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Switching mechanism in the BigrevTilted
phase of bent-core liquid crystals

Carlos J. Garcia-Cervera* Tiziana Giorgif Sookyung Joo?

Xin Yang Lu®
May 7, 2017

Abstract

The BiRevTilted 18 @ uniformly smectic tilted columnar phase in which the
macroscopic polarization can be reorientated via electric field. To study the
effects on the reorientation mechanism of the various physical parameters, we
analyze a local, and a non-local Landau-de Gennes-type energy functional. For
the case of large columnar samples, we show that both energies give the same
qualitative behavior, with a relevant role played by the terms that describe
the interaction between polarization and nematic directors. We also obtain
existence of the L?-gradient flow in metric spaces for the full local energy.

Key words. Bent-core molecules, liquid crystals, columnar phases, I'-convergence,
energy minimization, gradient flow

AMS subject classifications. 76A15, 49J99

1 Introduction

The characteristic banana shape of bent-core molecule liquid crystals (BLCs) al-
lows for spontaneous polar order of the shorter molecular axis, which translates in
the possibility of obtaining ferroelectric phases in achiral materials. Achiral fer-
roelectric liquid crystals are of substantial application interest, which explains the
concentration of efforts, seen in recent years, to better understand theoretically and
experimentally the many phases of bent-core materials, [12, 2013].

The BirevTilted 18 & columnar phase proper of BLCs in which is possible to
reorient the spontaneous polarization by applying an electric field, [17, 2005]. Be-
cause of the bow shape of the molecules, the reorientation of the polarization can be
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achieved either by a rotation around the smectic cone or by a rotation around the
molecular axis, or by a combination of both. Vaupoti¢ and Copi¢ in [26, 2005] pro-
pose a Landau-de Gennes-type free energy density to study polarization-modulated
layer-undulated phases of BLCs. The key feature of their model is the coupling term
between the polarization splay, and the tilt of the molecules with the respect to the
normal vector of the smectic layers. In [14, 2015], we prove existence of minimiz-
ers for the associated energy functional, and study via I'-convergence a simplified
version, considered by Gorecka et al. in [17, 2005] to model experimental results of
switching via electric field in the BireyTilted Phase. Without deriving a closed form
for the limiting functional, in [14] we obtain a sufficient condition under which the
global minimizers of the limiting functional indicate switching by rotation around
the molecular axis, confirming experiments and numerical computations presented
in [17]. In here, we improve upon these results, first by finding the explicit expres-
sion of the limiting functional, then by using it to infer an estimate that confirms
our numerical computations. In particular, while in [17] it is noted that the degree
of the tilt, the intensity of the applied electric field and the relative size of the
elastic coefficients have a role in determining the type of switching, our analytical
and numerical results indicate that switching by rotation around the molecular axis
might still not be present, if the magnitude of the coefficient of the term coupling
the polarization, the nematic director, and the layer normal is small.

In [17], the authors argue that both Dirichlet and Neumann boundary conditions
are of interest, since they correspond to different but relevant physical situations. In
this work, we consider Dirichlet boundary conditions. For this choice the coupling
term between polarization splay and tilt, whose role is central in [26], integrates
to zero. It is then natural to ask if conclusions analogous to the ones we find
would still hold for a different model. Very few mathematical papers discuss energy
functionals for BCLs, an exception is the non-local energy introduced in [5, 2007]
to study BCLs fibers, and rigorously analyzed in [6, 2012]. According to [12, 2013],
this energy can be adapted to include the BirevTiited Phase, and since it also true
that a non-local description for the electric self-interactions, as the one used in [6],
is in general considered more accurate than a local one, in this work we also analyze
the appropriate modification of the energy in [6]. As expected, the non-local term
requires some modification in the proofs, but the new limiting functional is only
slightly different, and analogous conclusions can be drawn.

The study of the gradient flow of the full local energy, due to the nonlinear
constraints, can not be performed in the classical Banach framework, and we need
to turn to the more abstract setting provided by the Ambrosio, Gigli and Savaré’s
theory of gradient flows in metric spaces [2]. Using this approach, we are able to
derive in Theorem 6.3 existence of a curve of maximal slope in the weak-L? topology.

The paper is organized as follows. In Section 2, we introduce an angular descrip-
tion of the BLCs molecules. In Section 3, we recall the model used in Gorecka et al.
[17], and derive a close form for the I-limit, using a construction based on classical
results contained in [22, 4, 3]. In Section 4, we derive conditions under which the
global minimizer of the I'-limit in Section 3 indicates rotation around the cone, and
we present numerical results supporting our claim. In Section 5, we consider the
non-local energy in [6], and show that a similar result ensuite. Finally, in Section 6
we prove existence of gradient flow for the full local energy.



2 Background

Bent-core molecules have a peculiar bow-like shape that can be described by two
orthogonal unit vectors: the nematic director n along the direction of the axis of the
molecule, and the polarization director p in the direction of the bow of the molecule,
which is the same as the direction of the spontaneous polarization P = P p.

A representation of the two directors and of the layer normal, that contains
implicitly the constraints |n| = |p| =1 and n - p = 0, can be given in terms of four
angles: the tilt angle 0, the azimuthal angle ¢, the layer tilt angle A, and the polar
angle «, [26, 6]. Specifically, we denote by v the layer normal, and take the layer
tilt angle A to be defined modulo 27 as the angle from the z-axis toward the z-axis
about the positive y-axis. The tilt angle 6 is the angle between n and v, that is
n-v = cosf, and has values 0 < 6 < 7. We define the azimuthal angle ¢ € [0, 27)
as the angle from ¢ toward s about v, where t is the unit vector in the x-z plane
perpendicular to v, and such that t x v is in the negative y direction; while s is a
unit vector in the v-n plane, perpendicular to v and such that s X v is in the same
direction as n x v. Finally, the polar angle « is the angle obtained from n X v to p
about n, with a € (—m, 7]. Note that « and ¢ are not well-defined if n and v are
parallel, therefore this representation needs to be used with care if the tilt angle is
allowed to take the values 0 and/or 7, unless the tilt is constant. (See Figure 1)

n

nxv

Figure 1: Angular representation of the polar and nematic directors

The angular representation of the layer normal, and directors is given by the
equations below:
v =<sinA,0,cos A >;
n =< sin A cos 6 + sin 6 cos ¢ cos A,
sin @ sin ¢, cos# cos A — sin 0 sin A cos ¢ >;
p =< —sinasinfsin A + sin a cos 6 cos A cos ¢ + sin ¢ cos A cos a (1)
sin a cos @ sin ¢ — cos ¢ cos a,

—sinasinf cos A — sin avcos 0 cos ¢ sin A — sin ¢ sin A cos v > .



