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ABSTRACT

DENSITY ESTIMATION FOR LIFETIME DISTRIBUTIONS UNDER
SEMI-PARAMETRIC RANDOM CENSORSHIP MODELS

by

Carsten Harlafl

The University of Wisconsin—-Milwaukee, 2016

Under the Supervision of Professor Gerhard Dikta and Professor Jugal Ghorai

We derive product limit estimators of survival times and failure rates for randomly right
censored data as the numerical solution of identifying Volterra integral equations by em-
ploying explicit and implicit Euler schemes. While the first approach results in some known
estimators, the latter leads to a new general type of product limit estimator. Plugging in
established methods to approximate the conditional probability of the censoring indicator
given the observation, we introduce new semi-parametric and presmoothed Kaplan-Meier
type estimators. In the case of the semi-parametric random censorship model, i.e. the lat-
ter probability belonging to some parametric family, we study the strong consistency and

asymptotic normality of some linear functionals based on the proposed estimator.

Assuming that the underlying random variable admits a probability density, we define semi-
parametric and presmoothed kernel estimators of the density and the hazard rate for ran-
domly right censored data, which rely on the newly derived estimators of the survival func-
tion. We determine exact rates of pointwise and uniform convergence as well as the limiting

distribution.
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Chapter 1

Introduction

In survival analysis it is often not possible to observe the variable of interest. Therefore
approximations can only rely on incomplete data. Assuming the framework of the random
censorship model (RCM), we deduce a Volterra integral equation for the survival function of
the censored random variable. Employing the explicit Euler scheme to numerically solve the
equation results in some already known estimators, among them the Kaplan-Meier product

limit estimator (PLE), and its semi-parametric and presmoothed equivalents.

Since the corresponding differential equation is stiff, applying an implicit Euler scheme is
more suitable from a numerical point of view. This approach leads to a new class of es-
timators whose members are almost all true distribution functions (d.f.). In comparison,
the already established estimators, e.g. the Kaplan-Meier PLE, are in general only subdis-
tribution functions. Plugging in estimators for the conditional probability of the censoring
indicator given its actual value, we propose the new semi-parametric and presmoothed PLEs
FQSf and Ff ' respectively. For the semi-parametric approach we slightly extend the RCM

to the semi-parametric random censorship model (SRCM). In case of ¥, we show that the
estimator is asymptotically equivalent to the semi-parametric estimators introduced in Dikta
(1998, 2000) and therefore inherits its asymptotic properties. In particular, the estimators

have the same asymptotic variance. Thus the integral estimator based on Fzsf is optimal

w.r.t. the class of all regular estimators of the integral induced by the true distribution F'.



Given that the censored random variable admits a density, kernel based approximations of
this underlying probability density function (p.d.f.), evolving from the Kaplan-Meier PLE
or its presmoothed version, are considered in the literature. Besides the definition of a new
nonparametric density estimator, we focus on the investigation of semi-parametric kernel
estimators of the p.d.f. and the hazard rate. We present an asymptotic representation which
is used to deduce exact rates of pointwise and uniform convergence as well as the limit
distribution. We will show that the semi-parametric density estimator is superior to its
Kaplan-Meier counterpart in terms of the asymptotic variance, when assuming the correct

parametric model of the plug-in estimator.

Chapter 2 explains the RCM and extends it to the semi-parametric random censorship model
(SRCM). In Section 3.1 we present a technique to derive PLEs from identifying Volterra
integral equations and propose the new estimators Fy7 and Fy ' in Definition 3.7 and Def-
inition 3.8, respectively. Their properties are discussed in Section 3.2. The main results
related to Fﬁgf are given in Theorem 3.13 and Theorem 3.16. Those are essential for ex-
tending the strong law of large numbers (SLLN) and the central limit theorem (CLT) to the
semi-parametric setup. Chapter 4 is concerned with kernel based density estimators. New
estimators are introduced in Section 4.2 and their asymptotic representations are given in
Theorem 4.6 and Theorem 4.7. Based on those we determine exact rates of pointwise and
uniform convergence and deduce the pointwise limiting distribution as well as the distribu-
tion of the maximal deviation. Due to their complexity, most of the proofs are postponed to

the last sections of Chapter 3 or Chapter 4.



Chapter 2

Preliminaries

In this chapter we give a brief introduction to basic concepts in survival analysis and list
some preliminary definitions. The ideas are more widely discussed in Klein and Moeschberger
(2003) and Kleinbaum and Klein (2012). Comprehensive results can be found in Klein, van
Houwelingen, Ibrahim, and Scheike (2013).

2.1 Basics on survival analysis

In classical statistics d.f.s and p.d.f.s are standard tools for data modeling. In survival
analysis, where one is interested in survival probabilities and failure rates, usually other
instruments are employed. A life time X is the time during which an entity exhibits certain
characteristics — for example the time from the entry of a proband into a pharmaceutical
study till their death. Other examples are the time a production machine is in working condi-
tion before it needs replacement or the time a worker is unemployed until being hired again.

Often it is assumed that a life time is concentrated on the positive real line R> = [0, 00).

Definition 2.1. If not stated otherwise, a life time X is a random variable on some prob-
ability space (€2, A,P) which has an absolute continuous distribution w.r.t. the Lebesgue
measure on R and maps into (R>,B(Rs)). Let F be its d.f. The induced measure is

denoted by dF' and the corresponding Radon—Nikodym derivative by f.



Counterparts of the d.f. and the p.d.f. are the survival and the hazard function, respectively.

Definition 2.2. Let X be a random variable as defined in Definition 2.1, then the survival
function is defined by F(z) :=1— F(z) = P(X > z) = [° f(¢)dt. The hazard function is

specified by

/(@)
F()

ARs 2z ANz) = eRs

and

A:Rs >z Ax) = / A(t)dt € R>
0
is called the cumulative hazard function.
The survival function evaluated at x is the probability that the random variable X is greater

than x. In terms of survival analysis, this can be interpreted as the probability that an

individual survives a certain point in time x. By looking at

) ;((:i)) }ILIE% (]P’(X < x—;h|X > x)) |

the hazard function could be interpreted as the mortality rate at time point z. Both, F' and

A, are closely related.

Lemma 2.3. Let X be a random variable as defined in Definition 2.1, then

F(a) = exp(~A(x)).

Proof. Applying the exponential function on both sides, the result follows immediately from

the definition of the hazard rate and the fundamental theorem of calculus,

A(z) = / f i / ];((tt)) dt = —In(F(z)). O



In many practical applications and scientific fields it is not possible to observe the variable
of interest and analysis can only be based on incomplete data, for example see Kalbfleisch
and Prentice (2002). When testing for lifetimes or failure rates, incomplete data is primarily
caused by censoring. There are different types of censoring; data which is truncated from the
right is called right-censored. This kind of data often arises in medical research, cf. Armitage,
Berry, and Matthews (2001). For instance in a clinical trial patients start taking a medicine
at a certain point in time. A proband could either die during the time frame of the study
from the disease which is actually being treated (no censoring), leave the study prior the
end (e.g. moving away) or survive the end of the trial. Both last cases are examples for
right-censoring. For a more detailed explanation and examples see Klein and Moeschberger

(2003, Chapter 3).

A common way to describe randomly right-censored data is the RCM. It is the basis of many

publications, among them Kaplan and Meier (1958) and Efron (1967).

Definition 2.4. Let (X;)1<i<n be a sequence of independent, identical distributed (i.i.d.),
nonnegative random variables defined on the probability space (€2, A,P) and distributed
according to the unknown d.f. F; cf. Definition 2.1. Furthermore, let (Y;)1<;<, be another se-
quence of i.i.d., nonnegative random variables defined on the same probability space (€2, A, P)
and distributed according to the d.f. G. In addition, assume that the sequences (X;)1<;<, and
(Y:)1<i<n are independent from each other. Under the RCM, data of the form (Z;,d;)1<i<n
is observed, where Z; = min(X;,Y;) and 6; = Ijx,<y;]. The variable §; indicates whether
observation Z; is censored (§; = 0) or uncensored (§; = 1). Denote the d.f. of the random

variable Z = min(X,Y) by H.

In this scenario, the PLE proposed by Kaplan and Meier (1958) has received great attention
both in theory and practice; cf. Section 3.2. Supplementary to the RCM, we here assume

the X and Y are absolutely continuous w.r.t. the Lebesgue measure and therefore admit the



p.d.fis f and g, respectively. Furthermore, let (Z;.,)1<i<, denote the order statistics of the

Z-sample and ((5[1»:“]) the sequence of indicators adjunct to the ordered Z-sample. For

1<i<n

all 1 <7 <mn,let R,(Z;) represent the rank of Z; in the Z-sample.

Given the RCM, the importance of the conditional probability
m(z) =P =1Z =2) =E (Lixx|Z = 2), (2.1)

the probability of an uncensored observation given its actual value Z = z, for the consistency
of [ pdFEM was pointed out in Stute (1993). Consistently, define m(z) :== 1 — m(z). When
looking at the Kaplan-Meier PLE, the probability m is basically estimated by setting it to

one or zero, in particular

When we use somehow better estimators for m, which are based on the sample (Z;, 0;)1<i<n,
one can deduce other estimators of F'. If for example § is independent of Z, then m(x) = E[]
and a suitable estimator of m is given by (1/n) Y ", d;. The resulting estimator for F was
presented in Abdushukurov (1987) and Cheng and Lin (1987); cf. Remark 3.5. For the semi-
parametric PLE introduced by Dikta (1998) it is assumed that m belongs to a parametric
family. Hence it can be estimated using common parametric approaches. We now extend

the RCM by this assumption.

Definition 2.5. Given the RCM, the semi-parametric random censorship model (SRCM)
additionally assumes that the conditional expectation m(z) = P(§ = 1|Z = z) belongs to a

parametric family where each member is identified by a parameter § € ©. Hence

m(z) = m(z,6),

where m(-,6p) is a parametric function and 6y = (61, ...,001) € © C R” the true parameter.



Parametric models for m can be found in Cox and Snell (1989), Dikta (1998) or Collett

(2002). Given the RCM, note the two following basic relationships between F'; G, H and m.

Corollary 2.6. Given the definitions of the RCM, it holds that H = FG.

Proof. Exploiting the independence of X and Y we have

H(t) =P(min(X,Y) >t) =P{X >t} N{Y > t}) =P(X > t)P(Y > t) = F(t)G(t).

]

Corollary 2.7. Given the RCM, let G(z7) denote the left-hand limit of G at 2. Then both

subdistribution functions
H'(t)=P(0=1,Z <t) and H(t) =P(6=0,Z <t)
have Radon—Nikodym derivatives w.r.t. dH, and dF' or dG, respectively. E.g.

HY(t) = /[0 mG@yan) = [ Gaypas) (2.2)

[0,¢]

and

HO(t) = /[0 ) (d) = / Flz)C(dz). (2.3)

[0,¢]

Moreover, let’s denote the Radon—Nikodym derivative of H! by h' and observe that

B (x) = m(2)h(z) = Gla™) f(2). (2.4)



Proof. Recalling 0 := 1{x<y3, the first equality of (2.2) is a shorthand version of

H'(t) =P =1,Z <t) =E (Lix<v}  Liz<yp) = E [E (Lix<vy - Liz<|2)]

:/ E (]l{th}]l{ng”Z = Z) H(dZ)

R>

:/ ]l{zgt}E (]I{XSY}‘Z = Z) H(dz)

R>

/[0 (),

where we used the definition of m(x) from (2.1). Similarly, for the second equality in (2.2)
consider Z := min(X,Y") and

H'(t) =E (Lix<yy - Liz<yy) = E [E (Iix<vy - Lix<plX)]

:/ E (]l{th}]l{XSY}‘X = I) F(dl’) = / ]l{zgt}]E (]l{xgy}) F(dx)
R>

R>

| 1ol =E(tye)lF(n) = [ G)Pla),

[0,¢]

The proof of (2.3) is analogous. O

2.2 Solving differential equations

In Chapter 3, PLEs are derived as the solution of some initial value problem. Already
Volterra (1887) was concerned with the numerical solution of Volterra integral equations. He
applied Euler schemes to obtain approximate solutions in product form. Gill and Johansen
(1990) pointed out that the famous Kaplan-Meier PLE emerges as a solution of an identifying
integral equation. However, ordinary differential equations are very well studied and a huge
variety of literature is available, for example Hartman (2002), Ascher and Petzold (1998)
and Deuflhard and Bornemann (2002). Here we just briefly outline the explicit and implicit

Euler scheme as we will use them in the subsequent chapter.

8



Let U C R, V C R", uw e C(U,V) where C(U,V) denotes the set of continuously differen-
tiable functions mapping U — V. Furthermore let f € C(W) with W an open subset of

R, Then a general first order initial value problem is given by
u'(t) = f(t,u(t)) forall t € [to,t.],  u(to) = uo,
and the corresponding Volterra integral equation is

u(t) = ug + /t f(r,u(r))dr for all t € [to,t].

Assuming the initial value problem has a unique solution and defining the node points
to <t; <...<t, =t an intuitive way to numerically approximate wu(t;) =~ u; is given by

the iterative method
Ujr1 = Uy + (ti+1 - tl)f(t“ Ul> for i = 1, o, (25)

which is called the explicit Euler scheme. It is the simplest member of the more general

family of Runge-Kutta methods.

An initial value problem is called stiff if u(¢) exponentially decreases to zero as t increases
but the derivative is significantly larger then wu(t) itself. For a more detailed explanation
cf. Aiken (1985, pp. 360). In case of the initial value problem being stiff, explicit methods are
not applicable any more and A/A(«)- and L-stable methods are recommended, for example
see Hairer and Wanner (2010, Chapters IV.3 and IV.5). The simplest L-stable method is

the implicit Euler scheme defined by the iteration
Ujr1 = Uy + (ti+1 - ti)f(ti+17 uz’—H) for i = 1, e, (26)

There are a lot of results available concerning the theory of solving stiff differential equations
and there exist much more advanced numerical methods. But here we restrict ourselves to

the simplest case and refer to the literature mentioned above.



Chapter 3

Survival time estimators derived from identifying

Volterra equations

In literature, the construction of survival time estimators for right censored data is commonly
based on the Nelson (1972) and Aalen (1978) estimator. Following the idea of Gill and
Johansen (1990) we are going to present a more general technique to derive PLEs of the
survival function. Using this method, we will show an alternative way to deduce already
known estimators, among those the well-known Kaplan and Meier (1958) PLE. Primarily we
are interested in the construction of a new general type of survival time estimators. We will
establish a new presmoothed and a new semi-parametric survival time PLE in Section 3.1
and analyze the properties of the latter in Section 3.2. Corollary 3.14 states the asymptotic
distribution of the new estimator and Corollary 3.20 represents our strong law result. The

proofs of the major theorems are given in Section 3.3.

3.1 Deriving PLEs from Volterra integral equations

Under the RCM and the SRCM, respectively (cf. Section 2.1), data of the form (Z;, §;)1<i<n
is observed but one is usually interested in characteristics of the random variable X, e.g.
the d.f. F' or the p.d.f. f. In the following we develop Volterra integral equations which
identify the d.f. F'. Those identifying integral equations will be discretized and approximate

solutions are derived by applying the Euler schemes from Section 2.2. Depending on the

10



initial identifying integral equation and the solution method we will end up with different

types of PLEs.

Under the assumption that F' and G are continuous, we first construct a Volterra type

integral equation using G as a starting point. Therefor consider on the one hand

. ~FG(t) _ F(t) - H() (1)
o

G() =1-Glt) =1 - =g e

where the last equality follows by Corollary 2.6. On the other hand we have, when applying

Corollary 2.7,

G(t) = / F@T) ) = /[0 ﬂ F&_)Ho(dx). (10)

Since we assume continuity of F' and G we can omit the left-hand limits. Setting I = II gives

the identifying Volterra type integral equation

FO-H®O [ 1
20 /H Ay )

Replacing H and H° by their empirical counterparts,

1 n
Hy () =~ d Miz<y, Ho=1-H,  H)t)=-=) m.Z)lzz, (3.1)
=1 ]

with m,, being some estimator of m, leads to the estimating equation

i) -0 _ [ 1
i) ‘/M Fra) o) (3:2)

Here F* denotes some estimator of F and consistently /¥ = 1 — F* as well as m,, = 1 —m,,.

