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One-gas models with height-dependent mean molecular weight: 
Effects on gravity wave propagation 
R. L. Walterscheid 

Space Science Applications Laboratory, The Aerospace Corporation, Los Angeles, California, USA 

M.P. Hickey 
Department of Physics and Astronomy, Clemson University, Clemson, South Carolina, USA 

Abstract. Many models of the thermosphere employ the one-gas approximation where 
the governing equations apply only to the total gas and the physical properties of the gas 
that depend on composition (mean molecular weight and specific heats) are height- 
dependent. It is further assumed that the physical properties of the gas are locally 
constant; thus motion-induced perturbations are nil. However, motion in a diffusively 
separated atmosphere perturbs local values of mean molecular weight and specific heats. 
These motion-induced changes are opposed by mutual diffusion of the constituent gases, 
which attempts to restore diffusive equilibrium. Assuming that composition is locally 
constant is equivalent to assuming that diffusion instantaneously damps the changes that 
winds attempt to produce. This is the limit of fast diffusion. In the limit of slow diffusion, 
gas properties are constant (conserved) following the motion but are perturbed locally by 
advection. An analysis of the static stability shows that composition effects significantly 
change the static stability, with greater changes for the slow-diffusion limit than for the 
fast-diffusion limit. We have used a one-gas full-wave model to examine the effects of 
wave-perturbed composition on gravity waves propagating through the lower 
thermosphere. We have augmented the conventional system (fixed gas properties) with 
predictive equations for composition-dependent gas properties. These equations include 
vertical advection and mutual diffusion. The latter is included in parameterized form as 
second-order scale-dependent diffusion. We have found that the fast diffusion implied by 
locally fixed properties has a significant effect on the dynamics. Predicted temperatures 
are larger for locally fixed composition than for conserved composition. The simulations 
with parameterized mutual diffusion gave results that are much closer to the results for 
conserved gas properties than for fixed properties. We found that the divergence between 
the fast and slow limits was greatest for fast waves and for colder thermospheres. This is 
because the propagation characteristics of fast waves are sensitive to changes in the static 
stability and because compositional gradients are stronger for colder thermospheres. We 
conclude that future models that use the one-gas approximation for fast waves in the 
lower thermosphere should include, at minimum, the simplification of conserved rather 
than fixed properties, especially for colder thermospheres. 

1. Introduction 

A widely used simplification in dynamical models of the 
diffusively stratified thermosphere is the application of equa- 
tions for a single gas (the total gas) with height-dependent 
physical properties such as mean molecular weight and specific 
heats. A further approximation is that composition remains 
fixed despite the advection of one species relative to another 
[e.g., Richmond and Matsushita, 1975; Fuller-Rowell and Rees, 
1981; Mikkelsen et al., 1981; Walterscheid et al., 1985; Mikkelsen 
and Larsen, 1991; Brinkman et al., 1995; Hagan et al., 1999]. 
This approximation is used in lieu of the much more compli- 
cated and computationally intensive system of equations that 
must be solved when a multiconstituent approach is used [e.g., 
Colegrove et al., 1966; Hays et al., 1973; Reber and Hays, 1973; 
Straus et al., 1977; Mayr et al., 1978; Del Genio et al., 1979; 
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Dickinson et al., 1984; Sun et al., 1995]. A general result is that 
motion (primarily vertical motion) drives a diffusively sepa- 
rated atmosphere with height-dependent composition out of 
diffusive equilibrium and causes composition to be locally per- 
turbed. The implications of local composition perturbations 
for gravity wave propagation is the primary subject of this 
study. 

