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A Fast Algorithm for the Inversion of Quasiseparable
Vandermonde-like Matrices

Sirani M. Perera, Grigory Bonik and Vadim Olshevsky

Abstract

The results on Vandermonde-like matrices were introduced as a generalization of polynomial
Vandermonde matrices, and the displacement structure of these matrices was used to derive
an inversion formula. In this paper we first present a fast Gaussian elimination algorithm for
the polynomial Vandermonde-like matrices. Later we use the said algorithm to derive fast
inversion algorithms for quasiseparable, semiseparable and well-free Vandermonde-like matrices
having O(n?) complexity. To do so we identify structures of displacement operators in terms
of generators and the recurrence relations(2-term and 3-term) between the columns of the basis
transformation matrices for quasiseparable, semiseparable and well-free polynomials. Finally
we present an O(n?) algorithm to compute the inversion of quasiseparable Vandermonde-like
matrices.

1 Introduction

Structure generalization of the classical Vandermonde matrix V(z) = [:Ef_

Vandermonde matrix of the form

'] is the polynomial

Qo(z1) Qi(z1) - Qn-1(z1)

Qo('xz) Ql('332) Qn—i(xz) W

where © = [x1,x9, -+ ,x,] and the set of polynomials Q = {Qo(z),Q1(x), - ,Qn_1(x)} satis-
fies deg Qi (x) = k. Like classical and polynomial Vandermonde matrices, Toeplitz [t;_;], Hankel
o
structure is considered these matrices can be used in many applications, e.g. solving systems of
questions, calculating Gaussian quadrature, theories in interpolations and approximations. All of
the above structured matrices have low displacement rank, and hence these matrices are said to
be like matrices in displacement structure theory. This low displacement rank property was first
introduced by [I8] for Toeplitz matrices and later it was recognized by [I7] that this property is
common for all the other mentioned matrices as well.

[hitj—2], Toeplitz-plus-Hankel, Cauchy [ }, Pick matrices, etc. have structures. Once the

The Structure-ignoring approach of Gaussian elimination for the inversion of polynomial Vander-
monde matrices V() costs O(n?) operations. Once the structure of V(z) or recurrence relations
of the polynomial system {Q} is considered, the resulting algorithm is cheaper and costs only
O(n?) operations. Table [[l shows the previous work in deriving such fast inversion formulas, inver-
sion algorithms, and algorithms for solving linear systems corresponding to the class of polynomial
Vandermonde matrices.



Vandermonde | Polynomial System Q | O(n?) O(n?) O(n?)
Matrix Vg (x) inversion inversion system
formula algorithm solver
Classical-V monomials P [25], Tr [28], GO [16] | P [25], Tr[28] | BP[9]
Chebychev-V | Chebychev poly GO [14] GO [14] RO26]
Three-Term-V | Real orthogonal poly | Vs [29], GO [14] CR [10] Hi[27]
Szego-V Szegd polynomial O [23] O [24] BEGKO [1]
Quasiseparable | Quasiseparable BEGOT [4] BEGOT [6], | BEGKO [2]
Vandermonde | polynomial BEGOT [5] BEGOTZ [7]

Table 1: Fast O(n?) inversion for polynomial-Vandermonde matrices.

Inversion formulas and fast system solving are classical applications in Displacement Theory. Thus
it was natural to derive formulas and algorithms not only for polynomial Vandermonde matrices
but also for polynomial Vandermonde-like matrices. These inversion and system solving results for

like-matrices can be found in see e.g. [17], [I5], [16], [19], [20], [2I] mentioned quite a few.

1.1 Displacement equations and Vandermonde-like matrices

The low rank displacement property or “like” idea allowed one to nicely unify and extend the results
of polynomial Vandermonde matrices to polynomial Vandermonde-like matrices while preserving
displacement structure under inversion.

Let’s start this section with the definition of displacement equation and the rank of the displacement
operator.

Definition 1.1. A linear displacement operator Oq prpn(.) : C™" — C™ ™ is a function which
transforms each matriz R € C™ ™ to its displacement equation

Oomrn(R)=QRM-FRN =GB (2)

where Q, M, F, N € C"™™ are given matrices and G € C"** B € C**". The pair {G, B} on last
right in (2) is called a minimal generator of R and

rank {©q v rN(R)} = a. (3)

Example 1.2. Toeplitz matrix 7" = [t;—;]1<; j<n satisfies the displacement equation

to t-1 - lopt1
. t 0o .- 0
T — ZO T Zo = . . .

th_1 O 0

%0 1 (4)
|t 0 [ 10 0 }
N Do Loty tont1

th—1 O

where Zj is a lower shift matrix. Following (4]), rank {@I,I,ZO,Z(? (T)} = 2.
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Example 1.3. Hankel matrix H = [hi4j_2]1<i j<n satisfies the displacement equation

ho hi  hy - hp
hi  he hs -+ hy
Zo-H—H-Z§ = , .
| b1 b by o hop—o
(1 0
- 0 ho [ 0 —hy -+ —hpo :|

S 10 .- 0

|0 s

where Zj is a lower shift matrix. Following (Bl), rank {@ZO,I,I,Z(?(H)} =2.

Next we introduce a displacement operator of the polynomial Vandermonde-like matrices using a
recurrence relation of the polynomials.

1.1.1 Displacement operator based on recurrence relations

Let Q = {Qo(x),Q1(x),...,Qn-1(z)} with deg@Qr = k be a system of n polynomials satisfying
recurrence relations:

Qo(r) = 70

Qr(z) =71 2 Qp1(v) — ap—1,£Qr—1(x) — ag—2, kQr—2(x) — - — ao, xQo(7) (5)

for some coefficients {7;} and {a;;}. Given recurrence relations (Bl), we can define two upper
triangular matrices

[ 1 ap,1 Qg2 - a0,n—1 i [ 0 n 0 0 i
0 1 ar2 ... a1,n—1 0 0 To T 0
Mq = ’ : . No=1]0 0 o (6)
: an—2,n—1 e Tr1
0 01 0 00

Following [20] one can show that the polynomial Vandermonde matrix Vg (z) satisfies the displace-

ment equation:
1

1
Vo(z) - Mg — Dy - Vg(x) - Ng = : [ 0 - 0], (7)

1
where D, = diag(x1,x2,...,z,). Note that the matrix on the right-hand side of equation (7)) is of
rank one. Thus when the system of polynomials {Q} satisfies the recurrence relations (fl), the class

of polynomial Vandermonde matrices can be generalized by allowing the displacement rank to be
one. We say that matrix R is Vandermonde-like if it satisfies the displacement equation:

R-Mg—D,-R-Ng=G-B, (8)

where G € C"*®, B € C**" and « is the displacement rank of matrix R which is small compared
to n. By [20], one can see that the matrix R is uniquely identified by its displacement equation.



