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ABSTRACT

Author Nathan Haluska

Title Optical Properties of Type III-V Semiconductor
Spherical Quantum Dot Heterostructures

Institution Embry-Riddle Aeronautical University

Degree Master of Science in Engineering Physics

Year 2010

In recent years quantum dots (QD) have attracted increasing interest because of
their wide variety of revolutionary applications Such applications include high speed
optical communication lasers, infrared photodetectors, and single photon emitters
One promising immediate application 1s QD solar cells Proper analysis of the opti-
cal absorption characteristics in these solar cells requires a rigorous modeling of the
electromic structure and optical properties of semiconductor heterostructures Our
emphasis will be on type III-V semiconductors Such structures, have a great poten-
tial for increasing efficiencies, but they also possess highly degenerate and complex
valence band structures Therefore, we seek to develop a model of spherical QD band
structure for type III-V Semiconductor materials, and with such results we obtain
the absorption properties of the simulated QDs We assume stress and strain effects
are negligible We also assume the conduction and spin-orbit bands are treated as
distant We utilize the spherically symmetric, single and multiple band effective mass
equations along with previously developed analytical methods to simplfy the prob-
lem, then we obtain the eigenfunctions and eigenenergies of the QD, and use them to
model optical transitions We assume a quasi-equilibrium Fermi-Dirac distribution
for electrons and holes and obtain the microscopic transition rates and absorption
coefficients Furthermore, we implement this in Matlab with a robust graphical user
interface which allows for arbitrary configurations of materials and QD sizes With
this tool, the eigenenergies, cigenfunctions, and absorption coefficients may be calcu-
lated

v
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Nomenclature

o Optical Absorption Coefficient
00 Kronecker Delta Function

£ fz)cg Clebsch Gordan Coeffficient
LL'L') Wigner 3-j Symbol

A Vector Potential

.

(7,t) Electric Field
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(7,t) Magnetic Field

(7,t) Poynting Vector

B o

@
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Ji Spherical Bessel Functions
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m?!  Conduction band Effective mass
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vi



Nomenclature
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my,  Light Hole Effective mass

my, Spin-Orbit Split-off Hole Effective mass

mgy  Electron Mass

P Kane’s Parameter

P,  Bloch component of Momentum Matrix Element
u, (™) Bloch function

YM  Spherical Harmonic (Normalised)

H Hamiltonian



Contents

Abstract
Acknowledgement
Nomenclature

1 Introduction
1.1 Semiconductors . . . . . . . . .. .. ...
1.1.1 Semiconductor Heterostructures . ... .. ... ... ....
1.2 Density of States in Quantum-Confined Structures. . . . . . .. ...
1.3 Time-Independent Perturbation theory . . .. ... ... ... ....
1.3.1 Non-Degenerate Case . . . . ... ... ... ... .......
1.3.2 Degenerate Case: Léwdin’s Renormalization Method . . . . .

1.4 Time-Dependent Perturbation theory . . . . . ... .. ... .....

2 k- p Theory and the Effective Mass Equation
2.1 Thek- p method for Bulk Semiconductors . . . .. .. ... ... ..
2.1.1 The k - 5 Model with Spin-Orbit Interaction . . ... ... ..
2.1.2 Luttinger-Khon & - 5 Model for Degenerate Bands . . . . . . .
2.2 The Effective Mass equation . . . . . ... ... .. ..........

3 Model
3.1 Possible Models . . . . . . . . . . ..
3.2 Conduction Band Model . . . . . . ... ... .. .. ... ......

viii

iv

vi

11
12
13
14
16

18
18
23
27
31



CONTENTS ix

3.3 Valence Band Model . . .. ... ........... . ..... ... 40

3.4 Matlab Implementation. . . . ... ... ... ... ... . 48

3.5 Obtaining the Software . . . . . . .. ... ... ... ......... 58

351 Results. . ... ... .. .. ... 60

4 Optical Properties 86

4.1 The Electron-Photon Interaction Hamiltonian . . . . .. ... .. .. 86

4.1.1 Optical Transitions due to Electron-Photon Interaction . . . . 87

4.2 Basis Transformation . . . . . ... ... ... ... ... ... ... a1

421 FypSpace . ... .. 91

422 FzpSpace . ... 92

4.3 Momentum Matrix Elements . . . . . . .. .. ... ... ....... 96

4.3.1 The Dipole Approximation . ... ... ... ......... 99

4.3.2 Plain-Wave Expansion and Gaunt Coefficients . . . . . . . . . 102

4.4 Optical Absorption Coefficient . . . . . . . . ... .. ... ... ... 104

4.5 Other Considerations . . . . . . . .. ... ... ... ......... 106

4.6 Absorption Coefficient Results . . . . . ... ... .. ... ...... 108
4.6.1 Comparison of Absorption Coefficient using the Dipole Approx-

