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We show that a massless scalar field in a gravitational wave background can develop a non-zero vacuum
expectation value. We draw comparisons to the generation of a non-zero vacuum expectation value for
a scalar field in the Higgs mechanism and with the dynamical Casimir vacuum. We propose that this
vacuum expectation value, generated by a gravitational wave, can be connected with particle production
from gravitational waves and may have consequences for the early Universe where scalar fields are

thought to play an important role.
© 2018 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license
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1. Introduction

The Brout-Englert-Higgs mechanism [1] is one of the corner-
stones of the Standard Model of particle physics. Part of the Higgs
mechanism involves a scalar field developing a non-zero vacuum
expectation value rather than having a vacuum expectation value
of zero. An example of this non-zero vacuum expectation value
comes from A®* theory with a complex scalar field whose La-
grangian density is

1 1
L=auq>*aﬂq>—5m2|<1>|2—ZA|c1>|4. (1)
The equation of motion from (1) is

3 dld —m*®d — AD*=0. 2)

If we look for solutions, ®, which are space and time independent
(ie. 3, P =0) and if m2 > 0 then the only solution is ® = 0. How-
ever for a tachyonic mass term (ie. m? < 0) (2) has a non-zero,

constant solution ®y = (0|+/®*P|0) =
tion is now given by ® = _Tmzew with magnitude ./ —Tml and a

phase ei® (0 <6 < 2m). Due to the phase of e’ there are an in-
finite number of equivalent vacua labeled by 6. Usually one takes

—m2
==, The vacuum solu-
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the arbitrary choice of & =0 as the vacuum for ®. This non-zero
vacuum expectation value of the scalar field is responsible for giv-
ing masses to the W* and Z° gauge bosons of the SU(2) x U(1)
Standard Model, while leaving the photon massless.

Aside from the Standard Model, the Higgs mechanism has
found application in the theory of superconductors via the Ginz-
burg-Landau model [2]. In the Ginzburg-Landau model the source
of the non-zero order parameter/scalar field vacuum expectation
value is due to the interaction between the electrons and the
phonons of the background lattice.

Another set of phenomena where a non-trivial vacuum is im-
portant are the Casimir effect [3] and dynamical Casimir effect [4].
In the canonical Casimir effect there are two, neutral, conducting
plates which are placed a fixed distance apart. This restricts the
type of quantum fluctuations that can occur between the plates as
compared to outside the plates leading to an attractive force be-
tween the plates. In the dynamical Casimir effect the plates are
moved with respect to one another and this results in the creation
of photons out of the vacuum - a result which has been observed
relatively recently [5].

Below we will show that a massless scalar field placed in a
gravitational wave background leads to the scalar field develop-
ing a non-zero vacuum expectation value. We make a comparison
of this gravitationally induced effect with the scalar field vacuum
expectation value of spontaneous symmetry breaking as found in
the Higgs mechanism and the Ginzburg-Landau model. The com-
parison to the Ginzburg-Landau model is especially relevant since
there the symmetry breaking is driven by the interactions induced

0370-2693/© 2018 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by
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by the phonons from the background lattice, whereas in the usual
Higgs mechanism the symmetry breaking comes from the scalar
field’s self interaction. As in the Ginzburg-Landau model, here the
scalar field’s vacuum value is driven by interactions with the grav-
itational wave background. We also make a comparison between
the present gravitationally induced vacuum expectation value and
the dynamical Casimir. In the dynamical Casimir effect and the
present case there is the possibility of producing massless parti-
cles from the vacuum. There are earlier works [6] [7] which show
that a plane gravitational wave background will not produce par-
ticles from the vacuum. We show how this is avoided exactly for
the case of massless (scalar) fields.

Finally, we connect the results of the present paper with other
recent works that propose there is a shift of the pre-existing Higgs
vacuum expectation value of the Standard Model either via station-
ary gravitational fields [8,9] or via a gravitational wave background
[10]. There is also very recent work [11] which discusses the con-
sequences of the interaction of a gravitational wave background
with a time-dependent vacuum expectation value from a (non-
Abelian) gauge field.

