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Abstract—Two types of triple sine series are investi igated. They are redh
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equations with kernels involving elliptic functions. Closed form solutions are obtamed
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1. INTRODUCTION
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solution of triple trigonometric series. Many such series have been discussed in the literature [1 4],
but not those we now wish to consider, which take

rali \_éo“ A e s o ) m - - N\
G(z) = ) nApsinnz =0, (0 <z < a)j,
n=1
>,
F(z)= ) QnA,sinnz = f(z), (a <z <b), (1)
n=1
o0
G(w)zz nA,sinnz =0, (b<z<m),
n=1

where s = +1, A > 0 and

Qp = coth(2nmA) + (—)"csch(2n7 ), n>1. (2)
Let
A :l [bn(t\s,n(nt\dt n>1 (3)
T ), OS2 )
then
G(z) = H[(b - z)(z — a)] p(x), (4)

where H|z| is the Heaviside function, and the first and third of the triple equations (1) are
satisfied automatically. Furthermore,

b
Fm=§/Mmmma, (5)
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where

M(z,t)=2 i Q2 n~lsin(nz) sin(nt), (6)

n=1

so that the second triple equation will also be satisfied if p(t) is given by the integral equation
1 rb
> [ Maopd=1@),  @<z<d). ™)
a

2. THE CASE s =1

In this case, we find it convenient to write

1+¢% in[(1/2)+iX
Q= 1 @=L 8)
Then [5, p. 221],
9 p'(t)
— M(z,t) = —2nt + 2¢(t) + ————, 9
gr M@0 = ~2t + 20 + S ©
where
1
¢(x) =¢ (JI,?T,?T [5 + M]) (10)
is the Weierstrass Zeta Function,
1
plz)=p (x,w,w [-2— + z)\]) (11)
is the Weierstrass p-function, and in terms of the theta function
91(z,q) =2 (=) ¢ /D sin(2n + 1)z, (12)
n=0
7 is a constant given by
1 19/// 0

T 12 9,(0,9)

The Weierstrass p-function p(z) = p(z,w1,ws) appearing above has one real parameter w; = 7
and one complex parameter w3 = wi[(1/2) + iX], A > 0, and in this case [5, p. 175] is a real
valued function of the real variable x. Furthermore, it decreases monotonically from infinity to
e1 = p(m, m,w[(1/2) + iA]) as z increases from 0 to 7.

In order to solve the integral equation (7), we differentiate both sides with respect to z, thereby
obtaining the Cauchy type integral equation

b ’
% /a #(t;(m)p(t) dt = f'(z) + B (14)
in which b
B=1 [ -] p0)at. (15)
It follows [6] that
_ C+ Blp(a) + p(b) — 2p(¢)] 1 * Az) f'(z) ¢/ ()
P = 2A(0) 2w . Cetre (19
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where C is an undetermined constant and

= V{lp(a) — p®)] [p(t) — p(b)]}.

Define b
Inn = 7 [ #71p(a) + p(8) - 2000)" 5
=2 [t + o) - 2000 1
e dt
fo | ma
where

= V{lp(a) ~ ()] [p(b) — p(t)]}-

Observe that

_ _ R -1 C) N
M(z,t) = 2[¢(z) — nz] t+/0 o@) — o(7) d
and hence, that

35

(17)

(18)

(21)

Therefore, on multiplying (7) by 1/(7A(x)) and integrating with respect to z from z = a to

x = b, we obtain the relationship

* 5 (93)

/ {Ko + 2[J10 — nl10] t} p(t)

(22)

On substituting from (16) into (15) and (22), we now obtain two simultaneous linear algebraic

equations for the constants B and C and thereby determine p(t) completely.

(nI1n — Ji1 — 1] B+ [nlie — Jio] C = Ry,
[Kolor + 2{J10 — nI1o} I11] B + [Koloo + 2{J10 — 1110} I10) C = Ry,

where

Lo g 1 A@) (@) 0e)
=2 [me-col x| Sy e

and

b b ' ’
Ry = % / (Ko + 2{J10 — 1110} t] 7rA1(t) / A(:()x'); (_l‘?p?t)(x) dx dt.

2 [* i@
+; ; mdl‘

Last, we note that

Flz) = /0 " (o) de,

where
F'(z) = H|(b — z)(z — a)] f'(z) +sgn(a+b—2z) H[(z — a)(z — b)]
and : .
- CLEBO L [ 0

Fl(.’l?)
Aq(x)

(23)

(24)

(25)

(27)

(28)
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3. THE CASE s = -1

In this case, we have
-1 1- (_)n qn -2\

n =E—————, g=¢ (29)
l + (___)7L q7L \ 7
and hence [7,2.18; 8,123.05],
Th{z) + h(t) |
M(z,t) =1 _—
where (Ka/m, k) dn(Ka/, k)
sn(Kz/m n(Kz/m
h — b b
() en(Kz/m, k) ’ (31)
o0 (n+(1/2>)’12
k=4 |Zn=0d : (32)

| 142500 ¢ ]

and K = K(k) is a complete elliptic integral of the first kind. Integral equation (7) thus takes
the form

b
L[ iog| M@ AO ) 4y p0), @<z <b). (33)
i JCL |Ib\-b)_ll/\l»}l
It follows at once [4] that
K (t)
p(t) = D) Fi(t), (34)
§(t) = V{[h2(b) - R2(B)] [R3(t) — h2(a)]}, (35)
b /
Ft)=C— 2 78 k) , (36)

T Jo W) - R Y

_Rb) [P H(z) (@) 2h(b) [* H'(t) [° 8(z)h(z) f'(z)
= %K / 5@ CT IR |30 ) @ - R

dz dt, 37

“va

and K; = K(k;), K} = K(y/1 — k%) are complete elliptic integrals of the first kind with para-
meter k; = h(a)/h{b). We now see that

T
— / e e
- &) us

F(z) F'(&) de, (38)
A \S)
where
/ _ 1 ' Fl(m)
F'(z) = H[(b—z)(z — a)] f'(z) +sgn(a +b—2z) H[(z - a)(z — b)] '(z) 7= (39)
Vi\#&)
and
01(w) = v/ {I20) ~ WP (@)] (@) = )] (40)
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