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Definition

H (D) : ALL Analytic functions : D→ C

ϕ : Fixed Analytic function : D→ D

Definition
Cϕ : H (D)→ H (D)

f 7→ f ◦ ϕ

is clearly a linear operator. This operator is called the Composition
operator with symbol ϕ
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Weighted composition operator

ϕ : Fixed Analytic function : D→ D

u : Fixed Analytic function : D→ C

Definition
uCϕ : H (D)→ H (D)

f 7→ u . (f ◦ ϕ)

is clearly a linear operator. This operator is called the Weighted
Composition operator with symbol ϕ and weight u

A Generalization of Cϕ
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Linearity

u : Analytic

Fact
uCϕ : H (D)→ H (D)

f 7→ u . (f ◦ ϕ)

is a linear operator.
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Let the fun begin!
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Analytic Function Spaces - Examples

Weighted Bergman space Ap
α = Lp

α ∩ H (D) (α > −1)

Hardy space Hp :=
{

f ∈ H (D) : sup
0<r<1

∫ 2π

0

∣∣∣f (reiθ)
∣∣∣p dθ

2π <∞
}

Dirichlet space D :=
{

f ∈ H (D) :
∫
D

∣∣f ′(z)
∣∣2 dA(z)

π
<∞

}
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Operator-theoretic behaviors - Examples

Cϕ is ALWAYS bounded on Ap
α (and Hp)

Cϕ is bounded on D iff

µϕ (S (ζ, δ))
δ2 = O (1) , (|ζ| = 1, 0 < δ < 2)

For bounded, analytic u, uCϕ : A2
α → A2

α is compact iff

lim
|z|→1

|u(z)| 1− |z |2
1− |ϕ(z)|2 = 0.
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Our Interest

Our operator of interest: Cϕ − Cψ

More generally: uCϕ − vCψ

Properties we investigate: Bounded, Compact, Hilbert-Schmidt
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Hilbert-Schmidt operator

X ,Y : Separable Hilbert spaces of complex-valued functions

{ej} : Orthonormal basis in X

Definition
T is Hilbert-Schmidt if

‖T‖HS =


∞∑

j=0
‖Tej‖2


1
2


∞∑

j=0
‖Tej‖2


1
2


∞∑

j=0
‖Tej‖2


1
2

<∞
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Hilbert - Schmidt norm of Cϕ − Cψ (on A2
α)

σ (z)σ (z)σ (z) = ϕ (z)− ψ (z)
1− ϕ (z)ψ (z)

, z ∈ D

Theorem (Choe, Hosokawa and Koo, 2010)
Consider Cϕ − Cψ acting on A2

α. Then

‖Cϕ − Cψ‖2HS �
∫
D

|σ2 (z) ||σ2 (z) ||σ2 (z) | dAα (z)
(1− |ϕ (z) |2)2 +α +

∫
D

|σ2 (z) ||σ2 (z) ||σ2 (z) | dAα (z)
(1− |ψ (z) |2)2 +α
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Operator Version

Theorem (Operator-theoretic version)
Cϕ − Cψ is HS on A2

α ⇐⇒ σCϕ and σCψ are BOTH HS on A2
α.

Result extends for operators: A2
α → L2(µ)A2
α → L2(µ)A2
α → L2(µ)

Theorem (Acharyya and Wu, 2017)
uCϕ − vCψ is HS ⇐⇒ σuCϕ, σvCψ, (1− |σ|2)1+ α

2 (u − v)Cϕ and
(1− |σ|2)1+ α

2 (u − v)Cψ are HS
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Compact? Bounded?
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Bingo!

uCϕ − vCψ : Ap
α → Lq(µ)

0 < p ≤ q <∞
2+α

p ≤ 2+β
q

u, v ∈MMM(2+β
q −

2+α
p )

Theorem (Acharyya and Wu, 2017)
uCϕ − vCψ is compact ⇐⇒ σuCϕ, σvCψ, (1− |σ|2)1+ α

2 (u − v)Cϕ and
(1− |σ|2)1+ α

2 (u − v)Cψ are compact

Fact
Holds for boundedness
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General Methodology

Cϕ − Cψ: Symmetrical

uCϕ − vCψ: Lacking symmetry

Choose your "testing functions" intelligently!
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Connection with other operators

Dk(f ) = f (k)

Theorem (Acharyya and Ferguson, 2018)
u0Cϕ0 + u1Cϕ1D + u2Cϕ2D2 + ...+ unCϕnDn : Ap

α → H∞ is compact ⇐⇒
Each component is compact.
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Operator Theory in Applications

Quantum Mechanics

Control Theory
Signal Processing
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Thank You!
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