Figure i shows the profile of mean molecular weight ob- 
tained from the extended Mass Spectrometer Incoherent Scat- 
ter (MSIS) model [Hedin, 1991] for moderate solar and geo- 
magnetic conditions (Ap = 10, F• o. 7 = 15 0) at latitude 40øN 
and 0600 LT for January 15. We denote this profile the warm 
midlatitude (W-ML) profile. Also shown is the profile for an 
auroral latitude (70øN) for quiet conditions (Ap = 0, F•o.7 = 
70) for January 15. We denote this the cold high-latitude 
(C-HL) profile. The W-ML profile shows nearly constant mean 
molecular weight up to the homopause (located near 100 km), 
where/f,/= 28.3 kg kmol -•. Above this altitude, gases begin 
to separate diffusively, with the concentrations of the heavier 
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Figure 1. Profile of mean molecular weight obtained from 
the extended Mass Spectrometer Incoherent Scatter (MSIS) 
model [Hedin, 1991] for moderate solar and geomagnetic con- 
ditions (Ap = 10, Flo.7 = 150) at latitude 40øN and 0600 LT 
for January 15. Also shown is the profile for an auroral latitude 
(70øN) for quiet conditions (Ap = 0, Flo.7 = 70) for January 
15. 

sphere and in the aurora [Theon et al., 1967; Balsley et al., 
1984]. 

The specific heats increase as the relative abundance of 
lighter species increases, but the change with altitude is less 
pronounced. For the W-ML profile the fractional change at 
200 km in •p relative to its value at 100 km is ---14%, compared 
with ----27% for f//, while for the C-HL profile the respective 
values are 18% for •p compared with 33% for M. 

In the conventional one-gas approximation, total-gas molec- 
ular weight and specific heats are assumed to be locally con- 
stant; they are not perturbed by dynamics. However, motion 
(particularly vertical motion) perturbs composition. Diffusion 
acts to damp the perturbed composition. The conventional 
one-gas approximation is equivalent to assuming that diffusion 
acts so fast that it instantaneously annuls the changes that 
dynamics attempts to produce. In the other limit (slow diffu- 
sion), composition is conserved following the motion but is 
locally perturbed. 

In the following sections we discuss the competing effects of 
dynamics and diffusion and the implications of fixed composi- 
tion in one-gas models and present numerical results for dif- 
ferent assumptions regarding the rate at which diffusion damps 
wave disturbances in composition. 

e Theory 
It is easily shown (see Appendix A) that 

DlogM 01ogM 01ogM 1 
D t = O t + w O• = N • V . (1) i, 

i 

and thus 

(1) 

gases falling off more rapidly than the concentrations of the 
lighter gases, causing the relative concentration of the lighter 
gases to increase with altitude. Just above ---100 km, M begins 
a fairly steep decrease, reflecting both the onset of diffusive 
separation and the photodissociation of molecular oxygen. By 
---130 km, M has decreased by 3 kg kmol- • to ---25 kg kmol-•. 
Above ---130 km the decrease slows and over the next 70 km 

decreases by another 4.5 units, giving ]far • 20.5 kg kmol -• at 
200 km. Above ---200 km the mixture is dominated by atomic 
oxygen (M o = 16 kg kmol -•) and the decrease continues to 
slow. Over the next 100 km, M falls just another 3 kg kmol -• 
to 17.3 kg kmo1-1 near 300 km. At greater altitudes (not 
shown), even lighter gases (He and H) become increasingly 
important and eventually dominate. The C-HL profile is sim- 
ilar except that the initial decrease is more rapid, decreasing to 
---19 kg kmol -• by 200 km. The divergence between the two 
profiles is maximum -230 km, where the difference attains 
---1.6 kg kmol -•. Above ---230 km the decrease in the C-HL ]far 
profile slows relative to the W-ML profile so that by 300 km the 
difference is reduced to ---1 kg kmol -•. The more rapid de- 
crease of M with altitude above the homopause at high lati- 
tudes is explained by the increased rate at which heavy species 
concentrations diminish relative to light species concentrations 
in colder atmospheres, the increased rate being a result of the 
smaller scale heights of the heavy species. We perform calcu- 
lations primarily for the auroral latitude because composi- 
tional effects are greater and because high latitudes are the 
scene of prolific wave generation, both in the lower atmo- 

