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ABSTRACT
OPTIMAL PAIRS TRADING RULES
by

Eric Mueller

The University of Wisconsin-Milwaukee, 2016
Under the Supervision of Professor Chao Zhu

This thesis derives an optimal trading rule for a pair of historically correlated stocks.
When one stock’s price increases and the other one’s decreases, a trade of the pair is
triggered. The idea is to short the winner and to long the loser with the hope that the
prices of the two assets will converge again. In this thesis the spread of the two stocks
is governed by a mean-reverting model. The objective is to trade the pair in such a way
as to maximize an overall return. The same slippage cost is imposed on every trade.
Furthermore, a local-time process to the spread is introduced in order to avoid infinitely
large gains.

We use the associated Hamilton-Jacobi-Bellman equations to characterize the value func-
tions which are solved by using the smooth-fit method. It is shown that the solution of
the optimal pairs trading problem can be obtained by solving a set of nonlinear equations.
Additionally, a set of sufficient conditions is provided in form of a verification theorem.

The thesis concludes with a numerical example.
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1 Introduction

The research on optimal trading rules may be started from @ksendal (2003) (Example
10.2.2., pp. 219 and Example 10.4.2., pp. 227), where an optimal selling rule for a stock
holder was studied. Guo and Zhang (2005) extended the case to a regime switching mar-
ket, where the stock prices were driven by a geometric Brownian motion combined with
a Markov chain. Using a smooth-fit approach they discovered that the optimal trading
rules are of a threshold type. Zhang and Zhang (2008) studied the optimal trading rules

for both buying and selling in a mean reverting market.

Pairs trading, a convergence trading strategy, involves identifying two stocks whose prices
showed similar behavior over a long period of time, i.e., they are historically correlated.
If the spread of the two asset prices increases one buys the loser and shorts the winner,
betting that history repeats and the prices eventually converge again. This trading strat-
egy was developed in the mid-80’s and has been a popular tool used by hedge funds and
investment banks since then. For being a successful strategy, it is of great importance
to know when to initiate the pairs trade and when to close all positions. The objective
of this thesis is to find such rules and establish their optimality. As in Song and Zhang
(2013) we consider a mean-reverting model. However, the state process used in this thesis
is the difference of the log- prices in contrast to the difference of the real prices used by
Song and Zhang. Because of the proportional slippage cost for each transaction in our
formulation (see equation (10) for details), and the fact that the difference of the prices
of the underlying stocks can be negative, it is possible to have a risk-free positive profit.
Therefore in order to work with well-posed problem, we introduce a local time process to

the spread, which ensures that the difference of the prices is bounded from below.

The thesis is structured as follows. In Section 2 the pairs trading model is introduced
and is followed by the formulation of the optimization problem. In addition, we define
the reward function and state important properties of the value function at the end of

the section. As in Song and Zhang (2013) and Zhang and Zhang (2008) we follow a



dynamic programming approach to solve the optimal stopping time problem. The associ-
ated Hamilton-Jacobi-Bellman equations for the value function are established in Section
3, where we also solve them with the help of the smooth-fit method. It is shown that the
three threshold levels zj, zp and z; can be used to construct an optimal trading times.
These levels are obtained by solving a set of nonlinear equations. Additionally, we pro-
vide sufficient conditions for their optimality in terms of a verification theorem which is
proven in Section 4. We conclude the thesis by giving a numerical example in Section 5

which shows the practicability of our computations in the previous sections.



2 Pairs trading model

Let {Q, F,{F:}i>0,P} be a complete filtered probability space, in which the filtration
{Fi}i>0 satisfies the usual condition. Consider two risky asset prices Si(¢) and Sy(t).
They are co-integrated in the sense that X;(¢) := log(S;(t)), j = 1, 2 satisfy the stochastic

differential equations

dX1(t) = [ky — 6, Z ()] dt + oy AW, (1), 0
AdX5(t) = [ky — 0,2 ()] dt + oy dWa(2),

where W, and Wg are one-dimensional Brownian motions with correlation coefficient
p € [—1,1], ie., B[dWy(t)dW(t)] = pdt. Let’s write Wa(t) == pWi(t) + /1 — p2Wa(t) ,
t > 0, where W5 is a one-dimensional Brownian motion that is independent of W;. The

stochastic process Z(t) satisfies

A

Z(t) = a+ X1(t) + cXo(t), (2)
for some constant c. As a straightforward derivative of the above dynamics, we see

dZ(t) = [(12:1 + cky) — (6 + ceg)Z(t)] dt + oy dWy(t) 4 coy dWa(t)
- {(/%1 +chy) — (6, + c02>2(t)] dt + [0 + conp] AWy (t) (3)

+ cog/ 1— p2 de(LL)

