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A COMPACTNESS THEOREM FOR THE DUAL GROMOV-HAUSDORFF
PROPINQUITY

FREDERIC LATREMOLIERE

ABSTRACT. We prove a compactness theorem for the dual Gromov-Hausdorff
propinquity as a noncommutative analogue of the Gromov compactness theo-
rem for the Gromov-Hausdorff distance. Our theorem is valid for subclasses of
quasi-Leibniz quantum compact metric spaces of the closure of finite dimensional
quasi-Leibniz quantum compact metric spaces for the dual propinquity. While
finding characterizations of this class proves delicate, we show that all nuclear,
quasi-diagonal quasi-Leibniz quantum compact metric spaces are limits of finite
dimensional quasi-Leibniz quantum compact metric spaces. This result involves a
mild extension of the definition of the dual propinquity to quasi-Leibniz quantum
compact metric spaces, which is presented in the first part of this paper.
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1. INTRODUCTION

The dual Gromov-Hausdorff propinquity [19, 16, 18] is an analogue of the Gro-
mov-Hausdorff distance [6] defined on a class of noncommutative algebras, called
Leibniz quantum compact metric spaces, and seen as a generalization of the alge-
bras of continuous functions over metric spaces. The dual propinquity is designed
to provide a framework to extend techniques from metric geometry [7] to non-
commutative geometry [4]. In this paper, we prove a generalization of Gromov’s
compactness theorem to the dual propinquity, and study the related issue of finite
dimensional approximations for Leibniz quantum compact metric spaces.
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An important property of the Gromov-Hausdorff distance is a characterization
of compact classes of compact metric spaces [6]:

Theorem 1.1 (Gromov’s Compactness Theorem). A class S of compact metric spaces
is totally bounded for the Gromov-Hausdorff distance if, and only if the following two
assertions hold:

(1) there exists D > 0 such that for all (X, m) € S, the diameter of (X, m) is less or
equal to D,

(2) there exists a function G : (0,00) — IN such that for every (X, m) € S, and for
every & > 0, the smallest number Cov x ) (€) of balls of radius € needed to cover
(X, m) is no more than G(e).

Since the Gromov-Hausdorff distance is complete, a class of compact metric spaces is com-
pact for the Gromov-Hausdorff distance if and only if it is closed and totally bounded.

Condition (2) in Theorem (1.1) is meaningful since any compact metric space
is totally bounded, which is also equivalent to the statement that compact met-
ric spaces can be approximated by their finite subsets for the Hausdorff distance.
Thus, intimately related to the question of extending Theorem (1.1) to the dual
propinquity, is the question of finite dimensional approximations of Leibniz quan-
tum compact metric spaces. However, this latter question proves delicate. In order
to explore this issue, we are led to work within larger classes of generalized Lips-
chitz algebras, which we name the quasi-Leibniz quantum compact metric spaces.
The advantage of these classes is that it is possible to extend to them the dual
propinquity, and then prove that a large class of Leibniz quantum compact met-
ric spaces are limits of finite dimensional quasi-Leibniz quantum compact metric
spaces for the dual propinquity. In particular, the closure of many classes of fi-
nite dimensional quasi-Leibniz quantum compact metric spaces contain all nuclear
quasi-diagonal quasi-Leibniz quantum compact metric spaces. The various possible
classes of quasi-Leibniz quantum compact metric spaces we introduce represent
various degrees of departure from the original Leibniz inequality.

The dual propinquity is our answer to the challenge raised by the quest for
a well-behaved analogue of the Gromov-Hausdorff distance designed to work
within the C*-algebraic framework in noncommutative metric geometry [3, 4, 24,
25,37,27,26,28,29, 30,31, 33, 32, 34, 35, 36]. Recent research in noncommutative
metric geometry suggests, in particular, that one needs a strong tie between the
quantum topological structure, provided by a C*-algebra, and the quantum met-
ric structure, if one wishes to study the behavior of C*-algebraic related structures
such as projective modules under metric convergence. The quantum metric struc-
ture over a C*-algebra 2l is given by a seminorm L defined on a dense subspace
dom(L) of the self-adjoint part of 2 such that:

(1) {a e dom(L) : L(a) =0} = Rly,
(2) the distance on the state space .(2) of 2 defined, for any two ¢, ¢ €
< () by:

(1.1) mky (@, ¢) =sup {|p(a) —(a)| : a € dom(L) and L(a) < 1}

metrizes the weak* topology on .7 (21).



A COMPACTNESS THEOREM FOR THE DUAL GROMOV-HAUSDORFF PROPINQUITY 3

Such a seminorm is called a Lip-norm, and the metric defined by Expression (1.1) is
called the Monge-Kantorovich metric, by analogy with the classical picture [8, 9].
In particular, it appears that Lip-norms should satisfy a form of the Leibniz in-
equality. In [14] and onward, we thus connected quantum topology and quantum
metric by adding to Lip-norms L on unital C*-algebras 2 the requirement that:

(12) (5 <L@lbla+ Lo)lols
and
13) (5 ) <L@lblla -+ Lb)lal,

where || - ||o is the norm of the underlying C*-algebra 2.

Yet, the quantum Gromov-Hausdorff distance, introduced by Rieffel [37] as the
first noncommutative analogue of the Gromov-Hausdorff distance, did not cap-
ture the C*-algebraic structure, as illustrated with the fact that the distance be-
tween two non-isomorphic C*-algebras could be null. In order to strengthen Rief-
fel’s distance to make *-isomorphism necessary, one may consider one of at least
two general approaches. A first idea is to modify the quantum Gromov-Hausdorff
distance so that it captures some quantum topological aspects of the underlying
quantum metric spaces, while not tying the metric and topological structure to-
gether. For instance, Kerr’s distance [10] replaces the state space in Expression
(1.1) with spaces of unital completely positive matrix valued linear maps, which
capture some additional topological information, while the notion of Lip-norm,
i.e. metric structure, is essentially unchanged and in particular, does not involve
the Leibniz properties (1.2), (1.3). This first approach is shared, in some fashion
or another, by all early attempts to fix the weakness of the coincidence axiom
[10, 20, 22, 11].

A second approach is to tie together the metric and topological structure of
quantum metric spaces before attempting to define a Gromov-Hausdorff distance.
This approach involves working on a more restrictive category of quantum com-
pact metric spaces. One then realizes that quite a few challenges arise when trying
to define an analogue of the Gromov-Hausdorff distance. These challenges owe
to the fact that the definition of an analogue of the Gromov-Hausdorff distance
involves a form of embedding of two compact quantum metric spaces into some
other space, and various properties of this analogue, such as the triangle inequal-
ity, become harder to establish when one puts strong constraints on the possible
embedding. The Leibniz property of Expressions (1.2) and (1.3) are examples of
such strong constraints. A first step in this direction can be found in Rieffel’s quan-
tum proximity [32], which is not known to even be a pseudo-metric, as the proof
of the triangle inequality is elusive.

The dual propinquity follows the second approach, and owes its name to Rief-
fel’s proximity. Its construction answered a rather long-standing challenge to em-
ploy the second approach described above to a successful conclusion. The dual
propinquity is defined on Leibniz quantum compact metric spaces, which are
compact quantum metric spaces whose Lip-norms are defined on dense Jordan-
Lie sub-algebras of the self-adjoint part of the underlying C*-algebras, and which
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satisfy the Leibniz inequalities (1.2) and (1.3). All the main examples of com-
pact quantum metric spaces are in fact Leibniz quantum compact metric spaces
[37, 27, 26, 23, 21]. Now, the dual propinquity is a complete metric on the class
of Leibniz quantum compact metric spaces: in particular, distance zero implies
*-isomorphism, in addition to isometry of quantum metric structures, and the tri-
angle inequality is satisfied. Several examples of convergence for the dual propin-
quity are known [12, 19, 34].

Moreover, several stronger ties between quantum metric and quantum topol-
ogy have been proposed, most notably Rieffel’s strong Leibniz property and Ri-
effel’s compact C*-metric spaces [32], both of which are special cases of Leibniz
quantum compact metric spaces. The dual propinquity can be specialized to these
classes, in the sense that its construction may, if desired, only involve quantum
metric spaces in these classes. We also note that the notion of Leibniz quantum
compact metric space can be extended to the framework of quantum locally com-
pact metric spaces [13, 15, 17].

The problem of determining which Leibniz quantum compact metric spaces is
a limit of finite dimensional Leibniz quantum compact metric spaces for the dual
propinquity, however, challenges us in this paper to explore a somewhat relaxed
form of the Leibniz inequality, while keeping, informally, the same tie between
quantum topology and quantum metric structure. Indeed, while any compact
quantum metric space is within an arbitrarily small quantum Gromov-Hausdorff
distance to some finite dimensional quantum metric space [37, Theorem 13.1], Ri-
effel’s construction of these finite dimensional approximations does not produce
finite dimensional C*-algebras nor Leibniz Lip-norms. In fact, the construction
of finite dimensional approximations for Leibniz quantum compact metric spaces
using the dual propinquity remains elusive in general. If (2, L) is a Leibniz quan-
tum compact metric spaces, we seek a sequence (B, L, ),cn of finite dimensional
Leibniz quantum compact metric spaces which converge to (2, L) for the dual
propinquity. The first question is: what is the source of the C*-algebras B, ?

A natural approach to the study of this problem is to first seek C*-algebras
which naturally come with finite dimensional C*-algebra approximations in a quan-
tum topological sense. Nuclearity and quasi-diagonality, for instance, provide
such approximations. The next natural question becomes: how to equip the fi-
nite dimensional topological approximations of some C*-algebra 2l with quantum
metric structures, given a Lip-norm 2A? Our effort led us to an answer in this paper,
if we allow a bit of flexibility. When working with a nuclear quasi-diagonal Lei-
bniz quantum compact metric space (2, L), then we can equip finite dimensional
approximations with Lip-norms which are not necessarily Leibniz, but satisfy a
slight generalized form of the Leibniz identity, in such a way as to obtain a metric
approximation for the dual propinquity. This weakened form of the Leibniz prop-
erty is referred to the quasi-Leibniz property. Informally, one may require that the
deficiency in the Leibniz property for approximations of nuclear quasi-diagonal
Leibniz quantum compact metric spaces be arbitrarily small, though not null.

To make sense of this statements, we first must check that the dual propin-
quity extends to classes of quasi-Leibniz quantum compact metric spaces while
retaining all of its basic properties. This is achieved in the first section of this
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paper. We then prove our compactness theorem for quasi-Leibniz quantum com-
pact metric spaces. This theorem includes a statement about the original class
of Leibniz quantum compact metric spaces. We then prove that nuclear-quasi-
diagonal quasi-Leibniz quantum compact metric spaces are within the closure of
many classes of quasi-Leibniz quantum compact metric spaces, to which our com-
pactness theorem would thus apply.