3 Local Model

To model experiments exploring the mechanism that guides the reorientation due
to an applied electric field of the spontaneous polarization in the BireyTiltea phase,
Gorecka et al., [17], use the free energy density:

1 1
f(n,p) = iKn [(V ‘n)® + |V x n|2] + iKp (V-p— 00)2
1 9 Py
by Kuplpx (nxv) 4 02— Pyp B, 2)
€

The energy density (2) is built from the one proposed in [26], by adding an
interaction term between the polarization and the external field E, and making
the following assumptions derived from experimental evidences: the phenomenon
is essentially one dimensional in space, the magnitude of the polarization and the
tilt angle are constants, that is P = Pyp and § = 0p € (0,7), and the smectic layer
normal and density are also constants.

We denote by L the column width, and following Gorecka et al., we rescale
length by L, take the applied electric field to be parallel to the columnar axis, that
is E = F ey, and consider a reference frame with the y-axis parallel to the columnar
axis, so that ¥ = e3 =< 0,0,1 >. In terms of the angles in (1), we are assuming
0 = 6 and A = 0, which imply

v=<0,0,1>;
n =< sinfp cos ¢, sinfp sin @, cosfp >;
p =< sinacosfp cos ¢ + sin ¢ cos «, sin acos fp sin ¢ — cos ¢ cos «,

—sinasinfg > .
After some calculations, we have the non-dimensionalized energy functional:

2%60

L 1
pry [ty = [ gnp)an

where
1 1\2 1\2 1 / 2 1 2 2
g(n, p) = §kn [(nl) + (n2) ] + ikp (pl - COL) + §knpp3 + pi — kg p2,
with
2560 2€€0 2560 2€60
kyn = ———5Kp; =—-=K,; knp=—5Ku; kge=—7F. (3
P2 L2 pooprprte e T priine BET D) ®)

We consider boundary conditions, which reflect the alternating behavior of con-
tiguous columns, see [17, 14]:

p(0) =p(1) =< 0,—1,0 > and n(0) = n(1) =<sinfp,0,cosfp >. (4)

All the constants in (3) are positive except kg, which can be positive or negative
depending on the direction of the electric field. We assume kg > 0, since we are
interested in forcing the spontaneous polarization inside the domain to point in the
direction opposite to the one at the boundary.



We expand the term containing p), and add the full gradient p. Up to multi-
plicative and additive constants, we then arrive to the energy functional:

1
k, 1
/ /4;117/2 [kl|vn|2 +|Vp)?| + k—1/2 [knppg +2p2 + 2kp(1 — pg)] dz, (5)

In the numerical experiments, rotation of the molecules around the cone is seen
when the elastic coefficients &, k,, are comparable in size but small with respect
to the coefficient k,, of the coupling term, this is equivalent to considering large

columnar samples. Therefore, for ];—" fixed, we set Q = (0,1) and ¢ = k,l,/ 2, and
D
consider the energy functional:

G.w) = [ (e1vul+ L ww) (6)

Q

with u(z) € M a.e. where

k
M={ucR°st. uj+us= k—nsinZGB;
P

[kn
u§+ui+u§:1; w1 u3 + ug ug + k—cosﬁgu5:0}, (7)
P
and

W(u):2u§+knpu§+2\kE|(1—U4). (8)

One can easily verify, that because of the orthogonality constraint, W is a double-
well potential on M, with Z = {u € M s.t. W(u) = 0} given by

[kn .
Z—{ui: (j: smﬁB,O,O,l,O)}. 9)
kp
kn .
u, = — sinfp,0,0,—1,0 |, (10)
kp

we can reframe the problem as the study of the behavior for € — 0 of the minimizers
of the energy functional:

If we define

ge(u) uEHl(Q,M), u‘agzub
Fe(u) = (11)

00 otherwise

To derive the limiting behavior of the energy functional F, we employ I'-convergence.
In particular, we refer to Owen et al. [22] to deal with the boundary conditions,
and Baldo [4] and Anzellotti et al. [3] to treat the non-linear constraints.

Compactness of F, in L' can be proven as in [14]. In particular, we have the
following proposition.



Proposition 3.1 (Compactness). If ¢, (u;) is bounded, then there exists a subse-
quence u;, such that as e;, — 0 it holds wj, — u in L'(Q,R5), where u(z) € Z a.e.

and uy € BV (2, {%+ % sinfp}).

3

The results in [3] are in a general manifold set-up, which we can adapt to our
case thanks to the next corollary.

Corollary 3.2. M is a two-dimensional closed, reqular submanifold of R>.

Proof. The function F : R — R? defined as

k
2 2 n . 92
F(U1,’U,2,U3,U47US) = (ul +u; — FSIH 93,
P

[k
u§+ui+u§—1,u1uS+uQU4+ k—”cosQBu5),
P

is such that M = F~1(0,0,0), and the Jacobian of F:

2’(L1 2U2 0 0 0
DF = 0 0 2’1,L3 2U4 2U5

us Uy (5% U2 z/ %;" COS 93
has rank 2 at every point of M. The claim follows by Corollary 5.9 pg. 80 in [8]. O

As in [4] and [3], an important role is played by the geodesic distance associated
with a degenerate Riemannian metric on M that depends on W:

dtuv) =t { [ @I Wl € COLE),  (2)
A(t) € M,(0) = u,7(1) = v |,
For a fixed v € M, we let ®,(u) be the function defined for u of M to be:
Dy (u) = d(u,v). (13)

Regardless of the choice of v € M, the function @, verifies some interesting and
useful properties:

Lemma 3.3. For any fized v € M, the function ®(u) is Lipschitz continuos on
M with respect to the Euclidean distance. Additionally, if I is a bounded interval
and u € HY(I, M) then the function wy(z) = ®y(u(z)) is in H*(I), and

\wl (z)| < WY2(u(z)) |Vu(z)| for almost any = € I.