Note that if (01 +cf,) is positive, then Z(t) is a mean-reverting process. When ¢ = —1,
a = 0, Z(t) is the difference between the log-prices of the two risky assets; it is called
the spread of the stocks at time t. This case corresponds to a commonly referred pairs
trading scenario: Buy the one stock with lower price and sell the one with higher price
simultaneously, and close both positions when the lower one gets higher and the higher
one gets lower at some time later. In other words: Short the pair when the difference is
large and close the position when it is small. Intuitively, this scenario shall work since

the difference is following a mean reverting process. We let ¢ = —1 for simplicity in this



thesis; it is straightforward to extend our results to the case of arbitrary ¢ € R. Let

k= ]%1 - ]%27
o = o} — 2poi0y + 03, (4)
0 =0, —0,.

The process Z(t) has a long-time average k/0. For convenience, we will consider the

~

adjusted process Z(t), defined as follows: Z(t) := Z(t) — 5. Then Z(t) has a long-time

mean zero. Moreover, thanks to (2), we have

Xo(t)=a— =+ Xq(t) — Z(t) = a+ Xy(t) — Z(t), (5)

|

where a := a — g. The corresponding dynamics of X, Xs and Z become

dX\(t) = (ki — 0, Z(1)) dt + o1 AW (1), (6)
dXo(t) = (ks — 0Z(t)) dt + pos AW (E) + 028/1 — p2 dWa(t (7)
dZ(t) = —0Z(t) dt + (o1 — pow) AW, (t) — oan/1 — p? dWs(t (8)

where k; = k;—k0;/0. Assume the initial conditions of (6) and (8) are given by X;(0) = z
and Z(0) = z, respectively. Note that thanks to (5), X2(0) = a + x — z is the initial
condition of (7). We will use the above dynamics in the rest of this thesis. We assume
01 > 0y > 0. As aresult, # = 0, — 6, > 0. Note the setting implies that the first asset has
faster reverting rate hence we shall buy it when the pair (difference) is far away from the

long-time average, and short the second one with slower reverting rate. Let us introduce

S(t) = Si(t) — So(t) = e — X2l = K1) (1 — 221 - ¢ >, (9)



where the last equality follows from (5). Note that S(t) can take negative values.

Denote
A0:(7_17V1a7—271/27"')7 A1:<V17T27V277_37"')7
in which 7;, © = 1,2,3,... denote the trading times at which we long the pair, i.e.

buy S7 and sell Sy, and v;, i = 1,2,3,... denote the trading times at which we sell the
pair. Assume that 7 < v < 75 < 1p < ... are Fi-stopping times. The two sets Ag and
A represent trading sequences with different first trading types. As required, no short
selling of the pair is allowed. It means that we may long the pair or wait for a chance
when no positions in hands, and may close all positions or wait when the pair is in hands.
Moreover, given initial conditions X;(0) = z, Z(0) = z, we define the reward function as

follows

Ji(z,z,\;) =
E {il (e7*S(v,)(1 —6) — e @™ S(1,) (14 9)) |, i=0,
E {e‘a”lS(yl)(l —9)+ iQ (e7S(v,) (1 —6) —e @™ S(1,)(140))|, i=1,

(10)

where o € (0, 1) is the discount factor , and § € (0, 1) is the transaction rate or slippage

cost. Without loss of generality, we assume the same rate for buying and selling. For
o0

simplicity, the term E " Y, for an arbitrary sequence of random variables Y,,, will be

n=1

interpreted as

N
limsup E Z Y,

N—o0 o

throughout this thesis. The initial net position is represented by ¢: ¢ = 0 means we have

no position in hands while ¢ = 1 means we have a long position in the pair. As such



defined, Jp is the expected value of cumulative discounted gain (loss) excess transaction
cost, given no position in hands initially and J; is the expected value, given a current
position of the pair in hands. Since S(t) can take negative values there is the possibility to
gain an infinitely large profit just by waiting long enough. To exclude this case one could
introduce a stop-loss level k > 0, as in Song and Zhang (2013), then a selling decision
would have to be made before S(¢) reaches that level. Another possibility, which we will
use in this thesis, is to introduce a local time process to Z so that Z(t) > a for all ¢t > 0

a.s. In this case, Z is a reflected diffusion process with reflection point a. So we modify

the SDE (8) by

Z(t):z—/ ds+/ — poy) dWi(s / oV/1 — p? dWa(s) + Lo (1),

where z > a and L, is the local time process of Z at a; that is, for a.e. w € Q, L,(?)

satisfies

(i) Z(t) > aforall 0 <t < oo,
(i) La(0) =0, L4(-) is non-decreasing and
(111) La(-) is flat off {t Z 0: Z(t) = a}, i.e, f ]]-{Z(s)>a} dLa<S) = 0.
0

See, for example, Sections 3.6 and 3.7 of Karatzas and Shreve (1991) for details on
local time processes. Comnsequently S(t) > 0 for all ¢ > 0. We use the term "buy
the pair" to denote the action of longing one share of S; and shorting one share of S,
simultaneously. Similarly "sell the pair" means to sell one share of S; and buy one share
of Sy simultaneously. For i = 0,1 let V(z,z) denote the value functions with the initial

state Z(0) = z > a, X;(0) = x and the initial net positions of the pair i = 0, 1. That is,

Vi(z, ) = sup Ji(z, x, A\;). (11)
Ay

We will solve the optimization problem (11) to find optimal pairs trading rules A} for
i=0,1.



