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ABSTRACT

A SOLUTION OF THE HEAT EQUATION WITH THE
DISCONTINUOUS GALERKIN METHOD USING A
MULTILEVEL CALCULATION METHOD THAT
UTILIZES A MULTIRESOLUTION WAVELET BASIS

Robert Gregory Brown
Old Dominion University, 2010
Director: Dr. Richard Noren

A numerical method to solve the parabolic problem is developed that utilizes the Dis-
continuous Galerkin Method for space and time discretization. A multilevel method
is employed in the space variable. It is shown that use of this process yields the
same level of accuracy as the standard Discontinuous Galerkin Method for the heat
equation, but with cheaper computational cost. The results are demonstrated using

a standard one-dimensional homogeneous heat problem.
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CHAPTER I

INTRODUCTION

Many excellent discrete schemes for the parabolic problem, such as the standard
Galerkin method, are derived by first discretizing in the spatial variable using the
finite element method, which produces a system of ordinary differential equations
with respect to the time variable, and then applying one of the many finite difference
time stepping methods to this system, resulting in a fully discrete system and the
resulting solution. One characteristic of these schemes is that it can be cumbersome
to alter the size of the time steps in the middle of the process; also there may be
stability issues as well, depending on the choice of finite difference method used for
the time discretization. A method to circumvent these difficulties is to apply the
Galerkin finite element method in both spatial and time variables, and one such
scheme that utilizes this strategy is known as the Discontinuous Galerkin Method.
This method treats the space and time variables in a similar way, and allows the
spatial grid mesh as well as the time steps to be varied as necessary. Such a scheme
is advantageous for parabolic problems as it allows small time steps in transients
and then larger time steps as the exact solution becomes smoother. This will allow
more efficient computation. The approximate solution sought will be a piecewise
polynomial in the space variable which will not be required to be continuous at the
nodes of the time partition.

The Discontinuous Galerkin Method was introduced in 1981 for ordinary differ-
ential equations by M. Delfour, W. Hager, and F. Trochu [8]. Application to partial
differential equations appeared in works such as [9] by P. Jamet. Major contributors
in the area of parabolic problems are Kenneth Eriksson and Claes Johnson, whose
works are too numerous to mention; see [7] as a good example of their work. Eriks-
son and Johnson are especially noteworthy as one of the error estimates found in [7]
served as motivation for the essential error estimates of this thesis. Another major
contributor is Vidar Thomee, see [4] and references therein. This source provides not
only an extremely comprehensive analysis of the Discontinuous Galerkin Method,
but a very complete description of parabolic problem solutions by Galerkin finite
element methods. It provided much of the background material for this thesis. Two
additional works that also deserve mention are [11] by Beatrice Riviare and [12] by
Jan S. Hesthaven and Tim Warburton.



Since the Discontinuous Galerkin Method requires solution of large scale linear
systems, a multilevel augmentation method will provide a way to ease the computa-
tional cost. This method is based on direct sum decompositions of the range space
of the operator and the solution space of the operator equation, along with a ma-
trix splitting scheme. The net effect will be to reduce the task of solving a large
linear system to that of solving several linear systems of smaller sizes, thus cutting
computation costs, and it is demonstrated in this thesis. The papers [1], [2], and [3]
by Zhongying Chen, Bin Wu, Yuesheng Xu, and Charles Micchelli were essential in
this area, providing much of the framework for the multilevel method utilized in this
thesis. »

However, for the multilevel method to function correctly, we need a good, mul-
tiresolutional basis, and that is the role of the multiscale orthonormal wavelet bases
in Sobolev spaces. Further, these bases will produce sparse matrices in the imple-
mentations. Again, the various papers such as [2], and [3] by Zhongying Chen, Bin
Wu, and Yuesheng Xu, provide excellent analysis as well as efficient notation for the
kind of wavelet bases used in this work. _

This thesis provides a numerical scheme for approximating the solution of the
parabolic problem using a coarse grid, rather than a fine grid, at a lower computa-
tional cost, while at the same time preserving the accuracy of the traditional fine
grid, higher cost Discontinuous Galerkin Method. It does this by combining the Dis-
continuous Galerkin Method with Multilevel Augmentation Method to produce what
in effect is an approximate solution to the approximate solution of the problem. We
prove the convergence rate of the multilevel Discontinuous Galerkin Method solution
is exactly the same as the conventional Discontinuous Galerkin Method solution.
We also prove the computational costs are considerably less with this method. Fi-
nally, we demonstrate these features with several numerical examples. While these
demonstrations are performed using simple one-dimensional problems, the methods
introduced in this paper should be able to be generalized in the future to higher
dimensions through the use of higher dimensional wavelet bases, and thus become
applicable to regions that are thin bodies, such as the wing panels of an airplane, or
the hull panels of a spacecraft.

As many actual applications present solutions with weak singularities, special
time and spatial discretization schemes are needed to obtain good numerical solu-

tions, and various contributors to this area of study include [6] by Hideaki Kaneko,



Kim S. Bey, and Gene J. W. Hou, [7] by Kenneth Eriksson, and Claes Johnson, and
[10] by Dominik Schotzau and Christoph Schwab. The capacity of the Discontinu-
ous Galerkin Method to alter time and space grid resolutions in midstream is quite
beneficial here, allowing us to use fine grids during transients, and coarse grids when
the solutions have smoothed, altering them as needed from time step to time step.
We introduce a new error estimate which is essentially a multilevel version of the
time step and grid mesh sizing error estimate detailed by Kaneko, Bey, and Hou in
[6]. It shows the accuracy of the error estimate of [6] remains the same when the
multilevel method is used to enhance the computational efficiency. As before, we
provide numerical demonstrations of these results.

This paper is organized into seven parts, including Chapter I, the introduction.
In Chapter II, the parabolic problem and the Discontinuous Galerkin Method are
developed, along with a multilevel augmentation method. In conjunction with the
multilevel method, a multiscale orthonomal wavelet basis is discussed, and the specific
basis used in the implementations is constructed. In Chapter III, these various
notions are then blended together as one method, and applied to the basic parabolic
problem. New convergence results and error estimates, refined and enhanced from
existing multilevel convergence and error results, are then developed in Chapter IV.
Further, the main result of Chapter IV, Theorem 4.2, is shown to apply under two
different sets of hypotheses. One set, based on the results of [3] by Chen, Wu, and
Xu, requires the operator equation to have a uniformly bounded inverse. The other
set of hypotheses, introduced in this thesis, allows the norm of the same inverse to
go to infinity, which is an intractable situation for the requirements of [3]. Thus, to
provide versatility to the method developed here as well as extend the result of [3], we
prove both versions of the theorem. Special time and spatial discretizations from [6],
designed to treat difficult initial conditions, are described in Chapter V, along with
a new error estimate in the form of Theorem 5.5. As before, we show this new result
applies under the same two different sets of hypotheses used to prove Theorem 4.2.
These concepts are implemented in Chapter VI, where various numerical experiments
are outlined and the results tabulated. Finally, some concluding remarks, potential

generalizations and possible future projects are discussed in Chapter VII.



CHAPTER 1II

PRELIMINARIES

II.1 THE PARABOLIC PROBLEM
We consider solving the standard parabolic problem of finding u such that
u(z,t) — Au(z,t) = f(z,t), z€Q, t>0, (1)
u(z,t) =0, x €090, t>0,

u(z,0) = uo(z), = €9,

where Q is a domain in R? with smooth boundary 8%, u, denotes ou/ot, A =

?:1 82/8:6]2 is the Laplacian, and the functions f and uo are given data. For
the spatial discretization of this problem with respect to the space variable x =
(1,22, -+, x4), let L be the class of all finite element discretizations (h, T, S) satis-

fying the following conditions:

1. h is a positive function in C*(f2) such that |VAi(z)| < X for all z € Q and for
some A > 0.

2. T = {Qk} is a set of closed triangular subdomains of  defining a partition of

Q into triangular elements Qg of diameter hy such that
cahi < / dx (2)
Qx
for all Qg € T, and associated with the function A through
CQhK S h(x) S hK (3)
for all z € Qg, Qx € T where ¢; > 0,ce > 0 are positive constants.

3. S is the set of all continuous functions on © which are polynomials of order r

in z for x € Qf for each Qx € T and vanish on 9.

We assume the triangulation is such that the intersection of any two closed tri-
angular elements is either empty, a common face, or a common vertex of the two.
Next, we discuss the Discontinuous Galerkin Method, which will be used for the

time discretization of (1).



II.2 THE DISCONTINUOUS GALERKIN METHOD

To introduce the Discontinuous Galerkin Method we utilize much of the discussion
in [4]. First, we will write the parabolic problem (1) in its weak form by multiplying
both sides of (1) by a function w € H}(Q), that is, the functions w with Vw = grad w

in L,(Q) and which vanish on 052, and integrate over {2 to obtain
(u, w) — (Au,w) = (f,w), t>0,

u,w) = uw da:.
( ? ) /Q

Using Green’s Formula, given by

/Q(Au)w dz = /aQ(vU)w.n ds—/ﬂ(Vu-Vw) dz,

with [yq(Vu)w - n ds = 0 due to the specified boundary conditions, we obtain the

weak form

(ug, w) + (Vu, Vw) = (f,w) for w € Hy(Q),

where J
ou Ow
(Vu, V) = / O .
Q j=1 833]' 8(12‘]'
Next we integrate both sides of the last equation with respect to time t over a

fixed interval [0,tn] to obtain the equation

/OtN{(ut,w) + (Vu,Vw)} dt = /OtN(f7w) dt.

Note that the exact solution of the parabolic problem satisfies this last equation as

well. Now, integration of the first term of the last equation by parts gives us

[ (=) + (T, V) dt = (o, w(0)) + [ (7 0) d, @

where the assumption w(ty) = 0 is made so the term (u",w(¢y)) in the integration
by parts will vanish, per the procedure in [4], due to the eventual decay of u(z,t) as
t — 0o. We discretize in time by partitioning the time interval in a not necessarily
uniform fashion as

O=to<ti<ta<- - <itn

and let
I, = (tn—lytn]; kp =1t —tn



for n =1,---, N. Further, let k := max{ky, ko, - -, kn}. For a given positive integer
g, we will be looking for an approximate solution to the weak form (4) of the parabolic
problem (1) which reduces to a polynomial of degree at most ¢ in t on each subinterval

I, with coefficients in Hg (), or equivalently, a polynomial in the space
S’C = {’U : [0,00) - H&(Q)’Uhn € Pq([n)7 n = ]-7 7N}

where .
P,(I,) :={v(t) = Zvjtj 1v; € Hé(Q), j=0,---,q}.

3=0
Note that these functions are allowed to be discontinuous at the nodal points ¢,, but
will be taken to be continuous from the left there. Further, note that v(0) has to be
specified separately for v € S since 0 is not in /;, and we write S for the restrictions
to I, of the functions in S.

For notational convenience, we write

no.,_ . LA K
w® = w(t,), wh = tl{tr?er(t), w .—tl{gl_w(t)

for any function w.

Now, replace u in the weak formulation (4) by a function U € S and integrate
by parts on each subinterval I, to obtain for the first term of the left side of (4), with
v = v(t,) and vV =0,

N

_/O (U,v) dt = _g{(av) :;_l—ﬂn(Ut,v) di}
% /OtN(Ut,U) dt+Nz_:1([U]mvn)+(U0,+’UO)’ ve Sy (5

n=0
Here [U],, := U™t —U™ denotes the jump of U at ¢, and U, is the piecewise polynomial
of degree n — 1 which agrees with dU/dt on each subinterval I,,. In particular, for
the case ¢ = 0, we have U; = 0, so the integrand vanishes.
With the first term of the left side of the weak formulation thus modified, the
‘Discontinuous Galerkin Method is defined as follows: Find U € Sy such that

N-1

t t
| AU+ (Vu, Vo)) de+ 30 (U107 + (U,0%%) = (uo, o™ ) + [ (£0) e
0 n=1
(6)
for all v € S}.
Since a function v in Sy is not required to be continuous at t, we may choose

its values on the the different time intervals independently, and so by choosing v to



vanish outside the the time interval I,, we reduce (6) to one equation for each time
interval I,,, as in [4]. This results in the the following problem: For n =1,2,--- /N,
find U™ € S such that

/In{(UZ"‘,v) UV} d+ (U = [ (d ()

for all v € S}, where U°® := ug since ty is not in [;. This shows that the discrete
solution is independent of the choice of the final nodal point ¢x. Further, it can be
shown that the exact solution of (1) also satisfies (7).

For the spatial discretization, that is, discretization in the space H}(f2), let M €
{0,1,2,---} and z,,, m = 0,1,---,2M denote the spatial knots. We will use linear
splines on (2, although splines of any order may be employed. At each time step we

will approximate u(z,t,) by

U™(z) = Uz, t,) = D_&Ht)¢i(z), n=1,2,---,N.
=0

For simplicity of notation, we write U™ := U"(z) = U(z,t,). Next, let Xjs be the
finite dimensional subspace of Hj(f2) spanned by these splines. Equation (7) may

now be stated as follows: For n =1,2,--- N, given U™V~ find U™ € S, where
St = {v:[0,00) = Xur;v|1, € Pug(ln), n=1,--- N}

with

q
PM(I(In)::{U(t):Zth]:UJ'EXM, ]:0’,q}
3=0

such that

[ {00+ (VU Vo)} dt+ U0 = [ (f0) de+ (@700 ()

for all v € Pyy(1,), where U™ = ug.

For the discretization of the space H3(Q) with Q = [0,1], denote by ¢.(x) the
spline over Q,,, = [Tm_1, Tme1] form = 1,2,---,2M —1. Also, denote by ¢o(x), dom (2)
the splines over [zg,x;] and [zom_1, Zonm], respectively. Lét X be the space of these
piecewise linear splines on = (0,1) with breakpoints 0 = zp < 27 < -+ < Tom = 1
and R, = maxXjcm<oM [Tm-1 — Tm|. It follows that Xjs is a finite dimensional
subspace of H3(Q).



From [7] we have the following a priori estimate for the Discontinuous Galerkin
Method. Much of the following discussion is paraphrased from [6]. We will utilize
this estimate in Chapter IV for the proof of Theorem 4.2.