Proof. Thanks to Corollary 3.2, since M is bounded, these properties can be proven
just as equation (4.8) and Lemma 4.2 in [3]. O

Given u € BV (Q, {+£, /ﬁ—: sinfp}), it is well-known, see [16], that u has a finite

number of discontinuities, which we will denote by N(u). We also define for a



generic function f defined on €2, scalar or vector valued, its trace on the boundary,

as f(1) = f~(1) and f(0) = f(0), where
f~(1) = lim 1 1 f(s)ds, and fT(0)= lim 1/0+pf(s)ds,
0

if the limits exist. Note that the trace on the boundary for u € BV (€, {£,/% sinfp})

P

is well-defined, see [16], and also that if u € H(2, M), with ulpo = uy, then
u(0) = u(1) = uy, see Theorem 8.8 in [9)].
We will show that the limiting functional is given by the formula:

9 N(uy) d(uy,u_) + 2 d(uy, 5(0)) + 2d(uy, u(1))

Folu) = if u(z) € Za.e. and uy € BV (Q, {=+, /2—; sinfp}) (14)

%) otherwise,

where N (u;) is the number of discontinuities of the first component of u.

For the I'-convergence study, we use the following characterization [11]:

Theorem 3.4. Let (X, T) be a topological space, and let Fy, a family of functionals
parameterized by h. A functional Fy is the T'-limit of Fy, as h — 0 in T iff the two
following conditions are satisfied:

(1) Ifup = uo in T, then iminfy, o Fy(up) > Fo(uo).
(ii) For all ug € X, there exists a sequence up, € X such that up, — ug in T, and
limhﬁo Fh(uh) = F()(’LLO).
We start by proving the liminf inequality.

Proposition 3.5. For every sequence {u;,€;} such that u; — ug in L'(Q,R5) and
€; — 0 as j — oo, it holds

lim inf F, (u;) > Fo(ug).
j—00

Proof. If liminf; ;. F¢,(u;) = oo then the inequality is trivially true. If not, we
can consider a subsequence ji such that

lim F,

i Fe, (W) = Hminf 7, (u;) < oo,

and applying Proposition 3.1 to this subsequence we obtain that ug(z) € Z a.e. and

(up); € BV (2, {=*, /2—: sinfp}). By possibly passing to a further subsequence, we

can assume {u;, } C H' (2, M), and u;, — ug also a.e..

Since (ug); has a finite number of jump discontinuities, we pick § small enough
so that in the intervals (—d,0) and (1—9, 1+6) there are none of such discontinuities,
and consider the following extension functions defined on Qs = (=4J,1 + 4):

up in (—4,0), up in (—6,0),
uj, () = S uy, (z) in Q, Up(z) = ¢ ug(x) in Q,
w, in(1,1+4) w in(1,1+9)



But Q is a finite interval, hence the compact embedding of H(Q) in C(Q))
implies that U;, € H'(Qs, M) and converges to Uy in L' (25, R®), again by passing to
a further subsequence we can also assume convergence a.e.. Finally, U, is constant
in Q5 \ Q, therefore, [15, Lemma 7.7], we see that

0 a.e. in (—¢,0),
Vi, (@) = { [Vu(0)] ae i, (15)
0 a.e. in(1,1+ 9),

In what follows we combine arguments in [20, 22, 3], we start by using (15), and
Lemma 3.3 for suitable intervals, to derive

., (uy,) > / 2 [V, | W2 (wj,) de = / 2|V, | W/3(d,,) de

Q Qs
) 1—6
= [21va W o [ 2V W) de
-4 )
146
+/2|vajk| W2, dx
1-6
) 1-6 1-6
z/2|<wz;';>’\dx+/2|<wz:z>'|dw+/2|<wz:;>'|dx
-4 ) 1—6

where wif (z) := ®y_(u;, (2)) and @ (z) := Py, (W, (z)), note that by Lemma 3.3
these are H' functions in their domains of definition. From our construction, it
follows that wjf — wh = ®y_(ug) in L'(Q,R?) and ik — @), = Py, (Uo) in
L'(Qs,R%), and by standard arguments (see for example [16, 1.9 Theorem]), we
gather

d 1-6 1-06
limint 7, (w,) = [ 2@,V 1do+ [ 20wl Y]do+ [ 2)(@,)]de
= 4 1-6

Recalling the definition of § and using the coarea formula [16], we arrive at

liminf 7., (u;,) > 2d(uy, 0(0)) + 2d(ug, u_) HO (DA, N (6,1—0)) + 2d(up, 1(1)),

Jk—00

where
Afl_ ={z € (4,1-90): ug(x) =u_}, (16)

but the value of H°(0AS N (5,1 —§)) is equal to the number of discontinuities of
the first component of ug contained in (4,1 — ¢), which by definition of ¢ are the
same as the ones in 2, and the proposition follows. O

Proposition 3.6. For any ug € L'(),R%), there exists a sequence {uj,€;} such
that u; — g in L*(Q,R%) and €; — 0 as j — oo, for which

lim sup .FE]. (Uj) < ]:0(110).

j—o0



Proof. As for the previous proposition, the proof combines arguments from [20, 22,
3], in here we will provide only the essential modifications and refer the reader to
the cited works for details.

If Fo(ug) = oo we take u; = ug and the conclusion follows, if not then ug(z) €

Za.e.,and (ug); € BV(, {£,/%= sinfp}), hence as function in L (€2, R®) we have

P
that ug has a finite number of jump discontinuity, and as in the previous proposition

we can pick dg > 0 small enough so that for any § < dg in the intervals (0,24) and
(1 —26,1) there are none of such discontinuities.

For a § < 4y fixed we consider A%  as defined in (16), we will prove the theorem
for functions ug such that H°(0A% N A(5,1 —§)) = 0. This is sufficient since, by
Lemma 4.3 in [3], for a given ug, we can consider a sequence of functions u" with
u'(z) € Zace., (uP), € BV((5,1—6), {i\/ﬁi sin}), HO(DAD, NA(5,1—5)) =0,

P

and such that u" — ug in L'((6,1—-0),R®) and H(DA%,, N(6,1—0)) — HO(DAL_N
(6,1 —9)), which is enough to obtain the result for ug using a diagonal argument.

We next assume that there exist geodesics paths 7, 7.,y of the distance (12),
which connect along M the point u, to u(0), up to u(1), and u(0) to u(l), respec-
tively. If geodesic paths do not exist, one can use sequences of approximating paths
and a diagonal argument as suggested in [3]. We then consider a sequence {¢;} — 0
as j — oo, such that ejl-/2length'yl < 4, e;/z length~y, < 4, and e;/z lengthy < 4.
Following a classical argument, we consider

[ el |
9O = [ Gyt RISk

and its inverse function le : [O,né-] — 10,1}, where né- = wé(l). Note that né— <

e;/2 length~y, < 6, and
(e + Wn(¢)'?

) = (17)
! e [(n(E))]
We finally define
uy if t <0,
W) =) Ho<t<a,
u(0) if t > nh.

In a similar manner we obtain ¢} and ¢;, and define xj and x;. For the set A
we consider the distance function

dist(x, 0A% ) if v ¢ A

u_?’