2.1 Properties of the value function

First we notice that Ag = (71,14, T2, V2, ... ) can be interpreted as a combination of a buy

at 7, followed by the sequence Ay = (v, Ty, 1, ... ) starting with a sell. Therefore

Vo(z,2) > Jo(z, 7, Ag)

_ [ 7011/15 _|_ Z aV”S Vn 1 — (5) — eiaTnS(Tnxl + 5))
n=2

e S (1) (14 9)]

=S (Z(n), X1(1), A1) — Ee ™ S(m) (1 4 6).
Now by setting 73 = 0 and taking the supremum over all A; we obtain
Vo(z,2) > Vi(z,x2) —e®(1 — e ) (1 +9). (12)

Similarly, one can regard Ay = (14,72, 2, ... ) as a combination of a sell at 14 followed

by a sequence starting with a buy Ag = (72, 1, ...). Hence

‘/i(Z,ZE) Z Jl(Z,J] AI)

=Ele ™ S)(1—06)+ Y _ (e S(va)(1 =) — e ™™ S(7,)(1+0))]
n=2

= J()(Z(Vl), XI(V1)7 Ao) + EeiawS(V1>(1 — 5)
Let 1 = 0 and take the supremum over all Ay to get
Vi(z,x) > Vo(z,x) + (1 — e**)(1 = 9). (13)

In the next lemma we will establish bounds for V;(z, z).



Lemma 1

There exists a constant Ko such that the following inequalities hold for z > a and x € R

0 < Vo(z,2) < Ko, (14)

e*(1— e *)(1— 6) < Vi(z,2) < Ko+ (1 — ¢ *)(1 + 6). (15)

Proof. The lower bounds follow from the definitions of V;(z,z). For the upper bounds

consider the following process
_ (Xa(t)
vio - (50).

Then

. k?l — 81Z(t> 01 0 W1 (t) 0
dy (t) = ( —0Z(1) dt + 01— poy g /T d W(t) 1y dL(t).
Then the generator A of Y is given by

.Af:(kl—ﬁlz)—— z

of of
Ox 0z

1,02 1

50% 222 3 (01— po2)? +05(1 = p*)] =5
82f

0x0z

+ o1(01 — po2)

d—ic, (o1 — p02 and —094/1 2 are all continuous for

Since o 3

f(t,z,x) = e e (1 — e* %), they are bounded on [0,¢]. Therefore

E/ —as Xl( _ea—Z(s))dwl(s)

E/ —as Xl( afZ(s)dW1(5>

0

E/—@\/l — pe” X190~ Z) g1y, (5).
0



Then according to Dynkin’s formula, we have

Ee " S(v,) — Ee *™S(1,) = E/(A —a)e M (1 — a2\ dt,

Tn

where

(A—a)e e (1 — e %)

= —ae e (1 — e %) + (ky — 012)e " (1 — e"77)
1 1
— Oze e + §afe_ate$(1 — ) — 5

+ a1 (o) — pog)e “ee

(01— poa)® + 05(1 — p*)] e *e"e"

1
= e [em(l — ") (—a+ ki + of — 0,2)

2
T, a—z 1 2 1 2 2 1 2 1 2 2 2
+ e (—0z — 501 + 0109p — 5020" = 503 + 5020 + o] — 0'10'2/))}
1 1 1
=e [em(l — e )k —a+ 50% —0,2) + e%“’z(iaf - 503 - 92)].

For Vy(z, ) to have an upper bound we need (A — a)e **e*(1 — e**) to be bounded
from above. At first we consider the limits when (z, z) — (00, 00) and (x, 2) — (—00, 00).

Since z > a, we don’t have to examine the cases when z — —oo.

e (z,2) = (00,00): Since e” and (1 — e* %) are positive and (k — o + 07 — 6;2)
becomes negative for z large enough the limit of e”(1 — ¢* %) (ky — v + 307 — 612)

is negative. Similar for e?e®*(30? — 103 — 02).

o (z,2) > (—00,00): ¥ and e * converge to 0 and (1 — e* %) to 1 but always stays
positive. However, as before (ky — a + 307 — 012) and (307 — 03 — 02) become
negative, which means that the limits of both e*(1 — e* *)(k; — a+ 307 — 612) and

e *(10f — 203 — 0z) are negative.

e Because of the connection between Z(t) and X;(t), z converges to infinity when x
does and vice versa. So all in all (A— a)e™*e®(1 —e* *) cannot get infinitely large

and therefore is bounded from above.



