t), i=1,...,K

(mimicking an experiment with multiple observations of a data set, with
measurement errors). Next, the EMD algorithm is applied to the observa-
tion f;, yielding a set of IMF’s {C1,...,C;n}, for each i =1,..., K. The
true IMF C;, 7 =1,..., N, of the original signal f is then defined to be the
mean of the j'" IMF in all K trials as K approaches infinity; that is,

Ci(t) = lim — =1,...,N.

K—oo K

||Mx

The difference between the true IMF C; and the result of the ensemble for
K trials decreases as —= [54, 37].

The addition of white noise to the original signal f creates a uniform
reference scale distribution in f to overcome intermittency in signal compo-
nents. It perturbs the signal in such a manner to encourage the method to
search for all possible answers in a finite neighborhood of the true answer
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[54]. Experimental results in [54, 55] indicate that EEMD is successful to
overcome mode mixing problems.

According to [54], the idea of a noise-assisted data analysis method was
inspired by two pioneering works. In his PhD thesis [28], R. Gledhill tested
the robustness of the EMD algorithm by adding noise to an ensemble of
EMD trials. Flandrin, Gongalves and Rilling [25], on the other hand, stud-
ied the question of applying EMD to a signal that do not have enough
extrema to construct upper or lower envelopes in the sifting process, like
the delta function (which only has one extremum). They came up with the
novel idea of adding noise with infinitesimal amplitude to make the EMD
algorithm operable. However, since the method is sensitive to noise, they
decided to run an ensemble of 5000 trials, with a different noise signal added
every time. Both of these approaches delivered new insights into the effect
of noise on the EMD algorithm.

Normalized Hilbert transform:

We have seen in Section 6.1 that, for a given signal f(¢), the EMD-
HSA approach provides us with an IMF-expansion (6.1.1), where each IMF-
component C}(t) is written as

C;(t) = Bj(t) cos2mb;(t), j=1,...,N

(with B;(t) and 6,(¢) defined in (6.1.3)). Theoretically, the amplitude func-
tion B;(t) oscillates so slowly that the frequency information of C;(t) is
entirely determined by cos 276;(t) at any time value ¢ inside the time inter-
val [0, T]. Therefore, the IMF C;(t) should satisfy the relation

H(Bj(t) cos2m0;(t)) = B;(t)(H cos 2m0;)(1); (6.2.1)

in other words, Bj;(t)cos2n,(t) should satisfy (2.6.3) in Bedrosian’s the-
orem (Theorem 2.6.3). However, in practice, the assumptions in Theorem
2.6.3 are generally not satisfied by B;(t) and cos2n§,(t), so that (6.2.1)

does not hold [37].

In [34, 38|, Huang and others proposed the normalized Hilbert trans-
form (NHT), a normalization algorithm to better separate a given IMF
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Cy(t), j = 1,..., N, into its amplitude-modulated (AM) and frequency-
modulated (FM) parts, M;(t) and Fj(t), respectively, so that

Cj(t) = M;(t)Fj(t), j=1,...,N.

The Hilbert transform is then only applied to the FM-part F(t) instead of
the entire IMF C}(¢).

After the IMF’s C4(t), ..., Cn(t) have been obtained through the EMD
algorithm, the NHT starts by computing the local maxima of the absolute
values of each IMF, |C;(t)|, j =1,...,N. Next, foreach j =1,..., N, it
computes the envelope e;; by finding the (standard) cubic spline interpolant
through the local maxima of |C;(¢)|. With the definition

C;
f] 1-— 57
if |f;1(t)] < 1 for all t € [0,7], we deduce that f;,(t) = cos2m0;(t) (and
ej1 = Bj, with B; obtained by applying the regular Hilbert transform
method to Cj, as in (6.1.3)). In this case, the (empirical) FM-part F; and
AM-part M; are simply f;; and e; 1, respectively.

Otherwise, we repeat this procedure on f;; to obtain f;9,..., f;., through

f]k 1

eJ,k

Fin = j=1,....N;: k=2...,n
until |f;,(t)] < 1forallt € [0,7] for some n > 2. The (empirical) FM-part
F; and AM-part M; are then defined by
C.
Fj:=fj, and M;:=—- j=1,...N.
E;
After F; and M, have been found in this way, the Hilbert transform is ap-
plied to F} (instead of C;) to obtain the IF 0.

According to [37], experimental results indicate that this method pro-
duces more accurate estimations of 0;-, j = 1,..., N, than the original
EMD-HSA approach. However, studies in [33] show that, even with the
NHT-extension to EMD, the Hilbert transform still produces inaccurate re-
sults, indicating that the Hilbert transform might not be the best approach
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to estimating the IF’s of the signal f. This brings us to the last section of
this chapter, where we discuss certain limitations of the EMD algorithm.

6.3 Limitations of EMD

The EMD algorithm continues to be one of the most popular methods for
non-stationary signal analysis and decomposition. It is easy to implement,
and it produces good results in practice. However, there are some limita-
tions of this method.

A major drawback of the EMD-HSA approach is that the IF’s ¢, j =
1,..., N, produced by the Hilbert transform method, might be negative.
This is a big disadvantage, since a negative IF is not physically meaningful.

When EMD was introduced in [36], the authors argued that the defining
properties of an IMF (in (i) and (ii) on p.103) are necessary conditions on
a function so that the Hilbert transform applied to this function produces
a non-negative IF. They deduced this by considering the function

f(t) = cos2mct + a, (6.3.1)
where « is a constant and ¢ > 0, with Hilbert transform given by
(Hf)(t) = sin 2met,

from (2.6.4)-(2.6.5) in Example 2.6.1. From (2.6.11) in Theorem 2.6.4, we
know that the IF w(t) of f, as calculated through the HSA approach, will
be non-negative if and only if

FE) (RE) () = (HE) (O F (1)
= 2mccos 2t (cos 2wt + a) + 2mesin? 27t
= 27wc + 2mcaccos 2met > 0,

which will be true only if a < 1 (the result obtained in [36], but with a
different approach). Moreover, the IF of the signal f in (6.3.1) should (the-
oretically) be constant, which will only be true if « = 0. Therefore, for
the special case when f is a cosine function, a physically meaningful IF can
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only be obtained when f is symmetric with respect to the zero mean level
— in other words, when f is an IMF.

However, this condition is not sufficient to yield a non-negative IF. In
fact, R.C. Sharpley and V. Vatchev in [46] constructed explicit counter-
examples of functions that satisfy the definition of an IMF, while its IF
calculated through the Hilbert transform method changes sign on intervals
of positive measure (see [46, Prop. 4.1-4.4]).