Theorem 2.1. (Eriksson and Johnson [7]). Let u be the solution of (1) and U,
that of (8). Assume that X,,—1 C X, for all positive integers m and k, < vkn41 for
all n and for some v > 0. Then there exists a constant C depending only on ¢, and
g from (2) and (3), respectively from above, such that for q =0,1, and N =1,2,--,
we have

Ju = Unllz, < CLiv s, B n(w)

where

t 1
Ly= (log(jc%) +1)2

and

Em,qn(u) = jgifl killugj)llzn + ”hfn,nDQU’“In
ith uf") = uy, u® = d = t
with u; Ug, Uy ugy and ||ullr, = maxser, ||u(t)]|2-

The term

min k21l

describes the error associated with the time discretization. If Hugj )H I,, is bounded for
each n and j = 1,2, then the Discontinuous Galerkin Method is jth order accurate
in time.
The term
1K D0l

describes the spatial discretization error and has second order due to the use of linear
splines defining the space X,,,. From before, we have A, := max;<n<om |[Tm-1 — Tm/,
but since the spatial grid mesh may be varied from time step to time step when the
time steps are not uniformly spaced, we use of the double subscript on A, , to denote
this fact.

Next we look at some specific forms of equation (8). We will use the notation
[aij]mxn

to indicate the matrix consisting of m rows and n columns with individual entries

a;, for 1 <i<m,1<5 < n.



For the case ¢ = 0, where v(t) is piecewise constant in time, with

PM()( ) —{U )—UoivoeXM},

we have U =0 and U™ = U™~ = U™ so (8) reduces to the modified backward
Euler Method

(U, 0) + ko (VU™ V) = /1 (f,0)dt + (U1, 0), v € Pao(l), 9)

or

Un—knA n _ -1
U =U +/Inf(t)dt

as in [4], page 183. The f" = f(t,) occurring in the standard backward Euler
Method, as detailed in [4], page 166, has been replaced by an average of f over
the time interval I,,, resulting in the modified version. With U" = 22]\05”@( ) for
scalars €7, i =0,1,2,---,2M and n = 1,2,---, N, equation (9) takes the form

2M
Zf (60, 85) + kalVi, V)] = [ (£t + &7 606s)  (10)
In 1=0

for j=0,1,2,---,2™ where £ is known. This system of equations may be written
i Y

in matrix form as

where

Ay = lag)em11yx @My,
Aij = (¢17¢]) + kn(v¢zv v¢j)7
Why = [fn] (2M+1)x1

7M fJ (2M+1)><1 )
fi= [ (f @)dmgf?“l(@,@).
For the case of ¢ = 1, where v(t) is piecewise linear in time, with
Py (L) = {v(t) = vo + vit : vo,v1 € X},

we have

Uy, = (@) + =271 @)



10

on the interval I, and obtain the following system from (8):

1 —n J Q— 1 —n 1
oka(VE', ) + 50" w) + 2ku( VI, V) = o= [ (1= t)(fw)dt,
for v,w € Pyi(1,). With
oM _
i=0

for scalars fl-_’", 5?’", where i = 0,1,2,---,2 n=1,2,---, N, and

Urit =g, Ui =g g
_ the last system takes the form
oM oM 1
S ¢5) + ka(Vi, V)] + 360" (¢4, 85) + §kn(v¢i, V)l
=0 i=0

21\/1

_/ ¢] dt+2 d)n ! ¢n_1](¢i)¢j)’ j=0’1’...,2M’

ZEZ 3 kn(Vi, Vé;) +Zfz il ¢z,¢1)+ Lk (Voi, Vé;)]

kl (t_tn 1)(f(t)’¢j)dt7 j:0a17"'72M'

This may be written in matrix form as

or o
A% By
Ch Dit

where
A = aglemiyxemry, Gy = (9, 85) + ka(Vi, Vy),



11

1
Bl := b siyxemgry, by = (di, 5) + §kn(v¢ia V;),

n 1
Chr = [cylemanx@mtr), G = _kn(v¢i7v¢j)v

1
nM = [dij](2M+1)x(2M+1)a §(¢zy¢1) + k (v¢’uv¢])
—én on —¥.n n
fM-—[f?’} ) fM {fd}] )
(2M4+1)x1 (2M +1)x1

n

oM
= o Ji= [ (it + 3 |87+ €077 (61,6),
n 1=0
1
Ghr = [gj](2V+1)xla gj = E/I"(t — th-1)(f, &;)dt.

One advantage of the Discontinuous Galerkin Method is that the size of the time
steps may be arbitrarily determined with no significant changes to the method, except
possibly for a time-dependent change in the spatial mesh. This will be discussed later
in Chapter V, when we look at parabolic problems with initial conditions that are
incompatible with the prescribed homogeneous boundary conditions.

Next we discuss the multilevel calculation method, which is another essential part

of this thesis. Most of the following information is taken from [3].

1.3 THE MULTILEVEL METHOD

J1.3.1 Basics

To describe the general setup of the multilevel calculation method, we consider the

basic operator equation

Au=f (11)
where X and Y are Banach spaces, A: X — Y is a bounded linear operator, f € Y
is assumed, and u € X is the assumed unique solution that is to be determined.
We need two sequences {X,,} and {Y,,}, m € My = {0,1,2,--} of nested, finite
dimensional subspaces of X and Y, respectively, with

Xmng-i-l? meMOa U Xm:X)

meMo

Yngm-H’ meMOa U Ym:Y
me Mg
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The nesting of these spaces implies there exists subspaces W, 1 of X,,4+1 and Z, 41

of Y,,,1, respectively, such that
Xm+1 = Xm ¥ Wm+1, Ym+1 = Ym &) Zm+1, m &€ Mg.

Further, we need d,, := dim(X,,) = dim(Y,,), m € {0,1,2,---}. Now, assume the

equation (11) has the approximate operator equation

Amum = fm (12)

where A, : X;n — Y, is an approximate operator of A, u,, € X,, is the solution
to (12) from X,,, and f,, € Y;, is an approximation of f. We identify the vector
[90, 91]T € Xon ® Wyny1 with the sum go+ g1 € X, ® Wynsy. Likewise, we identify the
vector [go, g1]T € Yin ® Z,, 41 with the sum go + g1 € Yy ® Z,,41. With this notation,
we describe the multilevel method for solving the operator equation (12) as a special
case of the procedure detailed in [3]. With m = k + 1, the last equation takes the
form

Aprtpsr = frr (13)

We write the solution ug.; € Xi41 to this equation as
U1 = Uko + Ukl (14)

for ugo € X and vk € Wiy1. Note that ugyq is identified with uy(1) := [ug, vr)7,
per the notation of [3]. We refer to the solution of equation (13) as the (k + 1) level
solution. The basic idea of the multilevel method is to obtain an approximation of
the (k + 1) level solution from the kth level solution in X and a correction from
Wis1.

Now, define the operators Fixy1 @ Wip1 — Yi, Gryix @ Xk — Zgy1, and

Hit1 641 © Wigr — Zgta, so the operator Agy; is identified as the matrix of op-

erators
A F;
Ags = k Rkl | (15)
Gri1e Hit1p41
Equation (13) is now equivalent to
Agiuk(l) = frr- (16)

Now we split the operator Ay into the sum of two operators By : Xz — Yin

and Ci1 : Xg+1 — Yiq1, that is,

Agr = Bi1 + Crp (17)
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where :
A, F
Bexi= |/ k kk+1 (18)
0 Hiyih+1
and
0 0
Ck,1 = (19)
Gry1x O
such that
A F, A F 0 0
At = k kk+1 _ k kit | _ Bey + Cha.
Grrie Hiv1p41 0 Hiirp41 Gra1k
Thus equation (16) becomes
By ur(1) = frr1 — Craur(1). . (20)

Rather than solving equation (20) directly, we use the multilevel method detailed
in the algorithm below to approximate the solution of (20). That is, we find an
approximation u; to the approximate solution ugy1.

Next we describe the algorithm for the multilevel method.
Multilevel Algorithm

Step 1 Solve the equation
Akuk = fk (21)
exactly, obtaining the kth level solution u; € Xj.

Step 2 Augment u by setting

. Uk
u =
k,1 0

and calculate the matrices Fi 11, Gri1,k, and Hypq p41-

Step 3 Solve uy; € Xiq1 where

from the equation
Briuky = frr1 — Cr1l,1- (22)
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To be more specific, given the known solution wuy of Aguy = fi, we solve the

matrix equation

Ar Frps Uko | _ o | 0 0 Uy,
0 Hitip41 Vg1 Ik G+ O 0

for [ukyo,vk,l]T, where fry1 := [fi, gk]¥. In practical terms, this means we first solve

the system
Hip1 k41Vk10 = 9k — Grgi,Uk (23)

for vg1, then use this solution to solve the system
Apugpo = fr — Frpr1vi (24)

for ugp. Then we set ug) := ukp + Uk, SO Up41 = Uk,
The multilevel method is basically a one step predictor-correction method to

calculate an approximation to w41, using ug1 = uko + V1 as the approximation to

Ut1-

11.3.2 Error Estimate of the Multilevel Method

In this section we examine an error estimate for the multilevel method from [3].
Most of this discussion is paraphrased from [3]. For m = 0,1,2,---, let F,, denote

the approximation error in the space X,, for u € X, namely,
E, =mf{|lu —v|| 1 v e X}

A sequence of nonnegative numbers +,,, m = 0,1,2,---, is called a majorization
sequence of E,, if v, > E,,, m = 0,1,2,---, and there exists a positive integer M
and a positive constant o such that for m > Moy, 7’;—1:1 > 0.

The following theorem from [3] gives an error estimate for the multilevel method.

Theorem 2.2. (Chen, Wu and Xu [3]). Suppose

1. There exists a positive integer My and a positive constant o such that for m >
MO;
AL < a7t

2. The limit

i [|Cona]| = 0

holds uniformly for m =1,2,---.



15

3. There exists a positive integer My and a positive constant p such that for m >

My and for the solution u., of equation (12), we have

[ = umll < pEm.

Let u € X be the solution of equation (11) and ~,,, m = 0,1,2,--- a majorization

sequence of E,,. Then there exists o positive integer M such that for m > M,

“u - um,l” S (P + 1)’7m+1
where Um 1 s the solution of (22).

Theorem 2.2 shows that under the assumptions listed, the multilevel solution wu,, ;

approximates the exact solution v at an order comparable to Fp, 1.

I1.3.3 Cost Advantages

The advantage of the multilevel method is the cheaper computational cost incurred
in solving several smaller size systems rather than a single system of a larger size.
Specifically, to solve the system (13), we must solve a system of size di,; at an
approximate cost of O(d},,). Rather than do this, the multilevel method solves the
system (21) of size dj, obtaining the coarse level solution wu;. Then, using wuy, it
solves the system (23) of size dg+1 — di, obtaining vg;. Finally, using vy, it solves
the system (24) of size dj, obtaining uxp. Then it uses ug; = ugp + vg1 as an
approximation to the approximate solution u;,;. The cost of solving these systems
is approximately O(d3) + O((dy11 — di)®). Even with more systems to solve, the
smaller size of the systems will save computational time and effort, especially for
high resolution level approximations.

We will discuss the specific savings in more detail in the application section,
and then demonstrate these savings with the various numerical experiments in the
implementation section.

For this method to work and provide good convergence characteristics, we need
bases for X, Yi, Zi, and W, with multiresolutional capability, and for this we

employ what we call the wavelet basis, which will be described next.



16

II.4 THE MULTISCALE ORTHONORMAL WAVELET BASIS

I11.4.1 Generalities

Most of this section is paraphrased from [2]. Here we assemble the basic facts and
structure of multiscale orthonormal wavelet bases for the Sobolev space HE(0, 1) of

functions u that satisfy the homogeneous boundary conditions
u?(0) =uP(1) =0, jeZy, (25)

where Z4 :={0,1,2,---,d — 1} for a fixed positive integer d.

First, the given boundary conditions enable us to define the inner product as

1
(w,)a= [ @) (@) dv, w,v e H(0,1)
0

and norm

[u|g := \/(v,v)a, v € HEO,1)

asin [2]. Let kK > 2d and g > 1 be fixed positive integers. For m =0, 1,2, - - -, denote

by X, the subspace of HZ(0,1) whose elements are piecewise polynomials of order
k with knots j/u™, for j —1 € Z,m_;. We have the property of nestedness of the
subspaces, that is,

Xm-1 C X

for m =1,2,---. The dimension of X,, is
dim X,, = (k - d)p™ — d.

Note that X is the subspace of polynomials of order k satisfying the homogeneous
boundary conditions (25), and when k = 2d, we have Xo = {0}. When k > 2d, we
have ’

Xo = span{xd"'j(l - m)d 1§ € Zk—24}-

Next, we will look at the orthogonal decomposition of the space X,, in the sense
of the inner product (-,-)4. For notation, we let S; @ Sz denote the direct sum of S;
and Sy with the property that for any v € S;, v € Sa, we have (u,v)y = 0. Since
Xm—1 C X,, for each m, let W,,, be the orthogonal complement of X, _; in X,,, that
is,
Xm = Xm-1 D W,
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This leads to
Xm:XO@Wl@WQ@Wg@'”@Wm-

The dimension of W,, is given by
w(m) := dim W,, = dim X,, —dim X,,_; = (k — d)(u — D)™,

Once W1 is determined, the spaces W,, can be constructed in a recursive fashion. To
describe the construction, we use the family of affine mappings ®, := {¢.: e € Z,}

with
() = x’;e, ecZ,

These mappings subdivide [0, 1] into the necessary subintervals associated with each

space X,,. Associated with these affine mappings we define the family of operators
T.: L?[0,1] — L?*[0,1], e € Z,, by

d

1 _
Tov:=p?""vog, 1X%[0,1], e€E Z,.

Next is the first of several lemmas from [2] which will help develop the structure of
these bases. The first lemma shows the operators T;, e € Z,, to be isometric from
HE(0,1) to HZ(0,1).

Lemma 2.3. (Chen, Wu, and Xu [2]).
(i) For e € Z,,T. maps HZ(0,1) into HI(0,1).
(ii) If e,e’ € Z,, then for all u,v € HE(0,1),
(Tew, Tev) g = deer (U, v)g.