Let C be an upper bound. Then

Ee—" () — Ee=*™S(r,) < C - E / et

Tn

With the definition of Jy(z, x, Ag) it follows

(2,2, M) EZ S (v,) (1 — 8) — e~ ™S (,) (1 + 8))

:EZ (€7 S(vn) — 7™ 8(7)) = 0 (7S (1) -+ e S(1))

>0

<Z e " S(vy) Ee_‘”"S(Tn))
—at —at C
SZC-E/G dtgc/e dt:E::KO.
n=1 Tn 0

Thus, 0 < Vy(z,2) < K,. Since Vo(z,2) > Vi(z,z) — (1 — e**)(1 + 0) we have
e“(1—e**)(1—=96) < Vi(z,2) < Ko+ €"(1 —e**)(1 — 0). This completes the proof. [J

10



3 HJB equation and its solution

Following the dynamic programming method to solve the considered stochastic opti-
mization problem, the associated Hamilton-Jacobi-Bellman (HJB) equations are formally

given by

min{ (o — A)vy(z, x), vo(z,x) —v1(z,2) + (1 —e**)(1+9)} =0,

min{ (o — A)vi(z,z), v1(z,2) — vo(z,x) —e*(1 —e**)(1 = §)} = 0,

%(a,x) <0, %(a,x) = 0.

If i = 0, i.e., no position at hand, intuitively, one should buy when the spread
is small (say equal or less than z; > a). Then the continuation region, on which
( — A)vg(z,2) = 0, should include (zp,00). Furthermore, because of the mean re-
verting character of Z(t) it makes sense not to buy when the spread is close to a. We
want to be sure that the prices really diverge and not immediately return to the equi-
librium level. Therefore the continuation region should additionally include the interval
(a,23) for a < z§ < zy. Then the action region is given by (z§, z0) on which we have
vo(z,2) = v1(2,2) —€*(1 —e**)(1 +6). On the other hand, if i = 1, i.e., a position at
hand, one should sell if the spread is large (say equal or greater than z; > z). Then the
continuation region is given by (a, z;), on which one should have (a«—A)v,(z,x) = 0. Con-
sequently, for z > z; (the action region) we have vy (z,z) = vo(z,x) + €*(1 — e *)(1 —9).

These regions are illustrated in Fig. 1.

First of all we try to solve the equations (a — A)v;(z,2) = 0, i = 0,1. Suppose a

11



(@ = Avo(z,2) =0 wo(z2) =vi(z,7) —e"(1—e*)(1+0)  (a—Auvo(z,2) =0

A 'Z(}k 20

=1 a Al

(0 — A)vi(z,2) =0 vi(z,z) = vo(z,x) + e (1 —e**)(1 - 0)

Figure 1: Continuation and action regions

possible solution has the form wu(z,z) = e”g(z). Thus

(o — Au(z,z) =0
1
< au(z,x) — (k) — 012)u. (2, 2) + Ozu,(z,x) — iafum(z,x)
1
- 5(0% —20109p + 02Uz, (2, 1) — 01(01 — 09p)Usy(2,2) =0

1
& ac®g(z) — (k1 — 012)e"g(2) + 02e"g' (2) — §er”g(z)

x I

1
- 5(03 —20109p + 03)e"g"(2) — o1 (01 — 0ap)eg(z) = 0

1
< e’ (Q(Z)[Of — —0o1 — k1 + 012] + ¢'(2)[—01 + o109p + 02]

2
1
- 9//(2)5[0% —20109p + 03]) =0
20? — —0 22 4+ ki —a— 0,2
o g+ Ao =62) oy 2gorth 12) 2y =o. (16)

(02 — 20109p + 03) (02 — 20109p + 03)

Next define
A 2(c% — 0109p) B —26 <0
© 02 —20009p + 0% " 0} —20909p 403
O = 2(%0’% + ]Cl - Oé) D= —291 < 0.
" 0} —20109p + 03’ 02 — 20109p + 03

Then equation (16) becomes

§"(2)+ (A+ B2)d(2) + (C + Dz)g(2) =0

12



and the solution is given by

1B*C+D*-ABD 1 1B? AB — 2D?
9(z) = Cie™ 5° Kummer M <§ i i )

B3 22 B3
D 1B2C+D*—-ABD 1 1B%:+ AB —2D?
_Db, 1 1 .
+ Cye” B KummerU <2 I 5 75 I )

For some constants C; and Cy. Note that D/B = 6, /6. Hence

1 1B*C+D?—-ABD 1 1B%*:+ AB—2D?
g(Z) = 016_%ZKumm€TM (5 i B3 ,5, —5 G B3 )

Ok U 1B*°C+ D>~ ABD 1 1B°:2+4 AB-2D?
2€ ummer 5 28 '35 25 .