A second limitation of the EMD-HSA approach stems from the fact that
the Hilbert transform is defined for real-valued functions on the entire real
line (see Definition 2.6.1), while real-life signals are typically defined on
bounded or half-infinite intervals. Therefore, artificial extension of an IMF
to the real line is necessary in order to apply the Hilbert transform, often
yielding unreliable results (as also noted by [37, 33]).

Another important aspect of EMD is the construction of upper and
lower envelopes through interpolation of local maxima and minima. In the
original formulation of EMD in [36], the authors proposed to use standard
cubic spline interpolation. Not being a local method (as described in Sec-
tion 2.4 in Chapter 2), it becomes computationally expensive to obtain the
interpolant when the number of extrema becomes very large. Taking care
of the boundary values is also somewhat problematic. One solution men-
tioned in [36, 10] is to extend the data signal at the boundaries according to
some user-defined rule; however, this is artificial and does not always yield
accurate results.

In Chapter 9, we will describe our approach to the question of IF es-
timation of signal components, which will address the above limitations of
the EMD-HSA approach.
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Chapter 7

Synchrosqueezed wavelet
transform

Described as a “mathematically sound” alternative to EMD, the synchrosqueezed
wavelet transform, introduced by I. Daubechies and others [20, 21], is an-
other approach in the literature to non-stationary signal analysis (as de-
scribed briefly in Chapter 1). Instead of computing the TF’s after the signal

is decomposed (as is done when applying EMD), the SST approach is to
first estimate the IF’s of the signal components, under the assumption that

the signal satisfies the properties of the AHM in (5.2.3)-(5.2.4), before re-
covering the signal components of the model. The details and motivation of
this idea are described in Section 7.1. Limitations of the SST are discussed

in Section 7.2.

7.1 SST

As the name suggests, the synchrosqueezed wavelet transform works through
“squeezing” the continuous wavelet transform (which we defined in (2.5.4)
in Chapter 2), where the analysis wavelet ¢ of the CWT is required to
be admissible in the sense that its Fourier transform (defined in (2.2.1) in
Chapter 2) vanishes on the negative frequency axis; that is,

Y(w) =0, w<0. (7.1.1)
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The “squeezing out” of IF’s is achieved through the single reference IF
function

oWy f)(b,a) : .
(b,a) = {2m(mf><b,a>’ it OV,f)(b;a) 7 0: (7.1.2)

—00, otherwise,

for any function f € L*(R), where 9, denotes the partial derivative with
respect to b. We call the function wy in (7.1.2) the frequency reassignment
(FRA) rule.

The definition of the FRA rule is motivated in |20, 21] by considering

the monotone signal
g(t) = Acos2net, (7.1.3)

with frequency ¢ > 0 and amplitude A > 0. From the definitions of the
CWT in (2.5.4) and the Fourier transform in (2.2.1), we deduce that, for
beR and a > 0,

(Wyg)(b, a)
= é cos 2mcty (t — b)dt
a J
; OO (€i27rct + €—i27rct ( )
aJ
= é (/OO 6227rcauw( ) ) 12mbc g (/ —’LQTA’C(IU¢ )e—i27rbc
A < A
— 5 (/ 67127rcauw( )du> 6127Tbc 5 ( ez27rcauw )du> —i2mbe
A= A—
— 5,(/)(27_{_&0) 127rbc §¢( 27’[‘@0) —i27bc
A—= )
= §¢(2wa0)622”bc,

since 1 satisfies (7.1.1). Therefore,
Op(Wyg)(b, a) = i2mc(Wyg)(b, a),
so that (7.1.2) yields

AWag)(b.a) _ i2nc(Wyg)(b.a) _
27Ti(W¢g) (bu a) 27”'(ng) (b7 a)

wg(b> a) =
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In other words, the FRA rule extracts the frequency ¢ of the monotone
signal g in (7.1.3) precisely.

With these definitions, the SST may be applied to non-stationary sig-
nals of the AHM (5.2.1), satisfying the AHM conditions (5.2.3)-(5.2.4), as
follows:

Definition 7.1.1 (SST) Let f € AZ)*. For a function h € L'(R), let

0% (0%

ho(t) == lh (i) , O<a<<l, (7.1.4)

so that {ho} converges to the delta distribution as o — 0, and let 1 be an
admissible wavelet that satisfies (7.1.1). Then the SST Srof of f at the
time-frequency point (b,€) is defined by

da
(Sraf)(b,€) = /{GZKWMW)>F}(W¢f)(b, a)ha(|€ — wy(D, a)\);, (7.1.5)

where I' > 0 is a thresholding parameter, and wy is defined in (7.1.2).

In other words, the SST is a special type of reassignment method (as de-
scribed in Section 5.3 of Chapter 5) on the CWT which reallocates the
values of the CWT from the time-scale point (b, a) to a time-frequency po-
sition (b, &), through the FRA rule (7.1.2).

The output of the SST may be viewed as a two-dimensional digital im-
age representing a set of IF curves. An example is displayed in Figure 7.1,
for the stationary signal f that we considered in (6.1.4)-(6.1.5) in Chapter
6. The original signal can be seen in (a), while (b) shows the digital image
output of the SST, displaying three distinct IF curves (one for each com-
ponent in f).

The set of IF curves displayed in the digital image output of the SST
may now be extracted through a suitable curve fitting method (as described
in [11, 48]). In practice, the curves are extracted one by one, where the im-
age pixels that constitute a particular curve are removed from the image
before the next curve is found. This process is repeated until no obvious
curve remains in the digital image. The curves extracted in this way are
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Figure 7.1 Illustration of SST. (a) Original signal f(t) = cos 27 (8t) + cos 2w (4t) + cos 27t. (b)
SST output.

estimations of the IF’s ¢'(t) of the signal components f;(t) in the AHM in
(5.2.2), for 5 = 1,..., N. This curve extraction process requires supervi-
sion, especially if the thresholding parameter is small.

Once the N IF’s ¢(t), j = 1,..., N, have been determined, they may
be used to estimate the signal components f;(¢) in (5.2.2). For a positive
constant A < #‘ld (with d defined in the AHM conditions (5.2.4)), this
estimation is given by

1+A

f () == Re R, /11() Ve )t OX fatomy v} (@)

@ (t)

da

)
a

(7.1.6)

where “Re” means taking the real part, and

_ [T
R, ._/0 . (7.1.7)

The amplitude A; of each f; in (5.2.2) may be estimated through

AP =120,
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and an estimator of the phase ¢; of f; in (5.2.2) may be obtained by un-
T,A
(

wrapping the phase of f ) , for each 7 =1,..., N. The interested reader

is referred to [20, 11, 47] for detaﬂs on these reconstruction formulas.

