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ABSTRACT

Osterc, Peter MSAE, Embry-Riddle Aeronautical University, May 2015. Phased Ar-

ray Beamsteering in Composite Laminates for Guided Wave Structural Health Mon-

itoring.

In this study a guided wave phased array beamsteering approach is applied to

composite laminates. Current beamsteering algorithms derived for isotropic materials

assume omnidirectional wave propagation. Due to inherent anisotropy in composites,

guided wave propagation varies with direction and wavefronts no longer have perfect

circular shapes.

By examining slowness, velocity and wave curves, as well as amplitude variation

with direction for a given composite laminate, the wavefront from a single source can

be described as a function of the angle of propagation and distance from origin. Using

this approach, a more general delay and sum beamforming algorithm for composite

laminates is developed for any desired wave mode.

It is shown that anisotropic wave mode shapes can be effectively used for beam-

steering in certain directions with a linear array and performance similar or even

better than the isotropic case. However, the useful range of angles with a 1-D linear

array for anisotropic wave modes is quite small and other directions exhibit undesired

grating lobes and large sidelobes.
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Results from the modified beamforming algorithm are also compared and validated

with Finite Element Model simulations. Good agreement is shown between analytical

predictions and finite element results.

Experimental validation is performed using an aluminum and composite plate

and linear arrays of piezoelectric actuators for guided wave excitation. Successful

beamforming is shown in the experimental study based on the algorithm predictions.
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1. Introduction

With ever more extensive use of composites in various industries, especially mechan-

ical and aerospace structures, damage detection and evaluation is becoming increas-

ingly important.

Damage in composite materials can occur through multiple mechanisms. Time

dependent fatigue and propagation of damage in composites due to impacts, which

may not be visible as surface damage, can often cause delamination of the underlying

layers. Since propagation or occurrence of damage is not nearly as well known and

possible to visually identify as in metals, other means of detecting damage are needed.

Conventional nondestructive evaluation (NDE) techniques which are commonly

used in monitoring metallic structures have been successfully applied to composite

structures; however, such testing is very limited in area and thus too time and labor-

consuming across large areas and also not applicable to certain complex geometries.

For plate-like structures, structural health monitoring (SHM) using phased array

beamsteering of guided Lamb waves is a promising approach to damage detection and

evaluation. This approach will be further discussed throughout this thesis.
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1.1 Structural Health Monitoring

Active structural health monitoring, where sensors are embedded and autonomously

evaluating the structure in real-time during usage, is becoming more and more popular

for the many benefits it can provide. Amongst these are increased structure reliabil-

ity, accident prevention, prediction of remaining useful life of the structure which can

be utilized for condition-based-maintenance and many other derived benefits.

An active SHM approach would potentially provide an automated system for moni-

toring composite structures, with the ability to detect and locate damage immediately

as it occurs. There are several different methods that exist for SHM and/or NDE

which include but are not limited to fiber optic sensors, electrical impedance, acoustic

emissions, microelectromechanical systems (MEMS) accelerometers, and ultrasonics.

Ultrasonics and radiography introduce energy into the structure to observe the re-

sponse using piezoelectric transducers and x-rays. NDE techniques often use through-

thickness evaluation. However, for SHM systems, guided lamb waves that propagate

in the plane of the plate structures are of greater interest.

Many current SHM systems utilize Lamb waves to detect damage both in metallic

and composite structures. Lamb waves in any material have the great advantage of

propagating across long distances with only a small loss of amplitude (Rose, 1999).

This means that a large area can be monitored with just a few sensors. In contrast to

conventional NDE techniques, damage can be detected even when not in the vicinity

of the sensors.
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Guided lamb waves can be excited and sensed in many different ways. Piezo-

ceramic (PZT) and MacroFiber Composites (MFC) actuators, fiber optics, EMATs,

Magnetostrictive sensors, AFC, SMART layers etc. have all been studied and used

by researchers. PZT actuators and those similar to them are particularly promising

since they can act as both actuators and sensors. Thus the number of parts can be

reduced, and a whole structure can be monitored by a minimum number of actuators.

Various arrangements of sensors have been proposed and experimentally studied by

researchers. An overview of many recent approaches is given by Lissenden and Rose

(2008). A promising system is beamsteering using a central phased array of actuators

and is the focus of the work described in this thesis as well.

1.2 Guided Lamb Waves

Guided Lamb waves are elastic waves that exist in thin, plate-like structures,

where thickness is at least an order of magnitude smaller than other dimensions.

Lamb waves in any solid media are highly dispersive, e.g. the wave velocity is a

function of frequency. Furthermore, a given structure can theoretically support an

infinite number of different Lamb wave modes. The modes can generally be grouped

into two distinct types of Lamb waves: symmetric (extensional) and antisymmetric

(flexural).

Dispersion curves describe the relation between frequency and phase or group ve-

locity for the different modes. Dispersion for isotropic plates is only a function of

material properties and governing relations are quite straightforward to derive from
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3D elasticity theory. Solutions for valid wave modes however can only be obtained

using numerical methods (Rose, 1999). For anisotropic materials, dispersion prop-

erties become direction dependent as well and can generally not be assumed to be

constant in every direction.

Despite added complications, the dispersion relations for composite materials can

be solved numerically from equations of motion and 3D elasticity or through higher

order plate theory as shown by Wang and Yuan (2007a). They can also be determined

experimentally (Valdes & Soutis, 2002) or through finite element methods (Wang &

Yuan, 2006).

1.3 Phased array Beamforming

Phased array beamforming is a technique used in different fields for directional

signal sending or reception. It utilizes multiple actuators to form a focused beam.

For an SHM application, this enables determining the exact direction of the damage

in relation to the sensor/actuator array. With just around 4-10 actuators, a focused

beam can be formed in any direction required by exciting the actuators in specific

order with different time delays. The directed beam is a result of constructive wave

interference.

To be able to predict the shape and direction of the main beam, as well as the

unavoidable side lobes, the wave propagation from each transducer needs to be known.

In an isotropic plate, omnidirectional point sources can be generally assumed with

amplitude and velocity equal in every direction. Using this assumption, Yu and
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Giurgiutiu have developed a general beamforming algorithm for a 1D linear phased

array applied to an isotropic plate using a delay and sum principle (2007b; ?). The

algorithm was also applied and validated with experiments.

Other phased array setups, such as rectangular and circular organization of the

actuators, have also been suggested and explored by other researchers (Yu & Giurgiu-

tiu, 2007a; Wilcox, 2003). Many cases have produced more optimal beamforming,

e.g. large and narrow main lobe and smaller side lobes, which are the most sought

after qualities for effective beamsteering. Most of this research however has only been

done in isotropic materials.

An omnidirectional point source cannot always be assumed and the previously

mentioned beamforming algorithm developed by Yu and Giurgiutiu is not universally

applicable even in isotropic plates, as shown by Kim and Philen for MacroFiber

Composites (MFC) actuators that have anisotropic actuation (2008). When trying to

apply the same beamforming principles to composite structures, similar complications

occur due to the anisotropic properties.

As mentioned earlier, in each layer, the wave speed and direction are affected by

the angle between the wave propagation and the fibers. Extra wave interactions also

occur at each layer boundary and are a function of the angles between layers. Specific

frequencies can be found in some cases for a particular mode where the slowness curve

is nearly circular, and an omnidirectional source wave approximation is applicable. In

such cases, a beamforming algorithm for isotropic materials can be applied, as shown

by Yan and Rose (Yan & Rose, 2007).
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For a general case, however, a single point source in composite laminates can not

be assumed as omnidirectional. The wave mode velocities, as well as amplitudes are

direction and frequency dependent. Consequently, the wave front is no longer circular

and can become very complicated for certain wave modes.

1.4 Finite Element Analysis

When dealing with complex geometries, material properties or loads, it is often not

possible to obtain analytical mathematical expressions for the solutions (Logan, 2007).

Finite element analysis (FEA) is a numerical approach to determining approximate

solutions for physical models without obtaining a complete analytical solution. It

can be used for structural analysis, fluid flow, heat transfer and other areas. It has

been shown by many researchers that FEA methods are effective at predicting and

evaluating guided lamb wave propagation (Yang, Ye, Su, & Bannister, 2006; Gresil,

Giurgiutiu, Shen, & Poddar, 2012)(Han, 2007;Yang, 2006; Gresil et al., 2012).

The finite element approach involves division (discretization) of the model of in-

terest into geometrically simple components/elements of finite size. Elements are

interconnected by common points (nodes), boundary lines and surfaces. Sets of sim-

pler algebraic equations governing each element are then combined for the whole

model and solved concurrently.

For structural analysis problems there are various possible approaches for FEA.