For simplicity let the following

1 1B*C+D*—-ABD 1 1B%:+ AB—2D?
¢1(2’) = e*%zKummerM (5 + B3 ,5, —5 it B3 > s

1 1B*C+D?>?—-ABD 1 1B? AB —2D?
¢o(2) == e~ KummerU (5 + B 575 s B ) )

With respect to the continuation regions and our value functions this means there exist
constants Ay, As, By, By and C4, Cy such that v(z, x) = €"(A101(2) + Aa¢a(2)) on (a, 23)
and vy(z, z) = e*(C1o1(2) + Caga(2)) on (2, 00) and vy (z,x) = €*(B1¢1(z) + Baga(z)) on
(@, z1). Consider first the interval (z;, 00), since according to Lemma 1 vy(z, x) is bounded
from above and ¢;(z) —— oo this implies C; = 0 and vy(z, ) = €*Cap2(2). So in total

Z—00

e”Caa(2) on (2, 00),
vo(z,z) =

e”(A101(2) + Aaa(z)) on (a,zg),

and

v1(2,x) = €*(B1¢1(2) + Baga(z)) on (a, z1).

It is easy to see that both vy and v; are twice continuously differentiable on their contin-

uation regions. We want to apply the smooth-fit method which requires the solutions to

13



be continuously differentiable

o at z;:
vo(z5, @) = vi(z5,7) — €"(L — €7 0)(1 + ),
Ovy(z, x) 0vy(z, x) .
_ — %% (1 4§
0z . 0z O (1+9),

20

which is equivalent to

A1 (25) + Asda(25) = Bio(z]) + Bagha(25) — (1 — €*7%)(1 + 0),

A1) () + Asdh(25) = Big(z) + Baghy(25) — e %0 (1 +6). "
e at z;:
vo(20, %) = v1(20,7) — (1 — €™ )(1 + 6),
Ou.) - o) e
which is equivalent to
Caga(20) = Bi¢i(20) + Bada(20) — (1 — *7)(1 +9), 18)

CQ(bé(ZO) = Bl(ﬁll(ZO) + B2¢/2<Zo) — 6a7z0(1 + 5)

e at zy:
v1(21, ) = vo(2z1, ) + (1 — e )(1 —0),
Ovy(z,x) Ovy(z, x) o
_ Toa=z20(1 _
0z |, 0z |, +ete(1-9),

14



which is equivalent to

B1¢1(21) + Baga(21) = Caa(21) + (1 — " 7)(1 = 9),

Bi¢)i(21) + Bagy(21) = Cadly(1) + "7 (1 = 0).

(19)

e Additionally, we need vy and v; to satisfy the following at a:

0vy(z, x)
0z
Ovi(z, )
0z

=0,

a

=0,

a

which is equivalent to

A1¢(a) + Asdhy(a) = 0,

B} (a) + Bygh(a) = 0.

(20)

For simplicity define

o= (30 4

and assume that it is invertible. Then we can now rewrite equations (17)-(20) in terms

of ®(2):
(ﬁ;) - (g:) —(1+6)0"(2) (1 ;ig_zv , (21)

aw o (50)) = (3) - v oo (1257, )

15



(g;) = Cy® 7 (2) (ZZEZ;) +(1 =827 (=) (1 ;f:) , (23)

(hta). i) () =0

Now multiply both sides of equation (21) by (¢](a), ¢5(a)) from the left and use equa-

tion (24) to obtain

1 — ea—za

hta sy e (157 ) =0 (25)

Next combine equations (22) and (23)

e o6 (260) — e (2]
(1 5)0Y(x) (1 2521—21) — (1+8)® () (1 _af(:;"f)) .

e

(26)

By multiplying both sides of equation (23) by (¢} (a), ¢5(a)) from the left and again by

using equation (24) we obtain

0= Ca ot dy(a) o) (2)) + (- aan e (10T,

2

(27)
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which leads to, provided that (¢ (a), ¢4(a)) @~ (z) (¢2(21)> £ 0,

(1 8) (¢ (a). $4(a) @7 (21) (1 ")
Cy = . (28)

(o)) 010 (7))

Finally, plug this into equation (26) to get

e

o)) 010 (7))

2

[ (529) —ae (520)]
—(1—6)d () (1 ;ae:Z1> — (1+8)® () (1 _fzozo> :

~(1=0) (¢1(a), dh(a) @7 (1) (1 —ae:Zl)

First, one can obtain the triple (z, 20, 21) by solving the equations (25) and (29). In
order to get the constants Cy, Ay, A; and By, By one has to solve first equation (28) and
then (21) and (23).

