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ABSTRACT
Eshelman, Chad Edgaensitivity Comparisons and Average Run Lengths of the
MEWMS and MEWMYV Control Charts using Individual Observations with

Sngular Mean Shifts and Variance Changes. Published Doctor of Philosophy
Dissertation, University of Northern Colorado, 2009.

In statistical process control (SPC), continued development of techniques look for
new monitoring charts for processes with multiple correlated variables. dchacharts
are the multivariate exponentially weighted moving standard deviation (MEVdME)
multivariate exponentially weighted moving variance (MEWMV). Origindiveloped
by Huwang, Yeh, and Wu (2007), and furthered by Hawkins and Maboudou-Tchao
(2008), these control charts monitor the trace elements of the respectiveramvaria
matrices for a change in values of the multivariate process using indiglthexvations.
Originally, control chart parameters were developed during the simulatiorsprioce =
2 and p = 3 process variables. Using computer simulations of 10,000 replications, further
development of the MEWMS and MEWMV used p =5 and p = 10 correlated variables
with individual observations to develop control chart parameters and determine the
sensitivity of the MEWMS and MEWMV compared to the multivariate CUSUM and
MEWMA charts in their detection of a singular shift of mean, a singulargehan
variance or a combination of the two.

Initial findings from this dissertation suggest that both the MEWMS and
MEWMV control charts are highly sensitive to small changes of a singheesit in the
covariance matrix and sensitive to changes in a single element of the obsenabon ve

When comparing the MEWMS and MEWMYV control charts to the MCUSUM and



MEWMA control charts popularly used today, it was found that the MEWMS and
MEWMV control charts are less sensitive to mean shifts than the MCUSUM or
MEWMA. However, it was also shown that the MEWMS and MEWMV are much more
sensitive to changes in elements of the covariance matrix than the MCUStiMihve

MEWMA control chart is insensitive to any changes of variance elements
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CHAPTER |
INTRODUCTION

Backaground Information

Statistical process control, or SPC, was developed as a method of controlling
process characteristics in the manufacturing process, but has evolvedcsiapgl
expand. Before the formal introduction of SPC by Walter Shewhart in 1925, quality
control was individually overseen by those tradesmen producing goods. This formal
introduction of SPC worked to control explainable causes of variation of goods.
Shewhart’s baseline control chart gave rise to multiple charts that expartted a
improved upon the detection capabilities of the original control chart. Major
developments in SPC followed Shewhart’s initial chart, and industry over the ¢ast tw
decades has demanded further control charts’ development.

Shewhart’s (1925) original control chart used the mean of product chatarseris
to determine if the process characteristic fell within specificatiorsléthe values of
these product specifications are specified by design engineers, productianeristia
values are generally unknown. Sampling items drawn from the production line provide
data for estimation of product characteristics. While these measureanemist exact,
they do provide an adequate determination of a process characteristicsaoomplith
functionality.

Sampling from the production line helped to create a baseline measurement for

testing process characteristics. Further tests were developed to momges, naoving



ranges, and multiple variables, or attributes, of manufacturing processes. pbsepoir
these control charts was similar to that of Shewhart’'s (1925); to monitor a ntanuofac
process and signal when a process had gone out of control (OOC). Development of a
multivariate control chart allowed for the monitoring of multiple related psoces
characteristics.

One of these multivariate control charts was the multivariate exponentially
weighted moving average (MEWMA). Lowery, Woodall, Champ and Rigdon (1992)
developed and introduced the MEWMA. The MEWMA is the multivariate expansion of
the exponentially weighted moving average (EWMA) introduced by Roberts in 1959.
Comparisons by Lowery et al. (1992) and Montgomery (2005) of the MEWMA to the
multivariate cumulative sum (MCUSUM) control chart suggest little diffee in the
power of the MEWMA and the MCUSUM control charts’ ability to detect a prosia$is
in the mean vector.

Current research of MEWMA control charts has explored the effects of individua
observations in process control. One such study was that of Huwang, Yeh, and Wu
(2007) which studied the ability of two modified MEWMA control charts to detect
uniform changes in the covariance matrix, rather than the mean vector aloniestThe f
modified MEWMA chart studied by Huwang et al. was the multivariate expadignti
weighted mean squared (MEWMS) chart. This control chart was designegdoale
uniform change in all the variance components while the mean vector remaioatrah c
and plotted the trace of the exponentially weighted covariance matrix monitoring
variance changes with correlations between the process characterigisgcond

modified MEWMA chart used by Huwang et al. monitored a uniform changé in al



variance components as well as a shift in the mean vector. The second dedrtheal
multivariate exponentially weighted moving variance (MEWMV) chart, usedrace of
the covariance matrix, while also calculating an exponentially weightethmaverage
for the mean vector. This simulation study measured the overall performahee of t
MEWMS and MEWMV when a single variance element changed with appropriate
covariance values and uniform correlation between process chatastemns compared
performance to previous MEWMA studies using the average run length (ARL).

ARL is defined by Montgomery as, “Essentially...the average number of points
that must be plotted [on a control chart] before a point indicates an out-of-control
condition” (Montgomery, 2005). With every control chart, there exists a distribution that
describes the behavior, or shape, of the run length distribution. Similar to other
distributions, run length has a mean and standard deviation. The mean of the distribution
is the ARL. When a process is in control, the ARL is known as the in-control ARL
(ARLy).

The purpose of this research paper is to identify the sensitivity of the MEWMS to
detect a change of a single element of the covariance matrix andWg@/detect a
change of a single element of the covariance matrix and/or an individual mieam thie
mean vector and compare these findings to the MEWMA and MCUSUM control charts.
Original research on the MEWMS and MEWMYV charts by Huwang et al.(20@d) us
p=2 andp=3 process characteristics. Further research on the MEWMV was conducted by
Hawkins and Maboudou-Tchao (2008) which algebraically simplified the control chart
statistics. This study examined the sensitivity and ARL propertigedIEWMS and

MEWMYV charts for singular characteristic changes wpef, p=3, p=5, andp=10



process characteristics, which expanded on the research of HuwangedtHdvekins

and Maboudou-Tchao. Previous studies have shown that the original MEWMA control
chart and MCUSUM control chart can detect small shifts in the mean veat&hgjui
however, discussion concerning detection of a change in variance is rela¢welsimd

little information is currently published.

Notations and Assumptions

For this dissertation, underlined lower case letters denote a vegtdx (atrix is

denoted as underlined upper case leffeysThe vector of observations is assumed to be
of dimension opx1 unless otherwise stated. The simulated sample covariance matrix is

designate&. The vector of observations is assurpadiriable normally distributed with

mean vectorand covariance matri, which is gp x p positive definite matrix.

Pur pose of the Study

This dissertation examines and discusses the measurement of averaggthun le

(ARL) of the MEWMS when a single elementimas changed while maintaining an in-

control mean vectory ). Additionally, this dissertation will examine the ARL of the
MEWMV when both . and Zhave experienced single element changes wiveze

p=3, p=5, andp=10 process characteristics for individual observations. The purpose of
this simulation is to develop the sensitivity and ARL measurements of tNéNVEEthat

can be applicable in a situation when the covariance of a multivariate procegesha
while the mean vector has not. This simulation study will also develop the ARL
measurement and sensitivity of a singular change for the MEWMV when theéarmea
matrix changes and mean vector shifts in a single position. Developinguihdseagth

tables will assist in identification of a change and allow for a timalgection back to in-



control specifications. Simulation studies were performed to develop the run length
distributions for both in control (IC) and OOC run lengths using the modified MEWMA
control charts introduced by Huwang et al.(2007). The ARL of the distributions were
calculated to determine the general form of the distribution and to develop control chart
limits.

Sgnificance of the Sudy

Should these control charts prove capable of detecting a singular change in the
covariance matrix and detecting a singular change in both the coanmatiix and the
mean vector (where applicable), these advances will contribute to improved cbattol
development. If the MEWMS detects a change in the covariance matrix and the
MEWMYV detects a change in the covariance matrix as well as a shift inedre vector,
both charts will be a significant contribution to the field of SPC. It has beeestedg
that any changes in the covariance matrix may lead to a shift in the mean(Vettor
Lin, Zhou, & Venkataramani, 2003). If a change in covariance does correlhta mi¢an
vector shift, use of the MEWMS and MEWMYV will be more effective in detecting
changes in process characteristics faster than monitoring the méanalece. With the
identification of a change in the covariance matrix, the phase | process conidebe
shorter allowing the phase Il process to begin earlier. In addition, detaot@@C
signal using the MEWMS or MEWMYV could lead to earlier corrections to the ggoce

than if using the MEWMA or MCUSUM charts alone.



Satement of Research Questions

The following questions are addressed in this study:

Q1 Does the MEWMS control chart monitor for a singular change in the
covariance matrix and mean shift more effectively than the MEWMA
or the MCUSUM control charts?

Q2 Does the MEWMV control chart monitor for a singular change in the
covariance matrix and mean shift more effectively than the MEWMA
or the MCUSUM control charts?

Q3 What are the appropriate values for the control chart parameters for the
MEWMS and MEWMV to create an ARlapproximately equal to
370 (per Huwang et al. (2007) and Hawkins and Maboudou-Tchao
(2008))?

Limitations of the Sudy

The distribution run lengths will be compared with studies from Hawkins and
Maboudou-Tchao (2008), Huwang, Yeh and Wu (2007), Hawkins, Choi, and Lee (2007),
Montgomery (2005) and Jones (2002). These scenarios were used as the basis for
simulation development and the average run length values of these scenariosedere
for comparison. Other control charts used for comparison are the MCUSUM and
MEWMA. Comparison of run length to all current studies published would be
unnecessary due to similar results as the aforementioned studies.

Restrictions to the MEWMS and MEWMV charts development include the
weighting parameters, of the equation for test statistic calculation. The development of
the MEWMS and MEWMV is similar to the MEWMA in that a weighting value i&gi
to the most recent observation, and the value of one minus this weight given to the prior
observation. In this simulation study, weights for the current observationseefiure as
o ={0.1, 0.3, 0.5, 0.7, 0.9}, similar to Huwang et al. (2007). While simulations could

examine every value of weights, the weighting values are infinite due toiaumrg



range of values, and may give similar values within deciles of weighteggdRch using
the MEWMA suggests that the value of the weighting parameter is direlzted to the
size of shift attempted to detect; that is, small values of weighting fdr smfasizes
and large weighting values for large shift sizes (Stumbos & Sullivan, 2002). kkaeiki
al. (2007) suggests a range of weights (0.46 to .5) that will retury&\RLthe range of
370.

A similar restriction exists for the MEWMYV chatrt. In the developmenhef t
MEWMV control chart, a weighted moving average was calculated for thei@ova
matrix in Hawkins and Maboudou-Tchao (2008). The weighting parameter used for this
equation was alse. Values foro were restricted te = {0.1, 0.3, 0.5, 0.7, 0.9}. Similar
selections were made for the weighting parametier the MEWMS charts.

Another limitation to the development of the MEWMS and MEWMYV charts is
the correlation levelg, among the variables. This simulation study will use uniform
correlations between variables such {hat{0.1, 0.3, 0.5, 0.7, 0.9}, similar to the study
of Huwang et al.(2007). The purpose of using a uniform correlation matrix i$ that i
ensures a positive definite matrix for the generation of the observations. Odzeches
multivariate control charts have used levels of correlation between varwdliles
(medium correlation) and 0.9 (high correlation). While using the full range oflatoore
values is possible in computer simulation, there are infinite valyes Réstricting the
number and levels of correlation removed unnecessary simulations.

Additional limitations to this dissertation include limiting the mean simitt
variance changes to singular changes across a single component value. Thesezlue

this simulation were initially used by Huwang et al. (2007) upi#g andp=3 process



characteristics. The expansion of this dissertation to the research of ¢jednand

Wu worked withp=2, p=3, p=5 andp=10 process characteristics for the MEWMS

control chart. Research from Hawkins and Maboudou-Tchao (2008) dealt with a broader
range of process characteristics, ranging fps18 to p=50 process characteristics.
Expansion beyond Huwang, Yeh, and Wu’s uniform shift of means or uniform change in
variances resulted in infinite unnecessary combinations for simulation.

Definition of Terms

Average Run Length (ARL)The average number of successive points produced

in a control chart before a signal of an out-of-control situation.

In-control ARL (ARLg): The ARL produced from a process that has no deviation

from original specification, i.e. no shift or change has occurred.

Out-of-control ARL (ARL): The ARL produced when a change, or shift, in the

process has occurred.

Variance ChangeSimilar to a change in mean values of a process, the covariance

of the multivariate process has changed due to the production of more extreme values

while maintaining a constant mean vector.



CHAPTER Il

REVIEW OF LITERATURE

Chapter two discusses the development of the control charts from the ueivariat
standard deviation and variance to control charts monitoring the covariance matr
addition, the MEWMA and MCUSUM are discussed, leading to the development of
Huwang, Yeh, and Wu'’s (2007) MEWMS and Hawkins and Maboudou-Tchao’s (2008)
MEWMV control charts. For any of these control charts, the choice of whichtohzse
will depend upon the sample size, number of variables measured, and change or shift of
interest. In many cases, SPC is not interested in a decrease in the pao@exe or
standard deviation; as such changes imply improvements (precision) in prodadtion a
measurement techniques.

Control charts are used as graphical representations of trends in parameters i
SPC. A center line is used as the mean value for development in phase | of SPC to
determine a known baseline value of comparison. From this center line, conit®blie
developed using probability distributions associated with the type of parameigr bei
monitored; typically working within £&. In the case of standard deviations, a Gamma
function is used to determine a correcting value to create an unbiased calculdt®n of t
approximation of the standard deviation. The control chart associates’ withd the®

distribution probabilities to create control limits (Montgomery, 2005). Whileyma
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different control charts exist, few monitor process variance, standardideyatin the
multivariate case, covariance.

Scharts are used to monitor the standard deviation in a univariate control setting.

(I1.1)

Montgomery (2005) points out that equation (11.1) is not an unbiased estimator for the
population standard deviatiom, For the univariate case, using the standard deviation

from m-samples of size n, the average is calculated:

5= (I1.2)

While this approximation of is still biased, equation (I.2) defines the center line and is
used to determine control limits for teeontrol chart. Typically, the centerline and

control limits are determined by:

UCL = Bgo (I1.3.a.i)
CL = c,0 (I1.3.a.ii)
LCL = Bsa (I1.3.a.iii)

wheno is known and4, Bs andBg are available from most SPC texts, such as

Montgomery (2005). However, whenis unknown, the control limits become:

UCL = B,S (11.3.b.i)
CL=5 (11.3.b.ii)
LCL = B55 (I1.3.b.iii)

whereB, andBg; are constants provided in most SPC texts.
Once Phase | of SPC is complete and the process is stable and assumed in control,

Phase Il of SPC begins. From each new Phase Il sample taken, the stavidtichde
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calculated and plotted on a chart using the control limits from equation (11.3). dtespr
continues until an OOC signal occurs, at which time corrections can be made.

The development of th& control chart is similar to the s-control chart. Sample
data collected in Phase | are used to calcafdtar m-samples of siza using the

equation:

n

2 (% =x)°
S=— (11.4)

The average of thervariances are computed and used as the center line:

2
i

2 _2X

&

52 = nlls (11.5)
As discussed earlier, the variance of the samples is distribugédusing theg
distribution and a level of significance 6}’2, thes? control chart parameters are:
UCL = %X;/m_l (1.6.a)
CL=s2 (11.6.b)
LCL= 22 aaynos (11.6.)

Upon completion of phase | measurements, phase Il processes are measuraiteand pl
on the Shewhart style control chart using the calculated control limits fr@h (I

Development of the Univariate Cumul ative Summation (CUSUM)

Another chart designed for SPC is the cumulative summation chart, or CUSUM.
The CUSUM control chart was designed to monitor an individual observation or the
mean of a logical subgroup. Originally developed in 1954 by E.S. Page, the CUSUM was
touted as “a fundamental change in the classical procedure [of SP@ja(8a1959).

Page (1961) made additional contributions to the development, with the expanded
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explanation of the CUSUM which suggested that the downward direction in
measurements may be considered good, so the use of a lower control limit of zero is
useful. In the case of monitoring standard deviation and variance, this conceptuelds t
as any decline in measurements implies an improvement in measurement techniques
A modified CUSUM technique is that of the tabular CUSUM control chart
(Montgomery, 2005). Ifi, were considered a target value, the tabular CUSUM creates
statistics by accumulating the deviation from the target value. Thisotchtrt does not
use a center line for reference, but rather begins at a starting state.of abular
CUSUM statistics are given by:

Ct = max[0,x; — (uo — K) + Ci*,] (11.7.a)
C; =max[0, (up — K) — x; + C;_4] (1.7.b)

wherex is the observed characteristity; = C; = 0, and K is a reference value

expressed as one-half the shift sizegjmes the standard deviatiast,

K= -0 (11.8)

2

(Montgomery, 2005).

The final component used in the tabular CUSUM is the decision interval of the
control chart, referred to & (Montgomery, 2005)The value oH is considered the
upper control limit forC;fandC;~ and, “...a reasonable value fidris five times the
process standard deviatieh(Montgomery 2005, p. 391). Koning and Does (2000)
showed that the CUSUM performs very well when individual observations arentsed a
small mean shifts have occurred.

Another technique in CUSUM charts uses modifications that transform the

observations into standardized data for monitoring. The standardized chartoallss f
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of values oK andH that do not change due to scale dependency, or dependesicy on
(Montgomery, 2005). The design allows for development of a CUSUM that monitors
process variability. Using a standardized value:

[yil-0.822
v, = WX
0.349

(11.9)

wherey; = (x; = ”0)/0, Hawkins (1981) suggests that the standardized CUSUM is

sensitive to changes in variance rather than mean changes. The téissdi@tithe two-
sided standardized CUSUM are:
St =max[0,v; — k + S;" ;] (I.10.a)
S; = max[0,—k — v; + S;_4] (11.10.b)
whereS; = S; = 0. The statistics are plotted on a Shewhart style control chart, using
the parametdr as an upper control limit that signals OOC.
First developed by Lucas and Crosier (1982), the FIR is designed to identify a

shift earlier in the process by startigjandC; or S§andS, at one half of the value &f
(g) or a 50% head start. Head start values are determined prior to measuremerd and gi

increased sensitivity to the control chart (Montgomery, 2005).

Development of the Univariate Exponentially Weighted Moving Average (EWMA)

Originally called the geometric moving average, the exponentiallyhte=
moving average, or EWMA was developed by S.W. Roberts (1959). EWMA control
charts were developed to monitor consecutive observations and place gredieoweig
the most recent observation. Similar to other control charts, the EWMA charttexiplot

about a center line. Roberts used control limits 8; when using sample means and
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i%a,zwhen using standardized observations, whegris the standard error of

measuremer([%).

EWMA control charts were designed to detect a shift in the mean of a process.
The shift size is designated @ssuch that the process is centered arqynd §. In an IC
process situatiord=0. Whens§ # 0, the EWMA detects small shifts quickly.(Roberts,
1959; Prabhu & Runger, 1997). The general form of the EWMA statistic is:

zi =2+ (1 —z;_4 (1.11)

where0 < A < 1, is a constant weighting parameter and the observation value.
Typically zy=po or, if the population mean is unknowgsz (Montgomery, 2005).

Control limit development for the EWMA is based on the weighting parameter,
and a width valud,. Research by Crowder (1989) and Lucas and Saccucci (1990)

developed values af for different ARLs. The control limits for the EWMA are:

UCL = uo + La\/% [1—(1—2)2] (I1.12.a.i)
CL = py (I1.12.a.ii)
LCL = py — La\/ﬁ [1— (1= 2)2] (I1.12.a.iii)

After the process has run for several periods, the control limits converge to:

UCL = py + Lo /% (11.12.b.i)

CL = u, (1.12.b.ii)
LCL = o — Lo | = (11.12.b.iii)
Montgomery (2005) suggests that using the control limits from (11.12.a) impheve t
sensitivity of the EWMA early in the process. Head start techniques wottkdf@@\WMA
(Lucas & Saccucci; MacGregor, J.F., 1990) (Sweet, 1986)allowing for a tkesemtion

of a shift.
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Devel opment of the Exponentially Weighted Mean Squared (EWMS)

The EWMS was designed to monitor the standard deviation of a process.
Originally suggested by Wortham and Ringer (1971), Crowder and Hamilton (1992)
discuss the specific use of a EWMA to monitor process variability. Sweet (4886 g
and Case (1989) discussed different methods of monitoring process variability. However
the use of the EWMA to monitor the mean squared deviation, called the EWMS, differs
from these designs. Unlike the EWMA discussed earlier, which could monitor mea
shifts using individual observations, the EWMS discussed by Crowder and Hamilton
requires a sample of n > 1 to calculate the process standard deviation. Addittbeally,
statistic involves a linear transformation of the variafice”. MacGregor and Harris
(1993) introduced another model of the EWMS which used the variance and the
calculation of the statistic:

S? = Ax; — w2+ (1 - D)S%, (11.13)
wherex is the observed characterisfids the weighting parameter, ands the IC target
value of the process. It can be shown whisnarge E(S?) = 2. As a results? has an
approximatey? distribution (Montgomery, 2005). Using this information, the root of the

statistic (11.13) can be plotted on a control chart using:

2
X"'a/z

UCL = g, (Il.14.a)

Xﬁ _a
LCL = a, /17/2 (I1.14.b)

whereg,is the IC target value of the process and @

;’U are the degrees of freedom for

the y? distribution (Montgomery, 2005). The statis{/(‘s"ii2 is plotted on a Shewhart style

control chart and monitored until OOC is signaled.
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Development of the Exponentially Weighted Moving Variance (EWMV)

Several approaches have been taken to develop a EWMA that monitors variance
components. Wortham and Ringer (1971) and Harris and Ross (1991) developed a
control chart commonly known as the exponentially weighted moving variance
(EWMV). Further development from MacGregor and Harris (1993) and Sparks (2003)
discuss the calculation of the statistic:

St =wl—y)*+ (1 - w)SE, (1.15)
wherex is the observed characteristicjs the weighting paremeter, apdis the
approximate process mean given by the EWMA from equation (11.11). Using the
approximate process mean is especially convenient when the mean variesuétoé re
process continuation (MacGregor & Harris).

MacGregor and Harris (1993) derived control limits for the EWMV using the

x? distribution and the expectation of the sample variance. The square root of th¢ EWM
statistic< fo) was plotted against the control limits in a Shewhart style control chart.

MacGregor and Harris demonstrated the EWMYV control chart was a gbeftilwhen
monitoring changes in variation as well as shifts in the mean vector. The EWMV control
chart is especially useful when single observations are used, or wheratibssrare

auto correlated (MacGregor & Harris).