Throughout our discussion we will mostly use another form of a displacement operator W¢ which
is stated as follows.

If all z1,29,...,2, are nonzero, then D, is invertible and D;! = D1 = diag (w—ll, ﬁ,,ﬁ)
Multiplying equation () by D1 from the left and Mg ! from the right, we get
Di-R-R-Wo=G-B, (9)
where G = D.G, B = BMél, and
Wq = NoMg'. (10)

1.2 Generalized associated polynomials

The Traub algorithm [25, 28] computes the entries of Vi (z)~! in O(n?) operations. This algorithm
was derived by using the properties of associated polynomials (Horner polynomials). These gener-
alized associated polynomials can be defined as follows.

Let Q@ = {Qo(2),...,Qn-1(2)} be a system of polynomials satisfying recurrence relations ().
We define a system Q = {Qo(x),...,Qn-1(x)} of generalized associated polynomials by

Qo(r) = 70,
Qu(@) =7 - 2 Qro1(2) — p-14Qr—1(2) — G241 Qr—2(x) — -+ GoxQo(x) (11)
with
Tk = Tn—ks k=0,....,n—1
Gr= Py ey, k=1...m—-1, j=0,... k-1 (12)

We will see that the generalized associated polynomials determine the structure of R~! where R
in our case is the polynomial Vandermonde-like matrices.
1.3 Inversion formula

By [20], a general inversion formula for Vandermonde-like matrices satisfying the displacement
equation (@) is given by:

R'=1T. ;g di (W' 1) -V - diag(es), (13)
where -
[er 2 - o) = DoRTTBT, [dy] = GTRTTI(Spg) " (14)

Here S PO is the basis transformation matrix for passing from the basis of generalized associated

polynomials @ to the power basis P = {1,z,...,2""'}. In the general case, this formula has
complexity of O(an?) which is not any better than the complexity of the Gaussian elimination
algorithm. However, we will see that in the case when polynomials () satisfies the recurrence
relations, this formula gives the complexity of O(an?) operations. To implement this formula, we
need the following three components:



1. To compute ¢; and d;x, we need to solve « linear systems with matrix R. This problem will
be addressed in sections 2] and Bl

2. To compute S po» We need to find recurrence relations for generalized associated polynomials
@ and then use them to calculate columns of S PO This will be covered in sections [ and [,
respectively. Multiplying by S;c% is not a problem since S ) is a triangular matrix.

3. Finally, to compute all elements of R~! using ([3)), we need a fast way to compute the
expression (Y _p_, dik(Wg)k_l) . VQI , which is what section [l is dedicated to.

1.4 Quasiseparable matrices and polynomials

In this section we briefly define quasiseparable matrices and their sub classes called semiseparable
and well-free matrices and also the corresponding polynomial families.

Definition 1.4. o A matriz A = [a; ;| is called (H, m)-quasiseparable (i.e. Hessenberg lower
part and order m wupper part) if (i) it is strongly upper Hessenberg (i.e. non zero of first
subdiagonal, a;i1,; # 0 for i = 1,2,--- ,n—1 ), and (ii) maz (rank Aiz) = m where the
mazximum s taken over all symmetric partitions of the form

o[

o Let A= [a;j] be a (H,m)-quasiseparable matriz. For \; = TIEE then the system of polyno-

mials related to A via
Qr(r) = Mg~ A det(z] — A)pxr
is called a system of (H,m)-quasiseparable polynomials.

Example 1.5. (Tridiagonal matrices are (H, 1)-quasiseparable) It is known that real-orthogonal
polynomials {Qx(x)} satisfy a three-term recurrence relation of the form

Qr(x) = (apx — 0)Qr—1(r) — Vi - Qr—2(x), ag # 0,7, > 0. (15)

The real orthogonal polynomials satisfying (I3]) are related to the irreducible tridiagonal matrix

(01 22 . i
o o 0 0
1 b
aq a2
T = I e (e 16
0 a2 Qnp—1 0 ( )
In-1  n
An—1 %fn
L 0 0 Qn—1 Qn |

via
Qk(l’) = Q- Qg det(a:I — A)kxk
Note that if A corresponds to the tridiagonal matrix 7" (@), then the corresponding submatrix A9

has rank one as it is of the form (l—?) ek e{. Hence the tridiagonal matrices are (H, 1)-qusiseparable.



Example 1.6. (Unitary Hessenberg matrices are (H,1)-qusiseparable) It is also known
that Szegd polynomials {qﬁk# (x)} satisfy a two-term recurrence relation of the form

B R I e s e | Bt S

where {p} are reflection coefficients satisfying pg = —1, |pg| < 1(for k =1,2,--- ,n—1), |pn| <1,
VI=lpl*, |ox| <1 :

’ and {¢r(x)} is a
Ll =1 AR
system of axillary polynomials. The Szegd polynomials satisfying (7)) are related to the Unitary

Hessenbery matrix

{pr} are complementary parameters defined via p; = {

[—pior —pgpipe o =P Hn—1pn ]
G} —pip2 = PiM2 fn—1Pn
H=1| 0 : (18)
| 0 N ~Pn—1Pn
via
ot (z) = v det(z] — H)jxp.
Hph2 -

Note also that if A corresponds to the Unitary Hessenberg matrix H (IJ]), then the corresponding
3 X (n — 1) submatrix Ajo has the form

—Phklk—1 " L3H2HPG  —Pk—1k—2 " H3H2H1PG Tt —Prbn—1 " H3H2/1 P
Alg = | —PkHk-1-"-H3[2PT  —Pk-1Mk-2° " H3M2PT  ct —Pnba—1 - H3H20]
—PkHE—1" " 4305 —Pk—1Hk—2" " 305ttt —Ppn—1""" H3P3

which is also rank one. This is also true for all other symmetric partitions of H. Hence the Unitary
Hessenberg matrices are (H, 1)-qusiseparable.

1.4.1 Recurrence relations on quasiseparable, semi-separable and well-free polyno-
mials

It was first proved in [I2] that the quasiseparable matrices corresponding to the system of qua-
siseparable polynomials @ = {Qo(z), Q1(x),...,Qn—1(x)} with deg Qr = k satisfies the EGO-type
two term recurrence relation:

(Gl ] o A TGl ) "

By referring to the classification paper [3], it is possible to generalize the recurrence relations of
orthogonal polynomials ([I3]), which we called the generalized three-term recurrence relation or
recurrence relations on well-free polynomials () defined via

Qr(r) = (gx — 0k)Qr—1(z) — (Brz + W) - Qr—2(). (20)
where Q = {Qo(x),Q1(x),...,Qn-1(z)} and deg Q) = k.