Lastly in this section, we provide the main result of [20], which summa-
rizes the working of the SST and describes the robustness of the SST (see
also [11, Theorem 3.1]):

Theorem 7.1.1 (SST) Let f be a function in AS?, and set & = /3.
Let ) be a wavelet in the Schwartz space (that is, the space of all functions
with rapidly decreasing derivatives) such that its Fourier transform 1/; S
supported in [1 — A, 1+ A] for A < ﬁ‘ld. With the SST Sz f of f defined
wn Definition 7.1.1, the following hold for sufficiently small €:

(i) Wy /) (b

ca)| > 5 only when for some 5 € {1,...,N}, (bja) € Z
with Z; := {(b,a) : lag)(b) — 1] < A};

Ve
(ii) For each j € {1,...,N}, and for each pair (b,a) € Z; for which

|OWy ) (b, a)| > &,
|wi(b,a) — @i(b)] <€

(11i) For each j € {1,..., N}, there exists a constant C' such that, for any
beR,

1+A
D) da

<W¢f><b G)X{a Wy f)(ba \>8}< a)— — Aj(b> i2m$;(b) < (¢,

-1
Rw .
¢’ <b>

with Ry, defined in (7.1.7).

As explained in [20, 47|, this theorem tells us that the plot of |Sz . f]
is concentrated around the IF curves {¢(¢)}, and that each f;(t) may
be reconstructed as in (7.1.6)-(7.1.7). In other words, the SST provides a
clearer visual representation of the IF information of a signal in the time-
frequency plane, and this method provides a way to construct the signal
components f;(t) once the IF’s ¢.(t) have been obtained, for j =1,..., N.
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7.2 Limitations of SST

We have seen in the previous section that the SST provides us with a method
to analyze non-stationary signals, with a rigorous mathematical foundation.
In particular, since the SST is based on the AHM (5.2.1) with restrictions
given in (5.2.3)-(5.2.4), the IF’s ¢/ (t),..., ¢y (t) produced by the SST are
guaranteed to be non-negative. This poses a significant advantage over the
EMD-HSA approach (as discussed in Section 6.3 of Chapter 6). However,
there are a couple of limitations of the SST.

First, as described in Section 7.1, the output of the SST is a digital im-
age, displaying a set of IF curves — one curve for every ¢(t), j=1,..., N.
These curves must then be extracted, one by one, through a suitable curve
fitting scheme. This procedure could be quite complicated, particularly if
the number N of IF curves is large, or when the IF curves are close together
in the time-frequency plane. Therefore, the curve extraction process must
be supervised.

A second obstacle of the SST approach is that the analysis wavelet of
the CWT is required to be admissible, in the sense that &(w) =0, w<0
(as given in (7.1.1)). This means the analysis wavelet cannot be compactly
supported in the time domain, and is therefore not suited to real-time im-
plementation.

In Chapter 9, we will outline our approach to estimating the instanta-
neous frequencies of signal components, which will address these limitations
of the SST approach. In a nutshell, our idea will combine the EMD algo-
rithm of Chapter 6 and the SST in a clever way to exploit the plus points
of both methods. Before describing our approach, though, we proceed to
describe the analytic vanishing moment wavelets (as introduced in Chapter
1) in the next chapter. This type of wavelet will be used as the analysis
wavelet in the CWT when applied in the SST in our approach.
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Chapter 8

Analytic vanishing moment
wavelets

The analytic vanishing moment (VM) spline wavelets were recently intro-
duced by C.K. Chui, Y.-T. Lin and H.-T. Wu [15] to achieve real-time imple-
mentation of the synchrosqueezed wavelet transform (described in Chapter
7). Moreover, the application of these wavelets in the SST have the added
benefit that they permit an explicit formulation of the derivative of the
CWT in the FRA rule ws(b,a) in (7.1.2), as we shall see in (8.2.2) of this
chapter.

Because of these properties of the analytic VM wavelets, we will also
apply these wavelets as analysis wavelet in the CWT as part of the SST in
our approach (to be described in Chapter 9). Our application differs from
the application in [15], though, in the sense that we construct the analytic
VM spline wavelets by using a different knot sequence (to be described in
(8.1.2)-(8.1.4)).

In [15], the analytic VM wavelet is defined to be the analytic signal
representation (as in (2.6.6)) of a VM wavelet. In Section 8.1, we therefore
start by constructing VM wavelets and discussing their derivatives, before
considering their analytic representation in Section 8.2. The application
of these wavelets in the CWT as part of the SST, with specific reference
to applying the CWT on a bounded interval by considering analytic VM
wavelets with stacked knots, is also discussed in Section 8.2.
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8.1 VM wayvelets

For an integer m > 1, let x be an arbitrary knot sequence, with z;,1 > x;
and i, > x; for all j € Z. Then, for an integer n > 1, the vanishing
moment wavelets Vxmnj, J € Z, are constructed in [15] in terms of the
m™ order B-splines (as defined in (2.3.6) in Chapter 2) to have minimum
support and satisfy the n vanishing moment conditions

/ xe¢x,m,n,j<x)dx :O, 520,1,...,71— 17

/00 " P o (z)da # 0.

—00

Under these conditions, it is shown in [15, Theorem 3.2] that the VM
wavelets 1y, n.; satisfy the unique formulation (up to a non-zero constant
multiple)

Yrmns(@) = N i(2), €L (8.1.1)
It follows immediately that the derivative of the VM wavelet 1x ,, . ; in
(8.1.1) is given by

n+1 n+1
Wy (1) = N () = NIV () = et (2),

for any j € Z; in other words, the derivative of a VM wavelet is also a VM
wavelet (as in [15, Corollary 3.3]).

For our application of the VM wavelets as analysis wavelet in the CWT,
let us consider the knot sequence (with stacked knots)

XZ$,m+1:"':—L:.’IZ‘0<$1 <"'<$m+n:L:"':$2m+n71a

(8.1.2)
with zg, ..., Ty, uniformly spaced in the bounded interval [—L, L], so that
xj=—L+jh, j=0,...,m+n, (8.1.3)

with knot spacing

2L
hi=——7 (8.1.4)
(m+n)

In this setting, we may derive an explicit representation of the interior
wavelet Py o in terms of the normalized m'™ order B-splines, by applying
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the formula (2.3.15) for the derivative of a B-spline n times to (8.1.1),
starting with N - that is,

x,m+n,0?