Repeated differentiation of T,v results in the first statement. For the second result,
when e # ¢/, the intersection of the support of Tou and that of T, v has measure zero,
so (Teu, Tev)g = 0. For e = €', using the definition of the operator and the fact that

. is affine, we have, with a change of variable,
(T Tw)a = W™ [ (o 69w 0 97 (a) do
e[0,1
1
= / uwD(z)v D (z) dz = (u, v)q.
0

The above lemma provides a useful tool which we will utilize later as we set up the

stiffness matrix in the application. As it will be necessary to compose the mapping
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¢. and the operator T, for e € Z, repeatedly, we need the composition mapping

which we define next. For @ := (eg,€1, - -,em_1) € Z™, we define the composite

I 7
map ¢ to be

(/J)_e') = (bt‘:o o¢e1 O¢62 O quem;n

and the composite operator Tz as

Tw =TgyoTey o001,

€m—-1"

One can show, using successive compositions of the operators T,,, i € Z,, that for
v e L?[0,1],
m(

_ 1_4d) -1
Tov=u"2"% 0 ¢BXso

Ml

It is the repeated composing of the operator T, that will produce the required res-
olution for the problem at hand.

Integration by parts and Hermite interpolatory polynomials result in the next

lemma.

Lemma 2.4. (Chen, Wu, and Xu [2]). Ifi and j are positive integers with i < j,
w €Wy, €€ Z), andv € X;, then (w,vo ¢p)a=0.

By the definition of the operator T and the fact that
(0 67) = @ o 41,
we have, using a change of variable, the next lemma.

Lemma 2.5. (Chen, Wu, and Xu [2]).  If4 is a positive integer, € € Zf“
w € Wi, and v € X;, then (Tpw,v)q = 0. 4

Now, it is absolutely critical that a precise yet simple notational system be used
to denote these various wavelets on the various resolution levels, and [2] provides the
perfect system for describing the multiscale orthonormal bases for the spaces W;. To
describe this process of recursive construction, we start with the basis wy, ; ,l € Z,,

where W is given. For ¢ > 1 and & € Z!, we set

M(?) = /,Li_2€0 + o+ pei_3+ €.
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Let r:= w(1l) = dim W;. For i > 1, j € Z,,;, there exists the unique factorization
j=uE)yr+l, eeZ lei,
and we define
w; ;1= T—é+w1 l.

To better understand this notational system, we will set up notation for the multiscale
wavelet basis of the Sobolev space H2(0,1) with £ = 4, and p = 2. We have X, = {0},
w(i) = dim W; = 2%, 4 > 0, and the orthonormal basis for W; will be {w; ¢, w; 1}

from [2] where

wy o() = { ﬁaﬂ(?) o when 0.5 z < %v
ﬁ—g(l —2)%(4z — 1) when % <z<l,

z2(1 — 2z) when 0 <z < £,
(1-2)?(1 —2z) when ; <z <1

un 1(.’13) = {

The specifics of just how such a basis is constructed will be detailed at the end of

B[ BOf

this section. Qur purpose here is the familiarize the reader with the notation system
being utilized.

With this set of basis functions, the affine maps

¢o(x) = %33, ¢1(x) = %$+ %7

and the operator
1.4 =
TeU = e dv¢e 1X4pe[0,1]7 €= 0) 17
we can recursively construct an orthogonal basis for whatever resolution level m we
desire, using the formula

Xp=Xo®W, OWoa®@Ws® - W,,.

Now for some specifics concerning the orthonormal basis {w;g, w11}, where k = 4,

u =2, r=2. To construct the wavelets for W5, we need to use i = 2. We have
TeZ =2 ={e:e0 € Z3} ={0,1},

and

(€)= 2 = eo.
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For notational convenience, let @9 = 0 and €; = 1 so u(€p) = 0 and p(€,) = 1.
We have

and

Wy = T—e—>kw1 I
For €9 =0, u(€o) = p(0) =0, 1 =0, we have j = 0-2+ 0 = 0 which implies
wy o = Towy o.
For €9 =0, u(€o) =p(0)=0,1=1, we have j =02+ 1 = 1 which implies
wy 1 = Towy 1.
For &, =1, u(e;) =u(l)=1,1=0, we have j = 1-2+ 0 = 2 which implies
wy 9 = Tiwy o.
For €, =1, u(€1) =p(l)=1,1=1, we have j = 1-2+ 1 = 3 which implies
wy 3 = Thwy 1.
To construct the wavelets for W3, we need to use i = 3. We have
€ ez =275 ={(e0,e1) : 0,1 € Zo} = {(0,0),(0,1),(1,0),(1,1)}.
Let €0 = (0,0), €, = (0,1), €2 = (1,0), and €3 = (1,1). We have

,u(?) =L _260 + ui_gel = ueg + e; = 2ep + €1

S0

p(2)=2-1+0=2 p(es)=2-1+1=3.

Also, for j = 0,1, 2, we have
j=u(Cr) r+1l, x€ZI 1€ Zyr=2, and wy = To wi
This leads to the following subscript calculations:

0=0-2+0, wzo=Tp, wio,
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1=0-2+1, wy1=Tp w1,
2=1-240, w32=T?1w1o,
3=1-241, 'w33=T?1w11>
4=2-2+0, wzs=T»p wio,
5=2-2+1, wzs=Tp w1,
6:&2%& ws ¢ = T w1 o,
7T=3-2+1, w37=T?3w11-

Next we construct the wavelets for Wy, where ¢ = 4. Note that we continue to

use 4 = 2 and r = 2, so this time we have
Zuy = Zwy = Zs = {0,1,2,3}

as well as Z,, = Z - {0,1}. We use Z3 = {(eg, e1,€2) : ex € Zo,k = 0,1,2}, which

when written out, becomes -
Z3 ={(0,0,0),(0,0,1),(0,1,0),(0,1,1),(1,0,0),(1,0,1),(1,1,0),(1,1,1)}.
For convenience of notations and subscripts, we define
€0 =(0,0,0), €;=(0,0,1), €,=(0,1,0), €3=1(0,1,1),

?4 = (17070)7 ?5 = (15()’1)7 ?6 = (17 170)a _(3-)7 = (1: 1, 1)-
Since

(@) = ey + P36y 4+ ptey = pleg + pey + e = deg + 21 + e

we have, by the careful choice of subscripts,
p(€o) =0, u(®€1) =1, u(e2) =2, u(es) =3,

u(€e) =4, p(es) =5, p(€) =6, u(er) =T

Now, for j =0,1,2,3, u(€x) =k, k=0,1,---,7, and r = 2, where
J=u(€r) r+l, €€ Z3, 1€ Zyyr=2, and w; = T—e—>kw1 I
we have the following subscript calculations:

0=0-2+40, w4o=T€>0w10,



1=0-2+1,
2=1-2+0,
3=1-2+1,
4=2-240,
5=2-2+1,
6=3-2+0,
7=3-2+1,
8=4-2+40,
9=4-2+1,
10=5-2+0,
11=5-2+1,
12=6-2+0,
13=6-2+1,
14=7-2+0,
15="7-2+1,

We1 = T?Owl 1,
Wy 2 = T71w1 0,
W4 3 = T?IUM 1,
We 4 = T?zwl 05
Wy 5 = T?zwl 15
wy ¢ =T w0,
Wy 7= T?Swl 1-
wy g = T w0,
Wyq 9 = T?4w1 1
Wye 10 = T—gsuh 05
wy 11 =T w1,
Wy 12 = T‘é’swl 05
Wq 13 = T?GUM 1,
Wy 14 = T—é*7w1 0s

Wyq 15 = T?7w1 1
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One then may continue this process, progressively increasing the size of the index 1,

until the desired resolution level M is reached, and thus obtain the following spaces:

W1 = span{w; o, w1 1},

W, = span{w2 0, W2 1, W3 2, W2 3},

Wy = span{w3 0, W3 1,Ws 2,W3 3, W3 4,W3 5, W3 ¢, W3 7},

Wy = span{w4 0, W4 1,W4 2,Wq 3,Wq 4, W4 5,Wq 6,Ws 7, ,Wy 15},
Wy = span{w5 0,Ws5 1,Ws 2, -+, W5 31}-

and so on. In double subscripting system, the first subscript indicates the resolution

level of that particular wavelet and the second subscript indicates which particular

wavelet on that level. For instance, the double subscript 4 14 denotes the fifteenth

wavelet on the fourth resolution level.



23

Hence we have

Xo = {0},

X1 = Xoo Wi,
Xo = X\ W,
X3 = Xo0Ws,
Xy = Xz Wiy,
X5 = X, 0 Ws.

X = Xpo1® Wi

Note in each case we have dim X,, = (k — p)u™ — p, where k = 4, p = 2, and
p=2.
The following theorem shows that the functions w;; as defined above form an

orthonormal basis for the space W,. The proof is detailed in [2].

Theorem 2.6. (Chen, Wu, and Xu [2|). Let wyj, j € Z,, be an orthonormal
basis of Wy. Then for any i > 1, the functions wy;, j € Zyu form an orthonormal
basis for W; and

Hg(o,l)ZXo@Wl@WQ@

We will now give describe an algorithm for the construction of an orthonormal
basis for the space W;. Let I be the space of polynomials of order k on the interval

[0,1]. We will need the following lemma from [2].

Lemma 2.7 (Chen, Wu, and Xu [2]). For any v € Wi, v is orthogonal to the

space II;.

The following theorem gives an algorithm for the generation of the basis of Wj.

Again, the proof is detailed in [2].
Theorem 2.8. (Chen, Wu, and Xu [2]). A function v € W, if and only if

1) v is a piecewise polynomial of degree less than k with knots {L : j—1€ Z,_,},
p ) i K
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(ii) v®, i € Zy are continuous at the knots {i— j—-1€Z,4},
(iii) v (0) = v®(1) = 0, i€ Zy,

(IV) For p](x) = Ij7 <v(d))pj>d = 07 J € Zk—-d\Zd-

Theorem 2.8 gives us the following method for generating the basis of W;. By

condition (i), any function v € W; has a representation of the form
k=1 . .
v(z) =Y agx!, te[—,-), i€Z,
=0

Conditions (ii)-(iv) impose k + d(u — 1) restrictions on the coefficients a;;, thus we
obtain a homogeneous linear system of equations consisting of k+d(u — 1) equations
with kp unknowns a;;, ¢ € Z,, j € Z;. The dimension of the solution space is not
less than (k —d)(1—1). Note that dim(W,) = (k —d)( — 1), thus the solution space
has exact dimension (k — d)(u —1). Accordingly, an orthonormal basis of W; can be
obtained from a solution of the linear system by orthogonalization and normalization.

Next we detail an important example of this process, which will be utilized later

in this thesis.

11.4.2 A Linear Spatial Basis

In this section we discuss a linear basis of the space Hj(0,1). We choose k = 2, and
p = 2. Here the space Xy = {0} because there is no nontrivial linear polynomial
which vanishes at both 0 and 1. Further, dim W; = 2°7%, for 4 > 0. The basis of W;
is given by

T when 0 <z < —;—,

wy o(z) = .

11—z when 3 <z<1.

We will call w; g the mother wavelet. Figure 1 shows the plot of this mother wavelet.

The mother wavelet then produces two wavelets ws ¢, ws ;1 via the operators
wp o = Towy 0, w21 = Tiwy o,

where

A
el
wy o(z) = %

0 otherwise,

V)

2z When0§x<i,
(1-2z) when ; <z <1

&)
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FIG. 1: The Mother Wayvelet,

%(2$—1) when 1 <z < 3,
wy 1(z) = %(2—23:) when 2 <z <1,
0 otherwise.

The graphs of these two wavelets are shown together in Figure 2. For simplicity, only
the nonzero parts of each wavelet are plotted.
Thus we have
Wy := span{ws ¢, w2 1}.
Next the mother wavelet produces four wavelets ws ¢, w3 1, w3 2, w3 3 by calculat-

ing

w3z o0 = T(o0)w1 0, w3 1= To,yw1 0, w3 2 =T10yw1 0, w33 =T 1w o,

where
Tz when 0 <z < -é—,
ws o(z) = { (1 —4z) when { <z <1
[ 0 otherwise,
54z —1) when ; <z <$
wsg 1(z) = ¢ 1(2—4z) when <z <1,
[ 0 otherwise,
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FIG. 2: Two Wavelets
( 14z —2) wheni<z<},
ws o(z) = %(3—43:) when % <z< %,
| O otherwise,
34z —3) when 2 <z <]
wsy 3(z) = %(4 —4x) when % <z <l,
0 otherwise.

The graphs of these four wavelets are shown together in Figure 3.
Thus we have

W3 := span{ws ¢, w3 1, w3 2, W3 3}-
Next the mother wavelet produces eight wavelets,
W4 0, Wy 1, Wy 2, We3, Wyy4, Weg5, Wee, Wy,
by calculating
wy 0 = T(o0,0w1 0, ws 1= Tio01)w1 0, Ws 2= T(0,1,00W1 0, Ws3=T11)W1 0,

Wy 4 = T(1,0,0)w1 0, Wq5 = T(1,0,1)w1 0, W46 = T(1,1,0)w1 0, Wg 7= T(1,1,1)w1 03

where
1 1
m&r when 0 <z < 4,
wy ox) = 2——\1/5(1—8.73) when £+ <z < %,
0 otherwise,
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58z —1) when § <z < £,
ﬁ(Z—Sx) when 3 <z <4,
0 otherwise,

2—\1/-2-(8317—2) When%§m<1i6,
2—\1/5(3——8x) when 2 <z <3,
0 otherwise,
57582 —3) when 3 <z < £,
2—\1/5(4—8@ when £ <z < 3,
0 otherwise,
5—\1/5(833—4) when 1 <z < 2,
2——\1/5(5—83:) When%gxgg,
0 otherwise,

2v/2 = 16°

1 11 3
5v5(6 —8z) when 3¢ <z <3,
0 otherwise,

(82 —6) when 2 <z < {2,
—=(7 — 8z) when i—g <z< %,

2
0 otherwise,
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Graph of the wavelets Wog Wyqr W,y
05

0.45

0.4

0.35

0.3

0.25

2—\1/5(8:1:—7) when I <z < 32,
wy 7(x) = ﬁ(S — 8z) when % <z<l1
0 otherwise.

The graphs of these eight wavelets are shown in Figure 4.