Furthermore, we need additional requirements for v;(z, ). The value functions have

to satisfy the following conditions for being solutions to the HJB-equations:

(@ = Awo(z,2) 2 0,
(a - .A)Ul(Z,ZE) > 0,
vo(z,x) > vi(z,x) —e"(1 — e *)(1 +90),

vi(z,2) > vo(z,z) + (1 — e %) (1 —9).

Let us examine these inequalities on the intervals (a, 23), (2§, 20), (20, 21) and (21, 00). On

(a, z3), the first two inequalities become equalities. Therefore, only the last to inequalities

17



have to hold which is equivalent to
e“(1—e"*)(1—=96) <wvi(z,z) —vo(z,x) < e(1 —e"*)(1+9). (30)

On (2§, 20), we have vg(z,z) = v1(2,2) — €*(1 — €**)(1 + ) which implies vy (z,z) >
vo(z,x) + €*(1 — e #)(1 — §). Hence we only need (o — A)vg(z,2) > 0 to hold since
(a = A)vi(z,2) = 0 on (a,21). We use vo(z,z) = v1(z,z) — e*(1 — e**)(1 + §) and

(v — A)vi(z,2) = 0 to obtain

(o = Ayvo(z,2) = (@ — A) (03 (z,2) — " (1 — € *)(1 +8))
— (0 — Ao (z,2) — (@ — A)e* (1 — ) (1 + )
1, 1

1
= [e"(1—e"7)(k1 —a+ 50% —012) + ewe“_z(gal — 503 —0z)| (1+6) >0,

which is equivalent to

1 1 1
(1—e"?)(k1 —a+ 50% —0,2) + ea_z(§af - 503 —0z) > 0. (31)

On (2o, z1) the first two inequalities are already fulfilled and similar to (a, 2) we need

vi(z, ) to satisfy
e (1—e"*)(1=90) <wvi(z,z) —vo(z,2) < e®(1 — e *)(1 +9). (32)

Finally, On (z1,00), we have vi(z,2) = vo(z,2) + €*(1 — ¢*7*)(1 — §) which implies
vo(z,2) > vi(z,2) —e*(1 —e**)(1 4+ 6). Hence we only need (o — A)vy(z,2) > 0 to hold
since (o — A)vg(z,z) = 0 on (29,00). We use v1(z,z) = vo(z,z) + €"(1 — e #)(1 —J) and

(a — A)vg(z, ) = 0 to obtain

(a— A (z,z) = (@ — A)(vo(z,2) + (1 — %) (1 = 0))
= (a— A)vg(z,x) + (a — A)e”(1 — e**)(1 — 9)

1 1 1
= le"(1 =€) (k1 +a— 50% +6,2) + exea’z(—?f% + 505 +62)| (1-46) >0,

18



which is equivalent to

1 1 1
(1—e"?)(k1 —a+ 50% —0,2) + e“_z(écrf - 503 —0z) <0. (33)

Note that the inequalities in (30) and (32) are equivalent to the following

1 — ea—z S 5 on (CZ, ZS))

‘319251(2) + (Ba = Ca)¢a(2) — (1 — %)

‘ (B1 — A1)¢1(2) + (By — Az)ga(z) — (1 —e*7%)

(34)

<9 .
e <46 on (zy,2)

In the following section we show that the triple (zg, 2o, 21) satisfying the conditions above

can be used to construct the optimal trading rules.
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4 \erification theorem

In this section we show that the triple (2, 2o, 21) satisfying the conditions in Section 3
can be used to construct optimal trading rules. In addition, we show that the functions
vi(z,x),7 = 0,1 given in Section 3 are equal to the value functions V;(z,x),7 = 0, 1 defined

in (11).

Theorem 2 (Verification Theorem)

Let (23, 20, 21) be a solution to (25) and (29) such that

1 1 1
(1—e"7) (k1 —a+ 50% —b61z) + e“_z(§af — 503 —02) >0 Vze((z5,20),
(35)
1 1 1
(1—e"?)(k1 —a+ 50% —012) + 6“72(50'% — 505 —0z) <0 Vze (z,00).

Furthermore, let Ay, Aa, By, By and Cy be constants given by (28), (21) and (23) satisfying
(84). Let

.

" (A191(z) + A2ga(2)) on la, zj),
vo(2, %) = 9 e®(Byhy(2) + Baa(2) — (1 — e #)(1+6))  on [z, 20),

" Caa(2) on [z, 00),

e (B191(2) + Baga(2)) on [a,z1),

v1(z,x) = <

ke””(C'ggbg(Z) +(1—e"*)(1=9)) on [z,00).