A common method is the displacement(stiffness) technique. Here, displacements for

each node of each element are used as unknowns and are expressed through equations



7

of equilibrium. The shared nodes between elements result in systems of equations that

need to be solved simultaneously to obtain a final solution. Alternative approaches

include the principle of minimum potential energy and the principle of virtual work.

There are many commercially available computer finite element programs. In this

thesis, Abaqus 6.14-1 program suite is used. ABAQUS includes two distinct solvers

for dynamic problems, Abaqus/Standard and Abaqus/Explicit.

Abaqus/Standard employs an implicit time integration approach to calculate the

transient response of the model. This method solves a set of dynamic equilibrium

equations at every time increment using an iterative process. This is an uncondition-

ally stable approach regardless of the time step, but can be very computationally and

memory intensive.

Abaqus/Explicit uses an explicit central-difference time stepping integration tech-

nique. This method calculates the solution at every time step from the kinematic state

at the end of previous step without iterations (“ABAQUS 6.14 User Manual”, 2014).

Therefore the solution can become unstable and begin propagating an increasingly

large error if the time step is too large. This means it is only conditionally stable;

however, it is much more computationally efficient for transient problems such as

wave propagation (“ABAQUS 6.14 User Manual”, 2014).
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2. Guided Lamb Waves

Lamb waves, also known as guided waves, are elastic waves propagating in solid plates.

Their motion is guided by the physical plate boundaries, which is acknowledged by

using the prefix ’guided’ lamb waves. The initial mathematical analysis and prediction

of these types of waves in infinite plates was conducted and published in 1917 by

Horace Lamb, after whom they are named. Similar guided waves were shown to

exist on the surface of semi-infinite solids by Lord Rayleigh in 1885. Due to many

similarities, the two wave types are often referred to in conjunction as Rayleigh-Lamb

waves. Lamb wave theory has also been extended to curved plates, shells and pipes.

The rest of the chapter will be limited to the problem as applied to simple plates.

Schematic of the problem and adopted notation are shown in Figure 2.1. The x3

axis is defined parallel to the plate surface while x1 and x2 lie in-plane and further

correspond to the primary material coordinate system in the anisotropic case. Guided

lamb waves are characterized by the particle motion in the plane parallel to the plate

normal and to the propagating direction, e.g. x1 − x3 plane for a wave traveling in

x1 direction.

A significant property of guided Lamb waves is the large number of possible wave

modes for a given structure. A semi-infinite medium only supports two bulk wave

modes types. These are dilatational (longitudinal/P-waves) and distortional (shear/S-
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Figure 2.1. Plate model and notation

waves). Conversely, a finite plate can support an infinite number of Lamb wave modes,

with ever more modes possible concurrently at increasing frequencies.

The motion of Lamb waves can be predicted from the general wave equation

as shown in subsequent sections. In any medium, Lamb waves exhibit dispersion

of phase and group velocity with frequency to a varying degree amongst different

wave modes. Phase and group velocity concepts are further described in section 2.1

Generally, the Lamb wave modes can be classified into two groups, namely symmetric

and antisymmetric (asymmetric). The two terms refer to the out-of plane component

of particle motion in respect to the mid-plane as illustrated in Figure 2.2.

The actual particle motion is not constrained to the out-of plane displacement

but is in fact elliptical. Asymmetric modes exhibit a larger component in the trans-

verse x3 direction, while symmetric modes tend to have a larger component parallel

to the wave propagation direction. This is most significant for the primary zero-order

modes. These characteristics lead to alternative names for the two classes of wave
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Figure 2.2. Out of Plane particle motion for Guided Lamb Waves
(left - antisymmetric, right - symmetric)

modes - extensional for the symmetric and flexural for the antisymmetric. The follow-

ing sections describe additional concepts regarding guided waves in more detail and

present the governing equations of Lamb waves in isotropic and anisotropic plates as

derived from 3D Elasticity Theory.

2.1 Phase and group velocities

As a group of waves travels through a medium, two distinct velocities can be

distinguished. Group velocity is the velocity with which the entire envelope of the

wave moves through the medium. Therefore it is the velocity of the progressing

wavefront. Phase velocity on the other hand, is the velocity at which the individual

wave peaks move. Amongst the first to note the distinction was Lord Rayleigh (1945):

It has often been remarked that when a group waves advances into still

water, the velocity of the group is less than that of the individual waves

of which it is composed; the waves appear to advance through the group,

dying away as they approach its interior limit. (p.475)
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Figure 2.3. Phase (Cp) and group (Cg) velocities of a wave packet

In general, three distinct cases are possible. If phase and group velocity are equal,

the wave peaks are stationary within the wave packet. If the phase velocity is greater,

the waves seem to repeatedly originate at the beginning of the wave packet, traveling

through it, and disappearing at the front. Finally, if the phase velocity is lower than

group velocity, the waves seem to originate at the wavefront and travel opposite the

propagation direction, vanishing at the beginning of the wave packet.

Any one of these cases can occur in guided Lamb waves. Both velocities depend

on the material properties, plate thickness and the specific wave. Furthermore, they

are both dispersive and vary throughout the frequency range for each wave mode.

Derivations of the phase and group velocities governing equations is presented in the

following sections.

2.2 Dispersion Curves

Dispersion curves describe the relation between the frequency and velocity for the

different modes. The term ’dispersion’ stems from the fact that both phase and group
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velocity of any specific mode vary with frequency, and consequently a wave packet

traveling through the plate appears to spread out, due to the different frequency

components propagating at their own respective velocities. A sample of dispersion

relations in an aluminum plate is shown in Figure 2.4.

Figure 2.4. Dispersion relations in Al plate. Left: frequency - phase
velocity representation; Right: Wavenumber - frequency representa-
tion

Dispersion relations for an isotropic plate are only a function of material properties

and quite straightforward to derive from 3D elasticity theory. In the case of composite

material however, guided wave propagation becomes more complex.

The number of layers, relations between layers themselves and angle between

propagating waves and the fiber directions all affect the speed and amplitude of

the wave propagation. Thus, all these factors affect dispersion, and the dispersion

curve becomes different for various wave directions. Finally, the distinct wave modes
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described earlier no longer exist clearly in composites and can be highly coupled in

some directions, while uncoupled in others.

2.3 Wave curves

In anisotropic plates, due the previously described factors, the direction of the

wave propagation has an affect on both phase and group velocity. This is due to

differing material properties and consequently different stiffness matrices in various

propagating directions θ.

This effect is observed by plotting various ’wave curves’ in a polar coordinate

system. A plot of phase velocity vectors for different wave directions, θ, for a specific

plate at a certain frequency is called a (phase) velocity curve. A reciprocal of 1/Cp

and the corresponding plot of values is called a slowness curve. Finally, a plot of

group velocity vectors on polar plot is known as a wave curve. It can be shown that

the group velocity vector for every point on the slowness curve is perpendicular to

the tangent of the slowness curve at that point. The angle difference between the

phase velocity vector and corresponding group velocity vector is denoted as a ’skew’

angle. This phenomenon only occurs in anisotropic materials. The physical meaning

of the skew angle is the direction of wave energy.

A wave curve essentially represents the shape of a wave front emitting from a single

source at the origin. The mentioned phase velocity, slowness and wave curves for an

isotropic material such as aluminum are simply circles, with varying magnitudes at

different frequencies and wave modes; in composites however, the forms can become
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Figure 2.5. Velocity, slowness and wave curves of Lamb waves in
[+456/− 456]s laminate at ωhct = 4: (a) velocity curves of symmet-
ric modes; (b) slowness curves of symmetric modes; (c) wave curves
of symmetric modes; (d) velocity curves of antisymmetric modes; (e)
slowness curves of antisymmetric modes; (f) wave curves of antisym-
metric modes; (Wang, 2004)

quite complicated. A sample of wave curves as published in literature for a 3mm thick

[+456/− 456]s composite laminate at a frequency of 0.4MHz is shown in Figure 2.5

(Wang, 2004). While certain wave modes, such as A0 in this example, might exhibit

nearly isotropic properties, this is not always the case as seen from other wave modes.

Furthermore, the A0 mode will also exhibit higher effects of anisotropy in the same

plate at different frequencies.