2. QUASI-LEIBNIZ QUANTUM COMPACT METRIC SPACES AND THE DUAL
GROMOV-HAUSDORFF PROPINQUITY

The framework for our paper is a class of compact quantum metric spaces
constructed over C*-algebras and whose Lip-norms are well-behaved with re-
spect to the multiplication. The desirable setup is to require the Leibniz property
[31, 32, 14, 16, 18]. Yet, as we shall see in the second half of this work, the Leibniz
property is difficult to obtain for certain finite-dimensional approximations. We
are thus led to a more flexible framework, although we purposefully wish to stay,
informally, close to the original Leibniz property, while accommodating the con-
structions of finite dimensional approximations and potential future examples. It
could also be noted that certain constructions in noncommutative geometry, such
as twisted spectral triples [5], would lead to seminorms which are not satisfying
the Leibniz inequality, yet would fit within our new framework. With this in mind,
we propose the following as the basic objects of our study:

Notation 2.1. The norm of any normed vector space X is denoted by || - || x.

Notation 2.2. Let 2 be a unital C*-algebra. The unit of 2 is denoted by 1g. The
subspace of the self-adjoint elements in 2l is denoted by sa (2(). The state space of
2l is denoted by .77 (21).

Notation 2.3. Let 2 be a C*-algebra. The Jordan product of a,b € sa(2) is the
element aob = 1 (ab+ ba) and the Lie product of a,b € sa(2A) is the element
{a,b} = 1 (ab— ba).

Definition 2.4. A pair (2, L) of a unital C*-algebra 2l and a seminorm L defined on
a dense subspace dom(L) of sa () is a (C, D)-quasi-Leibniz quantum compact metric
space for some C > 1 and D > 0if:

(1) {a € dom(L) : L(a) = 0} = Rlg,

(2) L is lower semi-continuous with respect to || - ||g,
(3) the Monge-Kantorovich metric on . (), defined for any two states ¢, €
< () by:

@1)  mki(g,%) = sup{lg(a) — $(a)| : a € dom(L) and L(a) < 1},

induces the weak* topology on .7 (2),
(4) the following inequalities hold:

22 L(aob) < C([lallaL(b) + [[bllaL(a)) + DL(a)L(D)
and

(2.3) L ({a,b}) < C([lallaL (D) + [|bll2L(a)) + DL(a)L(D).
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A (1,0)-quasi-Leibniz quantum compact metric space is called a Leibniz quan-
tum compact metric space [19]. The seminorm L of a (C, D)-quasi-Leibniz quantum
compact metric space is called a (C, D)-quasi-Leibniz Lip-norm, and a (1,0)-quasi-
Leibniz Lip-norm is called a Leibniz Lip-norm.

We note that a pair (2, L) satisfying Assertion (1) of Definition (2.4) is a Lipschitz
pair, and a Lipschitz pair which satisfies Assertion (3) of Definition (2.4) is a compact
quantum metric space, while L is then known as a Lip-norm. When a seminorm
satisfies Assertion (4), then it is called a (C, D)-quasi-Leibniz seminorm.

We use the following convention in this paper:

Convention 2.5. If L is a seminorm defined on a dense subset dom(L) of some
vector space X then we extend L to X by setting L(a) = oo foralla € X \ dom(L),
and we check that if L is lower semi-continuous with respect to a norm on X, then
so is its extension. We adopt the convention that 0 - .o = 0 when working with
seminormes.

We remark that if (%, L) is a (C, D)-quasi-Leibniz quantum compact metric
space then, since L(1g) = 0 and thus L(a) = L(alg) < CL(a) foralla € sa (), we
must have C > 1, as given in Definition (2.4).

Remark 2.6. Of course, if (A, L) is a (C, D)-quasi-Leibniz quantum compact metric
space, then it is a (C’, D’)-quasi-Leibniz quantum compact metric space for any
C'>Cand D’ > D.

Remark 2.7. If L1 and L, are respectively (Cy, D1) and (Cp, D;)-quasi-Leibniz Lip-
norms on some C*-algebra 2, then max{Ly, Ly} is a (max{Cy, C2}, max{D1, Dy })-
quasi-Leibniz Lip-norm on 2.

A morphism 7 : (2, Ly) — (B, Ly) is easily defined as a unital *-morphism
from A to B whose dual map, restricted to the state space .(*B), is a Lipschitz
map from (.7(B), mky,, ) to (#(A), mky, ). In this manner, quasi-Leibniz quan-
tum compact metric spaces form a category. The notion of isomorphism in this
category is the noncommutative generalization of bi-Lipschitz maps. However, as
is usual with metric spaces, a more constrained notion of isomorphism is given by
isometries.

Definition 2.8. An isometric isomorphsism 77 : (2, Ly) — (B, Ly ) between two
quasi-Leibniz quantum compact metric spaces (2, Ly) and (B, Ly ) is a unital *-
isomorphism from 2 to B whose dual map is an isometry from (/' (B), mk,)
onto (.7 (), mky, ).

The assumption that Lip-norms are lower semi-continuous in Definition (2.4)
allows for the following useful characterizations of isometric isomorphisms:

Theorem 2.9 (Theorem 6.2, [37]). Let (2, Ly) and (B, Las) be two quasi-Leibniz quan-
tum compact metric spaces. A *-isomorphism 7t : 2 — B is an isometric isomorphism if
and only if Lyg o T = Ly

The fundamental characterization of quantum compact metric spaces, due to
Rieffel [24, 25, 23], will be used repeatedly in this work, so we include it here:
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Theorem 2.10 (Rieffel’s characterization of compact quantum metric spaces). Let
(2, L) be a pair of a unital C*-algebra 2 and a seminorm L defined on a dense subspace
of sa () such that {a € sa(A) : L(a) = 0} = Rly. The following assertions are
equivalent:

(1) The Monge-Kantorovich metric mky metrizes the weak* topology of .7 (),

(2) diam (L (), mky) < coand {a € sa(A) : L(a) < 1, ||a|lo < 1} is totally
bounded for || - ||a(,

(3) for some state y € 7 (), the set {a € sa(A) : p(a) = 0and L(a) < 1} is
totally bounded for || - ||a(,

(4) forall states y € .7 (), the set {a € sa (A) : pu(a) = 0and L(a) < 1} is totally
bounded for || - ||

One may replace total boundedness by actual compactness in Theorem (2.10)
when working with quasi-Leibniz quantum compact metric spaces, since their
Lip-norms are lower semi-continuous.

We extend the theory of the dual Gromov-Hausdorff propinquity to the class
of quasi-Leibniz quantum compact metric spaces. Our original construction [16]
was developed for Leibniz quantum compact metric spaces. Much of our work
carry naturally to quasi-Leibniz quantum compact metric spaces. We follow the
improvements to our original construction made in [18] for our general construc-
tion, and we refer to these two works heavily, focusing here only on the changes
which are needed.

We begin by extending the notion of a tunnel between quasi-Leibniz quantum
compact metric spaces, which is our noncommutative analogue of a pair of iso-
metric embeddings of two quasi-Leibniz quantum compact metric spaces into a
third quasi-Leibniz quantum compact metric space.

Definition 2.11. Let C > 1 and D > 0. Let (24,L1), (2, L) be two (C,D)-
quasi-Leibniz quantum compact metric spaces. A (C, D)-tunnel (D, Ly, 11, 712)
from (2, L) to (2p, Ly) is a (C, D)-quasi-Leibniz quantum compact metric space
(9,Lp) and two *-epimorphisms 711 : ® — 2; and 71, : © — Ay such that, for all
j€{1,2},and foralla € sa (2;), we have:

Li(a) = inf{Lo(d) : d € sa (D) and 71;(d) = a}.

We assign a numerical value to a tunnel designed to measure how far two quasi-
Leibniz quantum compact metric spaces are, or rather how long the given tunnel
is. As a matter of notation:

Notation 2.12. The Hausdorff distance on compact subsets of a compact metric
space (X, m) is denoted by Hausp,. If N is a norm on a vector space X, the Haus-
dorff distance on the class of closed subsets of any compact subset of X is denoted
by Hausy.

Notation 2.13. For any positive unital linear map 7 : 2 — B between two unital
C*-algebras 2 and B, the map ¢ € ¥ (B) — ¢ o € () is denote by 77*.

Definition 2.14. Let (2(4,L1) and (2, L;) be two (C, D)-quasi-Leibniz quantum
compact metric spaces for some C > 1 and D > 0. The extent of a (C, D)-tunnel
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(D,Lp, my, 1p) from (A, Lq) to (A, Ly) is the real number:
max {Hauskaz (D), 7} (L (%)) : ] € {1,2}}.

The dual propinquity may be specialized to various subclasses of Leibniz quan-
tum compact metric spaces. Somewhat different requirements can be made on the
class of allowable tunnels; for our purpose we shall follow the notion of an appro-
priate collection of tunnels, as in [18]. We begin with the following observation:

Theorem 2.15. Let C > 1and D > 0. Let (A, Ly), (B,Ly) and (€, Lg) be three
(C, D)-quasi-Leibniz quantum compact metric spaces. Let Ty = (D1,Lq, 11, 72) be a
(C, D)-tunnel from (U, Ly) to (B,Ly) and 75 = (D2, Ly, p1,02) be a (C, D)-tunnel
from (B,Lag) to (€, L¢). Let e > 0.

If, for all (d1,dy) € sa (D1 & Dy), we set:

L ) = max {Ly (1) La(d), § ma(dh) — pr () |

and Zf711 : (dl,dz) € sa (@1 @@2) — dq and N2 - (dl,dz) € sa (@1 @@2) — dp,
then 13 = (D1 ® D2, L, 11, 12) is a (C, D)-tunnel from (A, Ly) to (€, Le ), whose extent
satisfies:
x(1) <x(m)+x(w)+e
PTOOf. Let N(d],dz) = %Hﬁz(dl) — 01 (dz)”g for all (dl,dz) € sa (@1 (S5) 92). For all
di,d} € sa(D1) and dp, d}, € sa (D;), we have:
N(d1d}, dody) < [l o, N(d5, db) + 3]l N, d2)

< |[(d1, d2) | 2,00, N(dy, d3) + || (d, d3) | 2,00, N(d1, d2)

< C([[(dr, d2) [l 2,00, N(dy, d3) + || (d1, d3) || 0,0, N(d1, d2))

< C([(d1, d2) |2 00,L(d1, d3) + [[(d1,d3) | 2,00,L(d1,d2)) -

It thus follows that:

N (d1 odj,dy Odlz) <

C (I[(d1, d2) [|2,0,L(d1,d3) + || (d1, d2) |2, 0, L (1, d2))
+ DL(dy,dp)L(dy, d5).
and similarly for the Lie product. Thus L is a (C, D)-quasi-Leibniz seminorm.

The proof of [18, Theorem 3.1] now applies to reach the conclusion of this theo-
rem. U

We thus define, following [18, Definition 3.5]:

Definition 2.16. Let C > 1 and D > 0. Let C be a nonempty class of (C, D)-quasi-
Leibniz quantum compact metric spaces. A class T of (C, D)-tunnels is (C,C, D)-
appropriate when:
(1) forall (2, Lg)and (B,Ly)inC, there exists T € T from (2, Lg) to (B, L),
(2) if there exists an isometric isomorpism & : (2, Ly) — (B, Ly ) for any two
(2, Lg), (B,Ly) in C, then both (2, Ly, idy, k) and (B, Ly, h~!,idy) are
elements of 7, where id is the identity map on any set E,
(3) if (D,L,7,p) € T then (D,L,p, 1) €T,
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4) if (O,L, 7, p) € T then the co-domains of 7t and p liein C,
(®) if 1, » € T and € > 0, then the tunnel 13 defined by Theorem (2.15) also
liesin 7.