2. Scalar field in gravitational wave background
2.1. Approximate gravitational wave background

The equation for a complex scalar field, ¢, in a general gravita-
tional background is

S <B,Lg’“’,/ —det [g,w]a,,> @=0. (3)

—det [guv]

Following [12] we take the gravitational wave to travel in the pos-
itive z direction and have the + polarization. For this situation the
metric [13] can be written as,

ds? = —dt? 4+ dz? + f(t — 2)2dx® + g(t — 2)%dy?
—dudv + f@)2dx® + g(u)2dy?, (4)

where in the last step we have switched to light front coordinates
u=z—t and v =z+t with metric components g,, = gy, = % and
gw = f()? and gyy = g(u)?. The metric functions f(u) and g(u)
will be taken to be oscillatory functions of u. The determinant term

in (3) is \/—det[g,] = %. Substituting the light front version of

the metric into equation (3) gives

(47282000, + 2780 (Fdy + 8702 + F207) 9 = 0. (5)

We take the metric ansatz functions of the form f (u) =1+ ¢ (u),
and g(u) =1 — ¢ (u) and substitute these into equation (5). This
form for f(u) and g(u) describes a wave propagating in the z
direction so that x and y directions should be physically identical.
Thus we require of the solution that (32 —92) ¢ = 0. Using this
equation (5) becomes,

[4 (1 2824 54) udy — 4 (1 - 52) € (3u€) By
+ 1+ 620 + 09 o =0. (6)

Finally we consider a sinusoidal, plane gravitational wave by tak-
ing & (u) = hye'X¥, where h, is a dimensionless amplitude and
K is a wave number. The metric must be real so it is under-
stood that the metric components are obtained by taking the real
part of the ansatz functions so that f(u),gu) =1+ hye'k¥ —
1+ hy cos(Ku). This real form still satisfies the linearized general

relativistic field equations to which f(u), g(u) are solutions. Sub-
stituting this choice of &(u) into equation (6) gives

(4F @audy — 4KG(w) by + Ha) (3 +03)) ¢ =0, 7)

where F(u) = (1—2h2e?Kt +pdedifv) Gu) = (h2e¥kv —
hie4Ku) and H(u) = (1+ h2e?K%). We separate equation (7)
using ¢ = X (x) Y (y) U (u) V (v). The eigenvalue equations and as-
sociated solutions for X(x) and Y(y) are

REX=-p>X > X(x)=eP* | 92Y=—p’Y > Y(y)=eP.
(8)

The function X(x) and Y(y) are simply free waves as is to be
expected since the gravitational wave is traveling in the u =z —t
direction, and p is the common momentum in the x, y directions.
The common momentum in the x and y directions comes from
the assumed symmetry in these transverse directions, and it also
realizes the condition (85 — 8,%) @ =0 which we took above. Using
(8) we find that (7) becomes

2
WV —H(u)%:O. (9)

U oV
—iKG(u)
u v %
Since the light front coordinate v is orthogonal to u and since the
gravitational wave only depends on u one expects that the eigen-
function V (v) also is solved by a free, plane wave, as was the case
for X(x) and Y (y). This is the case and we find

F(u)

—idyV =p,V —> V(v) =P, (10)
Substituting equation (10) into equation (9) and defining A = %
yields

U@ H@w) G

i = . (11)
U(u) F(u) F(u)
The term i 3@%;‘) in (11) represents the kinetic energy of the scalar

field; the term A H® represents the interaction of the scalar field,

F(u)
via A, with the gravitational background, via %; the term K %
represents a pure gravitational potential term. Equation (11) can

be integrated to give,
——A 1(2_
U(u) = Aek e “(1-3e8) (1 - hie”ﬂ)z(’( P e i (12)

where Ae® is constant. The factor eX was chosen to ensure that
the eigenfunction for the u direction becomes a free plane wave,
e~ 35 h, — 0 (i.e. as the gravitational wave is turned off). Col-
lecting together all the solutions in x, y, v and u directions gives
the solution of the scalar field in the gravitational background,