15

2.4 Isotropic Material

2.4.1 Governing Equation Derivation

Derivation of elastic wave propagation governing equations in isotropic materials

is presented in many textbooks (Graff, 1991; Nayfeh, 1995; Rokhlin, Chimenti, &

Nagy, 2011; Rose, 1999). The derivation starts from the Navier elasticity equation

for an isotropic and linearly elastic material:

(λ+ 2µ)∇ (∇ · u)− µ∇× (∇× u) = ρü (2.1)

where λ and µ are Lamè constants. Expression in (2.1) represents a set of partial

differential equations for displacements. Boundary conditions for the problem are free

traction at both top and bottom surface of the plate, and are expressed by:

σ31 = σ32 = σ33 = 0 @ x3 = ±d/2 (2.2)

Using method of potentials, equation (2.1) results in two expressions using Helmholtz

decomposition (u = ∇φ+∇× ρ):

δ2φ

δx1
2

+
δ2φ

δx3
2

=
1

cL2

δ2φ

δt2
(2.3a)

δ2ψ

δx1
2

+
δ2ψ

δx3
2

=
1

cT 2

δ2ψ

δt2
(2.3b)

Assuming solutions to (2.3) in the form of harmonic waves in x1 − x2 plane:
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φ = φ(x3)ei(ξ1x1+ξ2x2−ωt) (2.4a)

ψ = ψ(x3)ei(ξ1x1+ξ2x2−ωt) (2.4b)

where ξi is wavenumber in i direction and ω is angular frequency. Through mathemat-

ical manipulation (Rose, 1999), two decoupled governing equations relating wavenum-

ber and frequency for guided wave modes can be obtained:

tan (qh)

tan (ph)
= − 4k2pq

(q2 − k2)2 symmetric modes (2.5)

tan (qh)

tan (ph)
= −(q2 − k2)

2

4k2pq
antisymmetric modes (2.6)

where p and q terms are defined as follows:

p2 =
ω2

cL2
− k2 (2.7a)

q2 =
ω2

cT 2
− k2 (2.7b)

2.4.2 Solving the Governing Equations

Dispersion relations for all possible wave modes are defined by the governing

equations in (2.4.1). Valid solutions are the roots of the expression, and can be

obtained by numerical methods. This produces a range of combinations of frequencies

and phase velocities that correspond to valid guided wave modes. Steps taken in a

typical solution approach are outlined by Rose (1999) as:
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1. Choose a frequency-thickness product (ωh)0

2. Make an initial estimate of the phase velocity (cp)0

3. Evaluate the sign of the left-hand side of the governing equation

4. Choose another phase velocity (cp)1 > (cp)0 and re-evaluate the sign of governing

equation.

5. Repeat steps 3 and 4 until the sign changes. Because the functions involved are

continuous, a change in sign must be accompanied by a crossing through zero.

Therefore, a root m exist in the inverval where a sign change occurs. Assume

that this happens between phase velocities (cp)n and (cp)n+1.

6. Use some sort of iterative root-finding algorithm (e.g., Newton-Raphson, bisec-

tion,...) to locate precisely the phase velocity in the interval (cp)n < cp < (cp)n+1

where the LHS of the governing equation is close enough to zero.

7. After finding the root, continue searching at this ωh for other roots according

to steps 2 through 6.

8. Choose another ωh and repeat steps 2 through 7

The aforementioned steps can also be easily modified to solve the governing equa-

tions in the frequency-wavenumber domain instead of frequency-phase velocity, which

can prove beneficial for mode-tracking (Lowe, 1995). In this case, a wavenumber is

chosen and held constant, and then frequency (or frequency-thickness) is the iterative
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variable. Once all the roots are found at a certain wavenumber, another wavenumber

is chosen and steps are repeated.

2.5 Anisotropic Material Single Layer

Method of potentials presented in the isotropic material section can not be applied

for an anisotropic material case, as starting equation (2.1) assumes isotropic prop-

erties. Therefore, the stress-strain relations that differ with direction in anisotropic

materials need to be first evaluated, and then a partial wave method can be used to

obtain a governing equation.

2.5.1 Stress-Strain relations

Composite materials are not only anisotropic, but also inhomogeneous by defi-

nition. The elastic constants are different and unique for fibers as well as for the

matrix. However, when dealing with frequency at wavelengths that are large com-

pared to characteristic dimensions such as lamina thickness, fiber diameter etc., it

is the effective weighted average of properties that govern wave propagation (Rose,

1999). Therefore, composite materials can be modeled as homogeneous materials with

effective elastic constants that are a function of both the fiber and matrix properties.

In a general case for a composite laminate there will be at least a single plane

of symmetry, x1 − x3 plane, where x1 is the 0° fiber direction or principal material

direction. Therefore the material stress-strain relations can be modeled as monoclinic.
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For such a case, the stress-strain relations can be expressed with 13 independent

constants:



σ11

σ22

σ33

τ23

τ13

τ12


=


C11 C12 C13 0 0 C16

C12 C22 C23 0 0 C26

C13 C23 C33 0 0 C36

0 0 0 C44 C45 0
0 0 0 C45 C55 0
C16 C26 C36 0 0 C66





ε11

ε22

ε33

γ23

γ13

γ12


(2.8)

For the sub-case of a unidirectional composite as well as for most composite layups

in the primary material coordinates, two additional planes of symmetry can be de-

fined. The system can then be modeled as orthotropic and represented with 9 inde-

pendent constants:



σ11

σ22

σ33

τ23

τ13

τ12


=


C11 C12 C13 0 0 0
C12 C22 C23 0 0 0
C13 C23 C33 0 0 0
0 0 0 C44 0 0
0 0 0 0 C55 0
0 0 0 0 0 C66





ε11

ε22

ε33

γ23

γ13

γ12


(2.9)

Cij terms in equations (2.8) and (2.9) are stiffness constants and are a function

of material properties - Young’s moduli Ei, shear moduli Gij and Poisson ratios νij.

Defining a common term:

∆ =
1− ν12ν21 − ν23ν32 − ν31ν13 − 2ν21ν13ν32

E1E2E3

(2.10)

The elastic stiffness constants can be calculated as follows:
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C11 = 1−ν23ν32
E2E3∆

C12 = ν21+ν31ν23
E2E3∆

C13 = ν31+ν21ν32
E2E3∆

C22 = 1−ν13ν31
E1E3∆

C23 = ν32+ν12ν31
E1E3∆

C33 = 1−ν12ν21
E1E2∆

C44 = G23 C55 = G13 C66 = G12

(2.11)

To determine guided wave properties in a given propagating direction θ as mea-

sured from x1 direction, the coordinate system needs to be rotated from the primary

material coordinate system (where x1 is the principal material direction or the 0° fiber

direction) by θ around the x3 axis. Denoting the constants in the primary coordinate

system as C
′
ij, the transformed stiffness constants Cij can be expressed as:

Cij = [T (θ)]−1C
′

ij

(
[T (θ)]−1)T (2.12)

where T is the transformation matrix and is defined as follows:

T (θ) =


cos2 θ sin2 θ 0 0 0 2 cos θ sin θ
sin2 θ cos2 θ 0 0 0 −2 cos θ sin θ

0 0 1 0 0 0
0 0 0 cos θ − sin θ 0
0 0 0 sin θ cosθ 0

− cos θ sin θ cos θ sin θ 0 0 0 cos2 θ − sin2 θ

 (2.13)

2.5.2 Governing Equation Derivation

Starting from stress-strain relations in (2.8) and denoting the displacements in

the 1/2/3 directions as u1, u2 and u3, the strain components can be expressed as:
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ε11 = ∂u1
∂x1

γ23 = ∂u2
∂x3

+ ∂u3
∂x2

ε22 = ∂u2
∂x2

γ13 = ∂u1
∂x3

+ ∂u3
∂x1

ε33 = ∂u3
∂x3

γ12 = ∂u1
∂x2

+ ∂u2
∂x1

(2.14)

The governing equation of guided Lamb waves in a single layer can be derived

from the equation of motion in an arbitrary medium:

ρ
∂2ui
∂t2

=
∂σij
∂xj

(2.15)

where i and j = 1, 2, 3. Assuming a solution to (2.15) in the form of a harmonic wave

incident in the x1 − x3 plane:

ui = Uie
iξ(x1+αx3−ct) (2.16)

where ξ is the wavenumber in x1 direction and α = ξ3
ξ

is the ratio of wavenumbers in

x1 and x3 direction. Plugging (2.16) into (2.14), we obtain:

ε11 = ξiU1e
iξ(x1+αx3−ct) γ23 = ξαiU2e

i(x1+αx3−ct)

ε22 = 0 γ13 = ξαiU1 + ξαiU3e
i(x1+αx3−ct)

ε33 = ξiU3e
iξ(x1+αx3−ct) γ23 = ξiU2e

i(x1+αx3−ct)

(2.17)

From which we can express the stress terms in (2.8) as:

σ11 = [C11U1 + C13αU3 + C16U2] iξeiξ(x1+α3−ct)

σ22 = [C12U1 + C23αU3 + C26U2] iξeiξ(x1+α3−ct)

σ33 = [C13U1 + C33αU3 + C36U2] iξeiξ(x1+α3−ct)