0 log M 0 log M 1 
.... -I- Z V' Oi, (2) Ot - w O z •; 

i 

where N is total gas number density, w is the vertical velocity, 
t is time, and z is the vertical coordinate. For simplicity, we 
have ignored the effects of horizontal advection which should 
usually be small compared with vertical advection. In this study 
we are interested in the perturbing effects of waves. The per- 
turbation form of (2) is 

o M' o log M 1 
---= '--+ (3) 0t • --W 0 Z j• i, 

i 

where overbars refer to an average with respect to a horizontal 
coordinate and primes refer to a deviation therefrom. We have 
assumed a basic state of rest. The quantity •i = vini - vni, 
where vi is the velocity of the i th constituent, v is the mass- 
weighted velocity of the total gas, and n i is the number density 
of the ith species. Thus (I) i is the flux of n i by vi relative to the 
flux by v [Hays et al., 1973]. In obtaining (3), it has been 
assumed that the background state is in diffusive equilibrium, 
and thus 4> i - 0. 

The first term on the right side of (3) represents the per- 
turbing effect of dynamics, while the second term represents 
the restoring effect of diffusion. As mentioned, there are two 
limiting cases of interest: the limits of fast and slow diffusion. 
In the former, diffusion acts so fast that it instantaneously 
damps the changes winds attempt to produce, whence OM'/ 
Ot = 0. For steady waves, OM'/Ot = itoM' and M' = 0. In 
the latter limit, diffusion acts too slowly to damp the wave- 
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caused perturbation, whence DM/Dt = 0 (M is conserved 
following the motion). 

Fuller-Rowell and Rees [1987] have evaluated compositional 
effects in a one-gas model of the neutral response to auroral 
forcing. This was done for the total-gas velocity defined as a 
number density weighting of individual species velocities, 
rather than the mass density weighting that avoids a collisional 
term in both the total-gas momentum and mass density equa- 
tions. In order to avoid the considerable complications arising 
from these terms, we adopt another approach for evaluating 
mutual diffusion effects on wave propagation. 

We use an approach based on Newtonian damping to eval- 
uate the effects of mutual diffusion in restoring diffusive equi- 
librium. We assume that the damping is proportional to the 
departure from static equilibrium M'; thus 

1 

• • V. q• • -aM' (4) 
i 

and a is a damping coefficient with units of s- •. The evaluation 
of a must involve the mutual diffusion coefficients with units of 

m s -2 and some quantity with the dimensions of inverse length 
squared. A reasonable choice for the latter quantity is the 
vertical scale of the wave Lz. It is the inverse vertical wave 
number when the wave is purely vertically propagating, and it 
is the inverse e-folding attenuation depth when the wave is 
purely evanescent. More generally, it is the inverse complex 
vertical wave number (refractive index). In the region of inter- 
est the gas is dominated by O, 02, and N 2. The mutual diffu- 
sion coefficient for each of these gases through the others is 
similar, and we use a single value D, whence a --- D/Lz 2 (U.S. 
Standard Atmosphere, 1976). The limiting case of fast diffu- 
sion corresponds to a -• 0% and the limiting case of slow 
diffusion corresponds to a -• 0. 

Our numerical approach is to evaluate Lff 2 as Lff 2 = 02/ 
O z 2 and implement damping in terms of second-order scale- 
dependent diffusion as 

1 02 
- ' M'. N E V ø (1)i: O • (5) 

i 

Using (5) in (3) gives the prognostic equation for M" 

0 M' 0logif// D 02 
= ' --+ M' (6) O t 191 - w O z ]• •-• ' 

In the same spirit, 

0 CP+w, 
Ot 

O log •p D 02 _ 

Oz Cp Oz 2 Cp. (7) 
We examine the dynamical effects of composition by exam- 

ining the density fluctuation and parcel buoyancy. The linear- 
ized ideal gas law is 

p' P' T' M' T' M' 
.... + (8) • P •' M r /far' 

where the approximation is valid for typical gravity waves and 
is the usual approximation for evaluating parcel buoyancy. The 
linearized first law is 

+ -- w = a _ , (9) 
Ot T # Cp 
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Figure 2. The vertical profiles of Brunt-Vfiisfilfi frequency 
for the limiting cases of slow and fast diffusion based on au- 
roral/•/ and •'p profiles. Also plotted is the classical Brunt- 
Viiisfilfi frequency No 2 where compositional effects are ignored. 