Development of the Multivariate CUSUM (MCUSUM)

Following the univariate design first introduced by Page (1954), multiple
CUSUM charts being used to monitor multiple variables was common practice (Wooda
& Ncube, 1985). Rather than working with multiple CUSUM charts, Woodall and Ncube

(1985) suggested creating a single control chart to monitor multiple variebliesl the
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Multivariate Cumulative Summation (MCUSUM) control chart. Statidtcghe
MCUSUM were developed as two separate statistics:

s; =max (0,5;_1 + (x; —a) — k) [upper side] 1.16.a

t; =min(0,s;4 + (x; —a) + k) [lower side] 11.16.b
wherea is the IC target value of the process &rsithe head start value of the
MCUSUM. The value ok must meet specific criterion; the lengthkas determined by
the covariance matriX such thak 'S k = k? wherek is the scalar value of the lengthkof
that is determined by which is used in equation (I1.16) to bring the values of the

equation closer to zero (Crosier, 1988). Simplified versions of equation (11.16) are:

Co={(Si1 + X)E (511 + X)) 2 i € < Ky 1172

or

C; = {(gi_1 +X;) (1 - %)}1/2 if ¢, > ky I1.17.b

4

wherex is the vector of observed characteristigs0, andS, = 0. The statistics were

plotted on a Shewhart style control chart using the control paranteteeyelopment of

an alternative MCUSUM by Crosier worked with the positive square root of the
MCUSUM function described in equation (11.17) to develop ARL curves for the
MCUSUM control chart. Most original designs involving the MCUSUM control tchar
suggest using multiple MCUSUM charts to monitor pligrocess characteristics as
discussed by Woodall and Ncube (1985), Pignatiello and Runger (1990), and Huwang,

Yeh and Wu (2007).



18

Development of the Multivariate EWMA (MEWMA)

With the expansion of the exponentially weighted moving average to a
multivariate application, Lowery et al. (1992) developed a control chart traswell
for detecting small shifts in the mean or observation vector. Developmdérat of t
multivariate exponentially weighted moving average (MEWMA) controttasdased
on the observation vectors such that the first stage of statistics is eldwat

Zi=rxi+(1—1)Zi4 (1.18)
wherex is the observed characteristic veciy=0 andr is the weighting value pre-
determined for the MEWMA desigg; is then used in the calculation of the MEWMA

control chart statistic:

T =2%,Z (1.19)

14

whereggi ={r(1 - (1 -7r)?)/(2 —r)}Z and is asymptotic B, = {r/(2-7)}z.

The new test statistic is plotted against a set control lmmithereh > 0. Choosindn is
determined by the choice of ARLHawkins, Choi and Lee (2007) and Prabhu and
Runger (1997) published various table valuedftar corresponding ARL'’s.

An advantage to using the MEWMA control chart to monitor process components
is that a single control chart can monitor several process charécdesisiultaneously.
Kim and Reynolds (2005) discuss a situation when the MEWMA was used for unequal
sample sizes. Hawkins, Choi, and Lee (2007) found that the MEWMA works well for
monitoring process characteristics when the covariance matrix is fo#y thian just the

main diagonal oE.
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Development of the Multivariate Exponentially Weighted Mean Squared (MEWMS)

The first control chart used in this simulation study is the multivariate
exponentially weighted mean squared (MEWMS) control chart. Using previous
developments in the EWMS control chart, the MEWMS uses observation or mean
vectors as values in the control chart development. Design of the MEWMS ltyigina
discussed by Huwang, Yeh and Wu (2007) focused on the trace of the covariance matrix
produced from vectors using individual observations. Huwang et al.worked with
scenarios where the variance elements changed uniformly for all edsewables.

The covariance matrix used by the MEWMS control chart employs the wetighte
covariance matrices from consecutive observations. Equations from Huwang, Yeh and
Wu (2007) give the developmental equation:

St = wxix; + (1 - w)S;4 (1.20.a)
wherex is the vector of observed characteristicss the weighting parameter such that
0 <o <1andS, = x;x,". The simplified formula for this equation is:

Sy = Xieq Cixix; (11.20.b)
wherec; = (1 — w)t %, ¢; = w(1 — w)t~ ¢ such thapl_, c; = 1 (Huwang, Yeh, &

Wu). Using the value from equation (11.20), the test statistic is calculatéaking the
trace ofS:

Test Statistic 1Ty, = trace[S,]
whereTg, = 0. The test statistic is plotted on a Shewhart style control chart using the

control limits:

ptlL /Zp Yiicf (1.21)
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0  2-20 (1- @) which converges tezw— ast >candL is
— Q@

t
where > c? =

-y 2-w 2-w
provided by Huwang et al.f@=2 andp=3 process characteristics. One of the goals of
this dissertation is to determihehrough simulation that provide ABE 370 wherp=5
andp=10 process characteristics.

Development of the Multivariate Exponentially Weighted Moving Variance (MEWMV)

The second control chart used in this simulation study is the multivariate
application of the EWMV. First discussed by Sweet (1986) and MacGregor and Harris
(1993), the multivariate exponentially weighted moving variance (MEWMYV) bges t
vector form of the EWMV statistic from (11.15) to develop the equation used by Hywan

Yeh and Wu (2007):

Vi =w (gt — Xf) (gt — Xt)’ +(1-wV4 (11.22)

wherex is the observed characteristic vectois the weighting value such that @< 1

andV, = ({1 — Xl) (51 — Xl) . The approximation foy; is developed using the
MEWMA of the process at timefrom equation (11.18) as described by Lowery et al..

(1992). The test statistic for the MEWMYV is found by taking the trace of thexma

resulting from equation (I1.22) and is:

Ty: = trace [Zt] (11.23)
whereTy, = 0. Using equation (11.23) allows for the detection of a shift of the mean as
well as detection of a change in the covariance matrix.

The control limits of for the statistic from equation (11.23) was based ogy the

distribution as explained by Huwang et al. (2007) to give the control limits of
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E[tr(V,)] £ L /Var[tr(zt)] (11.24)

whereL is a constant and is dependent upon the valugssgfandi from (11.22). The
value ofL was determined through simulation to correspond to a desired @fivang,

Yeh, and Wu). From equation (11.22) the linear expansion of the MEWMV equation is:

(&- - Xi) =x; — Xjo AL = Dy, (11.25.a)
= (1= D = A1 = Dy — = A1 = Dy (11.25.b)

wherei=1, 2... t. From equation (I.25), the expansion to matrix form is:

(&Xl)] 1-2 0 0 x1
x-Y)= s '=[ SR S ]*I] (1.26.a)
(&_Xt) —A(1—-14) e 1= |x,

0

A 0
and letM = [ : A 0]
AQ =Dt e 2

andl, is ap X p identity matrix, then from (11.25.a)

(1) |
(X-Y)= P =L -M)X (11.26.b)
(Et - Xt) J
1-w)t1 0 0
Now, letC = [ 0 0], so equation (11.22) is now modified to:
0 0 w
Vi=&-Y)cE-Y)=X({l-M)cL,-MxX  (l27.a)

and letQ = (I, - M)'g(g — M) = g;; where I<iand j<t, such that:

V., =X'0X (1.27.b)
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Using the linear expansion of the MEWMYV statistics allows for the developohé&me
control chart limits. The control limits for the MEWMYV test statisticg{I8tatistic 2) as

described by Huwang et al. are:

ucL: pltr(Q)+L Zpi:iqf (11.28.2)
LCL: p[tr(Q)]-L ZpZt:Zt:q”z (1.28.b)
j=1 i=1

where values fo@ are calculated using techniques described in equation (11.27) iand
determined in simulation study to provide an AR approximately 370 fgp=2 and
p=3 process characteristics per Huwang et al. The calculated tesicstatjgation 11.23)
from the trace of equation (I1.22) is then plotted on a Shewhart style contrblishng
the control limits from either (11.24) or (11.28). The OOC is signaletidf test statistic is
plotted outside of the control limits defined by equations (11.24) or (11.28).

Yeh et al. (2003) first introduced the multivariate EWMA-V chart as an
alternative to the§ control chart and was the predecessor to the MEWMV chart which
he co-authored (Huwang et al., 2007). In the study, the EWMA-V chart was developed
to monitor the change in the process variability and the counterpart EWMA-M dart w
developed to monitor the process mean (Yeh et al., 2003). Yeh et al. concludedthat usi
these two control charts together were a better alternative than thevVMMEREyNolds
and Cho (2006) explored the use of the MEWMA using regression adjustments to
monitor the change in the covariance matrix and the shift in the mean vector. Reynolds
and Cho, as well as others including Huwang et al., have examined a single directiona

change, since the combination of directional shifts can vary in multiple conabisati
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New developments by Hawkins and Maboudou-Tchao (2008) calculated a
standardized test statistic that used the traditional height paramedenyvkins and
Maboudou-Tchao generated the control chart equation:

Test Statistic 2, = tr(S,) — log|S,| — p
whereS,, = (1 — w)S,_; + wx,x, , taken from equation (11.20.a) ards the
standardized observation vector. The statisficis sequentially plotted on the control
chart and compared to the height paraméterhe process signals OOC whered.
Hawkins and Maboudou-Tchao published valuels fofr ARLy's ranging from 100 to
2000. Hawkins and Maboudou-Tchao’s new control chart is an algebraically simplified
statistic compared to the statistic and control limits developed by Huetaig2007).
Simulated control charts for the MEWMYV were tested against Hawkins and Maboudou
Tchao’s new design for sensitivity of a singular characteristidagfihge with
individual observations.

Development of the Control Limit Parameters, L/h

In the cases of MEWMS and MEWMYV the control limiter control limit
componentl, are pre-determined for values of ARRdpproximately equal to 370.
Values forL were published by Huwang et al. (2007) per2 andp=3 process
characteristics as a mathematical component of the control limit. &sl statiuwang,
Yeh, and Wu, the values bfwere unknown and determined in simulation. Using the
published values df from Huwang, Yeh, and Wu, replicationwf2 andp=3 process
characteristics will determine the relative accuracy of the saitie in the newly
simulated MEWMS to give an accurate starting procedure for expandingati@igvalues

of p. The unknown values &f for the MEWMS using=5 andp =10 process
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characteristics were found in simulation, similar to Huwang, Yeh, and Wue¥afh
were published by Hawkins and Maboudou-Tchao (2008) for the MEWMV control
charts, but values for ARlof 370 were not. The unknown values lowere developed
for p=2, p=3, p=5 andp=10 process characteristics in the MEWMYV using the published
values as starting values and adjusting valuéstofachieve a target ARL
approximately equal to 370. Valueslo&ndh were derived to create an ARL
approximately equal to 370 in the MEWMV and MEWMS to maintain comparable ARL
curves. Knowing that the value forandh will increase due to the increased number of
process characteristiqgs, and value of weighting parameter(Huwang et al., 2007).
The values of. andh were adjusted throughout the simulation to achieve @d&Rturacy
at approximately 370.
Conclusions

While the control charts discussed here are only a small portion of the clearts us
in SPC, they are substantial contributions to control charts that use standandrdaviat
monitor process characteristics. The use of standard deviation or the covarithcasna
the test statistic is still new in the development of SPC. However, theseraereasts
are used in many of the control charts. Since it is commonly believed that thef st
mean is also related to the change in the variance components, it suggestsahgearc
variance components may lead to a change in the mean. With the development of the
MEWMS and MEWMV control charts, new approaches to monitoring process
characteristics were introduced.

Chapter three introduces the theoretical and methodological development of the

MEWMS and MEWMYV control charts first described by Huwang et al.(200d) a
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continued in the discussion of Hawkins and Maboudou-Tchao (2008). The defining
characteristic of both the MEWMS and MEWMV control charts is the use ofabe of

the covariance matrix as the test statistic used in the control chartanl of the
multivariate control charts discussed in this chapter, the covariance masedi|as a

part of the equation of the test statistic rather than the basis of thatisstsiThe

remainder of this dissertation discusses the expansion of Huwang, Yeh, and Wu'’s
MEWMS research that usgg2 andp=3 correlated process characteristics and Hawkins
and Maboudou-Tchao’s MEWMYV research to determine the sensitivity of the NWEW

and MEWMYV to detect variance changes and mean shifts that occur when only a single

element of each, or both, change.
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CHAPTER 1l
METHODOLOGY

The purpose of this simulation study was to establish the sensitivity to a single
variance change and/or single mean shift as well as ARL measurementsewith t
MEWMS and MEWMYV tests using multiple process characteristics. Thserdion
expands on the previous research conducted by Huwang et al.(2007) and Hawkins and
Maboudou-Tchao (2008). Original research explored the ARL of the MEWMS and
MEWMV control charts and the development of the control chart parameters to
determine measures of ARIMEWMS control charts developed by Huwang et al.
monitored for a uniform change in the process variance using the traceslemte
covariance matrices for individual observations witt2 andp=3 correlated process
characteristics. Similarly, the MEWMV control charts describetibyang et al.
monitored variance elements and mean vectors using the trace elementooatiaace
matrix with a different developmental equation ugw@ andp=3 process
characteristics and individual observations. Later research developed anBivan\
control chart that expanded upon the work of Huwang et al. and worked with sample
sizes related to the number of process characteristics (Hawkins & Mabdadaa). The
author wished to determine the sensitivity and the run length distributions and control
chart parameters for the MEWMS from processes p#th, p=3, p=5, andp=10
correlated process characteristics when a single element changestandhee structure

or the observation vector, using individual observations. The author also wished to
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establish the run length distribution and control chart parameters of the MEWIKYV w
p=2, p=3, p=5, andp=10 correlated process characteristics when a single change in
variance and/or a single shift in the mean vector occurred using individual dioserva
Simulations also developed control chart parameters for the ARL distributipa3and
p=10 process characteristics. This chapter discusses the general development of the
previous study and method development for the construction of the expanded MEWMS
and MEWMYV control charts.

Satement of Research Questions

The following questions are addressed in this study:

Q1 Does the MEWMS control chart monitor for a singular change in the
covariance matrix and mean shift more effectively than the MEWMA
or the MCUSUM control charts?

Q2 Does the MEWMV control chart monitor for a singular change in the
covariance matrix and mean shift more effectively than the MEWMA
or the MCUSUM control charts?

Q3 What are the appropriate values for the control chart parameters for the
MEWMS and MEWMYV to create an ARlapproximately equal to
370 (per Huwang et al.(2007) and Hawkins and Maboudou-Tchao
(2008))?

Method Devel opment

Run length distributions were derived through simulations using PROC IML in
SAS version 9.1. This simulated data represented populations with known chaieterist
and known correlation coefficients and data were simulated to have multivariata nor

distributionsX ~ N _(0,1). Initial runs were generated from a population with no shift

0
0 lj) to develop the “Steady State”

. 1
and no variance changg/ (=[z4,+0 ,+0],Z :[

IC ARL as defined by Hawkins et al. (2007). Uniform shifts were introducedheto t
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observation generating matrices before the control chart was testeglthesf'Initial
State” ARL design. Huwang et al.(2007) produced control charts using uruf@nges
in variances of 25%, 50%, 75%, 100% and 200% for the MEWMS control chart when
p=2 andp=3 process characteristics. The same changes in variance valueseace
this simulation, however, variance changes occurred in only one elemenpsfthad
p=3 process characteristics. This simulation expanded the process to smagalace
changes ip=>5 andp=10 process characteristics. Changes in variance also coincided
with uniform shifts of the mean to test the MEWMYV control chart. Shift sizeséor t
mean vector varied by values®f {. 25,.50, 1.0, 2.0, 3.0} per Huwang, Yeh, and Wu.
These mean shifts were placed in the last element of the observation vectors. The
variance changes were placed in the last element of the covariance ntatthew
appropriate changes of the off diagonal elements. Values used in the chdmege in t
variance matrix changed by valuessof {1.0,1.25, 1.50,1.75,2.0,3.0}. The MEWMS
and MEWMYV control charts are discussed separately as tests to explsieghsy step
development of the simulation as well as the control chart processes for each.

Methodological Devel opment of the MEVWMS Control Chart

This simulation study expands upon the previous work of Huwang et al.(2007)
which developed control chart parameters and studied the ARL of the MEWMSI cont
chart usingp=2 andp=3 process characteristics. This dissertation psexj
p=3, p=5, andp=10 correlated process characteristics to develop the new control chart
parameters and explore the sensitivity of the MEWMS chart to a single change in
variance. Furthermore, this dissertation will explore the ARL distributiohesfet

multivariate cases of the MEWMS when a single component of the distribution shange
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The number of process characteristics monitored in previous studies range=from
(EWMA) to p=20, where the most common value from previous MEWMA and
MCUSUM studies ip=5.

Each sequence in the MEWMS testing was run using 10,000 replications. The
mean run length, median run length, skewness and kurtosis of the 10,000 replications
were calculated to produce an approximation of ARL for each situation. ThdgkRL
each scenario of mean shift and variance change was then plotted on a graphtbhe show
three-dimensional average run length curves for each test when detectragdhe
combinations of mean shift and variance change. ARL'’s produced in simulatien wer
also plotted in comparative two dimensional graphs showing the comparative dgnsitivi
to either mean shift or variance change for the four control charts.

The number of sampling subgroups of individual observations used in the
simulation weran=1 tom=10,000. The numbers of subgroups were predetermined by
Huwang et al.(2007) to be 20,000 to maintain proper MEWMA technique and to provide
an ending observation point if tpgorocess characteristics remain in control during the
simulation. However, up to 10,000 observation vectors were generated using the Proc
IML step in SAS 9.1 for use in the MEWMS control chart simulation. Previous
simulation research have usad5000 tom=100,000, with common subgroup sizes
ranging from 10,000 to 20,000. Prior research in MEWMA development of ARL have
used subgroups ranging in size framl tom=50,000. Subgroups of value=30 is
widely used; however, Quesenberry (1993) stated that anhed®0 subgroups are
needed for appropriate estimation in non-MEWMA studies. Subgroups are used in the

Phase | process to establish approximation values of control limits. For M8ISE
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control chart, however, the subgroups are used to limit the number of subsets used in
simulation. Hawkins and Maboudou-Tchao (2008) worked with subgroups with sample
sizes that were the desired ARlivided by the number of sampling subgroups used. The
number of sampling subgroups was twice the number of process characteristics
monitored 2 X p). However, it is not unusual in practice to have unequal sample sizes.

Sample sizes for the MEWMS simulation arel, or individual observations, per
Huwang, Yeh and Wu (2007). From previous research, the smallest sample size used was
n=1 (individual observation) to the largest simulated sample sizes2600. Other
discussions conclude that the product of sample 8)zn@ number of subsets)is a
measurable guideline to work with. Yeh, Lin, Zhou, and Venkataramani (2003) suggest
n X m ranging in values from 500 to 600 wher< /0. Another study using the
MEWMA suggested a product valuewfx m that ranges from 200 to 250 where the
number of correlated process characterigisslarge, such gs=10 orp=20 (Lowery &
Montgomery, 1995).

This simulation study used correlation values that were uniformly distributed
across the off-diagonal elements of the covariance matrix using valQgstof0.9,
p ={0.1,0.3,0.5,0.7,0.9}. Huwang et al.(2007) used a range of correlation such that
p =1{0.1,0.2,...,0.9}. The selection of these correlation values reflects weak, moderate,
and strong correlation because multicollinearity is a common occurrenadtivamate
designs. Huwang, Yeh and Wu provided the general form of the population covariance

matrix for the development of observation vectors:



31

2
0; A ) (%)

™4
I

. Using a uniform correlation matrix ensures a positive definite

2
po'po'] cee O'p

matrix for the generation of observations.

The choice of using the value puniformly across the covariance matrix was to
ensure that a positive-definite matrix was used to create the observatians vrevious
studies have tested the MEWMA with multicollinearity issues using etiwalvalues of
p=.50 (moderate) ana=.90 (high). While the correlation of the variables will not
influence the trace of the statistics as designed by Huwang et al.(2@0rtelated
values will influence findings from the MEWMA and MCUSUM used for comparisons
This situation will be discussed further in chapter four.

Values for the weighting parameter in the MEWMS control chart varied in values
of w ={0.1,0.3,0.5,0.7,0.9} similar to Huwang et al. (2007). Several discussions of
weighting values have occurred for the EWMA and MEWMA control charts, with
several studies stating that smaller values afe more effective at detecting small shifts
in the mean vector with larger values detecting larger shifts (Lowexy, 4992; Lowery
& Montgomery, 1995). Earlier discussion stated that the individual values of the control
limit parametel. were dependent upon valueswoéndp. Table 1 shows the layout of
the simulation design giving the levelswfindp used in the calculations of the
MEWMS control chart statistic from equation (I1.20). Previous studies in the MEW
and MCUSUM control chart designs have stated that while larger valuesaof detect
larger shifts in the mean and smaller values can detect smaller slaiftspst consistent

values ofw to detect any shift lies in the rangeuwst.42 tow=.56. With regards to the



MEWMA control chart, the value within this range that is most appropriatelis stil

discussed.

Table 1

Levels of weightingw, and levels of correlatiop, for the generation of observation

vectors for the MEWMS and MEWMV control charts.

0 _p 0 _p 0 _p 0 _p 0 _p

0101 0.30.1] 050.1| 0.70.1] 090.1
0.3 0.3 0.3 0.3 0.3
0.5 0.5 0.5 0.5 0.5
0.7 0.7 0.7 0.7 0.7
0.9 0.9 0.9 0.9 0.9

Methodological Development of the MEWMYV Control Chart

Method development for the MEWMYV control chart is similar to the development
of the MEWMS. Techniques discussed in this section will expand upon the design
described by Huwang et al.(2007) which worked wit2 andp=3 correlated process
characteristics and the further research of Hawkins and Maboudou-Tchao (2008) whic
dealt with sample sizes and large valuep.dthis dissertation expands on the design of
the Hawkins and Maboudou-Tchao MEWMV control chart to determine the appropriate
control limit parameters and examine the sensitivity of the control cloaggfle
process characteristic shift/changes with individual measuremenigurstudies
involving the MCUSUM (Crosier, 1988; Koning & Does, 2000) and MEWMA (Lowery
et al., 1992; Lowery & Montgomery, 1995) worked with a variety of valuep, faith
common values ranging fropx 2 top=20; however, values ranging frgpa5 top =10
are most commonly used.

Sample size for the MEWMV simulation studynsl, or individual observations,

measuring one by one until OOC occurs. Huwang et al. (2007) designed the original
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study with individual observations pfcorrelated process characteristics as an
observation vector;. Each of these observation vectors was treated as a separate
independent subgroup, as discussed earlier. Sample sizes from previous studies involving
MCUSUM, EWMA, MCUSUM and MEWMA all used various sample sizes that
involved mean values/vectorsf2 ton=2000. In designs of the MEWMV using
sample sizes, the use of sample sizes at least twice the number of processes
characteristics monitored was recommended (Hawkins & Maboudou-Tchao, 2008). The
discussion of sample size and number of subgroups has long been discussed as to what
combination is appropriate. Studies from MEWMA and MCUSUM have suggested the
product of sample size and subgroups range froorm=200 ton X m=3000.