σ23 = [C44αU2 + C45 (αU1 + U3)] iξeiξ(x1+α3−ct)

σ13 = [C45αU2 + C55 (αU1 + U3)] iξeiξ(x1+α3−ct)

σ12 = [C16U1 + C36αU3 + C66U2] iξeiξ(x1+α3−ct)

(2.18)
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(2.15) can be expanded for each of the principal axis as:

ρ
∂2u1

∂t2
=
∂σ11

∂x1

+
∂σ12

∂x2

+
∂σ13

∂x3

(2.19a)

ρ
∂2u2

∂t2
=
∂σ21

∂x1

+
∂σ22

∂x2

+
∂σ23

∂x3

(2.19b)

ρ
∂2u2

∂t2
=
∂σ31

∂x1

+
∂σ32

∂x2

+
∂σ33

∂x3

(2.19c)

where σ13 = σ31; σ23 = σ32 and σ21 = σ12. Plugging (2.18) into (2.19) we obtain:

(
C11 + C55α

2 − ρc2
)
U1 +

(
C16 + C45α

2
)
U2 + (C13α + C55α)U3 = 0 (2.20a)(

C16 + C45α
2
)
U1 +

(
C66 + C44α

2 − ρc2
)
U2 + (C36α + C45α)U3 = 0 (2.20b)

(C13α + C55α)U1 +
(
C45 + C36α

2
)
U2 +

(
C55 + C33α

2 − ρc2
)
U3 = 0 (2.20c)

Rewriting (2.20) in matrix form, where each Kij term is a function of material

constants and α:

K11 − ρc2 K12 K13

K12 K22 − ρc2 K23

K13 K23 K33 − ρc2


U1

U2

U3

 = 0 (2.21)

Since U1 = U2 = U3 = 0 is a trivial solution, the coefficient matrix needs to be

singular, hence the determinant of (2.21) needs to equal 0:

∣∣∣∣∣∣
K11 − ρc2 K12 K13

K12 K22 − ρc2 K23

K13 K23 K33 − ρc2

∣∣∣∣∣∣ = 0 (2.22)

Solving (2.22) results in a sixth order polynomial in terms of α:

α6 + C1α
4 + C2α

2 + C3 = 0 (2.23)
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where C1,C2 and C3 are factors in terms of material constants, ρ and c2. Solutions

to (2.23) are in the form:

α1 = −α2 α3 = −α4 α5 = −α6 (2.24)

Using relations in matrix (2.21) displacement ratios can be expressed:

Vq =
U2q

U1q

=
K23 (K11 − ρc2)−K13K12

K13 (K22 − ρc2)−K12K23

(2.25a)

Wq =
U3q

U1q

=
K23 (K11 − ρc2)−K13K12

K12 (K33 − ρc2)−K13K23

(2.25b)

Using above relations, the assumed solution in (2.16) can be expressed as:

u1

u2

u3

 =
6∑
q=1

 1
Vq
Wq

U1qe
iξ(x1+αx3−ct) (2.26)

And the stresses in (2.18) can be rewritten as:

σ11 =
6∑
q=1

[C11 + C16Vq + C13αqWq]U1qiξe
iξ(x1+αqx3−ct)

σ22 =
6∑
q=1

[C12 + C26Vq + C23αqWq]U1qiξe
iξ(x1+αqx3−ct)

σ33 =
6∑
q=1

[C13 + C36Vq + C33αqWq]U1qiξe
iξ(x1+αqx3−ct)

σ23 =
6∑
q=1

[C45αq + C44αqVq + C45Wq]U1qiξe
iξ(x1+αqx3−ct)

σ13 =
6∑
q=1

[C55αq + C45αqVq + C55Wq]U1qiξe
iξ(x1+αqx3−ct)

σ12 =
6∑
q=1

[C16 + C66Vq + C46αqWq]U1qiξe
iξ(x1+αqx3−ct)

(2.27)

The traction free boundary conditions at the top and bottom surface of the lamina

can be expressed as:



24

σ33 = σ23 = σ13 = 0 @ x3 = ±d/2 (2.28)

Rewriting (2.27) in matrix form for the boundary conditions terms:

σ33

σ23

σ13

 =
6∑
q=1

iξ

D1q

D2q

D3q

U1qe
iξ(x1+αx3−ct) (2.29)

where D1q, D2q and D3q are:

D1q

D2q

D3q

 =

 C13 + C36Vq + C33αqWq

C45αq + C44αqVq + C45Wq

C55αq + C45αqVq + C55Wq

 (2.30)

Evaluating (2.29) at the boundary conditions in (2.28) yields:

∣∣∣∣∣∣∣∣∣∣∣∣

D11E1 D12E2 D13E3 D14E4 D15E5 D16E6

D21E1 D22E2 D23E3 D24E4 D25E5 D26E6

D31E1 D32E2 D33E3 D34E4 D35E5 D36E6

D11Ē1 D12Ē2 D13Ē3 D14Ē4 D15Ē5 D16Ē6

D21Ē1 D22Ē2 D23Ē3 D24Ē4 D25Ē5 D26Ē6

D31Ē1 D32Ē2 D33Ē3 D34Ē4 D35Ē5 D36Ē6

∣∣∣∣∣∣∣∣∣∣∣∣
= 0 (2.31)

where Eq = iξe−iξαqd/2 and Ēq = iξeiξαqd/2 for q = 1...6

Due to the properties of the roots of (2.23) described in (2.24), we can deduce the

following properties:

D12 = D11 D14 = D13 D16 = D15

D22 = −D21 D24 = −D23 D26 = −D25

D32 = −D31 D34 = −D33 D36 = −D35

(2.32)

Using these relations, (2.31) can then be expressed as:



25

∣∣∣∣∣∣∣∣∣∣∣∣

D11E1 D11E2 D13E3 D13E4 D15E5 D15E6

D21E1 −D21E2 D23E3 −D23E4 D25E5 −D25E6

D31E1 −D31E2 D33E3 −D33E4 D35E5 −D35E6

D11Ē1 D11Ē2 D13Ē3 D13Ē4 D15Ē5 D15Ē6

D21Ē1 −D21Ē2 D23Ē3 −D23Ē4 −D25Ē5 −D25Ē6

D31Ē1 −D31Ē2 D33Ē3 −D33Ē4 −D35Ē5 −D35Ē6

∣∣∣∣∣∣∣∣∣∣∣∣
= 0 (2.33)

Through additional mathematical manipulation (Nayfeh, 1995) (2.33) can be fur-

ther simplified and decoupled into two governing equations for symmetric and asym-

metric modes respectively.:

D11G1 cot(γα1)−D13G3 cot(γα3) +D15G5 cot(γα5) = 0 symmetric modes
(2.34a)

D11G1 tan(γα1)−D13G3 tan(γα3) +D15G5 tan(γα5) = 0 antisymmetric modes
(2.34b)

where

γ = ξd/2 = ωd/2cP = πfd/cP
G1 = D23D35 −D33D25

G3 = D21D35 −D31D25

G5 = D21D33 −D31D23

(2.35)

Roots of equations in (2.34) correspond to valid guided wave modes and can be

solved by the steps outlined in section 2.4.2. Since the material properties vary with

wave propagation angle, the process needs to be repeated over a range of propagating

angles θ.
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2.6 Anisotropic Material Multiple Layer

The governing equations derived in section 2.5.2 only apply to a singe layer or

for a unidirectional composite layup, where the material properties are not changing

through the laminate thickness. For sufficiently large wavelengths, that are an order

of magnitude larger than the laminate thickness, the layering has no discernible effect,

and the laminate can be modeled with properties averaged across thickness (Rokhlin

et al., 2011).

Figure 2.6. Schematic of a 4 layer [0/-45/90/45] composite laminate
(Rokhlin, 2011)

For a general case of guided wave propagation and for most practical layups where

multiple plies are stacked in the same orientation, the averaging approach is not

suitable. To extend the theory to any composite layup, the set of governing equations

needs to be solved for each layer and continuity at layer boundaries must be enforced.

Schematic of the problem for a multi-layered composite plate is shown in Figure 2.6.

There are different approaches to formulating the multiple layer solutions, many

of which adopt matrix methods. A thorough historical review of matrix techniques
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for modeling wave propagation in multilayered media is given by Lowe (Lowe, 1995).

A more recent overview including non-matrix methods is given by Kamal and Gir-

guitiu (2014) who also propose a new stiffnes transfer matrix method for anisotropic

composites.

A brief overview of popular methods is given in the following sections.