— dist(x, 0AS if x € A% |
ps( ):{ \ ) B

which by Lemma 4 in [20] is Lipschitz continuous and verifies |p}| = 1 a.e.
The elements of the candidate recovering sequence are as follows:

X5 () if z € (0,7%),
u(0) ifxe [né-,d),
u;(z) = § xi(ps(x)) fxels1-9),
u(1) if z €[l —0,1—1nj),
[

Xj(l—x) ifze



The above u;’s are continuos L! functions, for which we have, using the area/coarea
formula as in [20, (30)], convergence in L'(2,R%) to ug, and the fact that M is

contain in the ball of radius \/W :

/|uj(33)—110($)|d$§277§ 1—|—% sin? 0
Q

P
1-6 k
[ Dolos(o) — xolps(o))] do+ 207 1+ 5 sin
P
<2 145 6w 05 (length + tength
<2¢ + o= sin” 0 (lengthy + lengthy,)

P

1-46
+ / 1 (98(2)) — x0(ps ()] 14y ()]
6 .
< Ce;/2+/"] (1) — xot)| HO (871 (6.1 - 5)) dt
0

<cq+ [7 o) - @R (510 6.1-9) i
0

<C’el/2—|—77]|u+—u | sup H®(S{N(5,1—9))
[t]<n;
< 06;/2 1/2 lengthy|uy —u_| sup H° (55 (6,1-19))

[t]<n;

<Ce? |1+ sup HO(S{N(5,1-0)) | =0 asj— oo,
t<Ce)/?

in the above, C' is a constant independent of j, S? = {x € R : ps(x) = t}, and

() = u_  ift <0,
XOW=Vuy ift>o.

Looking at the derivative of the elements of this sequence, by Lemma 4 in [20] and
equation (17), we find that

& L&+ Wn(G@)))? if @ € (0,75),
0 if 2 € [}, 6),
(@) = &7 &g + W (Glps())]? if e [6,1 5) (18)
0 ifzel—4,1-nj),
[

egl [ej + W (v (¢F(1— ))V? ifre(l— n], 1).

We split [u)(z)[* in [u}(x)|[uw)(z)] and use (18) for one of the two terms, we also
use (17), when W(’MC})) # 0 to rewrite

*W(%(C)) e (G PGP =1 = ¢ [ [(u(¢H) TG = 1,

€j

and similarly for the term involving +,, and, recalling that |p5| = 1 a.e., for the one

10



involving +, to gather
Fe;(uy) < Q/Onj [ej + W (G @) (0 (& (2)))' (¢ ()| dee
1-6
+2/6 [ej + W (& (ps @)1 (7 (G (o5 (@) (¢ (ps ()5 ()| dix

+2 /17 e+ W (G5 (1= )2 (0 (G (L= 2))) (G (1 = 2))'| dae
] 1

1
<3 / &5 + W )2 (04 (1)] dt +2 / &5+ W ()] V2|7 (0)] dt
0 0

12 sup HO(S? 1 (6.1 - 8)) / Yl £ WG OGO 1) di

It\Slnj )
<3 / e + W)Y ({(0)] dt +2 / e+ W ()] V2|(74(0)] dt
0 0

12 sup HO(SP N (6,1 6)) / e + W)y (1) dt

[t]<n;

where we used the fact that uy and u_ are zeros of W, and that the derivatives
of le-, (j and ¢ are nonnegative according to (17). Taking the limsup of the above
inequality, Lemma 4 in [20] gives for any § < dy:

lim sup Fe, (u;) < 2d(up,u(0)) + 2d(up, (1))

j—o0

+2HO(0AY N (5,1 -0))d(uy,u),

but by definition of dy, if § < o we have that H°(0A% N(5,1—6)) = N((ug);). O

4 Global Minimizers of the Limiting Functional

Looking at the formula for the I'—limit Fy(u), we quickly realize that a global
minimizer has no discontinuities in uq, i. e. N(u1) = 0, thus it is either uy or u_,
and it is determined by the relative size of the quantities d(up, u_) and d(up,uy).
In particular, the global minimizer is unique unless d(up, u_) = d(up, uy).

As pointed out in [14, Remark 2], if the global minimizers is uy, thinking of u,
as the value at the boundary, its first component would be continuous across the
boundary, hence representing rotation around the axis, vice versa u_ would imply
a discontinuous first component, hence suggesting rotation around the cone.

A numerical approximation done using gradient flow equations of the original
model written in terms of the tilt and polar angles, and performed to duplicate the
numerics presented in [17], suggests that keeping all the values of the parameters
as in [17], but varying k,,, rotation around the cone is preferred only if k., > 2,
see Figure 2, with rotation around the axis favored when &, < 2, see Figure 3. We
note that in [17] all the numerical data provided is for k,, > 2.

In [14], we show that under some conditions on the other parameters, for ky,
large enough the global minimizers is indeed u_, but in our estimates the value of
knp for which this happens depends on kg, that is the larger is kg the larger &,
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needs to be, a restriction not seen in numerical computations. In fact, our numerical
approximations indicate that for the values of the parameters given in [17], for kg
large enough, if k,, > 2 then u_ is the global minimizer, while for k,, < 2 the
global minimizer is u.

An upper bound for d(up, uy) can be found by choosing the test function:

[k
~(t) = < k—n sinfpg,0,sin7t cosfp, — cos wt, — sin 7t sin93> ,
D

1
d(up,uy) < / \/(2 cos20p + kyyp sin® 0p)sin® wt + 2 |kg| (1 + cost) 7 dt,
0

namely,

which gives

1
d(up,uy) < y/max{2, ky,} / \/sin2 7t + |kg| (1 + cosnt) 7 dt
0

< \/max{2, kn,} / \/sin2 x+ |kg| (1 + cosx) dz
0

< y/max{2, knp} / (| sinz| + +/|kg| (1 + cosx)) dx,
0

d(up,uy) < 2y /max{2, kny} (1 + \/5\/@) . (19)

It is also possible to find a lower bound for d(up, u_), which allows us to obtain
the following lemma.

that is

Lemma 4.1. If k,, < 2 and |kg| > 1, there exists a constant kg, depending only
on Op such that if ’Z—" > kg, then uy is the global minimizer of Fo.
P

Proof. We rewrite the potential W(u) as

kp  ui
W (w) =208 + kup 03 + [ (A(“) k., s1r12<193)> ’

where . )
A _p U1 + 2(1— ,
W) =, sy T 20w

and notice that for u € M, it holds

inf A(u) = inf Ag(v),

ueM veM,
where
My ={v eR’s.t. v? +0v3 =1;
v%—i—vi—i—vg:l; v1 V3 + V2 v4 + cot O v = 0},
and

Ao(v) = v + 2(1 —vy).