11



It is easy to construct a Volterra type integral equation based on F' using (2.2):

_ G<U_) _ 1 1 _ F(U_) 1
F(t) = /[M G’(u*)F(du) = /[O,t] C_v‘(u*)H (du) = F(0) + o H(u*)H (du). (3.3)

Due to the continuity of F', G and H it is reasonable to omit the left-hand limits. Again, let

E denote some estimator of F'. Then the corresponding estimating equation

- HOP Fi(wm (),
B0 = FO)+ [ GEOSH ) = Fi0) + /[0 ) @

emerges when replacing H by its empirical distribution function (e.c.d.f.) H, and, similarly

to (3.1), approximating H' by

1 n
Hy(t) = " Z M (Zi) 1 z,<t3- (3.5)
i=1

A common method to numerically solve integral equations like (3.2) and (3.4) is the explicit
Euler scheme as outlined in Section 2.2. In our particular case, the grid points are given
by the ordered sample (Z.,)1<k<n. To actually solve the integral equation define F(t) =0
for all t < Zj.,. Furthermore, it is natural to define Z,., such that Z,.,, < Z;.,. Hence

F¥(Zy.n) = 0, which is going to be used as the initial value for the Euler scheme.

Consider the integral equation (3.4). Using Zy.., - - -, Zn.sn as node points, observe that

Fr(Zkn) = Fi (Zk—1m) + / Mﬂn(du) (3.6)

}Zkflz’ruzk:n] Hn(u)

for k =1,...,n. The application of the explicit Euler scheme and replacing m,,(Z_1.,) by

M (Zyen) glves

mn(Zk:n)F*(Zk—lsn)
F*(Zin) = F*(Zi1om kin) n ,

12



which, after observing that nf,(Z_1.,) =n — k + 1, is equivalent to

Fi(Zyn) = FX(Zar) [1 - :’_(—IQ} |

This recursive formula can be written explicitly in the typical product form and can be used

to define a class of estimators.

Definition 3.1. Let FT, denote a type of product limit estimators defined by

L= Fi(Zien) = n—2+1

E?r

>] (3.7)

=1

where m,, is some estimator of the conditional probability m defined in (2.1).

Note that this definition is equivalent to

* . M (Z;)
L-FL 0 = ] {1_ n—Rp(Z)+ 1]

0 Zp<t

where R, (Z;) is the rank of Z; in the Z-sample and an empty product is considered to be 1.
In the remarks below we will see that most of the known estimators, which rely on the RCM,

actually belong to this class.

We again turn to the identifying equation (3.3). Assuming that H admits a continuous
p.d.f. h with respect to the Lebesgue measure, the corresponding initial value problem is

formulated by
L — PN, A1) = —=2, F(0)=1, (3.8)

where A is the hazard rate of X. The differential equation (3.8) becomes arbitrarily stiff as

A attains large values, especially if A\(t) — oo as t — 0.

13



In numerical analysis the standard approach to solve such stiff ODEs is the application of
A/A(a)- and L-stable methods; cf. Section 2.2. Since all explicit Runge-Kutta methods are
not A-stable neither is the explicit Euler scheme. However, the implicit Euler scheme is the

simplest L-stable method. Applying the implicit Euler scheme to equation (3.6) gives

mn(Zk:n)F;:(Zk:n)

Fi(Zyn) = EX(Zy—1m) + fork=1,...,n—1.

Then solving for F*(Z.,) results in the following recursive definition

B _ my, Z m F;: Z n
i (Zken) = F3(Zk—1m) — (nfg sz-()k )
_ mn(an) n
— % n- k

G ien) = B Ghrin) s — 7

SF (Zin) = F (Z-1a) |1 - ’

which together with the initial condition F(Zy.,) = 0 is equivalent to the following product
form which we use to define a new class of estimators. Even though the calculations hold

true only for k < n, the last equation is also well-defined for k = n if m,(Z,.,) > 0.

Definition 3.2. Let Fy, denote a class of product limit estimators defined by

—.

- bt =] 1o e o

=1

—

11 [n —i Z;@i(zn)} B gt [n - ]Zn(—zﬁnizxn@) ’

where R, (Z;) is the rank of Z; in the Z-sample and an empty product is interpreted to be 1.

Note that applying the explicit Euler scheme to the estimating equation (3.2) results in Fs,
defined in (3.9), and similarly, using the implicit version to solve (3.2) eventuates in the

definition of FY, given in (3.7).

14



In the case of no censoring, in particular § = 1, the conditional probability m(z) = 1 for all

z € R>. Hence both prototype estimators, Fy, and Fy,, reduce to the well known e.c.d.f.

2.n

In case of censoring, it is left to specify the exact form of m,, for both prototype estimators
FY, and Fy,. The choice of m,, strongly depends on the information which is available about

m. At first we take a look at the case with the least amount of assumptions.

Remark 3.3. If we assume nothing else but the RCM, then djx.,), the adjunct indicator of

Zyn, 1s a reasonable estimator of m(Zy.,). When using

mn(an) - 5[1@;11}, VEk = 1, ..o, n

FY,, is exactly the estimator introduced by Kaplan and Meier (1958):

1-FM) =[] (1 - — RniiZi) " 1) , (3.10)

1:2; <t

where R,(Z;) denotes the rank of Z; for all 1 <i < n.

If we assume a SRCM, then m(z) = m(z,6p). Interpreting m to be the link function of the
underlying binary regression model of the sample (Z;, 0;)1<;<n, We can exploit the maximum

likelihood estimator (MLE) 6,, of the true value 6, to derive an estimator of m.

Remark 3.4. Under the SRCM, we can use a parametric estimator m,(-) = m(-,6,) and
substitute it into (3.7). Setting 6, to be the MLE, given in Definition 3.7 below, results in

the semi-parametric estimator Flsf introduced in Dikta (2000):

Z,,0,)
1— FSE(t) = l1 __mZi6) |
1, Z‘;]Z:‘Lt n — Rn(Zz) + 1
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Remark 3.5. If, besides the RCM, ¢ is independent of Z, the model is equivalent to the
simple proportional hazards model (PHM) as considered in Koziol and Green (1976). In this

case m(z) = E[d] for all z € R and a suitable estimator of m is given by
M Zigim, 0) = Zaz, Vk=1,...,n.

Plugging this m,, into (3.7) gives a slightly modified version of an estimator FAYL which
was first considered by Abdushukurov (1987) and Cheng and Lin (1987). To be precise,
the estimator Flsf , defined in (3.14) below, is equivalent to FA“L under the PHM when

setting m(Zy.,,0,) = 1/ny ., ;. It was shown, that this estimator is more efficient than

the Kaplan-Meier PLE in terms of asymptotic variance under the PHM.

Remark 3.6. When assuming that m satisfies certain smoothness conditions, we can use a
nonparametric regression estimator of m; cf. Definition 3.8. In this case (3.7) becomes the
presmoothed Kaplan-Meier estimator F’ 1{3 1 as introduced in Ziegler (1995) and Cao, Lopez-de
Ullibarri, Janssen, and Veraverbeke (2005).

Definition 3.7. Similar to Remark 3.4, under the SRCM, we have m,(-) = m(-,0,,) for all

k=1,...,n. Then F3, induces the estimator

- _ B m(Zia en)
1- F2S,n (t) ._i;gt ll n — R.(Z;) +m(Z, Qnﬂ

-1 i—rz )

:7; <t

where 0, is the MLE of 6. In particular 6, is the maximizer of the (partial) likelihood

function

Lo(0) = [ m(Z,0)% - (1 = m(Z:,0))"%, 6, == argmax L,(6).
. [<C)
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This estimator was first introduced and investigated in Dikta, Reifel, and Harlaf (2016b).

Often instead of the likelihood function the (partial) log-likelihood function

n

() =" [601(Zi,0) + (1 = 6)wa(Zs, ),

=1

is used to determine #,, in the previous definition where
wi(x,0) = In(m(zx,0)) and wy(z,0) = In(1 —m(x,0)). (3.11)

Similar to the semi-parametric case, we can rely on the estimators for m from the Remarks
3.3, 3.5 and 3.6 to plug them into the prototype estimator Fy,. If only assuming the
RCM, we use again m,(Z;) = d; which together with Fy, results in an estimator almost
identical to the already mentioned Kaplan-Meier PLE FXM . In fact, the definitions only
differ in the mass assigned to the largest observation. Since the semi-parametric approach
is a generalization of the Cheng-Lin estimator, there is not much value in considering the

PHM separately.

Definition 3.8. If we assume, in addition to the RCM, that m is a smooth function we
can employ a preliminary nonparametric estimator of m. Then Fy, defines a new type of

presmoothed PLE of F' which we are going to denote by F{f:

1-— pr(t) = |: n Lt )
% izgt n— Ri,n _I_ pn(Zz)

where m,, = p, is some nonparametric estimator of m, for example the Nadaraya (1964) and

Watson (1964) estimator

WY 6K (1
pn(t) _ _1217_11 - E_Zbl )’
n~t >0 by K( b )

as used in Ziegler (1995) and Cao and Jacome (2004). Here K is some probability kernel

and (b,),>1 a series of bandwidths.
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3.2 Properties of PLEs under the RCM

The estimators derived in Section 3.1 are partially very well studied and a variety of results
is available. Often we are interested in quantities of the underlying lifetime X, which can
be expressed as an integral w.r.t. F' of some Borel-measurable function ¢; for example ex-
pectation, variance or simply F'(¢) for some fixed t € R>. Let F' be some estimator of F,
then these quantities can be estimated by fooo wdFy. To ensure the quality of such integral
estimates, one is usually interested in some kind of SLLN, i.e.

[e%e] TH
/ edF* 2% wdF (3.12)
0

n—0o0 0

for 7y = inf{z : H(xz) = 1}. Moreover, the limiting distribution is an important property of
such an integral estimate and is vital for the construction of confidence intervals. Commonly

those PLEs are asymptotically normal distributed, e.g.

n—o0

[e’e] TH
nl/2 (/ edF* — / SOdF> —— N(0,02) in distribution. (3.13)
0 0

For the already established estimators presented in Section 3.1, results like (3.12) and (3.13)
are available. In case of uncensored data, those properties are provided by the ordinary

SLLN and CLT, respectively; cf. Cohn (2013, Theorem 10.2.5 and Theorem 10.3.16).

If we make no further assumptions besides the RCM, then the Kaplan-Meier estimator FXM
from Remark 3.3 is the natural choice. It is by far the most popular estimator for analyzing
censored data and is often applied in practice. Under some weak assumptions, (3.12) and
(3.13) also hold for FEM_ In particular, strong consistency of integrals w.r.t. FEM was
shown in Stute and Wang (1993) and Stute (1995) proved that (3.13) holds under some

weak assumptions for FEXM  where the asymptotic variance 0%7 K 1s given in Stute (1995,

Corollary 1.2). Thereby Stute extended the work presented in Breslow and Crowley (1974),
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Gill (1983) and Schick, Susarla, and Koul (1988). Asymptotic optimality of FXM was studied
in Wellner (1982).

As already seen in Remark 3.5, FF is almost identical to F2*“" under the PHM. Hence F}F
can be seen as a generalization of FA“L | as described in Dikta (2000, Example 1.3). Some
of its basic properties are reviewed in Csorgs (1988). Almost sure (a.s.) consistency is given

in Stute (1992) and asymptotic normality was proven in Dikta (1995).

As mentioned in Remark 3.6, when assuming that m suffices certain smoothness conditions,
it is possible to estimate m by some nonparametric estimator, which, in combination with
the prototype estimator FY, , gives F' f 't Along with other results, Cao et al. (2005) provided
an a.s. asymptotic representation of F 1{3 ' and Jacome and Cao (2007) studied its asymptotic
distribution. In particular, they proved (3.12) and (3.13) for the special case of ¢(t) = Ljg4(?)
for all # < 75. Dikta, Kiilheim, Mendonga, and de Ufa-Alvarez (2016a) obtained a CLT for

presmoothed Kaplan-Meier integrals with covariates.

3.2.1 The semi-parametric PLE Flsf

In Section 3.2 it is shown that the difference between the semi-parametric estimators Fff
and F7 is asymptotically negligible. Hence, F inherits some of its properties from F°7.

For this reason we will give a short overview of F©°F,

As defined in Remark 3.4 the estimator is given by

SE _ m(Zlven)
1-FFw) =] (1_n—Rn(Zl-)+1>’ (3.14)

0:2; <t

where m(+,-) is the parametric model as described in Definition 2.5 and 6,, the MLE of the
true parameter as explained in Definition 3.7. The estimator was proposed in Dikta (2000),

where it is also stated that F; ff is very close to the semi-parametric estimator introduced in
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Dikta (1998):

m(Zs,0n)
1-FP() =[] ( n = Fn(Z) ) 0 . (3.15)

i<t n — Rn(ZZ) -+ 1

In particular, Lemma 3.11 shows that Flsf and Flsf are asymptotically identical. When

making use of the order statistics (Z;.,)1<i<n of the Z-values, Flsf may be written as
: Zisin, On)
1— FSB(z. ) = 1_M .
1’"( n) k[[l( n—k+1

For some Borel integrable function ¢ : R> — R, it holds that

[ e = Y etz o), (3.10

where, for all 1 <1i < n, W{E (6,,) is the weight assigned to the observation Z;.,, which is

1,2,n

1 Zims ) T [ Zions 0)
I)[YSE 9 FSE Z FSE Z'_ ' A\ “iny Yn) k:ny 1
1 zn( ) 1n ( Z-”) 1n ( 1 1-71) n i 1 Pl n k 1 (3 7)

Equivalent to F’7, it is possible to define a semi-parametric version of the Nelson (1972)-

Aalen (1978) estimator, compare Dikta (1998, p.255),

t
SE/n m(x,0,) m ZZ,H
At (1) = /0 —1 () = — T (3.18)

©:Z; <t n

Similar to the other estimators, the results available for F} 155 rely on some assumptions which

we list here.
(A1) There exists a measurable solution 6,, € © of the equation V(In(L,(6))) = 0 converg-

ing to the true 6y in probability as n — oo.

(A2) There exists a measurable solution 6,, € © of the equation V(In(L,(6))) = 0 converg-

ing to the true 6y a.s. as n — oo.
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(A3)

(A5)

For 1 <r <k,

V,.m(Z,60)]° V.m(Z,0y) 1
E|l |l ———= < d El|l——————= < 00.
({ m(Z.0o) ©oo 1— m(Z,0) >
For i = 1,2, w;(z,0), as given by (3.11), possesses continuous second order partial
derivatives w.r.t. § for all § € © and z > 0. Furthermore V, ;w;(-, ) is measurable for

all # € © and there exists a neighborhood V' (6y) C © of 6, and a measurable function

M such that for all 6 € V/(0y), z>0and 1 <r, s <k
|V, swi(z,0)| 4+ |V, swa(z,0)] < M(z) and E(M(Z)) < cc.

The matrix I(6y) = (0r5)1<rs<k With w(0, z,0) = dw;(z,0) + (1 — §)wa(z, ) and

0rs = —E(V,sw0(5, Z,00)) = E <Vr(m(Za 00)) V(m(Z, 90))>

m(Z,00)(1 —m(Z,6y))

is positive definite.