Thus we have

W,y = span{wy o, ws 1, Wy 2,Ws 3, W4 4, Wa 5, Wa 6,Ws 7}-

Next the mother wavelet produces sixteen, wavelets

Ws 0, Ws 1,Ws 2, Ws 3,Ws 4, Ws 5, W5 ¢, W5 7,

Ws 8, Ws 9, Ws 10, W5 11, W5 12, W5 13, W5 14, W5 15,
by calculating
ws o0 = T10,000W1 0, Ws 1 = T(0,0,0)W1 0, W52 = To,01,00w1 0, ws 3 = Tio,01,)W1 0,
ws 14 = To,1,00W1 0, Ws 5 = T(o,1,0)W1 0, W5 6 = T(o,1,1,0W1 0, W5 7 = T{g,1,1,1)W1 0,
ws 8 = T(1,000W1 0, Ws 9 = T(1001W1 0, Ws 10 = T(1,01,00W1 0, Ws 11 = T(1,0,1,1)W1 0,

Ws 12 = T(1,1,o,0)w1 0y, W5 13 = T(1,1,0,1)w1 0, Ws 14 = T(1,1,1,0)w1 0, W5 15 — T(1,1,1,1)wl 05

28



where

Ws O(IL') =

Ws 1(.’,6) =

Ws 2(.’1,') =

ws 3(x) =

ws 4(z) =

ws 5(x) =

ws () =

ws 7(x) =

ws g(x) =

Ws g(ib) =

len B N N N

16z
(1 —162)

[ e el ) Lol

(162 — 1)
(2 — 16x)

O = =

(16z —2)
(3 — 162)

e NS

(162 — 3)
(4 — 16x)

[ RN

(16 —4)
(5 — 16z)

(162 — 5)
(6 — 16z)

O wle =

(16x — 6)
(7 — 162)

O R =

(162 — 7)
(8 — 16x)

fem N e L

(16x — 8)
(9 — 16z)

[ BTN

(162 — 9)

[aw I N N

when 0 < z < 2 355

1 L
when 2 5 <z< 3%,

otherwise,
when 6 ST < 5,

when—<$§é,

otherwise,
When <z < 32,

3
when 5 <z < 35,

otherw1se,
when FlzT< 3—2,

when—gxgi,

otherwise,
when << @,

5
when > <z < 3%

othervvlse,

[a
[

Wheni§x<

gl

when § z < g,
otherw1se,
when << 32,

d
when < z < 15

otherw1se,

when - 5 se< 32,

15 1
when 35 <z < 3,

otherwise,

when—<$<3—2,

9
when g z < 15,

otherw1se ,

9

16<g:<

when o

(10 — 16x) when 2 <z < 2,

otherwise,
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1(16z —10) when 2 <z < Z,
ws 10(z) = i(ll — 16x) when < x < 1(13,
[ O otherw1se,
( 116z —11) when & <z < 2,
ws 11(x) = %(12 — 16x) when 23 <zr< i,
0 othelrw1se7
( 7(16z —12) when ¢ <z < 2,
ws 12(z) = %(13 — 16x) when < z < ig,
0 otherw1se,
$(16z — 13) when 2 <z < 2,
ws 13(z) = { (14 —16z) when 2 <z < %7
[ 0 otherwise,
( 1(16z — 14) when—<ac< 2,
ws 14(z) = i(15 — 16x) when g x < }2,
0 otherw1se,
1(16z — 15) when £ <z < 2,
ws 15(z) = ¢ 1(16 —162) when 3 <z <1,
0 otherwise.
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The graphs of these sixteen wavelets are shown in Figure 5.

Thus we have
W := span{ws o, W5 1, Ws 2, W5 3, W5 4, W5 5, Ws5 6, W 7,

Ws 8, Ws 9, W5 10, W5 11, Ws 12, Ws 13, W5 14, W5 15}-

Figure 6 shows the nonzero parts of all 31 of these wavelets plotted together.
One may continue this procedure until the desired resolution level is obtained,

and ultimately obtain, for any m € M,
Xnm=XooW oW @---0Wp_1 & Wy

By Theorem 2.6, we have
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Graph of the wavelets Wy or Wy 1 - Wi 45

T

05

0.45+

0.4r

0.351

0.3

0.25-

0.2+

0.15+

0.8

0.8

Sixteen Wavelets

FIG. 5
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w4 7’w5 0"”’w5 15

Graph of the wavelets Wy oWy oW g Wy g Wy oW, o

Thirty-one Wavelets

FIG. 6
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CHAPTER III

APPLICATION TO THE PROBLEM

ITII.1 SETUP OF THE CONSTANT IN TIME CASE

In this section we detail the multilevel method and the wavelet basis functions as they
apply to the constant in time case of the Discontinuous Galerkin Method. The linear
in time case is considerably more complicated and involved, and it will be detailed
later in the implementation section. For basis functions, we use the linear wavelet
basis for H}(0,1) from [2] as constructed in the previous section with X, = {0} and

W1 = span{w; ¢}. Further, we will use the notations

1 g d
g Wi (&) 7 wirge () da.

1
(wij, wirgr) = /0 wij (2w (z) de,  alwy, wiy) = |

Recall now that we are solving a system of the form

where
Ay = [az'ji’j’](QM—l)x(QM—l)a
aiji/j/ = (wij’ wiljl) —+ kna(wij7 wi'j')7
Why 1= [fgj’](QM—l)xlv
71\4 = [fz"j’](2M—1)x1:
M (2M-1-1)
for = 5 & wgwe) + [ (fwey)dt
ij=1 0 In
for

ij=10,20,21,30,---,33,40,---,47,---, M 0,---, M (2" - 1),

i'{=10,20,21,30,---,33,40,---,47,---, M 0,---, M (2M-1 1),

and

X =span{wy; :4j =10,20,21,30,---,33,40,---,47,--- ,M0,---, M (2"~ 1-1)}.
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For M =1 we have
Xi=Xgp W =W, = span{w1 0}.

The system will have the form

where
A} = [aiji’j’]lxla
wY = K?j’)]lxla
?1 = [faylix1,

for ij =10, and ¢/j' = 1 0. There is no multilevel decomposition for this resolution

level; decomposition begins on the second level.
For M = 2 we have ’
Xy =Xo @ Wy &1 Wy = W, &1 Wy = span{w; o, w2 0, w2 1}

and the system will have the form

where

AY = [aijirjr]axs,

Uy = [gir’Lj’]3><17

Ty = forlax,
forij=10,20,21,and 5’ =10,20,2 1.

For M = 3 we have
Xs=Xoor Wi Wy Ws=W1 & W @1 W3 = span{w;; }

and the system will have the form

where

AL = [aijirj)rx7,



ﬂ”; = [é‘z‘rllj/]7xla
73 = [fi'j']7><17
forij=10,20,21,30,31,32,33,and¢j'=10,20,21,30,31,32,33.

For M = 4 we have

Xy=Xoo Wi & Wo Dy Wa @y Wy =W, &, W &1 Wa @, Wy = span{wy;}

and the system will have the form

Ay =T,

where

AZ = [az‘jz"j']lsxls,

-@72 = [égj']lsxh

?4 = [fi’j’]15x17
for

t7=10,20,21,30,31,32,33,40,41,42,43,44,45,46,47,

and

7' =10,20,21,30,31,32,33,40,41,42,43,44,45,46,47.

To generalize for the level M, we have
Xy=Xo®O1 W1 ®1---®1 Wy =W @1 -+ - &1 Wy = span{w;;}

and the system will have the form

where
Ay = [az'ji’j’](QM—l)x(QM—l)a
Why = [l eMonyxas
-J?M = [7i’j’](2M—l)x17
for

ij=10,20,21,30,---,33,40,---,47,50,---,515,- -
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e MOM 1L, M2, M (2M7 1),

and
i/y=10,20,21,30,---,33,40,---,47,50,---,515,---

o ) MO,M1,M 2. M (2M71 1),
To generalize for the level M+1, we write

Xupr=Xo®1 Wi @1 -+ @1 Wy = Wi @1+ -+ &1 Waryr = span{w;;}

and the system will have the form

n —n _
M+1 U p41 = 7M+1

where
M1 = [Qigirgr]@me_nyx @My,
771:/”1 = [§3j/](2M+1—1)x17
7M+1 = [fujl@emn-1yx1s
for
1y=10,20,21,30,---,33,40,---,47,50,---,515,--.
(M H+D)0,(M+ 1) L(M+1) 2, (M +1) (2% - 1),
and

i'5'=10,20,21,30,---,33,40,---,47,50,---,5 15, - -
(M) 0, (M A1) 1, (M +1)2,-+,(M+1) (24 —1).

For the multilevel decomposition on the M+1 level we have
Xy =span{wy}, ij=10,---,M0,---,M (2" - 1),

Wi = spanfuwy}, ij = (M +1)0,---,(M +1) 2 - 1),

with
Xy =Xy &1 Wapa.

We decompose the matrix A%, as

n n
AM FM,M+1

(13 T
GM+1,M Hyrpim



where the matrices A%y, Fiy 11, G100, and Hyy g prp are defined as
Ay = [az’ji’j’](QM—-l)x(QM—l)v
for ij = 10,---, M(2M~1 —1), 4'j' = 10,---, M(2M~1 — 1),
Farasr = [agigr]@m-1x@my,
for ij = 10,---, M(2M=1 - 1), @'/ = (M + 1)0,---, (M + 1)(2M - 1),
K/I-}-I,M = [aiji’j’](2M)x(2M—1)7
for ij = (M + 1)0,---, (M +1)(2™ — 1), 7§/ = 10,---, M(2M~! — 1), and
Hiponm1 = [@ijirg] )< @m),

forij = (M +1)0,---, (M +1)(2M - 1), i = (M + 1)0,--- (M + 1)(2™ - 1).

—n
Next we decompose Uy, as

—n
ETN _ U M0
M+1 ™ | —n

Vmai
where
TL’K/I,O = [giT’Lj’]@M—l)xl:
?71.(/1,1 = [7733"]2Mx1-

— .
Also we have f,,,, written as

Tun= | I

9nm
where
—
fM = [fz”j’](QM—l)xla
7M = [gi’j’]2M><17
with

M (2M-1_1) (M+1) (2M-1)

fi’j’ = Z znj—l(wij7 wi'j') + Z n?j_—l(wij’ wi'j’) —+ / (f’ wi/jl)dt,
ij=10 §=(M+1) 0 In
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forij'=10,---,M (2M~* — 1), and

M (2M-1_1) (M+1) 2M-1)
gi'jl = Z 5?,_1(11)7;],, w’i’j,) —+— Z nz_l(wij, wz-/j/) + / (f, w’i/jl)dt7
ij=10 ij=(M+1) 0 In

for i's’= (M +1)0,---, (M +1) (2™ —1).

With these various arrays now defined, the system

n —_—n _
M+1 Yy = 7M+1

becomes the system

—Nn
U pmi

n n —n

Ay Firarn Yao | 7M
n n -4
GM—H,M HM+1,M+1

which may be written as

-
n —n n —n .
MU0t Py Vmr = [

n —n n —n =

MM Uyt HypimiOuy = G

To obtain the multilevel approximation ﬂ”j/m of the M+1 level numerical solution

U 41, we first solve the coarse grid problem

obtaining the Mth level solution @’;.

Next we solve the system
n n = —nN
HM+1,M+1UM,1 =Ty GuauUy
obtaining
—n _ n -1l7— —n
Vpmi— (HM+1,M+1) (s — Gua,mThy)-
With 7%, , now known, we solve the system
n-->n _ 7" n —n
M Unp = ?M — Fyma Vs

obtaining

_ Eard
UWhio = (A4) ™ (f s — Fame1 V).
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Finally, we set

where

—n (S?j’)(QM—l)xl
u M1 — n ’
(771"]")2M><1

we form the linear combination

M (2M-1_1) (M+1) (2M-1)
~ T . T
Upppt B Uy = Do Wiyt D Mg (27)
i'§'=10 i'j'=(M+1) 0

I11.2 COMPUTATIONAL COSTS

I11.2.1 Constant in Time Case

Now some specifics as to the advantages of using the multilevel method to approxi-

mate the solution of the linear system

ATJ(/IHUX/IH = fm+1, (28)

when the approximating functions are constant in time.

Direct calculation of this system would require us to solve a linear system con-

2M+1 2M+1

sisting of — 1 equations and — 1 unknowns resulting of a computational
cost of O((23M+3),

Approzimating the solution of this system via the multilevel method requires
solving two systems consisting of 2 — 1 equations with 2 — 1 unknowns, at a cost
of O(23M), and solving one system consisting of (2M*! — 1) — (2 — 1) equations
with (2M+1 — 1) — (2™ — 1) unknowns at a cost of O(23). Tt will be shown in the
implementation section that the multilevel method, despite having more systems to
solve, provides a considerable gain in computational efficiencies. This is due to the
fact that these systems are of smaller dimensions than the single system of larger
dimension used for the computation of the direct method. This gain becomes much

more pronounced as the grid resolution M is increased to higher levels.
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I11.2.2 Linear in Time Case

For the the linear in time case, all of the systems have twice the size of the constant
in time case so direct calculation of the system (28) results in a cost of approximately
O(23M+4). The cost of using the multilevel method to solve (28) will be approximately
O(23M+1) which we will demonstrate to be substantially less in the implementation

section.

In the next chapter, we show that the Multilevel Method provides the same degree
of accuracy as the standard Discontinuous Galerkin Method. Much of the following

discussion, and many of the results are based on information which is taken from [3].
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CHAPTER IV

ERROR ANALYSIS AND ESTIMATE

In this section we will look at the the conditions which will allow the multilevel

method to be accurate. We will need either the two hypotheses

@
B-!

m,1 €xists,

(1)

B,_,L’llCm,l is uniformly bounded,

or the two hypotheses

IIT) There exists a positive integer My and a positive constant « such that for
g
m 2 MOa
4zt < o,

(IV)

lim (|Gl = 0.

The reason for each pair of hypotheses is that the main result of this section,
Theorem 4.2, can be proven using either hypotheses (I) and (II), or hypotheses (III)
and (IV). The advantage to using hypotheses (I) and (II) is that, unlike hypotheses
(III) and (IV), the operator A.! is not required to be uniformly bounded, and in
fact, may even have a norm that approaches infinity. This in fact occurs in Section
VI1.4. Further, for the version of the proof that utilizes hypotheses (III) and (IV), we
need the following lemma from [3], which we state and prove next with additional

details provided.