Noino(®)
. m4+n—1 (n—1) m+n—1 (n—1)
~(m4n—1)h xmtn=10(2) (m+n—1)h xmn-11(7)

[N(nfl) (z) — N (z)

x,m+n—1,0 x,m+n—1,1

1
h
1
n (z)

m4n—2 (n—2) (m)_ m-+n—2 (n—2)
(m +n— 2)h x,m+n—2,0 (m +n— Q)h x,m+n—2,1

m+n—2 (n—2) m+4+n—2 (n—2)
(m+n—2)h xmn-2:1(7) + (m+n—2)h xomtn-2(7)

n—2 n—2 n—2
= 12 [N)((,m—i-)n—Z,O(x) - 2N)((,m+)n—2,1(x) + N)((,m+)71—2,2(x)

_ % i(_mk (Z) Nmi(),

n

o) = % SO(-1)F (Z) Nyo( — k).

k=0

We note that the support of ©)x . »0 Spans the entire interval, so that

SUPPYx mno = [—L, L.

The m —1 boundary wavelets Vxmpnj, 7 =—m+1,...,—1, at the left hand
side endpoint © = — L, with supports

SUpPYxmmj = |[—L, L+ jh|, j=-m+1,... —1,

and the m — 1 boundary wavelets ¢x ., 7 = 1,...,m — 1, at the right
hand side endpoint x = L, with supports

sSupp¥xmm; = [-L+jh, L}, j=1,...,m—1,

may be obtained similarly by applying the B-spline derivative formula
(2.3.15) n times to (8.1.1), starting with N™ forj=—-m+1,...,—1,

x,m+n,j’
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1,...,m — 1, respectively (keeping in mind the stacked knots at © = —L
and x = L in (8.1.2)).

Specifically, for m = 4 and n = 1, we have the following.

Theorem 8.1.1 (VM wavelets with m =4, n = 1) For the knot sequence
x in (8.1.2)-(8.1.4) with m = 4 and n = 1, the cubic VM wavelets with 1

vanishing moment are given by
Uxa10(2) = 5 (Nxao(2) = Neao(z = h));
Uxang(2) =3 (ﬁijA,j(%) - #ijA,m(m)) , J=-3,-2,-L
)

Vxa1,5(T) = % <5%ij,4,j($ - 4+ij,4,3'+1($)) , J=123.
(8.1.5)

The derwatives of the VM wavelets ¥x 41,7 = —3,...,3, are given by

1/);,4,1,1' () = Yx324(x), j=-3,...,3.

The cubic VM wavelets of Theorem 8.1.1 are shown in Figures 8.1 and
8.2 (with the specific choice of L =5).

Figure 8.1 Interior wavelet ¢« 4,1,0 on the interval [—5, 5].
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Figure 8.2 Boundary wavelets on the interval [—5,5]. (a)-(c) ¥x,4,1,—3, ¥x,4,1,—2 and Px4,1,—1.
(d)-(f) ¥x,4,1,1, ¥x,4,1,2 and Px 41,3

The VM wavelets ¢x 32, j = —3,...,3, can be obtained similarly to
Yxa1j, J = —3,...,3, in (8.1.5) by applying the B-spline derivative for-
mula (2.3.15) twice to (8.1.1) (with m = 3 and n = 2). This leads to the
formulations in terms of quadratic B-splines (defined in (2.3.6) with m = 3)

(Y 320(z) = h% (Nx30(z) —2Nxs30(x — h) + Nxso(z — 2h));
Yx390-3(z) = % (_%Nx,&—Q(x) + iNx,37—1($)) ;

12 1 1 1
Ynai(@) = ¥ (e Mess (@) — [ + o) Meain (@)

+me,3J+2($) , J==2,-1

¢x,3,2,j(‘r) = % (3(51,]4) Nx,3,j($) - [(44}]4)2 + (5+j)1(4+j)i| Nx,37j+1<I)
+—(4—j)1(3—j)Nx’3vj+2(x)> ;o J=L12
\ %:,3,2,3(35) = 1—}? (%Nx,3,3($) - %Nx,3,4(1’)) .

(8.1.6)
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8.2 Analytic VM wavelets

We now turn our attention to applying the VM wavelets x4, j =
—3,...,3, developed in Section 8.1, to the CWT (defined in (2.5.4)), em-
ployed as part of the SST in Definition 7.1.1.

To this end, our first task is to pick an analysis wavelet ¢ that is ad-
missible according to the definition of the SST; that is, it satisfies (7.1.1).
With the definition

¢](I) = 1/}X74,1,j<x)7 ] = _37 S 37

we will consider the analytic representation of ¢; as in (2.6.6) in Chapter
2; that is,
with the Hilbert transform given in Definition 2.6.1 of Chapter 2. The

wavelet 7 in (8.2.1) is called an analytic VM wavelet. We note that ¢} is
admissible, since, by recalling (2.6.2) in Theorem 2.6.2,

~

P (W) = Py(w) + i(HY,) (W) = 9;(w) +i(—isgnw)iy(w)

B 21ﬂj(w), if w>0;
o, if w< 0.

We therefore use 1 as the “center” interior analysis wavelet in the CW'T,
while ¢%, j = —3,...,—1,1,...,3, are used to take care of the boundaries
at x = —L and z = L, respectively. The scaling and translation operations
on the analysis wavelet when applied in the CWT, as indicated in (2.5.3),
are applied as follows.

When scaling by 0 < a < 1, we note that ¢(%) is a VM wavelet on the
uniformly spaced knot sequence

Xo:—L<—-L+ah<—-L+2ah<---<L—2ah<L—ah<]L,

with knot spacing ah, where h := 2 according to (8.1.4), and with the
support of ¥y(2) given by

suppyo(s) = [—aL,al].
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Yo(%) is also translated by 2, where —L(1—a) < b < L(1—a), to ensure
that 1(%2) stays inside the bounded interval [—L, L].

For the boundary wavelets, we apply a similar scaling operation, with
0 < a < 1. For the boundary wavelets at the left hand side endpoint, let
b= —L(1— a), so that the supports of ;(:2), j = —3, -2, —1, are given
by
supplpj(‘%b) =[-L,—L(1 —2a)+ jah], j=-3,-2—1.

On the other hand, for the boundary wavelets at the right hand side
endpoint, we set b = L(1 — a), so that the supports of @bj(xT_b), j=1,2,3,
are given by

suppiﬂj(%b) = [L(1 = 2a) + jah,L], j=1,2,3.

As mentioned at the beginning of this chapter, the derivative property
in Theorem 8.1.1 is one of the key reasons for employing the VM wavelets
in the SST. The first step in the execution of the SST is to calculate the
FRA rule in (7.1.2), and this involves the calculation of the derivative of
the CWT. From Theorem 8.1.1, we have an explicit formulation for this
derivative — therefore, the FRA rule in (7.1.2) applied to a function f be-
comes

Wy, )(b,a) — (f(2),005(55"))  —a{f (@), ¥5s05(5)

2mi(Wy [)(b, a) omif(x), P (L)) 27Ti<f(95)71/1§,471,j(£ )’
(8.2.2)

(wr)(b, a) =

°|
(=

[\

for j = =3,...,3 (unless (Wy; ,, f)(b,a) = 0), with ¥x32; and ¥x41;
given in (8.1.6) and (8.1.5), respectlvely Therefore, there is no need to
carry out inaccurate estimation of the derivative of the CWT in the FRA
rule (7.1.2) when using the analytic VM wavelets as analysis wavelet; these
wavelets permit an explicit formulation of the FRA rule, as shown in (8.2.2).