Let C > 1, D > 0 and let C be a nonempty class of (C, D)-quasi-Leibniz
quantum compact metric spaces. Let 7 be a (C, C, D)-appropriate class of (C, D)-
tunnels. Let (2, Ly) and (B,Ly ) be in C. The set of all (C, D)-tunnels in 7 from
(2, Lg) to (B, L) is denoted by:

Tt | (U, L) =P (B, L) .

The main tool for our work is a distance constructed on the class of quasi-
Leibniz quantum compact metric spaces. This distance is a form of our dual
propinquity adapted to quasi-Leibniz quantum compact metric spaces, and its
construction is modeled after the Gromov-Hausdorff distance [7, 6]:

Definition 2.17. Let C > 1 and D > 0. Let C be some nonempty class of (C,D)-
quasi-Leibniz quantum compact metric spaces and let 7 be a class of C-appropriate
tunnels. The (7, C, D)-dual Gromov-Hausdorff propinquity At c p((2, Ly ), (B,Ls))
between two (C, D)-quasi-Leibniz quantum compact metric spaces (2, Ly ) and
(B, Ly ) is the number:

inf{x(r) T € Tonet | (A, L) <P (B, L%)] }

We simply shall write Ac p for the dual propinquity defines on the class of all
(C, D)-quasi-Leibniz quantum compact metric spaces, defined using the class of
all (C, D)-tunnels.

In[16, 18], we proved that the dual propinquity is a complete metric on the class
of Leibniz quantum compact metric spaces; in particular it satisfies the triangle in-
equality and distance zero between two Leibniz quantum compact metric spaces
implies that they are isometrically isomorphic. The same holds in our present con-
text. We simply explain in the proof of our theorem how to modify some estimates
in [16, 18] to obtain the desired result.

Notation 2.18. The diameter of any metric space (X, m) is denoted by diam (X, m).

Theorem 2.19. Let C > 1and D > 0. Let C be some nonempty class of (C,D)-
quasi-Leibniz quantum compact metric spaces and let T be a (C, C, D)-appropriate class
of (C, D)-tunnels.
The (T, C, D)-dual propinquity Ny c p is a metric on C, i.e. for all (A, Ly), (B, Leg)
and (9,Ly) in C:
1) /\'T,C,D((Ql/ LQ[)/ (%/ L%)) = /\T,C,D((%/ L%)/ (Q[/ LQL))/
(2) We have:

Arco((3,La), (D,Lo)) < Arcp((?, La), (B,Ls))

+ /\T,C,D((%/ L%)/ (:Dr L’D))/

(3) Arcp((, Ly), (B,Ly)) = 0 if and only if there exists an isometric isomor-
phism between (U, Ly ) and (B, L),
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We have:

Arep(( Ly), (B, Ly)) < max {diam (5”(2[), kam),

diam (.(B), mki ) } -

Moreover, ¢ p is a complete metric on the class of all (C, D)-quasi-Leibniz quantum
compact metric spaces.

Proof. The proofs are given in [19, 18], for the case when C = 1 and D = 0. The
more general setting of this paper is however an immediate consequence of the
work in [19, 18], once we make the following simple observations.

1)

)
)

2.4)

(2.5

(4)

)

(6)

[19, Lemma 4.2, Proposition 4.4, Corollary 4.5, Proposition 4.6] remain un-
changed in our setting.
[18, Proposition 2.12] remains unchanged as well.
The estimate in [19, Proposition 4.8] should be modified very slightly. Let
T=(D,Lyp, g, 7x) bea (C, D)-tunnel from (2, Ly ) to (B, Ly ). We recall
from [19, Definition 4.1] that for a € sa () with Ly (a) < oo and for all
1 > Ly(a), the target set t; (a|l) is the set:

tr (all) = {ms(d) : d € sa (D), my(d) = a,Lo(d) < 1}.

If a,a’ € sa(2A) with max{Lgy(a),Ly(a’)} < I for some ! > 0, and if
d,d € sa(D) with g (d) = a, my(d') = a’ and max{Lp(d), Lo (d")} <1,
then by [19, Proposition 4.6]:

ldllo < llalla +4x (t) and [|d" o < [|a'[|a + 4l (7).
Consequently, using the (C, D)-Leibniz property of Lo:
Lo (dod’) < C([|d||loLo(d) +|d'|oLlo(d)) + DLy (d)Lo (d')
< Cl(llallo + lla'llox + 8l (7)) + 812,

Thus one may conclude that, if b € t; (a|l) and b’ € t. (a'|l) then:

bob € tc (aoa|Cl(ala + |a'[l +8x (v)) + DI2).

A similar modification of [19, Proposition 4.8] holds for the Lie product.

Moreover, we observe that, up to replacing the factor 8 by a factor 4 in

Inequality (2.5), we could substitute the tunnel length to its extent.

One may now check that the proof of [19, Theorem 4.16] carries unchanged,

except with the use of Expression (2.5) in lieu of [19, Corollary 4.14, Propo-

sition 4.8]. It is easy to verify that the change in the constant involved in

the target set does not impact the proof at all. Thus [19, Theorem 4.16]

holds.

[19, Section 6] can be entirely rewritten with (C, D)-quasi-Lip-norms. Thus,

a Cauchy sequence of (C, D)-quasi-Leibniz quantum compact metric spaces
converge, for the dual propinquity, to a (C, D)-quasi-Leibniz quantum com-
pact metric space.

Using Theorem (2.15) in place of [18, Theorem 3.1], we can deduce that

the dual propinquity satisfies the triangle inequality on the class of (C, D)-

quasi-Leibniz quantum compact metric spaces as in [18, Theorem 3.7].
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O

Remark 2.20. We emphasize that Theorem (2.19) requires that we first fixa C > 1
and D > 0; if we were working on the class of all quasi-Leibniz quantum compact
metric spaces, then the estimates needed for Theorem (2.19) would not be valid
any longer, since we would essentially lose control of the quasi-Leibniz property.

We conclude with a few useful definitions for our later work. The original con-
struction of the dual propinquity [16] involved the length of a tunnel, rather than
its extent. The extent [18] was useful to obtain the triangle inequality more eas-
ily. However, estimates on the dual propinquity may be easier to derive using
our notion of length. The length and extent are equivalent, in the sense described
below.

Definition 2.21. Lett = (D, Ly, 719, 713 ) be a (C, D)-tunnel from (2, Ly ) to (B, Lag).
(1) The reach of T is:
(1) = Hausme,_ (7(2), ().
(2) The depth of T is:
5(t) = Hausmi (L (®),c0(LA)UZL(B))),

where ¢0 (X) is the closed convex hull of X.
(3) The length of T is:

A7) = max{é(7),0 ()}
Proposition 2.22 (Proposition 2.12, [18]). For any tunnel T, we have:
A1) < x (1) <22 (0).

We conclude this section with a brief remark on extending the quantum propin-
quity to quasi-Leibniz quantum compact metric spaces. The quantum propinquity
[14] is a specialized version of the dual propinquity, where for any two Leibniz
quantum compact metric spaces (2, Ly ), (B, Ly ), all the tunnels from (2, Ly ) to
(B, L) are of the form:

(QJ. e 5B, L, Us 9 7'(%)
where 7o and 7g3 are the canonical surjections onto 2 and B, respectively, and
for all (a,b) € A @ B, the Lip-norm L is of the form:

@6 Lob) = max{La(0) Ln(b), § la(0)o ~ wpn(b)]a |

where ® is some C*-algebra, pg : A — © and py : B — D are unital *-
monomorphisms, and w € D is an element of © such that there exists at least
one state ¢ € (D) such that:

¢((lo —w)(lp —w)") = ¢((1n —w)"(ln —~w)) =0.
The quadruples (D, w, py, pss) are called bridges in [14]. The quantum propin-
quity was our first construction of a metric adapted to Leibniz quantum compact
metric spaces, and asking tunnels of the form Expression (2.6) presents some po-
tential algebraic advantages, such as the construction of matricial versions of these
Lip-norms. As any specialization, the quantum propinquity is stronger than the
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dual propinquity in general. Moreover, the quantum propinquity provides a use-
ful technique to compute bounds for the dual propinquity (see for instance [19]).

The observation in Theorem (2.15) proves that Expression (2.6) leads toa (C, D)-
quasi-Lip-norm if Ly, Ly are (C, D)-quasi-Lip-norms. One can then verify that
the quantum propinquity extends to a metric to the class of (C, D)-quasi-Leibniz
quantum compact metric spaces for any C > 1 and D > 0, with the natural notion
of a (C, D)-bridge.

3. COMPACTNESS FOR SOME CLASSES OF FINITE DIMENSIONAL QUASI-LEIBNIZ
QUANTUM COMPACT METRIC SPACES

We begin this section with a characterization of Leibniz seminorms based upon
their unit balls. We recall that a convex subset S C 2 is balanced if {Ax : x € S} C S
forall A € [—1,1]. If L is a seminorm on some space A then {x € A: L(x) <1} is
convex and balanced. Conversely, if S is a convex and balanced subset of A, then
the gauge seminorm or Minkowsky functional L associated with S is the seminorm on
A defined by L(x) = inf{A > 0 : Ax € S} for all x € A. In particular, if A is a
normed vector space, then these constructions establish a bijection between the set
of closed, convex balanced subsets of A and the seminorms on A which are lower
semi-continuous with respect to the norm of A.

Lemma 3.1. Let 2 be a C*-algebra. Let & be a closed, balanced convex subset of 2. Let
C > 1and D > 0. The Minkowsky functional L of & is (C, D)-quasi-Leibniz if and only
ifforalla,b € &:

aob € [C([lalla + [[blla) + D] &
and

{a,b} € [C(|lalla + [|bll2r) + D] &.
Proof. Assume that L is a (C, D)—quasi—Leibniz seminorm for some C > 1, D > 0.
Leta,b € &.1fa, b # 0 then:

1
aob) <1
([lalle + [[bll2) + D )

L(aob) < C([lal| + Ib]]) + Die. L (C

as C([lallot + [|b]l) + D > 0, and thus aob € & so:

1
(Tallac+T6TT2)+D
aob e (C(llafla+blla) + D) 6.
Ifa=0o0rb=0,then L(ab) = 0, and thus:
0=aobe (C(llalla+ [|bll2r) + D) &

as(0 € 6.

We obtain a similar result for the Lie product, and thus our condition is neces-
sary.

Assume conversely, that foralla,b € Swehaveaob € (C(||a|y + ||blla) + D) S
forsome C > 1and D > 0. Leta, b € dom(L). Assume first that L(a)L(b) > 0. We
then have L(a)'a,L(b)~'b € & and thus:

) + D) &
A

o> (< (o

1
+ [ b
e
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(ame?) << (|

Consequently:

1

Ol

4

).
2 2

L(aob) = L(a)L(b)L <L(a)1L(b)aob)

< L(a)L(b) (c (L(la)llalm+ L(lb)nbm) +D)
= C(lallaL(b) + [b]laL(a)) + DL(R)L(D).