where • = gO log •/Oz and 0 is potential temperature and 
where DO2( )/Oz 2 = -or(). The quantity •o is the constant- 
composition form of the Brunt-Vfiisfilfi frequency. Assuming 
waveform solutions in (9) and (7) and again using (7) gives 

T' (•02 a 01og•'p) sr ' (10) T g ito + a Oz 

where; = w'/ito is the Eulerian estimate of vertical displace- 
ment. Using (10) in (8) and evaluating M'/•ir by means of (6) 
with a evaluated as above gives 

p' ( ga 01Og •p giro 01og l•) - g -•- = - l•ø2 + i to + a O z i to + a O z •' 
(•) 

where the left-hand side is the buoyancy force and the expres- 
sion in parentheses may be interpreted as a buoyancy fre- 
quency modified by compositional effects. For the fast- 

! 

diffusion limit (whence M' and C p -• 0), 

p'( O log E'p) •, o:+g oz (12) 

and for the slow-diffusion limit (whence M and Cp are con- 
served), 

p' ( a log/f//) -g7 -=- 0:-g (•3) 

Figure 2 shows the vertical profiles of Brunt-Vfiisfilfi frequency for 
the two limiting cases based on auroral/•/and •'p profiles. Also 
plotted is the classical Brunt-Vfiisfilfi frequency /•), where 
compositional effects included in the additional terms in (12) 
and (13) are ignored. The compositional contribution to the 
Brunt-Vfiisfilfi frequency is greatest for slow diffusion. For slow 
diffusion, composition contributes to an increase in the square 
of the Brunt-Vfiisfilfi frequency at all altitudes above --•90 kin. 
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The effect is greatest at the peak of the profile in the lower 
thermosphere just below 120 km and at higher altitudes above 
---130 km. The fractional change at the peak is ---6%, and at 
altitudes above ---140 km it is ---18%. For fast diffusion, com- 
position also contributes to an increase relative to/•. The 
contribution is smaller, about half that due to/f,/at the peak. 
The divergence between the fast and slow limits is greatest at 
the higher altitudes plotted, with the increase over • for the 
slow limit being ---2 times greater than for the fast limit. 

The compositional effects on static stability can be signifi- 
cant. The greatest effects should be on waves that have long 
vertical scales, as these waves are most sensitive to changes in 
the static stability leading to changes in the vertical wave num- 
ber [Walterscheid et al., 1999, 2000]. A special class of waves in 
this category are the waves that are ducted or partially ducted 
in the region of the Brunt-V•iis•il•i maximum in the lower 
thermosphere [Walterscheid et al., 1999]. 

The effects of composition on static stability in the two limits 
(equations (12) and (13)) may be explained as follows. In the 
fast-diffusion limit, M' -• 0 and variable mean molecular 

weight has no effect through (8). This is explained further 
t 

below. Also, C p -• O, but the limit of ac•, does not -• 0 as a 
-• 0. In this limit, (9) becomes 

T' 0 log •-'p J•0 2 
•r + 0• • = # •' (14) 

The left side of (14) represents the fractional change in a 
parcel's enthalpy that occurs when a parcel is displaced verti- 
cally subject to fast diffusion. The enthalpy change driven by 
the term on the right is divided between the two terms on the 
left. Since 0 log •p/O z > 0, an upward displacement results in 
an increase in the parcel's enthalpy. This is compensated by 
increased cooling relative to constant composition, which in- 
creases the rate of density decrease and increases the down- 
ward restoring force. This explains the increase in the Brunt- 
V•iis•il•i frequency according to (12). When the slow-diffusion 
limit applies, but the fast-diffusion limit is implicitly invoked by 
using fixed composition, the second term on the left side of 
(14) becomes a spurious heat source, or alternatively a spuri- 
ous source of buoyancy. 