There exists a neighborhood V(6y) C © of 6y such that m(z,#) possesses continuous
second order derivatives w.r.t. § for all @ € © and z > 0. Furthermore, for all § € V(6)

and 1 <r,s <k, V, ,m(-,0) is measurable, and
sup ||Vm(z,0y)] < oo and sup  sup Z 'V, sm(z,0)] < oo.
0<z<00 6eV (60) 0<z<o0 St )
For 1 <r <k, V,m(-.0y) is Lipschitz continuous on [0, 7] for all T' < 7y, i.e.

\V,m(z,6p) — V,m(y, 0)] < clz—y|

for an appropriate constant ¢, possibly depending on T'. Here, 7y = inf{z : H(z) = 1}.
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(A8) m(-,0p) is of bounded variation on [0, 4], i.e.

!
sup {Z |m(zi,00) —m(2i-1,00)| :0=2,<2z<...<z <7H,1> 1} < 00.
i=1

(A9) For each € > 0 there exists a neighborhood V(e,6y) C © of §y such that for all
RS V(G, 90)

sup [m(z,0) —m(z,6p)| < e.
0<z

For some of the results, ¢ has to satisfy certain moment conditions:

(M1) 7" @*(x)y0(2) F(dx) < o0,

(M2) [i" 7268l F(de) < oo,

(M3) 5" I ()] vo(x) H (dz) < oo,

(M4) [ %F(dw) < oo for some € > 0,

where v as defined in Theorem 3.10. Assumptions (Al), (A3) to (A5) are necessary to
ensure the asymptotic normality of the MLE 6,,. For the a.s. results we have to strengthen

the assumption (A1) to strong consistency in (A2).

Dikta (1998, Theorem 2.4) proves uniform consistency of £ 7 and Dikta (1998, Corollary 2.6)
gives a functional central limit theorem of the process n'/ Q(Fff — F). Both results are valid
on the compact interval [0, 7] with H(T) < 1. Moreover, Dikta (1998, Corollary 2.7) shows
that Flsf is more efficient than the Kaplan-Meier estimator FXM in terms of asymptotic
variance under the SRCM. Since Lemma 3.11 shows that F'F and FF are asymptotically
equivalent, those results also hold true for Flsf ; cf. Dikta (2000, p.3). Furthermore, Dikta

(2000, Theorem 1.1) established a SLLN for integrals w.r.t. F°Z which we quote in the next

1,n>

theorem.
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Theorem 3.9. Assuming that H is continuous and if the assumptions (A2), (A9) and (M4)

are satisfied, then with 7y = inf{x : H(z) = 1}

TH

/0 o FSEd) s [ oy F ).

n—oo 0

Therefore, (3.12) holds for ) under some weak assumptions. Similar to Stute (1995), the

proof of Theorem 3.9 relies on martingale theory.

Dikta, Ghorai, and Schmidt (2005) extended the CLT to the SRCM, i.e. they proved the

following theorem.

Theorem 3.10. Let O be a connected open subset of R¥. Assuming that H is continuous,

(A1),(A3)—(A8), and (M1)—(M3) are satisfied, then

nl/2 (/ SOdeg,f _/ gde) — N(0, O'FSE) in distribution (3.19)
0 0 n—o0
where 0%’515 =Var ((p(Z)'yO(Z)m(Z, 00) + (1 —m(Z,00))71(Z) — 12(Z)
0 — m(Z, 90)

ith -~ m(Z,00)(1—m(Z, 90))(73(2) —’74(2))>,

Yo(z) =exp (/ fjt—;jf(})Ho(dt))
1

7 T / 1 octy (B0 () H (),
// ]l{z>9ct>x}(10 ( )Hl(dt)HO(dl‘)

//]l{t>m}o‘ z,2) ()t)70<t)H1(dt)H(dm)’

Y4(2) —/90( )Y0(t)ex(t, z) H(dt) and

a(z,y) = (Vm(x,0)|I7(0p)Vm(yby)), where (-, -) denotes the inner product.
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Already Dikta (1998) pointed out, that the asymptotic variance of Flsf is less or equal to
the asymptotic variance of the Kaplan-Meier estimator FX™_if the correct model for m
is assumed. When looking at Dikta (1998, Corollary 2.7) it is evident, that equality only
occurs in exceptional cases. Besides the latter theorem, Dikta et al. (2005), proved that
0hsp < Oy under the SRCM, where 03 ), is the asymptotic variance of (3.13) in the
case of Fr = FEM cf. Stute (1995, Corollary 1.2). Corollary 2.5 and Remark 2.6 of Dikta
et al. (2005) explain why the increase in efficiency is strict, in almost all reasonable cases,
that is 0% gp < 0F k) Dikta (2014) actually showed that F}F is asymptotically efficient

w.r.t. the class of all regular estimators of fOTH @dF given the SRCM.

Since it has never been stated explicitly in the literature, the next lemma shows that Flsf

from Dikta (1998) and FPF as defined in Dikta (2000) are asymptotically identical.

Lemma 3.11. Assuming (A2) and (A10), it holds for 0 < T < 7y that

sup [FP7(t) — o7 (8)] = 0(n™).

0<t<T

3.2.2 The semi-parametric PLE Fégf

In the previous sections it was shown that, under certain assumptions, (3.12) and (3.13) hold

for the estimators FEM FACL FPR and FPE. Here we are going to examine the estimator

; iy
1= Fp P (Zin) = .
2n ( z.n) kl:[l |j”b —k+ m(Zk;:n7 071) ’

which we proposed in Definition 3.7. Due to their complexity, most of the proofs for the

following theorems are postponed to Section 3.3.
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First note that

=0,

v |: kae )

1—FF(Zz,.,.)=11- Znin, 0
2’”( n) { } n—1i+m(Zgn,0,)

m( n:ny n

o

=1

which shows that the entire weight of one gets distributed among the data points. By
definition FyP(t) = 0 for all t < Zy.,, F}} is monotonically increasing, right-continuous and

its left-hand limits exist. Hence we immediately have the following consequence.

Corollary 3.12. The estimator Figf is always a proper probability distribution function.

A Nelson-Aalen type estimator based on Fﬁgf can be defined by

t 1 1
Asft ::/ —st dr) = E WSZEH 0,
Zl,e )
= H . .2
Zn— ) +m(Z;,0,) H,( +mx9)/ n(de) (3:20)

1:4;<t
Furthermore, for a Borel-measurable function ¢ : R> — R it holds that
[ varss - Zso ) WSE (0,), (3.21)

where, for all 1 <1i <n, W5F (6,) is the weight assigned to Z., by Fff To be precise

2,4,n

B n—k+ m(Zk:ny Qn)
_ (1= m(Zm, Hn) ﬁ 1— m<Zk:na en)
n—1+m(Zin, 0n) Pl n—k +m(Zn, 0,)

i Zip, On) — n—k
=i+ m(Zim, 0) ’E <n — k 4+ m(Zyp, Qn)> ' (3.22)
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Just by visual inspection, the difference between Flsf and FQSf seems to be minor. In fact,
from Theorem 3.13 and Theorem 3.16 we can conclude that the difference is asymptotically
negligible. Theorem 3.13 shows that F°} and F3'” are stochastically equivalent under some

assumptions, among them:

(A10) 0 < m(x,0) <1 for all > 0 and for all # in an open neighborhood of 6.

(M5) [ %dlﬁl < oo for some € > 0.

Theorem 3.13. If F' and G are continuous, assumptions (A1), (A10) and (Mb5) are satisfied,

then

nl/2 (/ QOszsf _ /¢de5> —— 0 in probability.
’ ’ n—oo

The last theorem together with Theorem 3.10 immediately yields the following CLT result.

Corollary 3.14. Given the assumptions of Theorem 3.10 and Theorem 3.13, it holds that

o0 TH
n'/? /@dFQSf —/@dF mN(O,O’%ﬁE) in distribution
0 0

with the asymptotic variance 0%7 sp as given in Theorem 3.10.

Note that Dikta et al. (2005, p.31) give an estimator of O’%SE which can be used to obtain
confidence intervals. In addition, Dikta et al. (2005, Theorem 2.1) provided the following
asymptotic representation of F ff—integrals which, due to the latter corollary, also holds for

integrals w.r.t. Fy¥.
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Corollary 3.15. Let © be a connected open subset of R. Then under the assumptions of
Theorem 3.13 and Dikta et al. (2005, Theorem 2.1), that is /' and G are continuous, (Al),
(A3) to (A8), (A10), (M1) to (M3), and (M5), it holds that

n

/0 FST = Zso Zm(Ze,b0) + - S (1~ mlZe, b)) (2 ——me

i=1

6 — 7n/22,90)
_ A
Z (75,60 = m(Z. 60y 1%

Ig~ 06— m(Zib) iy
+ n ZZ m(Z;,00)(1 — m(Z;, 90))74(21') + 0,(n1?),

where vy to 4 are given in Theorem 3.10.

A similar result as given in Theorem 3.13 holds true almost surely under the assumption

(M6) f(1 Yl JH < oo for some € > 0.

H)1+e

Theorem 3.16. Given that F' and G are continuous and assumptions (A2), (A10), and

(M6) are satisfied, then

a.s. 0

n—oo

’ / odFST — / odFSE

Note that with (A2) we require the MLE 6,, to be strongly consistent while we weaken
the moment assumption to (M6), in comparison to Theorem 3.13. In the special case of

@(t) = Ljp4(t) we can give a uniform a.s. convergence order.

Theorem 3.17. Assuming the conditions of Theorem 3.16 hold for ¢(t) = 1jg4(t) for all
r < T < 7y, we have

sup |52 () — FSE()| 2 0(n™),
0<z<T

Using the last theorem in combination with Dikta (2000, Corollary 1.4) we easily deduce the

next result.
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Corollary 3.18. Given the assumptions of Theorem 3.9 and Theorem 3.17 then

n—oo
Both, Theorem 3.17 together with Dikta (2000, Corollary 1.5) or Corollary 3.18 in combina-
tion with Loeve (1977, p.21) can be used to enhance the last result to uniform convergence.

Corollary 3.19. Assuming the conditions of Theorem 3.9 and Theorem 3.16 hold for ¢(t) =

L2 (t) for all x <T < 7y, we have

sup ‘Fff(x) — F(z)] == 0.
0<z<T n—00

Theorem 3.9 together with Theorem 3.16 yields the following strong law result.

Corollary 3.20. Given the assumptions of Theorem 3.9 and Theorem 3.16 then
o s TH
/ edFyE 2> / @dF.
0 ’ n—00 0

As seen, Theorem 3.13 and Theorem 3.16 are the key to our analysis of the asymptotic

properties of FQSf By those arguments F2Sf also inherits the efficiency properties of Flsf .

Remark 3.21. Theorem 3.13 shows that the integral estimators w.r.t. F{*7 and F} 7 admit
the same asymptotic variance 0%, ¢5. Then due to Dikta (2014, Corollary 3.11), [* @dFyF

is a regular estimator and is asymptotically efficient w.r.t. the class of all regular estimators

of [/ ¢dF given the SRCM.
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3.2.3 Discussion of the estimators

The Kaplan-Meier estimator assigns mass only to uncensored observations while the attached
weight increases from the smallest to the largest observation; cf. Efron (1967). This is par-
ticularly critical if the last observation is censored. In this case the Kaplan-Meier estimator
FEM Jacks the important property of being a proper d.f., that is lim; ., FXM () < 1 since
FEM fajls to attach the total mass of one to the observations. This deficit becomes even more
apparent when noting that the estimator is designed to put the largest amount of weight
on last observation. Hence, neglecting this mass could cause significant bias. Because the
weight assigned to a data point depends on the number of preceding censored observations,
this behavior gets amplified under high censoring rates. Also F{' and F7 suffer from the
same shortcoming if m,(Z,.,) # 1 and therefore are only subdistribution functions. There
are methods to fix this disadvantage, for example rescaling the weights or simply assigning
the missing weight to the largest observation while completely ignoring the censoring indica-
tor, but those are not well studied or cause an unreasonable bias. As discussed above, F lsf,
as defined in (3.15), is a slightly modified version of F’Z. Even that F'°F(Z,.,) = 1, there is

a similar problem: in case of high censoring rates, especially of the larger observations, F: 155

attaches an unrealistic amount of mass to the largest observation.

However, Corollary 3.12 shows that Fff is a true probability function under every circum-
stance, while still providing a more realistic distribution of the total mass. This is a big
advantage in comparison to FXM, Ff' B and Flsf when using those as plug-in estimators
in the approximation of linear functionals. Thereby the missing weight could cause some
unreasonable bias especially in case of small sample sizes. Moreover, since FZSE is a proper
d.f., it is possible to use its quantile function to resample according to F'. For example,
sampling directly from Fégf might improve the bootstrap based construction of confidence

bands presented in Subramanian and Zhang (2013).
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Theorem 3.13 and Theorem 3.16 show that the estimators Flsf and Fff are asymptoti-
cally equivalent. Hence all asymptotic results available for F{°F also hold true for FJF.
For instance, Corollary 3.14 shows that the integral estimators w.r.t. I 155 and FQSE, respec-
tively, admit the same asymptotic variance O'%’SE. As discussed in Subsection 3.2.1 and
Remark 3.21, 012?7 s 1s optimal w.r.t. the class of regular estimators of fOTH wdF and therefore
Fff outperforms the corresponding Kaplan-Meier integral estimator assuming a correctly
chosen parametric model for m. In fact, Theorem 3.13 together with Dikta (2014, Corol-
lary 3.11) shows that both, F’F and F}7, are more efficient than F*", F{'® and FyF and
can not be improved in means of asymptotic variance, when the model for m is chosen cor-

rectly. Since F'F and Fy¥ incorporate the additional information of the parametric model,

the achieved efficiency gain is something one would intuitively expect.

All results in Subsection 3.2.1 and Subsection 3.2.2 were derived under the SRCM, that
is, assuming the correct parametric model for m. Simulation studies, conducted in Dikta,
Hausmann, and Schmidt (2002), show that FF still performs well even under wrong as-
sumptions for m. As discussed, m is based on a parametric binary regression model. Hence
it is possible to validate the model assumptions via goodness-of-fit tests. Dikta, Kvesic, and

Schmidt (2006) presented a general bootstrap based test to verify the model assumptions.

The SLLN and CLT for integral estimators based on FXM obtained in Stute and Wang
(1993) and Stute (1995), requires F' and G from the RCM only not to have common jumps.
This assumption is not well-suited for the SRCM, as explicated in Dikta (2000, Remark 1.6).
Hence we expect F' and G, and therefore H, to be continuous. However, in his proofs,
Stute applied techniques to overcome this restriction. Those might also be applicable in the

semi-parametric case.
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3.3 Proving the properties of Fﬁgf

In this section we will give the proofs for the results related to Fff , primarily Theorem 3.13
and Theorem 3.16. The technique used for both theorems is very similar. Hence we will start
proofing Theorem 3.16 and sketch the second proof more briefly. The following representation

of the difference of two products will turn out to be an essential tool.

Remark 3.22. Let (a;)1<i<n (bi)1<i<n be two complex sequences. Then

o I[0=3 (ﬂ axa— ) I] bk> | (3.23)

i=1 =1 i=1 \k=1 k=i+1

Proof. Trivially, this equation holds for n = 1 when interpreting empty products to be equal

to one. Then using induction, assume that the equality holds for n € N and consider

n+l [i-1 n+1 n [i-1 n
Z (H ar(a; — b;) H bk> = Z (H ar(a; — H bk) 1 T (@ng1 — bpgr H
i=1 \k=1 k=it+1 i=1 \k=1 k=i+1 k=1

which, when applying the induction assumption (3.23), is equivalent to

n+1 n+1

—bn+1Haz Hb +Hak n+1Hak7
k=1

and the proof is complete. A similar result can be found in Gill and Johansen (1990,

Lemma 1). O

In addition, multiple times we will make use of the quantile representation of Z based on
a uniformly distributed random variable; cf. (Shorack and Wellner, 1986, Theorem 1.1.1).
Let (U;)1<i<n be an ii.d. sample from the uniform distribution on [0, 1] with d.f. H. Hence
Z; and H-(U;) are equal in distribution for ¢ = 1,...,n. To shorten the notation we will

write Z; = H-Y(U;) for i = 1,...,n.
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The quantile function H~! of H is defined by

H Yu) =inf{z: H(z) > u}, O<u<l.