Lemma 4.1. (Chen, Wu, and Xu [3]). Suppose that hypotheses (III) and (IV)
are satisfied. Then there exists a positive integer M > My such that for m > M, the
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equation

Bm,lum,l = fm+1 - C,m,lﬂm,l
has a unique solution um1 € Xpmi1.

Proof. By (17), we have
Am,l = Bm,l + Cm,la

SO
Bm,l = Am,l - Cm,l-

Using hypothesis (III), if m > Mp, then for z € X, 14,

[Bmazll = [[(Amy — Crp)zl|
2 [[Amazl| = (|G|
> aflz] = [|Crallllz]
= (= [CrnalDlil

Thus, for y € Y11, we have

Iyl = (o = I Crma DI Bruyll,

SO . 1
B! < —F— |yl
“ m,ly“ = a— HCm,IH ”y“
Therefore )
B1llIl< ———. 29
“ m,l” - a— ”Cm,IH ( )

But by hypothesis (IV), there exists a positive integer M > My such that for m > M|
we have || Cpn1 || < «@/2. Combining this inequality with the inequality

1Bzl = (o = |Crma Dl
from above, we find that for m > M we have
a a
1Bzl 2 (e = el = 3 llz]l

SO
0%
el < 1Bmazl

for x € X, +1, which implies
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1Bl < 207

Thus for all m > M, the equation

Bm,lum,l = fm+1 - Cm,lﬁm,l
has a unique solution.

The next theorem, Theorem 4.2, is our main result. It shows that our method
provides the same degree of accuracy as the conventional Discontinuous Galerkin
Method. Although there are many similarities to Theorem 2.2, there are also several
key differences. One of the most apparent is that, unlike Theorem 2.2, our result
holds under two somewhat different sets of hypotheses. Further, the error bound of
our result is based on the error bound provided by Theorem 2.1 for the Discontinuous
Galerkin Method, rather than on the approximation error E,, in the space X,, that
is used for Theorem 2.2. Throughout the calculations we use C' to denote generic
constants whose values change as they appear. Further, as stated, we prove both
versions of the theorem, each written in an independent manner that does not rely

on the other version for any steps or details.

Theorem 4.2. Suppose that hypotheses (I) and (II) or (III) and (IV) are sat-
isfied. Let u € X be the solution of equation (1), and um1 € X, be the solution
of equation (22) with X,, = span{w;;} where {w;;} is the wavelet basis described
in Section I1.4. Then there exists a positive integer M such that for m > M and

n=12--- N, we have

e = mallz, < CLn X, B gn(v)

where
13
Ly = (log(;) + 1)7,
kn
Em,gn(u) = min Kl |y + 1B, D*ull 1y
for Ugl) = Ut, ng) = Uy, |lullry = maxiery [[u(t)ll2, and hmy = maxicmeom [Tm-1 —
T | with

2 =212
hm+1,n‘u hm,n

due to the use of the wavelet basis.
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Proof (Version One). Assume hypothesis (I) and (II) are satisfied. We prove
this theorem by establishing an estimate on |[uy1 — Upni1llr,. For this purpose, we
subtract (20),

B itum(l) = fm41 — Crmium(1)

from (22),
' Brttumi = fms1 — Cm1Tm,1
to obtain
B 1(um,1 — Un1) = Crn 1 (U1 — tm1)
where U1 is identified with ©,,(1) := [tm,0, Um1]T, per the notation of [3], up; is

the solution of (22), and
Un
0

Iam,l =

as in Section II.3. Since hypotheses (I) is assumed, we have

(tum1 = Umi1) = Bt Ot (Unmsa = Gm,1)-
Hypotheses (II) now implies

lumy = Uniilln, < CllUmpr — Umll,- (30)
Since Um0 := Uy, we have

Hum,O - Um+0”1n =0.

Now using the definition of %,, 1, Theorem 2.1, and the triangle inequality, we obtain

Umsr = @mall, < WUmsr — ulls, + = Untollr, + 1Um+o = umpollz,
< CL, 12?5)5\/ Em+1,qn(u) +CL, 1255\! Em,qn(u) +0
= CL, lgzag%v Em-i—l,qn(u) +CLy lgkaé)%v Em,qn(u)
< CL, 12}%)5\! Bt ,gn(u). (31)

Note that since we are using the wavelet bases for the subspaces X, and X,,41, we

have p?hZ ;. = hZ,,, which implies

L, max, Emgn(u) <CL, qax, Ermi1,gn(w)
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for some constant C. Substituting the estimate (31) into the right hand side of equa-
tion (30), we get

Hum,1 - Um+1“1n < CL, lgzaéXN Em+1,én(u)'

Now using Theorem 2.1 and the last inequality, there exists a positive integer M
such that form > M,and n=1,2,---, N, we have

IA

lle = 1l e = Uniallsn + 1Umsr = wmallz,

IN

CL, max, Emiign(u) +CLy pax, Ert1,gn(w)

IN

CL, 121355\[ Em+1,qn(u)
which completes the proof of this version of the theorem .

Proof (Version Two). Assume hypotheses (II1) and (IV) are satisfied. This
version, like the first, is done by establishing an estimate on ||um1 — Up1llr,- For

this purpose, we subtract (20),

Bm,lum(l) = fm+1 - Cm,lum(l)

from (22),
Bpitumi = fmt1 — Crn1Tm 1
to obtain

Bm,l(um,l - Um+1) = Cm,l(Um+1 - am,l)

as we did in the proof of Version One above. Since hypotheses (III) and (IV) are

assumed, Lemma 4.1 applies, so
(Umy — Upy1) = B;,llcm,l(Um+1 — Up,1)-

Thus from the previous equation and the inequality (29),

1

B} < e
“ m,1||1n = 4 — ”Cm,l”In

from the proof of Lemma 4.1, we have

“Cmyl”In
o — |Gl

In

Numi — Unsill, < Ums1 — Gmllz,- (32)

Since Um0 := Up,, we have



46

||um,0 - Um+0||1n =0.

Now using the definition of @, ;, Theorem 2.1, and the triangle inequality, we obtain

1Umt1 = @malln < NUmis = vl + [ = Unsollr, + 1Umto = umollz,

< CL, max Epiign(u)+CL, max, Emgn(u)+0
= (CL, max, Epi1,gn(u) + CL, max, Erngn(w)
< CL, pax, Ert1,gn(u). (33)

Note that since we are using the wavelet bases for the subspaces X, and X,,41, we

have p?hZ ., = h% ., which implies

m,n?

L, max E,, ;,(u) <CL,
1<n<N 1

g}fg%v Em+1,qn (u)
for some constant C. Substituting the estimate (33) into the right hand side of equa-
tion (32), we get

||Cm,1 IIn
a = |Gl

”um,l - Um+1||1n S CLn 12?3}5\7 Em+1,qn(u)'

Now, employing hypothesis (IV), there exists a positive integer M such that for
m > M, we have
o
ICall < 5.

Thus for m > M, we have

[Coalls, . _$

=1
a—||Cuall, ~ @

&
2
80

||Um,1 - Um—{—l”In <CL, 12%%35\[ Em+1,qn(u)-

Now using Theorem 2.1 and the last inequality, there exists a positive integer M

such that for m > M, and n =1,2,---, N, we have

v —vumill, < v —=Unsallt, + [Uns1 — umalln,
< CL, nax, Emi1,qn(u) + CL, max, Epi1,gn(u)
<

CLn max i gn(u)
which completes the proof.

In the next chapter, we examine special time and space discretizations to treat

problems with difficult initial conditions.
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CHAPTER V

INCOMPATIBLE INITIAL CONDITIONS

V.1 THE DIFFICULTY

In this chapter, most of which is from [6], we consider the case where the initial
condition of the parabolic problem is incompatible with the prescribed boundary
conditions. For convenience, we follow [6] and use the same notation.

As an example of the above mentioned problem, consider finding u such that
u(z,t) — uge(z,t) =0, z€Q, t>0,

u(0,t) = u(l,t) =0, t>0,
u(x,O) = U’O(I)a z €,
where ug(z) = 1 —z and Q = (0,1). Here the actual solution is found, after some

work with Fourier Series, to be

o0

u(z,t) =Y u?e_jzt sin(jmz),

j=1
where the coeflicients ug are given by
1 1
u? = 2/0 (1 —¢&)sin(jn€)dé = % {% - jQ—Wsin(jw)} =0 (%) .

In the following discussion, we will let C denote a constant that changes as it

appears. For the solution u(z,t) to the above problem, we have

o ) Yy oo d Yy d e @) Yy
e = e (®)ldy00) = S C2e ¥ = 3 2Ce = £ 3 Ce™,
j i=1 j=1

J=1

due to the uniform convergence in t of the series 3%, Ce~2"%. Since [{° e ¢*d¢ < oo,

using the change of variable y = j1/2t, we obtain
d & 2 d
el C -25%t _ —Ct_1/2,
dt 2_:1 ¢ dt

which implies
lue(t) ]2 = O(=*").
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Note that as t — 0%, we have ||u||; — 00, which will cause difficulty when approx-
imating u(z, t).

A similar situation will also arise when ug(z) = min(z, 1—2) in the above problem.
Here we have |Ju(t)||2 = O(t1/4).

Both these situations can be treated with the following time/space partitioning

scheme from [6].

V.2 THE TIME DISCRETIZATION SCHEME
We will consider the one-dimensional parabolic problem of finding u(z, t) such that
u(2,t) — uze(z,t) =0, 2€Q, t>0, (34)

u(0,t) = u(1,t) =0, t>0,

u(z,0) = uo(z), z €.

where the initial condition ug(x) is incompatible with the prescribed boundary con-

ditions. As with this previous section, we follow [6]. Assume

l[ue(@)ll2 = O(F™)
where 0 < o < 1. Let ¢ be a nonnegative integer. We define an index of singularity
as Q = % For T > 0 and a positive integer N, let

Q
:<%) ) ’I’LZO,I,Q,"',N,

*
n
and

tp =t5T. (35)

n

As before, we define I,, = (tn—1,t,) forn =1,2,--- N with k, = t,, — ¢,—1 denoting

the length of the time subinterval I,,. Hence, we have

n\9 n—1\%
kn=[<ﬁ) —( K ) ]T, n=12-- N

By the Mean Value Theorem from calculus,
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The solution of the parabolic problem (34) is then approximated in the time variable

t over each time subinterval I, by a polynomial of degree ¢q. For example, in the case
of ¢ = 1, let Pyw be the linear interpolatory projection in time of w € HZ(Q2) onto

Sy where

Sk = {v:[0,00) = H;(Q);0l1, € Py(ln),n=1,---,N},
P,(I,) == {v(t) = Xq:vz-ti cu; € Hé(Q)},

=0

HYQ)={v: DY e Ly(R), =0,1,2; v=0ondQ}.

That is, we have

iy —
Pw(z,t) = w(z, ty,)

for each t € I,,. Note that P;, when seen as an operator on HZ({1), is bounded with

respect to the norm ||w(t)||co,1, Where

[w(O)lloo, 1, = maxier, [w(t)l| Lo (@)

Since €2 is assumed to be a bounded domain, we have P, bounded with respect to

the norm || - ||, as well. If w(x,t) = wo(z), that is, constant in time, then we have
t, —t t—t,_
Proo(a, ) = = wo(z) + (@) = wo(o)

If w(z,t) = wo(z) + twr(z), that is, linear in time, then we have

t, —t t—t,

le(l',t) = L w($’tn—l) + k lw(x)tn)
t,—t t—1th1
= o [wo(@) + taoywn(2)] + [wo() + tnwy(x)]

= wo(z) + twi ().

Thus, P, equals the identity on either constant or linear polynomials. If we write the
Taylor series in the time variable ¢ about the point ¢, to the first or second order,

respectively we obtain, for each n =1,2,---, N,

hu—Prully, < [ lue®)l at,



50
and
lu — Pullp, < CE2|lugllr,-

For higher values of ¢, writing the Taylor expansion to the order g, the best
possible estimate for the projection P, : H2(Q2) — S}, is given by

q+1
otat+1

v — Pyullr, < min {/1 lus(E)|l2 dt, CkI? U

In} . (36)

Since we are interested in cases where |lu,(t)|l2 = O(t™*) for 0 < a < 1, the next
lemma will be quite useful.

Lemma 5.1. (Kaneko, Bey, and Hou [6]). Let 0 < a < 1, g a nonnegative integer
and T > 0. Also, assume t,, n=1,2,--- N are defined by (35). Then

/ sT% s < C

In

Naet+l’

where C 1s a constant independent of N and forn > 1,

1
maxlS"SN/I s %ds S CN,

n

where C is a constant independent of N.

Proof. For n = 1, we have

o (F)er 1 1\@ 1" 17+
foma= [T e =il () 1) =o((R)7):

For 1 < n < N, we have

_ n—1\9 Y .
/ s %s < / ( ) T} ds as s™% is decreasing over I,
In In

)]
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Using Lemma 5.1 with n = 1 and ¢ = 1 will lead to [;_|lus(t)||dt = O(5z),
assuming {lu(t)]la = O(t™*) for 0 < a < 1 and ¢ € I;. Since we assume ||uy|s, is

bounded uniformly in n > 1, (36) implies

1

||U—P1u||1n:0(ﬁ2-), n=1,2---,N.

The next lemma guarantees the stability of the Discontinuous Galerkin Method

by showing (1 + log ,i—:)% to be uniformly bounded.

Lemma 5.2. (Kaneko, Bey, and Hou [6]). Assume t,, and k,, are defined by (35).

Then, for any positive integer N, we have

tn\?
(1+10gk_>2 < V2, for each n=0,1,2,---,N.

Proof. We use the fact that for 0 < z < 1, we have log(1 —z) < —z for z < 1.

Now,

=
TN
—
_+_
S
ag
s
l Y
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The following theorem is a modification of Theorem 2.1. Minor changes to the

proof of this theorem in [7] serve as the proof of this result.

Theorem 5.3. (Kaneko, Bey, and Hou [6]). Assume there is a constant v
such that the time steps k, satisfy k, < ~Ykpi1, n = 1,2,--- N — 1, and let U™
be the solution of (7) approzimating u at t,. Let u™ denote the value of u at t,.