Where the MEWMV initially differed from the MEWMS is in the developmeint
the statistic used as the basis of the test statistic. The MEWMV devélpptdvang,
Yeh and Wu (2007) used an exponentially weighted moving average as a mean vector to
calculate the covariance matixfrom equation (11.22). Using a MEWMA statistic to
calculate this value requires a secondary weighting pararhe&milar to the weighting
valuew, A was used to create a weighted mean vector in the MEWMV to monitor for a
shift in the mean vector while the MEWMYV test statistic monitored for a chane i
variance. With the publication of Hawkins and Maboudou-Tchao’s (2008) new statistic
calculation for the MEWMV, the use of the exponentially weighted moving average for
the mean vector is no longer necessary. Instead, the new MEWMYV calculation used the
same covariance matrix calculation as Huwang, Yeh, and Wu’s (2007) MEWMS
(equation 11.20.a), but the equation for the control chart statistic has differetd (Te

Statistic 2).
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Construction of Smulations

Development of the simulation of the MEWMS control chart using PROC IML in
SAS version 9.1 initially began with the development of observation vectors of size
p=2, p=3, p=5 andp=10. Ten thousand observation vectors were generated for each
level of parameter with various mean shift and correlation changes and used in t
MEWMS, MEWMV, MEWMA and MCUSUM control charts to determine ARL’s. Each
observation matrix was run through each individual test where ARL'’s wiendated
and ARL curves were generated for the various combinations of correlgtiand
control chart weightingdf). Calculations for control chart limits were calculated within
the PROC IML statements as well. Adjustments to the valuiernsre made in
simulation to generate ARls approximate to those defined (ARR70) by Huwang et
al.(2007).

Construction of ARL Measurements

The in-control average run length (ARlwas predetermined at a value of 370.
Montgomery (2005), Jones (2002), and Huwang et al.(2007) used this predetermined
value for ARLy in their studies. This value was initially obtained in univariate designs,
where theory is discussed in Montgomery (2005). In an earlier study, Yeh,haua, Z
and Venkataramani (2003) used an ARE400. ARLy were based on control limits
created using the control limit equation (11.21) and depending on the valugsefl in
each equation. Values bfwere found during simulations by Huwang et al. to achieve
the ARLy of approximately 370. Control limit parameters were developed in simulation
by Hawkins and Maboudou-Tchao (2008) and new control limit parameters were

developed in simulation to create the AfRb be approximately 370. Previous studies in
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both univariate and multivariate control charts used A®llues ranging from 185 to

2000 with 370 being the most commonly used.
Test Statistic 1T, from the trace of equation (I1.2P)ots sequentially on a

Shewhart style control chart. This chart, referred to as the MEWMS chakgdwaith
control limits predetermined by Huwang, Yeh and Wu (2007) which were found through
adjustments in simulation to determine the control limit parametdihe control limits
parameterl., for p=2 andp=3 process characteristics were published by Huwang, Yeh,
and Wu. These existing limits are used to determine if the multivariate pried€sor
OOC. Computation of the control limit parametervas found fop=5 andp=10 process
characteristics using the same adjustment techniques in simulatiorcialseteby
Huwang, Yeh, and Wu. The purpose of these values of limits is to compute a simulated
ARL, approximately equal to 370. The run length will be graphed and the ARL
calculated based upon these distributions. Each simulation was run until an OOC signal
was raised, or until 10,000 subsets were sampled. These simulations were run to 10,000
replications and the mean of these replications were used to calculate therAgaLH
scenario.

Test Statistic 2, from the equation (11.28), also plots on a Shewhart stytelcont
chart, referred to as the MEWMV chart using valuels tifat gave ARL approximately
equal to 370. Appropriate values fowere determined in the simulation f®r2, p=3,
p=5 andp=10 process characteristics using regression predicted valbesdfmaking
necessary adjustments in simulation to produce theyARapproximately 370. The
comparison of ARL tables produced from the MEWMS and MEWMV with those of the

multivariate MCUSUM and the MEWMA will follow with ARgvalues matching.
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Evaluation of ARL Measurements

To determine the ability of the MEWMS and MEWMYV charts to monitor process
variability for multiple correlated variables, simulations were rulmpit2, p=3, p=5
andp=10 correlated process characteristics and the distribution of the ARL was

compared to other multivariate control chart distributions. Assume the process produced
observation vectorg~N,, (up,gp), t=1, 2, 3...m. Shift in the process variance was

measured using the trace of the covariance matrix and plotted on the respectole cont
charts. ARLs of the MEWMS and MEWMV charts were studied to determine
effectiveness for identifying shifts in variance. These simulation ARitts were
compared to ARL charts from previous studies by Lowery (1992), Montgomery (2005)
and Huwang et al.(2007). Comparison of ARL values for the various control charts are

discussed in chapter four.
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CHAPTER IV
RESULTS

The purpose of this simulation study was to determine the sensitivity of the
MEWMS and MEWMYV control charts when a single element of the mean vector or
covariance matrix changed. The ARLs of the MEWMS and MEWMV were graphed and
compared to the ARLs of the MEWMA and MCUSUM control charts. Original
development of the MEWMA and MCUSUM control charts was to detect small shifts i
the mean vector. The development of the MEWMS and MEWMYV control charts was
designed to detect changes in the covariance matrix. Mean shifts and theevarianc
changes were introduced in simulation and the sensitivity to detect tteagpestwas
monitored using the discussed control charts.

Method Devel opment

Tables 3 through 15 display the resulting ARdr the MCUSUM, MEWMA,
MEWMS and MEWMV with the correlation between variables of 0.0. Tables 17
through 32 address the ARL values with all simulated correlation values. A&tsval
indicate that the MCUSUM showed little to no sensitivity to the change iancar
components unless those changes were large. Variance changes in the MESUN & r
a sensitivity decrease of this control chart. A decrease in sensitagtg&fined as an
increase in ARL values resulting from the change in variance or méanahpared to
previous control chart runs. These tables are organized such that the mearhghift is t

first column and the variance change is the first row. For each of thetg tha ARl
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was set for approximately 370. Table 4 shows the ARLs for the MCUSUM control
charts.
Table 2

ARL values of the MCUSUM control charts when correlation=0.0

Variance
p Mean | 1 1.25 15 1.75 2 3
2 |0 371.5742 334.8417 295.1528 263.4451 242.4911 172.9827

0.25 110.7083 106.7214 102.3035 98.2189  93.2351  82.1249
0.5 63.0545 61.0558 59.4789  57.9063  56.4184  52.5038

1 34.0018  33.4491  32.8602  32.3493  32.0855  30.7247

2 179540 17.7986  17.6359  17.7309  17.2147  16.8119

3 12.1239  12.0525 119814 12.1036 11.9758 11.7506
3 |0 375.7772 339.2914 309.3775 286.7104 281.8765 189.6674

0.25 153.5514 145.0215 136.6566 131.6526 130.6541 101.5821
0.5 83.6020  81.5229  79.6743  81.1798  77.1638  67.5579

1 44,6231  43.5370 429011 44.6615  42.2722  39.0883

2 22.7574  22.7188  22.5672  24.1955  22.1313  21.2824

3 15.2500  15.3076 15.2640  13.5757 15.0665 14.4811
5 |0 371.2534 353.7594 326.8422 294.6840 275.1339 200.7574

0.25 239.6817 213.4887 193.8697 180.1815 160.5017 126.2775
0.5 155.4436 141.7690 126.8379 119.5488 110.2096 87.4268

1 73.3475 69.1376  65.9051 62.9714  60.0903 52.9791

2 32.2086  30.9999  30.4664  30.1211  29.2457  27.9791

3 19.9246  19.6755 19.2385 19.1548 18.8779 18.2778
10 | O 380.2773 358.1375 337.7441 314.9554 291.7876 215.6140

0.25 322.2781 276.7998 253.2137 229.4624 206.9162 155.5769
0.5 253.0775 214.8527 192.7138 167.0369 148.3471 113.6289

1 138.2853 119.3620 109.8242 97.2196  87.8516  72.2721
2 48.0261  45.7510 44.8901 424210 40.7139  36.0343
3 27.2047  25.9055 24.8293  24.8803 23.9260 22.9570

Tables 3 through 6 are the ARL tables for the MEWMA control chart with no
correlation between the observed variables and increasing numbers of sastzde/ed.
With each increase in weighting values, the sensitivity of the MEWMA deeseal here

is also a decrease in sensitivity with the increase in variance components. rEase et



sensitivity associated with the variance change is apparent in the taigde when
comparing equivalent variance value ARLSs for increasing weighting valué mean
shift combinations.

Table 3

ARL values of the MEWMA control charts when p=2 and correlation=0.0

Weight | Mean | Variance
(value) | Shift | 1 1.25 1.5 1.75 2 3

0.1 0 371.6496 370.8668 374.3083 375.9602 372.8661 368.1014
0.25 110.8831 130.1310 144.4593 163.7582 176.3766 217.8409
0.5 32.4798 40.5109  48.0702  55.1239  62.4493  89.5308

1 9.1762 11.2541  13.1290 15.0099  17.0668  25.1408

2 2.9241 3.4907 4.0592 4.5261 5.1343 7.2038

3 1.6373 1.8965 2.1637 2.4216 2.6573 3.6901
0.3 0 367.6546 368.7479 373.4068 369.3769 371.1513 371.9239

0.25 189.8748 207.9583 228.4455 247.7523 251.1090 287.8718
0.5 43.7327  79.8510 93.1831 107.6894 118.5208 160.3426

1 13.4100 17.2997  21.3209 25.8704 30.0004  46.6551

2 3.3565 4.0610 4.7936 5.5496 6.3996 9.5652

3 1.7902 2.0900 2.4022 2.7211 3.0088 4.3064
0.5 0 370.3705 368.1954 372.6909 373.1647 375.9958 366.3845

0.25 240.4617 257.4602 272.7399 282.1475 291.0797 316.1613
0.5 100.9875 122.0901 140.8612 159.1507 170.7113 215.3747

1 21.3927  28.8100 35.1956  42.9026  50.2943  77.2277

2 3.8469 4.8897 6.0293 7.1516 8.5793 14.4460

3 1.8434 2.2250 2.6036 2.9886 3.3739 5.2511
0.7 0 365.7777 371.5766 368.5220 370.0020 364.0761 363.4680

0.25 277.9842 287.5723 298.2361 309.0823 316.3405 325.6169
0.5 138.4604 162.0115 184.0619 198.5253 214.7689 252.6684

1 33.6906  44.8513  56.2118  66.2183  77.4454  112.6582

2 5.0211 6.5850 8.5256 10.7188  12.8674  23.2660

3 1.9858 2.4463 3.0000 3.6397 4.2605 7.3334
0.9 0 370.9324 369.3624 366.7255 375.3362 366.7302 374.4812

0.25 300.0910 309.3282 320.2460 331.8963 327.1194 348.3158
0.5 178.7719 207.0211 219.9623 238.1180 249.8221 283.3871
1 549644  69.2466  84.2809  100.6299 109.2904 152.1156
2 7.2559 10.3441  13.6466  17.6173  21.2551  37.6965
3 2.2714 3.0226 3.9803 4.9768 6.1089 11.3900
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Table 4

ARL values of the MEWMA control charts when p= 3 and correlation=0.0

Weight | Mean | Variance
(value) | shift |1 1.25 15 1.75 2 3

0.1 0 369.0617 367.3880 365.6250 376.4178 369.8173 362.4943
0.25 129.4805 152.3469 166.9135 183.5927 197.6831 236.0523
0.5 38.4309  47.2468  55.8626  65.2062  71.3292 102.2937

1 10.2221 12.7039 14.8542 16.8749 19.4354  28.4258

2 3.1954 3.8281 4.4530 5.0675 5.6784 7.9699

3 1.7792 2.0720 2.3369 2.6570 2.9421 4.0612
0.3 0 372.6284 373.0501 368.3954 373.2871 369.0304 374.3740

0.25 215.3815 237.9017 251.5433 263.9189 278.4508 304.5622
0.5 79.6967  95.8145 114.7449 125.5584 142.0945 183.9392

1 15.7787  20.9093  25.8828  31.2861 36.5946  57.9626

2 3.6690 4.5024 5.3728 6.2709 7.2279 11.1648

3 1.9300 2.2828 2.6086 2.9808 3.3232 4.7860
0.5 0 369.2408 374.1736 367.6642 372.2041 370.2731 372.9387

0.25 258.3383 277.4758 298.2343 298.5209 310.0356 325.8661
0.5 124.5923 146.5314 164.8319 183.8670 199.3293 231.4324

1 26.0712  35.0094  45.1610 53.8657 61.7744  94.2752

2 4.4018 5.6888 6.9897 8.5822 10.2193  17.8739

3 2.0186 2.4553 2.8747 3.3567 3.8923 6.0919
0.7 0 373.3422 379.5295 377.9229 375.2852 375.8008 378.0775

0.25 296.7437 310.3807 318.8310 325.4146 332.9409 350.1787
0.5 170.9036 192.8274 211.7308 229.6629 240.1536 278.3285

1 443409  58.4641 717746  85.4127  95.7593 137.0808

2 5.9478 8.1307 10.8478  13.5311 16.5152  29.8088

3 2.2154 2.8066 3.5138 4.1791 5.1169 8.8952
0.9 0 372.8597 382.1269 370.0412 372.9045 375.3414 376.5865

0.25 318.1080 325.5133 335.0759 344.6064 341.7795 355.0202
0.5 209.6866 233.6223 250.1950 265.4109 274.5724 298.8875

1 69.4625 90.3744  107.0398 124.1297 138.6917 179.9458
2 9.3173 13.4513  18.1589  23.3757  28.1266  49.7714
3 2.6641 3.6900 4.9405 6.2069 7.7076 15.0767

Table 5 shows the MEWMA control chart ARLs when p=5 variables and
correlation equals zero. With the increased number of variables, the sensdtiagably

decreases. The increase in variance as well as the increase in weightesyalso
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decreases the sensitivity of the MEWMA. These decreases in sepsiititchanges in
variation suggest that the MEWMA is ill-equipped to detect potential variancgehan
Upon further investigation of the control chart ARLSs, the data agreed witlopse
studies stating weighting values are best at or below 0.5 (Hawkins, Choi, 0@&8 as
the sensitivity of each control chart tended to decrease as the weightieg@xeeeds
0.5.

Table 5

ARL values of the MEWMA control charts when p=5 and correlation=0.0

Weight | Mean | Variance

(value) | Shift |1 1.25 1.5 1.75 2 3

0.1 0 376.7386  370.7972  360.6733 370.6359 363.1053 367.1899
0.25 | 153.0740 175.3105  192.9943 213.7551 233.8461 258.7401
0.5 45.8958 58.8607 69.8900  78.2162  89.5633  123.8580

1 12.1080 14.6743 17.3709  20.5224  22.8010 34.6630

2 3.6598 4.4357 5.1339 5.9083 6.5041 9.2798

3 1.9782 2.3303 2.6613 2.9974 3.2971 4.6710
0.3 0 372.5497 369.3572  368.4952 368.4648 372.3185 368.5296

0.25 238.0758  268.0716  274.2624 280.9222 223.3120 318.2317
0.5 99.6632 123.6593  141.1725 154.8659 168.2792 212.1276

1 19.9441 26.8502 33.6341  40.0595  48.0611  75.2514

2 4.2511 5.2627 6.3375 7.4931 8.6468 13.8997

3 2.1513 2.5723 2.9823 3.4033 3.8238 5.5612
0.5 0 372.7452  374.9320 371.4578 375.9833 373.6538 373.0239

0.25 283.7408  300.9425  317.6082 322.1854 324.3753 344.6030
0.5 155.2012  178.7623  196.0513 216.6122 231.2815 265.2970

1 35.6406 48.8357 60.7518  72.1889  83.9021 125.6059

2 5.3065 6.9446 8.8621 11.2288  13.5480  23.6023

3 2.3094 2.8260 3.3748 3.9459 4.6360 7.5049
0.7 0 370.5546  372.7157  374.0765 370.7994 368.5779 370.5988

0.25 315.3130  323.1094  328.5912 339.0715 334.2596 352.5238
0.5 201.3078  224.0005  239.2281 253.9738 268.8489 297.2178

1 60.2898 78.6319 95.5637  111.0833 126.3234 172.3779

2 7.7649 10.9239 14,5822  19.0306  23.0170  41.4551

3 2.5873 3.4128 4.3240 5.3849 6.5587 12.1077
0.9 0 367.1131  369.2684  370.2500 370.2472 376.0947 372.2262

0.25 329.4914  333.3696  338.1294 340.0997 354.5418 352.1373
0.5 245.1107  260.6778  277.0030 284.0985 292.1234 320.9702
1 91.9363 117.8771  137.8598 154.4452 165.9747 210.9600
2 13.2685 19.2496 26.0283 32,9991 39.7862  69.0086
3 3.3582 4.8308 6.4921 8.6306 10.9287  21.3349
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Table 6

ARL values of the MEWMA control charts when p=10 and correlation=0.0

Weight | Mean | Variance
(value) | Shift | 1 1.25 1.5 1.75 2 3

0.1 0 364.1486 366.5491 363.9491 364.8344 364.4578 368.4532
0.25 188.5058 218.0343 234.9125 246.7333 256.1822 287.2313
0.5 62.4149  77.4829 92.0867  103.7651 119.3280 158.9803

1 15.2076  18.6989  22.6430  26.0148  30.2894  47.1012

2 4.4789 5.3509 6.2615 7.1147 8.0390 11.5689

3 2.3252 2.7588 3.1984 3.6509 4.0353 5.6670
0.3 0 370.7655 371.7732 369.2522 366.4591 372.3230 376.5283

0.25 279.6550 295.4709 306.6438 311.6372 316.3217 335.9952
0.5 138.7953 164.1999 181.6355 199.8561 215.5938 257.1628

1 29.5246  39.6964  49.6487 60.9770 70.8918  106.7982

2 5.3315 6.7620 8.2523 10.0018 11.6503 19.8461

3 2.5697 3.0946 3.6291 4.1950 4.7767 7.3070
0.5 0 374.6690 372.8570 369.8187 368.7668 358.8111 371.1531

0.25 313.7681 321.3419 331.0157 312.7036 341.9380 349.5404
0.5 200.3871 221.4450 247.6468 254.8274 270.7206 297.4791

1 55.9614  75.2410  90.1202 106.8804 122.9827 164.0532

2 7.3105 10.2051 13.3195 16.8879  20.5919  37.7843

3 2.8257 3.6124 4.3912 5.2807 6.2557 11.2148
0.7 0 370.4053 374.4450 372.4764 366.4285 365.9597 371.5959

0.25 330.9481 337.7715 347.1672 342.0134 351.6262 356.0538
0.5 242.0547 262.8538 279.2153 284.2329 294.1598 320.1170

1 93.6109  117.5057 139.2012 157.9275 168.0584 213.6084

2 12.0157  17.8217 24.1515 30.8013  37.9999  65.4243

3 3.4699 4.7421 6.2956 7.8889 10.1940  20.0012
0.9 0 367.9667 364.2590 364.8485 361.1030 369.1765 368.5511

0.25 344.8818 346.4252 352.9492 358.1487 356.8365 362.8801
0.5 274.4297 288.3902 304.8318 310.4849 315.4124 331.8614

1 140.5646 161.4818 182.3081 199.5052 211.9647 253.9660
2 22.5538  32.4163  44.4861 54.1548 65.3057 102.4371
3 5.1622 7.8449 10.8353 14.3815 18.2778  36.7158

Tables 7 through 10 show the MEWMS control chart ARLs when there is no
correlation between the observed variables. As explained in earlier shampter

MEWMS control chart was specifically designed to detect small clsangeariance
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components. When comparing values of these tables to the values from earker table
from the MCUSUM (Table 2) and MEWMA control charts (Tables 3 through 6), the
sensitivity to singular changes in variance components has improved. Th&/REN
comparable to the MCUSUM in its sensitivity to detect a singular me#trashdiless
sensitive than the MEWMA control chart.