imation and Gaunt Coefficients . . . . . . ... ... ... .. 109

4.6.2 Absorption Coefficients . . . . ... ... ... ........ 111

5 Applications to Solar Cells 116

5.1 Quantum Dot Solar Cells . . . . . . ... ... ... ... ... .... 116

5.2 Modern Fabrication of Quantum Dot Arrays . . . . .. ... .. ... 120

5.3 Concluding Remarks . . . . ... ... ... .. ... ... ..... 120

A First Appendix 123

A.1 Spherical Harmonics . . . . . .. .. ... ... ..., 123

A.2 Bloch Function’s Relation to YM . . . ... ... ... ... .. ... 124

A.3 Momentum Matrix Elements . . . . ... ... ... ..., . ... 125

A.4 Plane-Wave Expansion and Gaunt Coefficients . . . . . . . .. .. .. 128



CONTENTS X
B Useful Properties of Group III and V Elements 134
B.1 Electron Structure of Group IIl and V Elements . . . . . . . ... .. 134
C The Spherical Potential 137
C.1 Spherical Bessel and Hankel Functions . . . . . . ... ... ... .. 137
C.2 Electron Motion under a Spherical Potential . . . . ... .. ... .. 140
Bibliography 146
Index 151



List of Tables

4.1

Al

B.1
B.2

Comparison of Gaunt and dipole methods using 1000 point arrays from

r=0tor =8rye on a 2.01 GHz processor . . . ... ........ 109

Optical Momentum Matrix Elements for Bloch Functions in Terms of

Known Parameters . . . . . . . . . . . 128

Electron Structure of Group IIl and V Elements . . . . . .. ... .. 134
Important Band Structure Parameters for various Group III and V

Semiconductors™ . . . . . . .. 135

xi



List of Figures

1.1
1.2
1.3

1.4
1.5

1.6

1.7

1.8

1.9

2.1

a) Zinc blende unit cell. b) Bulk lattice. . . . ... ... .. .. ...
Confining a Semiconductor Heterostructure. . . . . . ... ... ...
A 1D Semiconductor Quantum Well of about 1nm; the intent of this
figure is to illustrate the concept of a 1D heterojunction. In most cases
a width of = 2 nm is needed for confined levels to exist. . . . . . . ..
The quantum dot and quantum dot confining potential . . . . . . . .
Quantum dots with radii of 1,2,3,4, and 5 unit cells. Essentially we
build spheres out of unit cells, and only plot those that are within a
specified radius. Two unit cells equates to about 1 nm for an average
type III-V semiconductor. . . . . . . ... .. ... ... ... ...,
Quantum dots of 6 to 8 unit cells of radius . . . . . . ... ... ...
Quantum dots of 9 and 13 unit cells of radius, for GaAs a radius of 13
unit cells corresponds to about 7.3 nm. . .. ... .. ... ... ..
The effect of quantum confinement on the density of states. The y-axis
specifies the energy levels, and the x-direction (not-shown) specifies the
number of states that exist at that energy level. . . . . . . . ... ..
The Fermi-Dirac distribution function f(F) is the probability that a
particular energy level E is occupied by an electron at a given temper-

ature. . .. s,

(a) A 1D periodic potential. (b) A partial representation of a periodic
potential with modified Bloch w,;(7) component, this is not realistic

just conceptual. (¢) A 3D equipotential in the Si bulk lattice

Xii

10

11

12

19



LIST OF FIGURES xiii
2.2 (a) GaAs Band Structure. (b) Zoomed in region of I' symmetry point.
k- p theory attempts to approximate the band structure of a semi-
conductor in this region by using the parabolic nature of the known
structure. . . . .. 20
3.1 Screen shot of the Matlab GUIL. . . . ... ... .. ... ... ..... 49
3.2 Matlab GUI flow diagram. . . . . ... .. ... ... ... ...... 50
3.3 Implementation of spherical Bessel function in Matlab Here we define
a spherical Bessel function from Matlab’s Bessel function “besselj.” . . 51
3.4 Implementation of spherical Hankel function in Matlab. . . . . . . .. 52
3.5 Portion of code which numerically evaluates equation 3.7 as a numerical
array called “out.” The code then search “out” for the points where it
crosses the x axis (ignoring asymptotes). . . . . . ... .. ... ... 53
3.6 Finding the zero points of equation 3.7 . . . . . . . ... .. ... .. 54
3.7 Function findzeros.m written to find zero points. This works best for
very large (10000 pt.) arrays. It searches for the two points where the
function goes from negative to positive or positive to negative. If the
separation between the two points is too large (specified by the vari-
able “scale size”) it is ignored, otherwise the two points are averaged
together and stored. This process is repeated for the whole array, and
the output “zs” is an array all the “zero” locations along the x axis. 56
3.8 Matlab code utilized to loop through equation 3.8 and evaluate the
determinant for each “A” value. . . . . . . ... ... ... 57
3.9 Sample code used to find the radial eigenfunctions for the coupled F3/,
SPACE. -« e e e e e e e e e 59
3.10 Eigenvalues as a function of dot radius for GaAs Embeded in AlAs 61
3.11 Conbined plot of eigenvalues as a function of dot radius for GaAs Em-
beded in AlAs . . . . . . . .. 62
3.12 Radial eigenvectors (unnormalized) for a 4.5 nm dot of GaAs Embeded
in AlAs (cband and F 1/2band) . .. ... ... ... ... ... .. . 63