Similarly, the empirical distribution and quantile function of the U-sample are denoted by
H, and f[,j ! respectively. H_ ! is the empirical quantile function of the Z-sample. In the
following we list some known results related to H, H,, f[n and their quantile functions. From

Shorack and Wellner (1986, Theorem 1.1.2) we have

H,(t) = H,(H(t)), t>0. (3.24)

Relying on this equality and Shorack and Wellner (1986, p.5, Eq.21), we have for 0 < u < 1

H7'(u) =inf{t: Hy(H(t)) > u} = inf{t : H(t) > H;'(u)}

n

—inf{t: ¢t > H Y (u)} = H(H; («)). (3.25)

Furthermore by Shorack and Wellner (1986, Proposition 1.1.1) and since H is considered to

be continuous we have H(H !(u)) = u for 0 < u < 1. Together with (3.25) this yields

H(H;'(u))=H,'(u), 0<u<]l. (3.26)

Moreover, first applying (3.24) and than using (3.26) gives

H,(H;'(u)) = H,(H;'(v)), 0<u<l. (3.27)

When defining H;(0) = 0 and H; (1) = Uy.., where (Usn)1<i<n denotes the order statistics

of the U-sample, we can extend the domain of H ! to the closed interval [0,1]. Note that

k+1
n

the sample points in (U;)1<i<, are a.s. distinct. Hence we have a.s. for % <u < and
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k+1 1
<u+ —,
n n

H,(H, (u) = [:[n(UkH:n) =
which in combination with Shorack and Wellner (1986, Proposition 1.1.1) gives

-~ 1
u< Hy(H Y (u)) <u+—, 0<u<l. (3.28)
n

For convenience of a brief notation, set m; = m(Z;.,,0,) and define

n—1 n—i+1—m;
= —"—", by = -
n—1+m; n—i+1

I

a; =1 —a;, and b; = 1 — b;. Then (3.22) and (3.17) are equal to

respectively.

Proof of Theorem 3.16.
Assume that ¢ > 0. Otherwise decompose ¢ into its positive and negative part, and proceed

as follows. Using the previous abbreviations, (3.16) and (3.21) give

[e@rssn) - [ owrsts)

=3 () (WEE(0) — WEE(0.)) = Y- () ( [Tw 011 m) .

=1
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Then Remark 3.22 yields

:Z(p(Zln) <i {ﬁak(aj - bJ>BZ ]j bk} + (C_Ll' - 61> ﬁak>

j=1 k=1 k=j+1 j=1
=3 olZi) (i {H arla; — b)b: [ b}) +3 6(Zn) <<a@- 5] )
i=1 j=1 k=1 k=j+1 i=1 j=1
=IL(n) + L(n). (3.29)

Note that for j=1,...,n—1

and a,, = 0 since m,, > 0, and b, = 1 — m,,. Furthermore, since 0 < a; <1and 0 <b; <1

forall j =1,...,n, we have
7j—1 i—1
OSHak<1 and 0<ku<1
k=1 k=j+1

34



With (n—j7+ 1) (n—j)'=(Mnm—j)'—(n—j+1)""! and using telescoping sums

- m; 1 1
= Zim . ; .
Z(’D( ')n—z—l—l(n—z—l—l n)

i=1
< Zim) 5
_ZZIQO< : >(7’L—Z+1)2
n—2
©(Zin)
< Z (n — 7:)2 + ‘P(Zn—lzn) + @(Zn:n>‘ (3‘3())
i=1
Furthermore, because I»(n) is positive,
n 2
m; —m3
I n S 2 Zzn . ] : .
o) < 2 ) G T ) )
n—2
@ Zzn
<y (n(_ i))2 + 0(Znrn) + 0(Zm).- (3.31)
=1

When defining B(n) = Y77 2Zin) e have shown that

(n—1i)2>

[ eorszn) - [ orsE)] <2800+ o) +ozw).

Then together with nH,,(Z;.,) =i for all 1 <1i <n we have

Now exploiting the quantile representation of the Z-sample by using the results (3.25), (3.27)
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and (3.28), it holds that

1 — H,(
L[ p(H Y (H, (u))) (1 —w)? "
N /o (1-wu)? (1 —ﬁn(ﬁ‘l(w»?d

LA o(H A ) (1w
n/o (1 —u)? (1—u—1/n)2d .

/("_2)/” p(H 1 (H, (W)
0 ( 2

3|

Since (1 —u)?/(1 —u—1/n)? <4 for u € [0, (n — 2)/n|

o[ p(H T (H, ()
< 5/0 a _~u>2 du ~ (3.32)
4 /“”V" p(H ! (H ! (w))) (1= Hy @)% (1= A ()™

nJo (1 — H; (u)) e (1 —u) (1 — H1(u))2+05e

"o (] (W)
(1 H 1<u>>1+e

4 ( 1 > (1 _ j_:]'—l(u))2+0.5e
< - sup sup 5
N 0<u<(n—2)/n (1 =1 (1)) 1=05¢ ) g<u<(n—2)/n (1—u)
(n—

X
0

Then, for € small enough, (1 — )%~ is monotone increasing in x, hence

4 ( 1 ) < !
-  sup = = e
" 0<unin2)/n (1 - H;l(u))l—(].& n [1 _ -t (n;)] 1-0.5

n n

_ 4 < 4 as. ( 4 )
_n [1 — Un_2:n]1—0.56 n []_ — Un:n]l_O'E’E a (10g(n))1_0-56n0-56 :

The last a.s. equality follows from 1 — U,., = O (@) as shown in Robbins and Siegmund

(1972, Theorem 1 (i)).

Furthermore, from Shorack and Wellner (1986, Theorem 10.6.1) we have for a fixed 0 < § < 1,

for n large enough and for all u € [0, (n — 2)/n]

1 — A (u) < 22795(1 — )i,
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Therefore it yields

(1 _ H;l(u))2+0.56 < 2(2—5)(2+0.5e)(1 . u)(l—é)(2+0.55)—2 _ 2(2—6)(2+0.56)(1 . u)0.56—5(2+0.55)

(1 —u)? -

and, since € > 0, 0 can be chosen in such a way that the exponent of (1 — u) is nonnegative

for u € [0, (n — 2)/n]. For that reason

. ((1 . H’El(u);2+0,5e)

0<u<(n—2)/n (1 - U)

is bounded almost surely. Moreover, by the SLLN,

/(n—2)/n SO(H_i(Hn_l(“)))du /(N—2)/n SO(H_1<U>> du
o o (- HUES

* o) "
< || T

a.s. o(u)

o ) A= (a1 ) < oo (3.33)

where the last term is bounded due to assumption (M6). Hence B(n) —— 0.

n—o0

For ¢(Z,.,) we have

1+e€

©(Znim) :‘P(H_l(Uni")) S log(nne) (log(n)

sup

e 1L p(H~(U;))
(- Um)) 1<iznn (1= Up)HHe’

Since assumption (M6) holds, Ghosh, Parr, Singh, and Babu (1984, Lemma 3) yields

Lo(H(Ui) s
- » 0, 3.34
ol (1= U)* noee (3.34)

Furthermore from Robbins and Siegmund (1972, Theorem 1 (i))

1—Upn =0 (M> :

n
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Thus
1+€
n
" 1-U.
(foy @ = o)

is bounded almost surely. Because the first factor is also bounded, we have ¢(Z,,.,) —— 0.

n—0o0

In a similar way we can show the same for ¢(Z,,_1.,):

1og(n)1+6< n (1—Un1:n))l+e L p(H~H(Uy))

ne log(n) e

Dn1m) < — )
#(Zn-1n) < 1<i<n M (1 — U;)tte

Note that (1 — Up—1.4) = (1 — Upip) + (Unin — Up—1.n). Then again due to Robbins and
Siegmund (1972, Theorem 1 (i)), (1 —Up.,) = O(log(n)n~!) a.s. Furthermore, due to Shorack
and Wellner (1986, pp.720-721), (1 — U,.,) and (U,.,, — U,_1.,) are i.i.d. Therefore, from
Robbins and Siegmund (1972, Remark 2.1) in conjunction with Robbins and Siegmund
(1972, Theorem 1 (i)) we have

Hence

(mlgg—(é%n)l:n))lﬂ B (n(i);(:;m) N n(UnTOg?(gnlm))ue

is bounded almost surely. Then again using (3.34) yields o(Z,_1.,) —— 0, which completes
n—oo

the proof. n

The overall concept of the next proof is equivalent to the last one. Since Theorem 3.13

incorporates convergence in probability we have to use slightly different arguments.
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Proof of Theorem 3.13.
Again assume that ¢ is positive. Otherwise employ the decomposition in its positive and
negative parts. Then, due to the same argumentation as in the proof of Theorem 3.16, we

have
T, =n"1/? (/ dFyl — /@def) —n Y2 (Il(n) + ]g(n))
where I; and I, are exactly the same as in (3.29). Then from (3.30) and (3.31) we have
T <202 (B(0) + @(Za1in) + 9 Zuin)

where, equivalently to previous proof, B(n) = Z;:f % Hence it is left to show that

n'2B(n), n'?p(Z,_1.,) an nt/2¢(Z,.,) converge to zero in probability.

Inequality (3.32) yields

4 p(H (P ()
12 < / ¥ n d
n (n) Svel A 01— u)? U
~ 1.54€
4 /<"—2>/" (- (@) (1= Hw) T = wtere
nt/2 J, (1 — H;'(u))l5+e 1—u (1 —u)?
~ 1.5+€
4 0.5te 1—H; u
Sm sup ((1 _ U) 0.5+ ) sup (1—())
N7 o<u<(n—2)/n 0<u<(n—2)/n —u

(1~ iyt )5+
(1 _ ﬁ;l(u)) e /““2)/” P(H () (W)

(1= A (o

n

) /M/n Pl (W)

<———  sup
21/2=epe 0<u<(n—2)/n

—0.5+€

since (1 —u) attains its maximum on [0, (n — 2)/n] at the upper bound of the interval.

Due to Shorack and Wellner (1986, p. 419, Inequality 1)

~ 1.54€
1 — H;'(u)
sup —1_a
0<u<g(n—2)/n —u
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is bounded in probability. Furthermore, similar to (3.33), we have by the ordinary SLLN,

I G H N W) (Y ()
/o (1-— FI; (u))1.5+edu = /0 (1— H(u))1.5+eHn(dU)

p(u)
o Jy T H @)

o0

H(du) < 0.
The last term is finite due to assumption (M5). Thus

n'?B(n) —— 0 in probability.

n—o0
Moreover it yields

SO(H_l(Un:n)) S5te
n1/2(p(an) :nl/2(1 — )1'5+€(1 o Un:n)l 54

S(l _ Un;n)e(n(l . Un:n))lﬁ sup (p(H—l(Ui))

1ien (1 — U;)15+e”
Similarly as in the previous proof,

H_l ] a.s
PO 0
1<i<n N1 — Uy)15+¢ n—eo

due to Ghosh et al. (1984, Lemma 3) because we assume (M5). Note that both, n(1 — U,.,)
and n(1 — U,_1.,), are bounded in probability. Hence
n1/2g0(Zn;n) — 0 in probability.

n—oo

Using the same arguments, the equivalent holds true for n'/2p(Z,_1.,). O
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Proof of Theorem 3.17.
The proof of Theorem 3.17 is a simplified version of the one for Theorem 3.16. To shorten
the notation in the following calculation we define m; = m(Z;,0,). At first note that

[T (1) Y (- et )|

0:2; <t ©:2; <t

[Pyl (8) = Y0 ()] =

Applying Remark 3.22 to rewrite the difference and using 1 as an upper bound of the

contained products yields

SE _ SE < m(Zi:na en) i m(Zi:na en)
|ESE(t) — FS2(1))| _; (n_ B2 ey Rz 1

m(Zm, Qn) — mQ(Zm, Qn)
(n - Rn(Zi) + m(Zi:na 071))(” - Rn(Zi> + 1)

and holds uniformly in ¢ € [0, T7. O
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Proof of Lemma 3.11.

We again use the simplified notation m; = m(Z;,0,). First consider the basic inequalities

1
a <In(l—a)<—a and 14z <exp(z) <

l1—a 1—2z

forall 0 <a<1and 1>z € R. Under the given conditions we have for i = 1,...,n on the

one hand

<ni}ﬁ2fil>w::O"_n—RiZQ+1)m::“p(m”n<L_n—RiZQ+1))

< — < .
_eXP( n_Rn(Zi)+1>_n—Rn(Zi)—i—l—i—mi (3.35)

and on the other hand

Xp | ———F—5~ - = :
n—Ruz)+1) =P\ n V) = T W R.(Z) n— Ro(Z:)

(3.36)

Applying Remark 3.22 to rewrite the difference F 155 — Flsf while using 1 as the upper bound

of the occurring products gives

I (- =wtme) - LGt s)

FSE(t) - FEE()| =

©:Z; <t :Z; <t
S|o-mmtm) - CRen) =2

Note that |A; — B;| = max (A; — By, B; — A;). Then inequality (3.36) yields

aems (1) - (e )
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Furthermore by inequality (3.35) we have

Bi— A < —(1-

m? 1

“ o RZ) T Lt m)nRaZ) 4 D) (- R(Z)F

Here we used 0 < m(+,-) <1 for n large enough. Combining the last two results leads to

EE0) — FE0] < 3 A= Bl Y o ps S p

1:2; <t 1:2; <t

where the last inequality is derived identically as described in the proof of Theorem 3.17.
Since H(T) < 1, the assertion follows by the SLLN, (H,(T))"2 =% (H(T))™? < o as

n — 0o, and holds uniformly in ¢ € [0, 7. O
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Chapter 4

Kernel type density estimators for right censored data

We are going to define kernel density estimators applicable under the random censorship
model by replacing the e.c.d.f. in the definition of the usual kernel density estimator with the
product limit estimators derived in Chapter 3. In Definition 4.3 and Definition 4.4 we propose
the new semi-parametric and presmoothed estimators f3% and f5 . The main objective is
the derivation of the asymptotic representations for fgsf in Theorem 4.6 and Theorem 4.7.
Relying on those we determine exact rates of pointwise and uniform convergence and deduce

the pointwise limiting distribution as well as the distribution of the maximal deviation.

4.1 Kernel density estimation for complete data

As an entry point to density estimation, first consider the case of observing only uncensored
data points, e.g. all estimations can rely on a sample (z;)1<;<, of X. In many applications
one has no information about the existence or structure of a parametric family possibly

underlying X. Therefore nonparametric methods have to be applied.

One of the most popular and extensively studied nonparametric estimators is the kernel
density estimator introduced by Rosenblatt (1956) and Parzen (1962). A general version of

this estimator is given in the following definition.
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Definition 4.1. Assume X is a random variable as given in Definition 2.1 and let F¥ be

some consistent estimator of the d.f. F'. Then

= [ (20 i (1)

Qn Qn

defines an estimator of the density function f, provided that the kernel K and the sequence of
bandwidths (a,),>1 satisfy certain conditions, which will be concretized during the following

discussion.

In the absence of censoring, the e.c.d.f. F,,, based on a sample (z;)1<;<n, is a natural choice

for Fy. In particular

Fult) = i/RK (t - ”““) P (dx) (4.2)

an an
is the estimator established by Rosenblatt (1956) and Parzen (1962). There are a lot of
results available for complete data including Silverman (1986), Hardle (1991) and Wand and
Jones (1994) or, more recently for the multivariate case, Scott (2015). Some elementary
characteristics of f, could readily be seen from the definition. If the conditions

(K1) [7 K(z)dz =1 and

(K2) K(z) >0Vz eR
hold, e.g. K is a probability density function, then f, itself is a probability density func-
tion. Furthermore, f, inherits the continuity properties of K. It is shown in Parzen (1962,
Corollary 1A) that the estimator f,(¢) is asymptotically unbiased at all continuity points of
f given the assumptions

(H1) lim a, =0,

n—o0

(K3)  sup |K(z)|< oo,

—oo<r<oo

(K4) [_|K(x)|dz < oo and

(K5) lim |zK(x)|= 0.