Table 7

ARL values of the MEWMS control charts when p=2 and correlation=0.0

Weight | Mean | Variance

(value) | Shift | 1 1.25 1.5 1.75 2 3

0.1 0 368.3827 140.5713 74.9200 49.5542  38.5478  21.8099
0.25 277.4577 116.7016 65.7657  46.7237 36.3629  21.2228
0.5 1447199 74.5444  50.1838 38.1785 31.4703  19.9858

1 39.3032  31.5011  27.1286  23.9100 21.6624  16.3095

2 13.0199 12,6209 12.1431  11.7548 11.3932  10.2391

3 8.5934 8.4402 8.2824 8.1943 8.0813 7.6281
0.3 0 358.5521 157.4182 80.2247  50.1575 34.6424  15.6211

0.25 294.8288 129.1671 71.0021  45.4013 32.1132  14.9036
0.5 164.2253 84.8512  51.3526  35.0995 26.5089  13.7391

1 42.3527  29.3655  22.2400 18.2330 15.6755  10.4285

2 7.7118 7.3208 6.9618 6.7176 6.5028 5.7937

3 4.8119 4.7472 4.6966 4.6832 4.6224 4.3934
0.5 0 369.5183 169.0379 90.1176  54.7769  38.0964  15.8215

0.25 309.1548 142.5277 79.2825 489594  35.2830 14.8731
0.5 182.2021 95.1728 57.0516  38.6122  28.6925  13.7662

1 52.1277  33.2141  24.5332 19.1904  15.8310 10.0629

2 7.8127 7.0203 6.5425 6.2156 5.9035 5.1337

3 4.4164 4.3204 4.2364 4.1982 4.0936 3.9130
0.7 0 378.9924 178.5763 95.5451  59.2033 41.4626  16.3117

0.25 311.7954 148.1873 86.4123  54.5318 37.1613  15.7140
0.5 192.0490 100.7606 61.2124  41.7611  30.6559  14.0457

1 59.9244  37.5107 26.4040 20.5851 17.1332  10.2352

2 8.6210 7.6628 6.9130 6.4388 6.0582 5.1097

3 4.7652 4.5696 4.4115 4.2686 4.1894 3.9385
0.9 0 371.5148 180.3400 100.7678 62.0094  42.4945 16.9624

0.25 305.8320 155.7156 89.4862  55.9666  39.3328  16.2831
0.5 202.4536 105.9986 64.3775  43.6224  31.8958  14.5905
1 66.5039  40.6153  28.7736  22.0693  18.0197  10.4962
2 9.8644 8.2631 7.4577 6.8357 6.2960 5.1646
3 5.4190 5.0035 4.7619 4.6313 4.4288 4.0637




Table 8

ARL values of the MEWMS control charts when p=3 and correlation=0.0

Weight | Mean | Variance

(value) | Shift | 1 1.25 1.5 1.75 2 3

0.1 0 364.7046 163.9110 91.9350 60.6368 45.7831  25.2989
0.25 | 297.7395 137.6684 81.2659 56.8168  43.4039  24.6657
0.5 164.2162 91.7241  61.2798  46.3335  37.2547  23.2650
1 47.7400 483325 31.9266  28.2416  25.2918  18.8430
2 15.1061  14.4963  13.9988  13.5932 13.1475 11.8126
3 8.7399 8.6024 8.4552 8.3542 8.2537 7.8058

0.3 0 374.6656 182.0540 99.5520 62.0500 44.8222  18.4701
0.25 | 314.1976 156.7581 88.5265 57.7997 40.7636  17.9919
0.5 198.9730 104.0860 63.2342  43.6673 33.0441  16.2493
1 53.3725 36.2944 27.1671 22.2561 18.6761  11.9797
2 9.1037 8.5617 8.0939 7.6803 7.3697 6.5313
3 4.4867 4.4369 43781 4.3598 4.3445 4.1246

0.5 0 376.8332 192.2310 109.8445 69.3940 46.9619 18.6894
0.25 | 321.3747 167.2220 98.4888  63.1351 43.6824 17.7735
0.5 211.5318 114.3692 72.0542 489173 35.1427  16.2402
1 65.2887  43.1624  30.3203 23.6803 19.3676  11.7319
2 9.4892 8.4595 7.7046 7.1629 6.8784 5.7346
3 3.8153 3.7546 3.7312 3.6886 3.6477 3.4848

0.7 0 373.5688 206.0988 116.2881 73.9585 51.2971  19.9456
0.25 | 318.4778 179.1428 104.4294 69.2443  47.1217 18.7417
0.5 220.7141 125.4088 75.7287  51.4958 38.2220 16.8325
1 76.2371  48.6549  33.6253  25.7361 20.5876  11.8904
2 10.8757  9.2602 8.1806 7.4851 6.9163 5.7835
3 3.7636 3.7029 3.6244 3.5875 3.5725 3.4146

0.9 0 369.3932 210.2705 124.9240 79.9332 52.5722  20.4273
0.25 | 325.3132 181.8452 108.4759 71.5124 49.7855  321.3143
0.5 225.2312 128.5499 79.9067 54.9038 40.4471  17.6592
1 85.3276  51.7554  36.0369  27.3025 21.5941  12.2629
2 12.5586  10.2508  8.9637 7.8983 7.3238 5.8634
3 3.9542 3.8371 3.7431 3.7249 3.6569 3.4833
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Table 9 is the ARL tables of the MEWMS control chart vgtd variables. With

the increase in number of observed variables, the sensitivity of the control charg notabl

decreases; similar to that of the MEWMA control chart. The behavior for dleof t

discussed control charts showed a decrease in sensitivity associated withliee ofum

observed variables exceedipgb. Table 10 also shows this behavior as the number of

variables ) has increased to ten. This behavior is discussed later in chapter five.



Table 9

ARL values of the MEWMS control charts when p=5 and correlation=0.0

Weight | Mean | Variance

(value) | Shift |1 1.25 1.5 1.75 2 3

0.1 0 366.7903 194.7938 119.5938 80.7726 59.8003 31.6943
0.25 321.4128 175.4952 107.2300 75.0383 56.6582 30.8857
0.5 205.5801 120.0719 80.7994 59.9196 47.7823 28.6516
1 63.5910 49,1223 40.9720 35.6564 31.4792 22.8918
2 18.5768 17.8001 17.1134 16.5313 16.0178 14.2805
3 10.7486 10.5501 10.4381 10.2440 10.0591 9.5511

0.3 0 370.5375 215.7772 130.0818 82.8200 58.4756 23.5790
0.25 320.3431 186.9199 116.7750 76.5529 53.5727 22.6003
0.5 225.6829 132.7730 83.9714 57.9713 44.0414 20.2486
1 72.8258 50.0555 37.3642 29.2079 24.1501 14.8767
2 11.5943 10.5969 10.0279 9.4218 8.9642 7.6794
3 5.3179 5.2383 5.1312 5.0793 5.0377 4.7834

0.5 0 371.1002 226.7370 140.5337 90.6757 63.7366 24.3496
0.25 329.8448 199.7232 126.4343 83.5608 59.1370 23.4533
0.5 238.3668 144.7926 93.2142 63.9769 46.7825 20.5910
1 87.6877 58.4909 41.3385 31.2929 25.5514 14.6242
2 12.3761 10.8223 9.8146 8.9834 8.3983 6.7655
3 4.5158 4.4139 4.3432 4.2695 4.2318 4.0109

0.7 0 376.1902 236.0925 151.6356 100.4960 69.0116 25.5363
0.25 341.9932 211.1002 135.3198 90.6923 63.5842 24.5762
0.5 251.8061 159.8070 102.4930 69.4698 51.3797 21.5564
1 102.5635 65.8613 47.9287 35.6786 27.5092 14.9054
2 14.8175 12.1998 10.4583 9.5015 8.6693 6.8327
3 4.5716 4.3676 4.2608 4.1733 4.0971 3.8660

0.9 0 379.8064 241.0659 156.6049 105.6131 73.4122 27.2722
0.25 330.6585 220.6160 141.5888 95.1480 68.7005 26.0302
0.5 260.0832 163.2501 107.2530 73.6361 54.1695 23.1039
1 113.9535 72.7423 49.9720 37.4224 29.7208 15.4210
2 17.8563 13.8222 11.6605 10.2680 9.1954 6.8867
3 4.9704 4.5972 4.4830 4.3365 4.2571 3.9239
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Table 10

ARL values of the MEWMS control charts when p=10 and correlation=0.0

Weight | Mean | Variance

(value) | Shift | 1 1.25 1.5 1.75 2 3

0.1 0 368.8985 256.0400 171.7888 123.2713 91.6162  45.1758
0.25 | 341.8178 234.5571 155.8205 113.1742 86.4505  43.5412
0.5 260.4634 175.0243 123.6261 91.9782 723126  40.0765

1 99.7267  76.7226  61.3997  52.0396  45.4321  31.7578
2 25.2694  24.0034  23.1007  22.2208 21.4686  18.9685
3 14.3442 14.1405 13.9497 13.7637 13.5024  12.7847
0.3 0 375.2021 247.6065 173.1477 120.4539 85.4187  34.8917

0.25 341.8421 227.2758 156.9965 110.8712 80.1491  33.7021
0.5 256.6446 175.9224 121.2221 88.7575  65.4425  30.3384

1 105.6987 75.5658  57.5560  44.2358  36.4953  20.9229

2 17.0551 15.5543 14.0941 13.1952 12.2079  10.1752

3 6.9246 6.7815 6.6586 6.5556 6.4173 6.0494
0.5 0 373.3395 267.9068 189.0536 132.7437 95.1805 37.1473

0.25 348.5448 239.0426 172.0731 122.2303 89.3182  35.2941
0.5 268.7968 191.4741 136.3422 99.0537 72.7381  30.9782

1 1247393 90.0521 64.6082  50.2742  39.6037  20.9747

2 19.9838 16.5650  14.4266 13.0143 11.8762  9.0534

3 6.1031 5.8688 5.7281 5.5342 5.3909 5.0313
0.7 0 377.0577 276.0776 199.1482 139.8425 103.5882 39.4618

0.25 345.6566 254.8410 183.7998 129.6533 96.8293  38.1886
0.5 288.2449 204.3807 147.4138 105.7314 78.7617  33.4373

1 143.2237 99.8988  73.1754  54.5842  43.2655  21.8008

2 247902  19.4325 16.4170 14.0840 12.6500  9.0992

3 6.5229 6.0779 5.7303 5.4727 5.3041 4.7591
0.9 0 372.0806 284.8961 204.4080 147.6741 108.0112 40.9920

0.25 346.6738 258.3685 192.6026 138.4867 101.9592 39.1463
0.5 288.7056 211.4792 154.2020 113.7607 84.8970  35.2396

1 154.1752 109.9800 78.7796  59.3183  47.2818  23.3171
2 30.0048 229783  18.7400 15.7675  13.6014  9.4810
3 7.3417 6.6403 6.1791 5.8058 5.5545 4.8043

Tables 11 through 14 show the MEWMV control chart ARLs when there is no
correlation between the observed variables. As explained in earlier shépter
MEWMYV control chart was designed as a mathematically simpler wayé¢otdahall
changes in variance components compared to the MEWMS control chart. When
comparing values of these tables to the values from earlier tables fronCthS UM

(Table 2) and MEWMA control charts (Tables 3 through 6), the sensitivity to amgul
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changes in variance components has improved. The MEWMYV is comparable to the
MCUSUM and MEWMS in its sensitivity to detect a singular mean shift and less
sensitive than the MEWMA control chart.

Table 11

ARL values of the MEWMV control chart when p=2 and correlation=0.0

Weight | Mean | Variance

(value) | Shift |1 1.25 1.5 1.75 2 3

0.1 0 376.0233 118.4028 79.1616  48.5828 32.4536  13.4006
0.25 | 291.5077 127.4208 68.2770 42.3837  30.4788  12.9792
0.5 167.1225 81.8355 49.3581 32.8402 24.3848 11.9606

1 40.5231  27.3422  20.2016 16.3041 13.5119 8.6486

2 6.2138 5.8057 5.4795 5.1612 4.9094 4.2946

3 2.6534 2.6157 2.6112 2.6136 2.5770 2.5309
0.3 0 370.6940 155.0649 91.0643 54.4618 36.0417  14.2067

0.25 298.5762 143.2002 76.9119 48.0673  33.2483  13.6650
0.5 179.0741 92.2678  55.2680 37.1443  26.6070  12.5805

1 50.4534  31.3985  23.2877 17.9486 14.8176  8.6398

2 6.6228 5.8992 5.3892 5.1293 4.7722 4.0855

3 2.4019 2.3810 2.3667 2.3410 2.3250 2.2991
0.5 0 370.4231 174.4174 94.3616 59.6903 39.2130 15.2740

0.25 306.4156 150.2079 82.7974  52.4466 36.8731 14.4861
0.5 193.7813 101.2005 59.3369  40.6626  29.5954  13.1588

1 58.6460  36.3759  25.2134 19.5469 15.6036  8.9045

2 7.5734 6.5756 5.8569 5.3383 5.0072 4.1076

3 2.3598 2.3388 2.3461 2.3166 2.2812 2.2563
0.7 0 358.9030 182.4974 99.4969 61.5347 41.8273  16.0564

0.25 312.4470 153.5485 86.6553  55.4304 39.1887  15.4875
0.5 200.5399 106.3722 63.7570 43.8070 31.0567  13.7028

1 65.8687  39.7443  28.2069  20.7382  16.8296 9.5361

2 8.8365 7.3237 6.2919 5.7080 5.2185 4.2733

3 2.4719 2.4075 2.3752 2.3713 2.3428 2.2868
0.9 0 373.8134 181.5188 98.5504  62.566 41.8841  15.8878

0.25 315.3463 157.4319 86.9075  55.1299  38.8332  15.3722
0.5 204.2787 104.6676 63.4214 42.6634 31.1321  13.5976
1 65.8786  39.5374  27.5175  20.7408 16.8793  9.5018
2 8.762 7.1874 6.2678 5.7627 5.2592 4.2285
3 2.501 2.4797 2.4374 2.3819 2.3458 2.2722




Table 12

ARL values of the MEWMV control chart when p=3 and correlation=0.0

Weight | Mean | Variance

(value) | shift |1 1.25 1.5 1.75 2 3

0.1 0 365.5406 156.0085 84.3530 55.1886  40.6241 20.3458
0.25 286.5630 130.6575 75.0153 50.5992 38.5497 19.9587
0.5 156.6836 84.1947 55.9224 41.3719 32.1869 18.4205
1 43.0132 33.1875 27.3492 22.9366 20.3953 14.2216
2 10.8954 10.2522 9.8025 9.3421 9.0381 7.7766
3 5.3097 5.2312 5.1139 5.0363 5.0053 4.7068

0.3 0 367.2858 181.3339 99.4432 61.0825 41.5667 16.6802
0.25 304.4154 152.5192 84.1924 54.4574 38.4249 15.8918
0.5 191.3297 101.7521 61.2039 41.1050 30.9420 14.7200
1 51.8702 35.0452 26.0266 20.7164 16.9844 10.3550
2 7.6782 7.0598 6.5508 6.2288 5.9104 5.0382
3 3.1369 3.1080 3.0714 3.0272 2.9898 2.8872

0.5 0 371.8887 192.0747 109.1977 68.3405 46.1300 17.6054
0.25 313.1364 166.0847 94.5839 60.9473 42.5187 16.8888
0.5 209.4093 113.6002 69.2799 46.7282 34.0380 15.0403
1 64.9001 40.6251 29.0730 22.5165 18.0996 10.1693
2 8.2270 7.2290 6.5864 6.1047 5.6974 4.7184
3 2.8144 2.7677 2.7690 2.7055 2.6716 2.5603

0.7 0 366.0919 202.7449 115.2441 72.3803 49.8249 18.2482
0.25 320.3871 174.8611 102.0684 64.8737  45.3255 17.6700
0.5 2159338 124.4806 76.3971 50.3756 36.2754 15.8309
1 74.1678 46.1241 31.7644 24.0268 19.8801 10.7574
2 9.8104 8.0598 7.1902 6.3098 5.8110 47612
3 2.7746 2.7345 2.6714 2.6493 2.6024 2.5927

0.9 0 375.6673 209.4956 123.2860 76.9410 52.3737 19.6335
0.25 324.2957 184.5680 108.7483 69.5827  49.0737 19.0289
0.5 227.1673 129.0326 80.2110 53.8910 39.0316 16.8751
1 83.7333 51.3620 34.9312 26.1768 20.8503 11.1038
2 11.4566 9.2171 7.6204 6.8691 6.2591 4.8492
3 3.0124 2.8639 2.7493 2.7329 2.6498 2.4797
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Table 13

ARL values of the MEWMV control chart when p=5 and correlation=0.0

Weight | Mean | Variance

(value) | Shift |1 1.25 1.5 1.75 2 3

0.1 0 373.7841 186.7615 112.3777 74.8685 56.0670 27.7851
0.25 310.0979 162.6429 99.1466 69.8992 52.1587 26.9911
0.5 190.1646 113.4853 76.0995 56.7710 43.8846 24.8930
1 58.9983 45.7265 37.2047 31.6962 27.7420 19.1384
2 14.7508 14.0115 13.3959 12.8176 12.2833 10.6059
3 7.2601 7.0970 6.9927 6.8985 6.7738 6.3808

0.3 0 373.6690 213.7529 125.5902 80.9385 57.0562 22.2250
0.25 321.1424 186.9262 112.8417 74.4459 52.0088 21.5239
0.5 216.7292 130.0902 81.6198 57.5799 43.1711 19.1506
1 71.2923 48.5340 35.5963 27.9671 23.1163 13.4207
2 10.4344 9.3720 8.7152 8.1785 7.6307 6.3943
3 4.0568 3.9899 3.8844 3.8422 3.8073 3.5745

0.5 0 373.8105 226.6698 139.7917 90.2403 62.8826 23.5921
0.25 326.2151 201.0761 126.1896 83.4223 56.9206 21.9314
0.5 235.2258 145.7152 94.3653 63.6617 46.5348 19.7196
1 87.6487 56.7736 39.9168 30.5982 24.4857 13.3343
2 11.4471 9.9095 8.7582 7.8901 7.2395 5.8420
3 3.5746 3.4817 3.4138 3.3550 3.2699 3.0799

0.7 0 367.0265 233.1168 148.7875 97.0935 68.7647 24.7553
0.25 333.3312 207.8470 133.9688 87.5800 61.7890 23.7843
0.5 243.8387 155.2402 99.9903 68.5096 50.4574 20.8522
1 100.7520 65.6894 44,9436 33.7906 26.8164 13.8867
2 13.7500 11.1211 9.5807 8.4717 7.7451 5.7678
3 3.6351 3.4571 3.3732 3.2554 3.1586 2.9137

0.9 0 376.1865 241.8192 155.2425 103.5272 71.2654 26.0370
0.25 337.9930 217.5698 138.6015 96.1774 66.0120 24.4940
0.5 261.9441 163.5136 106.0955 73.0057 52.5807 21.8063
1 112.2131 70.1442 49.5638 36.5139 28.6601 14.5651
2 16.4225 12.9602 10.7240 9.1088 8.1685 6.0633
3 3.9420 3.6692 3.4879 3.3532 3.2196 2.9555
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Table 14

ARL values of the MEWMV control chart when p=10 and correlation=0.0

Weight | Mean | Variance

(value) | Shift | 1 1.25 1.5 1.75 2 3

0.1 0 372.3180 224.9191 149.8656 106.8590 82.5067  40.4322
0.25 | 324.6600 206.2601 136.6440 99.7664  77.4531  39.5621
0.5 234.4543 151.5350 108.8000 81.5749  64.5575  36.4730

1 85.7522  67.4176  54.6645  46.5753  41.2211  27.9184

2 22.2684  20.8993 19.8817 18.9032 18.1450  15.7039

3 11.1679 10.9337  10.8065 10.5720  10.3739  9.6545
0.3 0 370.2489 245.1118 169.9419 118.2671 86.9727  34.2204

0.25 341.1880 226.3406 155.8670 109.5559 78.9247  32.3519
0.5 252.2400 175.6435 122.2397 85.7643  65.5453  29.5323

1 103.7257 73.7510  55.9921  44.3484  35.5382 19.9489

2 16.2348 14.4607  13.1618 12.2069 11.2852  9.0430

3 5.9269 5.7745 5.6017 5.5317 5.3469 4.9614
0.5 0 365.0418 266.6814 187.2428 129.4161 95.3646  35.6968

0.25 341.6832 237.6193 167.5169 120.9802 88.6597  34.3376
0.5 271.2823 189.3152 135.4328 97.5938  71.2594  29.9406

1 124.8807 88.2400 64.1788  49.5698  38.7028  19.8675

2 18.5326 16.1235 13.5388 12.0815 11.0676  8.2632

3 5.3090 5.0787 4.8946 4.6767 4.5333 4.1148
0.7 0 368.5400 274.1937 196.7169 137.8552 103.5930 38.2206

0.25 348.8134 257.4099 180.4856 130.6729 95.4546  36.3829
0.5 289.3347 200.7862 144.5396 103.6783 78.9143  31.5076

1 141.4855 98.6875 71.7971  54.4618 42.6949  20.8603

2 23.8319 18.6773  15.2831  13.0455 11.7003  8.1520

3 5.6595 5.2946 4.8479 4.5990 4.4907 3.9171
0.9 0 377.4626 280.1434 202.5275 149.2602 105.8911 40.2413

0.25 347.7651 257.0848 187.4555 136.1891 103.1255 38.8120
0.5 287.4860 209.3867 152.3494 113.0242 82.5817  33.3139

1 156.0867 107.8264 78.9530 58.9709  46.2032  22.2801
2 28.5107  21.3898  17.4808 14.3913  12.6980  8.5470
3 6.4155 5.7284 5.1437 4.8434 4.5455 3.9915

Increase of Correlation and Effects on Control Charts

With the development of baseline ARL measurements, the effects of uniform
increases in correlation were monitored. The increase in correlation altnesated
variables in the sample space led to different behaviors involving control chart
sensitivity. The MCUSUM control chart showed a decrease in sensitivityhveth t

increase of correlation between variables. The MEWMA control chart showeovieapr
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sensitivity with the increased correlation. The MEWMS control chart showedilarsi
decrease in sensitivity as the MCUSUM with the increased correlationdVIEWAVIV

also showed a decrease in sensitivity with the increase in correlatiorss Talthrough

30 display the ARLs of the control charts with weighting values of 0.5 for the MEWMA
MEWMS and MEWMYV control charts. The control charts produced from the use of
®=0.5 showed the greatest sensitivity to mean shifts and variance changésnaligli

the behavior of the control charts was similar regardless of weighting vadewisich

is discussed in chapter five.

Each table was designed with an ARIf approximately 370. Sensitivity changes
are noticeable with the mean shifts and variance changes for each increasslatian.
This three-way combination of effect has greater effect on the sensutfithgse control
charts versus any single effect. This behavior is shown in tables 15 through 3& Table
15 through 18 are the ARLs of the MCUSUM control chart with increasing values of
correlation for each table. For every number of observed variables, the sensitivity

decreases with each increase of correlation.