LIST OF FIGURES xv

3 13 Radial eigenvectors (unnormalized) for a 4 5 nm dot of GaAs Embeded

mn AlAs ( F 3/2 band and SO band) 64
3 14 Radial eigenvectors for a 7 5 nm dot of GaAs Embeded 1n AlAs (c band

and F 1/2 band) 65
3 15 Radial exgenvectors (unnormalized) for a 7 5 nm dot of GaAs Embeded

mn AlAs ( F 3/2 band and SO band) 66

3 16 Eagenvalues as a function of dot radius for GaAs Embeded in Al 3Ga;As 67
317 Conbined plot of eigenvalues as a function of dot radius for GaAs Em-
beded in Al3Ga 7As 68
3 18 Radial eigenvectors for a 75 nm dot of GaAs Embeded mm AlAs (c
band, F 3/2 band, so band, the F 1/2 band does not exist at this dot
size) 69
3 19 Radial eigenvectors for a 75 nm dot of GaAs Embeded in AlAs (c
band, F 3/2 band, so band, the F 1/2 band does not exist at this dot
s1ze) 70
3 20 Radial eigenvectors for a 75 nm dot of GaAs Embeded in AlAs (c
band, F 3/2 band, so band, the F 1/2 band does not exist at this dot

s1ze) 71
3 21 Eigenvalues as a function of dot radius for InAs Embeded in GaAs 72
3 22 Combined plot of eigenvalues as a function of dot radius for InAs Em-

beded in GaAs 73
3 23 Radial eigenvectors (unnormalized)for a 7 5 nm dot of GaAs Embeded

i AlAs (¢ band and F 1/2 band) 74
3 24 Radial eigenvectors (unnormalized) for a 7 5 nm dot of GaAs Embeded

i AlAs ( F 3/2 band and SO band) 75
3 25 Radial eigenvectors (unnormahized) for a 12 nm dot of GaAs Embeded

in AlAs (c band and F 1/2 band) 76
3 26 Radial exgenvectors (unnormalized) for a 12 nm dot of GaAs Embeded

in AlAs ( F 3/2 band and SO band) 77

3 27 Eigenvalues as a function of dot radius for GaSb Embeded 1in AlSb 78



LIST OF FIGURES XV
3.28 Combined plot of eigenvalues as a function of dot radius for GaSb
Embeded in AISb . . . . . . ... 79
3.29 Radial eigenvectors (unnormalized) for a 4.5 nm dot of GaAs Embeded
in AlAs (cband and F 1/2band) . . . .. ... .. ... ... ... 80
3.30 Radial eigenvectors (unnormalized) for a 4.5 nm dot of GaAs Embeded
in AlAs (F 3/2band and SO band) . . . . . ... ... ... ..... 81
3.31 Radial eigenvectors (unnormalized) for a 4.5 nm dot of GaAs Embeded
in AlAs (cband and F 1/2band) . . . ... ... ... ........ 82
3.32 Radial eigenvectors (unnormalized) for a 4.5 nm dot of GaAs Embeded
in AlAs (F3/2band and SO band) . . . . . ... ... ... ... .. 83
3.33 Eigenvalues as a function of dot radius for InSb Embeded in AISb . . 84
3.34 Combined plot of eigenvalues as a function of dot radius for InSb Em-
beded in AISb . . . . . . .. 85
4.1 Approximating the optical momentum matrix element into a summa-
tion over all unit cells. The thick blue line represents the envelope
function F(r,0,¢) = |L,L,), and the thin black line represents the
Bloch function . . . . . . . . ... 98
4.2 Inhomogeneous broadening example. In the first row, we have an array
of three quantum dots with the exactly the same size. Thus, there
is only homogeneous broadening and no inhomogeneous broadening.
The second row shows the case where the three dots vary in size and
therefore the absorption peaks for a given transition will vary slightly,
which results in a total absorption with a shorter and wider peak. 107
4.3 Absorption section of Matlab GUL. . . . . .. ... ... ... ... . 108
4.4 Absorption comparison of Gaunt and dipole methods for a 3nm radius
GaAsdotin AlAs. . . . . . . 109
4.5 Absorption comparison of Gaunt and dipole methods for a 10nm radius
GaAs dot in AlAs. The third plot shows the Gaunt method minus the
dipole method . . . . . ... ... oo 110
4.6 Absorption Coefficient plots . . . . . .. ... ... ... ... ... 111