Lastly in this section, we describe the computation of H; in the con-
struction of the analytic VM wavelets in (8.2.1). Since each ¢; = x4, is a
linear combination of the B-splines Ny 4 —3, ..., Nx44 (according to (8.1.5)),
and since the Hilbert transform is translation invariant (as shown in Theo-
rem 2.6.1), the computation of H1); consists in finding HNyx 4 —3, . .., HNx4.4.
It has been shown by Chen and others [10] that the recursive formulation
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for the computation of B-splines in (2.3.11) in Theorem 2.3.2 is preserved
by the Hilbert transform, so that, for £ = 2,3, 4,
r — Tk

xr —
(N o—14)(x) + — = (H Ny o1 1) (),

(HNxpp)(2) = ———
Tok—1 — Tk Tork — Tht1

with initial function

(HN1)(z) = ~In

™

r — T

T — Tg41

This recurrence formulation may therefore be used to construct the analytic
VM wavelets ¢ = 9% 4, j = —3,...,3, in (8.2.1). The same procedure
may be applied to obtain ¢} ;, ;, required in (8.2.2).
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Chapter 9

Hybrid EMD-SST scheme

With the empirical mode decomposition and the synchrosqueezed wavelet
transform defined in Chapters 6 and 7, respectively, we are now ready to
describe our approach to the question of instantaneous frequency estimation
of signal components. Our idea is to develop a hybrid EMD-SST computa-
tional scheme by combining the “best” parts of EMD and SST: we propose
to use the EMD algorithm to separate a given signal into IMF components,
after which we will apply the SST, instead of Hilbert spectral analysis (as
in the original EMD approach), to each IMF to compute its instantaneous
frequency.

This approach has a number of advantages. First, the SST assures non-
negative instantaneous frequencies of the IMF’s, since it is built on the AHM
in (5.2.1)-(5.2.4), thereby addressing one of the main obstacles of the origi-
nal EMD-HSA approach (as discussed in Section 6.3 of Chapter 6). Second,
with our EMD-SST approach, the reliance upon the Hilbert transform to
compute the instantaneous frequency of each IMF is eliminated, solving
many computational issues (described in Section 6.3 as well). Third, since
the SST is only applied to one IMF component at a time (instead of to the
mixed signal as in the original SST approach), there is no need to extract
multiple IF curves (one by one) from the SST digital image output any-
more, solving a major obstacle of the original SST approach (as discussed
in Section 7.2 of Chapter 7). This simplifies and streamlines the method
significantly, and also produces clearer results (as we shall see in Section
9.2).
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Besides combining EMD and SST in this novel way, we also propose to
modify the EMD algorithm by applying our real-time spline interpolation
scheme for a bounded interval (described in Chapters 3 and 4) in the sifting
process of EMD. As discussed at the start of Chapter 4, this scheme has a
local formulation and is designed to include shape-preserving conditions at
the boundary values, which yield more accurate results near the boundaries
than the standard cubic spline interpolation used in the original formula-
tion of EMD (as we shall see in Section 9.2).

Furthermore, we modify the SST to process signals on bounded or half-
infinite time intervals by applying analytic VM wavelets with stacked knots
(as described in Chapter 8) as analysis wavelets in the CWT (as part of the
SST). These wavelets facilitate an exact formulation of the time derivative
of the CWT in the FRA rule in (7.1.2), as shown in (8.2.2) in Chapter 8,
and permit a real-time implementation of the SST.

Lastly, we apply a smoothing spline curve fitting scheme, with auto-
matic optimal smoothing through generalized cross-validation (GCV), to
the digital image output of the SST, instead of the least-squares curve fit-
ting scheme described in [11, 47].

In what follows, we provide more detail on our approach described above,
we test our approach using different types of test signals, and we compare
our approach with the original EMD-HSA method. In Section 9.1, we
provide details of the implementation of our hybrid EMD-SST method and
of the curve fitting scheme based on GCV. Examples, visual results and
comparison of errors are discussed in Section 9.2.

9.1 Implementation

Our proposed method of instantaneous frequency estimation of signal com-
ponents can be summarized as follows:

1. Given a signal composed of a number of (not necessarily stationary)
oscillating components, we apply EMD, equipped with our real-time
spline interpolation scheme (described in Chapters 3 and 4), to sepa-
rate the signal into its IMF components. Specifically, for easy imple-
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mentation, we apply the blending cubic spline interpolation operator
PEin (4.3.1).

2. We apply the SST, with the analytic VM wavelet in (8.2.1) as analysis
wavelet in the CW'T, to each IMF separately to estimate its IF.

3. Lastly, we apply a smoothing spline curve fitting scheme, with auto-
matic optimal smoothing parameter selection through GCV, to the
digital image produced by the SST to obtain the IF curve of a given
IMF.

In practice, to apply this curve fitting scheme to the SST grayscale im-
age, we proceed as follows.

Let S be the p x v output matrix of the SST, and let the entries in .S
be denoted by p;; for i =1,..., 4, and j = 1,...,v. The entries p; ; may
be interpreted as grayscale image pixel intensities, with the definition that
an entry value of 0 represents a white pixel, and increasingly higher values
represent increasingly darker pixels. (Note that pixels with a low intensity
usually represent dark pixels in practice, while high intensity pixels usually
represent light pixels. This setup is inverted in the above definition for
application to the SST output matrix S.)

For each j =1,... %], if

n
PZj = max {Pinjs - Pumj} > M,

where M > 0 (a thresholding parameter) and n > 0 (typically between 10
and 20) are chosen by the user, we record the row index of pj; and denote
this value by r,; (so that 1 < r,; < p). Otherwise, we record the mean
of the row indices of the pixel intensities higher than the 99'" percentile of
{P1nj,---+Punj} and set this equal to 7.