Table 15
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ARLSs for the MCUSUM control chart with increasing correlation and p=2 variables

Variance
Correlation | Mean Shift | 1 1.25 1.5 1.75 2 3
0 0 366.2611 320.5516  289.9584  257.3709  233.7057  165.7725
0.25 98.5394 97.5543 93.5057 92.2373 88.4572 78.5781
0.5 50.9171 50.4433 50.6717 50.4417 49.7234 47.5385
1 249172 25.198 24,9253 25.0939 24.974 24,7801
2 12.1511 12.3016 12.2607 12.2362 12.351 12.2689
3 8.0433 8.1557 8.0286 8.0608 8.1082 8.0206
0.1 0 370.6408 331.6639  287.524 261.5893  239.0108  168.1747
0.25 102.2598 100.2696  98.9147 94.309 91.6656 81.0186
0.5 53.2159 53.8841 52.4526 51.9316 51.7784 49.5218
1 26.9124 26.7285 26.9529 26.6514 26.4823 26.0947
2 13.1902 13.2995 13.3799 13.2911 13.1149 13.1795
3 8.8455 8.8538 8.8258 8.8744 8.8756 8.7575
0.3 0 361.6423 322.8531 292.6173  259.8879  238.8637  168.4856
0.25 105.3131 103.0124  99.1086 95.994 92.4187 81.6027
0.5 58.0932 56.4771 54.8993 55.516 53.4729 50.6177
1 29.6097 29.4444 29.4866 29.031 28.8421 27.8291
2 15.0504 14.9312 14.7763 14.8126 14.7975 14.8062
3 10.0574 10.0949 9.997 9.9371 9.9638 9.9382
0.5 0 362.5619 330.9451  293.6715  263.4451 242.4911  172.9827
0.25 110.4599 106.7214  101.2805  98.2189 93.2351 82.1249
0.5 60.5786 60.1554 58.4266 57.0598 55.7513 51.7843
1 32.2482 32.0032 31.61 31.0124 30.8838 29.7816
2 16.6223 16.5172 16.3279 16.2609 16.4438 16.0083
3 11.1097 11.1511 11.2288 11.1502 11.0408 10.8381
0.7 0 371.5742 334.8417  295.1528  258.7696  237.7272  168.2917
0.25 110.7083 106.6331  102.3035 96.9654 92.1638 81.8605
0.5 63.0545 61.0558 59.4789 57.9063 56.4184 52.5038
1 33.5618 33.4491 32.8602 32.3493 31.6641 30.7247
2 17.5643 17.4996 17.4169 17.2464 17.1984 16.7446
3 11.9117 11.895 11.7809 11.6382 11.7108 11.5525
0.9 0 369.4245 325.5631  288.2353  251.0138 225.3173  157.8768
0.25 105.8188 101.2994  96.7791 92.121 87.6596 74.6935
0.5 61.8528 60.187 58.0068 56.5798 54.8822 50.3161
1 34.0018 33.1275 32.7686 32.2947 31.5945 29.9355
2 17.954 17.7986 17.6359 17.7309 17.2147 16.8119
3 12.1239 12.0525 11.9814 12.1036 11.9758 11.7506




Table 16

ARLSs for the MCUSUM control chart with increasing correlation and p=3 variables
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Variance
Correlation Mean Shift 1 1.25 1.5 1.75 2 3
0 0 369.6917 324.8908  290.712  256.2677 228.7261 148.5249
0.25 151.4915 142.8724 133.1948 124.0251 117.562 90.7771
0.5 80.0138 76.4152 75.073 72.5164  67.2851 58.4369
1 35.2256 34.7989 345412 33.8869  32.6565 30.6504
2 14.4672 14.4545 14.0983 14.21 14.083 13.4473
3 8.5062 8.4046 8.4508 8.3799 8.3212  8.0018
0.1 0 372.2067 329.7674  297.8565 268.1205 266.0022 165.5906
0.25 150.8033  144.5865  136.6566 128.5713 130.6541 95.805
0.5 81.7829 79.8106 77.109 77.9909  75.6948 62.14
1 38.2867 37.1127 37.3535  38.1993  36.4606 33.725
2 16.7032 16.516 16.5285  14.3961 16.4354 15.5388
3 10.1579 10.168 10.051 10.1201  9.9567 9.7152
0.3 0 370.9755  330.443 303.4673 278.2629 280.0901 181.1507
0.25 150.1411 141.78 132.844 130.8031 127.9757 100.2223
0.5 83.5448 80.8913 78.7059  81.1798  76.9023 65.064
1 42.1003 41.5783 40.992 42.5043  40.6172 37.1175
2 20.2942 19.9499 19.5759  21.4888 19.9656 18.7937
3 12.9135 12.7906 12.7047  12.6926 12.4817 12.2631
0.5 0 371.7254  333.8596  309.3775 281.2038 279.0021 189.6674
0.25 147.3291  139.4402  133.1913 131.6526 128.8044 101.5821
0.5 83.602 81.5229 79.6743  79.6554  77.1638 67.5579
1 44.2059 43.537 429011 44.6615  42.2722 39.0883
2 22.371 22.0604 21.9782 229351  21.6512 21.0544
3 14.7606 14.5472 14.6559  13.5757 14.6549 14.0603
0.7 0 371.2767  339.2914  307.236  286.7104 281.8765 185.3936
0.25 138.4789  130.2293  124.5757 124.8061 119.0331 96.24
0.5 80.9181 79.2598 76.513 76.139 72.4619 63.6743
1 44.6231 43.4263 42.6457 43.8125  42.0896 38.561
2 22.7574 22.7188 22.5672  24.1955  22.1313 21.2824
3 15.25 15.3076 15.264 13.1516 15.0665 14.4811
0.9 0 370.0606  337.9045 301.2031 277.6626 271.1859 170.3369
0.25 125.0334 115.2248 110.3347 110.9512 105.0544 83.4457
0.5 72.8005 69.8557 67.7428  70.271 64.9611 56.9759
1 40.3402 39.0414 37.9806  40.7009  38.2099 34.2366
2 21.0127 20.9271 20.5492  22.7107  20.7202 19.6574
3 12.0739 12.2311 12.0088 12.9964  12.9899 12.7816




Table 17
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ARLs for the MCUSUM control chart with increasing correlation and p=5 variables

Variance
Correlation Mean Shift | 1 1.25 1.5 1.75 2 3
0 0 361.326 310.285 249.292 194.6463  149.2442  61.0516
0.25 235.4156  197.2833  160.0904  124.0325 97.0013 42.714
0.5 151.4989  125.1787  101.6401  79.5322 64.3735 31.1343
1 67.9201 54.8344 44,4479 36.2749 30.2415 17.0777
2 15.9983 13.4294 11.524 10.0524 8.9031 6.5033
3 4.7164 4.2423 3.9388 3.7014 3.5554 3.1598
0.1 0 365.2628  336.0935  297.4537  259.8186  221.1861  121.0843
0.25 235.339 213.4887  189.0454  165.0683  145.109 85.8263
0.5 155.4436  141.769 124.6651  113.7403  97.5378 60.7448
1 73.3475 66.6424 60.8299 56.0226 50.4232 33.3287
2 24.2551 22.5424 20.9902 19.4927 17.6963 12.8367
3 11.2512 10.0358 9.0987 8.3178 7.5138 5.8875
0.3 0 369.9611  346.6095  315.1087 284.3634  260.9624  183.2972
0.25 226.5861  207.1214  193.8697  180.1815 160.5017 121.6521
0.5 145.0173  136.2265  126.8379  119.5488  110.2096  87.3653
1 73.2002 69.1376 65.9051 62.9714 59.5356 51.5567
2 30.0905 29.2171 28.2 27.9642 27.6551 24.6951
3 16.9457 16.3313 16.1936 15.9649 15.5225 14.6312
0.5 0 371.2534  337.9254  322.5595  294.684 275.1339  200.7574
0.25 210.3901 196.3101  178.4367  169.2453  159.2733  126.2775
0.5 127.0732  122.3719 114.0701 110.4866  104.7184  87.4268
1 66.4011 64.8973 63.0712 60.59 58.501 52.9791
2 32.2086 30.9999 30.4664 30.1211 29.2457 27.9791
3 19.6025 19.5948 19.1755 18.9298 18.5113 18.1506
0.7 0 370.8555  344.3456  326.8422  294.0694  272.9461  200.613
0.25 182.7727 170.1338 159.0352 151.2265 138.6321 115.1464
0.5 107.5102  103.0045  99.6227 94.6135 91.1236 78.3533
1 58.9361 57.2881 55.2125 55.3812 53.4056 49.2246
2 30.2575 29.9243 29.1687 28.9067 28.7211 27.0418
3 19.9246 19.6755 19.2385 19.1548 18.8779 18.2778
0.9 0 369.7126  353.7594  318.5612  290.7122  261.2403  180.8849
0.25 139.876 133.7531  124.0729  121.8569  113.6485  93.9723
0.5 84.5287 81.0673 77.7461 75.5475 72.7576 65.6819
1 47.0144 45.5002 44.6984 43.752 42.9148 39.9148
2 24,9894 24.0836 24.0436 23.8911 23.6027 23.0752
3 16.5533 16.6118 16.4364 16.428 16.352 15.7213
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ARLs for the MCUSUM control chart with increasing correlation and p=10 variables

Variance
Correlation Mean Shift | 1 1.25 1.5 1.75 2 3
0 0 376.9464  295.8588  210.7881  149.0509  105.6349  40.0116
0.25 314.3378  221.8322  148.5177 100.4653  70.9211 29.4795
0.5 250.379 155.2152  97.6987 66.8245 49.3857 22.0815
1 107.0693  62.1005 40.1165 29.7457 23.4853 12.6869
2 13.7275 10.2749 8.4931 7.4005 6.5915 4.9539
3 3.1088 2.9417 2.8515 2.7615 2.6776 2.5186
0.1 0 371.2464  315.2653  238.2984  172.5622  125.4237  48.0829
0.25 314.6549  239.635 168.7383  118.8926  88.9828 35.7823
0.5 246.5102  168.327 116.4451  80.3937 59.5879 26.2617
1 115.8659  72.9521 49.8239 35.9166 28.1264 14.694
2 17.4808 12.7965 10.4087 8.8681 7.7967 5.6975
3 3.6937 3.5 3.2882 3.193 3.0356 2.7682
0.3 0 373.1786  346.2363  320.2697  294.978 263.7432  162.7574
0.25 302.7846  276.7998  253.2137  224.7495  197.6663  120.6963
0.5 244.28 214.8527  192.7138 167.0369  148.0158  92.0329
1 138.2853  119.362 109.8242  97.2196 85.8601 54.4778
2 46.4429 43.0122 39.2286 36.1239 31.5564 20.8203
3 22.0371 19.3022 16.4605 14.4064 12.5838 8.8847
0.5 0 377.9741  358.1375  337.7441  314.9554  291.7876  214.2479
0.25 290.463 269.4841  246.7271  229.4624  206.9162  155.5769
0.5 212.5603  193.9191 176.7535 161.6062  148.3471  113.6289
1 113.9964  105.6134  96.434 91.0443 87.7328 72.2721
2 48.0261 45.751 44.8901 42.421 40.7139 36.0343
3 27.2047 25.9055 24.8293 24.8803 23.8173 21.6943
0.7 0 367.4963  356.7046  335.6037 310.9566  290.893 215.614
0.25 247.8557  223.6985  204.695 192.0828 179.6743  139.6234
0.5 152.7583  139.2566  136.1285  126.8567  122.8593  101.1391
1 82.8204 78.0286 76.1446 73.1483 70.2681 63.2428
2 40.1401 39.192 38.8056 37.8019 37.2012 34.9828
3 25.5964 24.9265 24.7342 24.315 23.926 22.957
0.9 0 369.9768 351.5196 330.3314  306.2211  276.3561  198.4335
0.25 167.7415  155.6169  148.4614  137.9955  129.2741  107.4423
0.5 101.2394  96.1189 91.4218 88.3395 84.7138 73.8242
1 55.5709 54.2509 52.5236 51.5002 49.7001 46.5667
2 28.9297 28.807 28.4578 27.7936 27.7643 26.4087
3 19.5219 19.3616 19.0095 18.9348 18.7543 18.0705
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Tables 19 through 30 display the ARLs for the MEWMA, MEWMS and
MEWMYV control charts with increasing correlation values. The tablgdajied used a
weighting value of 0.5 as this value appeared to give the most sensitive fadults.
tables for all weighting value®€{0.1, 0.3, 0.5, 0.7, 0.9}) are provided in Appendix B.
Tables 19 through 22 show the ARL results for the MEWMA control chap=far
throughp=10 variables. As stated earlier, the MEWMA control chart displayed a
behavior different from that of the other control charts in that the sensigatped to

improve with the increase in correlation.
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Table 19

ARLSs for the MEWMA control chart with increasing correlation, »=0.5 and p=2
variables

Variance

Correlation | Mean Shift | 1 1.25 1.5 1.75 2 3

0 0 370.3705  368.1954 372.6909 373.1647 375.9958 366.3845
0.25 240.4617  257.4602 272.7399 282.1475 291.0797 316.1613
0.5 100.9875 122.0901 140.8612 159.1507 170.7113 215.3747
1 21.3927 28.81 35.1956 42.9026 50.2943 77.2277
2 3.8469 4.8897 6.0293 7.1516 8.5793 14.446
3 1.8434 2.225 2.6036 2.9886 3.3739 5.2511

0.1 0 366.0201 372.3836 367.143 368.3464 372.556 369.8885
0.25 236.8546  257.6873 275.4198 279.9168 296.5198 319.9509
0.5 101.5824 120.9311 138.2788 156.5157 166.2894 211.524
1 20.6535 27.7894 35.3913 42.6683 48.8967 75.9564
2 3.7965 4.8722 5.9465 7.1 8.5081 14.3483
3 1.8334 2.1814 2.5672 2.9513 3.4042 5.2175

0.3 0 367.6524  367.1812 371.8443 363.8221 367.1717 367.3403
0.25 230.5226  254.4031 269.8788 275.9629 288.0467 309.0569
0.5 93.9865 112.464 131.0977 145.972 161.1711 205.4468
1 18.6875 25.0225 31.5189 38.4963 45.1691 71.8561
2 3.4685 4.4047 5.3629 6.4671 7.5104 12.7392
3 1.7148 2.0537 2.3859 2.75 3.117 4.732

0.5 0 377.8955  368.2749 370.9835 375.1042 373.534 372.28
0.25 214.6002  236.1464 250.7139 262.793 274.5344 302.7118
0.5 76.9975 95.4088 112.6861 127.7196 140.1174 187.8056
1 14.6921 19.1801 24.5792 29.2272 35.1599 57.0595
2 2.9162 3.6069 4.3181 5.1948 5.9913 10.0106
3 1.5075 1.7589 2.0382 2.3031 2.5943 3.8427

0.7 0 367.2053  367.3395 372.6484 372.203 367.1948 372.074
0.25 171.0971  193.2082 214.9245 226.4495 241.0809 275.0865
0.5 50.5789 66.3023 77.9126 90.6472 103.0309 142.6108
1 8.8391 11.6238 14.723 17.9046 21.8924 36.3271
2 2.0671 2.4868 2.9292 3.4343 3.9171 6.1716
3 1.1834 1.3579 1.5128 1.6985 1.8719 2.6495

0.9 0 373.9244  368.7999 368.3512 365.613 366.596 371.8752
0.25 78.3645 97.199 113.9905 128.0798 143.5676 185.7698
0.5 14.4863 19.6504 24.8159 30.5891 36.2644 57.7705
1 2.9274 3.6292 4.3687 5.2651 6.1282 10.2955
2 1.0966 1.2147 1.341 1.4896 1.6516 2.2647
3 1.0004 1.0022 1.0105 1.0297 1.059 1.2568
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Table 20

ARLs for the MEWMA control chart with increasing correlation, ®=0.5n and p=3

variables

Variance

Correlation Mean Shift | 1 1.25 1.5 1.75 2 3

(] 0 369.2408 374.1736  367.6642  372.2041  370.2731  372.9387
0.25 258.3383  277.4758  298.2343  298.5209  310.0356  325.8661
0.5 124.5923  146.5314 164.8319  183.867 199.3293  231.4324
1 26.0712 35.0094 45.161 53.8657 61.7744 94.2752
2 4.4018 5.6888 6.9897 8.5822 10.2193 17.8739
3 2.0186 2.4553 2.8747 3.3567 3.8923 6.0919

0.1 0 369.6629  369.1169  370.8372  368.0195  365.5759  372.4248
0.25 259.7028  280.1823  285.1929  300.1037 308.4467  326.1224
0.5 119.4712  143.3317 164.4587  182.4862 195.6867  231.864
1 25.0486 35.3579 43.1422 52.1877 61.6271 94.1413
2 4.3446 5.5221 6.9162 8.4321 10.168 17.2586
3 1.98 2.4169 2.8382 3.3159 3.7961 5.9939

0.3 0 368.3021  362.6002 369.9614  372.2596  368.3341  361.1685
0.25 249.6221 264.7677  281.4484  291.337 301.3688  320.571
0.5 108.5373  128.7948  147.4433  164.372 179.3022  224.0569
1 21.1841 29.1254 36.2302 45.3128 53.0439 81.2905
2 3.7344 4.7927 5.9087 7.136 8.4986 14.5049
3 1.7903 2.1417 2.5071 2.871 3.3079 5.0958

0.5 0 365.6929  368.6659  371.7813  367.8308  373.8584  371.2315
0.25 225.7406  248.0624  260.2715  273.4646  280.687 300.1277
0.5 84.9419 103.9637  123.4149  136.2605  150.5341  194.8505
1 15.2878 20.6207 26.2234 32.3572 38.8443 63.0576
2 2.8773 3.6088 4.4127 5.2442 5.9998 1.9948
3 1.4844 1.7452 2.0198 2.3008 2.6042 3.8222

0.7 0 369.4614 367.3676  362.6699  373.1111  362.737 364.6205
0.25 177.2214  203.607 217.1052  235.0715  250.9929  274.3538
0.5 51.2048 66.6444 80.7941 94.4032 106.1527  146.3028
1 8.3949 10.961 14.2581 17.5357 21.1965 35.8234
2 1.9435 2.313 2.7683 3.1836 3.6576 5.7482
3 1.1416 1.2795 1.4357 1.6032 1.7652 2.4808

0.9 0 359.2019  369.0535 362.7214  377.5268  367.6526  370.5884
0.25 73.6006 93.3264 109.1702  126.9154  138.8489  183.5669
0.5 12.7234 17.2675 22.3849 27.6523 33.4155 54.4393
1 2.5895 3.1711 3.8714 4.5596 5.2855 8.672
2 1.043 1.128 1.229 1.3566 1.4824 2.0067
3 1 1 1.0027 1.0076 1.0211 1.1515
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ARLs for the MEWMA control chart with increasing correlation, w=0.5 and p=5

variables
Variance

Correlation Mean Shift | 1 1.25 1.5 1.75 2 3

0 0 372.7452  374.932 371.4578  375.9833  373.6538  373.0239
0.25 283.7408  300.9425 317.6082  322.1854  324.3753  344.603
0.5 155.2012  178.7623  196.0513  216.6122  231.2815  265.297
1 35.6406 48.8357 60.7518 72.1889 83.9021 125.6059
2 5.3065 6.9446 8.8621 11.2288 13.548 23.6023
3 2.3094 2.826 3.3748 3.9459 4.636 7.5049

0.1 0 373.4918 369.9866  375.2187 373.8644  376.1303  376.4284
0.25 286.3046  301.0284  306.0954  325.6194  326.8017  338.2255
0.5 150.0598  175.6409  198.7678  212.9742  224.3799  264.1613
1 34.1453 45.9567 58.4588 71.2538 81.8673 119.8178
2 5.0814 6.7163 8.6938 10.7617 12.7737 22.9658
3 2.2207 2.7218 3.2641 3.8409 4.4263 7.3713

0.3 0 370.947 369.3322  378.0759  377.6926  378.2022  373.6193
0.25 273.1516  286.0911  300.5725  315.8136  320.4879  329.8599
0.5 135.8968 155.3277 175.2971 190.8775 204.8444 246.4025
1 26.9501 36.105 47.2453 56.7203 67.6967 103.4774
2 4.1934 5.4122 6.7476 8.4007 9.992 17.7195
3 1.9183 2.3222 2.7428 3.1858 3.6421 5.8009

0.5 0 369.4439  368.6081  373.1211  368.7574  373.1793  369.5423
0.25 245.3166  264.9879  283.784 285.7841  304.9509  319.6945
0.5 100.654 121.9166 142.6547 163.1751 176.8408 218.3726
1 17.4083 24.1273 31.1256 39.0672 45.7386 75.2321
2 3.0205 3.8397 4.6605 5.602 6.7168 11.6546
3 1.5298 1.8109 2.098 2.4185 2.7185 4.0632

0.7 0 371.2309 374.1017 373.9573  371.8823 370.9117 372.344
0.25 193.524 216.8243  236.409 255.5637  265.2085  287.1369
0.5 59.134 76.2683 92.6084 110.3863  121.2932  165.1201
1 8.9642 11.9382 15.4002 19.3599 23.5514 41.73
2 1.9466 2.373 2.8128 3.2717 3.7833 5.9497
3 1.1323 1.2777 1.4441 1.6101 1.7613 2.5081

0.9 0 381.5163  371.2156  373.6441  372.5822  379.1563  371.799
0.25 82.2963 106.4128  122.0148 139.361 154.9683  201.6351
0.5 13.2305 18.7497 23.9881 30.594 35.9657 59.7639
1 2.5339 3.1503 3.8118 4.4992 5.2731 8.9241
2 1.0341 1.1082 1.2152 1.3285 1.4536 1.9829
3 1 1.0001 1.0018 1.0048 1.0135 1.1346
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ARLSs for the MEWMA control chart with increasing correlation, »=0.5 and p=10

variables
Variance

Correlation Mean Shift | 1 1.25 1.5 1.75 2 3

0 0 374.669 372.857 369.8187 368.7668  358.8111  371.1531
0.25 313.7681  321.3419  331.0157 312.7036  341.938 349.5404
0.5 200.3871  221.445 247.6468  254.8274  270.7206  297.4791
1 55.9614 75.241 90.1202 106.8804 1229827  164.0532
2 7.3105 10.2051 13.3195 16.8879 20.5919 37.7843
3 2.8257 3.6124 4.3912 5.2807 6.2557 11.2148

0.1 0 367.4767  375.4327  371.5565 370.8611 369.7443  363.7982
0.25 307.1755  322.5432  330.6231 311.6893  333.4984  352.0829
0.5 196.2034  216.0002  234.4162  250.5324  259.6175  287.6359
1 52.7092 69.4323 86.4084 100.3793  117.1269  160.2979
2 6.8003 9.359 12.2364 15.8169 18.7219 35.9932
3 2.6748 3.3582 4.1111 4.9086 5.863 10.2108

0.3 0 368.3827 368.2622  371.8989  379.1253  365.0764  372.57
0.25 299.9163  316.9391  327.2896  293.4591  329.8033  344.9743
0.5 169.6831  192.448 215.6814  229.3702  244.1226  279.8167
1 38.8789 53.6226 67.6599 79.4605 92.9438 136.5997
2 5.1527 6.8585 8.7476 11.1145 13.7978 25.3137
3 2.1888 2.6709 3.2589 3.8149 4.4849 7.4996

0.5 0 370.3542  370.5187  371.4888 375.0134  371.5573  371.8142
0.25 270.2669  286.3665  298.2041  277.1015 315.7736  336.5209
0.5 131.5032  157.033 174.2993  196.2066  209.9583  250.9278
1 24.0025 34.1246 43.7567 53.594 64.0698 101.4844
2 3.5549 4.5093 5.6865 6.9642 8.5367 15.5713
3 1.6883 2.0235 2.3495 2.7468 3.1162 4.9049

0.7 0 371.1128  373.1457  374.1952  369.4183 367.1678  373.4935
0.25 235.643 251.0421 263.9611 280.6967 292.6872  313.1594
0.5 79.8523 45.9655 57.3914 69.4907 81.541 124.0144
1 11.1228 15.5301 20.7209 25.8965 32.271 56.0646
2 2.1567 2.6371 3.1772 3.7521 4.3835 7.3669
3 1.1937 1.3685 1.5558 1.769 1.9512 2.8153

0.9 0 367.5997  366.996 369.2054  369.9712  379.3377  373.2089
0.25 109.8859  133.3407 1549891 170.9377  187.163 228.1023
0.5 17.3512 24.6035 32.4631 40.0897 48.8584 79.5563
1 2.8393 3.5657 4.3369 5.2542 6.2475 11.2803
2 1.051 1.1547 1.277 1.4164 1.5709 2.1774
3 1 1.0002 1.0012 1.0088 1.0226 1.1899
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Tables 23 through 26 show the ARL results for the MEWMS control chart for
p=2 throughp=10 variables usingv=0.5as the weighting value. While the MEWMS
control chart was developed to monitor the covariance matrix using individual
observations, the number of variables was limited in the study by Huwan@@03).(