[ S 1( 2
2 ,2iKu i 2% 1
(p:Ae%e K (1-h2 e2iKu) (1 _hieZIKu)Z(K )
x e~ iMigiPvVoiDXoiy | B (13)

A is a normalization constant and we have added a constant B
which is allowed by the shift symmetry of solutions to (5). Be-
low we choose B = —A. This choice of B ensures that if one turns
off the gravitational background (h; — 0) and also takes the field
momenta to zero (A, py, p — 0) then ¢ — 0. This solution for the
scalar field given in (13) is very similar to the form of the solution
found in [14] for the static electric field evaluated in light front co-
ordinates. Here we have a massless scalar field in a gravitational
wave background.



P. Jones et al. / Physics Letters B 781 (2018) 621-625 623

In the limit h; — 0 (13) goes to the expected flat space-time
solution of a free wave scalar field, g ox e~ *eiPvVeiPXelPy 5 g
el(Pv+MiEei(Pv—1ZoiPXeiby  The second version of g is the conver-
sion from light front coordinates back to t,z coordinates. Defin-
ing an energy Eg = py + A and a momentum in the z-direction
pz = pv — A one sees that the usual dispersion relationship for
a massless field (ie. E§ = pg + p3 + p2 — 2p* + p; is recov-

ered if one recalls that A = %). Next, taking the limit of (13)
when all the transverse momenta of the scalar field go to zero (i.e.
px=py=p— 0 and A — 0) one finds

1
o, v)= p[ViEIOA (1 _ h2+62i1<u> 2oipvv _ 4
_1
A [(1 T 1]
A ; 3A :
%Ehiezll(u_'_?hiellll(u. (-14)

In (14) we have taken the limit p, — O after the limit of the trans-
verse momenta going to zero px = py = p — 0. Using the vacuum
solution in (14) the magnitude square of ¢ is

A%n% N 3A%hS

4

Equations (14) and (15) show that in the presence of a gravi-
tational wave background, that in addition to the vacuum state
solution ¢ =0 (¢ =0 is always a solution to (3)), there are also
the vacuum solutions given by ¢(u, v) in (14). A common feature
shared by the present example and the usual scalar field symme-
try breaking is that the scalar field magnitude only depends on
the parameters of the interaction - ¢*¢ depends on hi and K
(the amplitude and wave number of the gravitational wave back-
ground) while for the canonical Higgs field example of (1) ®*®
depends on m? and A (the parameters of the scalar fields self in-
teraction).

One can compare the above results with the Casimir effect [3]
and the dynamical Casimir effect [4]. Both of the Casimir and dy-
namical Casimir effects involve a non-trivial vacuum state due to
the restriction of the quantum fluctuations of fields placed be-
tween two neutral conducting, infinite plates. And in the dynam-
ical Casimir effect the time dependent oscillation of the plates
creates photons out of the vacuum. In the present case our in-
terpretation of the scalar field solution in (14) is that the time
dependent oscillations of the gravitational field create scalar field
quanta out of the vacuum.

In support of this interpretation, that the scalar field solu-
tion from (14) represents the creation of scalar field quanta by
the gravitational wave background, we look at the current in the
u-direction associated with ¢ from (14) which to lowest order in
hy is given by

MRS cos(2Ku). (15)

9
Ju=—i(@" 0 — Qi p*) ~ AzhiK —+ ZAzhiK cos(2Ku) . (16)

If we take the lowest order of the current in (16) (or time av-
eraging j, in (16)) we find a constant scalar field current in
the u direction of magnitude AzhiK. Our interpretation of this
result is that the incoming gravitational wave current in the u
direction creates an outgoing scalar field current given, to lead-
ing order, by the first term in (16). This picture is further sup-
ported by looking at the tree-level, Feynman diagram processes of
graviton + graviton — photon + photon, where in our case photon
is really the massless scalar field quanta. In reference [15] this tree
level process was calculated and found to be non-zero in general.