13



Hence, infyep A(u) depends only on 6p, also by continuity of Ay and compactness
of My the infimum is attained, that is L(0p) := infyep, Ao(v) = Aog(ve) > 0. It’s
easy to see that L(fp) < 1 (in fact, a direct computation gives strictly less than
one), but more importantly L(65) > 0. This can be seen by noticing that Ag(u) # 0
for any v € My, as Ap(v) = 0 implies v;1 = 0 and vy = 1. But, v4 = 1 implies
vg = v5 = 0, and v; = 0 gives vo = 1, thus vy v3 + v v4 + cotOpvs =1 # 0.

In conclusion, we have that

0< ulélj& A(u)=L(0p) <1

If we now consider a path v € C*([0, 1], R?), with v(t) € M,~v(0) = up, and (1) =
u_, we have that

/Jih |dt>/ \/7(|71 |'¢<§>|)dt
wTE

kp A/%(t) !
L(0p) — — 1) dt
) < L(@B)I;;—sm 93} \/ (0r) kn sin®(0p) )

/ V2Tkel (1= 7a(®) i (e)| dt
VL(05) 1
M\/} 93/ \/st+/_1 kel (1—s)ds

V/L(65)

|kg| <M @ sinfp L(0p) + = \f)

In the above, we use the fact that v, (t) and v4(¢) are continuous functions on

[0,1], with 71 (0) = /5> sinfp, 72(0) = —1, and 71 (1) = — /3= sinbp, 74(1) = 1.
We then can claim that

d(uy,u-) > \/@ <CE/9§)\/E sinfp + gﬁ) )

and from this equation (19) implies the lemma. O

5 Non-Local Model

Following the classification presented in [12], the model proposed by Vaupoti¢ and
Copic [26] deals with a material which in the bulk prefers a SmCP phase, while
the one in Bauman and Phillips [6] assumes a SmCLP ground state (also known as
SmCgq). In a SmCLP structure both the molecular plane and the nematic director
are tilted with respect to the layer normal, with fix tilt 8y and polar o angles. On
the other hand, again according to [12], a SmCP structure can be also described by
a double-tilt with fix angle 6y and polar angle o equal to either 0 or .

In our situation, using the definition of o proposed in the previous sections, the
ground state has fixed 0 < p = 0p < 7 and a = 7, and since (2) is a suitable
modified version of the energy density proposed in[26], it seems reasonable to explore

14



if an analogous adaptation of the model in [6], (see also [5, 2007] and [7, 2015]) in
the case g = 0, ag = ™ would lead to similar conclusions.

If we add the interaction term between polarization and external field adopted
in (2), assuming constant smectic density and with Vw denoting the smectic layer
normal, we have that the energy density in [6] reads

1 1 1. 2
§K|Vn\2 + §U|Vp\2 + 5](18 (Vw xn-p)?* (Vw-n)* — x§ [Vw[*)
€0 €

+c,,v-p—P0p-E+7|V¢|2+P0p-v¢,

with v,j > 0, x3 = sin®  cos? 6y cos® ag, ¢, = ¢/ + ¢’ Py > 0, and

€€V -Vo=F V- -p inside sample,
¢»=0 on boundary of sample.

Hence, under the same assumptions stated in section 3, the energy becomes:
! 2 1 2, 1.3 2 2 22
(K102 + 50lVpP + 5 ja* ((es x 1+ p)? (e m)* — x3)
0
3
+cppy — Po Epa + 560 E|<15/|2)d$,

where y2 = sin® 0 cos? 0, and

€ €¢” = Pyp in [0, L],
{¢><0> —o(0)=0 20)

The last term in the energy is a non-local term representing the electric self-
2

P,
interactions, which in (2) are approximated by the local simpler term 2—0 p%.
€€

Using the fact that under our hypotheses n? + n3 = sin?6p, nZ = cos®0p,
|p| =1, and n - p = 0, we obtain

((es xn-p)? (e3-n)* — x§ )2 = ((n1pz — nap1)*n3 — sin® g cos® Op)?
= cos? Op (nip3 4+ nip? — 2nipangpy — sin® 0p)?
= cos’ Op (n? —n2p? — nip2 +n3 — n3p3 — n3pi — 2n1panap; —sin’ Op)?
= cos*Op (sin2 0 — (nip1 + n2p2)2 —sin?0p p§ — sin? 93)2
= cos’ Op (—n? p2 —sin® O p2)? = cos? O (— cos® O p2 — sin? O p2)?,
that is
(e3 x n-p)? (e3-n)? = cos* Op p3.

A combination of (20), and the boundary conditions (4), allow us to simplify further
the electric self-interaction term:

1 (r
coed (x) = Pypi(x) — Py T / p1(z)dx.
0

15



9%,
We next non-dimensionalize length by L and multiply by the factor %, to
0
arrive at the functional:
L1 1 1 1 2
/ —kX|Vn|? + fk:;\vp|2+fk::pp§ —kgp2+3 (pl —/ p1 ds> dz,
0o \2 2 2 0
with
« 2E60 . * 2%60 . * 2660 . 8 4 . 2€€0
kn = WK, kp = W’U’ k'n,p = ?g]q COS 03, kE = ?OE (21)

Finally, using the elementary fact that

/O1 (P1—/01p1d8> d:r:/o1 <pf— (/01p1d3>2> dr, (22)

again denoting 2 = [0, 1], and proceeding as in Section 3, we are led to the energy

functional
s 1 6 2
G (u) :/ €|Vul” + EW*(U) - (/ ug ds) dz, (23)
Q
Q

with u(z) € M* a.e. where

2

kr o
M* ={ueR’st. uf +u3 = k—:smzﬁB;
P

k*
ug—&—ui—&—ug:l; U U3 + Ug Uy + k—ZcosQBug):O}, (24)
\/ p
and

W*(u) = 6uj + kj, us + 2[kp| (1 — ug). (25)

W* is a double-well potential on M*, with set of zeros given by

k*
Z* = {ul = (:I: k—z sin9370,0,1,0> } . (26)
V *p
. ko
u; = T sinfg,0,0,—1,0 (27)
p

we are now looking at the behavior for ¢ — 0 of the minimizers of the energy
functional:

Letting

Gi(u)  ueH (M), ulpg=u;
Fi(u) = (28)

00 otherwise
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Thanks to (22), and the following simple inequality, which holds for u € M*:

1 1 1
/ugdac:/ (1—ui—u§)dm§2/ (1 —uy)dez,
0 0 0

we still have a compactness result:

Proposition 5.1 (Compactness). If F7 (u;) is bounded, then there exists a subse-
quence uj, such that as €j, — 0 it holds uj, — u in L'(Q,R5) where u(x) € Z* a.e.

and u; € BV (Q,{£ ’Z— sinfg}).