It is also possible to generalize the recurrence relations of Szegd polynomials (I7)) which we called



Szego-type two-term recurrence relation or recurrence relations on semiseparable polynomials Q

defined via . .
[ Q:Eg } B [ :I]: ﬁlk } [ (Op —I—I;;gk)—l(w) ’ (21)

where Q = {Qo(z),Q1(z),...,Qn_1(x)} with deg Qx = k and {G(x)} are axillary polynomials.

1.5 Main results

In Section 2] we introduce a generalized fast Gaussian-elimination algorithm for the polynomial
Vandermonde-like matrices. Next in section [B] we introduce displacement operators for quasisepara-
ble, semiseparable and well-free Vandermonde matrices. In section dl we derive recurrence relations
for Horner polynomials corresponding to the quasiseparable, semiseparable and well-free polyno-
mials. In section Bl we introduce the recurrence relations for the columns of basis transformation
matrices for quasiseparable, semiseparable and well-free polynomials. Next in section [l we state
supporting results which enable us to compute the sums in the inversion formula of the quasisep-
arable Vandermonde-like matrices. Finally in section [ we state the algorithm for the inversion
of quasiseparable Vandermonde-like matrices and conclude that the algorithm costs only O(n?)
operations.

2 Fast Gaussian elimination algorithm

It is known that Gaussian elimination for matrices with displacement structure can be implemented
much faster than in O(n?) operations. The following lemma from [13} 20] serves as a basis for such
an implementation.

. (k) (k) . . .
Lemma 2.1. Let square matriz R%) = [‘ik) ;(k) } . d®) £ 0, satisfy displacement equation
22

QE) pk) _ pk) gk) — k) gk)
Then the Schur complement R*+1) = Rg’;) — ﬁl(k)u(k) satisfies

Q(k-i-l)R(k—l-l) o R(k-i—l)A(k—l-l) — G(k+1)B(k+1).

where QY and AR are obtained from QF) and A®) | respectively, by removing the first row
and column, and

0 1 k k
[G(k—l—l)] =G" - [%l(k)] g1, [0 BED] = B0 —pf) . [1 ﬁu(k)] : (22)
a

where ggk) and bgk) are the first row of G*) and the first column of B®), respectively.

Lemma [2.1] guarantees that each Schur complement obtained in the process of Gaussian elimination
will have a similar displacement structure. This allows us to compute only the generators G +1),
B®+1) of the Schur complement instead of computing all its entries. However, to obtain these
generators using formulas ([22)), we need a way to compute the first row [4® *) ] and the first

column [‘ll((,f)) } of the matrix R*). In our case

Q) = D(lk) = diag <i, L, o i) , AR — W(k)7
T Tk Tk41 T

7



where Wg) is obtained from W by removing the first (k — 1) rows and columns. This means that
Schur complements will satisfy

DY R® — REOWS) = B p®), (23)
To get the first column of R, multiply @3) by ey from the right and by D, from the left to get
dk) i

Obtaining the first row of R%*) is a bit harder. Multiply [23)) from the left by e{ - D, to get

[d®  w®] . (1 - kagf)) — ggk) . Bk (25)

Since W, Mg and Ng are upper triangular matrices, we can write Wg) = Nék) . (Mék))_l, where
Ng) and Mg) are submatrices of Ng and Mg, respectively, obtained by deleting the first (k — 1)
rows and columns. Hence by multiplying [25]) by Mé?k) from the right one obtains

[d® W®)] (MY — 2xNG) = 2 - g - BW - MY, (26)

To recover the first row [4® +® |, one has to perform a multiplication by Mg) and solve a system

of linear equations with the matrix (Mg) — a:kNg)). We will see in section [3] that in our case this
matrix has a special quasiseparable structure which allows us to do it in linear time.

Remark 2.2. (Partial pivoting) It is known by [I3] that row permutations of R do not destroy
the displacement structure. This means that we can easily incorporate partial pivoting into our
Gaussian elimination algorithm. If R satisfies the displacement equation (@), swapping its i-th and
Jj-th rows is equivalent to swapping z; and z;, and the i-th and j-th rows of G.

Now we can summarize the Gaussian elimination with partial pivoting (GEPP) for Vandermonde-
like matrices as Algorithm [l This algorithm produces the factorization

R=P-L-U  P=P PP, (27)

where Py is the permutation matrix corresponding to swapping rows on the k-th step of GEPP.
The following theorem follows from Algorithm [l

Theorem 2.3. Let R satisfy the displacement equation (@). Let Cy(n) be an upper bound on the
complexity of solving a linear system with a matriz of the form (Mék) — :EkNék)), kE=1,...,n,
and Cy(n) an upper bound on complexity of performing a vector-matriz multiplication v - Mg),
k=1,...,n. Then the factorization (27) can be computed in O(an?)+nCy(n)+nCy(n) operations.

Proof. Consider the loop of Algorithm [Il Steps 3 and 13 can be done in O(an) operations. Steps
4-7 and 10-11 can be performed in O(n) operations. Step 8 can be done in O(an) + Ca(n)
operations, and step 9 in C;(n) operations. Since n iterations are performed, the overall complexity
is O(an?) + nCy(n) + nCa(n) operations. O

We will see in section [Blthat in our case, matrices of the form Mg —&Ng (where € is a constant) are
quasiseparable. For such matrices, linear-time inversion and multiplication algorithms are available

(see [11]), thus C1(n) = O(n) and Cy(n) = O(n).



Algorithm 1 GEPP for Vandermonde-like matrices
1: Let GM =G, BY = B,
2: for k=1,2,...,n do

3: Compute the first column H;:; ] using (24)).
4: Find, say at position m, the maximum magnitude element of [Cll((:)) ]

5: Swap d*) and m-th entry of [Cll((:)) }
6: Swap xx and Tg ;1.
7 Swap the first and m-th rows of G(¥),
8: Compute the right-hand side of (20]).
9: Solve (28] for [a*) w* ].
0
10: Write the k-th column 8 of L.
l(k)/lduc)
11: Write the k-th row [0 ... 0 d® «® | of U.
12: Let Py be a n x n matrix which swaps k-th and (k 4+ m — 1)-th rows.
13: Compute G*+1) and B*+1) using ([@2).

14: end for

3 Recurrence relation matrices

In this section, we study the structure of recurrence relation matrices Mg and Ng for quasiseparable,
semiseparable and well-free polynomials. These matrices correspond to the displacement operator
for polynomial Vandermonde-like matrices. In a later section, we use the structures of Mg and
Ng to compute generators for matrices of the form Mg — {Ng. We need the latter for an efficient
Gaussian elimination algorithm for Vandermonde-like matrices.

3.1 Quasiseparable polynomials

The next two lemmas show that for a system of polynomials {@Q} of 1-quasiseparable polynomials,
recurrence relation matrix Mg is upper triangular 2-quasiseparable. As Mg is an upper triangular
matrix with quasiseparable structure instead of calling it (H,2)-quasiseparable, we called Mg a
2-quasiseparable matrix. Similarly we call Mg a 2-quasiseparable matrix for the semiseprable and
well-free cases.