In particular it is non-zero when the incoming gravitons and out-
going photons travel in the same direction. In this work we are
looking at collections of gravitons and scalar field quanta (i.e. grav-
itational plane waves and scalar plane waves). Thus, if the process
graviton + graviton — photon + photon is non-zero at the indi-
vidual quanta level, as shown in [15], then this implies it should
be non-zero for a collection of these quanta i.e. gravitational and
scalar field plane waves.

To conclude this subsection we recall that there are well known
restrictions against the creation of field quanta by a plane gravita-
tional wave background [6] [7], which is what we are proposing
above. However in reference [6] a loop hole was given - parti-
cle creation might occur if the scalar field were massless and if
the momenta of the scalar field quanta were in the same direction
as the gravitational plane wave. These are exactly the conditions
we have here - the scalar field is massless and is traveling in the
same direction as the gravitational wave since from (14) ¢ only
depends on u =z — t. In more detail it was shown in [7] that the
Bogoliubov S coefficients, which indicate particle production, were
proportional to energy-momentum conserving delta functions

Bij = W |ul*) oSk +1-) (17)

where k_ = ‘”%kz and I_ = walz are the light front momenta of

the scalar field before and after,! w = vk2 +m?2 or w = V12 + m?
respectively, and the indices i, j label the momenta of the outgo-
ing and ingoing scalar field quanta. If m # 0 it is easy to see that
k_ +1_ can not vanish. If however, as is true in the case consider
here, m =0 and k,1 — k;, [, (ie. the before and after momenta
of the scalar field is purely along the +z direction) then k_ +[_
vanishes and the Bogoliubov 8 coefficient is non-zero indicating
particle production.

2.2. Exact gravitational wave background

One might ask to what extent the linear approximation for
the gravitational wave - namely that f(u) =1+ €(u) and g(u) =
1 — €e(u) with e(u) = h+e“<” - is crucial in obtaining the result
n (14). What if one took an exact, gravitational plane wave solu-
tion instead of a linearized approximation? To this end we now
repeat briefly the above analysis for an exact solution for the
plane wave metric in the + polarization. The ansatz functions
f@) and g(u) will be exact, plane wave solutions if they sat-
isfy the general relativistic field equations in this case which are
of the form f/f + g/g =0 [13]. One simple exact, plane wave,
solution is f(u) = e Kue=Ku and g(u) = e~iKueK¥ These ansatz
functions have plane wave parts (e~'K") but they also have ex-
ponentially growing or decaying amplitudes (e*X%). Near u =0
one has oscillating, wave solutions due to the e~ k" parts of
the ansatz function, but as u moves away from u = 0 the e*Ku
terms act like growing/decaying amplitudes. Because of this these
solutions can only be of use for a restricted range of u near
u = 0. Asymptotically, as u — oo, the functions f(u), g(u) are not
physically acceptable. In this case we are dealing with an exact
solution to the non-linear general relativistic field equations so
one may ask if taking the real part of the complex form of the
ansatz functions will still be a solution to f/f + 8/g =0 due

T In [7] as well as in [6] a sandwich gravitational wave background was consid-
ered. The plane gravitational wave background of (4) was sandwiched, before and
after, by Minkowski space-time. The functions uﬁ” and u%* are the solutions in the
asymptotic Minkowski regions that are connected to each other through the inter-
mediate plane wave gravitational background.
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to the non-linearity of general relativity. One can show that tak-
ing the real part of the ansatz functions (i.e. f(u) =e Kte=Ku 5
cos(Ku)e X" and g(u) = e~ueKt — cos(Ku)ek¥) is still a solu-
tion to f/f + g/g = 0. However, as in the previous linearized case,
it is much easier to work with the complex form of the ansatz
functions when one uses the background metric in the equation
for the complex scalar field.