We believe that the behavior of the functional (23) is qualitatively the same as
the one of (2), in particular we would like to show that its limiting functional is
given by

2 N(up) d* (uy, u_) + 2d* (up, @(0)) + 2 d* (uy, (1))

. * k&
Fi(u) = if u(z) € Z*a.e. and u; € BV(Q, {£ % sin 0s}) (29)

00 otherwise,

where N (u7) is the number of discontinuities of the first component of u, and

d*(u,v):inf{/o VW@ Y ()] dt -~ € CH(0,1,R®),  (30)
At) € M*,5(0) = u,y(1) = v},

which as before is a geodesic distance associated with a degenerate Riemann metric
on a manifold M* that depends on W*.
An analogous of Proposition 3.6 can be proven in exactly the same way, since in

2
6
here we are subtracting from a double-well potential the positive term — ( / U3 ds) :
€ \Ja

Proposition 5.2. For any uy € L' (2, R%), there exists a sequence {u;,€;} such
that u; — ug in L'(Q,R®) and ¢; — 0 as j — oo, for which

lim sup 7/ (u;) < Fg (o).

j—o0

It’s instead less clear, if it’s possible to derive an analogous of Proposition 3.5.
Given a sequence {c(e)}, such that c¢(e) — 0 as e — 0, for u € M* we consider

W (u) =6 (us — c(€))® + ki, us + 2 [kp| (1 — ug), (31)
and introduce
de(u,v) = inf{/o VWER() 1Y ()] dt sy € CH([0,1],R?), (32)

At) € M*,5(0) = u,7(1) = v .
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Remark 1. Following [3, pg 183-185], since W is never zero in M* when ¢(e) # 0,
while if ¢(e) = 0 then df = d*, using the fact that for e small enough, it holds

sup /W < C* with C* independent of €, we have the following properties:
M~

(1) df is a metric on M*;
(2) df(u,v) = d*(u,v) as € = 0;
(3) For v € M* fixed, if uc — u as € — 0, then d*(u.,v) — d*(u, v), since (see
[3, (4.9) & (4.10)])
|d¢ (ue, v) — d*(u,v)| < |dc(ue, v) — di(u, v)| + |de(u, v) — d*(u, v))|
< |de (e, w)] + [dg (u, v) — d*(u, v)| < C1C"|ue — u| + |dE(u, v) — d*(u, v)|;

(4) If we define
®y(u) = d*(u,v) and ¢, (u) = d(u,v), (33)
the analogous of Lemma 3.3 holds for both ®§ and @7, with M*, and

wy(2) =y (u(z))  and  wi(z) = 0L, (u(2)); (34)

(5) For v € M* fixed and u. € L*(Q, M*), if u () — u(z) a.e. as € — 0, and

we (ZL') = (I):,V(UC(:E))’

€,V

then

wiy(r) = wy(z) ae.,

as can be seen by applying (1) and (2) above, since

lwey () — wy ()]

< |d¢ (ue(@), v) = d (u(z), v)| + |d¢ (u(z), v) — d"(a(z), v)|;

(6) Let O C R be an open bounded set. For v € M* fixed, ifu, ¢ H*(O, M*), and
u. — uin L'(O,R%) and a.e., with u(z) € Z* a.e. and u; € BV (Q, {£ Z—" sinfp}),
then
wiy —wy in LY(0),

and by [16, 1.9 Theorem]

e—0

liminf/ |(w§’§)’|dx2/ [(wy)'| da.
le) ’ o

Convergence of w}:¢ to w} in L*(O) is a consequence of (5), O bounded, M*

contained in the ball of radius /1 + Z—: sin’ 0 , and the fact that under our
P

assumptions for € small enough, we have

(WE)@)] < OO fucle) — v <201 0% 14 8 gy,
p

so that we can apply the Lebesgue dominated convergence theorem.
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Proposition 5.3. For every sequence {u;,€;} such that u; — ug in L'(Q,R5) and
€; — 0 as j — oo, it holds

lim inf 7 (u;) > 75 (o).

J—00

Proof. If liminf;_, o ]-"e*j (u;) = oo then the inequality is true. If not, we can consider

a subsequence ji such that

lim F¥

e i (uj,) = h]rglorolf]:; (u;) < oo,

and applying Proposition 5.1 to this subsequence we obtain that ug(z) € Z* a.e.
and (ug); € BV (Q, {£, /’;—; sinfp}). By possibly passing to a further subsequence,

we can assume {uj, } C H*(Q, M*), and u;, — ug also a.e..
On the other hand, ug(z) € Z* a.e. implies (ug)3(x) = 0 a.e., and by L' con-
vergence we have

C(Ejk) = /Q (lljk,):; dxr — 0. (35)

Noticing that the elements of this subsequence verify
o 2 1 *
]:ejk (ujk) = / <6 |vu| + g We]’k (ll) d!L‘,
Q

we conclude that thanks to Remark 1, the theorem follows as in the proof of Propo-
sition 3.5. O

6 Gradient Flow

To conclude our study, we address the question of existence of the gradient flow
relative to the local energy (5). In what follows, to simplify notations and without
loss of generality, we set all the physical constants to be equal to one.

We define the functional space

M = {(p,n) € W (Q;R3) x WH2(;R?) : |p| = [n| = 1, n3 = cosfp, p-n =0},

and study the gradient flow for the energy, G : M — R,
Glp.n) == [ (176 + |Val* + W(p)] do.
)

subject to the boundary conditions (4), with Q = [0, 1], and
W(p) = 2pi + 13 +2(1 —p2).
Since the set
V:={(p,n) e M :p(0) =p(1) =(0,-1,0),n(0) = n(l) = (sinfp,0,cosp)}

is not a Banach space with respect to any norm (the norm constraint makes im-
possible to multiply by constants other than +1), we consider V' as a metric space,
endowed with the distance dg induced by || - [| 2(q;r3), i-e.

dg((p,n),(q,m)) := ||p — QHLZ(Q;W) + [ — m||L2(Q;R3)a (36)
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and use Ambrosio, Gigli and Savaré’s theory of gradient flows in metric spaces. In
particular, we show that [2, Theorem 2.3.1], which deals with the existence of curves
of maximal slope in metric spaces, can be applied to our problem.