Here u is approrimated by a polynomial of degree ¢ > 0 over each I, for each n =
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1,2,---,N — 1. Then there is a constant C depending only on v and a constant 3,
where px > Bhi and pk is the diameter of the circle inscribed in K for all K € T,
such that form=1,2,---, N,

£\ 2
[ = U™l < C (1 +log k-_) {maijnllu ~ Poullr; + IIhiDQullzn} :

The current time and space discretization schemes allow us to use Theorem 5.3 for
the following reasons. First, by the construction, the time steps k,, n =1,2,---, N
are increasing in size, so the condition k, < vk, is satisfied for v = 1. Second,
for the one-dimensional problem (34), we have hx = px = Qx| so that £& =1 for
all Q. Lemma 5.2 implies the uniformly bounded property of (1 + log ,tc—’;)%, which
results in the stability of the Discontinuous Galerkin Method.

For any nonnegative integer g, by using equation (36) and Lemma 5.1, we have

Ju=Paulr, =0 (57

for some 0 < o < 1, assuming |lu;(¢)|l2 = O(t™9).

By assuming || D?u(t)||s, is bounded for n = 1,2, ---, N and employing the graded
time partitions discussed in Lemma 5.1, Theorem 5.3 can be modified to the following

result.

Theorem 5.4. (Kaneko, Bey, and Hou [6]) For the parabolic problem (1),
assume the initial value uo(x) is defined in such a way that ||us(t)|| = O(t™*), for
0 < a < 1. Also, assume ||D?u(t)||1, is bounded for each n = 1,2,--- N, and
(0,1) is divided into 2™ subintervals each of equal length. Denote by U%, the solution
of (7) approzimating u at t, and let u" denote the value of u at t,. Let the time
discretization {t,} be defined by (35). If q denotes the degree of the approzimating
polynomials to u in the time variable t, then for eachn=1,2,--- N,

1 1
4 = Upilla = O (g7 + 3237

Nati ' 92M

The next theorem is a new result that is similar in many ways to that of Theorem
4.2. Tt is essentially Theorem 5.4 enhanced with the multilevel calculation method,

and shows that the accuracy of Theorem 5.4 is preserved when the multilevel solution
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ujyy , is used to approximate the Discontinuous Galerkin Method solution Uf ;. The
strategy for the proof is similar to that used for proving Theorem 4.2. in that it

is proven as two cases, one case using Hypotheses (I) and (II) and the other case,
Hypotheses (III) and (IV).

Theorem 5.5. Suppose hypotheses (I) and (II) or (III) and (IV) from Chapter
IV are satisfied. Let u € X be the solution of equation (1) where Q = (0,1), and
Um,1 € X be the multilevel solution of equation (22) with X, = span{w;;} where
{wi;} is the wavelet basis described in Section II.4. Let the time discretization {t,}
be defined by (35), ||D*u(t)||s, bounded for n = 1,2,--- N, and ||us(t)]s = O(t™®)
for 0 < a < 1. If q denotes the degree of the approzimating polynomials to u in the
time variable t, then for eachn =1,2,---, N, there exists a positive integer My such
that for M > My, with the interval (0,1) subdivided into 2M*! subintervals each of

equal length, we have

. 1 1
lu" = whgallz, = O (Nq+1 + 22(M+1))
where ||ul|, = maxer, ||u(t)|lz.
Proof (Version One). Assume hypotheses (I) and (II) are satisfied. The proof
of this theorem is similar to the proof of Theorem 4.2, employing the same operators

and notation. As before, we first establish an estimate on ||}, — Ug; 41, For this

purpose, we subtract
Buaunm(1) = farer — Cypup (1)
from
Buaumy = fusr — Cujptm
to obtain
BM,I(“KM - U}\I/1+1) = CM,I(U17\14+1 - 1_/541)
Since hypotheses (I) is assumed, we have

(uxm - UJT\I/1+1) = BlTxll,ch,l(UJT\lul - 7171(41)

Hypothesis (IT) now implies
”UK/H - U17\L4+1||1n < CHUJT\L/IH - ﬂgx[,l”h- (37)

Since u%,, = U%,, we have
M,0 M>

||UX/1,0 - U17\L4+0||In =0.
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Using the definition of @}, ;, and Theorem 5.4, there exists a positive integer My such
that M > Mj implies

IA

WUbre1 = o™l + I1w" = Ukriollin + Ukr+0 — sl
1 1 1 1
= 0w+ ) 0 (s + 3w) 0

1 1
0 (Nq+1 + 22(M+1)) :

w1 — Upgallr.
U Uiyl

where the last equality is justified by the fact that

1 _ 1
W:hM-H,n =p " hagn =2 12—M

from the use of the wavelet basis. Substituting this estimate into the right hand side

of equation (37), there exists a positive integer My such that M > M, implies

1 1
”“71(/11 - Uzr\l/1+1||1n =0 (Nq+1 + 22(M+1)) '

Now, using Theorem 5.4 and the above reasoning, for each n = 1,2,.--, N, there

exists a positive integer My such that for M > M, with the interval (0,1) subdivided

into 2M+1 subintervals each of equal length, we have

o = whalln, < Il = Ukl + NURza = sl

1 1
- 0( ket o)

which completes the proof of this version of the theorem.

Proof (Version Two). Assume hypotheses (III) and (IV) are satisfied. Again,
the proof of this theorem is similar to the proof of Theorem 4.2, employing the same
operators and notation. As before, we first establish an estimate on |[uf,; —Ufy, ||1,.-

For this purpose, we subtract
BM,1UM(1) = fM+1 - CM,luM(l)

from

Buaumy = fusr — Cuatiaa
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to obtain
BM,I(UXM - U}\z4+1) = CM,I(U}\z/I—H - 771:/11)
Since hypotheses (III) and (IV) are assumed, Lemma 4.1 applies, so there exists a

positive integer M; such that M > M, implies
(uT]:/I,l - Ulrtl4+1) = BJT41,1CM,1(U17\1/1+1 - 171(41)

Thus from the previous equation and the inequality

1

By, € ————
H M,l“ o — HCM,IHIn
from the proof of Lemma 4.1, there exists a positive integer M; such that M > M,

implies
ICm 1

————" U, — U} . 38
o — ”CM,l”In II M+1 M,l”In ( )

||U7Jt/11 - UJT\I4+1”In <

Since ujy o = U}y, we have
lurzo — Unryollz = 0.

Using the definition of 4%, ; and Theorem 5.4, there exists a positive integer M; such
that M > M; implies

1Ubr1 — @aralln, < MU — w*llz, + llu® = Usryolln, + 1URr40 — wigollzm
1 1 1 1
= 0 (5 + rem ) + 0 (g + v ) +0

1 1
=0 (Nq+1 + 22(M+1)>

where the last equality is justified by the fact that

1 _ 1
oML = hytsin = p  hagn =2 12—M

from the use of the wavelet basis. Substituting this estimate into the right hand side

of equation (38), there exists a positive integer M; such that M > M; implies

Ouili_o( L, LY

ut, . = r I < +
“ M,1 M+1” o — ||CM,1HIn

Net+l = 92(M+1)

Employing hypothesis (IV), there exists a positive integer M, such that for M > M,
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we have
ICmallr, <

[\-J o)

Thus for M > Ms,, we have

ICrall, 3

=1.
a—||Cuill, ~ «

a
2

80

n 1 1
ks — Ul = O (pear + 5517 ) -
Now, using Theorem 5.4 and the above reasoning, for each n = 1,2,--- N, there
exists a positive integer My = max{M;, M,} such that for M > M, with the interval

(0,1) subdivided into 2M*! subintervals each of equal length, we have

I =il S M® = Ul + Uiy = whealln,

1 1
=0 (Nq+1 + 22(M+1)>

which completes the proof.

Practical constraints of many applications may force one to abandon the assump-
tion the || D?u(t)||1, is bounded for each n and ¢, e.g. the two problems in the last
section. In this next section, we examine a space grid partitioning scheme designed

to deal with this situation.

V.3 THE SPACE DISCRETIZATION SCHEME

In [6], if ||u(t)]] = O(t™%), then we select a set of spatial grid points {z,,(¢,)} which
are dependent on the immediate choice of time step ¢,. This is done by selecting a

spatial increment h,, based on the size of ||u¢(t)||co,r,. Let
h(t) = maxicmeom [Tm(t) — Tm-1(t)]
for each ¢t € (0,T]. Then h(t) is determined from the condition that
(h(t))*t™* = O(t?), as t— OF.
In terms of N, we require that

(h())24~* = O (%) .
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A= 1

2 l-a

— T| =C—.

62 |(3) 1] o

If we solve this last equation for A(t,), using C = 1 for convenience, we obtain
naQ o 3

With this done, we select a resolution level M (n) such that
- L

h(tn)
for each time level t,, n = 1,2,---N where L denotes the length of the one-

2M(n)

(39)

dimensional spatial interval and M (n) denotes the fact that the grid resolution M is
dependent on the time step t,. The spatial partition points are defined by

Ton(tn) = % m=1,2---,24 _ 1.
Since the space discretization is dependent on the time discretization in this scheme,
we have the following theorem which provides an error estimate for the Discontinuous
Galerkin Method in both the time and space variables, using the desired number of

time steps N.

Theorem 5.6. (Kaneko, Bey, and Hou [6]) For the parabolic problem (1), assume
the initial value ug(x) is defined in such a way that ||us(t)|| = O(t™?), for 0 < a < 1.
Denote by U}, the solution of (7) approzimating u at t,, and let u™ denote the value of
u at t,. Let the time discretization {t,} be defined by (35). Assume (0,1) is divided
into 2M(™) subintervals each of equal length, where M(n) is defined by (39). If q
denotes the degree of the approximating polynomials to u in the time variable ¢, then
foreachn=1,2,---, N,

n n 1 1
flu™ — UM(n)||2 =0 (Nq+1 + m) :

The above scheme allows us to use fewer spatial grid points as n — N, thus
lowering the computational effort and expense.

In the next section, we detail an actual one-dimensional implementation of the
Discontinuous Galerkin Method, coupled with the Multilevel Augmentation Method

described earlier.
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CHAPTER VI

IMPLEMENTATION

VI.1 SETUP

For implementation of this method, the linear wavelet basis of the Sobolev space
H}(0,1), as constructed in Section I1.4.2, is chosen, with the basic notation of Chap-
ter I1I employed. Note that with this choice of basis, the dimension of each subspace
X will be dyy = 2 — 1. An arbitrary grid resolution M + 1 is chosen, an ap-
propriate number of time steps N selected, and the various matrices constructed by

augmentation. As before, we have

1
(Wij, wyjr) = /0 wyj(x)wyy () de,

and d d b d d
Jo Wi gy i) = g wi(@) o wey (2) dr = Oy

dx

where

1 wheni=17, j=j,
dijirgr = .
0 otherwise.

First, the matrix A7 is defined as

Al = [ (w10, w10) + kn ]

or

A= L4k ]

From there the matrices

12= | 61 & |’ 217 | 5 |> 22 = 0 1k
64 48 n

are constructed, then augmentation of AT gives
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1 3 V2
An n 5+ kn 64 64
=t M= 2 Lap 0
L1 = n 64 18 n
2,1 2.2 V2 0 Lk
64 18 n

1 V2
1 3 3 1 256 256
256 256 256 256 3 V2 0
2,3 256 256 ’ 3,2 3 0o X2 |’
0 0 V2 V2 256 256
256 256 1 N
256 256
Lk 0
192 n
1
o 0 705 T Kn 0
b )
’ 0 0 o7 + kn
1
0 0 0 1e3 T+ Fn
then augmenting A} to obtain
R o
Y Gy Hz
or
[ 1 2 V2 1 3 3 1 1
itk B i 356 556 56 356
V2 1 V2 V2
V2 1 V2 V2
64 0 s+ kn 0 0 256 256
n __ 1 V2 1
21 = 558 Y5 0 55 T kn 0 0 0
3 V32 1
T s 0 0 793 T+ kn 0 0
3 V2 1
o 0 s 0 7oz T Fn 0
1 V2 1
| 3% 0 256 0 0 T3 T kn, |

where A7 := A7,. One then continues this process until the desired grid resolution

level M is obtained. In general, for m = 2,3,---, M, assuming A}, := A},_;; has
been obtained, one computes the matrices Ffy 37,1, Giry1 0, and Hiyy g pr0q, then

constructs the matrix
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n n
n AM FM,M+1

M1~ n

n
M+1,M HM+1,M+1

As for the actual matrices, the construction of A}, has been described above. The

matrix F7y p.; presents the most computation. Matrix G7/,q s is the transpose
of Ffy 41 Matrix Hiy ;a1 is a simple diagonal matrix, with the main diagonal
entries based on the spatial index m and the time step size k.

As we did before, we decompose W7, as

—n
—n _ U a0
UM+1= | p
U M
where
—n — 7
Unpmo = [éz"j’](QM—l)xly
—n —— n
Upmi — [771"]"]2M><1~

These will be the scalars we eventually find.

For the constant in time case, we have ? M41 Written as

Tu= | 1]

9m

where
N
fu = [fi’j’](?M—l)xla
Ty = [gz"j']zMx1-

with

M (2M-1_1) (M+1) (2M-1)
foj = > & N wig wiry) + > n?j_l(wijawi’j’) +/ (f, wyjr)dt,
i5=10 ij=(M+1) 0 In

fori'j’=10,---,M (2M~1 — 1), and

M (2M-1-1) (M+1) (2M-1)

Gy = > 2 wig, wirgr) + > e (wig, wigr) +/1 (f, way )dt,

ij=10 ij=(M+1) 0
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fori'y/ = (M +1)0,---,(M+1) 2 - 1).

With these various arrays now defined, the system

n

—n _ 7
M+l Y M1 = J M1

becomes the system

A kAR

n n —N —
GM+1,M HM+1,M+1 U M1 9 M
or
-
n —n i3 —n .
MUM,0+FM,M+1UM,1 = fm
i3 —n n —N _ —
Crnm Pyt Hymim Vg = Tu

To obtain the multilevel approximation uf},; of the M+1 level numerical solution

upr41, we first solve the coarse grid problem
—
ATy = fu

obtaining the Mth level solution @7,.