2.6.1 Transfer Matrix Method

The transfer matrix method (TMM) was first published by Thomson (1950) and

combines the system of equations for each layer into six equations that relate the

boundary conditions at the top and bottom of the plate. It doesn’t solve for the

displacement within each layer, which saves on computational time and complexity. It

does however exhibit numerical instability at increasing frequency-thickness products

due to combinations of very large and very small terms simultaneously (Lowe, 1995).

2.6.2 Global Matrix Method

The global matrix method was developed by Knopoff (1964). It includes stresses

and displacements at each layer boundary with the top and bottom boundary condi-

tions. This results in a single large matrix. It does not exhibit numerical instability,

but becomes linearly larger and more computationally expensive as the number of

layers increases.
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2.6.3 Stiffness Transfer Matrix Method

The stiffness transfer matrix method (STMM) is a combined TMM and stiff-

ness matrix method (SMM) developed by Kamal and Giurgiutiu (2014). The TMM

method is unstable at higher frequencies as mentioned earlier. On the other hand, the

SMM approach is unstable at lower frequencies but accurate elsewhere. STMM uses

a combination of the two techniques to achieve numerical stability and robustness

across the entire frequency range.

2.6.4 Higher Order Plate Theory

Higher order plate theory was shown by Wang (2004; 2007b) to accurately predict

dispersion relations for symmetric and asymmetric modes at lower frequencies. Gov-

erning relations are developed by modifying Mindlin plate theory and including third

order terms in the displacement expansion about the mid-plane. This approach is

less computationally intensive but not applicable at large frequency-thickness prod-

ucts and for higher order modes (Wang, 2004).

2.6.5 Semi Analytical Finite Element

The semi-analytical finite element method (SAFE) is an alternative computation-

ally efficient approach. It uses one dimensional finite element discretization through

the thickness direction of the plate with 3 node elements. Derivation of dispersion

relations using the SAFE method is shown by (Gao, 2007).
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3. Phased Array Beamforming

Beamforming is a process of applying directionality to an array, either for signal trans-

mission or reception. Also known as spatial filtering, it allows for spatial selectivity

and amplification of the transmitted signal in the desired direction and suppression in

other directions. If the direction of damage in relation to the array and time-of-flight

data are both known, the exact location of damage can be pinpointed.

A beam is formed from constructive wave interference amongst multiple signals,

while other directions are suppressed from destructive wave interference. Signals that

arrive at a certain location in phase combine, while out of phase signals cancel out

as shown in Figure 3.1. The beam in the target direction is referred to as the ’main

lobe’, while smaller beams that inevitably result in non-target directions are called

’side lobes’.

Figure 3.1. Beamforming through constructive and destructive wave interference
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In certain cases, side lobes are at or close to the order of magnitude of the main

lobe. These prominent lobes in non-desired directions are referred to as ‘grating lobes’.

The most desirable array response for structural health monitoring is a narrow main

lobe, with small side lobes and no grating lobes. This allows for higher confidence in

directional localization of damage.

The phased array approach achieves beamforming by using an array of actuators

with a phase shift and/or different weights applied to the individual signals. With

only a modest number of actuators, a focused beam can be formed in the desired

direction, and thus damage localization becomes possible.

Figure 3.2. Directivity profile for a 5-actuator linear phased array in
isotropic material, target angle 60°. Left - Polar plot representation;
Right - Cartesian plot representation

Array performance or response is presented by a directivity profile which rep-

resents gain of the array as a function of signal direction. Array gain is typically

normalized to a range of 0 to 1. The overall array response can be represented by
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either a polar or cartesian plot of gain vs direction as shown in Figure 3.2. Polar

plots will be used throughout the remainder of this thesis.

3.1 Near/Far field

It is important to note the distinction between near and far-field when evaluat-

ing phased array response. In far-field, wavefronts from a point excitation can be

modeled as parallel planes and individual rays can be approximated as parallel(Yu

& Giurgiutiu, 2007a). At ranges closer to the array, this approximation is no longer

valid and this region is defined as the near-field. For a specific array, the condition

can be expressed as:

Near Field < df < Far Field (3.1)

where df is the Fraunhofer distance. Defining D as the overall array size and λ as

the wavelength of the signals, df can be calculated as (Rudolph, 2013):

df =
2D2

λ
(3.2)

3.2 Beamforming equation for linear array in isotropic case

The combined response of the array can be mathematically represented as a sum-

mation of signals from all of the individual array elements. The wavefront from a

single actuator at time t and distance ~r from actuation can be expressed as a single

tone radial wave:
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f(~r, t) =
A√
r
ej(ωt−

~k~r) (3.3)

where A is amplitude, ~k is wave number and ω is angular frequency. A linear array

of M actuators as shown in Figure 3.3 is considered.

Figure 3.3. Schematic of a linear phased array and notations

If omnidirectional wave propagation with constant properties in all directions is

assummed, the following expression for the response of a linear array can be obtained

(Yu & Giurgiutiu, 2007b):

BF =
1

M

M−1∑
m=0

wm√
rm/r

ej[2π
d
λ
r
d(1− rm

r
−δm(θ0))] (3.4)

where d is the distance between the actuators, wm are weighting factors and δm are

the time delays applied to m-th sensor to steer the beam in direction θ0.

Previous research has investigated linear phased arrays, and the d
λ

factor, where

d is the spacing between two actuators and λ is the wavelength, was shown to have a

significant effect on array performance. A value of 0.5 is optimal for most applications.

Lower values result in wider main lobes in the target direction, while higher values can

provide narrower main lobes but cause undesirable grating lobes in other directions.
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These effects are shown for a 5 actuator linear array in Figure 3.4 for d
λ

values ranging

from 0.3 to 0.7.

Figure 3.4. Effect of d
λ

on array beamforming properties for target angle of 45°

3.3 General beamforming algorithm for anisotropic case

Due to the anisotropic material properties of composite laminates, wavenumber,

phase velocity and amplitude all vary with propagation direction θ. Starting again

from the wavefront expression for a single actuator, equation (3.3) needs to be mod-

ified as a function of propagation direction θ:

f(~r, t, θ) =
A(θ)√
r
ej(ωt−

~k(θ)~r) (3.5)
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Using the same linear phased array setup as presented in Figure 3.3, a general

delay and sum algorithm is derived. Using equation (3.5), summation of M signals

from a linear array for a general anisotropic case can be expressed as:

z(~r, t) =
M−1∑
m=0

wm
A(θ)
√
rm
ej(ωt−

~km(θ)~rm) (3.6)

where wm is a weight applied to m-th actuator. The exponential term in (3.6) can

be rewritten as:

ej(ωt−
~km(θ)~rm) = ej(ωt−(~ξm

ω
c(θm)

)~rm)

= ejω(t−~ξm~rm 1
c(θm))

= ejω(t− ~rm
c(θm))

ejω(t− ~rm
c(θm)

+[ r
c(θ)

− r
c(θ) ]) = ejω((t− ~r

c(θ))+( r
c(θ)

− rm
c(θm)))

ej(ωt−
~km(θ)~rm) = ej(ωt−

~k(θ)~r)ejω( r
c(θ)

− rm
c(θm))

(3.7)

where c(θ) is the phase velocity magnitude in the θ-direction and the c(θ)m is the

phase velocity from the m-th actuator to target. Using the term derived in (3.7),

(3.6) becomes:

z(~r, t) =
M−1∑
m=0

wm
A(θ)
√
rm
ej(ωt−

~k(θ)~r)ejω( r
c(θ)

− rm
c(θm)) (3.8)

Which can be further rewritten as

z(~r, t) =
M−1∑
m=0

wm
A(θ)
√
rm

√
r√
r
ej(ωt−

~k(θ)~r)ejω( r
c(θ)

− rm
c(θm))

=
A(θ)√
r
ej(ωt−

~k(θ)~r)
M−1∑
m=0

wm
1√
rm/r

ejω( r
c(θ)

− rm
c(θm))

(3.9)
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Therefore, (3.8) can be expressed as a multiplication of a single signal from the

origin in (3.3) with a factor:

z(~r, t) = f(~r, t)·BF (3.10)

where BF is the beamforming factor, which describes the combined array response

gain as a function of direction and distance from the array’s center.

BF =
M−1∑
m=0

wm
1√
rm/r

ejω( r
c(θ)

− rm
c(θm)) (3.11)

To form a beam aimed at distance r at angle θ0, the following time delays are

introduced:

δm(θ0) =

(
r

c(θ0)
− rm
c(θm0)

)
(3.12)

The final beamforming factor expression, normalized by the number of actuators

M, is then:

BF = BF (θ, r,M) =
1

M

M−1∑
m=0

wm
1√
rm/r

ejω( r
c(θ)

− rm
c(θm)

−δm(θ0)) (3.13)

For a target sufficiently far from the array, a far field model can be used. As

explained in section 3.1, we can then use the following relation: θ ≈ θm. When this

approximation is valid, (3.13) can be simplified as:

BF =
1

M

M−1∑
m=0

wm
1√
rm/r

ejω( r−rmc(θ)
−δm(θ0)) (3.14)

And the corresponding time delays are:
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δm(θ0) =

(
r − rm
c(θ0)

)
(3.15)

3.4 Results

Equations (3.4) and (3.13) were modeled in MATLAB to compare and evaluate

beamforming properties in anisotropic materials. Phase velocity curve data for dif-

ferent laminates was used as published by Wang (2004, 2007) and shown in Figure

2.5.