T—r00
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Often an even function satisfying (K1) to (K5) is referred to as weighting function or proba-
bility kernel. Possible kernel functions are for example given in Silverman (1986, p.43). The
Epanechnikov (1969) kernel, K.,(t) := 3/4 (1 — ¢*) 1j<1, is considered to be optimal among
the kernels of second order since K, minimizes the mean integrated squared error, cf. Wand

and Jones (1994, Chapter 2.7).

If we put more restrictive assumptions on the bandwidth a,, which guarantee that the variance

tends to zero as n — 0, i.e.
(H2) lim na, = oo,
n—oo

we can ensure weak convergence of f,(t) to f(t) at all continuity points of f, cf. Parzen

(1962, p. 1069). When extending (H2) to lim na? = oo the last result also holds uniformly.

A nag,
Nadaraya (1965) was the first one who proved a strong consistency result. Silverman (1978)
managed to weaken his assumptions. Given the assumptions (K3),

(H3) lim na, - (logn)™' = oo,

n—oo

(K6) K is of bounded variation, denoted by Vi

(K7) The set of all discontinuities of K has Lebesgue measure zero,

and assuming f is uniformly continuous on (—oo, o), Bertrand-Retali (1978) showed that

fn(t) converges to f a.s. uniformly. Furthermore, given (K1), (K3) to (K5), (H1), (H2) and
(K8) [ K(z)*™dx < oo Vo >0,

Parzen (1962) proved that

nt/? (fn — fn> —— N(0,0?%) in distribution, (4.3)

n—o0

where the asymptotic variance is given by o = f(z) [~ K?*(z)dz and

ho =)= [ K (25 Fn, (1.4)

a“I'L a“I'L
is the expectation of the kernel density estimator f,,.
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4.2 Density estimators for right censored data

In Section 4.1 we have seen that kernel density estimators as given in Definition 4.1 mainly

depend on a consistent estimator of F' and some generic kernel function K:

= [ () Fian),

In the case of complete data, F* = F},, the e.c.d.f. based on (z;)1<i<n, is used. The resulting

estimator f,, is very well-studied.

In Chapter 3 we presented a new technique to derive estimators which extend the usual
e.c.d.f. F}, to the RCM. Those can be used to define density estimators applicable in the case
of censoring. Possible candidates for Ff are FEM, FACE FSE and FF from remarks 3.3 to
3.6 but also the new estimators Fzsf and F{ B introduced in Definition 3.7 and Definition 3.8,

respectively.

In fact, the estimator

has been proposed by Blum and Susarla (1980) and received great attention in practical
applications. McNichols and Padgett (1981) introduced the above given representation in
terms of the order statistics of the Z-sample and proved that under the assumptions (K1),
(K3) to (K5) and (H1) the estimator fXM(t) is an asymptotically unbiased estimator of
f(t) for all ¢t > 0. If, in addition to (H2), some further weak assumptions on K hold, then

McNichols and Padgett (1981) also showed that f5M — f in mean square as n — oo.
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In Foldes, Rejts, and Winter (1981, Theorem 3.2) it is shown that under the following hy-
potheses XM is strongly consistent: Let f be bounded, G(T}) < 1 with Tr = sup{z|F(z) < 1}
and assume in addition to (K6), (H1)

(K9) K is right-continuous,

(H4) Tim an(n/logn)'/® = oo,

then it holds s,
fa () == (1),

n
n—oo

at all continuity points t of f. Foldes et al. (1981) also gave conditions for a.s. uniform
convergence. Zhang (1998) used strong approximation techniques and counting processes to
study strong uniform convergence. His proof uses a similar approach to Silverman (1978) for
the uncensored case. A version of fXM  where the bandwidths a,, depend on the censored
sample (Z;, d;)1<i<n, is considered in McNichols and Padgett (1984). The consistency of fXM

for some other choices of bandwidths based on the distance to the k(n)th nearest uncensored

observation are investigated in Mielniczuk (1986).

Ramlau-Hansen (1983) and Mielniczuk (1986) were concerned with the asymptotic distri-
bution of fEM but for somewhat suboptimal bandwidths. Also Blum and Susarla (1980)
already derived the limit distribution of an estimator similar to fX™. More generally, Diehl
and Stute (1988) proved that given (K1) to (K5), (H1), (H2) and

(K10) K is continuously differentiable,

(K11) K vanishes outside some finite interval —oo < r <0 < s < o0,

and f, g are bounded on [0,7"] for some T' < T” then for almost all 0 <t < T < T’ < 14

(nay,)"? (ffM(t) - fn(t)> —— N(0, 0% ) in distribution,

n—00

, __f) 2
where Oxym = 1——C¥(If)/RK (Ilf)dllf, (45)

and f, = E(f,) as given in (4.4).
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Note that f,(t) is not the expectation of fX™ in the presence of censoring. In addition,
Zhang (1996) proved several asymptotic results of fX including asymptotic normality, by
using the theory of martingales for counting processes. Optimal bandwidth selection for
fEM is discussed in Marron and Padgett (1987), among others. Giné and Guillou (2001)
extended the results of Diehl and Stute (1988) to hold for adaptive intervals. The approach
they used is similar to Einmahl and Mason (2000) for the uncensored case. L,, convergence of
fEM was considered in Csorgs, Gombay, and Horvath (1991), Ghorai and Pattanaik (1990)
and Carbonez and Gyorfi (1992). The asymptotic normality of the weighted integrated
squared error of f&XM was proven in Ghorai and Pattanaik (1991) by using a version of the
martingale central limit theorem. An error bound for the mean integrated absolute error is
given in Kulasekera (1995) and an exact asymptotic expression of the Li-error is determined
in Lemdani and Ould-Said (2002). Dinwoodie (1993) studied some large deviation properties
of FEM_ More recently Diallo and Louani (2013) stated moderate and large deviation

principles for kernel type estimators of the hazard rate in presence of censoring.

If we make, in addition to the RCM, further smoothness assumptions, for example m, f,

and h are four times continuously differentiable then

rrw = o [ (S8 o)

Qn Qn

defines an estimator of the p.d.f. f. Among other results, Cao and Jacome (2004) and

Jacome and Cao (2007) were concerned with the asymptotic normality of f{ .

Jacome and
Cao (2007) also proved pointwise strong consistency. A comparison of different presmoothing
methods is given in Jacome, Gijbels, and Cao (2008). Bandwidth selection is very crucial

for those estimators and is discussed in Jacome and Cao (2008).
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Proceeding using the same idea of plugging in PLEs of F' into Definition 4.1, it is natural to

define the following estimators.

Definition 4.2. Given the SRCM, then under certain assumptions on K and (a,)n>1,

0= o [ (S0 s

Qn Qn

defines an estimator of the p.d.f. f where Flsf is given in Remark 3.4.

To our knowledge, this estimator has only been considered in simulation studies presented
in Jacome et al. (2008) and more elaborately in Harlaf (2011). Further on, making use of

the newly defined approximations ngf and FQ{D ' we propose the following estimators.

Definition 4.3. Given the SRCM, let K be some probability kernel and (a,,),>1 a series of

bandwidths, then

se = [ (20 s

Qn Qn

is an estimator of the density function f where FQSf is defined in Definition 3.7.

Definition 4.4. Requiring m, f and h to fulfill some smoothness conditions, e.g. see Cao

and Jacome (2004) and Jacome and Cao (2007), then

poe) = [ & () A

Qn Qn

defines an estimator of the density function f, where F ¥ is given in Definition 3.8, K some

probability kernel and (a,),>1 a series of bandwidths.

In an equivalent way, it is possible to specify kernel based estimators of the hazard rate as the

scaled convolution of some probability kernel and the estimators Afg or Aig, respectively:
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and

1 & t— 27, m(Zi, 0y)
SE 1 K i iy Vn ]
>\2,n (t) a, z_; ( Ay, ) n — Rn(ZZ) + m(Zz7 en)

1=

Because of this construction, those estimators behave quite similar to their counterparts for

the p.d.f,

Due to the improved properties of the semi-parametric PLEs versus the Kaplan-Meier es-
timator, in particular the gain in efficiency in terms of the asymptotic variance under the
SRCM, see Remark 3.21, it is conceivable that those improvements are carried over to the
semi-parametric kernel estimators. The simulation studies in Harlaf (2011) support this
conjecture. The simulations indicate a reduction of the asymptotic variance and the mean
squared error when comparing fff to fEM_ Theorem 4.10 below shows that this hypothe-
ses is indeed true. In particular we show that fff and fégf are equivalent as n — oo and

therefore the result holds for both estimators.

Recalling Theorem 3.13 and Theorem 3.17, it is not very surprising that the semi-parametric

SE

5n > given in Definition 4.2 and Definition 4.3, are asymptotically iden-

estimators f°F and

tical. An exact statement is given in the following theorem.

Theorem 4.5. Requiring (K10), (K11) and given the assumptions of Theorem 3.17, that is

F and G are continuous (A2), (A10), and (M6) are satisfied, then for ' < 7" < 7

(nan)? sup [£57(0) = i (O] = 0((nan)~'/?).
0<t<T
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The following two theorems represent our major results related to semi-parametric kernel

density estimators. The asymptotic representation of flsf heavily depends on hl, the kernel

density estimator of h!, which was defined in (2.4),

B () = a_lnfRK (t;nx) H (dx).

H! is given in (3.5). Note that this estimator relies on the complete dataset (Z;)i<i<p-

Theorem 4.6. Let © be a connected, open subset of R¥ and let K be some probability
kernel, that is (K1) to (K5), satisfying (K10) and (K11). Furthermore, assume (H1), (H2)
and that f and g are bounded on [0,7"] for some 7" < T". Given the SRCM and that
H is continuous, then under the assumptions (A1) to (A7), (A10) it holds for almost all
0<t<T<T < 7y that

hn(t) — Ehy, ()
1-G(@)

1/2

sup (nay,)
0<t<T

igf(t) — [a(t) ‘ = O((nan)_l/Q) + O(a,llﬂ) in probability.

Theorem 4.7. Under the assumptions of Theorem 4.6 it holds that

1/2

sup (nay,)
0<t<T

B : hl(t) — ER! Inlnn 1/9
fn (t) — fo(t) — q)_ G (t)‘ =0 (W) + 0 ((a, Inlnn)*?) a.s.

Corollary 4.8. As a direct consequence of Theorem 4.5, Theorem 4.6 and Theorem 4.7

hold true for fzsf under the same assumptions.

Theorems 4.6 and 4.7 are the counterparts to Diehl and Stute (1988, Theorem 1) for the
semi-parametric case. To prevent possible misapprehension, Diehl and Stute (1988) defined
the kernel density estimator, appearing in their theorem, using ﬁ}l(x) =0ty 0l g <y

Here we rely on h), as given above, in particular H.(z) = n~' 3" m(Z;,0,)1{z,<4}; cf. (3.5).
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Similar asymptotic representations can be derived for )\ffj: and )\55 , the kernel based esti-

SE

5>n» respectively. We omit the proof since

mators of the hazard rate which rely on A?% and A

it is analogous to the one given in Section 4.3.

Remark 4.9. If G and f, are replaced by H and

O i/RK (t;n’”) Aldz),

respectively, then Theorem 4.6 and Theorem 4.7 hold for A% as well as for A3% under the

same assumptions.

In the following we derive the asymptotic distribution of the fff — f, and the limit distri-
bution of the maximal deviation. Moreover, we give exact rates of pointwise and uniform

strong convergence.

Theorem 4.10. Under the assumptions of Theorem 4.6 it holds that

(na,)"/? | fEE(t) — fa(t)] —— N(0,0%p) in distribution,

n—o0

with the asymptotic variance

2 m(t, 6) f(t) 2
USEzl——G(t)/RK (u) du.

Due to Theorem 4.5, the same holds true for f3¥.

Corollary 4.11. Under the same assumptions as Theorem 4.6 it holds that

(nan)Y? sup |fSE(t) — fu(t)] —— N(0,0%)  in distribution
0<t<T n—o0

where %, as given in Theorem 4.10.
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Proof. The triangle inequality yields
(nan) 2 [ o (1) = Fa(t)| < (nan) 2| f0 () = fE7 0] + (nan)V? [£37(8) = fu(t)] = T+ 1L

Then I — 0 as n — oo almost surely due to Theorem 4.5. The limit distribution follows

from Theorem 4.10. O

Remark 4.12. When comparing the asymptotic variance of fzsf with the one of the Kaplan-
Meier counterpart, we have
t
o~ oo = (L=t 0 22 [ K2 a0,
G(t) Jr
for all ¢t € R> given the SRCM. Since 0 < m(t) < 1, the semi-parametric estimator is more
efficient at ¢, wherever m(t) < 1. Both estimators perform equally at all ¢, if and only if
m(t) = 1 for all £. But this is only the case if there is no censoring at all. In case of a

continuous model m, equality only occurs with probability 0. Moreover, recall that m =1

implies that there is no censoring. In this case both estimators reduce to the e.c.d.f.

Corollary 4.13. Assume that the conditions of Theorem 4.6 are satisfied. Set a,, = n~° for
some 0 < § < 1/2. Given that h' and K satisfy the assumptions of Bickel and Rosenblatt

(1973, Theorem 3.1), then

1/2 1/2 1-G(1) E F —9ew
P ((2611171) / [T/Isgth(nan) / \/m(t,@n)f(t) K R = )] - dn] < x) —e :

for d,, — oo, depending on K and ¢, as n — oc.
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Corollary 4.14. Assume (H1), (H2) and additionally

Gﬁ)hmlmlmthMgK%ﬁ—l‘zO
e—0 n—oo n

and

(H6) lim —1mm' —

n—oo Nan Inlnn

Then, under the assumptions of Theorem 4.7,

nan E 3 as. [ AT, 90 2 2
i sup [ 50T (FE(0) — Fu0) <f¥jgé%2/J(<wd%> |

Proof. This result is a direct consequence of Theorem 4.7 and the application of Hall (1981,

Theorem 2). O

Corollary 4.15. Under the assumptions of Theorem 4.7, extend (H1) and (H2) by choosing

(@pn)n>1 such that the following holds:

(H7) lim 2o — g,

n—oo 'an

and

(H8) lim LY

N 00 Inlnn

Furthermore, assume 0 < k < f(¢) for t € [T”,7"] with 0 <T"” < T < T’. Then

. na,, 1—-G(t) . a.s.
0 B 0 i 5O~ 501 ([ o).

Proof. The convergence follows directly from Stute (1982, Theorem 1.3) due to Theorem 4.7.
O

In practice assumptions (H5) and (H6) are no restriction since usually the bandwidth a,
is taken to behave like Cn~® with C' > 0 and 0 < b < 1 for which both assumptions are
satisfied. Prerequisites (H7) and (H8) roughly state that the bandwidth ranges between 1/n

and 1/lnn). When choosing for example a,, = Cn~° (H7) and (H8) are satisfied.
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The rule-of-thumb given in Silverman (1986, Equation 3.31)
a, = Cn~1/° (4.6)

with C' = min(standard deviation, inter quartile range/1.34) is a popular choice for a fixed
bandwidth and satisfies all of the previously mentioned conditions. Scott (1992) suggests to
choose the factor 1.06 instead. For more comprehensive results on bandwidth selection see

for example Heidenreich, Schindler, and Sperlich (2013) and Chiu (1996).

