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Abstract-Two types of triple sine series are investigated. They are reduced to singular integral 
equations with kernels involving elliptic functions. Closed form solutions are obtained. 

Keywords-Triple sine series, Mixed boundary value problems, Singular integral equations, El- 
liptic functions. 

1. INTRODUCTION 

Mixed boundary value problems in elasticity and potential theory can often be reduced to the 
solution of triple trigonometric series. Many such series have been discussed in the literature [l-4], 
but not those we now wish to consider, which take the form 

G(z) = 2 nA, sinnz = 0, (0 < Ic < a), 
n=l 

F(s) = 9 OiA, sinnz = f(z), (a < z < b), 
n=l 

G(z) = g nA, sinna: = 0, (b < 2 < 7r), 
n=l 

where s = f 1, X > 0 and 

(1) 

C& = coth(2nrX) + (-)%sch(2n7rX), n 1 1. (2) 

Let 

A, = z 

s 

b 

p(t) sin(&) dt, 7I 2 1; 
Tn a 

(3) 

then 

G(z) = H [(b - x)(x - a)] P(X), (4 

where H[z] is the Heaviside function, and the first and third of the triple equations (1) are 
satisfied automatically. Furthermore, 

F(z) = ; I 
b 

M(z> t) p(t) dt, (5) 
a 
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where 

M(z, t) = 2 2 0in-l sin(nz) sin(&), (6) 
n=l 

so that the second triple equation will also be satisfied if p(t) is given by the integral equation 

1 b - 
s lr a 

M(G t) p(t) dt = f(z), (a < z < b). (7) 

2. THE CASE s = 1 

In this case, we find it convenient to write 

2n 
f& = Ifq 

1 - q2n ’ 
q = ei7r[(l/2)+ix] 

Then [5, p. 2211, 

& M(s, t) = -277t + 2[(t) + 63’(t) 

p(t) - P(S)’ 

where 

is the Weierstrsss Zeta Function, 

(8) 

(9) 

(10) 

(11) 

is the Weierstrass p-function, and in terms of the theta function 

&(x, q) = 2 2 (-)” q(n+(‘/2))2 sin(2n + 1) 2, (12) 
n=O 

q is a constant given by 

(13) 

The Weierstrass p-function p(z) = p( 2, WI, ws) appearing above has one real parameter wi = rr 

and one complex parameter ws = w1[(1/2) + ix], A > 0, and in this case [5, p. 1751 is a real 

valued function of the real variable 2. Furthermore, it decreases monotonically from infinity to 

er = p(7r, 7r, 7r[(1/2) + ix]) as x increases from 0 to 7r. 

In order to solve the integral equation (7), we differentiate both sides with respect to zr, thereby 

obtaining the Cauchy type integral equation 

1 b 

s 

p’(t) - 
7r a p(t) - P(X) 

p(t) dt = f’(s) + B (14) 

in which 

BE1 

I 

b 

P@ - K(t)1 p(t) dt. (15) r a 
It follows [6] that 

p(t) = c + B Ho) + l?(b) - %4t)l 
2A(t) 

b 
-- 

A@> f’(x) P’(x) dx 

63(x) - p(t) ’ (16) 
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where C is an undetermined constant and 

Define 

where 

Observe that 

A(t) = &44 - dt)l b(t) - db)ll, 

I l 
6 

mn = ; I a 

Al(t) = &44 - t4t)l b(b) - dt)ll. 

M(x, t) = 2 [C(x) - WI t + s P’(X) 0t b3(x) _ 63(T) d7 

35 

(17) 

(1% 

(20) 

and hence, that 
1 - 

s 

b M(x,t) 

Ii- a A(x) 
dx = K. + 2[Jro - r/In,] t. (21) 

Therefore, on multiplying (7) by l/(rA(x)) and integrating with respect to x from x = a to 

x = b, we obtain the relationship 

1 b - s n a 
{Ko + 2[J10 - $101 t}p(t) dt = i / 

b f(x) 
a 

ao dx. (22) 

On substituting from (16) into (15) and (22), we now obtain two simultaneous linear algebraic 

equations for the constants B and C and thereby determine p(t) completely. 

[$II - JII - 11 B + [$lo - Jlo] C = Rl, 

[Kolol + 2{ Jlo - ~110) Ill] B + [Koloo + 2{ Jlo - $10) Im] C = RP, 

where 

and 

R1 = 2 s r a 
b I@ - C(t)1 & / b A(x) f’cxc) dcx) da: & 

a 64x) - 53(t) 

R2 = 2 

I 

b 

Wo + 2{ J10 - $10) tl -& / b A(x) f’cx) dcx) dx & 
r a a P(X) - 63(t) . 

s b f&jx 
a A(x) 

Last, we note that 

where 

F(x) = 
s 

x F’(E) dL 
0 

(26) 

F’(x) = H [(b - x)(x - a)] f’(z) + sgn(u + b - 2x) H [(x - u)(x - b)] s (27) 

and 
Fl(x) = c + B [@(a) + p(b) - %4X)] 1 b _- 

. 2 s 

A(t) f’(t) d(t) & 
* a 53(t) - p(x) 

(23) 

(24 

(25) 

(28) 
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3. THE CASE s = -1 

In this case, we have 
o-1 = 1 - (-1°F -27rx 

n l+(_)nq”’ q=e ’ 

and hence [7,2.18; 8,123.05], 

where 

h(x) = 
sn(Kx/n, k) dn(Kx/n, Ic) 

cn(Kx/7r, Ic) ’ (31) 

(32) 

(29) 

(30) 

and K = K(k) is a complete elliptic integral of the first kind. Integral equation (7) thus takes 

the form 
1 b - 

s I 

log h(z) + h(t) 

T a h(x) - h(t) 

It follows at once [4] that 

where 

P(t) = 

dt = f(x), (a < 2 < b). (33) 

(34) 

b(t) = dW2U4 - h2(t)I [h2(t) - h2(a)l), (35) 

(36) Fl(t) = c - f s b S(Y) f'(y) h(y) dy 

h2(y) - h2(t) ’ 

c = h2@) 

s 

b h’(x) f(x) dz + 2hib) 

KIK; a b(x) 
q .I” g J(I” 6&!x;(I)hf:((;) dxdt, (37) 

and K1 = K(kl), Ki = K(dm) are complete elliptic integrals of the first kind with para- 

meter ICI = h(a)/h(b). We now see that 

F(x) = 
s 

5 F’(E) dJ, (38) 
0 

where 

F’(x) = H [(b - x)(x - u)] f’(x) + sgn(a + b - 2x) H [(x - u)(x - b)] h’(x) z, (39) 

and 

1. 
2. 
3. 

4. 
5. 
6. 
7. 
a. 

c&(x) = J{[h2(b) - h2(x)] [h2(u) - h2(x)]}. (40) 
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