To evaluate and compare the performance of the anisotropic case response for

different laminates and various modes against the isotropic response, other factors

were held constant. These included the number of actuators, d/λ and r/d ratios.

A 10 actuator linear array was modeled in all cases. Spacing d between actuators

was adjusted such that d/λ was equal to 0.5. For the anisotropic case λave, the average

wavelength over all propagating directions, was used to determine the spacing. To

avoid the influence of the r/d term in all cases, target was set in far field, i.e. r >> d.

Predicted beamforming plots for [+456/-456]s and [+45/-45/0/90]s laminates when

exciting all the actuators simultaneously are shown in Figure 3.5. The response of

an isotropic case, which would correspond for an example to an aluminum plate is

shown on all plots. Inherent beamforming of a 10 actuator array in the isotropic

case produces a narrow main beam width orientated at 90° with a symmetric beam

at 270°. In the case of the S0 mode for a [+456/-456]s composite laminate, with an

anisotropic phase velocity curve, the main beam is instead oriented at 106° with a
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Figure 3.5. Inherent beamforming (no delays) of S0 mode with 10
actuator linear array. a) [+456/-456]s (b) [+45/-45/0/90]s; isotropic
response shown for comparison

second beam at 286°. Even for the S0 mode in the quasi-isotropic [+45/-45/0/90]s

laminate with a seemingly isotropic phase velocity curve as shown in Figure 2.5, the

main beam is still skewed slightly at 91°.

Once applying delays determined according to equation (3.12) to focus the beam-

forming in the 90 direction, results shown in Figure 3.6 are obtained. As seen in case

(a) for the S0 mode in the [+456/-456]s laminate, a substantially narrower main lobe

width is achieved compared to the isotropic case. However, a large undesirable grat-

ing lobe appears at 318° along with another prominent side lobe at 56°. On the other

hand, in the case of the nearly isotropic mode in the second laminate in case (b), the

main lobe is now aligned perfectly at 90° and exhibits almost identical performance

to the isotropic case.

When steering the beam towards 135°, the anisotropic S0 mode in the [+456/-

456]s laminate again achieves a narrower main lobe than the isotropic case, as shown
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Figure 3.6. Beamforming of S0 mode with 10 actuator linear array
with target angle 90°. a) [+456/-456]s (b) [+45/-45/0/90]s; isotropic
response shown for comparison

in Figure 3.7. The grating lobe at 270° is fairly narrow and much smaller than the

symmetric grating lobe of the anisotropic case at 225°. In the case of the S0 mode in

the [+456/-456]s laminate, a nearly identical response to the isotropic case is achieved.

Figure 3.7. Beamforming of S0 mode with 10 actuator linear array
with target angle 135. a) [+456/-456]s (b) [+45/-45/0/90]s; isotropic
response shown for comparison
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The anisotropy is more prominent in certain directions than others, and may also

cause beamsteering to fail. This is shown for a target direction of 50° and 40° in

Figure 3.8. Beamforming for the S0 mode in the [+456/-456]s laminate fails as seen

in (a). The main beam lobe is split at 50° and 62°. Furthermore, two prominent

grating lobes are present at 86° and 333°. Beamsteering fails in a similar manner

with a target angle of 40° as shown in (b). The splitting of the main beam lobes

seems to be caused by the inflection point in the S0 phase velocity curve occurring at

around 65° and 25° as seen in Figure 2.5 (a).

Figure 3.8. Beamforming of S0 mode with 10 actuator linear array
in [+456/-456]s laminate. a) target angle 50° b) target angle 40°;
isotropic response shown for comparison

By increasing the number of actuators M in a linear array, sidelobes can be effec-

tively suppressed while the main beam lobe width is also decreased. Figure 3.9 shows

the suppression of the sidelobe at 238° for the S0 mode in the [+456/-456]s laminate
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with number of actuators varying between 4 and 16. However, the increasing number

of actuators does not affect the amplitude of the grating lobe at 270°.

Figure 3.9. Beamforming of S0 mode with target angle 135° with
varying number of actuators (M) for [+456/-456]s laminate



41

4. Finite Element Analysis and Discussion

Finite element model simulations were performed to compare to the phase array

directivity profiles predicted by the general beamforming algorithm in equation (3.13).

Abaqus 6.14-1 program suite was used for model creation, mesh generation, analysis

and post processing.

Mesh resolution and time-step increment were chosen based on recommendations

found in literature. As a general rule, mesh element size should be determined such

that edge length is no greater than 1/10th to 1/20th of the shortest wavelength of

interest to ensure a fine enough resolution (Sorohan et al, 2011; Gresil et al, 2012).

 Lmax =
λmin
20

(4.1)

Similarly, the time step needs to be chosen based on signal frequency such that

there are at least 20 time steps per wave period (Gresil et al, 2012). Such a time

step generally also satisfies the stability requirement limit as recommended in the

Abaqus/Explicit user manual (2014).

∆tmax =
1

20f
(4.2)
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4.1 Model Set-up

Both isotropic and anisotropic plates were modeled to validate predictions of the

beamforming algorithm. PZT actuators used in the experimental setup were modeled

as concentrated nodal forces. Time displacement histories at nodes of interest were

recorded for post-processing.

A fixed boundary condition was applied to all the plate edges for every model,

and the total simulation time was chosen such as to prevent wave reflection from the

plate edge boundaries to simplify data post-processing and focus only on the array

performance.

4.1.1 Excitation Signal

A 2.5 Cycle Hanning windowed sine signal was used to excite guided wave propa-

gation. A sample representative signal is shown in Figure 4.1. Hanning window was

chosen due to its narrow band frequency content to minimize dispersion effects.

Excitation frequency was chosen based on dispersion relations such that only A0

and S0 modes would be present (i.e. below the cutoff frequency of higher modes).

The excitation signals were then applied as concentrated nodal out-of-plane forces at

actuator locations.

To achieve mode isolation, additional actuation nodes were specified at the bottom

plane of the plate. When top and bottom nodes are excited using matching signals,
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Figure 4.1. Typical 2.5 cycle Hanning signal used

symmetric modes can be isolated. If instead an inverse signal is applied to the other

set of nodes, asymmetric modes are selectively excited.

4.1.2 Isotropic Plate Model

A 300x300x3mm 6061-T6 aluminum plate was modeled according to the physical

plate used in the experimental setup. Material properties used are summarized in

Table 4.1.

Table 4.1. Aluminum 6061-T6 material properties

Density (ρ) 2700 kg/m3

Tensile Modulus (E) 68.9 GPa
Possion Ratio (ν) 0.33

Dispersion relations of phase velocity for a 3mm thick Al plate are shown in Figure

4.2. Excitation was performed at a frequency of 0.05Mhz with a signal as shown in
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Figure 4.1. At this frequency, only the fundamental asymmetric (A0) and symmetric

(S0) modes exist.

Figure 4.2. Phase velocity dispersion relations for 3mm thick Al Plate

The A0 mode was chosen for beamforming due to it’s much larger out-of plane dis-

placement component. At 0.05MHz in a 3mm thick Al plate, the A0 mode is expected

with a group velocity of 2070m/s and phase velocity of 1140m/s, corresponding to

a wavelength of 22.8mm. C3D8 elements were used to discretize the model. Mesh

size and maximum time step were selected in accordance with guidelines described

previously. All FEA model properties are summarized in Table 4.2.

Table 4.2. Isotropic Plate FEA model properties

Solver Abaqus/Explicit
Element Type C3D8

Mesh Size (mm) 0.75
Maximum Time step (s) 1e-7
Total simulation time (s) 1e-4
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A 5 actuator linear array was modeled in the center of the plate. Center-to-center

distance between the actuators nodes was selected as 11.25mm, resulting in a d
λ

value

of 0.493. Sensor nodes were selected at a distance of 100mm from the center of

the array, in 10° increments throughout the first quadrant. To capture the entire

range of the array performance, a range of 180° on one side of the array should be

monitored. Due to the inherent properties of a linear array, the response will always

be symmetric across the array axis. The final FEA model with highlighted actuator

and sensor nodes is shown in Figure 4.3.