Applying this process for each j = 1,...,[%], we obtain a sequence
of ordered pairs {(n,7,),...,(n[%], "w/n)) }, to which we fit a smoothing
spline curve s, (t) with smoothing parameter A > 0. More precisely, follow-
ing the approach described in [8], an estimator of sy(nj), j =1,...,[%], is
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given by

Lv/n] nlv/n]
~ . . N\ 2 " 2
Sx(nj) = ar min Tnj — Sx(nJ +)\/ sy(x))dx |,
i) =ang s {300 = ()0 [T ()

(9.1.1)
where the amount of smoothing is controlled by A. The unique solution
of (9.1.1) is a natural cubic spline. The optimal smoothing parameter A
is determined through generalized cross-validation: the GCV estimate A is
defined to be the minimzer of the GCV score

1 S (rag = 5a(nj))’
w/n] (1= v/n]-rAN)*
where A(A) is the hat matriz for a given A; that is, A(\) is the |v/n]| x|v/n]
T

matrix satisfying (5x(n), ..., 5\(nlv/n]))" = AN\ (Pny- -\ Tnly/n) - More
details are given in [50, 18, 29, §|.

GA) =

We remark that the choice of using the 99" percentile of py ,j, . . . s Punjs
j = 1,...,|v/n], as a thresholding parameter produces good results in
practice, but it may be adjusted by the user.

9.2 Numerical experiments

We proceed to test our method on three representative signal types.
Example 1:

Our first test signal is a stationary signal with three components with
integer frequencies, given by

f@) = fi(t) + fa(t) + f3(2), (9.2.1)

where
fi(t) = Scos2m(16t);  fo(t) = 2cos2m(4t);  f3(t) = 8cos2mt.  (9.2.2)

The signal f and its three components are displayed in Figure 9.1.
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Figure 9.1 Ex. 1: graphs of originals. (a) Original signal f(¢). (b)-(d) Components fi(t),
fa(t), f5(t).

Figure 9.2 displays the three IMF’s C, C5 and Cj, approximating the
components fi, fo and f3, respectively, constructed through applying EMD
with our real-time cubic spline interpolation scheme of Chapters 3 and 4
(specifically, we apply the blending operator PF in (4.3.1)).

In Figure 9.3, we illustrate the results of applying our modified SST
(with the analytic VM wavelet of Chapter 8) to each IMF C}, Cy and Cj
obtained from the modified EMD. The SST digital image output is shown
in grayscale in each case. The pixels selected for curve fitting are circled
in red, and the resulting smoothing spline curve is shown as a red dashed
line in each case. With the true IF’s given by ¢4(t) = 4 and ¢4(t) = 1,
the estimated IF’s ¢}, and ¢, in (b) and (c¢) in Figure 9.3, respectively, are
very accurate. For the higher frequency component, the SST digital image
in Figure 9.3(a) displays a more noisy result, causing a lower estimated IF
than the true value of 16, although it still reveals a constant frequency.
We remark that greater noise reduction may be achieved by choosing an
analytic VM wavelet with a higher number of vanishing moments (at the
expense of computation time). The result here was obtained with an ana-
lytic VM wavelet with 5 vanishing moments (in terms of cubic B-splines so
that m = 4).
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Figure 9.2 Ex. 1: IMF’s constructed through EMD with our real-time cubic spline interpola-
tion scheme. (a)-(c) C1(t), Ca(t), Cs(t).

Next, we proceed to compare the results of our hybrid EMD-SST ap-
proach with the original EMD-HSA approach. In Figure 9.4, we compare
the construction of IMF’s through the original EMD (with standard cu-
bic spline interpolation) and the modified EMD (with our real-time spline
interpolation). The true components fi, f and f3 are shown in the left
hand side column. The middle column displays the IMF’s C9, C¢ and
C9 constructed through the original EMD algorithm using standard cubic
spline interpolation in the sifting process, while the right hand side col-
umn shows the IMF’s C7, C5 and C3 obtained by applying the modified
EMD using our real-time cubic spline interpolation scheme in the sifting
process. The results are comparable for the first two components; however,
our real-time interpolation scheme produces a closer approximation of the
third component, especially close to the boundaries. This is supported by
the comparison of maximum errors, mean errors and standard deviation of
errors, displayed in Tables 9.1, 9.2 and 9.3, respectively.

A comparison of the estimated IF’s is given in Figure 9.5. The column
on the left displays the true IF’s ¢ (t) = 16, ¢4(t) = 4 and ¢4(t) = 1. The
middle column displays the estimated IF’s ¢0, ¢/° and ¢/, obtained by
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Figure 9.3 Ex. 1: digital image output of SST (in grayscale) with IF’s estimated through
curve fitting (in red). (a)-(c) &4(£), 4(t), S4(0).

applying Hilbert spectral analysis to each IMF Cjo, 7 =1,2,3. On the right
we show our estimated IF’s ¢}°, ¢4’ and ¢4, constructed through smooth-
ing spline curve fitting (with generalized cross-validation) to our modified
SST applied to each CJS, 7 = 1,2,3, separately. Especially close to the
endpoints, our hybrid EMD-SST method yield better results than the orig-
inal EMD-HSA approach. This is also evident from the error analysis in
Table 9.1, where the relatively high maximum errors in the estimation of

, ¢, and @5 by the EMD-HSA approach occur at the endpoints of the
time interval. Although our estimation ¢'° shows a constant frequency, it is
a bit lower than the true value of 16. As explained previously, this could be
improved upon by implementing an analysis wavelet with a higher number
of vanishing moments.

Example 2:

Second, we test our method on another stationary signal with three
components, two of which have irrational frequency values, given by

g(t) = g1(t) + ga(t) + gs(t), (9.2.3)
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Figure 9.4 Ex. 1: comparison of IMF’s. (a),(d),(g) True components fi(t), f2(t), f3(t).
(b),(e),(h) IMF’s CP(t), CS(t), CS(t), obtained from the original EMD with standard cubic

spline interpolation. (c),(f),(i) IMF’s C{(t), C5(t), C§ (t), obtained through applying EMD
with our real-time cubic spline interpolation scheme.
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Figure 9.5 Ex. 1: comparison of IF estimation. (a),(d),(g) True IF’s ¢} (t), ¢5(t), ¢5(¢).
(b),(e),(h) Estimated IF’s ¢\°(t), 5 (t), ¢4’ (t), obtained by applying HSA to the original
EMD. (c),(f),(i) Estimated IF’s ¢}°(t), #5°(t), ¢4 (t), obtained through smoothing spline curve
fitting of our modified SST applied to each IMF C'JS7 j =1,2,3 separately.
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EMD-HSA EMD-SST

70 0.5 0.5

£o(t)  2.0186 2

(1) 8 2.5
T(t)  13.2339 0.6724
() 2.3882 0.0145
L) 8.9178 0.0564

Table 9.1 Ex. 1: comparison of maximum errors produced by EMD-HSA and EMD-SST
approaches.

EMD-HSA EMD-SST

Aty 0.0124 0.0156
folt)  0.0972 0.1240
£t 1.4110 0.1210
() 0.1898 0.6724
L) 0.1147 0.0145
L(t)  0.1450 0.0564

Table 9.2 Ex. 1: comparison of mean errors produced by EMD-HSA and EMD-SST ap-
proaches.