Lemma 3.1. If a system of quasiseparable polynomials {Q} satisfies recurrence relations (19), then
the recurrence relation matrices (@) have the form

[ 1 -6, ap,2  ap3 ag,n—1 1 [0 5 0 .. 0 ]

1 =0y a3 a1 n—1 .
. 0 O 0
Mg = » No=1o0 0 o |, (28
ap—3n—1
S

1 _en—l ¥

I 0 0 1 ] - 0 0 ! -




where
k—1
ajp = —Bj+105 1k afy g = H ;. (29)
i=j+2
Proof. From [§] (see the proof of Theorem 3.5), we know that polynomials Q(z) have the form
Qr(z) = (Okz + k) Qr—1(w) + V£ Br—1Qk—2(%) + Ve, —1Bk—2Qk—3(T) (30)
k10 —2Bk—3Qr—a(®) + ... + Y1 a2 f1Qo(7).

Comparing this with the recurrence relations (), one can see that matrices Mg and N are defined

by ([28). 0
Lemma 3.2. For any ti,to,...,t,_1, the matriz
[ 1 t ap2 Gp3 - ag,n—1 1
0 1 to ars ... a1n—1
Mg(ti,ta, . s tn1) = | . _ o (31)
: c i ’ an—3,n—1
1 tn—1
| 0 0 1 |
with
Ajk = —ﬁj+1af+1,ﬂk7 OéjXJrLk = Q42043 - 1.

1 upper triangular 2—quasiseparable with generators

d = 1, j=1,...,n,
gj = [tj —5]‘], jzl,...,n—l,
b = [ 00 ] i=2,...,n—1,
Vi o
hy = [10]F, k=2,...,n
That 1s,
0, k<7,
~ d; k=37,
Mo(ti,ta, ... tn_1)]i =< ’ ‘ 32
o =4 o 3
gjbjr1bji2 - bp_1hg, k>j+1.
Proof. Tt is easy to check that the formula ([B2]) holds for k¥ < j+ 1. If K > j + 1, then
0 0
bisibiig - b1 = .
7+105+42 k—1 O‘;fk—l'yk—l O‘;'(,k
Therefore, g;bj11bj42 - bp_1hy = —ﬁjajxk_lfyk_l. On the other hand,
[Mo(t,ta, ... tae1)]jk = Qj_15-1 = —ﬁja;k_l'Vk—l-
Hence the formula ([32]) holds for & > j 4+ 1 as well. O

Using LemmaB.2l with t; = —0;, we conclude that M is 2—quasiseparable. By letting t; = —6;—£46;,
we can obtain generators for the matrix (Mg — &Ng).

10



3.2 Semiseparable polynomials

In this section we obtain the structure of the recurrence relation matrices Mg and N¢ for semisep-
arable polynomials defined by (2I]). For convenience we denote 5y = 1.

Lemma 3.3. If a system of semiseparable polynomials {Q} satisfies recurrence relations (21), then
the recurrence relation matrices (@) have the form

[ 1 —(01 4+ 7150) ap,2 ap3 - ap,n—1
0 1 —(024+7261) a1z ... a1 p—1
Mg = ,
ap—3n—1
: 1 —(On-1+ Yn-16n—2)
[0 &6 O 0 ]
0 0 &
NQ - 0 0 )
e 511—1
0 0 0
where
aj = —Bj - (o= BY) % Vs (34)
k—1
(=15 = [] (= Bm)
i=j41

Proof. From [§] (see the proof of Theorem 4.7) we know that semiseparable polynomials defined
by recurrence relations (2II) are quasiseparable and satisfy the following recurrence relations of the

form (I9):

[ Gi(z) ] _ [ ag-1— Br-17k-1 Br-1 } [ Gr—1(2) ]
Qr(z) Ye(ak—1 = Br—17k-1) Ok + Ok + VuBr—1 Qr-1(z)
with Gy (z) = Gr_1(z), Go(x) = 0. Now we can apply Lemma B to obtain (B3). O
The next result is a direct consequence of Lemma and Lemma
Corollary 3.4. For any ti,ts,...,th—1, the matriz
[ 1t aps aos -+ aAop-1 |
0 1 to ars ... a1n—1
MQ(t17t27"'7t7L—1) = . . . ' (35)
: c i ’ an—3,n—1
1 tn—1
0 0 I

with



k—1
(@=877% = I (@i =B
i=j+1
1 upper triangular 2—quasiseparable with generators

di = 1, j=1,...,n,
gi = [t; =Bj—l, j=1,...,n—1,
0 0
bi = , 1=2,....,n—1
' Yi(@i-1 — Bi—17i-1) ai—l_/@i—17i—1:|
hiy = [1 U]T, k=2,...,n.

Using Corollary B4l with t; = —(6; +ifi—1), we conclude that semiseparable recurrent matrix Mg
is 2—quasiseparable. By letting t; = —(0; + vif8i—1) — £0;, we can obtain generators for the matrix
(Mg — £Nq) of semiseparable polynomials Q).

3.3 Well-free polynomials

In this section we obtain the structure of the recurrence relation matrices Mg and Ng for well-free
polynomials defined by (20). For convenience we denote ap = 1 and 1 = 0.

Lemma 3.5. If a system of well-free polynomials {Q} satisfies recurrence relations (20), then the
recurrence relation matrices (@) have the form

(1 5+ 4 ape  apg3 - agn—1 ] - -
0 10‘0 524-& a3 ay 0 a0 - 0
o , C n—1
0 0 (%)
Mg = . No=10 0 )
ap—3n—1 )
_ o Qp—1
: 1 5"—1"’_52,; 0 -+ -+ 0 %
0 0 1 L .
] ) (36)
where y
ay 041 Bj+1 B
ajr = << I > Bj+2 + ’Yj+2> ’ <—> ; (37)
Qj+2 Q41 QG4 @/ itk

k—1
< B ) S I Bi+1
« j+1k i=j+2 Q41
Proof. From [3] (see the proof of Theorem 4.4) we know that the well-free polynomials Q(x)
defined by recurrence relations (20]) are also quasiseparable satisfying the recurrence relation

Qule) = w2 Quoale) = (3 ) Quoal) = (o + 1) Qa0
- 38
— gk—2BkQr—3() — gr—3bk—26kQr—1a(x) — gr—abr—3bp—251Qr—5() (38)
— - = gabgby - bp_2BkQ1(x) — g1babz - - - bp_28kQo(7)
where d, = % + Bk for k =2.3,--- ,n, gy = BuBriat st o fo = 1,2,--- ,n—1and by = Bit1
Qg Q10 Ak41 Q41

fork=2,3,--- ,n—1.
Comparing the recurrence relation (B8]) with the recurrence relations (fl), one can see that matrices
Mg and Ng are defined by (30]). O
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The next result is also a direct consequence of Lemma [3.2] and Lemma [3.5]