Table comparisons to the research of Huwang et al.will follow in chapter five
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Table 23

ARLSs for the MEWMS control chart with increasing correlation, »=0.5 and p=2

variables

Variance

Correlation Mean Shift | 1 1.25 1.5 1.75 2 3

(] 0 369.5183  169.0379  90.1176 54.7769  38.0964  15.8215
0.25 309.1548  142.5277  79.2825 48.9594  35.283 14.8731
0.5 182.2021  95.1728 57.0516 38.6122  28.6925  13.7662
1 52.1277 33.2141 24.5332 19.1904  15.831 10.0629
2 7.8127 7.0203 6.5425 6.2156 5.9035 5.1337
3 4.4164 4.3204 4.2364 4.1982 4.0936 3.913

0.1 0 372.7511  175.4963  90.5015 56.8074  39.5208  15.9636
0.25 307.8184  142.2708  81.054 51.0138  35.8999  15.4007
0.5 188.8115  96.0216 58.8298 39.6734  29.3107  13.8523
1 53.5473 34.747 25.0117 19.6774 163174  10.1441
2 7.8185 7.2274 6.6931 6.3475 5.9766 5.2007
3 3.4341 3.377 3.3864 3.3594 3.3019 3.2042

0.3 0 367.6517  180.9171  100.6855  63.5524  43.1598  17.4824
0.25 314.6131  155.7582  90.08 57.2893  40.0226  16.7541
0.5 204.8817  109.1722  64.8959 44.4016  32.5739  15.3904
1 63.3563 40.0743 28.9851 22,5617  18.5043  11.0646
2 8.9736 8.072 7.3564 6.8729 6.5002 5.5239
3 3.6493 3.5844 3.5717 3.5132 3.4741 3.3519

0.5 0 371.4704  191.5056  111.7437  71.969 50.9426  20.8615
0.25 327.1077  171.6751  100.9043  67.229 47.8034  19.6346
0.5 225.925 124.6845  78.0677 53.0832  38.715 17.9535
1 81.0638 50.5848 35.7784 27.1815  22.1638  12.863
2 11.0498 9.7405 8.6924 8.0576 7.5416 6.1219
3 4.0167 3.9725 3.906 3.8683 3.8368 3.6459

0.7 0 366.7071  196.9598  120.4681  79.4884  56.9342  23.2912
0.25 325.5585  180.7525  110.3535  73.4048  53.0743  22.5376
0.5 242.761 135.8119  86.3736 60.3472  44.9439  20.1375
1 95.3846 60.0771 42.6421 32.2124  25.8399  14.7856
2 13.9013 11.8472 10.279 9.4123 8.6963 6.9581
3 4.5604 4.4512 4.3346 4.2656 4.2201 4.0065

0.9 0 371.7128  202.5594 1254032  85.0299  61.3042  25.677
0.25 333.8517  185.7399  113.2421  78.7231  57.2282  24.7019
0.5 256.4009  144.8204  92.4401 66.6515  49.671 22.6018
1 105.3247  68.5429 49.4335 37.7427  29.9099  16.8085
2 17.1685 14.2913 12.3545 10.919 10.0452  7.8392
3 5.217 5.041 4.9005 4.7772 4.6913 4.3693
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Table 24

ARLs for the MEWMS control chart with increasing correlation, w=0.5and p=3

variables

Variance

Correlation Mean Shift | 1 1.25 1.5 1.75 2 3

0 0 376.8332  192.231 109.8445  69.394 46.9619  18.6894
0.25 321.3747  167.222 98.4888 63.1351 43.6824  17.7735
0.5 211.5318 1143692  72.0542 48.9173 35.1427  16.2402
1 65.2887 43.1624 30.3203 23.6803 19.3676  11.7319
2 9.4892 8.4595 7.7046 7.1629 6.8784 5.7346
3 3.8153 3.7546 3.7312 3.6886 3.6477 3.4848

0.1 0 376.7368  198.3863  114.321 71.9633 49.0907  19.3431
0.25 317.9929  173.1141  99.3278 66.1699 455712  18.5883
0.5 219.7735  120.5797  74.2445 49.8001 37.0254  16.6628
1 69.0488 44.2981 31.8122 24.7886 20.2762  11.8009
2 9.6724 8.6471 7.9125 7.4182 6.9245 5.9194
3 3.8655 3.8538 3.8036 3.711 3.6826 3.5689

0.3 0 368.5131  217.3694  132.1676  86.1417 61.577 23.621
0.25 330.5006  192.9148  119.2155  80.4872 56.0784  22.8964
0.5 2457052  147.4915  92.4907 63.6404 46.4746  20.4024
1 95.3086 60.0778 42.6221 33.1056 26.091 14.5467
2 13.0786 11.1621 9.8059 8.9648 8.3622 6.8431
3 4.4585 4.3491 4.2478 4.1771 4.1263 3.9261

0.5 0 377.319 231.0414  149.8601  105.7195  76.529 31.4095
0.25 341.0302  214.8665  141.1888  98.0426 72.2684  29.6144
0.5 273.6777  169.5693  114.1094  80.6443 59.6588  26.5957
1 127.1596  83.4057 59.582 44.6203 35.2483  19.1458
2 19.9371 15.9227 13.876 12.2883 11.232 8.3837
3 5.5462 5.3977 5.2224 5.0032 4.9397 4.5751

0.7 0 365.3635  237.6876  157.3152  114.1176  86.1916  37.5646
0.25 337.4969  223.8548  149.7014  111.0676  81.3503  35.1495
0.5 287.339 186.016 128.9759  94.6464 71.4435  32.8445
1 149.55 101.839 74.0225 57.9215 45.1498  23.5275
2 29.08 22.7921 19.117 16.3695 14.6864  10.4595
3 7.2285 6.8201 6.5605 6.2277 6.0452 5.4242

0.9 0 369.5935  247.074 173.5036  124.8069  94.4795  43.0326
0.25 353.1303  233.1118  164.195 120.139 92.324 41.7571
0.5 301.4451  198.424 141.8704  103.7437  80.4807  38.4231
1 173.991 119.1165  88.3299 66.1109 54.2044  28.2394
2 38.4362 30.2181 24.8877 21.0006 18.324 12.9918
3 9.7622 9.0039 8.3165 7.8336 7.4716 6.4133
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Table 25

ARLs for the MEWMS control chart with increasing correlation, =0.5 and p=5

variables

Variance

Correlation | Mean Shift | 1 1.25 1.5 1.75 2 3

0 0 371.1002  226.737 140.5337  90.6757 63.7366 24.3496
0.25 329.8448  199.7232  126.4343  83.5608 59.137 23.4533
0.5 238.3668  144.7926  93.2142 63.9769 46.7825 20.591
1 87.6877 58.4909 41.3385 31.2929 25.5514 14.6242
2 12.3761 10.8223 9.8146 8.9834 8.3983 6.7655
3 4.5158 4.4139 4.3432 4.2695 4.2318 4.0109

0.01 0 368.341 2354527  147.0522  97.1628 68.642 26.0689
0.25 332.5651 209.5149  133.2406  87.7624 64.4377 25.227
0.5 251.8943  154.6374  101.2675  70.7276 50.8744 22.2797
1 95.988 64.7595 46.4312 34.5123 27.9878 15.4155
2 13.6645 11.7844 10.3563 9.5314 8.8792 7.1516
3 4.6489 4.545 4.5207 4.3952 4.3767 4.1181

0.3 0 365.7436  260.0636  183.2974  135.0901  100.9504  39.694
0.25 3435016  248.7772  175.2484 1252315  95.0497 38.0949
0.5 293.0441  202.1931  145.4314  107.7815  78.7987 33.6189
1 153.9947  107.1775  76.1654 59.1294 45.4696 23.1729
2 25.6045 20.3885 17.4694 14.9846 13.3595 9.7878
3 6.5547 6.1607 5.9197 5.8001 5.6247 5.1193

0.5 0 376.3799  277.0673  206.9143 1559218  124.1317  56.3281
0.25 352.6281  264.5478  201.5675  149.9534  121.1618  54.4051
0.5 317.2664  232.7684  172.3681  132.88 105.4208  49.1528
1 197.083 145.8587  110.1634  87.9746 70.4263 35.3081
2 49.2185 37.6247 31.2286 26.0618 22.4987 14.8513
3 11.2469 9.9369 9.3641 8.7481 8.1209 6.9661

0.7 0 364.7485  283.0042  216.837 174.111 138.6715  68.1184
0.25 361.7663  268.6965  208.1641  166.4854 1355001  65.799
0.5 322.1529  244.6224  192.7435  149.2818  121.6228  60.9391
1 229.4345 171.5312  134.5478  107.7895  89.4841 47.7485
2 71.7425 57.0857 46.3637 38.7383 33.6328 21.0446
3 18.6734 16.617 14.651 13.0041 12.1063 9.6328

0.9 0 375.5708  284.2587  219.5361  178.0618  148.541 75.8836
0.25 351.9447 276.1691  218.9725  174.9887  142.3103  75.3312
0.5 330.2397  253.8401  202.61 162.7108  132.613 70.5146
1 249.6394  191.9688  153.0703  121.6057  102.8083  56.6293
2 94.0997 73.6869 61.4124 50.9076 43.422 28.0958
3 27.957 23.7282 20.8367 18.7784 16.9901 12.9652
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Table 26

ARLs for the MEWMS control chart with increasing correlation, =0.5 and p=10

variables

Variance

Correlation Mean Shift 1 1.25 1.5 1.75 2 3

0 0 373.3395 267.9068 189.0536  132.7437 95.1805  37.1473
0.25 348.5448  239.0426  172.0731  122.2303 89.3182  35.2941
0.5 268.7968  191.4741 136.3422 99.0537  72.7381  30.9782
1 124.7393  90.0521  64.6082  50.2742  39.6037  20.9747
2 19.9838 16.565 14.4266 13.0143 11.8762  9.0534
3 6.1031 5.8688 5.7281 5.5342 5.3909 5.0313

0.1 0 367.4271  280.7765 203.7198  149.7987  110.8858  44.3121
0.25 353.3708  259.7294  188.8917  139.0342 104.296  41.8387
0.5 295.8196  211.8068 1554202 114.2367 86.2183  36.7649
1 152.3766  108.5581 80.4947  61.8508  48.5662  24.4523
2 25.1299  20.4506  17.5113 15.6116  13.7774  10.1951
3 6.8709 6.5468 6.3141 6.0611 5.8735 5.398

0.3 0 370.2578  308.8629  252.3407 211.9074 172.8154  88.2209
0.25 355.6593  301.5712 244.4578 206.0196 170.312  85.9147
0.5 329.1472  273.7704  225.353 186.1404  154.5647  78.9418
1 237.0305 192.5018 161.7138  130.3021 108.4318 56.5574
2 76.5366  62.0345  50.4243 422097  36.1072  22.3993
3 18.5795 15.888 14.0743 13.0692 11.9456  9.4049

0.5 0 375.9985 321.7518 274.8969  203.9534  202.773 120.5263
0.25 366.5659  310.0225 269.2821 197.6112 198.7301  118.3066
0.5 3453114  292.0373  253.6813  190.3004 188.7827  110.4625
1 279.8696  239.6935  203.4081  149.7437  150.6864  89.2533
2 130.3914  109.4061 91.1528  71.5647  70.2294  42.8937
3 45,0402  38.4931  33.0569  27.8607  26.3674  18.3752

0.7 0 366.2151  326.1645  282.0074  249.0506 217.5948  138.2499
0.25 359.3871 321.4199 2745415  243.64 214.7653  136.4802
0.5 348.6328 309.2534  267.2678  234.3195 203.8242  131.4415
1 301.1515  259.1629  228.5156  201.2071 174.6791 111.6526
2 173.5865 146.9378 127.8032 110.9725 97.5168  62.7425
3 73.4665  63.8969  55.5368  49.1209  43.3537  30.605

0.9 0 369.9474  320.3662  283.5195  249.124  219.1355  147.8451
0.25 366.2403  312.2588  279.0917  248.4808 218.386  143.2353
0.5 3475633 303.7155 270.6761  243.1378 215.1485  139.4828
1 306.4893  279.7466  236.467  211.6683  187.3844  125.522
2 197.7279  169.0563  148.0542 131.4783  119.1652  79.0025
3 99.4234  85.1908  75.198 65.9519  59.6777  42.83
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Tables 27 through 30 show the ARLs for the MEWMYV control chart when the
weighting value is 0.5 and the correlation of the related variables uniformgases.
With these increases, the sensitivity of the MEWMV control chart deceasehe
number of variableg] increased, the sensitivity decreased. The behavior of the

MEWMYV is similar to the MEWMS control chart and can be compared with tables 24

through 26.
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Table 27

ARLSs for the MEWMYV control chart with increasing correlation, »=0.5 and p=2

variables

Variance

Correlation Mean Shift 1 1.25 1.5 1.75 2 3

0 0 370.4231  168.3056  94.3616 59.6903  39.213 15.274
0.25 306.4156  150.2079  82.7974 52.4466  36.8731  14.4861
0.5 193.7813  101.2005  59.3369 40.6626  29.5954  13.1588
1 58.646 36.3759 25.2134 19.5469  15.6036  8.9045
2 7.5734 6.5756 5.8569 5.3383 5.0072 4.1076
3 2.3598 2.3388 2.3461 2.3166 2.2812 2.2563

0.1 0 372.05 168.2515  92.2001 545218  37.066 14.608
0.25 305.9812  143.4321  78.1298 49.7369  34.192 13.9048
0.5 186.2651  95.5964 57.1728 38.4967  27.8644  12.7746
1 52.6743 32.7566 23.7568 18.0501  14.7747  8.6683
2 6.7133 6.0822 5.5485 5.1416 4.8679 4.1631
3 2.4379 2.4009 2.3815 2.389 2.3487 2.3696

0.3 0 371.249 180.8555  98.9625 59.2089  42.0788  16.2229
0.25 314.1935  153.934 87.5457 55.6364  39.1401  15.6975
0.5 204.1971  106.5039  64.1625 435312  31.1234  13.9106
1 62.0806 39.205 27.7583 20.8058  17.059 9.7318
2 7.7873 6.8211 6.2071 5.7194 5.3728 4.4275
3 2.5905 2.58 2.5534 2.519 2.5345 2.463

0.5 0 364.9711  188.825 109.7278  70.2184  49.4487  19.0149
0.25 323.9093  166.9922  97.3308 64.1033  44.7973  18.0637
0.5 227.0175  120.9063  75.7344 50.8956  37.4225  16.1789
1 79.0661 49.1046 33.959 25.4802  20.4211  11.4762
2 9.897 8.3899 7.4514 6.695 6.1447 5.0773
3 2.9424 2.8779 2.827 2.84 2.7813 2.6909

0.7 0 368.5045  196.2104  117.9044  76.8631  56.0422  21.7797
0.25 328.1747  176.1627  109.6234  73.0808  50.9289  21.1102
0.5 237.66 135.2891  83.8052 57.9497  43.3185  18.9677
1 92.3766 59.4885 40.8978 30.9538  24.5065  13.3357
2 12.5682 10.363 9.1013 8.1335 7.3469 5.7207
3 3.4283 3.3575 3.2742 3.1815 3.1401 2.9348

0.9 0 367.1552  198.2293  121.6069  81.8893  59.9007  24.3346
0.25 325.9063  182.33 114.6612  78.2185  56.1006  23.3793
0.5 250.0991  143.0079  92.5166 64.3619  47.6305  21.207
1 104.5493  67.2628 46.8969 35.4035  28.3473  14.923
2 16.1132 13.0308 11.1981 9.7687 8.8611 6.6875
3 4.0759 3.9183 3.796 3.6595 3.589 3.303
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Table 28

ARLs for the MEWMV control chart with increasing correlation, w=0.5 and p=3

variables

Variance

Correlation | Mean Shift | 1 1.25 1.5 1.75 2 3

0 0 371.8887  192.0747  109.1977  68.3405 46.13 17.6054
0.25 313.1364  166.0847  94.5839 60.9473 42,5187  16.8888
0.5 209.4093  113.6002  69.2799 46.7282 34.038 15.0403
1 64.9001 40.6251 29.073 22.5165 18.0996  10.1693
2 8.227 7.229 6.5864 6.1047 5.6974 4.7184
3 2.8144 2.7677 2.769 2.7055 2.6716 2.5603

0.1 0 376.4452  199.4878  113.5183  71.1372 47.8313  17.9788
0.25 319.5334  172.0839  98.8684 62.4821 43.1886  17.323
0.5 216.5401  119.4023  71.7616 49.1162 35.7477  15.3045
1 68.3496 43.3426 30.9612 23.532 18.8288  10.682
2 8.7115 7.5124 6.7818 6.2996 5.888 4.8037
3 2.8798 2.8622 2.8089 2.7609 2.7182 2.6176

0.3 0 373.642 220.1916  131.868 87.5895 61.4702  22.4104
0.25 333.841 195.5298  121.9321  79.8189 56.359 21.9752
0.5 2449305  146.4242  92.9571 61.925 459337  19.3629
1 95.1208 61.2626 41.6807 31.3624 247922 13.1129
2 11.7276 10.006 8.809 7.8354 7.1134 5.6297
3 3.427 3.308 3.247 3.185 3.1328 2.9638

0.5 0 372.6467  231.2948  150.397 102.4983  74.7136  29.3008
0.25 338.4733  213.0628  139.2634  96.505 71.4495  28.0721
0.5 267.0448  168.2999  113.9364  79.1457 58.8662  24.9746
1 126.3012  82.229 57.8451 43.7583 33.7924  17.5266
2 18.6632 15.044 12.528 11.0458 9.8517 7.204
3 4.4763 4.3005 4.0866 3.9457 3.8082 3.4911

0.7 0 363.5554  235.0278  162.3712  115.2852  85.2361  35.9804
0.25 343.1779  223.5756  149.6113  109.984 80.3344  34.3652
0.5 284.1284  183.4117  126.0253  93.0177 69.8512  30.6978
1 152.5428  100.8867  72.8431 54.6947 43.1399  22.2817
2 27.4731 21.709 17.7086 15.0923 13.2269  9.2558
3 6.2372 5.7147 5.3809 5.104 4.9241 4.2852

0.9 0 369.4852  244.4491  167.1854  123.1293  93.3247  41.2264
0.25 3455391  228.9969  159.956 116.6622  88.2259  38.6627
0.5 299.4138  196.2103  138.0549  102.1653  77.8239  36.5865
1 174.7867  114.8473  85.8192 65.0027 52.6099  26.3793
2 36.6492 28.4668 23.5324 19.7444 17.2135  11.5921
3 8.5349 7.6544 7.1219 6.5484 6.2798 5.3162
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Table 29

ARLs for the MEWMV control chart with increasing correlation, w=0.5 and p=5

variables

Variance

Correlation Mean Shift 1 1.25 1.5 1.75 2 3

0 0 373.8105 226.6698  139.7917  90.2403 62.8826 23.5921
0.25 326.2151 201.0761  126.1896  83.4223 56.9206 21.9314
0.5 2352258  145.7152  94.3653 63.6617 46.5348 19.7196
1 87.6487 56.7736 39.9168 30.5982 24.4857 13.3343
2 11.4471 9.9095 8.7582 7.8901 7.2395 5.842
3 3.5746 3.4817 3.4138 3.355 3.2699 3.0799

0.1 0 375.8842  233.0281  146.8762  98.0591 68.8502 25.2216
0.25 331.7788  209.9058  135.0472  89.7255 62.7123 23.5096
0.5 252.8574  153.4463  101.9263  68.0604 50.3287 21.2266
1 96.5434 63.7254 44.4146 34.1089 26.2645 14.0947
2 12.8043 10.7432 9.3613 8.5338 7.7346 6.1368
3 3.7808 3.6552 3.5996 3.4597 3.394 3.1849

0.3 0 375.4065  257.52 182.4541  133.5005  99.652 38.9134
0.25 350.8066  244.3691  173.3104  122.3278  93.5201 36.97
0.5 289.9207  206.048 144.8713  105.2254  78.8718 32.556
1 152.0954  106.0814  75.9282 57.8955 45.08 22.2917
2 24.9009 19.3398 16.3654 13.8916 12.3134 8.7203
3 5.5531 5.1915 5.0129 4.7476 4.6183 4.1684

0.5 0 376.8813  279.8288  206.5585  158.2779  121.0793  55.6862
0.25 353.7196  263.9341  198.7299  151.4063  116.4311  53.0996
0.5 322.0953  234.606 1743115  133.3166  107.4692  47.9849
1 199.2293  147.0846  109.8028  87.0584 67.8079 34.027
2 48.2804 37.0199 30.1595 24.4349 21.0939 13.775
3 10.1214 9.0329 8.2404 7.6745 7.0869 5.8644

0.7 0 371.3792  278.3 217.5065 175.9035  137.761 66.2676
0.25 3543616  268.9956  207.7015  166.8073  134.0458  65.5641
0.5 326.078 250.0087 192.9173  150.7359  122.3859  60.4657
1 228.1652  172.4365  133.8405 105.2048  85.6834 45.563
2 70.5389 56.3774 44.198 36.6308 31.4652 20.1587
3 17.9515 15.1729 13.4893 11.9654 10.9851 8.431

0.9 0 378.3523  288.3565  221.2859  182.2447 1483304  76.1904
0.25 372.8929  279.0063 218.8781  174.3426  144.9382  74.4308
0.5 339.5463  261.1774  205.6659  162.5949 1353801  69.8601
1 251.6022  192.3074  148.9691  122.832 100.9874  55.1712
2 93.4105 73.2809 60.433 49.5451 42.8915 26.5078
3 27.3144 22.8568 19.7948 17.3728 15.9373 11.5811
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Table 30
ARLs for the MEWMYV control chart with increasing correlation, w=0.5 and p=10
variables
Variance
Correlation | Mean Shift 1 1.25 1.5 1.75 2 3
(] 0 365.0418  266.6814 187.2428 129.4161 95.3646  35.6968
0.25 341.6832 237.6193 167.5169 120.9802 88.6597  34.3376
0.5 271.2823  189.3152 135.4328 97.5938  71.2594  29.9406
1 124.8807 88.24 64.1788  49.5698  38.7028  19.8675
2 18.5326 16.1235  13.5388  12.0815 11.0676  8.2632
3 5.309 5.0787 48946  4.6767 4.5333 4.1148
0.1 0 372.8315  280.2132 201.9263 152.8614 112.4398 43.5127
0.25 343.6836  257.5999 190.9888 138.943  103.5855 41.4056
0.5 293.3913  215.941  156.4577 114.1287 86.5482  35.4395
1 150.4359  110.8892 79.8674  60.6335  47.546 23.1225
2 24.8374 19.6511  16.9712  14.5645 13.0581  9.4054
3 6.1708 5.76 5.5079 5.3053 5.1209  4.494
0.3 0 373.6416  303.8848 254.8512 211.7648 174.4856 89.463
0.25 360.078 300.3611 250.0582 203.1993 170.1542 86.2764
0.5 329.7731  272.2847 227.1017 185.2624 151.9506 78.1425
1 239.7097 193.6175 158.4583 130.7688 107.0555 55.2876
2 75.6414 62.445 50.5728  41.9667 35.1535  21.2608
3 17.5846 14.764 13.3945  12.0084  11.0687  8.526
0.5 0 367.309 309.8344 270.4415 237.4971 198.4373 118.267
0.25 359.9981 308.7101 267.0641 231.5018 196.4481 115.6111
0.5 3435166  288.7435 251.6207 215.3497 183.5457 109.4941
1 279.3086  232.5052 196.598  171.9751 147.7223 86.3451
2 128.4731 108.0439 92.3284  79.5887  69.6851  42.1607
3 43.6059 36.3119  31.6683  28.127 24.9893  17.482
0.7 0 370.6011 317.303  280.4651 244.8688 216.7472 134.5701
0.25 368.4809  318.4434 276.1816 242.8376 210.5174 132.5863
0.5 357.0258  306.8277 268.889  232.4519 203.4911 126.6893
1 301.9282  258.3869 229.3845 197.4507 150.2084 107.2985
2 172.3146  147.2356 124.2069 106.356  95.4311  62.5897
3 72.0654 63.0123  54.3336  47.7508  42.1199  29.9954
0.9 0 366.7545  322.7002 287.9627 253.8993 220.4715 144.7043
0.25 368.6802  319.1355 283.8412 248.3164 216.922  146.6583
0.5 350.9629  307.9 274.8603 240.7716 209.3703 137.7761
1 314.421 271.5681 240.8898 206.6933 186.8942 123.0649
2 199.2592  172.026  147.5747 129.2987 115.1195 77.4385
3 96.4258 83.7563  75.3518  65.8962  59.2482  40.7927
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Method Comparison

Graphically, the ARLs of the MCUSUM, MEWMA, MEWMSd MEWMV
control charts all behave differently, except foe MEWMS and MEWM\graphs. The
MEWMV control chart is a derivation of the MEWMSdshows similar ARL curves
Figures 4.1 through 4.3how the various ARL graghof the MCUSUM, MEWMA,
MEWMS and MEWMV control char when using the weighting value ©£0.5, where
applicable. These grapliisplay the behavioral characteristics of eaple tf control
chart;especially the decrease in sensitivity that comadp with changes in correlat,
number of observed variabl or weighting values. Figuse4.1 through 4.4 show tl
ARL curves when thaumber of variables increased the MCUSUM control chart wit
no correlation between variables. Fhe completeselections of graphical outputs, re

to Appendix C.