Next we solve the system
n —n = —n
HM+1,M+1 UmMi1= 9m— Gua,m Wy
obtaining
—n _ n —1/— —n
Unmi = (HM+1,M+1) (T — Guym@hy).
With 0"y, now known, we solve the system
n
n —n n —n
MU Mo = 7M — Fyma Vs

obtaining

_ —_—
77](4,0 - (ATJ(/J) 1( f M~ FM,M+1?TJQ,0)-

o _ [ Thio } ~ { (€8,) M1y }
M1 — -

—77?4,1 (77?]'/)2Mx1

Finally, we set

then form the linear combination
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M @M-1-1) (M+1) (2M-1)
n —~ n n
Uprgy =~ U’M,l = E fi/j/wz‘/j/ + E ni/j/wz‘/jl. (40)
i'3'=10 t'j=(M+1) 0

To write the codes for the implementation, some changes of notation are made

to simplify the computer codes. To do this, we first define the matrix

Ap = [(wij’ wi'j')](QM—l)x(QM—1)7

1
where (w;;, wiry) = [y wijwyj dx. Also, we define

Fy = [(wi, wiy)]@m-1yxam
Gy = [(wm wz”j’)]QMx(QM—I)
Hy = [(wz'j, wi’j’)]QM x2M .

Further, let

Ay + kol =AYy, Far = Fypg, Gy =Gl Hu kol = Hypg g,
where the matrices [ in Ay + k,I and I in Hy + k,I are identity matrices with the

same dimensions as Ay, and Hyy, respectively. The dimension of [ is clear from the

context. Thus

Am + knl Fu
Gu Hy + k1

n —
M+1 —

Also, we need

Fu= [/In(f, wz"j')dt](

Finally, we index the ”wavelets” used in the codes with single subscripts rather than

2M _1)x1

double subscripts for simplicity. These notational changes simplify the coding for
the implementation.
Next we detail this multilevel procedure as it applies to the implementation of

the constant in time case of the Discontinuous Galerkin Method.



63

VI.2 CONSTANT IN TIME CASE

For the constant in time case, equation (10) on the M + 1 spatial resolution level

becomes

—n—1

(Apr1 + knd) f M1 = A1 o fM+1 (41)

and the M 4 1 level solution is calculated as

—n—1

f v = (Apgr + kD)™ Apsi € My T+ f M1

where

§M+1 [ n] (2M+1_1)x1

Trowr = | [ ()]

The numerical solution on the M + 1 level is written as

and

(2M+1-1)x1

2M+1_g

Uty (@,1) Z Emwm(z

For the multilevel method, we replace Ap;11 with

Ay Fu
Gu Hpy

such that

Apm + k1 Fy

A + kI =
M+ Gu Hy + k1

Also, we write

where

—n
§m= [521](2M—1)><1 )

and

?M+1 = [ iM
Im

|
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for

Tu= U f,wj)dt} T = [/In(f,wj)dtLMXl.

(@M -1)x1

The system (41) becomes the system

(Aps + Ky, I)§M+FM77M—AM§M + Fu L7 'Y,

—n—1

G € b+ (Hy + ka) Ty = Gu €0 + Hu T + T
which may be written as

—n—1

= (A + kD) AN Enr + P + For — Py

—n—1

T = (Hu + kD)7 Gu € i +HM—m1+9M GM{M]

The numerical solution is written as

2M_1 2AMA 1
Ul t) = Z Erwm(z) + D mhwm(z).
m=2M
To determine the initial values for the scalars, note that on the M + 1 level, we
have
oM _1 2(M+1)
U= Y un@)+ > nlwn(z).

m=1 m=2M

The basic algorithm for the multilevel method that was used is as follows.

VI.2.1 Multilevel Algorithm-Constant in Time Case

0
Step 1. Calculate A, Fiar, Gar, Hu, 71\47 7 > determine the initial values ?M and
—0
MM
n— 0
Step 2. Set ?Ml = ?M: Wﬁ/f—l = 77?\4
Step 3. Main Loop For n =1 to N:
1. Choose k,.

2. Calculate Mth Level Solution.

—n

—n—1
Eor = Ay + k) A Enr + Fudl


file:///-JIn

3. Calculate Multilevel Solution.

—n—1

T = Hu + k) Gy €y +HuTh + T

n n—1 _ n
?M = (Am + an)—l[AM?M + Pyt + 71\4 ~ Fy77 ]

4. Define

2M_1 o(M+1)_q

Uprp1 = upy = Z EmWm(z) + Z Ny Wen ()

m=1 m=aM
5. Update -f_";,,_l and 777t
& =T T =T
6. Update n.
n=n+1

End Main Loop

e
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Next we detail the implementation of the multilevel procedure as it applies to the

constant in time case of the Discontinuous Galerkin Method.

VI.3 LINEAR IN TIME CASE

The linear in time case is more complex, although the basic plan is similar. The

numerical solution on the M + 1 level is given by

_ t—tp_1—
U}\l/l—}-l(‘T?t) = ¢n('r)+ k’ llpn(x)
oM+1_q _ ot oM+1_
- X sz:fwmw—k"——l[ >
m=1 n m=1
where
2MHl_g
Pu(x) = Y €0 wm(2),
m=1
2M+1

Po@) = Y 0w (x).

m=1

d’”wm(x)}
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The scalars {,"_75;" and f?n’", m=1,2,---,2M*1 _ 1 are determined from the system

—Yn —¢n—1 ——n/;n 1

(Apsr + ko 1) 5 M+1 + (Aprr + k n D) € prpr = fvr + A (€ pppy + € argn )

—>¢n -—n/:n
ShaT ot + A + kD) E i = 574 T

with

Toa=| [ U@ -

bl

T = [ = ta)(F(0), ;)

I, J(2M+1—1)><1

—én —Y,n

P,n
Ean = [51 ](21\4+1—1)><17 §M+1 [5 ](2M+1—1)><1

using the same definitions for Ay and I as before. This may be written in matrix

form as

o
Awir+ kol Avn + 3kl || €
T

1k, 3AMi1 + 3kaT o

én—1 —Pn—
7M+1 + AM+1(?M+1 + & my )
k7' F

with the solution of this system being

—¥n
M+1

—dn
{ o

—pn—1 —n/)n 1

-1
Apsr+ kol Ay + Skod 7M+1 + A1 (€ prgr + Earr )
kol 5AM41 + 3kal kﬁl7M+1

where
—d,n
| E

€ M
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using

3 §M+1: 7

—2én b
3 M+1 = |S5

—¥in [ %

L2M+1—1)><1 L2M+1—1)><1 '

For the multilevel method, we replace Ay with

Ay Fu
GM HM
such that
Ay + ki d F
AM+1 + an = M M )
Gu Hy + kI
1 Ay + 1k, 1 F
A+ shaT = | 7702 e
2 Gu Hyr + Skal
1.l 0
—k, =12 ,
0 Lkt
and
1 1 LAy + kI ip
e e I L S
We write
—én
. £ m
—dn an
—n ': f +1 jl -77(]1\5/’1
M+1 7 | Syn | —oYn |
€ €
aTh
where

—én _ { a,n]
[(2M+1_1)—(2M —1)]x1
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7o [ b

where
Tu= {/In(f(,t),wj)dt} (@M-1)x1
?M - [/In(f(t)’wj)dt] 2M %1
= [/,n(t—tn_ )(f(t)’wj)dt](zM—l)xl‘
and

R RN O

In :IQMXI

After some basic calculation the system becomes a new system consisting of the two

matrix equations

Av+kad Au+itd 1| T |
Yol JAm+3kI || EUF

—¢n-1 —Pn—1 bn— bon— on wn
Tut An(ES " A T0 T 4 Fu (@l 78 - P +m@>l
n
and

Hy + kol Hy + 3k,

TN |
—yn | T

Lo d  LHpy+ ik || 7Y
—pn—1 —)z,bn 1 n— Dn— o "
Tu+Gu(En +En )+ Hu(TH ™ + 757 = Gu(T + 737
k) 1—>n GM—)’l/}n

for which the solution is given by
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% [ Ayt kol Au+Skad ]
e kol LA+ 3kad
on —¢n-1 T Do Bn "
Tut+Au(€y  + &0 )+ Fu(@y T + 7% - Fu(T8 + 750
kit P — 3Pu o
and
7] [ Hu+kad Huy+ikd |
Eath Yool LHy + 3kl
—én—1  —pn—1 B T —én  —pn
Tu+Gu(€y + &y )+ Hu(TY ltﬁ}fxfn N-Gu(Ey +En)
_ —YP,n
k' G —5Gm €y
The numerical solution is written as
o2M_1 oM+ g
UJT\Z/I+1($>t) = Z ff;’nwm($) + Z ﬂf,’{”wm(l‘)
m=1 m=2M
t—t . oM _q . o(M+1)_1 _
HEEL S @)+ Y ()
n m=1 m=2M
The basic algorithm for the multilevel method that was used is as follows.
VI.3.1 Multilevel Algorithm-Linear in Time Case
. s —¢0 —9,0
Step 1 Calculate Apr, Frr, Gy, Hy, determine the initial values € ,,, £ ,, and
=60 —5,0
MMy TMm-
Step 2 Set

—én-1  —60 —P¥n-1 —P0 Fn—1 3.0 Bn—1 7.0
§m =&m, Em =& fofn :WM7 WM" :WM‘

Step 3 Main Loop: For n =1 to NV:

1. Calculate TnM, 7M, T G, and choose ky,.



2. Calculate Mth Level Solution.

én

—1 o
“é’y | AvEal Ayt Skt Tt AT Y
50 B L YRS B 1T

3. Calculate Multilevel Solution.

T | [ Hutkad Hy+3kd |
%an %Hm-{-%k‘nf

—->E,n—1

| [ Avtkd Autihd ]
e kol 3Au+ kol

4. Define _
?qb,n
_ M
Zon —én
n ~ =T _ £M+1 URYi
M+1 7™ Upy = | _gn = | =on |
& €
Eth
2M_1 _ oM+
U = Uy = Y Exlwm(@) + D 0 wm(z)
m=1 m=2M
t—t, 1 oM _1 oAM+1) g
n—
el DR R DA C
n m=1 m=2M

—én-1 Pn—1 —p,n—1

5. Update €4, 79" €n  ,and 757"

—¢n—1 —on $n—1
€ M =&y ﬁdm

6. Update n.
n=n+1

End Main Loop

)
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VI.4 ERROR ESTIMATE

Next we show that Theorem 4.2 applies to this scheme. Recall from Chapter IV
hypotheses (I) and (II):
(I) B,5 exists.

(II) B;}lcm,l is uniformly bounded.

We will show hypotheses (I) and (II) are satisfied. Also, we use the linear wavelet
basis functions for H{(0,1) developed in Section I1.4.2. First, by the definitions of
By,1 and Cp,y given by (18) and (19), respectively, we have
A EFR

m m,m+1 :I
n
0 Hm+1,m+1

0 0
Cm,l =
G%i—l,m 0

where the matrices Ay, I 11, Grgym> and H ) are defined as

and

AZ,L = [aiji’j’](2m—1)x(2m—1),
forij=10,---,m @™ 1 -1),477=10,---,m (2™ - 1),

T _
mamtl = (@it 2m—1)x(2m)

forij=10,---,m (2™ -1), 77 =(m+1)0,---,(m+1) (2™ - 1),

Griim = [igigl@myx@n-1),

forij=(m+1)0,---,(m+1) (2™ =1), 5 =10,---,m (2! - 1), and

mtlm+1 - [&igi'f | (2m)x(2m)s

forij=(m+1)0,---,(m+1) 2" = 1), #j = (m+1) 0,---, (m + 1) (2™ — 1).

To show B;l,ll exists, we need only show

det Bm,l 7é 0,
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since By, 1 is a (2™ — 1) by (2™! — 1) matrix. Using a well known property of

matrix determinants, we have

A R
det Bm,l = det m Hnm’m+1 = det AZ‘L det HZ+1)m+1~
m+1m+1

Since the Discontinuous Galerkin Method has a unique solution by the discussion on
page 183 of [4], we must have
det A}, # 0.

Using the linear wavelet basis, we have

(%)1-1(21—133 —7) when g_Ll ST < 51__1 + %’
wy;(x) = (%)i_l(j +1—-2"12) when 5L; + w ST
0 otherwise.
Thus,
sirvE 1 ;
(wij, wyy) = /erl ’ [(_—2")1_1(22_1x—j)]2 dz
2 _Lll 1
2t— i—1/ - i—1 2
ST G+ 1— 2 ) de
Tty V2
- 5(1)
3\4
S0

n 1 1\
Hyvmi1 = (’é (Z) + kn) 1.

det Hy, ) iy # 0

This implies

hence
det By,1 # 0.

Thus hypothesis (I) is satisfied.
Now we look at the second requirement. Using blockwise inversion on B, 1, we

have

(Ap)™" —(AR) T e (Hp g )™
0 (Hpiime) ™"

-1 _
m, T

-1
n i
Am Fm,m+1 :l _

n
0 Hm+1,m+1
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o)
o _ | AT AR, m+1<H;+l,m+l>—1J { 0 o}
mlv~ml = -1 n
0 (Hm+1,m+1) m—+1,m
_ —(An)” 1F72m+1(HTT:l+1,m+1)_1G2L+1,m 0]
(Hm-}—l,m-{—l)—lG?nﬂ-l,m
Because
n 1 /1\™H
Homam = (g (3 ”ﬂ) b
we have 3(am+)
H" -1 __
( m+1,m+1) 1+3(4m+1)kn
S0 3(4m+1)
n 1
I H i me) I = 15 3@k,
Further, since |G? 1 |l = I(F2 )Tl = IF7 4]l and the maximum row sum of
F}, i1 18 the first row sum, we have
Gl = IFall
2i-2—1
= Z (w107wij)
3=0
e R S L N
= 2 [/2 S (—=)"1(27 e — j)z dx
o L i i~1
+/_ —=)"(J+1-2""z)z dx
G |
2-2-1 i—1 : i-1 .
3_1, 2 2j+12-i ]+ 1 2= i+1)2L -
= iy | - G (e - i
]:
_ V2
16
Therefore
I(Hpt1ms) " Gl < 1 gt m) T G2l
B 4m+1 \/52_%7’1
— \1+3(amtk, ) \ 16
Vi
- (s, T6'2 2
§ s
<

M=

kn2 m’
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If we let k, = 2_%’”, we have

I(H 41 m41) ™ Gl <1

so the block (H}%,, 1) G2 1y o is uniformly bounded.