Corollary 3.6. For any ty,ts,...,ty—1, the matriz

1 & ap2 av3z -+  agn-1
0 1 t2 ars ... a1n—1
Mg(ti,ta, . ytn1) = | . _ S (39)
: c i ’ an—3,n—1
1 th—1
i 0 -0 1 i

with

X
ag djt1 Bi+1 B
Gjk = << + Bit2 +vj+2 ) - | = ,
@j+2 Qj+1 QG4 ) i1k

X k-1
<§> - 11 Biv1
o/ . it
JHLE oo Tl

1 upper triangular 2—quasiseparable with generators

di = 1, j=1,...,n,
4B+ .
J
0 0 .
b, = Bivi |» 1=2,...,m—1,
hy = [10], k=2,...,n

Using Corollary with t; = (5i + i ), we conclude that well-free recurrent matrix Mg is

Q-1
2—quasiseparable. By letting ¢, = <5i + %) — €y, we can obtain generators for the matrix

(Mg — {Ng) of well-free polynomials Q.

4 Recurrence relations for associated polynomials

Fast Traub-like algorithms (see e.g. [7, [0} 24] T4, 10, 25| 28]) were derived by using the properties
of so called associate or Horner polynomials. It is known that these Horner polynomials determine
the structure of the inversion of polynomial Vandermonde matrices leading an efficient inversion
algorithm with cost O(n?) operations.

In this section we derive the recurrence relations for associated polynomials for the systems of
quasiseparable, semiseparable and well-free polynomials. Later, we use these recurrence relations
to compute the displacement operator W@ = N@ Mél, basis transformation matrix S PO and

Vandermonde matrix V@ for the the system of Horner polynomials {@}

Lemma 4.1. Let {Q} be a system of quasiseparable polynomials (s/’gtz'sfyz@\g recurrence relations
(I9). Then the system of generalized associated polynomials Q@ = {Qo(x), Q1(x), -+ ,Qn-1(x)} is

13



also quasiseparable and satisfies recurrence relations

Gi(x) ar DB Gr-1(x)
~ = - ~ ~ ~ s ]{7:1,,71—1 40
[ Qr() Ve O + O Qr—1(x) (40)
with
Q= Op_jt1,
S On—k+1
ﬁk 5n—k+1 ;
Ve = DBn—k+1 On—ks (41)
O = On—ks
~ Op—
O = b1
n—k+1

Proof. From Lemma [B.1] we know that the quasiseparable polynomials () satisfy general recurrence
relations (B)) with aj, defined by @29) for j < k — 1 and ag_1 = —6;. By definition ([I2), for
J < k —1 we can write

~ 5n—k Tn—j x

~
aji = Ean—k,n—j = o Uyt jPr—k+10n— = —Bj+100 1 (V-
For j =k —1,
~ o On—k - On—k )
-1k = = Opn—kn—k+1 = = Op—p+1 = —0f
On—k41 On—k+1
Using Lemma [B.1] we conclude that the associated polynomials @ satisfy (0]). O

The next result shows the recurrence relations for associate polynomials corresponding to the
semiseparable polynomials defined by recurrence relation (2I]).

Lemma 4.2. Let {Q} be a system of semiseparable polynomials satisfying recurrence relations

(21). Then the system of generalized associated polynomials Q@ = {Qo(x),@\l(x), e ,@n_l(:n)} 18
also semiseparable and satisfies recurrence relations

[ék(x)]:[ak B\k}[ Gr-1(2) ], k=1,...,n—1 (42)

Q) |~ LA 1 ]| (o +8) Qua@)
with
ap = Oy,
> On—k
Br = 5
V& = Bk On—k,
Ok = On—ks
~ Op—
O, = 3 O ir.
n—k+1

14



Proof. From Lemma we know that the semiseparable polynomials ) satisfy general recurrence

relations (Bl) with a;, defined by B4]) for j < k — 1 and ap—1 = —(0r + Y&Pk—1). By definition
(@), for j < k — 1 we can write

~_ On—k Yn—j P SV
aji, = %an—k,n—j = —5n L= BY) g iOn—kBn—k = —B(@ = BY) 4 Tk
e

J

For j =k — 1, we get

—~ On—k On—k ~ =
A1k = ———An—kep—tt1 = ———— On—to1 + Yn—t1Bn—k) = — (O + T Br—1)-
Opn—k+1 On—k+t1
From Lemma B3] we conclude that the associated polynomials @ satisfy (42]). O

The following shows the recurrence relations for associate polynomials corresponding to the well-free
polynomials defined by recurrence relation (20).

Lemma 4.3. Let {Q} be a system of quasiseparable polynomials satisfying recurrence relations

(I9) where B, # 0. Then the system of generalized associated polynomials Q) satisfies recurrence
relations

Qi(x) = (@1 —51)Qo(w),

Qr(z) = (Qpz — ) Qro1(@) — (Brz +3)Qp_a(z), k> 2 (43)
with
ar = Op_k,
B = 5n—kan—k+2M,
ﬂn—k+2
~ O n—
O = ——nk <9n—k+1 + an—k+25 k+1> , (44)
5n—k+1 5n—k+2
N Op— L
Te = k B k+1'(en—k+2an—k+2_'ﬁn—k+27n—k+2»

5n—k+2 5n—k+2

Proof. Since {Q} is the system of quasiseparable polynomials satisfying (I9) then by Lemma [41]
and Lemma [B.J] we know that its associated system of polynomials {Q} satisfy

Qr(z) = a2 - Qp_y(z) — ak—l,k@k—l(x) - ak—z,k@k—2($) — = EL\o,kéo(ﬂﬂ) (45)
with
, k-1
ajy = —5n_] I cnivr | - Bokprdnn, G<k—1, (46)
n=a i=j+2
and 5
[ —5"7_]6971—“1- (47)
n—k+1

By Lemmal[3.5] if a system of polynomials {Q} satisfies 3-term recurrence relations of the form (20)

having generators ay, Ok, Y, and 0 then the system satisfies the general recurrence relation of the
form (@3] with

. aj, 5iv1 Biv1 \ 5 ~
ajp = [( I I >5j+2+’Yj+2

Q2 |\ W+l @G+

k—1

A Rt (48)

1
i+1

R e
i=j+2

15



and

~

A1k = 0 + a/:’“l. (49)

Thus to complete the proof we need to show that @;;, defined via ([@8) and [{@J) coincides with (@G
and (7). Let us begin with the case j < k — 1:

. l, 0jv1 . Bim \ = ~
ajk = = [( g >ﬁj+2+’Yj+2

Qj+1 Q4

k=1 &
_ H Bit1

Q
i=jt2 il

5n—j—2 —j—lén—j /Bn—j—i-l 5n—j6n—j—15n—j+l /Bn—j

_ 5n—k [(_6 5n—j—1 (Hn—j + an—j—l—lﬂn—j) + 5n—j—1an—j+1/8n—j> . 5n—j—2an—j5n—j—l
k—1

H Op—i—10n—i+1Pn—i

+
5n—i—1ﬂn—i+1

M(Qn_j%_j — Buivs)| -
On—jBn—; i=j+2

_ On—k (_ 1 (On_; + Oén—j+15n—j)+ Oén—j+15n—j> On—j—20n—jfn_j—1
Op—j—2 On—j Brn—j+1 On—jBn—j+1 Bn—;
k—1 k—1
On—j—2Bn—j—1 Br—i
+ - n5] /871 ] (Hn—jan—j - Bn—j’}/n_j) . H Qp—i+1 /8 n'z
n—jHFn—j i=j+2 i=j+2 n—itl

On—k [_ On—j On—j—20m—jBn—j—1

B 5n—j—2 5n—j /Bn—j

1) 15} o I5;

—7j—2Pn—j—1 —k+1

+ el o (Hn_jan_j — Bn_j’yn_j) . | | Qp—j+1 L *
5n—jﬁn—j =42 5n—j—1

k—1
On—k On—j—28n—j— Brn—k
n [_ n—j 2ﬁn 7 lﬁn—j')/n—j] ) H i1 n—k+1

Op—j—2 On—jBn—j it Bn—j—1

~ ) k—1

_ n—j

= - - I | Qp—j+1 | - ﬁn—k—i—lén—k,
i=j+2

which is exactly (#6]). Now, for j =k — 1,

_ ~ B - _ 8k k20—
p1p = 6k + Aﬂk __ n k <9n—k+1 + et Bn k+1> + n—k®n k+25n k+1 .
k-1 On—k+1 Br—k+2 Br—k+20n—k+1
After simplification, we get (41). O

5 Basis transformation matrices

For any polynomial basis ) we introduce a basis transformation matrix Spg for passing from @
to the monomial basis P = {1,z,...,2" '}. The j-th column of S pg contains the coefficients of

Qj-1(z), ie.

n

Qj-1(z) = Z[Sp@]ij Tt =1, 0.

i=1
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Since deg @, = k, the matrix Spg is upper triangular. In this section we provide efficient recurrent
formulas for columns of Spg for cases of quasiseparable, semiseparable and well-free polynomials.

Recurrence relations for quasiseparable and semiseparable polynomials (equations (I9) and (21I),
respectively) also have a notion of auxiliary system of polynomials G. These systems, generally
speaking, are not bases. However, given such a system we can define a similar matrix Spg whose
columns contain coefficients of polynomials {Gk}z;é. Let s;, and t; denote the k-th column of Spg
and Spg, respectively.

Lemma 5.1. If a system of quasiseparable polynomials {Q} satisfies recurrence relations (I9), then
the following recurrence relations hold for columns of Spg for allk =1,...,n —1:

[ tet1 } _ { Qg Bk ] [ t ] (50)
Sk+1 Y (0xZo + Oxl) sk |’
where Zy is the lower shift matriz. As a consequence, all entries of Spg can be computed in O(n?)

operations.

Proof. We can rewrite the matrix multiplication in ([I9) row by row as

Gr(z) = apGr1(x) + BpQr-1(x),

Qr(z) = WwGr-1() + (6kz + Ok)Q—1(x),
Addition of polynomials corresponds to addition of the vectors of their coefficients. Multiplication
of a polynomial by a scalar corresponds to multiplication of the vector of its coefficients by the

scalar. Multiplication of a polynomial by x corresponds to the lower shift of the coefficients vector.
Since sy, and t, are coefficient vectors of Qx_1(x) and Gi_1(x), respectively, system (B0) follows. [

The following shows how to compute the coefficients of the basis transformation matrix passing
from the semiseparable basis to the monomial basis.

Lemma 5.2. If a system of semiseparable polynomials {Q} satisfies recurrence relations (21), then

the following recurrence relations hold for columns of Spg for allk =1,...,n —1:
[ thi1 ] _ [ ok B } [ tr (51)
Sk+1 o1 (6kZ0 + Okl)sk, |’

where Zy is the lower shift matriz. As a consequence, all entries of Spg can be computed in O(n?)
operations.

Proof. Similar to the previous case, we can write the matrix multiplication in (2I)) row by row as

Gr(z) = apGro1(x) + B0k + O)Qr—1(2),

Qr(@) = WGr-1(x) + (kz + 0k)Qr—1(),
Again, addition of polynomials corresponds to addition of the vectors of their coefficients. Multi-
plication of a polynomial by a scalar corresponds to multiplication of the vector of its coefficients

by the scalar. Multiplication of a polynomial by x corresponds to the lower shift of the coefficients
vector. Hence the result (&II) follows. O

The following shows how to compute column-wise basis transformation matrix from the well-free
basis to the monomial basis.

17



Lemma 5.3. If a system of well-free polynomials {Q} satisfies recurrence relations (20), then the

following recurrence relations hold for columns of Spg for allk =1,...,n —1:

S2

Sk+1

(nZy — 011)sq,

(axZo — or1)sp — (BrZo + vil)sp—1, k> 2

(52)

where Zy is the lower shift matriz. As a consequence, all entries of Spg can be computed in O(n?)

operations.

Proof. Following [2], if the system of well-free polynomials satisfies recurrence relation (20]), then
the confederate matrix has the form

_5_1 2—1152-1—’72 2—1152-1—’72 (&) @ (ﬁ)x
o a2 a2 a3 a2 (e} 27n+1
8 B s B
1 on s (Breg)ets 0 (E4 )k (2)
a1 s araz a3 a3 @/ 3n+1
_ 1 ) B
C@) =10 g a_i azgcg
0
' ' 1 5 B
L 0 0 0 Qn—1 C‘f_n Qnp—10n
Thus we can see C'(Q,,) as
C(Qn)=L+D+ 2D, U
where
-5 .
00 0] o1 S 0 , 0
1 02 2
a (1) 0 0 2+ O 0
L=10 o 0 0| p= :
o : 0
o --- 0 0 On Bn
i a1 0 0 0 o taanl
1 0 0 i
51
oy P2t
0 wZ 0 0
(6*2+ B2 >ﬁ3+73
D; = |0 0 2 1a32
0
(5”71 anl
P +# Bn"f"Yn
_0 O O ( n—1 njnnl) |
M 0 0 7
Bs &(@) @(@4)(&)
a3 a3 (o7} a3 [e 7] Qn
B B Bn
s |00 1 - ST <a_n>
0 0 1 Lo
10 0 1 i
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Since U~ is bidiagonal (by [2]), the system Spg C(Qn) = Zo Spg (by [22]) together with (53] can
be seen as

where

10 0

01 -2
s

0

0

Spq (LU  + DU + ZI'Dy) = Zy Spo U™

Hence the explicit matrix form of the system (54]) can be rewritten as

S = O

0

Notice that (LU~ + DU+ ZI'D;) in (B54) has reduced to a tridiagonal matrix.