EMD-HSA EMD-SST

fi(t) 0.0291 0.0340

fot)  0.2485 0.2841

f3(t)  1.4427 0.2888
T(t)  0.8111 0
L) 0.2910 0
L(t)  0.6925 0

Table 9.3 Ex. 1: comparison of standard deviation of errors produced by EMD-HSA and
EMD-SST approaches.
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Figure 9.6 Ex. 2: graphs of originals. (a) Original signal g(¢). (b)-(d) Components g; (%),
92(t), gs(t).

where
g1(t) = cos 2m(V29t);  go(t) = cos 2m(V13t);  gs(t) = cos2xt.  (9.2.4)

The signal g and its three components are displayed in Figure 9.6.

Figure 9.7 displays the three IMF’s C, C5 and C3, approximating the
components g1, g» and gs, respectively, while Figure 9.8 illustrates the re-
sults of applying our modified SST to each IMF C;, C5 and Cj, with the
SST digital image output in grayscale, the pixels selected for curve fitting
circled in red, and the resulting smoothing spline curve shown as a red
dashed line in each case. The estimated IF’s obtained through curve fitting
applied to the SST digital image are remarkably accurate in each case.

Next, we compare the results of our hybrid EMD-SST method with the
original EMD-HSA approach. In Figure 9.9, we compare the construction
of IMF’s using the original EMD (with standard cubic spline interpolation)
and EMD with our real-time cubic spline interpolation scheme. The true
components g;, ¢g» and g3 are shown in the left hand side column. The mid-
dle column displays the IMF’s C9, C9 and Cf constructed through the
original EMD algorithm using standard cubic spline interpolation, while
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Figure 9.7 Ex. 2: IMF’s constructed through EMD with our real-time cubic spline interpola-
tion scheme. (a)-(c) Ci(t), Ca(t), Cs(t).
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Figure 9.8 Ex. 2: digital image output of SST (in grayscale) with IF’s estimated through
curve fitting (in red). (a)-(c) @1 (t), d5(t), ¢5(t).
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EMD-HSA EMD-SST
() 0.9433 0.9433
g(t)  1.1180 1.3256
) 1.3108 1.6277
)
)

¢ (t)  11.5341 0.0754
L) 7.9199 0.3342
() 8.8720 0.1716

Table 9.4 Ex. 2: comparison of maximum errors produced by EMD-HSA and EMD-SST
approaches.

the right hand side column shows the IMF’s C7, C5 and C3 obtained by
applying the modified EMD using our real-time cubic spline interpolation
scheme. Our method provides a better approximation of especially the first
and second components (rows 1 and 2). This is also supported by the com-
parison of mean errors and standard deviation of errors, provided in Tables
9.5 and 9.6, respectively. The comparison of maximum errors is displayed

in Table 9.4.

A comparison of the estimated IF’s is given in Figure 9.10. The column
on the left displays the true IF’s ¢, (t) = v/29 =~ 5.385, #5(t) = V13 ~
3.606 and ¢4(t) = 1. The middle column displays the estimated IF’s ¢\°,
Y and ¢, obtained by applying Hilbert spectral analysis to each IMF
C’jo, j = 1,2,3. On the right we show our estimated IF’s ¢°, ¢4 and

¥ constructed through smoothing spline curve fitting (with generalized
cross-validation) and our modified SST applied to each C’JS, 7 =1,2,3,
separately. Our hybrid EMD-SST scheme yield much better estimations
of all three IF’s ¢!, ¢, and ¢4 than the original EMD-HSA approach, as is
also evident from the comparison of errors in Tables 9.4-9.6. Again, the
relatively high maximum errors in the estimation of ¢}, ¢, and ¢} by the
EMD-HSA approach (in Table 9.4) are produced at the endpoints of the
time interval, illustrating one of our main motivations for replacing HSA
with the SST (as discussed in Section 6.3 in Chapter 6).

Example 3:

Lastly, we implement our method for a non-linear, non-stationary signal
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Figure 9.9 Ex. 2: comparison of IMF’s. (a),(d),(g) True components gi(t), g2(t), g3(t).
(b),(e),(h) IMF’s CP(t), CS(t), CS(t), obtained from the original EMD with standard cubic
spline interpolation. (c),(f),(i) IMF’s C{(t), C5(t), C5 (t), obtained through applying EMD
with our real-time cubic spline interpolation scheme.
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Figure 9.10 Ex. 2: comparison of IF estimation. (a),(d),(g) True IF’s ¢ (t), #5(t), ¢5(¢).
(b),(e),(h) Estimated IF’s ¢\°(t), 5 (t), ¢4’ (t), obtained by applying HSA to the original
EMD. (c),(f),(i) Estimated IF’s ¢}°(t), #5°(t), ¢4 (t), obtained through smoothing spline curve
fitting of our modified SST applied to each IMF C'JS7 j =1,2,3 separately.
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EMD-HSA EMD-SST

ol(t)  0.4103 0.2431
g(t)  0.4228 0.2604
gs(t)  0.2262 0.2845
@ () 0.8188 0.0754
L) 0.3275 0.0531
Lt)  0.2546 0.0557

Table 9.5 Ex. 2: comparison of mean errors produced by EMD-HSA and EMD-SST ap-
proaches.

EMD-HSA EMD-SST

g(t)  0.2097 0.1403
el 0.2214 0.1821
gs(t)  0.2582 0.3450
() 0.8489 0
L) 0.5168 0.0817
L) 0.6685 0.0481

Table 9.6 Ex. 2: comparison of standard deviation of errors produced by EMD-HSA and
EMD-SST approaches.

with two components, given by
h(t) = hi(t) 4+ ho(t), (9.2.5)
where

{ ha(t) = 0.1(t* — 12° + 44t — 48¢) cos 2 (3t + 0.2t%); 926)

ho(t) = 7019 cos 27(2t + 0.2 cos t),
so that
Pi(t) =3+04t;  ¢5(t) =2 —0.2sint.
The signal h and its two components are shown in Figure 9.11.

Figure 9.12 displays the two IMF’s C} and C5, approximating the com-
ponents h; and ho, respectively, while Figure 9.13 illustrates the results of
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Figure 9.11 Ex. 3: graphs of originals. (a) Original signal h(t). (b)-(c) Components hi(t),
ha(t).

applying our modified SST to each IMF C; and (), with the SST digital
image output in grayscale, the pixels selected for curve fitting circled in red,
and the resulting smoothing spline curve shown as a red dashed line in each
case.