Now, assume L(a) = 0 and L(b) > 0. Let A > 0. Since L(A~'a) = 0 we have
A~la € &. Of course, L(b)~!b € &. Hence:

(A7) o (L2 )p) € (C (1A "allac+ IL(®) 'blla) + D) &

SO

L <<A‘1a> o (L—l(b)b)) <C ()L_l||a||gl + L(b)‘1|\b|\m) +D
and thus:
L(aob) < C([lallaL(b) + Allblla) + DAL(D).
As A > 0is arbitrary, we conclude that L(ab) < Clla||gL(D) as desired.

The case L(a) > 0, L(b) = 0is dealt with symmetrically. Last, if L(a) = L(b) =0,
then again, for all 1, A > 0, we have:

(A*M) o (;rlb) € (c (Hrlanm + Hy*lbnm) + D) &

and thus L(aob) < ula||o + A||b||o + DuA. Again, since A, p are arbitrary positive

numbers, we conclude that L(a o b) = 0 = ||a||gL(b) + ||b]|aL(a) + DL(a)L(b).
The proof is analogue for the Lie product and the product. This concludes our

lemma. g

One important use for Lemma (3.1) is to help determine whether a seminorm
whose unit ball is constructed as the Hausdorff limit of the unit balls of quasi-
Leibniz Lip-norms possesses a quasi-Leibniz property. The following result will
help with these considerations.

Lemma 3.2. Let A be a C*-algebra, and let C > 1and D > 0. Foralln € IN, let £, be a
closed, balanced convex subset of sa () such that, for all a,b € £,, we have:

aod,{a,a'} €[C([alla+ [Iblla) + D] Ln.

If (L), converges to some closed set £ for the Hausdorff distance associated with the
norm || - ||, then £ is a balanced convex subset of sa () such that, for all a,a’ € £, we
also have:

aod,{a,a'} €[C([laa+[blla)+ D] L.
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Proof. Let Haus be the Hausdorff distance on closed subsets of 2, associated with

- llax.

Leta,b € Landlete > 0. If eitheraorbisO0thenab =0 € [C (||la| + ||b]|) + D] £
trivially, so we henceforth assume that 0 ¢ {a,b} and we further impose that
e < ymin{||alo (b2}

There exists N € IN such that for all n > N we have Haus(£,, £) < e. Thus there
exists ¢,d € £, such that:

la—c|la <eand ||b—d|y < e

Note that thanks to our choice of ¢, we can assert that ¢, d # 0.
By assumption on L, we have:

cod € [C([lelloc + [|dl[2) + D] Ln

On the other hand, we note that since a, b, ¢, d are self-adjoint:

1
laob—codlla < 5 (llab—cdljo+[|ba —del)
1 *
= 5 (llab — cdl|o + [|(ab — cd)"[|a0) = [|ab — cd|
< llallallb = dllo + lldllalla =l

Therefore:

lacb—codlla < llallallb—dlla +[ldlalle —clla < llallae + (|[blla + e
To ease notation, let A = C (||c||o + ||d||2) + D > 0.

Let e, € £ such that ||[cod — Ae.||g < Ae. We note that:

leelloe < e+A"cod]la

lellocld]l o
(lleller + [ld[l) + D
(lallo +¢) (bl +¢)
(lalloc + 1blloc —2¢) + D
o lalalbla

2C ([lalla + [[bl]21) + 4D

<
e+c

<
s+c

N

Consequently:
Jaob—[C (llalla+ [B]l20) + D] eclla
Sllaob—codlo+|leod—[C([lclla + [ld]la) + D ee[|
+C (Nlallec + 1ller = llella — [Idl2)] eell
< e(llallac + [[blla +€) + [C (lallac + [|blla +2¢) + Dl e

9||a|o]|b]] 2 )
(llalla + [|b]l2r) + 4D

+2Ce (€+ 2C
= 0(e).

Hence, as ¢ € (0, T min{]|a||9, Hb”g{}) is arbitrary, and £ is closed, we conclude
that:
aob e [C([lala+ |[blla) + D] L.
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The same proof holds for the Lie product. This proves the key fact of our lemma.

As the Hausdorff limit of a convex balanced set, it is easy to see that £ is bal-
anced and convex. Indeed, if a,b € £, then for all n € IN there exists a,,, b, € £,
such that ||a — a, || < Haus(£,, £) + %—‘rl and ||b — by||o < Haus(£,, £) + %—‘rl

Now, if t € [0,1], then ta, + (1 — t)b, € £, since £, is convex. Therefore, there
exists ¢, € £ such that [|c, — (ta, + (1 — t)by)||a < Haus(Ly, £) + 517 Now:

[ta+ (1= 1)b — culla < [[H(a — an) + (1= £) (b — by) |2

2
n+1
Since limy,_, 2Haus (&, £,,) + % = 0, we conclude that (¢, ),en converges to

ta+ (1 —t)b, and since £ is closed, we have ta + (1 — t)b € £. The same reasoning
applies to show that £ is balanced as well. O

+ [[tay + (1 — )by — cnlla < 2Haus(Ly, £) +

We now establish a first compactness result, which serves as the basis for our
main compactness theorem on quasi-Leibniz quantum compact metric spaces in
the next section.

Notation 3.3. If (2, L) is a quasi-Leibniz quantum compact metric space, we de-
note the diameter of . (2) for the Monge-Kantorovich metric mk_ is denoted by
diam (2, L).

Theorem 3.4. Let C > 1and D > 0 and let QQCMS¢ p be the class of all (C,D)-
quasi-Leibniz quantum compact metric spaces. Let d € IN'\ {0} and K > 0. The class:

Cepkd={(2L) € QACMScp : dime A < d and diam (2, L) < K}
is compact for the dual propinquity Nc p.

Proof. Let (2, Ly)ne be a sequence in Cc p k 4. Let M, be the C*-algebra of d x d
matrices.

First, fix n € IN. We identify the C*-algebra 2, with a C*-subalgebra of I, as
follows. Up to *-isomorphism, we can write 2, = ©c ]i)ﬁt(j) where ] = {1,...,d}
and t(1) > t(2) > - -- > t(d). We note that t may be zero for some j € {1,...,d},
and the zero set of tisa tail of .

Letj € {1,...,d}. Lets(j) = E{czl t(j) and set s(0) = 0. We now let Q; be the
projection given as the diagonal matrix whose only nonzero entries are 1 on the
diagonal, from row s(j — 1) + 1 to s(j), i.e. in block form:

Os(j-1)
Q= Ls(jy—s(j-1)
Oa—s(j)
Of course the projections Q; are orthogonal and sum to the identity of 901,

It then follows trivially that 2, is isomorphic to ), = Yjes QiM4Qj. Let 7y
2, — A, be the *-isomorpism thus constructed. Note that 71, is not a unital map
from 2, into 1.

If 1, is the unit of 2, for all n € N, then (71,,(1,))nen is a sequence of diagonal
projections, i.e. diagonal d x d-matrices with entries in {0,1}. Thus, there exists a

constant subsequence (774 () (14(4)))new, with value denoted by p, of (77, (1n) ) nen-
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Let B = pMyp. Note that for all n € N, the map prry,yp : Ay — B is now a
unital *-monomorphism. We shall henceforth omit the notation ad, 7,y and sim-
ply identify 2, (,,) with p7,(,,) (Ag(,) ) p- We emphasize that with this identification,
Lg(n) = Lo

Let R = {b € 5a(B) : ||b|| < K} be the closed ball of center 0 and radius K
in sa (B). Since sa (B) is finite dimensional, the set R is compact in norm. We
shall denote by Haus the Hausdorff distance defined by the norm of sa (8) on
the compact subsets of 3. Since R is compact in norm, Haus induces a compact
topology on the set of compact subsets of 23 as well [2, Theorem 7.3.8].

We fix a state ¢ € .7(B) and identify ¢ with its restriction to 2,(,,y, which is a
state of ng(n), foralln € IN.

Now, for all n € NN, let:

Ly = {a € sa (918(,1)) tLo(n) (a)

N

1
and
Fix n € IN. By construction, we check that £, = ®©, + Rlgy, since for all a €

sa (ng(n)) we check easily that Ly, (a £ ¢(a)1n) = Lg(,)(a). On the other other

hand, we note that ©, is a compact subset of R since diam (. (2,), mk.,) < K.
Indeed, if a € D, then, for all p € .7 (A,,,)), we have:

[p(a)] = [¢(a) — (a)] < mkL(g, ) < K.

Moreover, compactness of ©, follows from Theorem (2.10) since (ng(n), Lg(n)) isa
Leibniz quantum compact metric space for all n € IN.

Thus, there exists a convergent subsequence (D (,))nen of (Dn)nen for Haus,
whose limit we denote by ©.

We now define £ = © + Rlg. Let us first check that (£¢(,))sew converges to
£. Lete > 0. There exists N € IN such that for all # > N, we have:

Haus. |, (Df(u), D) < &

Letn > N. We observe that, for any a € £¢(,, there exists S Dfmyandt € R
such that 2 = a’ + t15. Now, there exists b’ € D such that |[a’ — V|5 < e. Let
b=1"0+tly € £ Then [la—blls = [[a' — V|| < ¢ 50 L5y is included in an
e-neighborhood of £. Using a symmetric argument, we conclude:

Haus (sf(n),s) <e

and thus ( £ converges to £ for the Hausdorff distance Haus.
) ) en

Moreover, © = {a € £: ¢(a) = 0} by construction and continuity of ¢. Last, as
D is compact, hence closed, the set £ = D + Rl is closed as well: if (I;),en € £
converges to some [ in B then (I, — ¢(l,)1% )uen is a sequence in ©, and thus by
continuity of ¢ and since @ is closed, I — ¢(I)1s € ©. Thus ! € £.

For all b € sa (B) we define:

L(b) =inf{A > 0:b € AL}.
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By Lemma (3.2), the set £ satisfies Lemma (3.1), and thus L is a (C, D)-quasi-
Leibniz seminorm.

Certainly L may assume the value co. Let §J = dom(L) be the set of self-adjoint
elements in B for which L is finite.

Ifa,b € J then:

L(acb),L({a,b}) < C([lal|L(b) + [[b]]L(a)) + DL(a)L(b) < e
so J is a Jordan-Lie subalgebra of sa (B). We define:
A={beB:R0D),3(0) €I}

and we check that 2 is a C*-subalgebra of B with the same unit as 8 and such that
sa(A) =3.

If L(a) = O for some a € J, then we have L(a — ¢(a)ly) = 0 as well since
L(1g) = 0 and L is a seminorm by construction. Thus a — ¢(a)ly € ©. Now,
for any t € R, we have ¢(t(a — ¢(a)ly)) = 0 and L(t(a — ¢(a)ly)) = 0, so
t(a—¢(a)ly) € © forallt € R. Since ® is norm bounded, we conclude that
a = ¢(a)ly as desired.

Since ® C R, for any two states ¢, € #(2A) and for all 2 € £ we have
|¢(a) —(a)] < K and thus diam (. (2), mk ) < K.

Moreover, since © is compact, we conclude that L is a Leibniz Lip-norm and
(2, L) is a Leibniz quantum compact metric space by Theorem (2.10).