811
0

= O O

512
522

o O

513
523

1

S11

0

0

[
Sin éf
S2n o1
0
0
Spn—1n ’
Snn | 0
| 0
S12 513
522 523

91
oy P2t

S

a2

«

+2 52

a2
1

a2

Sin
S2n

Sn—1n

Snn

0 0
B
1
Oan72
0
111 0 O
01 -2
0
K

Now by multiplying the system (55) by el from right, we have

and rearranging

_51 1 - — -
arsit + a7 512 0
ETSQQ S11
0 =
i 0 L0

So = a1 Zps1 — 01181

(54)
0
0
0
0
OIn
(0723
on (55)
an
0 -
0
0
_Bn
Qn
]

gives the second column. Next by multiplying the system (B3] by eg from right, we have
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oy _
——pPa+72 5

(51 02 B2 1 - -

( o > s11+ <a2 + —alaz) 512 t 55513 0
92 4 B2 1 512

(0‘2 + 0‘10‘2) s22 F oz 23 522

s 933 =10

0 .

: 0
i 0 I

and rearranging
S3 = g Zos2 — 021 s2 — BaZps1 — 2l s1

gives the result for k = 2. Next multiplying the system (55)) by el from right, we have

23 LS 1ol r -
as ) S12 1 (55 ) s13 1 55514 0
) 1 B3
o) sa2+ (22 ) s23 + 55524 —%312 + s13
5 1 — 522 + 523
LS = 533
ag S44 0
0 .
‘ 0
- 0 - B -

and rearranging
Sq = a3 Zosg — 031s3 — (3 Zos2 — y3ls2

gives the result for £ = 3. Continuing in this fashion, we can recover all columns in the basis
transformation matrix and hence the result (52) follows. O

6 Computation of sums in the inversion formula

In this section we analyze the cost of computing the sum Vo (z) - (3-7_, deS_l) in the inversion
formula ([I3) of polynomial Vandermonde-like matrices. We continue the discussion by covering
the cost of computing Vo (z)- (D _p_, deS_l) for quasiseparable, semiseparable and well-free poly-
nomials ). Before computing the cost of the summation corresponding to the quasiseparable,
semiseparable and well-free polynomials let us state a supporting result from [20] which enables us
to continue the discussion.

Lemma 6.1. Let {Q} be a system of polynomials, Vi (z) be the polynomial Vandermonde matriz for
Q with nodes x1,x2,...,Ty, let Spg be the matriz corresponding to passing from Q to the monomial
basis P and let numbers dy,do, ..., d, be arbitrary. Then the following displacement equation holds:

Vo(e) - <Z de5‘1> = (Z de’i‘l) V() = Ve(1/z) - Spo, (56)
k=1 k=1 v

where
Fo(x—il) Fl(x—il) Fn—l(%)
Fo(= (= Fn— To
Vp(1/z) = olar) 1(:2) 1.(“) , (57)
F(](%n) 1(%”) Fn—l(ﬁ)



with

Fn_l(l/l‘) = 0,
1
Proof. See Lemma 7.2 in[20]. O

Lemma shows that the problem of computing the elements of Vg (z) - (3 p_; deS_l) can be
reduced to computing the matrices (> )_, de]i_l) Vo(x) and Vp(1/x)-Spg. To obtain the entries

of the former matrix, we note that for quasiseli;arable, semiseparable and well-free polynomials the
entries of V(x) can be computed in O(n?). The matrix > 7_, di D5~! is diagonal and can be com-

puted in O(n?). Finally, multiplication of a dense matrix Vg(z) by a diagonal matrix can be done
in O(n?) operations. Therefore, the entries of the matrix (3.}7_, d,D¥™!) - V() can be computed

in O(n?) operations.

To get an O(n?) algorithm for computation of V() (31—, deS_l), it remains to show that the

entries of Vi(1/x)-Spg can be computed in O(n?) operations as well. To do so, we need to exploit
the special structure of matrices Vp(1/z) and Spq.

Lemma 6.2. The matriz Vi(1/z) defined by (57) satisfies the following displacement equation:

1
1
Vi(L/z) - Zo =Dy - Ve(ljx)— | . |-[da ds -+ dy 0], (59)
1
where Zy is the lower shift matriz.
Proof. This can easily be checked by matrix multiplication. O

Now we are ready to show that in cases of quasiseparable, semiseparable and well-free polynomials,
the entries of Vg(z) - (3-r_, deS_l) can be computed in O(n?) operations. To initiate let’s start
the computation for quaiseparable polynomials @) satisfying the recurrence relations (I9).

Lemma 6.3. Let a system of quasiseparable polynomials {Q} satisfy the recurrence relations (13),
the matrices Vg(x) and Wq be defined as in (1) and ({I0), and let numbers dy,da, ..., d, be arbitrary.
Then the complezity of computing the entries of the matriz Vg (x)-(D_f_, deS_l) is no more than

O(n?) operations.

Proof. By Lemma [6.1, we only need to show that the entries of Vp(1/x) - Spg can be computed
in O(n?) operations. By Lemma Bl columns of Spg satisfy recurrence relations (50). After
multiplying each equation in the system (B0) by Vr(1/x), we get recurrence relations for columns
Vi(1/x)sk41 of product Vi (1/x) - Spo:

Ve(l/2)tgi1 = axVr(1/2)t, + BiVe(1/2)sk, (60)
Ve(l/x)skr1 = Vel z)tg + 0k Ve(1/x) Zosk + 0k VE(1/x)s). (61)
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Because of the term 0;Vr(1/2)Zysy, these recurrence relations do not provide an efficient way to
compute columns of Vp(1/x) - Spg. Using Lemma [6.2] we can substitute (B9) into equation (6II)
to get

Vr(1/z)sp1 = v Vr(1/2)t + 61Dy - (Vi (1/2)8k)

1
1

— 0| . | [de dg - dn 0 ]sy (62)
1

+9kVF(1/x)sk.

Given Vp(1/x)s, and Vp(1/x)ty, formulas (60) and (62]) allow us to compute Vp(1/x)sg41 and
Vi(1/2)tk41 in O(n) operations. Hence all n columns of matrix Vp(1/z) - Spg can be computed
in O(n?). O

The next result shows the cost of the computation Vo(z) - (3 p_; deS_l) for semiseparable poly-
nomials @ satisfying recurrence relation (21).