In Figure 9.14, we compare the construction of IMF’s through the orig-
inal EMD (with standard cubic spline interpolation) and EMD with our
real-time cubic spline interpolation. The true components h; and hy are
shown in the left hand side column. The middle column displays the IMF’s
C9 and C¢ constructed through the original EMD algorithm using stan-
dard cubic spline interpolation in the sifting process, while the right hand
side column shows the IMF’s C7 and C§ obtained by applying the modi-
fied EMD using our real-time cubic spline interpolation scheme in the sifting
process. The maximum errors, mean errors and standard deviation of er-
rors are provided in Tables 9.7, 9.8 and 9.9, respectively. With respect to
the estimation of signal components, the results of the two methods are
comparable.

Lastly, a comparison of the estimated IF’s, constructed through the
original EMD-HSA approach and our hybrid EMD-SST scheme, is given in
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Figure 9.12 Ex. 3: IMF’s constructed through EMD with our real-time cubic spline interpo-
lation scheme. (a)-(b) Ci(t), Ca(t).
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Figure 9.13 Ex. 3: digital image output of SST (in grayscale) with IF’s estimated through
curve fitting (in red). (a)-(b) ¢1(t), @5(t).
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Figure 9.14 Ex. 3: comparison of IMF’s. (a),(d) True components hi(t), h2(t). (b),(e)
IMF’s CP(t), C2(t), obtained from the original EMD with standard cubic spline interpolation.
(c),(f) IMF’s C{(t), C5(t), obtained through applying EMD with our real-time cubic spline
interpolation scheme.

EMD-HSA EMD-SST

hi(t)  0.6567 0.4766
ho(t)  0.5536 1.0273
@ (t)  6.5744 0.3421
G(t)  7.4990 0.5039

Table 9.7 Ex. 3: comparison of maximum errors produced by EMD-HSA and EMD-SST
approaches.

Figure 9.15. The column on the left displays the true IF’s ¢/ (¢t) = 3 + 0.4¢
and ¢4(t) = 2 — 0.2sin¢. The middle column displays the estimated IF’s
#'° and ¢, obtained by applying Hilbert spectral analysis to each IMF
C’jo, j = 1,2. On the right we show our estimated IF’s ¢/ and ¢4, con-
structed through smoothing spline curve fitting (with generalized cross-
validation) and our modified SST applied to each CJS, j = 1,2, separately.
Our hybrid EMD-SST provide much better estimations of the IF’s of both
signal components. This is also supported by the error analysis in Tables
9.7-9.9.
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Figure 9.15 Ex. 3: comparison of IF estimation. (a),(d) True IF’s ¢(t), #5(t). (b),(e)
Estimated IF’s ¢/° (t), ¢4 (t), obtained by applying HSA to the original EMD. (c),(f) Estimated
IF’s ¢/°(t), ¢ (t), obtained through smoothing spline curve fitting of our modified SST applied

to each IMF C’]S7 7 = 1,2 separately.

EMD-HSA EMD-SST

hi(t)  0.1143 0.0818
ha(t)  0.1474 0.1537
@ (1) 0.4460 0.0970
oy(t)  0.1920 0.1683

Table 9.8 Ex. 3: comparison of mean errors produced by EMD-HSA and EMD-SST ap-
proaches.

EMD-HSA EMD-SST

hi(t)  0.1402 0.1081
ha(t)  0.1329 0.1847
@ () 0.7896 0.0827
Py(t)  0.4852 0.1193

Table 9.9 Ex. 3: comparison of standard deviation of errors produced by EMD-HSA and
EMD-SST approaches.
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Figure 9.16 Ex. 3: comparison of our hybrid EMD-SST scheme and original SST approach.
(a) The output from the (improved) SST (with our analytic VM wavelet and boundary con-
siderations) applied to the mixed input signal. (b)-(c) The output from the hybrid EMD-SST
approach.

To illustrate the advantage of first decomposing a given signal using the
EMD algorithm before estimating each component’s IF using the modified
SST, we also display, in Figure 9.16, the result of the original SST approach
applied to the mixed signal h in (9.2.5)-(9.2.6) (where we used our analytic
VM wavelet in the CWT with boundary considerations), as well as the
result of our hybrid EMD-SST approach. We note that, as a result of
first applying EMD to separate the input signal into IMF components, the
shapes of the IF curves displayed in the digital SST images from our hybrid
EMD-SST approach are much clearer than in the original SST output.
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Chapter 10

Final remarks

The contributions of this dissertation can be grouped into two categories.

First, we formulate a new spline interpolation scheme for a bounded in-
terval in terms of the m™ order B-splines, by combining a quasi-interpolation
spline operator with a local spline interpolation operator. The end result
is a blending operator with a local formulation that preserves polynomials
of degree < m — 1 and satisfies certain Hermite interpolation conditions at
a given sequence of discrete data points. A corresponding approximation
order analysis is also derived rigorously for both quasi-interpolation and
blending interpolation operators.

The local formulation and boundary considerations of the method make
this spline interpolation scheme particularly useful, since it facilitates real-
time implementation for fast computation (without extending the signal in
any way). It may be applied in applications such as the empirical mode
decomposition algorithm, where an interpolation scheme is required in its
sifting procedure.

Second, we introduce a novel approach to instantaneous frequency es-
timation of (non-stationary) signal components. This approach consists of
combining the “best” parts of the empirical mode decomposition and the
synchrosqueezed wavelet transform into a hybrid EMD-SST scheme. In
a nutshell, we apply a modified SST to each IMF produced by a modified
EMD. While our modified SST assures non-negative instantaneous frequen-
cies of the IMF’s, the EMD eliminates the guessing work of the number of
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signal components from the digital image of the original SST approach.
More specifically, we modify the SST to process signals on bounded or half-
infinite time intervals by applying VM wavelets with stacked knots, whereas
we replace the standard cubic spline interpolation in the sifting process of
EMD with our real-time spline interpolation scheme for bounded intervals.
In addition, we replace the Hilbert transform of the original EMD approach
by our modified SST to avoid artificial extension of the IMF’s to the real
line, solving many computational issues.

We apply this scheme to different test signals to obtain visual results
and error comparisons. According to these results, our approach provides
a significantly more accurate instantaneous frequency estimation of signal
components than the original EMD-HSA approach. The construction of
IMF’s through EMD is also improved by our real-time spline interpolation
scheme.

In this dissertation, we have implemented the original formulation of
the EMD algorithm, only replacing the standard cubic spline interpolation
scheme by our real-time spline interpolation method. Further work must
be done to improve this algorithm by implementing some of the many ex-
tensions to EMD in the literature. One example of such an extension is
the ensemble EMD, which aims to make EMD more accurate and robust to
noise.

In addition, it is our goal to replace the SST in our hybrid EMD-SST
approach by the direct method for instantaneous frequency estimation, in-
troduced recently in [16]. This method can be realized in near real-time,
and it can be extended directly to the multivariate setting.
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