Moreover, assume vo(z,z) > 0. Then, v;(z,x) = Vi(z,z), i = 0,1. Additionally, if

1=0, let

* * * * *
A0*<Tl7ylv7—27y27--->7
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where the stopping times 7 and v}, v = 1,2,... are defined in the following way forn > 1

inf{t >0:z25 <Z(t) <=z}, ifi=1,
inf{t > v} 25 < Z(t) <z}, ifi=n+1,

vy =1inf{t > 77 : 21 < Z(t)}.
Likewise, if i =1, let

A= (v, 15,05, 75, ..),
where for n > 2

inf{t >0:2 < Z(t)}, ifi=1,
inf{t > 720 < Z(t)}, ifi=n,

=inf{t > v |25 < Z(t) < z}.

Then Af and A} are optimal.

Proof. The proof of the theorem consists of two parts. First, we show that v;(z,z) >
Ji(z,z,A;), 1 =0,1for all z € R and z > a. Subsequently, we prove v;(z,z) = J;(z, x, A})
which implies v;(z,z) = Vi(z, ) and the optimality of A}.

At first denote Iy = (a, z5) U (2§, 20) U (20,00) and I} = (a, z1) U (z1,00). It is easy to see
that vo(z,z) € C*(Ip xR) and v1(z,x) € C*(I; xR). Additionally, both are in C'([a, oc]).
Furthermore, v; and vy satisfy (o — A)v;(z,2) > 0 on Iy and I, respectively. With these

inequalities and Dynkin’s formula, we have for any stopping times 0 < o7 < 09

Ee™v;(Z(02), X1(02)) — Ee*""v;(Z(01), X1(01))

02

_ /eat (—a+ A)ui(Z(1), X(1)) dt < 0.

(.

-~

o1 <0

Note that since v;(z,2) € C? and % = 0, Dynkin’s formula is applicable in this
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situation. Hence,
EG_OCUQUZ‘(Z(O'Q), X1(0'2>) S Ee_o“’lvi(Z(al), Xl(O'l)). (36)
Since 7, > 0, this implies

vo(z, ) = Ee™*%y(Z(0), X1(0)) > Ee ™ vo(Z (1), X1(11))
> Ee ™™ [v1(Z(m1), Xi1(71)) — S(71)(1 + 0)]

= Ee~*"0,(Z(n), X1(1)) — Ee ™. 8(r) (1 + 8).

In the second line we used vo(z,x) > v1(z,2) — €*(1 — e*#)(1 4+ §). Thanks to (36) we

have Ee ™ vy (Z(m), X1(11)) > Ee v (Z(v1), X1(v1)) which leads to

vo(z,z) > Ee v (Z(1n), X1(v1)) — Ee ™ S(m)(1 + 0)
> Ee " [ug(Z (1), X1(11)) + S(11)(1 — 0)] — Ee™*™S(11)(1 4 0)

= Ee " uo(Z (1), X1(11)) + E [e 1 S(11)(1 — 6) — e S(m1)(1 + )] .

Next, note that again because of (36), Ee=*'vy(Z(v1), X1(v1)) > Ee (2 (72), X1(72)).

Then with vg(z,z) > v1(z,2) — e*(1 — €**)(1 + ) we have

vo(z, 1) > Be™*vg(Z(12), X1(7)) + E [e 71 S(11)(1 — 6) — e *"S(m) (1 + )]
> Ee™ " [01(Z(72), X1(72)) — S(72) (1 +9)]
+E [eSw)(1 —68) — e *S(r)(1+6)]
= Ee "0 (Z(13), X1(12)) — Ee™°™5(15)(1 + 0)

+E[e*S(1n)(1—6) — e *S(m) (1 + )]
Continue this way and recall that vo(z,z) > 0 to finally obtain

e~ S (1) (1 — §) — e~ ™S (7,,) (1 + 0)] .

N

H

\/
uMz
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By sending N — oo we get vg(z,x) > Jo(z,x,Ap) for all possible trading strategies Ay.
This implies vo(z,z) > Vo(z, ). In a similar way we can show that vy (z, ) > Vi(z, x).

In the next part we show the equalities. First recall

(a — A)vg(z,2) = 0 on (a, z5) U (20, 00),
(o — A)vy(z,2) =0 on (a, 21),
vo(z,2) = v1(z,2) — (1 — e *)(1 + ) on (25, 20),

v1(z,2) = vo(z,x) + (1 —e**)(1 —0) on (21, 00).