Lemma 6.4. Let a system of semiseparable polynomials {Q} satisfy the recurrence relations (21),
the matrices Vg(x) and Wq be defined as in (1) and ([I0), and let numbers dy,da, ..., d, be arbitrary.
Then the complezity of computing the entries of the matriz Vg (x)-(D_f_, deS_l) is no more than

O(n?) operations.

Proof. By Lemma [6.1, we only need to show that the entries of Vp(1/x) - Spg can be computed
in O(n?) operations. By Lemma 2 columns of Spg satisfy recurrence relations (5I). After
multiplying each equation in the system (&I) by Ve (1/x), we get recurrence relations for columns
Vi (1/x)sk41 of product Vi (1/x) - Spo:
Ve(l/2)tp1 = apVe(1/2)t, + BrorVi(1/2) Zosk + Bk Vi (1/x)sy, (63)
Vp(l/x)skﬂ = 'kaF(l/a:)tk + 5kVF(1/x)ZQSk + HRVF(l/a;)sk. (64)
By Lemma [6.2] we can substitute (59]) into equations (G3) and (64) to get

Ve(1/2)tpr1 = aVe(1/2)tg + Brox Dy - (Vi (1/7)sy)

1

—Bkbk | 2| [ d2 ds - dn O sy (65)
1

+ Bp0pVr(1/x)s).

Vi(1/z)skr1 = v Vr(1/2)tg + 6Dy - (Vi(1/2)sy)

1

— Ok '[dg d3 -+ dp O]Sk (66)
1

+9kVF(1/J})Sk.

Given Vp(1/x)s; and Ve (1/x)ty, formulas ([G5)) and (GG) allow one to compute Vp(1/x)skiq and
Vi(1/x)tg11 in O(n) operations. Hence all n columns of matrix Vp(1/x) - Spg can be computed
in O(n?). O
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The following result shows the cost of the computation Vg (z) - (3°7_, deS_l) for well-free poly-
nomials @ satisfying recurrence relation (20).

Lemma 6.5. Let a system of well-free polynomials Q satisfy the recurrence relations (20), the
matrices Vo(z) and W be defined as in (1) and (I0), and let numbers dy,ds, ..., d, be arbitrary.
Then the complezity of computing the entries of the matriz Vg (x)- (D)5, deS_l) is mo more than
O(n?) operations.

Proof. By Lemma [6.1, we only need to show that the entries of Vp(1/x) - Spg can be computed
in O(n?) operations. By Lemma B3, columns of Spg satisfy recurrence relation (52). After
multiplying (B2) by Vr(1/z), we get recurrence relations for columns Vp(1/z)ski1 of product
VF(l/l‘) . SPQ:

VF(1/$)SQ = a1VF(1/$)Z()81 — 51VF(1/$)51,
Vr(l/z)sgr1 = apVe(1/x)Zosk — 0k Vr(1/x)sk
—ﬁkVF(l/l‘)Z(]Sk_l — ’kaF(l/$)Sk_1, k > 2. (67)
By Lemma[6.2] we can substitute (59)) into equation (67)) to get
VF(l/x)Sg = ale(VF(l/x)sl)

1
—o | ~[d2 ds - dy 0].51
1
—nVp(l/z)sy,
Vi(L/z)sp41 = ap Dy(Vp(1/2)si) — 6 VR(1/2)sy
[ 1] (68)
—ay | -[d2 ds - dyp 0]'Sk
L 1 .
— Bk Do (Ve(1/x)sp—1) — mVr(1/2)s 1
A
+Bk| |- [de ds - dy O]-sp_1, k>2.
1

Given Vp(1/z)sk—1 and Vp(1/x)sy, formula (68]) allows one to compute Vp(1/x)sk11 in O(n) op-
erations. Hence all n columns of matrix Vp(1/x) - Spg can be computed in O(n?). O

7 Inversion algorithm

In this section we conclude with a formula for inversion of polynomial Vandermonde-like matrices
with O(n?) complexity. We summarize our results in Algorithm 2 which takes as input recurrence
relations of the form ([9), 2I]) or (20, matrices G and B, and numbers x1, ..., x,. The output is
all elements of the matrix R~!, where R is defined by displacement equation ().

Theorem 7.1. Let a system of polynomials {Q} be defined by recurrence relations ({I4), (Z1) or
(20). Let G € C"**, B € C**" be arbitrary matrices and 1, ..., x, be arbitrary nonzero numbers.
Let R € C™™ be defined by displacement equation ([@). Then the complexity of computing all
elements of R™' is no more than O(an?) operations.
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Algorithm 2 Inversion of quasiseparable-Vandermonde-like matrices
1: Find recurrence relations for Q using Lemma EZI] or

2: Use Algorithm [I] to solve 2« linear systems with R in order to compute ¢; given by (I4]) and
GTR™T. Use Lemma B.1] or to get generators of matrices Mg — {Ng.

3: Compute all elements of S po using Lemma [5.1] or 3.3

4: Compute d;;, defined by (I4) via solving « linear systems with S PO by back substitution.

5: Use Lemma [6.3] 6.4 or 6.5 to compute (3 ), dik(Wg)k_l) : Vg fori=1,...,a.

6: Finally, compute R~! using (I3).

Proof. Consider Algorithm [2l Step 1 can be performed in O(n) operations. By Theorem [2.3] step 2
can be done in O(an?) operations. By Lemma [5.11 or 5.3 step 3 can be done in O(n?). Step 4
can be done in O(an?) operations, since S PO is a triangular matrix. By Lemma [6.3] or 6.5 the
complexity of step 5 is no more than O(an?) operations. Step 6 can be done in O(an?) operations
as well. Therefore, the complexity of Algorithm 2is O(an?) operations. O

8 Conclusion

In this paper we introduced a fast algorithm to compute the inversion of quasiseparable Vandermonde-
like matrices with the help of a fast Gaussian elimination algorithm for polynomial Vandermonde-
like matrices. To derive the former algorithm we mainly identified the structures of displacement
operators Wy for quasiseparable, semiseparable, and well-free polynomials in terms of recurrence
relations generators for Mg and Ng with O(n) complexity. We also identified the columns of basis
transformations matrices satisfying two-term recurrence relations(for quasiseparable and semisep-
arable polynomials) and three-term recurrence realtions(for well-free polynomials) and hence the
cost of computing entries of the basis transformation matrices have O(n?) complexity. We also rec-
ognized the recurrence relations for the generalized associated polynomials in terms of generators
«, 3,7 and d corresponding to quasiseparable, semiseparable and well-free polynomials. By com-
bining all of this we were able to simply derive a fast O(n?) inversion algorithm to generalize the
results of Quasiseparable Vandermonde matrices to a wider class of Quasiseparable Vandermonde-
like matrices.
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