We now prove that dim 2 < d. First, for all n € IN, let d,, = dimp, sa (ng(f(n)))'

By assumption, since dimp, sa (ng( f(n))) = dimg Q(g( F(n))r We conclude that d,, €
{1,...,d}. Thus, there exists a constant subsequence (dy, (;))new Of (dn)nen. Set
g1=gofofiandé = dfl(o) = dfl(l) =...

Now, for all n € IN, there exists a basis (cf,. ..,cg) of sa (Q(gl(n)) such that
¢f = lg. In particular, Ly, (,y(c}') € (0,00) forall j € {2,...,6} since Ly, (, is a

]
Lip-norm on a finite dimensional space.

Now we setd] = 19 and d? =Le ) (c7 ) ’1d;’, then we have constructed a basis

(dy,...,d}) of sa (2[31(")) consisting of elements in £, ;). We can improve some-
what on this construction. Indeed, for j € {2,...,J}, we have go(d;-1 - go(d;?)d?) =
0. Thus, if b} = d} and b]” = d;? - (p(d?)d?, then we have constructed a basis
{b1,..., b5} of Aq () with b} = 1y and b € D (n)-

Since R is compact and, for any j in the finite set {1,...,J}, the sequence (b]’?)nE]N
lies in R, there exists a strictly increasing function f, : IN — IN such that for all
j € {1,...,6}, the sequence (b{Z(n))nE]N converges in norm to some b; € R. Let
82=281° fo.

Since (D), converges to D for the Hausdorff distance on R associated with
the norm of B, we conclude that b; € © for all j € {2,...,8}. Of course, by = 1g.

Now, let b € sa () be arbitrary. By construction, 2 = rb for some r € R and
a € £. Since £gz(n) converges to £, there exists a,, € ng(n> such that lim;, ye0 4, =

a. For each n € IN we write a,, = 2?21 /\]’.’b;?.
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There exists Ny € IN such that for all # > N;, we have ||a,||» < ||a||s + 1. Thus
()\]”) - is a bounded sequence for all j in the finite set {1,...,d}. Consequently,
there exists a strictly increasing f3 : N — IN with ()\{3 ("))
limit A; € R forallj € {1,...,4}.

Let ¢ > 0. Summarizing our construction thus far, there exists N, € IN such
that for all n > N we have @ —ag(,)|| < §. There exists N3 € IN such that

foralln > N3and allj € {1,...,6} we have \/\{3(71) —Ajl <

nelN converging to some

3
3max{|[by |5, b5l }*

Last there exists Ny € IN such that for all n > Nj we have ||b{2(f3(n)) —bjlls <

3
30 max{Aq,...,As1}"
Now for n > max{Np, N3, Ny}

[ o
a= YAk < a—apu|,+ [anm - LA
j=1 B j=1 B
1) [
€ ff(m) ()
<3 F|asm — LAY + (|2 Ay (BS0 —y)
j=1 B j=1 B
e, f e
=3 3 3

Thus a lies in the closure of the span of {by,...,bs}, which is closed since finite
dimensional. Hence {0, ..., bs} spans 2 and thus dim 2l < § < d.

Now, we wish to conclude by showing that (g (), Le(f(n)))nen converges to
(2, L) for the quantum propinquity. Let ¢ > 0. There exists N € IN such that for all
n > N, we have Haus(Sgof(n),S) < e Letnown > N.

Foralla € 2y, () and b € 2, we set:

1
Nu(a,b) = < lla bl

and
L"(a,b) = max {Lgof(n) (a), L(b), Ny(a, b)} .

It is easily checked that N, is a bridge in the sense of [37, Definition 5.1]: in partic-
ular, if a € g,y With Leos(,)(a) < 1 then there exists b € £ with |la —bf|p <,
which implies L"(a,b) = 1; similarly if b € A with L(b) < 1,1i.e. b € £, then there
exists a € L,y with [[a — bl < eand thus L"(a,b) = 1.

Hence by [37, Theorem 5.2], the seminorm L" is a Lip-norm. It is lower semi-
continuous by construction, and it is easily checked that L" is (C, D)-quasi-Leibniz,
as in our proof of Theorem (2.15).

Let Tn = (Ugor(n) @A L, on, p) With oy : g () DA = Agop() and p 2 Ago ) &
2l — 2A the two canonical surjections. By construction, 7, is a (C, D)-tunnel.

The depth of 73 (Definition (2.21)) is null, and thus the length of 73 is its spread.
Ifu € S (Ugopn)) and v € Z(A) and if (a,b) € Agof(,) & A with L"(a,b) < 1,
then:

u(a) —v(b)| < [la—Dblls <e
and thus A (13) < e. Thus x (13) < 2e.
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Consequently: for alle > 0, there exists N € IN such that for all n > N, we have:

/\C,D((ngof(n)/ Lgof(n))/ (Ql, L)) < 2e
Moreover, (2, L) is a (C, D)-quasi-Leibniz quantum compact metric space of
diameter at most K and dimension at most d. This completes our proof. O

We conclude by observing that, using the notations of the proof of Theorem
(3.4), the quadruple (B,1s3,14,t) where 1, : Agof(ny — B and ¢ : A — B are
the inclusion maps, is a bridge for the extension of the quantum propinquity to
(C, D)-quasi-Leibniz quantum compact metric spaces. Thus, Theorem (3.4) is also
valid for the quantum propinquity.

4. A COMPACTNESS THEOREM

This section establishes the core result of our paper, which characterizes com-
pact classes of quasi-Leibniz quantum compact metric spaces for the dual propin-
quity among all subclasses of the closure of finite dimensional quasi-Leibniz quan-
tum compact metric spaces. Our reason for working within this closure is that our
main theorem employs the following key notion, motivated by Gromov’s Theo-
rem (1.1):

Definition 4.1. Let C > 1, D > 0 and let QQCMSc p be the class of all (C, D)-
quasi-Leibniz quantum compact metric spaces. Let (2, L) be a (C, D)-quasi-Leibniz
quantum compact metric space and let ¢ > 0. The covering number cov ¢ p) (%, L|e)
is:
3(B,Ly) € QAMSc p such that
cov(c,p) (%, L[e) = inf {n € N: dime®B < nand }
Ae,p((%, L), (B, L)) <e

Our generalization of Gromov’s Compactness Theorem (1.1) is given by:

Theorem 4.2. Let C > 1, D > 0, and let A be a class of (C, D)-quasi-Leibniz quan-
tum compact metric spaces in the closure of the finite dimensional (C, D)-quasi-Leibniz
quantum compact metric spaces for the dual propinquity. The following assertions are
equivalent:
(1) Ais totally bounded for Ac p,
(2) there exists a function F : (0,00) — IN and K > 0 such that for all (A, Ly ) € A,
we have:
e diam (2, Ly ) <K,
e forall e > 0 we have cov(c,py (%, Lale) < F(e).

Proof. Assume (2), i.e. assume that there exists F : (0,00) — IN and K > 0 such
that for all (2, Ly) € A and & > 0, we have diam (. (2), mk, ) < K and:

cov(c,py (%, Lale) < F(e).
Lete > 0.

First, we note thatif (2, Ly ) € A, then there exists a (C, D)-quasi-Leibniz quan-
tum compact metric space (¢, L¢) such that:

o dimg2; < F(5),
e Acp((™f,Lf), (% L)) < 5.
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Consequently, we note that diam (SZLf, L f) < K+ %, since the function (2, L) €

A — diam (2, L) is 2-Lipschitz for the quantum Gromov-Hausdorff distance, and
thus for the dual propinquity, by [37, Lemma 13.6].
Now, by Theorem (3.4), the class:

Fe = {(%,L) € QOCMScp :dimgB < F (%) and diam (8,L) < K+ 238}

is compact for Ac p.
Let:

Ge = {(%, Lys) € Fe: (A L) € A Acp((,Ly), (B,Ly)) < g}

Since Ge C F¢, we conclude that G, is totally bounded for the dual propinquity.
Thus, there exists a finite subset 7, of G, which is % dense in G,.

Therefore, up to invoking choice, there exists a finite subset A, of A such that for
all (B,Ly) € J; there exists (A, Ly ) € Ae such that Ac p ((, Lar), (B, L)) < 5.

Now, let (2, Lg) € A. There exists (B, Ly ) € G such that:

3
AC,D((%/ L‘B)/ (Q[/ LQ[)) g E
Now, there exists (€, L¢) € J¢ such that:

Ac,p((B,Ls), (€ Le)) <

Last, by our choice, there exists (%, L) € Ae with:

Ac,p((%f,Lf), (€ Le)) <
Consequently:

Ac,p((2A, La), (s, Lf))

<Acp((% L), (B,Ls)) +Acp((B,Ly), (€ Le)) +Acp((€ Le), (Af, Lf))
< e

Thus A, is e-dense in A for the dual propinquity, and is a finite set. Thus, A is
totally bounded for Ac p.
Assume (1) now, i.e. assume that 2 is totally bounded. Since the function:

(L) € A diam (2, L)

is 2-Lipschitz for the quantum Gromov-Hausdorff distance by [37, Lemma 13.6],
it is continuous, and thus it is bounded above since A is totally bounded.

Now, let ¢ > 0. Since 2 is totally bounded, there exists a finite subset 2 of A
which is 5-dense in A for Ac p. For each (2, L) € A, there exists a finite dimen-
sional (C, D)-quasi-Leibniz quantum compact metric space F(, L) such that:

Ac,p((2,L), F(2,L)) < %

by assumption on \A.
Let:

F(e) = max {dim¢ F(2, L) : (A, L) € A}.
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If (A, L) € A, then there exists (B,Ls3) € A¢ such that Ac p((, L), (B,Lys)) < 5.
Thus:
Aep((2,L), (F(B,Ly))) <&
Thus cov(c,p) (%, L|e) < F(e) by definition.
This completes our proof. g

We thus conclude:

Corollary 4.3. Let C > 1, D > 0, and let A be a class of (C, D)-quasi-Leibniz quantum
compact metric spaces which lies within the closure of the finite dimensional (C, D)-quasi-
Leibniz quantum compact metric spaces for the dual propinquity.

The class A is compact for the dual propinquity Nc p if and only if there exists F :
(0,00) — N and K > 0 such that:

(1) forall (A, L) € Awe have diam (2, L) < K,
(2) forall (A, L) € Aand for all e > 0, we have:

cov(c,p) (%, Lle) < F(e)
(3) Ais closed for Ac p.

Proof. By Theorem (2.19), the dual propinquity is complete. The result then fol-
lows from Theorem (4.2). O

Thus, we are led to study the closure of finite dimensional quasi-Leibniz quan-
tum compact metric spaces for the dual propinquity. This question proves tricky.
However, our use of quasi-Leibniz Lip-norms, instead of Leibniz Lip-norms, al-
lows us to establish that a large class of (C, D)-quasi-Leibniz quantum compact
metric spaces lie within the closure of the class of finite dimensional (C’, D’)-quasi-
Leibniz quantum compact metric spaces for arbitrary C' > C > 1and D’ > D > 0.
This will be the subject of the next section of this paper.