Figure 4.3. Aluminum Plate FEA model with actuator locations (5
red dots in x-axis) and sensor nodes in 10° increments

Fixed boundary condition was imposed along the side edges of the plate. Out-

of-plane displacements according to the excitation signal described previously were

introduced as concentrated force loads at the actuator locations. Time delays between

the actuators were determined by Equation (3.12).
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4.1.3 Anisotropic Plate Model

A 500x500x3mm 16ply unidirectional composite plate was modeled. Material

properties were selected to represent pre-impregnated unidirectional composite with

T700S fiber and Hankuk K1 at 36% resin content that was used in experimental

validation. Material properties are summarized in Table 4.3.

Table 4.3. T700SC-12K/Hankuk K1 prepreg properties

ρ 1400 kg/m3

E11 127.0 GPa
E22 8.1 GPa
E33 8.1 GPa
G23 3.5 GPa
G13 5.2 GPa
G13 5.2 GPa
ν23 0.458
ν13 0.248
ν12 0.248

Phase velocity Curve and Amplitude variation

A single center point excitation model was first performed to determine the phase

velocity curve and amplitude variation at 50kHz excitation. Sample dispersion rela-

tions for the modeled plate calculated from 3D elasticity theory and the governing

equations presented in Section 2.5 are shown in Figure 4.4 for two different prop-

agating directions. These plots include not only the Lamb wave modes but also

shear-horizontal(SH) wave modes as they are also solutions to the governing equa-
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tion. It can also be observed that only the primary modes exist at 50kHz for both

propagating directions.

(a) (b)

Figure 4.4. Dispersion relations for phase velocity in 3mm thick uni-
directional composite plate. (a) Propagating direction 60° (b) Propa-
gating direction 80°

Signal was applied to top and bottom (inverse signal) of the plate to isolate the

primary asymmetric mode - A0. Selective isolation of different modes for this case is

shown in Figure 4.5.

(a) (b)

Figure 4.5. Single source excitation in 3mm composite plate at
50kHz.(a) Isolated A0 mode (b) S0 mode and SH mode
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Sensor nodes were selected at a distance of 100mm in 10° increments. In each

direction, a second sensor node was specified a short distance (≈3mm) away. This

setup is shown in Figure 4.6. Simulation settings are summarized in Table 4.4.

Table 4.4. Composite Plate FEA model properties

Solver Abaqus/Explicit
Element Type C3D8

Mesh Size (mm) 0.75
Excitation Frequency (MHz) 0.005

Maximum Time step (s) 5e-7
Total simulation time (s) 1.5e-4

Figure 4.6. Composite Plate FEA model for Phase velocity curve determination

From out-of plane displacement history at two closely spaced points in same di-

rection, phase velocity was determined based on the time difference of arrival of first

major signal peak as shown in Figure 4.7 for a propagation direction 0°. This was

then repeated for every propagation direction between 0° and 90°.
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Figure 4.7. Phase velocity determination from two sensor nodes for direction 10°

Because this is a unidirectional laminate, wave curves for any mode will be sym-

metric across both the 0°and 90°axis. Therefore, taking measurements in one quadrant

is sufficient and can be extrapolated to other directions. Results of phase velocity

calculations for the A0 mode were curve fitted as an ellipse. The final phase velocity

curve and corresponding slowness curve are shown in Figure 4.8.

Blue stars represent the results calculated from the FEA model, while the red dots

represent results from 3D elasticity theory. The curve fit shown for phase velocity

curve is expressed by equation (4.3).

cp(θ) =
9.75e5√

(750 cos(θ))2 + (1300 sin(θ))2
(4.3)

From the FEA model, amplitude variation with propagation direction θ was eval-

uated as well. Figure 4.9 shows the normalized amplitude in a given direction from a

single source. Values were obtained by extracting the maximum signal value in each

direction and normalizing to a scale of 0 to 1. The amplitude in the 0° direction was
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(a) (b)

Figure 4.8. Phase velocity and slowness curve for A0 mode at 50KHz
in 3mm thick unidirectional composite laminate

observed to be significantly larger than 90° with another local maxima at approxi-

mately 45°. This amplitude variation needs to be multiplied with equation (3.13) to

obtain the predicted beamforming performance of the array.

Figure 4.9. Amplitude variation with θ with single source excitation
for A0 mode at 50KHz in 3mm unidirectional composite laminate
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4.2 Isotropic Plate Beamforming

Three cases were evaluated for the isotropic case. The baseline case was inher-

ent beamforming of the 5 actuator arrays, which is a result of no-time delays and

simultaneous excitation of all actuators. Then, time delays were determined and ap-

plied according to Equation (3.12) to steer the beam in 70° and 45° directions. Using

the center actuator as a reference, the time delays calculated from the algorithm are

shown in Table 4.5.

The time histories of the out-of-plane displacements were recorded at each sensor

node in the model. Maximum amplitudes in each direction were extracted and nor-

malized to a scale from 0 to 1. These values were then compared to those predicted

by the general beamforming algorithm in Equation (3.13).

Table 4.5. Isotropic Plate Time Delays

Inherent 45° 70°
Actuator 1 [s] 0 -1.49 E-05 -8.55 E-06
Actuator 2 [s] 0 -7.24 E-06 -3.85 E-06
Actuator 3 [s] 0 0 0
Actuator 4 [s] 0 6.68 E-06 2.87 E-06
Actuator 5 [s] 0 1.26 E-05 4.65 E-06

Figure 4.10 is a result for inherent beamforming of the 5 actuator array with no

time delays. The right side of the figure represents amplitudes obtained from the FEA

model(red dots) overlaid on the prediction from the general beamforming algorithm.

Similarly, Figures 4.11 and 4.12 represent FEA results for beamforming with target

directions 70° and 45°, respectively. In all cases, very good agreement is observed
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Figure 4.10. Inherent beamforming of 5 actuator array in isotropic plate

Figure 4.11. Beamforming in 70° direction with 5 actuator array in isotropic plate

between the algorithm prediction and the FEA results. Main beam width results

are nearly identical. The 0°direction sidelobes in the inherent case and 70°case are

present in the same locations as the algorithm predicts, but are smaller in magnitude.
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Figure 4.12. Beamforming in 45° direction with 5 actuator array in isotropic plate

4.3 Anisotropic Plate Beamforming

Three cases were evaluated for the anisotropic case, similarly as for the isotropic

model. The aseline case was the inherent beamforming of a 5 actuator array when

all actuators were excited concurrently. Actuator spacing was set to 9mm and held

constant amongst the cases. 50kHz excitation was used in all cases. Time delays were

determined and applied according to Equation (3.12) to steer the beam in 70° and

40° directions. Using the center actuator as a reference, the time delays calculated

from the algorithm are shown in Table 4.6.

Time histories of the out-of-plane displacements were recorded at each sensor node

in the model. Maximum amplitudes in each direction were extracted and normalized

to a scale from 0 to 1. These values were then compared to those predicted by

Equation (3.13) multiplied with the amplitude variation of a single source in Figure

4.9.
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Table 4.6. Composite Plate Time Delays

Inherent 40° 70°
Actuator 1 [s] 0 -8.43E-06 -3.55 E-06
Actuator 2 [s] 0 -4.08E-06 -1.60 E-06
Actuator 3 [s] 0 0 0
Actuator 4 [s] 0 3.76 E-06 1.24 E-06
Actuator 5 [s] 0 7.17 E-06 2.11 E-06

Figure 4.13 represents inherent beamforming of the 5 actuator array in the unidi-

rectional composite plate when exciting all actuators simultaneously. The main lobe

as determined from the FEA result is slightly narrower than the algorithm prediction,

however, overall analytical predictions are a good match to the FEA results. The side

lobe in the 0° direction is significantly larger than the comparable isotropic case in

Figure 4.10, which is due to the high amplitude in the fiber direction from a single

source.

Figure 4.13. Inherent beamforming of 5 actuator array in Composite plate
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Beamforming results for the 70° target direction are shown in Figure 4.14. While

beamforming is successfully achieved, the main lobe is offset from the desired direction

and is instead maximum at around 80°. This is due to the amplitude variation from

every single actuator which is higher in 80°and close to a local minimum in the 70°

direction. Another effect of the amplitude variation of every single source can be seen

in the side lobe at 50° which is present in both the algorithm prediction and observed

FEA results.

Figure 4.14. Beamforming in 70° with 5 actuator array in Composite plate

A comparison of the effect of amplitude variation on the algorithm predictions for

a beam in the target direction of 70° is shown in Figure 4.15.