We introduce below some of the relevant definitions, and refer the reader to [2]
for complete details, and proofs.

The essential ingredients in the theory for metric spaces presented in [2] are a
complete metric space (S, d), a functional ¢: S — (—o0, +00], with proper effective
domain

D(¢): ={ve&:¢(v) <+oo} #0},

and a (possibly) weaker topology o on S. The topology o is also assumed to be a
Hausdorff topology compatible with d, that is ¢ is weaker than the topology induced
by d, and d is sequentially o-lower semicontinuous, i.e.

(ug, vr) 2 (u,v) = d(u,v) < liminf d(ug, vg).
k—+o00
We define the relazed slope, |0~ ¢|, of ¢ (see [2, (2.3.1)]) as
07 0l(0)+= it { i 96(00) 0 % v, sup{an, o), 9(un)} < +oc |
—>+00 k

where |0¢|(v) is the local slope (see [2, Definition 1.2.4]):

|0¢](v) := lim sup max{¢(v) — p(w), 0}.

w—v d(w7v)

Note that if ¢ is smooth, one has |0¢|(v) = |0~ ¢|(v), and if in addition ¢
is Frechet differentiable, |0~ ¢| is actually a strong upper gradient (see [2, Defini-
tion 1.2.1]) for ¢, that is for every absolutely continuous curve v : [a,b] — S the
function |0~ ¢| o v is Borel, and it holds

6(0(0) = 606N < [ 0ol dr forany a <5<t <,
with |v;| denoting the metric speed (see [2, (1.1.3)]):
)] o= timg ),

Finally, we say that a locally absolutely continuous map w: (a,b) — S is a curve
of mazimal slope (see [2, Definition 1.3.2]), for the functional ¢ with respect to its
upper gradient g, if ¢ o u is £L'-a.e. equal to a non-increasing map ¢, and

wi(r) < —%|ut(r)|2 - %gQ(u(r)) L'-a.e. in (a,b).

As per [2, Remark 1.3.3], if g is a strong upper gradient g, then ¢(u(r)) = ¢(r)
is a locally absolutely continuous map in (a,b), and the energy identity

3 [ B3 [ um)dr = ofuts) = ofu(t)

holds in each interval [s,t] C (a,b).
In here, we pick
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(i) S=Vn{G < G(po,ng) + 1} (with (pg,ng) denoting the initial datum);
(ii) d =dg;

(i) ¢
)

(iv) o = topology induced on V by the weak topology of L?(2;R?) x L2({;R?).
As required, this is a Hausdorff topology on V' compatible with dg.

Completeness with respect to the distance dg is proven in the following lemma.
Lemma 6.1. For any ¢ > 0, the metric space (V N{G < c},dg) is complete.

Proof. Consider an arbitrary Cauchy sequence (pg,ng)r € V N {G < ¢}, since
(WH2(Q;R?) x WH2(Q;R®), || - lwr2xwr.2) is a complete metric space, there exists
(p,n) € WH2(Q; R3) x W12(Q;R3) such that px — p, ny — n in WH2(Q;R3). By
Sobolev embedding we have convergence a.e., hence from (pg,ng) € V we derive
Ipk| = [ng| =1 = |p| = |n| =1,
Py np=0=p-n=0,

while the boundary conditions

pr(0) = px(1) = (0,-1,0) = p(0) = p(1) = (0, -1,0),
ny(0) = ng(1) = (sinfp,0,cosp) = n(0) = n(1) = (sinfp,0,cosbp).

follow from the trace theorem. In other words, we have (p,n) € V. To prove that
(p,n) € {G < ¢} we note that G is a sum of the convex function [,,(|Vp|*+|Vn|*+
2p? + p3) da plus the linear function [, 2(1 —p2) dz, and since convex (respectively,
linear) functions are weakly lower-semicontinuous (respectively, continuous), we in-
fer G(p,n) < ¢

O

To apply [2, Theorem 2.3.1] to our problem, we also need to check some topo-
logical assumptions, which are included in Lemma 6.2 below.

Lemma 6.2. The functional G satisfies the following properties:

(A1) o-lower semicontinuity: for any sequence (pg,ny) C V o-converging to some
(p,n) € V we have
G(p,n) < liminf G(pg, ng).
k—+oo

(A2) Coercivity: G >0 in V.
(A3) Compactness: given a sequence (Pi,nk)r C V with

Sup G(pk,ni) < 400, sup d((Pr>nk), (Pr,np)) < 400,

then we can extract a o-converging sequence (pkj,nkj )j-
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Proof. To show o-lower semicontinuity, given a sequence (pg, )i o-converging to
(p,n), we need to check that

liminf G(pg,ng) > G(p,n).

k—+oo

If liminfy_, 1 oo G(Pk, i) = +0o then the thesis is trivial. Hence, without loss of
generality we may assume

lim inf G(pg,ng) = klil;r_l G(pk,ng) < 400,
—+00

k— 400

and find N such that for all & > N it holds G(pg,ng) < C < 4+oco. In particular,
since
G(pk,ng) > (||VP||%2(Q;R3) + anHiz(Q;Rs)%

we have, upon removing the first N terms of the sequence,
s%p {”p”%/VLZ(Q;R?’) + Hn||%/Vl=2(Q;R3)} < (1 < +o0,

which implies that there exists (p’, n’) such that (px, ng) converges to (p’,n’) in the
weak topology of W12(Q;R3) x WH2(Q; R?). Next, again using the fact that con-
vex (respectively, linear) functions are weakly lower semicontinuous (respectively,
continuous), we infer as done at the end of the previous lemma that

G(p',n’) < liminf G(pg, ng).
k—+oco

Finally, remembering that (pg,ny)r o-converges to (p,n), we obtain (p,n) =
(p’,n’), and G is o-lower semicontinuous.

The coercivity condition (A2) follows from the definition of G.

To prove the compactness (A3), we use the fact that sup;, G(pg, nx) < +o00 and

G(pk,ng) > (HVpkH%z(Q;RB) + HVHkH%%Q;RS))a

give (pg, ng)y uniformly bounded in W12(Q; R3) x W12(Q; R3), which implies that
(up to subsequences) there exists (p,n) € WH2(Q;R3?) x W2(Q;R3) such that
Pr — P, np — n weakly in WH2(Q;R3) x WH2(Q;R?), strongly in L?(Q'R?) x
L?(QY'R3), and a.e. in . We conclude (p,n) € V and G(p,n) < sup,, G(px, nx), as
in Lemma 6.1. O

Theorem 6.3. For any T > 0 and initial datum (po,ng) € V, there exists a curve

(p(t),n(?)): [0,T]—V,  (p(0),n(0)) = (Po, o)
of mazimal slope solution of |ui(t)| = —|0G|(t) for a.e. t € [0,T].