Now let 77 and v as defined above. Then 7 < oo and v} < 0o a.s. (see Zhang & Zhang

2008, Lemma 6).Thanks to Dynkin’s formula we have

vo(z, ) = Be v (Z(17), X1 (7))
=Ee 7 [v1(Z(77), X1(1})) — S(75) (1 + 0)]

= Re o (Z(1}), X1(77)) — Ee 1 S(77)(1 + )
and

Ee~ v, (Z(17), X1(77)) = Ee 0y (Z(17), X, (1]))
— Be 1 [09(Z (1), X, (7)) + S()(1 - 9)

= Eefa”l*vo(Z(yf), Xi(vy)) + ]Ee*a”TS(Vf)(l —9).
It follows that
o) = Ee=Tun(Z(), X (v7)) + E [ S(u) (1 8) — e S(r7)(1 +0)].

Repeat this process to obtain
n

v(z,2) = Be™muy(Z (1)), X1 (V7)) + EZ [e™ kS (V) (1 —8) — e S(r) (1 +6)] .
k=1

23



In a similar way we can show

vi(z,x) = Ee_o‘”fvl(Z(yf), X1(v7))
=Ee ™1 [vo(Z(vy), X1(1})) + S(1})(1 = )]

= Ee_a”fvo(Z(yf), Xq(vy)) + Ee_o‘”fS(l/’f)(l —9)

= Ee™uo(Z(v;), X1(vy)) + Be™ ™ S(v)(1 = 0)

+EY (e ™S (1= 6) — e T S(m) (1 +6)] -

k=2

In order to complete the proof we have to show that Ee=nvy(Z(1), X1 (v})) — 0.

n—oQ

Recall that the value function is bounded from above by a constant K. Hence
Ee " ug(Z(v3), X1(v})) < Ky - Be .

Since v 2% 00 and e *¥» < 1 we can apply the dominated convergence theorem and
n—o0

obtain

lim Ky-Ee @ = K- E lim e = 0,

n—oo n—oo

and therefore vy(z,z) = Vy(z,x) and v(z,x) = Vi(z, x). O

Although this verification theorem provides sufficient conditions for the triple (2§, 2o, 21)
in order to guarantee the optimality of our results, it is not known if these constants even
exist yet if they are unique. However, we will illustrate a solution in a numerical example

in the next chapter.
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5 A numerical example

We use the following parameters for our model

a=0.1, =0.02, a=-0.3,
o1 =05, gy=05 kl=25
k2 =12, 6, =2, 6,=0T,
=13, p=08.
The following computations were carried out by using the computer software MATLAB.
First we solved equation (25) for zj. Using that, (29,21) can be obtained by solving
equation (29). Finally, C5 can be obtained from equation (28) and (A;, As), (B, Bs)
from (21) and (23), respectively. We obtained the following results:
2= —0.1209, z=1.1026, 2 = 1.3693
Cy = —0.2777, Ay = 0.0005, Ay — 0.8871,
Bl - O, BQ - O
Furthermore, the obtained parameters satisfy the conditions (35) and (34) given in the
verification theorem. Hence one could construct optimal trading strategies in the de-

scribed way. This illustrates the possible practical use of our computations.

Figure 2: vy(z, z)
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Figure 3: vi(z, z)
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6 Conclusion and open problems

The goal of this thesis was to find an optimal trading strategy for a pair of historically
correlated stocks. We showed that these optimal trading rules can be constructed by
using three threshold levels. If the spread of the asset prices falls below the level zy then
one should buy the pair. If it reaches the level z; after some time, an investor should
sell the pair. It was shown that following these rules maximizes the total profit. The
three key levels could be attained by solving a set of nonlinear equation. To get these
equations we followed the dynamic programming approached and solved the associated

Hamilton-Jacobi-Bellman equations by utilizing the smooth-fit method.

Although we were able to prove the optimality of the trading rules constructed with
the threshold levels we had to use some assumptions, such as the existence of the inverse
of the matrix ®(z) for all z > a or that vy is positive. Nevertheless it was possible to
illustrate a numerical example for which a solution (z§, 2o, 21) existed which satisfied the
conditions of the verification theorem. However, it became apparent that with that many
parameters for the model it is difficult to monitor the influence of a particular variable

on the behavior of the resulting threshold levels.

Therefore it would be interesting to examine these dependencies in more details as well
as to be able to prove the existence and uniqueness of the three threshold levels for a set
of predetermined model parameters. In this context it is also noteworthy to mention the
difficulties arising with the choice of our model settings in contrast to comparable studies
such as Song, Q. and Zhang, Q. (2013). The source of most of the difficulties was our
choice of the state variable. In taking the differences of the log-prices the price of a posi-
tion in the pair depended on two variables and hence we had to deal with two-dimensional
functions instead of one-dimensional ones as Song and Zhang did by choosing the original
difference and therewith the price of the pair as state variable. This fact made not only
the computations more complex but also exacerbated the finding of an upper bound for

the value functions. With all these difficulties in mind it would be also interesting to find
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a real life example where one could apply our results.
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