Corollary 4.16. Due to Theorem 4.5, the corollaries 4.13, 4.14 and 4.15 also hold for flsf

replaced by f§F.
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4.3 Proving the properties of flsf and fQSf

In this section we are primarily concerned with the proof of the Theorems 4.6, 4.7 and
4.10. Other results are proved right away in Section 4.1. Note that by assumption (K11),
K((t —=x)/a,)) = 0 for all z ¢ (t — sa,,t — ra,). Hence it is sufficient to integrate over

Sy = Sp(t) == [t — san,t — ra,| instead of the whole real line.

The following two corollaries will be used repeatedly in the course of this section. They can be
derived by applying a general variant of integration by parts. Hewitt (1960, p.423) provides
a formula for integration by parts w.r.t. signed measures which fits our needs. The proof of

more elementary versions could be based on Hewitt and Stromberg (1965, Theorem 21.67).

Corollary 4.17. Let 3 be some arbitrary continuous d.f. and assume (K10) and (K11),

then

/K (t - x) H(dx) = —/J—C(x)K (t - d”“”) .
R Gn R an
Proof. By (K10) and (K11), K((t — z)/a,)) is an absolute continuous function in = which

evaluates to zero at the boundaries of S,,. Then Hewitt (1960, p.423) yields

/n K (t ;nx) H(dx) = — . H(x)K (t ;ndx) . O

Corollary 4.18. Let ) : R — R be some bounded Borel-measurable function and again use

Sp = [t — san,t — ra,]. Moreover, assume (K10) and (K11). Then

(@)K (t - d”'”) =t —ua) K @)d(u) = — [ bt — uan) K (du).
Sn

n [r,s] [r,s]

Proof. Let K’ denote the derivative of K and )\ the Lebesgue measure. By assumption
(K10), K((t — z)/a,) = K o T(z) with T(z) := (t — x)/a,) is absolutely continuous.
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Note that T7!(u) = ¢t — ua,. Then by Hewitt (1960, p.423)

/S () (K o T)(dx) = / () (K o TY (x)\(dz)

= V(@)K (T(@))a, " A(d)

_ /T g, PO @R e o),

where A7y is the image measure of the Lebesgue measure \ induced by the transformation 7.

Applying the transformation formula, cf. Cohn (2013, Theorem 6.1.7), gives

= — |t —ua)K'(WNdu) = — | 1t — uan) K (du),

[r,s] [r,s]

where the last equality again relies on Hewitt (1960, p.423). O

The guiding idea to eventually obtain an asymptotic representation is to decompose the
difference fgsf — f,, into an asymptotically negligible remainder and a contributing part for

which we will give an i.i.d. representation. Having this in mind, Theorem 4.5 examines the

difference fy¥ — foF.

Proof of Theorem 4.5.

From Definition 4.2 and Definition 4.3 it follows

1 _ 1 _
= / K (t x) FSE(dz) — — / K (t x) FSE(d)
Qp R Qp ’ Qp R Qp ’

Then first applying Corollary 4.17 and then using Corollary 4.18 gives

| fon @) — fEE)] =

1
5550 = £550] = |- [ [P = ua) - FEEG - uan)] K (w)du
9 9 an R 9 b
1 S
<1 swp |FSF(x) - FS5(a)] / K (u)] du
Ap 0<z<T r
1 a.s. —
=— sup |F2Sf(x) —Fff(x)‘VK 2 9((na,) ™).
Ap 0<x<T
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Note that [*|K'(u)]du = Vi by Hewitt and Stromberg (1965, Theorem 18.1) where Vi
denotes the total variation of the kernel function K which is finite due to (K10). The almost

sure result follows then from Theorem 3.17. ]

We now determine asymptotic representations of fff — f,, which hold in probability as well as
almost surely. Note that f, is not the expectation of fff if some observations are censored,

compare (4.4).

Proof of Theorem 4.6 and Theorem 4.7 .

To avoid In(0) when FPF(x) = 1 in later calculations, we introduce

1 B2y = ] (1— mUZi, bn) ) (4.7)

izi<t n — Rn(Zz) + 2

which turns out to be close to 1 — FE. Note that FE(t) > FPE(t) for all t > 0. From

Definition 4.2 and (4.4) we have

(nan)'? | fEE () = ful(t)| = (nan)'?

() - [ (5 ]

Then applying Corollary 4.17 for both f’F and f, with H = FF and H = F respectively,

gives

o [ 1) - re) & (4 dx)‘

(nan)l/2 }ff’f(t) - fn(t)’ = (nan)l/2 - -

= [imee - s () o [1FE@ - po ()

a’TL n an

1/2

=(nay)

=(na,)"* |Li(n) + Ir(n)] .

As mentioned above, we have to introduce ]5157];3 to safeguard against In(0). Lemma 4.19

shows that its distance to Fff is asymptotically not significant.



Lemma 4.19. Assuming (A2) and (A10), it holds for 0 < T < 7y that

sup [F2)7(t) — F27 (8)] % 0(n ™).
0<t<T

Proof. Very similar to the proof of Theorem 3.17, it follows from Remark 3.4 and (4.7)

(2 ee) - ()

©:Z; <t

T = |Fin (1) = Fin (1) =

Now first rewriting the difference of the products using the representation given in Re-

mark 3.22 and then using R, (Z;) = nH,(Z;) yields

m(Z;, 0,) m(Z;, 6,)
= m(Z;,0,)
z;t (n—R,(Z;)+ 1)(n— R.(Z;) + 2)
m(Zob) 1§ m(Zob) L[t
S 2 G- RG22 e

Since 0 < m(,-) < 1 for n large enough due to (A2) and (A10) and H,(z) > H,(t) > H,(T)

we have

and holds uniformly in ¢ € [0, T7. O
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Having obtained the last lemma, we can now examine,

n = - [ [FsEe) - ] ()

an an

Using 7" such that 0 < T < T' < 7y in Lemma 4.19, in particular t — ua,, < T" for all n

larger than some N. Then applying Corollary 4.18 yields

1 -
L) = |+ / [FS2( — way) — FSE(t — ua)| K'(u)du
Qp, R ’ ’
1 3
<L sup |FSE() - ESE@) / K ()] dus.
Ay, 0<t<T’ R

Since (K10) by Hewitt and Stromberg (1965, Theorem 18.1), [, |K'(u)|du = V. Hence

1 = a.s. —
[L(n)] < — sup [Fy7(t) = Byl (1) Vi = 0((nan) ™),

Ay, 0<t<T"

according to Lemma 4.19. Therefore we have shown that

Ii(n) = O((na,)™). O

In order to analyze the term I,(n), the following lemma splits up the difference F?F (x)—F(x)
into several parts. Slightly different versions can be found in Diehl and Stute (1988, Lemma 5)

and Breslow and Crowley (1974, Formula 7.12).

Lemma 4.20. Let FPF be as given in (4.7). If AJZ is the estimator of the cumulative

hazard function A defined in (3.18), then for all x < T < 7y it holds true that
Fl(e) = F(z) =1 = F(2)] [ATR () = A(2)] — 271 50 [A7E(2) — A(w))”
+ e~ (@) [— In (1 — ]:"155@)) — Afg(:p)} ,
where A} () is some intermediate point between A{%(z) and A(z) and A" between AYL ()
and —In(1 — ﬁ’lsf(@)
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Proof. In order to simplify the notation we leave out the argument x in the following calcu-

lation. Use Taylor expansion in combination with the intermediate value theorem to obtain

2

exp (—Afg) = exp(—A) — exp(—A) (ATF = A) + 27 exp(—A%) (AT — A)7,

exp (ln (1 — Fff)) = exp(—ATE) — exp(—A;) (— In(1 — FPF) — A7),

Applying the basic equality A(t) = —In(1 — F(t)) from Lemma 2.3 together with the latter

expansions yields

FEE - F=(1=F) = (1= F$F) = exp(-A) - (1- FF)
— [exp(~A) = exp (~AFE)] + |exp(~AE) — exp (In (1 - F5F))]
= [exp(=0) (AT = ) — 2" exp(-A7) (AT = A)’]
+ exp(=Ay) (= (1= F5F) - a52) |
= (1 - F) (AE — A) — 27 exp(—A%) (ATE — A)*

+ exp(—A)) (— In (1 — Fff) — Afg) . O

Turning to I(n), rewrite the integrand by applying Lemma 4.20

B = o [ 1= F@) (AT () = A@)] Rin(da)
[ [AE () — M) Rade)

n 1 oA @) [_ In (1 — Fff(@) — Afﬁ(m)} Ky (dz)

an JRr

= I;(n) — Li(n) + I;(n),

where Af(z) and A are some intermediate points, as explained in Lemma 4.20. Here
K, = K((t — )/a,) denotes the transformed kernel. To examining the parts I3(n), I4(n)

and I5(n) separately, we first derive the following lemma.
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Lemma 4.21. Assuming (A2) and (A10), it holds for 0 < T < 7y that

sup [~ In(1 — F7 (1) — AT (1) = O(n 7).

0<t<T

Proof. Comparable to Breslow and Crowley (1974, Lemma 7.1), the proof is based on the

basic inequalities

<In(l-a)< —a, forall 0 <a < 1. (4.8)

To shorten the notation we use m; = m(Z;,0,) in the following calculation. Note that

ATE(t) > —In(1— Flsf(t)) for all t > 0. Due to the left-hand inequality of (4.8) it holds that

—In(1 = FYP() = A7) = ) —In (1 - n—Rn(iZi) +2) - n—Rn(iZZ-) |

0 Z;<t

IN

Z m; _ my;
- n—R,(Z)+2-m; n—R,(Z)+1

Hence the difference is given by

E ~SE o E B m(ZHQn)
APE()+1In(1 — FE (1)) = A7E(t) + In ( 1T (1 P N 2))

lZz St

__ASE m(Ziven)
=ATE(t) + Z In (1— n—Rn(Zi)+2> .

©:Z; <t

Then applying the right-hand side inequality of (4.8) yields

= ;t [n " RAZ)+1  n—Ru(Z)+ 2] = ;t (n— Ro(Z)) = n(H,(T))

where the latter two inequalities are derived equivalently as in the proof of Lemma 4.19.
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Since H(T') < 1, the assertion follows by the SLLN

and holds uniformly in ¢ € [0, T]. O

Consider I5(n). Note that 0 < e <1V a > 0. Again using 7" such that 0 < T < T’ < 71y

in Lemma 4.21 and applying Corollary 4.18 yields

()] = / ) [ASE (1~ ua,) +n (1= EPE(t — ua,)) | K (u)du

/’ —ln 1—FSE( uan)> —Afﬁ(t—uan)] K'(u)’du

<— sup |—In (1 — FSE( )> - Afg(t)’ Vi 2 0((na,) ™).

Qp 0<t<T!

Recall that [, |[K”(u)| du = Vi, the total variation of K, which is finite by (K10). The almost

sure convergence result follows by Lemma 4.21. That is

The remaining terms I3(n) and I4(n) are primarily governed by the process A‘fg —A. An
asymptotic representation of this process was derived in Dikta (1998, Lemma 3.12). This
representation could be used to prove our weak convergence results. For the sake of com-

pleteness, the result is quoted in the next lemma.
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Lemma 4.22. Let © be a connected, open subset of R¥. Given that H is continuous,

0 <t <T < 7y and assumptions (Al), (A3) to (A6) hold, then

E _1 m(Z, 00)I17,< — H'(t)
ASE(H) — A) = Z{ s

) 8 —m(Z;, 6p) Ya(r, Z;)
7, )1 — <Zz,eo>>/ () H(dx)}

-y Pt + [P ) 0

where H' and «a(z, y) as given in Corollary 2.7 and Theorem 3.10, respectively. Furthermore

HY(t) = [ m(x,00)H,(dx).

Since we are also interested in strong convergence results, in particular see Theorem 4.7, this
representation is not sufficient. The next lemma provides weak and strong convergence rates

for A?% and therefore extends Dikta (1998, Theorem 2.4).

Lemma 4.23. Let © be a connected, open subset of R¥. Given that H is continuous then

under the assumptions (A1) to (A7), (A10) it holds for all 0 < T' < 7, that

O(<M>l/2> a.s.
sup |[ATH(t) — A(t)| = "

0<t<T
t O(n=1/2) in probability.

In order to prove those rates we first derive lemmata 4.24, 4.25 and 4.26.
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Lemma 4.24. Given H is continuous, then for all 0 <t < T < 75 and 6y = (0p1,...,00%)

we have

B CH(t) - H'(t H)(z) — H'(x)
ASE(r) — A(r) =alt) / Hg() H(dz)

H{(t)
"H,(r) — H(x m(z, 9 m(zx, 6p)
* / H, () H :1:) n(d2) + / i ()

“n), H x)(Hn(x +1/ j Hnldz) (4.9)

= le(t) -+ Qn,Z(t) + Qn,3 (t) =+ Qn,4(t) + Qn,5 (t)

Proof. By simply adding and subtracting

500~ [ [ 720t~ [ o
* / xfol/n / m)}

L [t 90 x)—/ H( ] Hn(dx)}
L[ 90 / m(z 90 )} |

Note that (1 — H)™? is the Radon-Nikodym derivative of d([1 — H]™!) with respect to

dH. Therefore, due to integration by parts and equivalently to the proof of Dikta (1998,

Lemma 3.12), we have for the difference in the last line above

" m(x, 0,) (s H)\(t Hl (z) .
| i, @) 1w = O [ 5 H ().

Then simple algebra yields ATE (£) = A(t) = Qua(t) +Qnis(t) + Qus(t) + Qui(t) + Qua(t). O
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Lemma 4.25. Let 0, be the MLE of the true parameter 6, as introduced in Definition 3.7

and let © be a connected, open subset of R¥. Under the assumptions (A1) to (A7) it holds

M”z) .
16, — o] = o((=2)7) as

O(n=1/2) in probability.

that

The weak convergence result follows directly from Dikta (1998, Theorem 2.3). Since the
proof of the a.s. convergence rate is rather technical and does not contribute to the topic, it

is postponed to the appendix.

Lemma 4.26. Given that H is continuous, 0 < ¢t < T' < 75 and assumption (A7) holds,

O((M)U2> a.s.
gy 7l _ "
sup ‘Hn(t) H (t)| =

0<t<T"
== O(n=1/2) in probability.

then

Proof. By (AT), m(x,0) is absolutely continuous in x on [0,7”] with 0 < 7" < 7. By
Hewitt and Stromberg (1965, Theorem 18.13) there exist absolute continuous, nondecreasing

functions m, and m; such that
m(z,0p) = mg(x) — my(z).

Note that m, and m, are bounded on [0,7"]. Then we have for H' and H! as defined in

(2.2) and (3.5), respectively,

Hﬁ(t)—fﬂ(w:( o) (ds) — ma(S)H(dS))

[0,t] [0,t]

- ( 0 my(s)Hn(ds) — mb(S)H(ds)) = A, (t) — By(t).

[0,2]
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Exploiting the properties of H and H,, integration by parts, cf. Hewitt and Stromberg
(1965, Theorem 21.67), yields

Therefore

sup [A,(0] <(_sup [H(t) = H(O)] + 1/n) (ma(T") = ma(0))

0<t<T" 0<t<T"

+ sup |Hy(t) — H(t)| sup |mq(t)]

0<t<T" 0<t<T"
0 ((_lnlnm))” 2> as.
O(n=1/?) in probability,

where the convergence rates are due to the law of iterated logarithm, cf. Serfling (2001, p. 62,
Theorem B), and the Dvoretzky, Kiefer, and Wolfowitz (1956) (DKW) inequality. The same
holds true for B, (). O

Relying on the previous results, we can now prove Lemma 4.23.

Proof of Lemma 4.23. Consider the representation of Afg — A, given in Lemma 4.24 and
examine the summands @,,1(t) to Q,, 5(t) separately. Since x <t <T < 1y, m(-,6p) <1 for

n large enough and both, H and H,, are increasing

m(z, 90) 1 !