In the slow-diffusion limit, specific heat is conserved and the 
right sides of (9) and (14) are zero. Then the effects of variable 
M enter through the second term on the right side of (8). This 
term represents the fact that the density disturbance is in- 
creased by having the displaced parcel move to where the 
environmental air has a greater abundance of light species than 
the parcel itself. Since 0 log M/Oz < 0, this occurs for an 
upward displaced parcel. This means that the parcel is heavier 
relative to the displaced air than it would be were composition 
constant with altitude; thus the parcel experiences an increased 
downward restoring force. This explains the increase in the 
Brunt-V•iis•il•i frequency according to (13). It also explains why 
the limit of fast diffusion does not include this effect; since 
then, as in the constant composition case, the parcel and the 
environment have the same composition. 

For fixed displacement the amplitude of p'/b should be 
greater for conserved composition than for locally fixed com- 
position (see equations (12) and (13)). However, it is clear that 
for the same initial heating, parcel excursions should be in- 
creased by reduced buoyancy (as measured by N 2) since the 
restoring force on buoyant parcels is less. Physically, the buoy- 
ant effect on upward displaced parcels of mixing in lighter 
constituents is the same as adding heat. Thus we expect the net 

effect of the rapid mixing implied by fixed composition is to 
increase parcel displacement and thus wave amplitude. 

3. Augmented Full-Wave Model 
We have simulated the composition effects using the full- 

wave model described by Hickey et al. [2000, and references 
therein] augmented with (6) and (7) and the M'//f,/term in the 
ideal gas law. The model includes rotation and scale- 
dependent dissipation by molecular and eddy viscosity and 
heat conduction. The diffusion coefficient D appearing in (6) 
and (7) is obtained from the U.S. Standard Atmosphere 
(1976). The coefficient is for the diffusion of O through 02 and 
N 2. Profiles of M and Cp are obtained from the MSIS90-E 
model. The values of •"p used in the model are calculated from 
composition according to Banks and Kockarts [1973, equation 
(14.15)]. The mean value of •"p is obtained by first calculating 
the ratio of specific heats •, = Cp/C v using the number density 
weighted degrees of freedom [see Banks and Kockarts, 1973, 
equations (14.14) and (14.13)] and then deducing •"p from ½p -- 
R + cv and Cp = •/c•. 

In the full-wave model the altitude variation of the forcing is 
a Gaussian function centered on 20 km altitude with a full 

width at half maximum of 0.1 km. The magnitude of the forcing 
is the same for all waves although the actual value is arbitrary. 
No attempt was made to rescale the results to match measured 
amplitudes. The important aspect of the simulations is the 
relative difference between simulations as a function of the 

rate of mutual diffusion, which in our linear model is indepen- 
dent of wave amplitude. 

4. Model Results and Discussion 

In this section we present the results of simulations for long- 
and short-period gravity waves. We also present an equivalent 
gravity wave calculation of a semidiurnal tidal mode [Lindzen, 
1970]. 

4.1. Gravity Wave Calculations 

Calculations were performed for the C-HL profile for two 
wave periods: 10 and 60 min. The horizontal wavelength for 
the 10-min wave is 60 km, giving a horizontal phase speed of 
100 m s -•. This wave resembles the faster quasi-monochro- 
matic waves observed in airglow imagers. The wavelengths for 
the 1-hour waves range from 240 to 720 km, corresponding to 
phase speeds from 50 to 200 m s -•. Waves with order hour 
periods are the energy-containing waves of the spectrum. Cal- 
culations were done for the five-equation model set, wherein 
composition is kept locally fixed (the usual one-gas approach), 
and for the augmented seven-equation set, wherein composi- 
tion is conserved following the motion. To reiterate, the former 
is the fast-diffusion limit while the latter is the slow-diffusion 

limit. (Note that the slow limit can also be implemented by 
simply taking the specific heats outside of the substantial de- 
rivative and adding one equation for the wave-perturbed mean 
molecular weight. We use a seven-equation set to enable cal- 
culations based on (5) and (7).) 