5. FINITE DIMENSIONAL APPROXIMATIONS FOR PSEUDO-DIAGONAL
QUASI-LEIBNIZ QUANTUM COMPACT METRIC SPACES

For an arbitrary Leibniz quantum compact metric space (%, L) and ¢ > 0, it is
not immediately clear how to find a finite dimensional C*-algebra 8 and a Leibniz
Lip-norm Lg on B such that A((2(, L), (B,Ly)) < e In this section, we propose to
work with Leibniz quantum compact metric spaces whose underlying C*-algebra
provides natural topological, finite dimensional approximations, and then attempt
to construct Lip-norms on these approximations. As we shall see, however, these
Lip-norms will be quasi-Leibniz. Yet, for any C > 1 and D > 0, and for any ¢, we
will show that (2, L) is within e-distance of some (C, D)-quasi-Leibniz quantum
compact metric space of finite dimension, for the dual propinquity, as long as A
satisfies the following condition:

Definition 5.1. A unital C*-algebra 2 is pseudo-diagonal, when for all ¢ > 0 and
for all finite subset § of 2, there exist a finite dimensional C*-algebra 8 and two
positive unital linear maps ¢ : 8 — A and ¢ : A — B such that:

(1) foralla € § we have ||[a — ¢ o(a)||g <e,
(2) foralla,b € §, wehave || (aob) —¢p(a)op(b)|w <e



22 FREDERIC LATREMOLIERE

(3) foralla,b € § wehave [y ({a,0}) — {(a), p(b)} s <&

Note that unital positive linear maps have norm 1, and thus are contractions.
Definition (5.1) is motivated by a characterization of unital nuclear, quasi-diagonal
C*-algebras, due to Blackadar and Kirchberg [1, Theorem 5.2.2]:

Theorem 5.2 (Theorem 5.2.2, [1]). A unital C*-algebra 2 is nuclear Quasi-Diagonal
if and only if, for all ¢ > 0 and all finite subset § C 2, there exist a finite dimensional C*-
algebra B and two unital contractive completely positivemap ¢ : A — Band ¢ : B — A
such that:

(1) foralla,b € § we have ||p(ab) —p(a)P(b)||s < e
(2) forall a € § we have ||a — ¢ o P(a)|lo < ¢,

Remark 5.3. With the notations of Theorem (5.2), if 2 € § then |a|lyq = |a —
(@) lla + lo(p(@)lla < e+ [[p(a)l|s, e
Vae§ |lalla < l¢p(a)lls +e

This property, together with the first assertion of Theorem (5.2), characterizes
quasi-diagonal C*-algebras, as proved by D. Voiculescu [38]. The existence of the
map @, in turn, adds the nuclearity property.

While Theorem (5.2) involves completely positive maps, Definition (5.1) only
requires positive maps, as this suffices for our proof of finite approximation in the
sense of the dual propinquity. On the other hand, Theorem (5.2) does not provide
unital maps, while Definition (5.1) requires them, as we will find this useful —
for instance, to map states to states. Nonetheless, unital nuclear quasi-diagonal
C*-algebras are unital pseudo-diagonal. To this end, we show that we can, in fact,
require the maps in Theorem (5.2) to be unital. We begin with:

Lemma 5.4. Let 2 be a unital C*-algebra such that, for every nonempty finite subset §
of 2 and for every € > 0, there exists a finite dimensional C*-algebra B and two positive
contractions @, : By — A and P, : A — B, such that forall x,y € F:

(6.1) [x — e otpe(x) |l < €
and
(5.2) e (x) e (y) — e (xy)[s, < e

Then for all € > 0, there exists a C*-subalgebra D of B with unit 1}, and a positive
contractive map g : A — D, such that, for all x,y € §:
lim [|x — e 0 ge(x) [l =0
e—0
and
lim | (x)ce(y) — Ge(xy)llo, =0
while:
lim [|1; — ¢¢ (1) [0, = 0.
e—0
Proof. Let § be finite subset of 2. Let §1 = §U {1y }. For all ¢ > 0, by assumption,

there exist a finite dimensional C*-algebra B, and two positive contractions ¢ :
B — A and P, : A — B, such that, forall a,b € F1:
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(1) [[ipe(ab) — pe(a)¢pe () [ n, <,
@) lla— geoppe(a)lla <e
We shall henceforth tacitly identify B, with some subalgebra of a full matrix
algebra 91,.
Let e € (O, %) Our first observation is that ¢¢(1g) is a positive operator of

norm at most 1 since ¢ is a positive contraction. Thus there exists a unitary u in
9, such that uipe(1y )u™ is a positive diagonal matrix less than the identity. Now, if
we replace ¢, with u,(-)u* and ¢, with ¢.(u* - 1), then we obtain a pair of maps
which also satisfy Assertions (5.1) and (5.2) (up to replacing B, with uB.u*). We
shall henceforth assume we have made this change.

Thus, 1¢(1y) is a diagonal matrix which we denote by D such that 0 < D <
1. Now, by construction, [|¢(lo) — ¢(1)?|ls, < € < 1. Hence we conclude
that the spectrum ¢(D) of D is a compact subset of [0,¢] U [1 — ¢,1]; moreover
0,e] N[l —¢1] = Q.

Let P be the projection on the sum of the spectral subspaces of D associated
with the eigenvalues in [1 —¢,1]. Thus 1 — P is the projection on the sum of the
spectral subspaces of D associated with eigenvalues in [0, €].

Let now x € §y. Then:

[[$e(x) — Dype(x) D 8,
< [l¢(x) = 9(x)Dllss, + [[¢(x)D — Dyp(x)D||ss,
= llp(xla) — ()P (L) lls, + || (¥(1ax) — p(1a)(x)) Dl|ss,
<e+¢||D|m, < 2e
Moreover:
Dy (x)D — Pp(x) P, = [[(D = P)p(x)Dllss, + [Py (x)(D — P)l|,
< 2||D — Pllss. [ x|

Now by construction, ||[D — P||ss, < e. Thus:

[ (x) = Pp(x)Pllss, < [[$(x) = Dy(x)Dl[ss, + [[Dyp(x)D — Py(x) Pl s,

53) < 26(1+ x]la).

The map ¢, = Pip¢(-)P is a positive contraction by construction. We now check
that our construction leads to the desired conclusion, with ®, = P5.P. We rename
P as 1,. We have:

11e = 6e(1a) s, = [P — PDP||s, <&
Thus, as € > 0 is arbitrary, we have established:
. I _
113(1)”% 6t(1a)|lo, = 0.
Now let x € §1. Using Inequality (5.3):
[x = @e(e(x))lla = [|x — @e(Ppe(x) P) |
< [x = @e(Pe(x)) o + [ @e(e(x)) — e(Ppe(x)P) |
< e+ [[¢he(x) — Pipe(x) P| 5,
< (3 +2[x[[a).
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Consequently, we have for all x € §:
im ||x — @;ocs(x =0
lim llx — @t o gr(x)]a
Last, let x, vy € §. Since 1y € 1 as well, we obtain:

I6e(x)6e(y) — ce(xy) |5,
= [|Pge(x) Pe(y) P — Pipe(xy) P[5,
< |9 (x) Pe(y) — e (xy) |8,
< e () Ppe (v) — e (x) e (y) [, + e (x)9e(y) — e (xy) ][5,
< e () e (1) e (y) — e (x1o) e (y)[| + &
<ellylla +e= e+ [lylla)-

Note (although not needed for our proof) that by symmetry, grouping 1g with y
instead of x above, we get:

19 (x) e (y) — Pe(xy) |, < emin{]|x]], [ly[|}.
Thus, for all x,y € F1:

lim [[;(xy) — ce(x)¢e(y)llo, = 0.
—0
This concludes our proof. O

Corollary 5.5. A unital nuclear quasi-diagonal C*-algebra 21 is a unital pseudo-diagonal
C*-algebra.

Proof. Let § be a finite subset of 2, which we assume without loss of generality,
contains lg(. Lete < ;. By Lemma (5.4), there exist a finite dimensional C*-algebra
B, and two positive contractions ¢, : B, — A and ¢, : A — B, such that:
(1) forall x € Fwehave ||x — @z 0 P (x)|lo < &,
(2) forall x,y € § we have ||ipe(xy) — e (x)Pe(y)|| B, <&,
(3) wehave [|1¢ — ¢¢(1¢)||m, < & where 1; is the unit of B,.
Since |9 (19) — 1|, < 1, the matrix ¢ (1g) is invertible, while it is also posi-
tive, of course.
We also note that:

Mot = @e(le) llar = [Tor — @ © Pe(Lar) s, + [l pe 0 Ye(Tar) — @e(le) o

S et [[he(la) — 1ef s,
<2< 1.

Thus ¢(1y) is also invertible in 2 — and of course also positive.
Define:
1 1 1 1
Oc = pe(1e) 2 @e(-)pe(le) "2 and ge = e (la) 29 () (1) 2.
We first note that 6, and ¢, are both positive linear maps. Moreover, 6, and ¢,
are both unital by construction, so they are contractions as well.



A COMPACTNESS THEOREM FOR THE DUAL GROMOV-HAUSDORFF PROPINQUITY 25

Now, leta, b € §. Then:
l[ge(ab) — ce(a)ge(b) ||,
< llpe(1e) 2135, 1 e (ab) — e (@) (1e)pe (b) |,
< llpe(1e)
(@) (1e = " (1)) e b) |, + l1pe(ab) — pe(a)gpe(b) 1, )

< 9e(1e) m( 10| Nkl + e (ab) ~ lpa(a)we(b)n%g)

since ¢, is a contraction. Now, the spectrum of the self-adjoint element 1, (1g)
is a subset of [1 —¢,1] since |[e(1gy) — 1¢|lss, < e. Consequently, as ¢ < 1, by
the functional mapping theorem, the spectrum of §,(1g)~' — 1, is included in
[0, &= — 1]. Thus, as ¢ (1y) ! — 1 is a self-adjoint element:

‘ 1
B, 1l—c¢
. _ e . _1
and thus lim, 0 || (19) "' — 1¢||s, = 0. Similarly, lim, ¢ || 1e — (1) 2|8, =

0, and thus in particular, lim,_,o ||1/J€(191)_% ls, = 1.
Since lim,_, ||¢pe(ab) — e(a)pe(b)||3, = O, we obtain:

lim [|ge(ab) — Qe(a)ge(b)H%g =0.
e—0

Similarly, for all a € §, we have:

1
ZH%E

/~

7

Pe(lo) 1 — 1

o= 6 0 ce(a) o
— la = gu(1)Hou (el12) Hpelap 1)) gu(1) H o
< fla— geo gela) o

+ ||oe (ve(12) " 2ge(a) (1~ pe1) %) ) |,

o (i) v

+ (1Ql - GDS(LS)*%) Pe (lps(lm)zlpe(a)lpgi(lﬂ))

+ 18 - lPs(lQL)i%

o, lalla (1 [9e(12) 72 s,
o pe(2) 72 1) s, Nl (1+ llge(1e) 72 ) -

_1

+ ||1g — (Ps(ls) 2

Since lim,_¢ || @¢(1e) — 1o || = 0, we check again easily that lim,_, ||q05(1€)_% —
19 ||ot = 0, and thus, since lim,_,g ||a — @, 0 Pe(a) |l = 0, we conclude:

lim ||a — 6; o gc(a)||o = O.
e—0
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Now, if ¢, ¢’ € §, then we have:
0< lge (coc’) —ge(c) oge(c) ||
<1 N / ’ . ’
<3 (llge(c)ge(c”) = gelee’) s, + llge(c)ge(e) = ge(cc) s, )
and thus, forallc, ¢’ € §:
lim [|g. (C ° C/) —ce(c) oge(c) |, = 0.
e—0

The same holds for the Lie product.
This concludes our proof. U

If (2, L) is a quasi-Leibniz quantum compact metric space, with 2 a pseudo-
diagonal C*-algebra, then Definition (5.1) provides some finite dimensional C*-
algebraic approximations. The question, of course, is how to construct Lip-norms
on these finite dimensional approximations. The main difficulty is to obtain Lip-
norms with the Leibniz property. We are, in fact, only able to construct Lip-norms
with the quasi-Leibniz property, albeit arbitrarily close to the Leibniz property.