4000000
|
|
350.0000
|
3000400
2500000

T 2000000
|

AversgeRun Length

| 150.0000
|
100.0000

Si. N0

= b
]

0.5

¥ 0.0000500000 ¥ 50.0000-100.0000 = 100.0000-150.0000 ®150.0000-200.0000 » 200.0000-250.0000 = 250.0000-300.0000 » 300_0000-3500000 = 350.0000-400.0000

Figure 4.1

ARL curve for the MCUSUM control chart when p=2 and correlation=0.0
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Figure 4.2

ARL curve for the MCUSUM control chart when p=3 and correlation=0.0
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Figure 4.3

ARL curve for the MCUSUM control chart when p=5 and correlation=0.0
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Averigo Bun Longth
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Figure 4.4
ARL curve for the MCUSUM control chart when p=10 and correlation=0.0

Figures 4.5 through 4.9 are the MCUSUM control tiA&RLs when the
correlation equals 0.5. These figures convey #eeahse in sensitivity of the MCUSU
control chart as correlation increasWith the increase in correlation, the MCUSLU
displays an effet that changes the surface of the ARL curve temdse a plane, rath
than the slopes shown in figures 4.1 throud. Graphically, the sensitivity of tf
MCUSUM is apparent in the mean shift compared éovtriance change. Throughc
much of this simlation, the most significant detection of a vacarchange was for lart

changes, specifically when the variance changeagaal to thre:



Figure 4.5

Arorega Run Length
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ARL curve for the MCUSUM control chart when p=2 and correlation=0.5
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ARL curve for the MCUSUM control chart when p=3 and correlation=0.5
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Figure 4.7
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ARL curve for the MCUSUM control chart when p=5 and correlation=0.5
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Figure 4.8
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The MEWMA control chart displayed a behavior different from that of the other
control charts. While the MCUSUM control chart showed very little sensitwigy t
change in variance and the MEWMS and MEWMYV control charts were specifically
designed for detecting a change in variance, the MEWMA shows no sensitithig
change in variance. Similar to the behavior of the MCUSUM control charts, as the
number of variables increases, the sensitivity of the control chart decrBases.
similarities of the MEWMA control chart to the MEWMS and MEWMV control chast
that the sensitivity of the MEWMA control chart decreases with the isern@aveighting
values.

Figures 4.9 through 4.12 displays the ARL curves of the MEWMA control chart
where correlation values equal 0.0 aswD.5, with the number of observed variables
increasing. These figures show that with each increase in observed varadbles, t
sensitivity does decrease, but only slightly, in comparison to the other contrsl ¢hart
all figures involving the MEWMA, it is shown that there is no sensitivity toarene
changes. A complete list of the MEWMA control chart ARL curves is available

Appendix C.
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Figure 4.9

ARL curve for the MEWMA control chart when p=2, correlation=0.0 and weight=0.5
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Figure 4.10

ARL curve for the MEWMA control chart when p=3, correlation=0.0, and weight=0.5
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Arorega Run Length

#0.0000500000 W 50.0000-100.0000 = 100.0000-1500000 & 150.0000-200.0000 = 200.0000-250.00C0 = 250.0000-300.0000 © 300.0000-3500000 = 350.0000-400.0000

Figure 4.11

ARL curve for the MEWMA control chart when p=5, correlation=0.0 and weight=0.5
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Figure 4.12

ARL curve for the MEWMA control chart when p=10, correlation=0.0 and weight=0.5
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Figures 4.13 throug4.16 displays the MEWMA control chart where cortiela
was 0.5. In this simulation, it was shown that @sedation values increased uniforn
across the covariance matrix, the sensitivity efMMEWMA control chart actuall
increased. The resulting wve show little change from figures 4.11 through34

However, lookng at tables 21 though 2there is a decrease in detection sensit

Mverage Run Length

= 0000050 0000 = 50.0000-100.0000 = 100 0000-150.0000 = 150.0000-200.0000 = 200 0000-250.00(0 = 250.0000-300.0000 » 300_0000-3SA0000 = 350.0000-400.0000

Figure 4.13

ARL curve for the MEWMA control chart when p=2, correlation=0.5 and weight=0.5
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Figure 4.14

ARL curve for the MEWMA control chart when p=3, correlation=0.5 and weight=0.5
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Figure 4.15

ARL curve for the MEWMA control chart when p=5, correlation=0.5 and weight=0.5
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Avieagn R Length

000005000 N 50.0000-100.0000 = 100.00M-1500000 W 150.0000-200.0000 ¥ 200.0000-250.0000 »250.0000-300.0000 » 300.0000-3500000 = 350.0000-400.0000

Figure 4.16

ARL curve for the MEWMA control chart when p=10, correlation=0.5 and weight=0.5
The MEWMA control chart shows little sensitivity &amy changes beyond the mean s
As the purpose of this control ct was the detection of mean shjftisis dissertation he
reaffirmed the developmental finding Lowery et al. (1992)This finding is discussed |
depth in chapter five.

With the development of the MEWMS control chartwéunc et al(2007) built a
control chart capable of detecting both a meart ahil a variance change. Figures ¢
through 4.2Ghow the ARL curves (the MEWMS control chart witp variables ant
correlations equal to 0.0 using the weighting valti®.5.Under these conditions, tl
MEWMYV control chart is sensitive to both mean shdnhd variance changes. With
increase of observed variablp), the sensitivity to detect the mean shift decreabe

view the entire list 0MEWMS control chart curvg, please refer tdppendix C



#0.0000500000 W 50.0000-100.0000 = 100.0000-1500000 & 150.0000-200.0000 = 200.0000-250.00C0 = 250.0000-300.0000 © 300.0000-3500000 = 350.0000-400.0000

Figure 4.17

ARL curve for the MEWMS control chart when p=2, correlation=0.0 and weight=0.5

Averags Run Length
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Figure 4.18

ARL curve for the MEWMS control chart when p=3, correlation=0.0 and weight=0.5
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Figure 4.19

ARL curve for the MEWMS control chart when p=5, correlation=0.0 and weight=0.5
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Figure 4.20

ARL curve for the MEWMS control chart when p=10, correlation=0.0 and weight=0.5
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Figures 421 througt4.24 show the MEWMS&ontrol chart with correlation equ
0.5, the increasing number of observed variables weeighting value of 0.5. The
figures show the effect of uniformly increased etation on the detection sensitivity
the MEWMScontrol chart. With the increased correlation, gbasitivity of the
MEWMS to detect a mean shift is dramatically decreadéds decrease in sensitivity
seen as early @53 observed variables, aasp increases, the slope of the gra|

resenbles a plane, rather than the decreasing curessisdigures 4.17 through 4..

Avarage Run Length
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Figure 4.21

ARL curve for the MEWMS control chart when p=2, correlation=0.5 and weight=0.5



#0.0000500000 W 50.0000-100.0000 = 100.0000-1500000 & 150.0000-200.0000 = 200.0000-250.00C0 = 250.0000-300.0000 © 300.0000-3500000 = 350.0000-400.0000

Figure 4.22

ARL curve for the MEWMS control chart when p=3, correlation=0.5 and weight=0.5
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Figure 4.23

ARL curve for the MEWMS control chart when p=5, correlation=0.5 and weight=0.5
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Avirage Bl Langth
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Figure 4.24
ARL curve for the MEWMS control chart when p=10, correlation=0.5 and weight=0.5
As the above figures show, with the increasvariables ), the MEWMS control chal
displays a decrease in the sensitivity to detesean shift and variance chan
However, the sensitivity of the detection of a &ade change is still greater than tha
the MCUSUM. Comparisons to the MEWMA crol chart for detection of a varian
change will be ignored, as the MEWMA shows no deiisi to a variance chanc

Figures 4.1 to 4.24 and tabll through 12, with the tables in Appendix B ¢
graphs in Appendix C, provide sufficient informatito arswer the first question pos
in this dissertatior:Does the MEWMS control chamonitor for a singular change in
covariance matri;and mean shift more effectively tt the MEWMA or theMCUSUM
control charts?”

The MEWMS control chart shows an incsed sensitivity to detect a singu

change in the covariance matrix compared to the MGM control chart. Th

t
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MCUSUM control chart shows sensitivity to a singular change in the covamnaaici,
especially compared to the MEWMA which is not sensitive to a singular change in the
covariance matrix. The sensitivity of the MEWMS control chart to dete@amrshift is
less than the MCUSUM and the MEWMA control charts. The MCUSUM and MEWMA
control charts were both developed to detect small mean shifts and were natahpecifi
designed to detect small changes in the covariance matrix. Figures d 22@mlisplay

the sensitivity comparisons of the MCUSUM, MEWMA and MEWMS control cHarts
mean shifts and variance changes upii® observed variables. The figures e
observed variables displays the most differentiation of behaviors of the compatned c
charts. In all cases where the dimension of the control charts increasedhaviebeas
observed, but differentiation decreased.

Figures 4.25 and 4.26 show the projection of the three dimensional figures onto a
single dimension of the graph. These projections were layered atop one another for
comparison. Figure 4.25 shows the sensitivity comparison of the three conttsltclear
mean shift when the variance is held at 1.0. Figure 4.26 shows the sensitivity
comparisons of the three control charts for a variance change when the médats he
0.0. For both of these figures, the weighting values were held at 0.5 for the MEWMA

and MEWMS control charts.
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Figure 4.25

ARLs for the MCUSUM, MEWMA, and MEWMS control charts when the mean is held

constant and covariance components change with weight=0.5
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Figure 4.26

ARLSs for the MCSUM, MEWMA and MEWMS control charts when varianceis held
constant and mean component shifts with weight=0.5

Hawkins and Maboudou-Tchao (2008) introduced the MEWMV as a less
complicated equation for a similar control chart as Huwang, Yeh, and Wu's MEWMS
(2007). Like the MEWMS, the MEWMV was developed to detect both mean shifts and
variance changes. Figures 4.27 through 4.30 show the ARL curves for the MEWMV
control chart with correlations equal to 0.0 and weighting value of 0.5. With the addition
of variables |p), the sensitivity decreases, most noticeably in the detection of a mean

shift. For the complete collection of MEWMV ARL curves, please refer to AppeDdi
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Figure 4.27

ARL curve for the MEWMV control chart when p=2, correlation=0.0 and weight=0.5
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Table 4.28

ARL curve for the MEWMV control chart when p=3, correlation=0.0 and weight=0.5
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Figure 4.29

ARL curve for the MEWMV control chart when p=5, correlation=0.0 and weight=0.5
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Figure 4.30

ARL curve for the MEWMV control chart when p=10, correlation=0.0 and weight=0.5
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Figures 4.3%hrough 4.4 show the MEWMYV control chart curves as the nun
of observed variables increased with correlatiof.6fbetween the variables &
weighting value of 0.5. Like the MEWMS control chaurves, the uniform increase
correlations decreases the sensit of the MEWMV control chart. This decrease is s

in the detection of a mean shift more so than éend&tection of a variance chan

Average Run Length
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Figure 4.31

ARL curve for the MEWMV control chart when p=2, correlation=0.5 and weight=0.5
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Figure 4.32

ARL curve for the MEWMV control chart when p=3, correlation=0.5 and weight=0.5
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Figure 4.33

ARL curve for the MEWMV control chart when p=5, correlation=0.5 and weight=0.5
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Avieagn R Length

#0.0000500000 ® 50.0000-100.0000 = 100.0000-1500000 & 150.0000-200.0000 = 200.0000-250.0000 =250.0000-300.0000 = 300.00(-3500000 = 350.0000-400.0000

Figure 4.34
ARL curve for the MEWMV control chart when p=10, correlation=0.5 and weight=0.5
Additionally, figures 4.5 and 4.36 displayetthe sensitivity comparisons of t
MCUSUM, MEWMA and MEWMYV control charts for mean fisiand varianc
changes. Figure 4.34 shows the sensitivity coraparof the three control charts t
mean skt when the variance is held at 1.Figures 4.35 and 4.36 display the projecti
of the three dimensional graphs into a single pfaneomparisonFigure 4.35 shows tt
sensitivity comparisons of the three control chéotsa variance change where mean is
held at 0.0. For both of these figures, the wanghtalues were held at 0.5 for t

MEWMA and MEWMYV control chart:
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Figure 4.35

ARLs for the MCUSUM, MEWMA, and MEWMYV control charts when the mean is held

constant and covariance components change with weight=0.5
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Figure 4.36

ARLs for the MCSUM, MEWMA and MEWMYV control charts when varianceis held
constant and mean component shifts with weight=0.5

Using tables 1 through 8 and tables 27 through 30 as well as figures 4.1 through
4.16 and figures 4.27 through 4.36, the comparisons of the MCUSUM, MEWMA and
MEWMYV answer question two of this dissertation: “Does the MEWMYV control chart
monitor for a singular change in the covariance matrix and mean shift moréveffec
than the MEWMA or the MCUSUM control charts?”

Compared to the MEWMA and MCUSUM control charts, the MEWMV control
chart showed a greater sensitivity to detection of a singular changeciovdrégance
matrix than either the MEWMA or MCUSUM control charts. As earlier dismlisthe
MEWMA is insensitive to the changes of a covariance matrix element aMiGhSUM

was insensitive to small changes in the elements of the covariance matrix.
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The MEWMV was also capable of detecting a singular mean shift, but was not as
sensitive to this detection as either the MEWMA or MCUSUM control charthis
dissertation, it was shown that as the number of observed variables increased, the
sensitivity to detection of a mean shift declined. This characteristic heltbtrall of
the studied control charts. When monitoring multiple related variables, the use of
individual observations may not have the precision desired in the detection of an OOC
measurement. Future studies in this area will be discussed in chapter five.

The final question posed in this dissertation was, “What are the appropriate value
for the control chart parameters for the MEWMS and MEWMYV control charts étecre
an ARLy approximately equal to 370 (per Huwang et al.(2007) and Hawkins and
Maboudou-Tchao (2008))?” These values were either not previously posted for the re-
creation of the control charts or not studied for publication. Using simulationsSraS8é
multiple trials to determine the critical values for the MEWMS and MEWNMM©I
charts, Table 31 shows the MEWMS control chart critical values @r iegial run with
a uniform correlation across the covariance matrix and anARE set for

approximately 370.
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Table 31

Control limits for the MEWMS control chart for p-variables when correlation is equal
across the covariance matrix.

Correlation
p Weight | 0.00 0.10 030 0.50 0.70 0.90
20 |01 2.873 | 2.877 | 3.306 | 3.331 | 3.682 | 4.092
0.3 3.861 | 3.898 | 4.174 | 4.641 | 5.194 5.778
0.5 4.398 | 4.451 | 4.794 | 5.384 | 6.038 | 6.722
0.7 4731 | 4.777 | 5.181 | 5.805 | 6.551 7.275
0.9 4.891 | 4951 | 5.366 | 6.024 | 6.785 | 7.566
3.0 |01 2.792 | 2.824 | 3.120 | 3.628 | 4.252 | 4.933
0.3 3.662 | 3.722 | 4.240 | 5.068 | 5.997 | 6.961
0.5 4.111 | 4.201 | 4.846 | 5.855 | 6.931 | 8.102
0.7 4391 | 4.491 | 5.225 | 6.342 | 7.513 8.751
0.9 4.535 | 4.636 | 5.405 | 6.581 | 7.809 | 9.097
5.0 | 0.1 2.744 | 2.809 | 3.314 | 4.195 | 5.202 | 6.258
0.3 3.439 | 3.563 | 4.510 | 5.868 | 7.339 | 8.859
0.5 3.808 | 3.975 | 5.151 | 6.781 | 8.511 | 10.275
0.7 4.047 | 4.225 | 5.548 | 7.324 | 9.231 11.121
0.9 4.164 | 4.349 | 5.748 | 7.605 | 9.548 | 11.549
10.0 | 0.1 2.732 | 2.859 | 3.848 | 5.375 | 7.022 | 8.759
0.3 3.210 | 3.472 | 5.258 | 7.571 | 9.957 | 12.405
0.5 3.499 | 3.834 | 6.035 | 8.752 | 11.573 | 14.358
0.7 3.678 | 4.055 | 6.522 | 9.492 | 12.526 | 15.495
0.9 3.763 | 4.177 | 6.756 | 9.845 | 12.984 | 16.179

Table 32 shows the control chart limits for the MEWMV control chart when the
correlations are uniform across the covariance matrix and thg Vw&d set
approximately 370. In the research of Hawkins and Maboudou-Tchao (2008), ARL
values ranged from 100 to 2,000. In their research, the common value pEARD was
left out. Since this is considered a commonly accepted value of, Alit& dissertation

focused on establishing the control limit values to define Adtlapproximately 370.
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Table 32

Control limits for the MEWMYV control chart for p-variables when correlation is equal
across the covariance matrix.

Correlation
Weight | 0.00 0.10 0.30 0.50 0.70 0.90
2 |01 0.254 | 0.262 | 0.322 | 0.427 | 0.560 | 0.733
0.3 1.617 | 1.642 | 1.833 | 2.160 | 2.540 | 2.975
0.5 3.130 | 3.180 | 3.530 | 4.110 | 4.780 | 5.477
0.7 4.751 4.820 5.340 6.180 7.151 8.150
0.9 6.475 | 6.540 | 7.248 | 8.850 | 9.600 | 10.935
3 |01 0.068 | 0.090 | 0.221 | 0.459 | 0.743 | 1.073
0.3 1.847 | 1910 |2.376 | 3.120 | 3.950 | 4.874
0.5 3.639 | 3.757 | 4.594 | 5858 | 7.271 | 8.775
0.7 5.501 | 5.681 | 6.895 | 8.750 | 10.752 | 12.835
0.9 7.487 | 7.710 | 9.290 | 11.685 | 14.308 | 17.065
5 |01 0.012 | 0.060 | 0.411 | 0.968 | 1.612 | 2.310
0.3 2.308 | 2.459 | 3.591 | 5.250 | 7.052 | 8.952
0.5 4474 | 4759 | 6.747 | 9.550 | 12.550 | 15.680
0.7 6.710 | 7.130 | 10.011 | 13.950 | 18.180 | 22.450
0.9 9.080 | 9.610 | 13.429 | 18.495 | 24.015 | 29.469
10 | 0.1 0.122 | 0.266 | 1.303 | 2.790 | 4.420 | 6.064
0.3 3.250 | 3.725 | 6.899 | 11.020 | 15.390 | 19.820
0.5 6.079 | 6.922 | 12.365 | 19.100 | 26.190 | 33.310
0.7 8.970 | 10.170 | 17.985 | 27.353 | 37.190 | 47.229
0.9 12.000 | 13.590 | 23.769 | 35.910 | 48.520 | 61.150

The purpose of these tables was to create a starting point of analysigaites
of the scenarios are known. When identifying particular control chart requitefoe
monitoring real data, having an established starting control limit valugsafto faster
fine-tuning times to establish working control limits. Additionally, the insireavalues
of the control limits identified another aspect of sensitivity attached to FAWMS and
MEWMYV control charts. The MEWMS control chart based its primary statstithe
trace of the weighted sample covariance matrix. As a result, thelordloa is forced to

a greater value due to the increase in elements of the equations. Similaresfigdior
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the MEWMV control chart, as the primary statistic is calculated usindetegminant of
the covariance matrix.
Summary

As the number of variable numbers increased, the sensitivity of each couairol ¢
decreased. The decrease in sensitivity was most noted in the detection of ntean shif
Figure 4.34 displayed the best example of this effect. Similar behavior spésyed
with the increase in correlation of covariance elements. As the weightung inaleases,
the behavior of the sensitivity of the control chart changed. The sensitivitg of
MEWMS and MEWMYV control charts improved as the weighting value increased fr
0.1 to 0.5; however, the sensitivity decreases as the weighting values increalses of
0.7 and 0.9.

In all four methods described in this dissertation, the MCUSUM and MEWMA
control charts displayed the highest sensitivity to mean shifts. The MEWMS a
MEWMV control charts displayed nearly identical sensitivity to meanssh#tone
another. Only when the weighting value increased to 0.9 did the MEWMS and MEWMV
show equivalent sensitivity as the MEWMA control chart in the detection of meas shift
However, the overall sensitivity of all control charts was decreasédhégtweighting

values exceeded 0.5 in the simulations.
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CHAPTER V
DISCUSSION
This chapter provides a discussion of the method development and comparisons
of the MEWMS and MEWMV control charts to the MEWMS and MEWMYV results
provided by Huwang et al.(2007) and Hawkins and Maboudou-Tchao (2008)
respectively. Further discussion concerning study limitations, suggestohfsitare
research are addressed.