A separate calculation was done for the W-ML profile that 
demonstrates that the slow-diffusion limit is a good approxi- 
mation in the lower thermosphere. Figure 3 shows the ampli- 
tude of the temperature wave for a wave with horizontal wave- 
length 3• = 540 km and period r = 60 min for the fast- and 
slow-diffusion limits and for the diffusion coefficients based on 
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Figure 3. The amplitude of the temperature wave versus al- 
titude for a horizontal wavelength • = 540 km and period, = 
60 min for the fast- and slow-diffusion limits and for the dif- 

fusion coefficients based on U.S. Standard Atmosphere (1976). 
Also shown are results for the same coefficients increased by a 
factor of 10. 

U.S. Standard Atmosphere (1976). Also shown are results for 
the same coefficients increased by a factor of 10. The back- 
ground atmosphere is based on the quiet-time auroral condi- 
tions given above. The wave for the fast-diffusion limit (solid 
curve) has the greatest amplitude, while the wave for the slow- 
diffusion limit has the smallest amplitude. The two curves 
based on D are significantly closer to the slow-diffusion limit 
than the fast-diffusion limit. This is, in part, a consequence of 
the long vertical scales associated with this wave. The gases 
flow through each other, but to little effect. We have found 
that for waves with short vertical scales there is little difference 

between the fast and slow limits, and the result based on D is 
necessarily close to the fixed-composition result. However, 
when the two limits diverge, the slow limit always resembles 
the results based on D much more closely than does the fast 
limit. Our approach for modeling the effects of mutual diffu- 
sion is heuristic but seems reasonable. Therefore we conclude 

that since the results for the slow-diffusion limit are not too 

different from even the results for 10 x D, the results for the 
slow-diffusion limit are accurate. Henceforward we will show 

only the fast- and slow-diffusion limits for 1-hour-period waves 
and shorter. 

The remainder of this section refers to calculations for high- 
latitude conditions. We dwell on C-HL conditions but also 

refer to some warm high-latitude calculations for comparison. 
Figure 4 shows the calculated amplitudes for the fast and slow 
limits for a 10-min wave with a horizontal wavelength of 60 km. 
This wave is similar to waves seen in the airglow images that 
appear to be ducted or partially ducted in the lower thermo- 
sphere duct [Isler et al., 1997; Taylor et al., 1995; Walterscheid et 
al., 2000; Hecht et al., 2001]. However, no effort is made here 
to select a wave exhibiting such behavior [Walterscheid et al., 

T' for '•=10min, •,x=60km 
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Figure 4. The calculated temperature amplitudes versus al- 
titude for the fast and slow limits for a 10-min wave with a 

horizontal wavelength of 60 km. The calculations are for the 
high-latitude and low solar flux conditions. 

1999]. The effects of local composition change included in the 
seven-equation set reduce the magnitude of the wave relative 
to the five-equation set, wherein local changes are zero. The 
largest differences occur near where wave amplitude peaks. 
The difference is a significant -28% increase in amplitude as 
a result of fixed composition. The sensitivity to composition is 
a consequence of the wave being marginally evanescent or 
propagating in the upper mesosphere and lower thermosphere. 

Figure 5 shows the amplitude of the fractional fluctuations in 
Cp, M, and T versus altitude for the slow limit for the wave 
shown in Figure 4. Also shown is the fractional change in T for 
the fast limit. The relative fluctuation in M is -25% of the 
fluctuation in T for the slow limit and accounts for much of the 

difference between the fluctuations of T for the fast and slow 

limits. This is a fairly general result where the T' amplitude is 
governed mainly by adiabatic displacement. At higher altitudes 
the difference is governed more by the effects of static stability 
combined with scale-dependent dissipation. The amplitude of 
c•,/•p is shown for comparison. At most it is -60% of M'/M. 