Since H,(T) — H(T) as n — oo by SLLN and H(T) < 1 we have

sup Q,5(t) = O (n_l) ,

0<t<T
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uniformly in ¢ € [0, T]. Moreover, Lemma 4.26 immediately yields

Q) ((%) / ) a.s.
S (@n1(t) + Qua(t) + Qus(t)) =
t '/
T O(n~1/2) in probability.

Since (A6), there exists measurable function M such that for all § € V(6y), + > 0, and
1<rs <k V.im(zf) < M(z) and E(M(Z)) < co. Then in a similar fashion as Dikta

(1998, p.265), we get by Taylor expansion and strong consistency of 6, for n large enough
im(z,0,) —m(x,00)] < k|0 — 6o M(x).

Furthermore, for n large and small € > 0 it yields V 0 < z < t, (H,(z)+1/n) > (H(t)—¢) >0

almost surely. Therefore

Qn4

/ Im(z, 9 m(z, 0p)| M (x) H, (dz)

1/n Hn(dz) < k]j6n — 90”/0 H,(z)+1/n

<k[6, —eou — [ ) a).

Note that [~ M (y)H,(dy) —— E(M(Z)) < oo and H,(T) — H(T) < 1 as n — oo by
n—oo
SLLN. Then Lemma 4.25 yields

O ((%)Uz) a.s.
sup Qn,4(t) -

0<t<T
<t< O(n_1/2> in probability.

The weak consistency result could have been derived as an immediate consequence of Dikta

(1998, Theorem 2.5). O
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Employing the latter result for 0 < 7' < T’ < 7y and one more time using 0 < e~ < 1

YV a > 0 as well as Corollary 4.18 gives

]. * /
L) = | /R 9 le M) [ASE (4~ ya,) — A()]® K (u)du
1
< — | ATt~ uan) — At - uay)]* K (u)| du
n JR

1 2 O (_m:;(n)) a.s.
g_{sw\xf@_A@@x@: »

An  0<t<T" O((nan)fl) n probablhty,

where Vi denotes the total variation of K. The asymptotic result follows by Lemma 4.23

when replacing 7" by T”. Recall, we decomposed
(nan)' 2 [ (1) = Fa(t)] = (nan)? [Li(n) + L(n)]

with Iy(n) = I3(n) — I4(n) + Is(n). So far we have shown that I;(n), I4(n) and I5(n) vanish
as n — oo at a sufficient rate. Hence it is left to analyze I3(n). Before applying Lemma 4.24
to handle the remaining term, we further investigate the first summand of the therein given

representation. For that reason note

O—Funrﬁwygﬁuqzﬁ%@‘ﬂ%@
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Now using the representation for Afﬁ — A given in Lemma 4.24 in combination with (4.10),

I3(n) can be written as

I3(n) = a—ln/sn[l — F(2)] [AT) (z) — A(2)] K <t ;nd$> =A,+B,+C,+D,+E, +F,
where
An(t) =i@ /S @ -] K (t ;ndx) |
50 _a_ln /S Gc(‘;ﬁ_@i()) (H\(x) — H'(2)) K (t ;ndf’f> |
Ca(t) :a_ln /Sn[l—F(a:)] / H,(y I;(— 5 )H(dy)] K(t;ndx»
S
ci0-1 [ 1] et ().
1

o) = [ 11 ol | 7 Moi ] K ().

The terms C, to F,, are an immediate result when plugging Lemma 4.24 into I3(n), whereas

A, and B,, were introduced when applying (4.10).

In the following, we will show that A, is the only contributing term. The others will turn
out to be asymptotically negligible. The technique to actually show this is very similar for
the terms B,, to F,,. We present the treatment of F,, in detail and only proof the key parts

for the other terms.

First consider F,, and let

9790)
WF'n, / H )+ 1/n)H (dy)

denote its inner integral.
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Then for 0 <t <T < T’ < 1y by using Corollary 4.18 and T(z) = (t — x)/a,) we have

1 _
Pt = | [ PR (7(00)
nan Jg,
1 _
=|— F(t — uan)We,(t — ua,) K'(u)du
nay, [r,s]
1 _
< —W,:,n(t)/ F(t —ua,)K'(u)du
nay, [r,s]
1 _
o / F(t — uay,) [Wen(t — ua,) — We,(8)] K'(u)du
n J[r,s]

= |Apn(t)| + | Ben(t)] .

Now examine W, (t). Since y <t < T and m(-,0y) <1

(4.11)

Now let 0 < ¢ < T and n large enough such that |t — ua,| < T" for all u € [r, s]. Then

1
(We ot —uay,) — We,(t)] < ﬁ(T’)Hn(T’) |H,(t — ua,) — Hy(t)]
- M,)}[n(T,) (2| H, — H| + |H(t - uay) — H(®))
= e 2V~ Hl+ A () ul o),

where y*(t, a,,u) between t — ua,, and t. Hence |y*(t, a,,u)| < T".

Therefore we have

sup  sup W, (t — ua,) — Wen(t)]
0<t<T r<u<s
[t—uan|<T’

1
< e —
= ey S H(T)E,(T)

[t—uan|<T’

(20, = Hl+ sup ne)max(e] oo ).
0<t<T’
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which together with the DKW inequality and the law if iterated logarithm finally leads to

V) ((%) 1/2) +0(an) as.

O((n)~%) + O (a,) in probability.
(4.12)

sup sup |We,(t —ua,) — We,(t)] =
0<t<T r<u<s

Due to (K11) we have [ K'(u)du = 0 and therefore it holds that

/[ }[1 — F(t —ua,) | K'(u)du = / [F(t) — F(t —uay,)] K'(u)du

[r,s]

= (u*(t, ap, u))ua, K'(u)du,

[r,s]

where we used Taylor expansion in combination with the intermediate value theorem. Here

u*(t, a,, u) is some value between ¢ and ¢t — ua,,. Hence

sup
0<t<T

/[ ][1 — F(t — ua,)|K'(u)du

<a, sup f(t)max(|r|,]|s|) /S |K'(u)| du.  (4.13)

0<t<T
Then by (4.11) and (4.13) it follows

1

|[Apn(t)] < I (T IL(T) Oglng/f(t) max(|r| , |s]) /TS | K (u)| du.

In other words we have

sup |Ar,(t)] = O(n_l).

0<t<T
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Similarly for Bg,(t), it follows from (4.12) and (4.13) that

1 s _
sup |Br,(t)] < — sup sup |We,(t —ua,) — We,(t)| sup / F(t —uay)K'(u)du
0<t<T N0p 0<t<T r<u<s 0<t<T |Jr
( 1/2
2 [O ((%n(")) ) +0 (an)] a.s.
=9
K% [O((n)™2) + O (ay,)] in probability.
( 1/2
O ((%) ) + 0O (apn™t) as.
kO ((n)_3/2> + O (apn™) in probability.

All together we have for F,,

1/2
Fu(t)] < O(<%(m> )*O(“””_l) o
sup |Fp s

0<t<T

O ((n)_g/Q) + 0 (a,n™") in probability.

In order to handle E,, we proceed in a similar way. Let

_ [F mly,6n) —m(y,6o)
WE,n(x) = /0 ﬁn(y) Y 1/n H,(dy)

be the inner integral of E,,. Then similarly as above

[En(t)] <

1 _
LW / F(t — uan) K'(w)du
[r,s]

na,

_|_

L / F(t — uay) [Wea(t — uay) — Wea(t)] K'(u)du
[r,]

na,

= [Aen(®)] + [Ben(t)] -
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Expanding m(y, -) in combination with the intermediate value theorem yields

— ’ <Vm<y79*<y79n79))79n - 90)>
Weoo) = [ 0000 g,y

where 6*(y, 0,,,0) € O lies in the interior of the line segment connecting 6,, and y. Hence

Now let V(6y) be the neighborhood of 6y from (A6). Then due to (A2) for n large enough

a.s. 1
sup (Wen)] S~ 16, — o]l sup_sup [[Vm(z, 6)]
0<t<T H,(T) 0<t<T 6V (6)
O( 21nln(n ) a.s.
(4.14)
O (n~/2) in probability.

Furthermore, for n large enough, because of (A2) and (A6) it holds that

sup  sup |[Wen(t —ua,) — We, ()]
OStST r<u<s
[t—uan|<T’

1
< = sup sup |[|Vm(z,0)| | [|6n — 6| sup  sup (H,(t) — H,(t — ua,))
H,(T) 0<t<T"

0<t<T” 66‘/(90) ‘t r§u§|2T/
—uan

IN

1
. <sup sup ||Vm<w,e>||> 16, — 6ol

n(T) \o<t<1 6ev(60)

X (2 |H, — H|| + sup h(t)max(|r|, |s|)an) .

o<t<T"
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Therefore it yields

sup  sup |[Wen(t —ua,) — We, ()]
0<t<T |t—uan|<T’

(o ((Llng(@)lﬂ) {o ((ﬂn:(n))l”) + 0O (an)} a.s.
O (n=12) {0 (n72) + O (an)} in probability.
O ( 21n1n n) 2> .
_ (4.15)
O ( n~Y 2) in probability.

We then have from (4.14) and (4.13)
1/2
0 ((%) ) a.s.
oiufT [Aen(t)] =
t
o ) (nil/ 2) in probability,

and from (4.15) it follows

sup |Ben(t)| =

0<t<T

Therefore we have shown that

1/2
o ((22)™) as

O (n~1/2) in probability.

sup [E,(1)| =

0<t<T
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Consider C,(t) and D,,(t) and denote the inner integrals by

Hily) ~ H'() )l
Welo) = [P @), Wou(o) = [ B i),

Then, similar as above, it follows that

1 O (<_21n1n(")>1/2) a.s.
sup [Wou(t)| < |Hn — Hll 5~ = (4.16)

; TYH(T
0<t<T ( ) ( ) O(nfl/Q) in probability.

and

(9((%)”2) as
sup |We(t)| < ||H, — H'|| (4.17)

> n H2(T
0<t<T (T) o) (n*1/2) in probability.

Furthermore it yields

sup  sup W (t —ua,) — Wen(t)]

OStST r<u<s

[t—uan|<T’
1
< sup |H!(t)—H' ()| = su su H(t) — H(t — uan
< Ogtng/| n(t) (t)] T S, S [H(t) — H( )|
[t—uan|<T’
1
< sup |HMNt)— H(¢ sup h(t) max(|r|,|s|)an,,
S n(t) (t)] T 2, (t) max(|r[, |s)
which leads to
o ( (2nc) ”) s
sup sup |Wen,(t —ua,) — We,(t)] = " (4.18)
psrstrsnss O (a n_1/2) in probability

7



Now turning to the term D, (), we have

sup sup  |Wp,(t —uay,) — Wp ()]

0<t<T r<u<s

[t—uan|<T’
1
< sup |H,(t)— H{t)| =———=— su su HY\(t) — HY (t — ua,
t—uan|<T’
< suwp [Ha(t) — Ht)] oo
su (1) — _—
- ogtng' H,(T")H(T")
9 (2 sup (HL(t) — H'(t)) sup_ h(t) ma(|r|, |sr>an) |
0<t<T’ 0<t<T’

which yields

1/2
O(an (%) ) a.s.
(4.19)

sup sup |Wp,(t — ua,) — Wp ()|
0<t<T r<u<s

In order to derive an asymptotic representation of B,,(¢) consider

= | S e - w5 “)

Bnlt)] = GG o

1 1
= H(t)— H'(t
an, CA(T) Oiggpw( n(t) (t))

o sup (H,(t) — H'(t)) sup g(t) maX(\?"\’\SD/SK’(U)dU-

G2(T") o<t<1 0<t<T"

/S g(u*(t, u, a,))ua, K'(u)du

Now use (4.17) and (4.18) as well as (4.16) and (4.19) in combination with (4.13) to obtain

sup |B,(t) + C.(t) + D,(t)| = O(( " ) )

0<I<T
== O(n=1/2) in probability.
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Recapitulating, we have shown so far that

(nan) 2 [ () = Fa(t)| = (nan)2A, (4.20)
Inln(n) Inln(n) 1/2
oG ()
O(n2) + O((na,)™) in probability.

an

A, = — #a—t/s K (t;f) [H — H'] (dx)

__ ﬁ [% /S K (t;nx) H (dx) — a—ln /S K (t;nx) Hl(da:)]
hy (1) éghi(t))

with A, = %G(t)i [s [Hi(z) — H'(z)] K (w> Using Corollary 4.17, note that

Hence we have

gf(t) - fn(t) -

V) <<(:1;:)(?/)2>) +0 ((an In ln(n))1/2) a.s.

O(ar’®) + O((na,)~?) in probability.

B () — E(RA(0) ’
Gt

(na,)*? sup
0<t<T
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Proof of Theorem 4.10.

Recall (4.20), the definition of A,, from the latter proof, and

Hy(x) = H'(x) 1~ m(Zi,00)]1z,<0) — H' ()
G(t) n Z G(t) '

i=1

Therefore

An :ﬁi /S [H)(x) - H'(z)] K (t ;ndl“)

n

1 1 1 t —dx 1 —
:_E:___ Zi,00) 17 < — H' (2)] K E—E Ain,
Nz n G(t)/s [m( o)z (:p)} ( anp ) [ 7

n

where A, ,, only depends on the random variable (Z;, ;). Hence, by CLT, the left hand side

of (4.20) is asymptotically normal distributed:

(nan) | fSE(t) — fu(t)| —— N(p,0%z)  in distribution,

n—oo

where

p= lim a'’E[A;,] and oep = lim a,Var[A;,].
n—o0 n—oo

For the sake of a brief notation let’s set m(Z;) = m(Z;,0y) for i = 1,...,n. Then cal-
culating the expected value using Corollary 4.18 and Fubini’s theorem, cf. Cohn (2013,

Theorem 5.2.2), yields

E[A,] :an@(t)E VS [m(Z1)l1z,<0) — H' (2)] K (t ;ndx)}

= /[ ] [E (m(Z0)]12,<t—uan)) — H'(t — ua,)] K'(u)du = 0,

since E (m(Z1)1(z,<t—uan)) = H'(t — uay,).
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Thus = 0 and it is left to calculate the variance of asymptotic variance:

a,Var [A;,,] = Var [(nan)l/Q,_A]
- GV | /S [Hw) - B K <t ;ndxﬂ
_ G%@%var /S K (t;f) H(de) — /S K (t;f) Hl(dx)}

1 n l & t—Z,
_—GQ(t)aVar EZK< o )m(Zi)

_ %@% /S K> (t ;nx) m?()h(z)de — (/S K (t a_f) m m)h(x)dx>2]
_ # { e~ wan) At~ e~ an /S K (t ;nx m(x)h(:v)du]
— mg)(g(t) /R K (u) du = %’é‘;@ /R K (u) du = % /R K (u)d
In conclusion, we have shown that
ol = (T@gzg; /R K2 (u) du = T@éf&) /R K2 (u) du. O
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Chapter 5

Simulation study

In Chapter 4 it is shown that under the SRCM fPF and f7F admit a smaller asymptotic

fEM - In this chapter we are going to perform a simulation

variance when compared to
study in order to demonstrate the improvement regarding the asymptotic variance and to

investigate the bias admitted by these estimators.

Recall the SRCM from Definition 2.5. For the simulations we choose the lifetime X to be
Weibull distributed and randomly right censored by an independent Weibull variable Y, that
is
X ~ F=Weibull(ay, £1) and Y ~ G=Weibull(as, 52)

where f and ¢ denote the p.d.f.s of X and Y, respectively. The p.d.f. of a Weibull(a,5)
distribution is given by f(t) = af(at)’texp(—(at)?) for t > 0. As explained in Dikta
(1998, Example 2.9.) and Harlafs (2011, Section 3.1.1.), this results in a two-parameter
model for the conditional probability m, in particular

01

m(t,0) = TS

0, >0,0, eR (51)

with 6 = (01,605)7, 0; = (aflﬁl)/(a§2ﬁg) and 0y = By — B1. Note that this setup describes a

generalized proportional hazard model and that 74 = oo.
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As a first step, one single dataset of the form (Z;,6;)1<i<, Was generated according to the
SRCM with a parametric model as given in (5.1). We choose the parameters a; = 1 and
B = b for the lifetime distribution I’ and as = 1.7 and (35 = 1 for the censoring distribution
G which causes approximately 80% of the observations to be censored. Based on this dataset
the estimators fXM ff and fﬁgf were used to estimate the true p.d.f. f. The bandwidth

was determined by the rule of thumb given in (4.6). A plot of the estimating curves is given

in Figure 5.1.