The left side of the figure shows the algorithm prediction without accounting

for amplitude variation, while the right side of the figure shows the results when

amplitude term is included. It can be readily observed that the offset of the main

beam, side lobe in the 50° direction and a larger side-lobe in the 0° direction are all
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Figure 4.15. Effect of amplitude variation on predicted algorithm re-
sults and comparison to FEA results for beamforming in 70° direction

results of the inherent amplitude variation and correctly predicted by the algorithm

when including amplitude variation.

Figure 4.16. Beamforming in 40° with 5 actuator array in Composite plate

Beamforming results for the 40° target direction are shown in 4.16. Again, suc-

cessful beamforming is achieved with the time delays determined by the algorithm.

However, amplitude variation causes a grating lobe in the 0° direction combined with
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Figure 4.17. Effect of amplitude variation on predicted algorithm re-
sults and comparison to FEA results for beamforming in 40° direction

the main lobe. A comparison of the effect of amplitude variation on the beamforming

results in shown in Figure 4.17.

A better match between FEA and analytical algorithm would likely be obtained

if the sensors and target point were located further from the array. At a frequency

of 50kHz and the given phase velocity curve for the A0 mode shown in Figure 4.7,

the wavelength λ varies between 30 and 52mm depending on direction. With a total

array size of 36mm, the distance for near/far field transition is between 86.4 and

49.8mm, which does satisfy the far field approximations according to Equation (3.1).

However, the near/far field classification does not account for the greatly varying

amplitude with direction of each individual source and might have to be revised for

the anisotropic case.
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5. Experimental Validation

Experiments were performed on an aluminum and composite plate to validate both

the FEA results and algorithm predictions. A 300x300x3mm 6061-T6 aluminum plate

was used for the isotropic case. For the anisotropic case, an 8-layer unidirectional

composite plate was manufactured using T700SC-12K/Hankuk K1 prepreg material.

The following sections describe the experimental setup and comparison of results

for the FEA and algorithm predictions.

5.1 Experiment Setup

Piezoelectric (PZT) actuators were used to excite guided lamb waves. A 5 actuator

linear array was used in all test cases with excitation applied only to top side of the

plates. LabVIEW software was used with real-time FPGA hardware to precisely

control the time delays for each actuator. A 2.5 cycle Hanning window excitation

was used as described in the previous chapter. An amplifier was used to increase each

channel’s signal to improve measurement resolution. Depending on the case, 10-19

measurement points were used in the 1st quadrant in either 10° or 5° increments. A

laser vibrometer was utilized to record out-of-plane velocities of the test plates at

every measurement point. The complete experimental setup is shown in Figure 5.1.
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Figure 5.1. Experimental setup

The LabVIEW control software was set-up to perform 10 bursts at every measure-

ment location to allow for averaging of results and noise-suppression. The output of

the laser vibrometer recordings was post-processed with Matlab. Time-history vibra-

tion data at each measurement point was averaged for the 10 bursts. Low-frequency

vibrations not associated with guided wave propagation were filtered out by remov-

ing linear trends in the data. Finally, averaged and detrended velocity history was

integrated to obtain time-displacement history. An example of the vibrometer output

and processed data is shown in Figure 5.2.

5.2 Phase Velocity and amplitude variaton measurement

Phase velocity measurements were performed in the same manner as described in

Chapter 4 by tracking the wave peaks at two closely spaced measurement points. A
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Figure 5.2. Sample vibrometer data and post processing

single central PZT was used for excitation. Phase velocity determination was first

performed on the Aluminum plate at 50kHz to verify the experimental setup and

approach. The results and comparison to both the 3D elasticity prediction and FEA

results are shown in Table 5.1. Very good agreement is seen from all cases.

Table 5.1. Phase velocity of A0 mode at 50kHz in 3mm Aluminum 6061-T6 plate

3D elasticity 1140 m
s

FEA model 1162 m
s

Experimental 1154 m
s

Phase velocity was then also measured in the composite test plate to aid in the

determination of time-delays for beamforming. Measurements were taken in 10° in-
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crements in the first quadrant. Amplitude variation with propagating direction from

a single source was also measured. Results for both phase velocity and amplitude

variation are shown in Figure 5.3.

Figure 5.3. Single source excitation at 50kHz in Composite plate.
Left - Phase velocity curve; Right - Amplitude variation with θ

The amplitude variation exhibited a similar pattern as observed in the FEA model,

however, an even higher maximum in the 0° direction was observed. The results

for phase velocity variation were unexpected, as the FEA model and 3D elasticity

theory indicated that it should follow an elliptical function, as seen in Chapter 4.

This could be attributed to potential measurement error. The distance between the

two measurement points had to be known very precisely, however it was very hard

to achieve a focused laser point at an exact location using the vibrometer on the

composite plate.
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5.3 Validation of Numerical and FEA results

5.3.1 Isotropic Plate

For the Aluminum plate, two cases were experimentally evaluted - inherent beam-

forming with no time delays, and beamforming in 45° direction. The same time delays

were used to steer the beam as in the FEA model, as the dimensions and frequency

were the same. The cases and time delays are summarized in Table 5.2. The actuator

spacing was same as in the FEA model as well, 11.25mm.

Table 5.2. Experiment Isotropic Plate Time Delays

Inherent 45°
Actuator 1 [s] 0 0
Actuator 2 [s] 0 7.66 E-06
Actuator 3 [s] 0 14.90 E-06
Actuator 4 [s] 0 21.58 E-06
Actuator 5 [s] 0 27.50 E-06

Comparison of experimental results to algorithm prediction and FEA results for

the inherent case and for beamforming in 45° direction is shown in Figures 5.4 and

5.5 respectively.

In both cases, a very good agreement between the algorithm prediction and ex-

perimental results was observed. A beam is successfully steered in the 45° direction

in the 2nd case. Other beamforming properties such as width of the main lobe and

locations of sidelobes are also in agreement amongst all approaches.
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Figure 5.4. Inherent beamforming of 5-actuator array in Al plate -
comparison of experimental results

Figure 5.5. Beamforming in 45° direction of 5-actuator array in Al
plate - comparison of experimental results
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5.3.2 Anisotropic Plate

Three cases were experimentally evaluated for the composite plate - inherent

beamforming of a 5-actuator array and beamsteering in 40° and 70° directions. The

spacing between the actuators was set at 8.5mm. The summary of cases and time

delays used is shown in Table 5.3.

Table 5.3. Experiment Composite Plate Time Delays

Inherent 40° 70°
Actuator 1 [s] 0 0 0
Actuator 2 [s] 0 4.27 E-06 1.71 E-06
Actuator 3 [s] 0 8.18 E-06 3.11 E-06
Actuator 4 [s] 0 11.73 E-06 4.17 E-06
Actuator 5 [s] 0 14.89 E-06 4.92 E-06

Figure 5.6. Experimental results for beamforming in unidirectional
composite plate using a 5 actuator array
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Experimental results for beamforming in the composite plate are shown in Figure

5.6. A successful beam was obtained in all cases, however not in the target directions.

This is likely due to inaccuracies in the measurement of the phase velocity which was

used to determine the time delays.

The 40° case exhibits a significant grating lobe in the 0° direction which can be

attributed to the amplitude variation from a single source as described earlier. Still,

the results indicate that it is possible to form a focused beam with a 5-actuator array

in an anisotropic plate.
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6. Conclusions and Recommendations

6.1 Summary

In this thesis, a general beam-forming algorithm is developed that accounts for

non-omnidirectional guided wave propagation in anisotropic materials, namely com-

posite laminates. The formulation accounts for variation of phase velocity with wave

propagation angle and amplitude variation.

Using phase velocity curves for two different composite laminates determined

from 3D elasticity, the beamforming properties of the general formulation with a

linear phased array were examined. It is shown that even wave modes with highly

anisotropic phase velocity profiles can result in good beam-forming characteristics

in certain directions. Specifically, narrower main lobes are achieved with the same

number of actuators as the baseline isotropic case. However, the effects of anisotropy

cause the useful range of angles for effective beam-forming to be quite small, with

large undesirable grating lobes created in other directions.

The predictions of the general beamforming algorithm are validated with finite

element modeling for both the isotropic and anisotropic case. Good agreement is

shown for both. Experimental validation is also performed. For an Aluminum plate,

representative of an isotropic case, very good agreement is obtained between the al-

gorithm prediction, FEA results and experimental results. For anisotropic case, using



67

a unidirectional composite plate, successful beamforming is obtained, however not in

the desired directions. This is attributed to errors in phase velocity determination.

6.2 Recommendations and Future Work

Future work should focus on the study of amplitude variation from a single source

in anisotropic plates and its effect on beamforming characteristics. Different 2D array

designs should be investigated, as they could potentially enable robust beamforming

capabilities in any desired direction. Applying different ‘excitation weights’to specific

actuators could also be explored to suppress the undesired beamforming properties

due to anisotropy.
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