Figures 6-9 show the results for the 60-min wave for wave- 
lengths of 180, 360, 540, and 720 km. As the horizontal wave- 
length hx increases, the waves peak progressively higher be- 
cause the vertical wavelength increases and thus scale- 
dependent molecular dissipation decreases. For hx = 180 km 
the peak is located near 120 km altitude, while for hx = 720 
km the main peak is near 175 km. The effects of composition 
change reduce the amplitude of waves relative to amplitudes 
calculated with fixed composition. The largest differences oc- 
cur near where wave amplitudes peak. The size of the differ- 
ence is a function of the sensitivity of the wave to composition- 
caused changes in the vertical structure of static stability. The 
sensitivity to changes in stability is greater for waves with 
longer vertical wavelengths (especially waves near evanes- 
cence). As is usually the case, the waves with faster phase 
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Figure 5. The amplitude of the fractional fluctuations in Cp, 
M, and T versus altitude for the slow limit for the wave shown 
in Figure 4. Also shown is the fractional chance in T for the fast 
limit. 

speeds (longer horizontal wavelengths) have longer vertical 
wavelengths. The increasing wavelength sensitivity is seen in 
Figures 6-9. The fractional divergence between the slow and 
fast limits increases as the horizontal wavelength •x increases. 
For •x = 180 km the divergence is slight. For •x = 360 km 
the divergence referred to the slow limit is ---14% near the 
peak. For •x = 540 km the divergence is larger yet, and 
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Figure 7. Same as Figure 6 except for a horizontal wave- 
length of 360 km. 

significant values exist over a much larger range of altitudes. In 
absolute terms, the divergence between solutions increases up 
to the amplitude peak near 160 km and remains fairly constant 
up to about 220 km, where it begins to decrease. By ---250 km 
the divergence is again fairly constant and remains so up to the 
highest altitude plotted (300 km). The fractional divergence 
near the peak is 22%. It increases to a maximum value of 34% 
near 220 km altitude. The results for the longest wavelength 
(Xx = 720 km) are similar, with the divergence increasing up 
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Figure 6, Same as Figure 4 except for a 60-min wave with a 
horizontal wavelength of 180 kin. 
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Figure 8. Same as Figure 6 except for a horizontal wave- 
length of 540 km. 
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Figure 9. Same as Figure 6 except for a horizontal wave- 
length of 720 km. 

to the amplitude maximum (located near 170 km) and decreas- 
ing between about 200 and 250 km. For this wave the fractional 
divergence near the peak is 25%, increasing to a maximum 
value of 31% near 220 km altitude. The general increase in the 
divergence between the slow and fast limits as horizontal wave- 
length (phase speed) increases reflects both decreased damp- 
ing of the wave before compositional effects can accumulate 
and increased sensitivity of the solutions to differences in the 
refractive index gradients between the fast and slow limits as 
the vertical wavelength increases (tends toward evanescence). 

It is also of interest to compare the 60-min Xx - 540 km 
solution for the C-HL thermosphere (Figure 8) with solutions 
for a high-latitude warm thermosphere. Accordingly, we have 
also performed calculations (not shown) for 70øN for condi- 
tions where F10.7 -- 150 and Ap - 10, which we denote 
W-HL. As expected, the divergence between the fast and slow 
limits is greater for C-HL than for the W-HL conditions in the 
lower thermosphere, where the C-HL vertical gradient of/f4 is 
greater because of the scale-height sensitivity to temperature 
mentioned above. The divergence between solutions for the 
W-HL conditions resembles the divergence for the C-HL con- 
ditions shown in Figure 8. The main difference is that the 
absolute divergence does not significantly decrease above the 
amplitude peak for W-HL conditions (thus the fractional dif- 
ference continues to increase). The fractional divergence (with 
respect to the slow limit) at the amplitude peak is 22% for the 
C-HL conditions and 14% for the W-HL conditions. The max- 

imum fractional divergence for C-HL conditions is 34% and 
occurs near 220 km. The W-HL divergence at the same alti- 
tude is 30%. The maximum divergence for the W-HL atmo- 
sphere occurs near 280 km and has a value of 38%; the cor- 
responding C-HL value is 27%. Calculations for Xx = 720 km 
gave similar results. 