Proof. Thanks to Lemmas 6.1 and 6.2, we are able to apply Theorem 2.3.1 in [2] with
S =Vn{G < G(pog,no)+1}, » = G, d = dg and o the topology induced on V by the
weak topology of L?(Q; R3) x L?(2; R?). Additionally, since G is smooth and Frechet
differentiable, we have that |0~ G| = |0G|, and |0G]| is a strong upper gradient.
Therefore, we can conclude that every curve (p(t),n(t)) € GMM((po,np)) is a
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curve of maximal slope for G with respect to |0G|, and that the following energy
identity holds

3| 1)) ar 5 [ 0GR p(). () dr = Gl mo) — G(p(T).n(T)).

Here GM M ((po, no)) denotes the set of generalized minimizing movements (see [2,
Definition 2.0.6]) of G starting at the initial datum (pg,ng) € V.

Our theorem is then proven by noticing that [2, Proposition 2.2.3] implies that
the set GM M ((po,np)) is non-empty. O

References

[1] R. Adams and J. Fournier, Sobolev Spaces, 2" edition, Academic Press,
2003.

[2] L. Ambrosio, N. Gigli and G. Savaré, Gradient Flows in Metric Spaces and
in the Space of Probability Measures, Birkh&user Verlag, Basel, 2008.

[3] G. Anzellotti, S. Baldo and A. Visintin, Asymptotic behavior of the
Landau-Lifshitz model of ferromagnetism, Appl. Math. Optim., 23 (1991),
no. 2, 171-192.

[4] S. Baldo, Minimal interface criterion for phase transitions in mixtures of
Cahn-Hilliard fluids, Ann. Inst. H. Poincaré Anal. Non Linéaire, 7 (1990),
no. 2, 67-90.

[6] C. Bailey, E. C. Gartland Jr. and A. Jakli, Structure and stability of
bent-core liquid crystal fibers, Physical Review E, 75 (2007), 031701.

[6] P. Bauman and D. Phillips, Analysis and stability of bent-core liquid crystal
fibers, Discrete Contin. Dyn. Syst. Ser. B, 17 (2012), no. 6, 1707-1728.

[7] P. Bauman, D. Phillips and J. Park. Existence of solutions to boundary
value problems for smectic liquid crystals, Discrete Contin. Dyn. Syst. Ser.
S, 8 (2015), no. 2, 243-257.

[8] W. M. Boothby, An Introduction to Differentiable Manifolds and Rieman-
nian Geometry, Second Edition, Academic Press, 1986.

[9] H. Brezis, Functional Analysis, Sobolev Spaces and Partial Differential
Equations, Universitext, Springer, 2011.

[10] J.-H. Chen and T. C. Lubensky, Landau-Ginzburg mean-field theory for
the nematic to smectic-C and nematic to smectic-A phase transitions, Phys.
Rev. A, 14 (1976), no. 3, 1202-1207.

[11] G. Dal Maso Introduction to I'-convergence, Progress in Nonlinear Differ-
ential Equations and Their Applications, Birkh&user, 1993.

[12] A. Eremin and A. Jdkli, Polar bent-shape liquid crystals - from molecular
bend to layer splay and chirality, Soft Matter, 9 (2013), 615-637.

23



[13]

[14]

[18]

[19]

[20]

21]

22]

C.J. Garcia-Cervera, T. Giorgi and S. Joo, Sawtooth profile in smectic A
liquid crystals, STAM J. Appl. Math., 76 (2016), no. 1, 217-237.

T. Giorgi and F. Yousef, Analysis of a model for bent-core liquid crystals
columnar phases, Discrete Contin. Dyn. Syst. Ser. B, 20 (2015), no. 7,
2001-2026.

D. Gilbarg and N. S. Trudinger, Elliptic Partial DIfferential Equations of
Second Order, Second Edition, Springer-Verlag, 1983.

E. Giusti, Minimal Surfaces and Functions of Bounded Variation, Mono-
graphs in mathematics, Birkh&user, 1984.

E. Gorecka, N. Vaupoti¢, D. Pociecha, M. Cepi¢ and J. Mieczkowski,
Switching mechanism in polar columnar mesophases made of bent-core
molecules, ChemPhysChem, 6 (2005), 1087-1093.

S. Joo and D. Phillips, Chiral nematic toward smectic liquid crystals,
Comm. Math. Phys., 269 (2007), no. 2, 369-399.

S. T. Lagerwall, Ferroelectric and antiferroelectric liquid crystals, Wiley-
VCH, 1999.

L. Modica, The gradient theory of phase transitions and the minimal in-
terface criterion, Arch. Rat. Mech. Anal., 98 (1987), 123-142.

I. Musevic, R. Blinc and B. Zeké, The Physics of Ferroelectric and Anti-
ferroelectric Liquid Crystals, World Scientific Publishing Company, 2000.

N. C. Owen, J. Rubinstein, J. and P. Sternberg, Minimizers and gradient
flows for singularly perturbed bi-stable potentials with a Dirichlet condition,
Proc. Roy. Soc. London Ser. A, 429 (1990) no.1877, 505-532.

P. G. de Gennes and J. Prost, The Physics of Liquid Crystals, 2"¢ edition,
Clarendon Press, Oxford, 1993.

L. Scardia,A. Schléomerkemper and C. Zanini, Boundary layer energies for
non convex discrete systems Math. Models Methods Appl. Sci., 21 (2011),
no. 4, 777-817.

1. W. Stewart, The Static and Dynamic Continuum theory of Liquid Crys-
tals, Taylor & Francis, 2004.

N. Vaupoti¢ and M. Copi¢, Polarization modulation instability in liq-
uid crystals with spontaneous chiral symmetry breaking Phys. Rev. E, 72
(2005), 031701.

E. G. Virga. Variational Theories for Liquid Crystals, Chapman & Hall,
1994.

24



	Old Dominion University
	ODU Digital Commons
	2018

	Switching Mechanism in the B-1revtilted Phase of Bent-Core Liquid Crystals
	Carlos J. García-Cervera
	Tiziana Giorgi
	Sookyung Joo
	Xin Yang Lu
	Repository Citation
	Original Publication Citation


	Introduction
	Background
	Local Model
	Global Minimizers of the Limiting Functional
	Non-Local Model
	Gradient Flow