Summary of Major Findings

The major findings associated with this dissertation are discussed a$ ¢mch
individual control chart. With each chart, certain behaviors were observed. These
different behaviors allow for comparison of the various control charts. Thérnlgg
was that the MEWMS and MEWMYV control charts were more sensitive to changes i
single element of the covariance matrix compared to the MCUSUM and MEWMA
control charts. The formulas used for the MEWMS and MEWMYV control charts were
specifically derived to detect this change in variance components wher€tig8 UM
and MEWMA control charts were designed to detect mean shifts.

The second finding was that the MEWMS and MEWMYV control chart were
sensitive to mean shifts. While the sensitivity of the MEWMS and MEWMYV control
charts is not as great as the MCUSUM and MEWMA control charts, the abilig of t
MEWMS and MEWMYV control charts to detect both mean shifts and variance changes

allows for greater overall detection capability. This ability to detezan shifts as well as
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changes in the covariance matrix gives the MEWMS and MEWMYV greater jabfent
monitoring processes and signaling an OOC situation faster than the MCUSUM or
MEWMA may. The development of the MEWMS and MEWMV control charts allows
for the monitoring of two types of variables. Since the variance is dependent upon the
mean, this two-way monitoring is more effective.

The third finding was as the number of observed variables increased, the
sensitivity of all four discussed control charts decreased. This decreassitiviy is
most noted in the detection of the mean shifts. The MEWMA control chart was the least
affected by the increase in number of observed variables. As the number of observed
variables increased, the sensitivity to detect smaller shifts sigrtifiadecreased. This
may be in part due to using a single observation as a test point, rather than usiptpa sa
value. Discussions concerning this result are addressed in the furtherhrgseaon of
this chapter. Similar decreases in sensitivity are shown with the intneameelations
of the variables, but were not specifically within the scope of this study.

Method Devel opment

The general trend developing from method development was that sensitivity to
detect individual changes in the mean shift and variance components was dependent upon
three main properties: 1) the number of variables observed; 2) the strengthetdtion
between the related variables; and 3) the weighting values used, whecaldeplOne
purpose of this dissertation was to replicate simulations and establish tte effen
increased number of observed variables on the MEWMS and MEWMYV control charts
with individual observations. Huwang et al.(2007) used2 andp = 3 variables with

the MEWMS control chart and Hawkins and Maboudou-Tchao (2008) performed
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simulations using from two variables up to fifty variables with the MEWMV abntr
chart.

The sensitivity trends related to the number of variables was observed in
simulation with all four control charts discussed in this dissertation. Regarai
control chart, as the number of observed varialges¢reased, the sensitivity of the
control chart decreased. Decreases in sensitivity were more dilearvehe detection of
mean shifts, rather than variance changes. However, a minor decreasdivitgenss
also observed in the detection of variance change. In the case of the MEWM®# contr
chart, detection of variance changes did not exist.

Behaviors of the ARL charts were also affected by the strength of d¢mnela
values used in the simulation. As the correlation values increased through the
simulations, the sensitivity decreases. This decrease is most noticethigleletection of
mean shifts, similar to the increased number of observed variables. Deaneases
sensitivity were also observable with the detection of the variancgehahile this
behavior was noted, the true effects of a correlation increase or de@sasatad with a
variance change will be discussed in the limitations and opportunities sectiorss of t
dissertation.

The final developmental factor that influenced the simulation outcomes was that
of the weighting values used in the MEWMA, MEWMS and MEWMYV control chart
scenarios. For these control charts, it was displayed that the most sensghwenge
value for detection of either a mean shift or variance changewa5. As the
weighting value moved from the 0.5 value, the sensitivity declined; however, Table 33

shows an example of how the sensitivity was affected more from differegtttvingj
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values, depending upon the control chart used. When combining effects of the number of
variables, the weighting value used in each control chart and the correlatioasrbéte
numbers of variables, the sensitivity of all discussed control charts decreastbyl gr

Table 33

ARL values for the MEWMA, MEWMS and MEWMYV control charts with constant
variance, various mean shifts and different weighting values and p = 2 variables.

Variance = [1]
Weight
Test Mean 0.1 0.3 0.5 0.7 0.9
MEWMA 0 371.6496 367.6546 370.3705 365.7777 370.9324
0.25 110.8831 189.8748 240.4617 277.9842 300.091
0.5 32.4798 43.7327 100.9875 138.4604 178.7719
1 9.1762 13.41 21.3927 33.6906 54.9644
2 2.9241 3.3565 3.8469 5.0211 7.2559
3 1.6373 1.7902 1.8434 1.9858 2.2714
MEWMS 0 368.3827 358.5521 369.5183 378.9924 371.5148
0.25 277.4577 294.8288 309.1548 311.7954 305.832
0.5 144.7199 164.2253 182.2021 192.049 202.4536
1 39.3032 42.3527 52.1277 59.9244 66.5039
2 13.0199 7.7118 7.8127 8.621 9.8644
3 8.5934 4.8119 4.4164 4.7652 5.419
MEWMV 0 376.0233 370.694 370.4231 358.903 373.8134
0.25 291.5077 298.5762 306.4156 312.447 315.3463
0.5 167.1225 179.0741 193.7813 200.5399 204.2787
1 40.5231 50.4534 58.646 65.8687 65.8786
2 6.2138 6.6228 7.5734 8.8365 8.762
3 2.6534 2.4019 2.3598 2.4719 2.501

As Table 33 shows, the MEWMA control chart decreases in overall sensitévihe
weighting value increases. The MEWMS and MEWMYV control charts show ségsiti
behaviors that as the weighting value moves away, both positively and negatively, from
0.5 the sensitivity of the control charts decreases. This behavior is dispieglé

scenarios for all sizes of observed variables. The complete lists of aablgisown in

Appendix B.
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Method Comparison

The MCUSUM control chart, as designed, was highly sensitive to detect small
shifts in mean values, including a small shift of a single element of a mean oratioser
vector. However, the MCUSUM was relatively insensitive to detect a charagsimgle
element of the covariance matrix. It was capable of detecting adaagge in a single
covariance element, as is shown in simulation, to detect a large variance coimpone
change. A large change in the variance component in the covariance matriXines de
as a shift of size three, or a 200% increase in variance.

The MEWMA control chart showed behavior similar to the MCUSUM control
chart in its ability to detect small shifts in the mean vector. Compared to tWaVMEE
and MEWMYV control charts, the MEWMA control chart was more sensitive to a change
in the mean/observation vector components. The exception to this greaigvisgwas
when the weighting values for the MEWMA control chart equation (1.18, p. 18) was
above 0.5. Using these values, the sensitivity of the MEWMA, MEWMS and MEWMV
control charts were comparable. An unexpected behavior was the compldityiobbi
the MEWMA control chart to detect a change in the covariance matrix, regastilezs.
This behavior was observed with the MEWMA control chart only, making it the only
control chart insensitive to any change in the variance components.

The MEWMS control chart displayed sensitivity to both mean shifts and variance
changes. However, the sensitivity to a mean shift was showed to be less tiohthihat
MCUSUM or MEWMA control charts. Unlike the MCUSUM or MEWMA control
charts, the MEWMS control chart’s ability to detect small changes imgéeselement of

the covariance matrix is increased. This increased ability makesEWeMSE control
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chart a significantly better control chart to simultaneously monitor both ste# and
variance change scenarios than the MCUSUM or MEWMA.

The MEWMYV control chart displayed identical sensitivity to the mean shift and
variance component changes as the MEWMS control chart. The behavior of the
MEWMV control chart should theoretically be identical to the behavior of the MEWMS
control chart, since the MEWMYV control chart was derived from the MEWMS. hike t
MEWMS control chart, the MEWMV control chart was highly sensitive to small clsange
in a single element of the covariance matrix. Like the MEWMS control diert t
MEWMYV control chart was also sensitive to mean shifts, but did not display the same
level of sensitivity as the MCUSUM or MEWMA control charts.

Comparison to Previous Research

The research presented here both replicated and expanded on the research of the
MEWMS control chart of Huwang et al.(2007) and the MEWMV control chart of
Hawkins and Maboudou-Tchao (2008). In the study by Huwang, Yeh, and Wu, the
number of variables used in simulation wpr andp=3. This dissertation expanded
beyond the original study and ugeeb andp=10 variables to determine effects of greater
dimensions on the sensitivity of the MEWMS control chart. With smaller dimesisihe
MEWMS control chart is highly sensitive to singular mean shifts and Isingariance
changes using individual observations. As the number of observed variables increases,
the sensitivity to detection of a mean shift decreases.

Huwang et al.(2007) looked at uniform variance changes that occurred uniformly
across the entire covariance matrix. This dissertation evaluated the NsEAMhrol

chart while monitoring for a single variance element change of theiaogamatrix.
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Findings discussed by Huwang et al. stated that the MEWMS was highlineettsi
changes in variance, especially variance changes that were veky Amaiform
variance change across the entire dimension of the covariance matrix is ary @il
in reality. For this reason, this dissertation explored if one element of thearwear
matrix changed.

The MEWMV control chart described by Hawkins and Maboudou-Tchao (2008)
used real data and simplified the MEWMS control chart. Hawkins and Maboudou-Tchao
also expanded on the number of observed variablespuse@, 3, 4, 5, 10, 15, 20, 25,

50}, but limited the weighting value of the MEWMYV control chart to values less than
0.5;o ={.05, .10, .15, .20, .25, .30}. The weighting values for the MEWMYV in this
simulation were increased to expand beyore 0.5 to monitor for effects on the

MEWMYV control chart ARLs. Results showed that values above the 0.5 limits defined b
Hawkins and Maboudou-Tchao had decreased sensitivity. This previous research
explored a various number of ARlalues, but never explored the common ARL370.

This dissertation expanded the MEWMYV control chart to define the commog &RL

370.

Hawkins and Maboudou-Tchao (2008) also used sample sizes equal to twice the
size of the number of observed variables. In this dissertation, sample sizesduees
to individual observations to determine the MEWMV control chart capability to detect
small mean shifts and variance changes compared to earlier reseanghntisidual
observations was associated with determining the sensitivity of the ME3avitvol

chart compared to its predecessor, the MEWMS which used individual observations.
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Results from the single observation MEWMV control chart compared to the
MEWMYV control chart defined by Hawkins and Maboudou-Tchao (2008) were similar.
The general shapes of the ARL curves were similar; however, the use of single
observations changed the control limits of the tests. Monitoring with individual
observations influenced the sensitivity of the MEWMYV control chart, particuldrgnw
monitoring for a mean shift when the dimension was greatemptianFor this reason,
certain other characteristics of the MEWMV control chart changed; edgehmkontrol
limit values used in simulation.

Hawkins and Maboudou-Tchao (2008) did not define control limits for anpARL
of 370. Comparisons of critical values were made against published values fgr28RL
and ARLy=500. With these values as comparisons to the critical values found in
simulation, it was shown that some differences arose. The use of single abssrvat
caused a reduction in the critical valbgcompared to published critical values of
Hawkins and Maboudou-Tchao. The end result was that comparisons of critical values
became difficult.

Sudy Limitations and Suggestions for Further Research

The first limitation of this study was the use of a singular element eharegther
the mean shift or variance change. Using this limitation tested the trug abihe
MEWMS and MEWMYV control charts to detect minor changes, but may not exist in
reality. With the change of a single element of the covariance matexgeiasonable to
assume that this change would affect other related variables; espegialtgasions
when variables were highly correlated. Future study may look at scenarios rotisva

effects of change within the covariance matrix. Real data may be kfuirdnis study.
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A second limitation was that correlations were uniformly increased throutifeut
covariance matrix. Simulation data that is complete and sufficient isuiliffo create on
such a varied scale, and for this reason the uniform correlation changes wlefeutise
research could use real-world data where correlations reflecticeatiahges as a single
element of the covariance matrix. Acknowledging that correlations will éhang
differently as different variance elements change, the sensitivity & tesis may
improve.

Another limitation was that mean shift and variance changes were positive.
Hawkins and Maboudou-Tchao (2008) explored decreasing variance changes using
samples. Further studies could work with negative directional changes to detéenine t
sensitivity of the MEWMS and MEWMYV control charts with individual observations.
While a decrease in variance may indicate a more consistent measuremantalso
help to identify other measurement errors not considered.

This investigation restricted the sizes of mean shift, variance change and
dimension changes. These increases were not of uniform size, giving a distortetl view
the overall sensitivity of the MEWMS and MEWMYV control charts. Further relsearc
could pick smaller shift sizes and variance changes to identify the gesggoals of
change to the ARL tables/graphs that identify significant ARkeasures. Current
research has looked at shift and change sizes of 0.2 incrementally witEW&IM
control chart with individual observations. Other studies associated with meagizhift
and variance change size may explore dimensional effects on individual dlbsstva
That the MEWMS or MEWMV control charts lose the sensitivity of mean shift or

variance change detection based on dimension is currently unknown.
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The use of individual observations was another limitation to this study.
Individual observations provided sufficient detection of small changes in vaaadce
mean shifts when the dimensignwas less than five. However, when the number of
observed variables increases, this study suggests that individual observations may not
adequately detect small changes quickly. Future studies could look at the development of
the MEWMS using samples to determine the sensitivity to mean shifts with large
numbers of variables. Hawkins and Maboudou-Tchao (2008) performed initial studies
with the MEWMV concerning sample sizes of two times the number of observed
variables. Studies beyond this work could look at minimum sample sizes that are useful
for large numbers of variables, as two times the number of observed variaples ma
become too large to succinctly detect mean shifts or variance changes.

A final suggestion of further research is that of ideal weighting values. While
results suggest that using the weighting value of 0.5 in the MEWMS and MEWMYV was
the most efficient in detection, this may not be the case. In using large @xireas
weighing values, the overall best value was potentially overlooked in this sonulat
study. Further research may restrict weighting values to a narrge aaound»=0.5 to
discover a weighting value(s) that produce smaller ARllues than those published in
this dissertation.

Conclusions

This dissertation expanded upon two new developments in control charts. The
MEWMS control chart was studied using greater dimension of the covariante, auad
the MEWMV control chart was studied using individual observations. The goal of this

investigation was to determine the sensitivity of each control chart whenasghegle
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mean element shifted or a single covariance element increased. Botk\tfisl®and
MEWMYV control charts were found to be sensitive to covariance changes whgn us
small numbers of observed variablps,Both control charts displayed sensitivity to mean
shifts as well, but lost sensitivity of detection as the number of observed gariabl
increased beyong =5 when using individual observations.

If a researcher were to monitor the variance components of a manufacturing
process, the decision to use individual observations should be considered carefully. In
cases where there are few correlated variables to monitor, the uséMEWEIS or
MEWMYV control charts with individual observations may be appropriate. In the case
where more variables are being monitored, it may best suit the researcha@ote the
MEWMV control charts using sample mean vectors initially describdddwkins and

Maboudou-Tchao (2008).
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[* Multiple CUSUM control chart code*/
dm log ‘clear’; dm output ‘clear’;
options nonumber nodate;

Title * CUSUM2000;
proc iml;
create control var {count};

do i=1t01000Q

Flag =0; [*Flag to stop iterations*/

count%); [*Count variable to measure ARL*/
D=0; [*Value holder for calculated values*/
var=; [*number of variables in simulation*/

do while (Flag®);
m={0, O}, /*Mean or observation vector*/
I={11,11}; /*Covariance matrix*/
s={1.0,.01}; /*Correlation values*/

/*Begin observation generation*/
seed 0);
n=1;
sigma =l#s;
p = nrow(sigma);
b = repeat(m’,n,1);
g = root(sigma);
z =normal(repeat(seed,n,p));

y=z*q +b;
out=y;
j=count+;
k=2*];
fir={0,0};  /[*Fast initial response values (not used in simulation)*/
R=D+(y)-fir’;
if R >0then D=R,;
else D¥;
T=R;
h=12.2Q [*Critical value for test*/

count = count H;

flag = (T > h);
if count >9999then flag =1;
end,;
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append var {count};

end,

quit;

proc meansdata = control MEAN; [*Calculation of ARL*/
var count; output out = stats;
run;

/****************************************************************

var=2, 3, 5, 10 *Dimension of matrices
m={0, 0}, {0, .25}, {0, .5}, {0, 1}, {0, 2}, {0, 3}
* Mean or observation vector (dimension expands with *var)

I={1 1,11}, {11.118, 1.118 1.25}, {1 1.225, 1.225 1.5}, {1 1.33, 1.33 1.75}
{11.44,1.442},{11.72,1.72 3}
* Covariance matrices (dimension expanded with increase in *var)

s={10,01},{1.1,.11},{1.3,.31},{1.5,.51},{1.7,.71},{1.9,.91}
*Correlations of related variables (dimension expanded with *var)

*****************************************************************/
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[* MEWMA control chart code*/
dm log 'clear'; dm output ‘clear’;
options nonumber nodate;

Title * omegal\MEWMA2000’;
proc iml;
create control var {count};

do i=1t01000Q

Flag =0; [*Flag to stop iterations*/

count9; [*Count variable to measure ARL*/
D=0; /*Value holder for calculated values*/
var=; *number of variables in simulation*/

do while (Flag®9);
m={0, 0};
I={11, 11}
s={1.0,.01};
omega=l,

/*Begin observation generation*/
seed =0;
n=1;
sigma =l#s;

p = nrow(sigma);
b = repeat(m’,n,1);
g = root(sigma);
z =normal(repeat(seed,n,p));
y =z*q + b;
out=y;

j=count+;
k=2%j;

[*Calculation of test statistic*/
beta= 1-omega;
gam= (-omega)**k;
del = ((omega *X-gam))/@-omega));
sig = del * sigma;
siginv = inv(sig);

h=10.17 *MEWMA critical value*/
B=omega * v,

Z=C + B;
C =beta* Z;
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T=Z*siginv*Z;
count = count 4;

flag = (T > h);
if count >9999then flag =1;
end,;
append var {count};
end;
quit;
proc meansdata = control MEAN; [*Calculation of ARL*/
var count; output out = stats;
run;

/****************************************************************

var=2, 3, 5, 10 *Dimension of matrices
m={0, 0}, {0, .25}, {0, .5}, {0, 1}, {0, 2}, {0, 3}
* Mean or observation vector (dimension expands with *var)

I={1 1,11}, {11.118, 1.118 1.25}, {1 1.225, 1.225 1.5}, {1 1.33, 1.33 1.75}
{11.44,1.442},{11.72,1.72 3}
* Covariance matrices (dimension expanded with increase in *var)

s={10,01},{1.1,.11},{1.3,.31},{1.5,.51},{1.7,.71},{1.9,.91}
*Correlations of related variables (dimension expanded with *var)

omega=.1, .3, .5,.7,.9 * Weighting value used for every level

*****************************************************************/



[* MEWMS control chart code*/
dm log ‘clear'; dm output ‘clear’;
options nonumber nodate;

Title ‘'omegal\MEWMS2000’;

proc iml;

create control var {count};

do i=1to 1000Q
Flag =0;
count=;

do while (Flag®9);
m={0, O};
1={11, 11}
s={1.0,.01};
omega=.1; crit=2.8725;

/*Begin observation generation*/

seed %);
n =1,
sigma =l#s;
p = nrow(sigma);
b = repeat(m’,n,1);
g = root(sigma);
z =normal(repeat(seed,n,p));
y =z*q + b;
out=y;
C=y*y;
j=count;
k=2%];

V=omega*c + {-omega)*D;
D=V;
T=trace(V);

[*Control chart- limit development*/

1));

hi=var+ €rit)*sqrt(2*var*w);
low = var - €rit)*sqrt(2*var*w);

count = count 4;
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*MEWMS critical value*/

w=(omega/Z-omega))+R-2*omega)/@-omega) * (-omega)***(count-



flag = (T > hi | T<low);
if count >9999then flag =1,

end,;
append var {count};
end;
quit;
proc meansdata = control MEAN; [*Calculation of ARL*/
var count; output out = stats;
run;

/****************************************************************

var=2, 3, 5, 10 *Dimension of matrices
m={0, 0}, {0, .25}, {0, .5}, {0, 1}, {0, 2}, {0, 3}

* Mean or observation vector (dimension expands with *var)
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I={11, 11}, {11.118, 1.118 1.25}, {1 1.225, 1.225 1.5}, {1 1.33, 1.33 1.75}

{11.44,1.44 2}, {11.72, 1.72 3}

* Covariance matrices (dimension expanded with increase in *var)

s={10,01},{1.1,.11},{1.3,.31},{1.5, .51}, {1.7,.71},{1.9, 91}

*Correlations of related variables (dimension expanded with *var)

omega=.1, .3, .5,.7,.9 * Weighting value used for every level

*****************************************************************/



[* MEWMS control chart code*/
dm log ‘clear'; dm output ‘clear’;
options nonumber nodate;

Title * omega9\MEWMV2000’;
proc iml;

create control var {count};
do i=1to 1000Q

Flag =0;

count=9;

D=0;

var=2;

do while (Flag®9);

m={0, O};
I={11, 11}
s={1.0,.01};

omega=.9; h =6.475;

/*Begin observation generation*/
seed %;
n=1,
sigma =l#s;
p = nrow(sigma);
b = repeat(m’,n,1);
g = root(sigma);
z =normal(repeat(seed,n,p));
y =z*q + b;
out=y;

c=Y*y;

j=count4;
k=2*;

[*Control chart- limit development*/
V=omega*c + {-omega)*D;
D=V,
U=det(V);
g=log(V);
T=trace(V);
r=T-g-var;

count = count 4;
flag = (r > h);

FMEWMYV critical value*/

122



123

if count >9999then flag =1,
end,
append var {count};

end,

quit;

proc meansdata = control MEAN; [*Calculation of ARL*/
var count; output out = stats;
run;

/****************************************************************

var=2, 3, 5, 10 *Dimension of matrices
m={0, 0}, {0, .25}, {0, .5}, {0, 1}, {0, 2}, {0, 3}
* Mean or observation vector (dimension expands with *var)

I={1 1,11}, {11.118, 1.118 1.25}, {1 1.225, 1.225 1.5}, {1 1.33, 1.33 1.75}
{11.44,1.442},{11.72,1.72 3}
* Covariance matrices (dimension expanded with increase in *var)

s={10,01},{1.1,.11},{1.3,.31},{1.5,.51},{1.7,.71},{1.9,.91}
*Correlations of related variables (dimension expanded with *var)

omega=.1, .3, .5,.7,.9 * Weighting value used for every level

*****************************************************************/
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