Using the above metric background we substitute f(u) =

e~ iKug=Ku and g(u) = e~ KueKu into equation (5),
(46741‘1(11 3,0, + 20 2iKugy (efziku) 3, + e 2iKug2Ku 83
+ e 2iKuem2Kus2) g 0, (18)

and making the substitution ¢ = U(u)V (v)X(x)Y (y) = U(u)ePV x
eiPXeiPY  we find

U ,
(i ‘l’] + K — re?iku cosh(2Ku)> =0, (19)

2
where A = £ as before. Equation (19) can be compared to (11) in

2py
the sense that i % is the kinetic energy term of the scalar field,

2e2Ku cosh(2Ku) is an interaction between the scalar field and the
gravitational background, and K is a pure gravitational potential
term.

In the limit when the gravitational wave is absent (i.e. K — 0)
the solution to (19) is again given by ¢ o e~*UeiPvVeiPXeiPy,
Restoring the gravitational background (i.e. K # 0) the solution to

. _ (%ezikuezku_*_%ezixuefzku) iKu .
(19) is U(u) = Ae e where A is a
constant similar to that found in (12) and the scalar field takes the
form
Mezikuezl(u_,r%ezilﬂze—ﬁ(u)

P, v, X, y)=Ae( o
x elKugibvVoibxoiny | p (20)

where A is a normalization constant. We have again added a con-
stant B via the shift symmetry of solutions to (5). As before we
set B=—A so that ¢(u, v,x, y) — 0 when the gravitational wave
background is turned off and when the scalar field momenta go to
zero. Here we do not have an h, since the “amplitude” is given by
the e*XU terms in f(u), g(u). As before if we take the limit of the
massless scalar field to its vacuum state by taking its energy and
momenta parameters to zero (i.e. taking the limit py=py,=p — 0
and 2 — 0) one finds that as before ¢ and ¢¢* do not go to zero
but rather

0= limeri’<”eiva = A€ =1) ; ¢*p=2A%(1—-cos(Ku)).

bv—

(21)

In (21) we have again taken the limit that p, becomes arbitrarily
small (py — 0). With this we see that ¢ depends on the gravi-
tational wave background through the wave number, K. For this
exact solution metric we again find that the scalar field acquires
a non-zero, space-time dependent vacuum value even when one
takes the limit of all the scalar field momenta going to zero. Also
as in the previous subsection we find that ¢*¢ has a constant term
(the 2A? term in (21) which corresponds to the Azfi term in (15))
and a space-time dependent part (the —2A2 cos(Ku) term in (21)

216
which corresponds to the BASh* cos(2Ku) term in (15)). As for the
plane wave solution of the previous subsection we can calculate

the current in the u-direction and find

Ju=—i(@" @ — @dup*) = 242K (1 — cos(Ku)) . (22)

The current above is similar to the one found in the previous sub-
section in (16) - there is a constant term, 2A%K, and a space-time
dependent term —2A2K cos(Ku). These can be compared to the
terms A%h% K and 3 A%hS K cos(2Ku) in (16). If one time averages
the current in (22) one finds (j,) = 2A2K ie. one has a constant
current in the u direction. We take the same interpretation of (j,)
as the leading term of j, from (16) - (j,) represents a scalar
field plane wave traveling in the u-direction produced by the ini-
tial gravitational wave.

3. Discussion and conclusions

We have shown that a massless scalar field placed in a plane,
gravitational wave background will develop a space-time depen-
dent, non-zero vacuum value given by (14) (15) even in the limit
when all the momentum parameters of the scalar field are taken
to zero (ie. py, p, 2 — 0). This is different from what happens to
the massless scalar field solution in Minkowski space-time, where
when one takes the zero energy-momentum limit the scalar field
vanishes. We have drawn attention to the similarity of this gravi-
tationally induced scalar field vacuum value with the vacuum ex-
pectation value in the Higgs phenomenon and with the dynamical
Casimir effect.

Three potential physical consequences of this gravitationally in-
duced vacuum value for the scalar field are: (i) the production of
massless field quanta, such as photons, from the gravitational wave
background; (ii) the usual Higgs vacuum expectation value of the
Standard Model may be modified or even generated by stationary
and/or time dependent gravitational backgrounds; (iii) the inter-
play between gravitational waves and scalar and gauge fields in
the early Universe may lead to observational consequences at the
present time.