Next we look at the uniform bounding of the other block of B;L,IIC’m,l, namely

—(AR)

m,m+1

(Hi1mi1) Gy

m m+1m:*

We have
I = (%)™ Fr it (Hrg1 ) 7 Gt
< = (AR T R it M 1 1) ™ Gl
<[l = A I FrmaIC
for some constant C, since (H}%,; ,41) " G} 1 Was shown to be uniformly bounded.

Further, since

V2,im ﬁ( ! )m (42)

||Fr7z,m+1|| = I|G%+1,ml| = 16 = B \7%

V2

we have ||[F .|| — 0 as m — oo.

We now proceed via induction on m to bound (A%)~!. Let

1\™
k,={—
V2
be fixed for some fixed my > 0 and let
€m = \/im_l > 0.
For m; = mp + 1, we have ¢,,,, = \/iml_l = \/i(mﬁl)—l = /2™ > 0 and for values
of my used in practice it can been shown by straightforward calculation that
I(Am )7 <kt + €my, (43)
so the assertion holds for m; = mg + 1. We do this in our implementation.

Assume, for a fixed &k, = (%)m(), mg > 0, that there exists m > mg + 1 and
€m = \/§m_1 > 0 such that

ICAR) T < B2+ em. (44)


file:///-lf-m
file:////rrn
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We will show

(AR ) < B + e

By the definition of A7, , we have

Al = Ay +kal
= Am + kil FrrrLL,m+1
Grr;H—l,m Hm+1,m+l + kn-[
| At kI FRn
(Frme1)” (B + k) |
Let
. A+ kol 0
m+1 = .
0 (hum + k)

Using blockwise inversion, we get

I- (STT;+1)—1AT;1+1 = I-

(Ap + k1)1 0 An+ kil Fpoi
0 (R + k) ™' (F2 )T (i + k)T
= I - I (Am + k"I)_lF:wlw,mH
(P + k) " (i e)” I
3 0 —(Am + kD) TVED
"(hm + kn)_l(FTrrLL,m-f-l)T 0
. 0 _(A?n)—lFfer,mH
~(hm + k)T (F )™ 0 '
Then
_ n\—1rmn
M= (Sny) An]l < 0 ()™ Frms
—(hm + k) HER )T 0

< (B e Fr

and

(A?n—i»l)‘l = Z[(S%H)_l(sglﬂ_A7n+1)]k(521+1)_1
k=0

= YU = (Spyn) A ()™

k=0
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ATl
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and €,,41 > 0, we have

= m+1 1A7n+1]k( 1714—1)_1
< = (Spt) " Al [ (Smi) ™|
1
<
T 1= = (Sh) ANl “ mi1)” “
< k' 4 em
= (bt tem) HFrrrlL,m+lH
= k' + b Em —k;l)
1 — (k' +€m) HFTT;LL,m-FIH
_ k.——l \/—m0+\/_m_1 \/‘"10
- n + m— 1 - 2
- (VI V2 R (B)”
_ —1 \/_1"/ +‘\/—m mo
= k' 4 V2
1- (V2™ + V2
\/_m +\/~m 0
_ .-l _
R b LY ‘/§m
16
\/_m +\/_m ' mo
_ -1
- kn + _ (V2)motl-m _\/_
16 16
V2" 4o mo
_ -1 _
= k| e V2
16 16 27
2" 2
PP ["’# )
16~ 16

= k;‘+§\/§m0+§\/§m -V
_ k;l+;\/§m°+§\/§m_1

< k;1+;ﬁm+gx/§m_l

< k;1+%\/§m+g\/§m

= k42"

—~1
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Thus we now have the norm of the block

-1 —
—(AN) T i (H Ry i) Gt
bounded as m — o0o. Therefore the matrix
B;z,llcm,l

is uniformly bounded for these choices of ¢ and k,, thus satisfying hypothesis (II).
With these two hypotheses having been satisfied, Theorem 4.2 implies there exists

a positive integer M such that for m > M we have

0" = fall < CLy i Bt on(w)

where u™ is the exact solution at the time step ¢, forn =1,2,---, N, and
(m-+1)(2™—1)
Upyl 7= Upo T VU 7= D Ui
i5=10

is the multilevel solution, using u;; to denote the scaler entries of the column vector

Um,1, and the w;; are the wavelet basis functions.

VI.5 NUMERICAL EXPERIMENTS

VI.5.1 A Conventional Example

We use the following one-dimensional heat problem: Find u such that
ug(z,t) —ug(x,t) =0, 0<z<l, 0<t<.5

u(0,t) =u(l,t) =0, 0<t<.5,
u(z,0) =sin(rz), 0<z<1.
The standard Discontinuous Galerkin Method solution and the Multilevel Method
solution of the above problem were calculated so a comparison of accuracies and
efficiencies could be made. Grid resolutions of M = 2,3,...,10 were chosen, with

the number of time steps N chosen as N = 2M-1,

As stated in Section VI.5, we need to check that (43) holds. Since N = 2~ and

ty = .5, we have
;1 —L—CY——LW
N 2M-t g.oM-1 oM \3/) T \,/2
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thus
mo=2M, m=mp+1=2M+1, M=23,4,56,7,8,9,10.

We find by straightforward calculation using Matlab 7, for M = 2,3,4, 5, that
1(Am)7HE < Bt + 6my

for k, = (%)mo and €,,, = (v/2)™ !, thus insuring the induction base step and the

analysis of Section VI.5 apply for M = 2,3,4,5. The results of these calculations are

shown in Table 1.

TABLE 1: Induction Base Step Norms and Bounds
M mo AR) M Fy T em
2 5 4.3321 8.0000
3 7 9.5217 16.0000
4 9
5

21.3440 32.0000
11 48.3825 64.0000

Although computing memory limitations prevented similar calculations for M =
6,7,8,9,10, implementation results were calculated for these resolution levels, and
tabulated along with the results for the lower resolution levels. It is believed that
the induction base steps are still valid for the higher resolution levels, although there
is no direct verification of this.

As stated above, the multiscale linear in space and constant in time basis func-
tions were used, and the results calculated and compiled using Matlab 7. To calculate
the error, the actual differences of the exact solution u and the numerical solutions
upr41 and upg; were calculated at each grid point, then ||u™ —uj,, || and ||u™ —uf, ||
calculated for each time step n using both the inf-norm and the 2-norm. Finally,
for each resolution level, the maximums of each of the inf-norms and 2-norms were
selected and tabulated. Table 2 provides the results when the approximating func-
tions are constant in time, while Table 3 provides the results when the approximating
functions are linear in time. Further, cpu timings in seconds were taken for both the
Discontinuous Galerkin Method and the Multilevel Method loops on each resolution
level, and these tabulated as well. In the lower resolutions some cpu elapsed times
were too small to be significant, no doubt due to the use of single-precision arithmetic
in the Matlab 7.0 software used for the calculations. Further, while successive cpu

timings for the same resolution level were not absolutely consistent, they did not vary
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by significant amounts. The use of single-precision arithmetic also affected the error
values at the higher resolutions of Table 3. It is not believed that these error values
are actually zero, rather, these zero values can be attributed again to the limitations
of single-precision arithmetic.

Comparison of the norm values at the various resolution levels for both the con-
stant in time and linear in time versions shows comparable values in both the inf-
norm and the 2-norm measurements of error. There were very slight differences in
the norms at low resolution levels, but at higher resolutions, the norm values for the

errors were identical.

TABLE 2: Error and Timing results for DGM and ML Methods (Constant in Time)

M DG oco-norm DG 2-norm ML oco-norm ML 2-norm DG time ML time

2 0.1932 0.2733 0.1929 0.2745 0 0

3 0.1533 0.3066 0.1532 0.3069 0 0

4 0.0904 0.2556 0.0904 0.2557 0.0313 0

5 0.0498 0.1990 0.0498 0.1990 0.0313 0

6 0.0266 0.1505 0.0266 0.1505 0.0469 0.0156
7 0.0137 0.1098 0.0137 0.1098 0.4063 0.1250
8 0.0070 0.0789 0.0070 0.0789 4.5313 1.0313
9 0.0035 0.0563 0.0035 0.0563 54.8281  11.5469
10 0.0018 0.0399 0.0018 0.0399 803.4063 144.5625

Figure 7 shows the cpu timings of the resolution levels M of 7, 8, 9, and 10 for the
methods when the approximating functions are constant in time. The cpu timings
of the lower levels were considered too insignificant to measure so they were not
included in the plot. Comparison of the computational times for each method shows
substantial saving with the multilevel method, requiring less than half the time to
cmhpute while providing the same degree of accuracy as the straight Discontinuous
Galerkin Method. Further, the computational costs for each method closely followed
the predicted costs, as shown by the plot.

Figure 8 shows the cpu timings of the resolution levels M of 7, 8, 9, and 10 for
the methods when the approximating functions are linear in time. Again, the cpu
timings of the lower resolution levels, while significantly longer than the constant in
time version, were still considered too insignificant to plot. The basic costs of the
higher resolution levels were again substantially lower for the multilevel method. As

before, the computational costs for each method closely followed the predicted costs.
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TABLE 3: Error and Timing results for DGM and ML Methods (Linear in Time)

M DG oo-norm DG 2-norm ML oo-norm ML 2-norm DG time ML time

2 0.0499 0.0706 0.0470 0.0706 0.0156 0.0156
3 0.0125 0.0250 0.0122 0.0245 0.0156 0.0156
4 0.0022 0.0062 0.0022 0.0061 0.0156 0.0156
5 0.0004 0.0017 0.0004 0.0017 0.0156 0.0156
6 0.0001 0.0005 0.0001 0.0005 0.0938 0.0781
7 0.0000 0.0002 0.0000 0.0002 0.9375 0.5938
8 0.0000 0.0001 0.0000 0.0001 12.3281 5.2344
9 0.0000 0.0000 0.0000 0.0000 165.4844  80.1094
10 0.0000 0.0000 0.0000 0.0000 2264.9000 948.9000

In short, these results suggests that the Multilevel Method version of the Discon-
tinuous Galerkin Method provides a cheaper alternative to the traditional straight
Discontinuous Galerkin Method, while preserving accuracy of the traditional Discon-

tinuous Galerkin Method.

V1.5.2 An Example with an Incompatible Initial Condition

We use the following one-dimensional heat problem: Find u such that
ug(2,t) —uge(z,t) =0, O0<z<l, 0<t<T,

u(0,¢) =u(l,t) =0, 0<t<.5,
wz,0)=1-z, O<z<l.

The initial condition is incompatible with the prescribed boundary conditions, so this
problem requires the special time and corresponding spatial discretization scheme

outlined in Chapter V. Recall that the exact solution is

u(z,t) =) u?e_jztsin(jm:),
j=1

where the coefficients u} are given by
2= 2 [[(1 - €)sin(re)dg = 2 ~ o sin(jm)} = O(1/5)
u] - 0 J - - ] j27r J - J)

and so we have ||u,(t)||2 = O(t™%). Thus a = 3, and so the index of singularity is

Q= % = 4 when ¢ = 0, that is, the approximating polynomials are constant in
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time. The initial spatial resolution level is M = 9. The same linear wavelet basis from
before was used, as well as the same computing package, Matlab 7.0. Cpu timings
were taken in seconds for each time step loop for the two methods. At times, several
computations were necessary to obtain meaningful cpu times for lower resolution
levels, as these tended to be quite small and were not always detected using single-
precision arithmetic. The results of these experiments are shown in Table 4 for the
case of ¢ = 0. As before, the error of the Multilevel Method matched the error of
the Discontinuous Galerkin Method for each specified grid size. Error tended to be
greater in early transients and less in late steps, even with the coarser grids used in
the late steps, due to the fact that the actual solution becomes smoother as the time
steps progress. The size of the error for the first time step was disappointing, no
doubt due once again to the single-precision arithmetic.

Although codes were written to calculate the solution for the case of ¢ = 1, when
the approximating polynomials are linear in time, this was not actually implemented
due to the limitations of the available computing equipment, which lacked sufficient
memory for spatial grids with resolution levels above M = 10. The first time step
calculation requires a grid resolution of M=14, far in excess of this limitation.

As before, the multilevel version of the Discontinuous Galerkin Method proved
to be more efficient in the higher resolution levels required for the first time steps.
Also, at low spatial resolution levels such as those used in the final time steps, there

was a less appreciable cost advantage to using the multilevel method.

TABLE 4: Time Step Results for DG and ML Methods (Constant in Time)
M DG 2norm DG oconorm ML 2norm ML oconorm DGtime MLtime

n
19 0.2311 0.1172 0.2314 0.1176 0.3594  0.1719
2 8 0.4135 0.1053 0.4135 0.1053 0.3438  0.1563
3 7 0.3420 0.0811 0.3417 0.0810 0.0781  0.0469
4 6 0.2614 0.0652 0.2608 0.0651 0.0781  0.0313
5 6 0.1933 0.0543 0.1922 0.0540 0.0313  0.0156
6 5 0.1976 0.0467 0.1975 0.0466 0.0313  0.0156
7 5 0.1568 0.0431 0.1556 0.0428 0.0156  0.0156
8 5 0.1675 0.0421 0.1670 0.0420 0.0156  0.0156
9 4 0.1275 0.0318 0.1272 0.0318 0.0156 0

10 4 0.0466 0.0165 0.0461 0.0163 0.0156 0
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CHAPTER VII

CONCLUSIONS AND FUTURE PROJECTS

In this thesis, we have shown that the Discontinuous Galerkin Method can be en-
hanced with a multilevel calculation method to produce a new method that offers
the same level of accuracy as the existing Discontinuous Galerkin Method, but with
considerably lower computational costs. Further we have demonstrated that the spe-
cial time and space discretization schemes of [6] remain valid when enhanced with
the multilevel method.

Future projects include a generalization to the cases where the spatial region is
taken in R? and R3. Also, an enhancement of the multilevel method that requires
us to only solve the linear system corresponding to an initial a coarse level m, then
moving from a coarse level m + k, where k is any positive integer, to a finer level
m + k + 1, will be examined. Use of quadratic and cubic wavelet bases will also be

considered, along with possible extensions of the method to nonlinear cases.
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