This construction is given in the following lemma:

Lemma 5.6. Let C > 1and D > 0. Let (A, Ly) be a (C, D)-quasi-Leibniz quantum
compact metric space, and let ¢ > 0. Assume that we are given a e?-dense finite subset F

of
{a€sa(A):Ly(a) <land u(a) =0}
for some p € .7 (), as well as a finite dimensional C*-algebra B and two unital, positive
linear maps ¢ : B — A and ¢ : A — B such that:
(1) forall a € §, we have |ja — @ o p(a)| o < €2,
(2) foralla,b € §, we have ||p(a) o P(b) — P (aob) || < €2,
(3) forall a,b € §, we have |[{¢(a), p(b)} — ¢ ({a,b}) [
We then define:

L={besa(B):Tacsa(A) Ly(a)<land|b—y(a)ls <e}.

< 2.

Then £ is a balanced convex set and the associated Minkowsky functional L is a:
[C(l 4 2¢),2¢ + 1062 + 1263 + D]
quasi-Leibniz Lip-norm on B.
Proof. We split our proof in a few steps for clarity.
Step 1. We first check that we may replace § with § + Rl in our lemma, at no cost.

Our first observation is that if t, u € R then, and for all ¢, ¢’ € §, we have:

(e + tla)ip(c" + ula) — ((c + Hla) (" + ular)) 2
< llp(e)p(c’) = plec) o + It (c") — tp ()|
+ llugp(e) —ugp(c)lla + [ (tu — ) Loy |
= p(e)p(c') = p(cc)
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Consequently, sincec, ¢’ € sa (2), t,u € Rand  is positive (hence star-preserving),
we have:

(e + tla) o (" +ula) — ¢ ((c+ tla) o (¢ +uln)) [la < €
and
[{w(c+t1a), p(’ +ula)} — ¢ ({c+ o, " +uly}) [Ja < 2.
We also have:

le+ 1o — g o (e + tla) o = e — g o p(c)l|a < €%
Hence, we may replace § with & = (FU {0}) + R1lg, while Assumptions (1), (2)
and (3) of our Lemma remain satisfied.
Now, let a € sa () with Ly(a) < 1. Then Ly(a — p(a)ly) < 1 and p(a —
1#(a)lg) = 0. Thus there exists ¢ € § such that ||(a — u(a)1ly) — c|la < €2. Hence,
if d = c + pu(a)ly then d € & and of course ||a — d||g < €2.

Step 2. With these observations in mind, let us study the geometry of the set £. We begin
by showing that £ is a balanced, convex set, and that L is finite on B.

If b,/ € £ then there exists 4,4’ € sa () with ||[b— ¢(a)||s < eand ||V —
P(a')||s < e while Ly (a) < 1and Ly (a’) < 1. Thus, for any ¢ € [0,1], we have
Lo(ta+ (1 —t)a) < land |[(th+ (1 —)V') — (ta+ (1 —t)a’)||s < & Thus tb +
(1-t)b' € & ie £is convex.

Moreover, for all t € [—1,1], we have Ly (ta) < t < 1land ||th — ¢(ta)||es < te <
g, s0 £ is balanced.

Since Ly (0) = 0, we have 0 € £, and thus by construction of £, the closed ball
of center 0 and radius ¢ > 0 lies in £. This implies in turn that the Minkowsky
functional of £ is finite on 5.

Step 3. We now check that L(b) = 0 if and only if b is a scalar multiple of the unit of B.

First, let t € R. Then |[t1ys — ¢(t1y )]s = 0 and Ly (t1y) = 0so t1gy € £. Thus
L(t1ps) < 1 and thus, as t € R is arbitrary, then L(1y) = 0.

Assume that L(b) = 0 for some b € sa (B). Then L(tb) = 0 for all t € R, so
tb € £forallt € R. Thus for all t € R there exists 4; € sa (2) such that Ly (a;) <1
and:

[tb —p(ar)[ls <.
Thus, if t > 0, then Hb—¢ (%at) H% < %s. Let ai = %at for all t > 0. Now
LQI({I!;) <t L

Now, for all n € IN\ {0}, there exists ¢, € sa () with Ly (c,) < 1and |a), —

cnlla < €% Thus:

16 = (el < lIb—y(a)lls + [l (e, —cn) |

€
< = +é
n

and thus, we have:

by Remark (5.3), while L(a},) < ;. Therefore, the sequence (a,)yeN >0 lies in the

a5 llot < llenll + € < llp(en) s + 26 < e+ 3¢ + [|bll
1
=
compact set {c € sa(A) : Ly(c) < 1,|c|la < [|b]ls + &+ 3€?} (using Theorem
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(2.10)). So we can extract a subsequence of (a},)yeN >0 converging to some 4.
Now by continuity, |0 — ¢(a)|/s = 0 while, by lower semi-continuity, Ly (a) = 0.
Thus a = klg for some k € R since (2, Ly ) is a Lipschitz pair. Thus as ¢ is unital,
we conclude that b = klgg.

Step 4. We prove that for any v € .7 (B), we have £ = {b € £ : v(b) = 0} + Rly,.

If b € £ then there exists a € sa () with Ly (a) < 1and ||(a) — b||s < e. Thus
forallt € R, Lg(a —tly) = Ly (a) < 1since Ly (1y) = 0 and Ly is a seminorm,
and then:

1(b = t1s) — y(a — tla) || = [Ib - ¢(a) || <e.
Consequently, b — tlgs € £. From this, we conclude that:
o if b € Lthenb —v(b)ly € £. Since v(b —v(b)ly) = 0,and b = (b —
v(b)ly) +v(b)ly, wehaveb € {d € £:v(d) =0} + Rlgs.
o ifb=d+tly withd € Land v(d) =0, thenb € £.
This proves our step.

Step 5. Fix v € ./(B). We now prove that £ is closed and {b € £ : v(b) = 0} is
compact.

Let (by)nen be a sequence in £ with v(b,) = 0. Then for all n € N, let a, €
sa (A) with Ly (a,) < 1and ||¢(a,) — b|ls < e Let& =voy € #(A) (note that ¢
is unital, positive, linear).

Let n € IN. We first note that:

18(an)| < [¢(an) = v(ba)| + |v(ba)| < |v((an) — bn)| <&
Hence, for all 7 € .7 (), we have:

m(an)| < [n(an) = San)| + (5 (an)| < mkyy (1,8) +¢
since Ly (a,) < 1; since a, € sa (2A) we conclude:
|an]lo < diam (.7 (2A), mky, ) +&.
We thus observe that:
[b]|os < [Jal|lo + & < diam (7(2), mky, ) + 2.

As ‘B is finite dimensional, the bounded sequence (by,),en admits a convergent
subsequence (bg(,,))nen With limit denoted by b € sa (). By continuity of v we
have v(b) = 0.

We note, as a digression, that we also can conclude that diam (.(8), mk; ) <
oo, though we will conclude a stronger fact shortly.

Indeed, we have now proven that for all n € IN, we have Ly (a4(,)) < 1 and
l[ag(n)l2r < K for some fixed K > 0. The set {a € sa () : Ly(a) < 1, [afla < K}
is norm compact since (2, Ly() is a quasi-Leibniz quantum compact metric space
by Theorem (2.10). Thus, there exists a convergent subsequence (4, ¢(n))neN Of
(a¢(n))nen which converges in norm to some a € sa (), with Ly(a) <1, as Ly is
a lower semi-continuous Lip-norm.

Thus by continuity, ||b — ¢(a)||s < € and thus b € £. Hence, we have shown
that any sequence of elements in {b € £ : v(b) = 0} has a convergent subsequence
with limit in the same set. Therefore, {b € £: v(b) = 0} is norm compact.
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Thus, £ = {b € £ : v(b) = 0} + Rlgy is closed. Thus L is a lower semi-
continuous Lip-norm on B by Theorem (2.10).

Step 6. It remains to study the quasi-Leibniz property of L.

Let b,b' € £. There exist a,a’ € sa () with Ly(a) < 1, Ly(a’) < 1 while
[$(a) —blls < eand [[¢p(a’) — V|| < e. Then there exists c,c’ € & with [la —
c|lot < €?and ||’ — ¢'||o < €2, as explained in Step 1.

Now:

lp (@)l < 6]l +e and [l (c) s < [[9(c) = p(a)llw + 19 (a)llw < [Ib]ls +e+ e

Our goal is now to find an upper bound for |[bob’ — ¢ (aoa’) ||s. Thus, as
a,a’,b, b are all self-adjoint and ¢ preserves the star operation:

(5.4) [bob' —y(aca’) |

(5.5) < oot —y(a)oy(a’)|m + ly(a) o p(a’) =y (aca’) [l
(5.6) <ol I = p(a’) ||

(5.7) + [lp(a’) |os |6 — ()|

(5.8) +[lp(a) op(a’) —p(c) oy(a)|lss

(5.9) +[lp(c) oyp(a’) —p(c) o pp(c') ||

(5.10) () op(c) =g (coc) [l

(5.11) g (cod) =y (aod)||s.

We now provide a bound for each of the Terms (5.6-5.11). By construction,
|t/ — p(a’)||s < e, so Term (5.6) is dominated by || b se.

Similarly, since ||(a’)||ss < ||V'||ss + € and ||p(a) — b||s < €, we conclude that
Terms (5.7) is dominated by (||b’||ss + €) e

Now:

lp(a) o p(a’) —p(e) o p(a) [l < Il (a) = p(e) [l 9 (a)ller < & (|5 +e)

which gives us our bound for Term (5.8).
We derive a similar upper bound on Term (5.9):

lp(c) o p(a) —w(e) o p(c') | < (@) — (') ]| $() o
& (IIblls +e+ ).

By our choice of ¢, Term (5.10) is bounded above by &?. It is the appearance of this
term, and the quasi-multiplicative property of ¢, which motivates our computa-
tion.

Last, concerning of Term (5.11), we first note that |[a||gy < ||c||o + €2 while
lellar < |lgp(c) |l + €2 by Remark (5.3). Thus:

lallo < [|bllas + e+ 3¢%,
while similarly, ||c||o < [|g(c')|| + €% < ||P|| + e + 2¢2. Thus:

laa" —e'loc < llallaclla” = lla + [I€"llaufla — el < & (IIbII% + 116 +2€+582) :
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Consequently:
l$(aca’ —bob)lln < llaca’ —coca < e (|lbllm + ¥l +2¢ +5¢2).