4.2. Equivalent Gravity Wave Tidal Calculation 

We have also performed a tidal calculation using an equiv- 
alent gravity wave model [Lindzen, 1970; Richmond, 1975]. In 
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Figure 10. The amplitude of the temperature wave versus 
altitude for an equivalent gravity wave calculation of the se- 
midiurnal 2,2 mode for the fast- and slow-diffusion limits and 
for the diffusion coefficients based on U.S. Standard Atmo- 

sphere (1976). Also shown are results for the same coefficients 
increased by a factor of 10. 

this model the horizontal wavelength and Coriolis parameter 
are adjusted to give maximal correspondence with a given tidal 
mode. We have performed a calculation for the semidiurnal 
2,2 mode. This mode has long vertical scales and should exhibit 
sensitivity to composition change similar to the fast waves 
considered above. However, the fast limit should be more 
accurate because the timescale of the tide compared with the 
timescale a- 1 for mutual diffusion is much longer than for the 
gravity waves. The calculation was done for an equinoctial 
midlatitude temperature profile based on the extended MSIS 
model. This profile was chosen as being more or less repre- 
sentative of the global mean temperature. The parameters of 
the model were obtained from Richmond [1975]. Mode cou- 
pling induced by viscosity and thermal conduction was ignored. 
The tide was forced in the same manner as the gravity waves: 
No attempt was made to include realistic tidal forcing. In view 
of the simplicity of the simulation the results can only give a 
general indication of the importance of compositional effects. 
Figure 10 shows the amplitude of the temperature wave for the 
equivalent gravity wave calculation of the semidiurnal 2,2 
mode for the fast- and slow-diffusion limits and for the diffu- 

sion coefficients based on U.S. Standard Atmosphere (1976). 
Also shown are results for the same coefficients increased by a 
factor of 10. As expected, the effects of mutual diffusion are 
greater for the semidiurnal tide than for the faster waves con- 
sidered previously. For diffusion rates 10 times nominal, the 
solution is closer to the fast limit than to the slower limit. 

However, for the nominal values the slow limit is clearly the 
more accurate. The fast and slow limits diverge significantly 
until -175 km, where the fast limit attains a value -29% larger 
than the slow limit. Above -175 km the difference does not 

change much. These results indicate the likelihood that the 
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tidal calculation should include the effects of local composition 
change. 

5. Summary and Conclusions 
We have found that the fast damping of compositional per- 

turbations by mutual diffusion implied by locally fixed proper- 
ties has a significant effect on the dynamics. Predicted temper- 
atures are significantly larger for locally constant composition 
than for conserved composition. Realistic values of mutual 
diffusion coefficients gave results much closer to the results for 
conserved properties than for fixed properties. We conclude 
that future models that use the one-gas approximation to 
model fairly fast waves in fairly cold lower thermospheres 
should include, at minimum, the simplification of conserved 
rather than fixed properties. This conclusion may apply as well 
to tides with long vertical scales. For other waves and other 
conditions, where wave reflection is not a significant factor 
affecting the wave vertical structure, the simple device of in- 
creasing the rate of molecular diffusion slightly might be suf- 
ficient. Finally, we remark that we have performed calculations 
for climatological atmospheres. Under disturbed conditions, 
high-latitude heating can lead to a large depletion of light 
species in the lower thermosphere, and under these conditions 
wave-induced compositional change may affect a broad range 
of waves, including comparatively slow waves [Fuller-Rowell, 
1984; Hecht et al., 1991]. 

Appendix A 
Equation (1) is obtained as follows. The definition of mean 

molecular weight is 

1 

M = • E F/'tMi, (A1) 
i 

where M i is the molecular weight of the i th species. Differen- 
tiating (A1) with respect to time gives 

DM 

Dt 

1 DN 1 Dni 
N 2 Dt y' tl'tMi -}- • E • Mi. (A2) 

i i 

Using individual specie and total-gas continuity equations 
[Hays et al., 1973] gives 

DM 

Dt 

1 

N E (mi- m)v'(1)i. (A3) 
i 

By definition, 

E Mi•i = 0; (A4) 
i 

whence 

D log M 1 
O• = N E V' (I) i. (A5) 

i 
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