Point (i) was investigated in references [12,16]. Here we calcu-
lated the currents connected with the scalar field (see equations
(16) and (22)) that the time averaged current, (j,) was a constant
which we interpreted as the incoming gravitational wave creating
an outgoing scalar field. There is a well known restriction against
the creation of fields from an incident, plane gravitational plane
wave [6]. The present work avoids this conclusion by using the
loop hole mentioned in [6] that the prohibition only applied to
massive fields. Here we considered a massless field that travels
in the same direction as the initial gravitational wave. Further-
more in (17) we have shown that the Bogoliubov coefficients in-
dicating particle production, as calculated in [7] for a gravitational
plane wave sandwich background, are non-zero exactly in the limit
m — 0 and the momenta of the field quanta being in the same
direction as the gravitational wave (i.e. exactly the conditions of
this work). The production of fields by an incoming gravitational
plane wave background is also in agreement with the non-zero,
tree-level amplitudes for graviton + graviton — photon + photon
coming from Feynman diagram calculations [15,17,18]. Also since
these processes occur at the tree-level Feynman diagrams they are
in some sense classical effects.

Point (ii) was discussed in references [8-10]. In the works [8,9]
the idea was considered that the usual Higgs expectation value can
be shifted by the effect of a static or stationary gravitational back-
ground (e.g. the Schwarzschild or Kerr space-times). This effect
requires a coupling between the scalar field and the gravitational
field of the form £¢R or £¢pK where & is the coupling and R is
the Ricci scalar and K = Ry py5sR*#7? is the Kretcschmann scalar.
This coupling of the scalar field to the gravitational field results in
a shifting of the pre-existing Higgs vacuum expectation value with
an associated shift in particle masses. This shift is potentially ob-
servable. In the work [10] the idea of a scalar field-gravitational
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background coupling of the form £¢R is again considered but now
the gravitational background is both space and time dependent.
Again it is found that the gravitational background can shift the
Higgs vacuum expectation value, but now this shift is space-time
dependent as is the case for the results of the present work. Fur-
ther it was found in [10] that even when there is no vacuum
expectation value of the scalar field, one can be generated from
the interaction with the gravitational background as is the case for
our results.

Point (iii) was very recently proposed in reference [11] where
the interplay of a gravitational wave background with a cosmo-
logical non-Abelian gauge field was considered. The non-Abelian
gauge field was assumed to have a pre-existing vacuum expecta-
tion value of the form A? = ¢>(7:)5? where ¢(t) is a scalar func-
tion of the proper time 7, and the indices i and a were space
and “color” indices respectively. This interplay between the gravi-
tational wave and the pre-existing, non-Abelian gauge field might
lead to interesting and potentially observable phenomenon such as
neutrino-like oscillations between the gravitational field and the
non-Abelian gauge field. In contrast, in the present work, a space-
time dependent scalar field, as given in (14), is generated out of
the vacuum by the gravitational wave background. Similarly one
might conjecture that the phenomenon proposed in [11] could
work with the gravitational wave background generating a non-
zero vacuum expectation value for the gauge field from the vac-
uum rather than requiring a pre-existing gauge field.

Finally we want to point out that, like the standard Higgs mech-
anism of particle physics, the present generation of the vacuum
expectation value of the scalar field by the gravitational wave
background is already implied at the classical level. In the usual
Higgs mechanism, as given in (1), the non-zero vacuum expec-

tation value of &g = —TmZ is obtained from the classical, scalar

field Lagrangian (1). In a similar way the non-zero vacuum value
for ¢ from the gravitational wave background already emerges by
examining the system of a classical scalar field interacting with
a classical gravitational background as given in (14) and (21).
Also the view that the leading term in the scalar field currents,

Jju, from (16) and (22) represented production of the scalar field
from the incoming gravitational wave, finds support from the non-
zero, tree-level Feynman diagram process graviton + graviton —
photon + photon. This further indicates the classical nature of the
scalar field vacuum expectation values found here, since tree-level
Feynman diagrams represent the classical limit of a given interac-
tion.
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