We thus obtain the following estimate:

(612) ot —placd)|s < [bllwe+ (Vs +e) e
+ (V] +e) + € (||b|| —|—€+€2)
+ &2+ ([[bllss + [|¥'l| 8 +2¢ +5¢2) ,

which simplifies to:
(513) ||bob — ¢ (acd)|m <e ((1 +2¢) (||bllss + |V ||ss) + 2¢ + 4¢ +6e3) .

We now compute an upper bound on the Lip-norm of the Jordan product a o @/,
using the (C, D)-quasi-Leibniz property of Ly, and using ||b|| and ||b'||s3:

Lo (a0a’) < C([lafla+ [la'[la) + D

(5.14)
<C (Ilbll% + 1o +28+682) +D.

Let:

w = C(1+2) (||b|\% + |1V ~|—28+682) +D
= C(1+2¢) ([|blls + [|V']|s) -+ 2¢ + 10> + 12¢°.

Trivially, from Expression (5.13), we have:

[bob —¢ (acd) s <e (C(1 +2¢) (||bllss + (|6 || ) + 2¢ + 10e% 4 1263 + D) = ew,

sinceC>1,D >0, so:

1 1
(5.15) Hbob/—lp (aoa/)H <e
w w %
Similarly, from Expression (5.14), we have:
(5.16) L la od ) <1
. A w X -+

Inequalities (5.15) and (5.16) together prove that %b ob’ € £. Thus, to summa-
rize the heavy computation above, we conclude that:

bolt' € [C(l +2¢) (||bllss + (|6 [|s) + (2€+10€2+12£3 +D)] <.

The same computations hold for the Lie product as well.
Thus Lemma (3.1) proves that L satisfies the (C(1 + 2¢), 2¢ 4 10¢? + 12¢> + D)-
quasi-Leibniz identity. O
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We thus arrive at the following finite dimensional approximation result which
applies to a large class of quasi-Leibniz quantum compact metric spaces, includ-
ing in particular nuclear, quasi-diagonal Leibniz quantum compact metric spaces.
This result employs the generalized dual propinquity adapted to quasi-Leibniz
quantum compact metric spaces, as Lemma (5.6) only provides us with such finite
dimensional approximations, although the departure from the Leibniz property
can be controlled to be made arbitrarily small.

Theorem 5.7. Let C > 1, D > 0 and Let (A, Ly) be a (C, D)-quasi-Leibniz quantum
compact metric space where A is a unital pseudo-diagonal C*-algebra. Then (U, Ly) is
the limit of finite dimensional (C(1 + €), D + ¢)-quasi-Leibniz quantum compact metric
spaces for the (C(1 + €), D + €)-dual propinquity, for any e > 0.

Proof. Lete > 0. Let u € .7 () be arbitrary. The set:
[={ae€sa(A):Ly(a) <land u(a) =0}

is norm-compact, since Lg is a lower semi-continuous Lip-norm, by Theorem
(2.10). Thus there exists a £2-dense finite subset § of I.

Since 2l is pseudo-diagonal, there exists a finite dimensional C*-algebra B and

two positive linear maps ¢ : 6 — A and ¢ : A — B such that:
(1) foralla € Fwehave |la — @oy(a)|lo < €2,
(2) foralla,b € § wehave ||p(a) op(b) — ¢ (aob) ||s < &2,
(3) foralla,b € § wehave ||{g(a), p(b)} — ¢ ({a,b}) || < €%

Now, as with step 1 of the proof of Lemma (5.6), Assertions (1),(2) and (3) above
remain valid if § is replaced by §; = § + Rlg. Moreover for any a € sa (2) with
Ly(a) < 1 then there exists ¢ € §; such that ||a — || < 2. We shall use this
henceforth.

By Lemma (5.6), if we set:

L={besa(B):Jaecsa(A) |[b—y(a)|s <eandLy(a) <1}

and if Ly is the associated Minkowsky functional, then L is a:
[C(l + 2¢),2¢ + 1062 + 1263 + D]

quasi-Leibniz Lip-norm on B. We now wish to compute the dual propinquity
between (2, Ly ) and (B, Ls).
Foralla € sa () and b € sa (*B) we define:

1
N(a,b) = _[ly(a) —bl|=,
and
L(a,b) = max {Lg(a),Lys(b),N(a,b)}.

We note that N is norm continuous on sa (20 & B), while N(1g,1g) = 0 yet
N(1g,0) # 0 since ¢ is unital.

Now, let a € sa () with Ly (a) = 1. Then since ||p(a) — p(a)|s = 0, we
conclude that Lys (1(a)) < 1and N(a, ¢(a)) = 0. Note that L(a,(a)) = Ly (a) =1
in this case.
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Second, let b € sa(B) with Ly (b) = 1. Then there exists a € sa (2) with
Ly (a) < 1and N(a,b) < 1 by definition of N and L. Again note that L(a,b) =
Ly (D) = 1.

Consequently, N is a bridge in the sense of [37]. We conclude immediately
from the above computation that in fact, the quotient of L on sa () is Ly and the
quotient of L on sa (B) is Lo.

However, to conclude that we have constructed a tunnel for the propinquity,
we must also study the quasi-Leibniz property for L.

Let a,a’ € dom(Ly) and b, b’ € dom(Ly). Let t = max{Ly(a), Ly (b)} and
u = max{Lg ('), L (V') }.

Assume first t < 1and u < 1. Thus, there exists ¢, ¢’ € § such that |la — c||g <

¢2 and ||a’ — ¢'||y < €2 again. Thus, similarly to our computation in the proof of
Lemma (5.6), we have:

166" — ¢ (aa") ||
(5.17) < [bllsllb’ —p(a) ]l
(5.18) +lp@) st - @)=
(5.19) +lp@)yp@a) —p(o)yp(a’)|s
(5.20) +lg(e)p(a’) = plo)y(c) s
(5.21) +llp(e)p(e) = (') [l
(5.22) + 1y (cc’) — o (ad) ||ss-
Term (5.17) is bounded above by | b/ (eN(a’,1")).
Term (5.18) is bounded above by ||a’||9(¢N(a,b)).
Term (5.19) is bounded above by ||a’||€?.
Term (5.20) is bounded above by (||a|| + €*) &2.
Term (5.21) is bounded above by €2,

Term (5.22) is bounded above by |cc’ — aa’||y which in turn, is bounded
by (llallec+ (14l + ) €.

Let us now assume simply that t,u > 0. Thus, we get from our estimates above:

LN (ad',bb) = N <1a1a’, 1b1b/>
tu tu "t u

1

1 1 1 1 1
< |[=Y N(a,b)+Ha N(a’,b’)
u % t 't Eolg u ‘u
ol U iy
+e+4 263

Hence:

N(aa',bb") < ||/l N(a,b) + ||a]loN(a’, b)
+2||a||que + 2||a’ || te + etu + 2e3tu.
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Since [|(a,b)||aws = max{|lal|a, [b]ls}, [[(a,0) |ams = max{(|a||a, [[b']e }
while max{t, N(a,b)} = L(a,b) and max{u, N(a’,b’)} = L(a’, V"), we get:
(523) N(ad',bb') < (||(a’, V) laees (1+2€))L(a, b)
+ (1+26)(a, ) laem L(a', V') + (e +26%) L(a, b)L(a, b').

If, instead, t = 0, then a and b are scalar multiple of the identities in 2 and B
respectively, and Inequality (5.23) trivially holds. The same is true if u = 0. In
conclusion, Inequality (5.23) holds for all 4,4" € sa () and b, b’ € sa (‘B).

Since we must use the dual propinquity adapted, in particular, to the (C(1 +
2¢),2¢ + 10e? + 12¢3 + D)-quasi-Leibniz quantum compact metric space (B, Lgs),
we simply note the weaker estimate:

N(ad',bb") < C(1+2¢) (||(a,b) laonL(a’,b") + [|(a",b') |aesL(a,b))
+ (e+106 +126% 4+ D) L(a', b')L(a, D).
It is then straightforward that for a,a’,b, b’ are self-adjoint, we have:

max [N (20d,bot),N ({a,a'}, {b,)'})} <
C(1+2¢) ([[(a,b)|aesL (@', b)) + (', 1) [laessL(a,b))
+ (s +1062 +126% + D) L(d',b')L(a, b).

From this we conclude that, if 7t : AP B — A and 71n : A DB — B are
the canonical surjections, then T = (A& B, L, 7y, 73 ) is a (C(1 + 2¢), 2e + 10> +
12¢3 + D)-tunnel in the sense of Definition (2.11).

We can thus compute the length of the tunnel 7, as defined in Definition (2.21),
to obtain an upper bound for the dual propinquity between (2, Ly ) and (B, Lo ).

The depth of 7 is trivially zero, so we simply compute its reach.

If € 7 (B) thenwesetc = 0oy € () (as ¢ is unital, positive linear) and
observe that:

mky (6, ¢) = sup{[6(D) —0op(a)|: La(a) <1, L (b) <1, [0 —y(a)ls < e}
< e
If g € /() thenlet 0 = go¢p € .7(B) (since ¢ is unital, positive linear).
If N(a,b) < 1 for some (a,b) € sa(AEHB) then ||b — ¢(a)||s < € and, since
Lo (a) < 1, there exists ¢ € § such that |ja — c||y < €2, so:
lo() —allar < l9(b) = @op(a)lla + [lgop(a) —ally
<[b—w@)lls +lleopa) —pop(c)a
+llpople) —clla+ llc —alla
<e+3e
Consequently, mky (6, ¢) < e+ 3¢2.

Thus the length of our tunnel is bounded above by & + 3¢2 (and is extent is
bounded above by 2(e + 3¢2).
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In summary, for all ¢ > 0, there exists a finite dimensional (C(1 + 2¢),2e +
10¢? + 12¢3 + D)-quasi-Leibniz quantum compact metric space (8, Ly ) such that:

Ne(142¢) 264102 +1283+0 (3, La), (B, L)) < 2 (€ + 3€2> :

This proves our theorem. Indeed: fix § > 0 and let ¢ > 0 be chosen so that
142 < 146 and 2¢ + 1062 + 1263 < 5. Then, we have shown that there ex-
ists a finite dimensional (C(1 + ¢), D + ¢)-quasi-Leibniz quantum compact met-
ric space (B, Lg) such that Ac(ig) prs((2, La), (B,Ly)) < 2(e + 3¢?). From
this, we conclude that (%, Ly) is the limit, for Ac(145ps), of finite dimensional
(C(1+6), D + d)-quasi-Leibniz quantum compact metric spaces. O

Now, in particular, we conclude that for any C > 1and D > 0, if (%, Ly) isa
pseudo-diagonal Leibniz quantum compact metric space, then (2, Ly ) is a limit of
finite dimensional (C, D)-quasi-Leibniz quantum compact metric spaces for Ac p.
Our justification for working with quasi-Leibniz quantum compact metric spaces
stems from the fact that our proof, in general, does not allow C = 1 and D = 0.
Of course, [19], [32] provide examples of Leibniz quantum compact metric spaces
which are limits of finite dimensional Leibniz quantum compact metric spaces for
the dual propinquity, so there are known nontrivial examples when this desirable
result holds.
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