<
(@]
1)
—_— f‘km
n
o | —
(@)
=
i)
=
(@)
S 7 | | | | |

[ [ | [ | [ | [ | I | [ [
0.2 04 11 06 2 08 8 10 4 12 W 14 1.6

Figure 5.1: Comparison of M, f5F and f7 based on a single Weibull-Weibull dataset

» J1n

Table 5.1 lists the bias and the squared bias for each of the three estimators at the node

pOil’ltS (ti)izl 5. That is

: . 2
Biasspa(t:) = f(t:) = far, (1) and  Biasgp(t) = (f(t:) — fr (t:))
and similarly for f7¥ and fX*. The additional column labeled with Bias® shows the averaged
squared bias taken over the five node points which in case of fff is
1o 2
=2 (f(t) — £55w)’

i=1
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The data in Table 5.1 shows that the semi-parametric estimations lead to a smaller deviation
from the true value when compared to the Kaplan-Meier estimator. Except in one node
point, the squared bias of the semi-parametric estimators is smaller than the ones of the
Kaplan-Meier approximation. In addition, the results suggest that the new semi-parametric

estimator fy¥ leads to a smaller bias in comparison to f{F.

t1 =05 to = 0.7 t3 = 0.9 ty=1.1 ts = 1.3
Biasgy| -0.0186  +0.1000  -0.4528  +0.0994  +0.2498
Biasgpi| -0.0531  -0.0268  -0.2346  +0.0266  +0.2272
Biasggo -0.0493 -0.0131 -0.2224 +0.0227 +0.2159

t;y =0.5 to = 0.7 ts = 0.9 ty=1.1 ts = 1.3 Bias?
Bias%M 0.0004 0.0100 0.2050 0.0099 0.0624 0.011426
Bias%p,| 0.0028 0.0007 0.0550 0.0007 0.0516 | 0.007793
Biaskp,| 0.0024 0.0001 0.0495 0.0005 0.0466 | 0.007772

Table 5.1: Bias and squared bias of the estimators at particular node points

To further investigate the behavior of the estimators we generate k = 100 datasets
Dj = (Z;, i) 1<i<n; j=1,...,k

of sample size n = 40. We again use the same Weibull-Weibull model as described in (5.1)
but with the parameters oy = 4, 51 = 0.6, as = 2, § = 2. This leads to roughly 30%
censored observations. Similarly as before we apply the estimators fr™, fPF and f7F to
each of the datasets in order to approximate the true p.d.f. f at 50 equally spaced node
points 0.01 < t; < --- < t50 < 0.5. To indicate the dependence of the estimate fﬁgf(t) upon
a particular dataset D we write

SE(t) = fol (D),

2,n

and similarly for fEXM and f7F.
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Based on the k£ = 100 approximations of f(¢;) the average, the MSE and the sample variance
are calculated for each of the estimates X" (t;), fPF(t;) and 35 (t;) for i =1,...,50. That

is
AVGSEQ(ti) = = Z SE D t
2
MSEspg(ti) = kz on (D t) = f(t:))"

VARgpa(t;) == kz SE(D;, 1) — AV Espa(t:))?,

and similarly for flsf and fEM_ The results for five particular note points are shown in
Table 5.2. In order to obtain some global measures we calculate the average of the MSEs

and the variances over all 50 node points, in particular

50 50

___ 1 — 1

MSESE2 = 5—0 E MSESEQ(tZ) and VarSEg = 5—0 E VarSEQ(ti),
i=1 =1

and similarly for 7 and fEFM. These averages are given in Table 5.3.

t13=0.126  ty =0.202  tyr =0.260  t35 = 0.336  ty3 = 0.412
F(t) 1.6264 1.0824 0.8500 0.6462 0.5094
AVGx oy 1.9840 1.2693 0.9504 0.6470 0.4498
AVGgp1 1.1656 0.6864 0.7606 0.9621 1.1656
AVGgpo 1.9963 1.2671 0.9487 0.7100 0.5875
MSE g s 2.2073 1.8997 2.0132 2.2701 2.5874
MSEsg1 2.1509 1.8259 1.9495 2.1878 2.4186
MSEg g9 2.1737 1.8229 1.9254 2.1313 2.3191
VAR K m 1.2928 0.7992 0.8479 1.0433 1.3226
VARgE1 1.1655 0.6864 0.7606 0.9621 1.1655
VARsE2 1.1071 0.6569 0.7371 0.9294 1.1065

Table 5.2: MSE and variance of the estimators based on & = 100 datasets
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From the results presented in Chapter 4 one might suggest that the semi-parametric esti-
mators produce smaller variances also for finite sample sizes. The data shown in Table 5.2
confirms this conjecture: At all 50 node points the estimators flsf and fégf attained a smaller
sample variance than fX. Moreover f§¥ produces smaller variances than f{7 at all node
points t;. Both facts are also reflected by the averaged variances, in particular Table 5.3

shows that

VARSEQ < VARSEl < VARKM

This suggest that for a fixed sample size fQSf provides approximations with a smaller variance

when compared to f{F.

MSEg p MSEs g1 MSEsEs2 Vark i Vargpi Varges
2.4387 2.3510 2.3180 1.372486 1.256572 1.200321

Table 5.3: Average of the MSE and the variance taken over all node points

Furthermore Table 5.2 shows that the behavior of the bias is very similar to the one of
the variances. The Kaplan-Meier estimator results in larger MSEs at all node points when

compared to the semi-parametric counterparts. In addition, the semi-parametric estimator

SE

in» except for some of the smaller node

255 gives even smaller MSEs than the estimator
points. The averaged MSEs given in Table 5.3 show that fQSE produces overall a smaller bias

in comparison to fP'F for a fixed sample size:

MSESEQ < MSESEl < MSEKM

This corresponds with the insights drawn from Table 5.1.
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Chapter 6

Conclusion

Product limit estimators of the survival time can be derived as the solution of identifying

integral equations. The widely used Kaplan Meier PLE FAM and also its semi-parametric
and presmoothed extensions F: lsf and Ff ' are in general only sub-distribution functions. In

comparison, the proposed semi-parametric estimator

E(p\ . — U Zi,bn)
1-FP) =] ll n — Ro(Z;) + m(Z:,6,)

i:Z,L'St

is a true distribution function and therefore should perform better w.r.t. the bias especially in
the case of small sample sizes. In addition, it is possible to directly sample according to Fzsf
which is particularly useful for the construction of confidence bands of the underlying survival
function. Theorem 3.13 and Theorem 3.16 show that F°F and Fy} are asymptotically
equivalent, i.e., for some Borel-measurable function ¢, fooo gdeff is a strong consistent
estimator of the linear functional [/* ¢dF where 74 = inf{z : H(z) = 1}. Furthermore
Jo " @dF admits the same asymptotic variance as the corresponding functional w.r.t. F°7.
This attained variance is optimal w.r.t. to the class of all regular estimators of fOTH wdF and
therefore FQSE outperforms its Kaplan-Meier and presmoothed competitors. A more detailed

discussion can be found in Subsection 3.2.3.
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Relying on FQSf , it is possible to extend the usual kernel density estimator to the semi-

parametric random censorship model. Key to the analysis of the resulting estimator

se = [ (20 et

Qn Qn

are the asymptotic representations derived in Theorem 4.6 and Theorem 4.7 which reveal the
enhancement of f57 in comparison to the Kaplan-Meier kernel estimator f". For example,
the asymptotic variance introduced by fff is in almost all scenarios strictly smaller than the
one of fEM hut is at most equal. Further results drawn from those asymptotic representations

are improved pointwise and uniform convergence rates of fZ when compared with &M,

The simulation study has shown that, for a fixed sample size, the semi-parametric estimators

155 and fQSf produce smaller variances when compared to the Kaplan-Meier estimator fX.
In addition, although f{F and f5F are asymptotically identical, the simulation indicates that,
for a fixed sample size, fzsf results in smaller variances in comparison to fff . The admitted
bias shows a similar behavior: For a fixed sample size, fff causes a smaller bias than flsf

while the bias of both semi-parametric estimators is smaller then the one induced by f<M.

For both, Fff and fQSf , the bias reduction and the gain in efficiency was shown under

the assumption of a correctly chosen parametric model for m. There are bootstrap based
goodness-of-fit tests available in order to validate the model assumptions. Simulation studies
have shown that F°F performs well even under incorrect model assumptions. It is conceivable

\n

that FyY and f5F behave similarly.
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Appendix A

Convergence rate of the MLE

In the following we will give the proof for Lemma 4.25 and therefore derive an a.s. convergence

rate of the MLE defined in Definition 3.7.

Proof of Lemma 4.25.

Recall the log-likelihood function for 6, with wy, we and w as defined in (A5) and (3.11)

n

n(0) == D w(d:, Z:,0),
=1

in particular w(d,Z,0) = dwi(Z,0) + (1 — §)wa(Z,0) with wy(z,0) = In(m(z,0)) and
wy(z,0) = In(1 — m(z,0)). Furthermore let 6 = (64, ...,0;) and define

V,m(z,00) = Dym(z,60) = [0/00,m(z,0)]|s—g,

and Vm(z,60y) = Grad(m(z,60y)) = (D1m(z,6y), ..., Dgm(z,6y))T. Moreover let

VTvlm(z, 90) Dlvlm(z, 90) ce ijlm(z, 00)

VTVim(z, 6y) Dy m(z,60p) -+ Dirm(z,6p)

be the Jacobian matrix of Vim(z, ).
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Following the reasoning of Witting and Miiller-Funk (1995, Theorem 6.35), the expansion of
Grad(l,(0,,)) at 6y yields

Grad(l,(0,)) = Grad(l,(6o)) + J(1,(6,)) (6, — 0o)

= Upn(60) + | T0(60) + Ru(60,0,,0,)| (6, — o), (B.1)

where 6, € O lies in the interior of the line segment connecting 6,, and 0y, and U, () is a

vector with elements

n

1
U (60) = - > Dw(8i, Z;,60), forallr=1,... k.

=1

T,(0y) and R, (6, 0,, én) are matrices with elements

1 n
Tn,r,s(QO) = E Z Dr,sw(éia Zi7 90)7

=1

- 1 <& -
Ry s(00,0,,0,) = - E D, sw(0;, Zi, 6,,) — Dy sw(6;, Z;,60p), forallrs=1,... k.
i=1

Now consider U,,. Since D,w(d;, Z;,0y) are i.i.d. for all i = 1,... n it follows by SLLN

Unr(00) —== E[D,w(8,Z,00)] =0 V1<r<k (B.2)

n—o0

where, since m(Z, 6y) = E[d|Z],

E[D,w(5, Z,0,)] = E [D, A0 n(m(Z, 0)) + (1 = 8) In(1 — m(Z, 60))}]
[6D,.m(Z,0,) (1—06)D,m(Z, 90)}

—E _
m(Z,6p) 1 —m(Z,0o)

"D,m(Z,00)(6 — m(Z, 90))}

=B [ m(Z.00)(1 = m(Z,00)

B D,m(Z,00)(0 —m(Z,0p))

=Bz a0 —m(z.8) |

B [ D,m(Z,60y) B
=5 (Z.80) (0 = m(Z,80)) (E 0312~ m(z 90))} =0
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Furthermore, note that

E [D,w(8, Z, 60) Dsw(6, Z,6)]
=E[{6D, In(m(Z,60)) + (1 —6)D, In(1 — m(Z,6y))}
x {6DyIn(m(Z,60)) + (1 = 8)DyIn(1 — m(Z,6,))}]
=E [6°D, In(m(Z,60)) D, In(m(Z, b))

+ (1= 6)>D, In(1 — m(Z,6y))DsIn(1 — m(Z,6,))]

[ Dym(Z,60) Dem(Z, 6o) D,m(Z,00)Dam(Z, 6,)
B 0 e
D, m(Z,60)Dam(Z, 6,) Dom(Z,00)Dym( 2, ) -
=E _ (7. 00) E[§]Z] + 0= m(Z.0,)) E[l - 5|Z]}
_E [ D.m(Z,600)D;m(Z,0y)  D,m(Z,0p)Dsm( Z ) }
| m(Z,6,) (1—m(Z,6p))
_E [ Dym(Z,00)Dsm(Z,00) ] 5
m(Z,00)(1 —m(Z,6y)) ne

Now consider T,,. Since D, sw(d;, Z;,6p) are i.i.d. for all i = 1,...,n it follows by SLLN

n rs(‘90> —> E [Dr,sw(57 Z7 90)] = —Orgs-

n—o0

Due to (A4) an (A5), I(6y) is finite and positive definite. Hence we have
Tu(00) —— —1(b).

n—oo

In the following we will show that R, (6o, 6,, én) 2250 as n — oo. Therefor define

Ar,s(67 2y ’7) = Sup |Dr,sw<57 2 6),) - Dr,sw(éz‘u Zi 90)' :

0'€V (6o,7)
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By (A4) and Witting (1985, A3.6) A, is measurable. Assumption (A4) also yields that
ars(y) =E[A, (5, 2,7)] <ooforall 0 <y <y and that A, (5, 2,7) — 0 as v — 0. Hence

ars(y) = 0 as v — 0 by Lebesgue’s Dominated Convergence Theorem. For € > 0 consider

)

S lim P <Sup Rn,r,s(00a9n7én)

N—oo n>N

hm P <Sup Rn,r,s(9079n79~n) >

—00 n>N

> €, sup |0, — 0o < ”y) + lim P (sup 16, — Ool| > ”y)
n>N N—o0 n>N

< hm P (sup ZA” 0iy Ziyy) > e) —|—J\}im P (sup 16, — 00| > fy)
— 00 —00 n>N

n>N T

N—o00 n>N TN 4

< lim P (sup ZA’"S 8iy ZiyY) — Gps(7y) > %) —i—]\}im P (sup 160, — 0ol > 7) =0.
—00 n>N

The first term vanishes due to SLLN since A, (d;, 2;,7) are iid. for i = 1,...,n. The
second term is zero because the MLE 6, is strongly consistent by assumption (A2). So we
have R, (0o, On, én) 2% 0 as n — oo and hence

R0, 0,,0,) = 0. (B.4)

n—o0

Using the latter result together with (B.3) gives |T},(60) 4+ R (o, 6n, 0n)| == |—1(60)|# 0 as
n — oo since the determinant is a continuous mapping and 1(6) is positive definite by (A5).
Therefore, for n large enough, [T,,(6y) 4+ R (6o, 05, 60,)] is invertible. Since Grad(,(6,)) = 0
it follows from (B.1), (B.3) and (B.4) for n large enough

0= Un(6o) + [Tn(e()) + Ry(60, 0, én)} (6, — 6o)

-1

& (0, — 00) = — [ang) + R, (6o, 0, én)} U (60)
PN (0, — 00) = [I(00)™" +o(1)] Un(6y)  as.
(21rﬁnn>l/2 (0 — 00) = [1(90)_1 + 0(1)} (2 lrﬁnn)w2 Un(6h) a-5.

— 1(90)710 < 00

n—o0
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when applying the continuous mapping theorem and where C' = (C}, ..., Cy) is the a.s. limit

of (L)I/ 2 Un(0o). Then by the law of iterated logarithm

2Inlnn

n

I (
11,31_>S£p 2lnlnn

for all r = 1,..., k. Due to assumption (A5), C is bounded and therefore

1/2
16, — 0] %2 0 <<_21njj<">) ) | 0
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