LIST OF FIGURES xvi
4.7 Absorption Coefficient plots . . . . . .. ... ... ... .. ..... 112
4.8 Absorption Coeficient plots . . . . . . . ... ... ... ... ... 113
49 Absorption Coefficient plots . . . . . . .. ... ... ... ...... 114
4.10 Absorption Coefficient plots . . . . . . ... ... ... .. ... ... 115
5.1 (a)The Air Mass (AM) 1.5 spectrum, shown with a normalized power

density. Some bulk semiconductor band-gaps are also given. (b) The

AMO and AM1.5, and black body spectrum, shown with a linear wave-

length scale. . . . . ... .. ... ... ... 117
5.2 Multiple-exciton generation in a quantum dot. In this case, three elec-

trons are produce from a single incident photon. . . . . .. ... .. 118
5.3 (a) The PIN junction with quantum dots in the intrinsic region (the

p+ should be p-). (b) A suggested implementation of a PIN junction. 119
5.4 (a)Pyramid shaped Quantum dots. (b) InGaAs quantum dots in GaAs

grown at 480°C and 510°C, line-widths of 36 meV were observed for the

480°C case. The scale is 1um. the densities observed were ~ 6-10%cm =2

for the 480°C case and =~ 1 - 108cm~2 for 510°C. These quantum dots

are cylindrical with a height (into page) of 1.4nm. . . . ... .. .. 121



Chapter 1
Introduction

In the last two decades, quantum dots have attracted increasing interest because
of their wide variety of revolutionary applications. Such applications include high
speed optical communication lasers [1; 2|, infrared detectors [3], and single photon
emitters [4]. They have been suggested to serve as platforms for qubits in quantum
computation. Recently, they have also been used as imaging dyes in biomedical
applications. Quantum dots are very versatile because they are essentially synthetic
atoms.

Perhaps, the most promising immediate application of quantum dots is in solar
cells. It has been shown [5] that quantum dot solar cells can produce efficiencies
more than double the Shockley-Queisser [6] limit. Such efficiencies are possible with
quantum dots because of their highly discrete density of states, temperature stability,
long exciton lifetimes, and multiple exciton generations [7; 8; 9.

Semiconductors offer a very effective platform for optoelectronic applications.
Here, we concentrate on type III-V semiconductors. In the past few decades, the
technology required for the growth and fabrication of type III-V semiconductors has
matured, and their band structure lends itself easily to the optical spectrum needed
for photovoltaic and other optical (visible and near infrared) applications. Such semi-

conductors are known to have many advantages over conventional silicon; but these
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advantages come at the price of a complex and degenerate band structure. To ex-
ploit the full potential application of III-V semiconductor heterostructures, a detailed
knowledge of their quantum-optical properties is very important.

Although, there are relatively simple models for quantum dots [10; 11], these
methods do not provide realistic enough models. An effective model for a type III-V
semiconductor quantum dot must include band mixing and the influence of the multi-
ple materials. In order to obtain a realistic optical absorption spectrum, the effective
mass equation—a set of coupled partial differential equations—must be solved to find
eigenfunctions and eigenenergies. In most geometries this must be done numerically.
Here we consider a spherically symmetric system which can be simplified analytically
by exploiting the spherical symmetry [12; 13; 14], and we obtain semi-analytical re-
sults. With the eigenfunctions and eigenenergies, we consider dipole transitions, and
compute the dipole matrix elements. We assume a quasi-equilibrium Fermi-Dirac
distribution for electrons and holes, and then obtain the microscopic transition rates
and absorption coefficients.

The thesis is organized as follows: In the first chapter, we introduce the concept
of a semiconductor quantum dot and some relevant background on perturbation the-
ory. In chapter 2, we develop and discuss k- p theory for a bulk semiconductors,
then expand the theory to heterostructures and obtain the effective mass equation.
In Chapter 3, we use the effective mass equation to develop a model for obtaining
eigenfunctions and eigenenergies; we implement this model in Matlab. We also give
the results for many common types of quantum dots. In chapter 4, we cover the
methodology required to calculate the optical transition rates and absorption coef-
ficients, and present relevant results. In the final chapter, we give an overview of

quantum dot solar cells and the relevance of our results to such applications.

1.1 Semiconductors

A Semiconductor is a material that has an electrical conductivity between that of a
conductor and an insulator. Semiconductor materials absorb and emit photons by

undergoing transitions among allowed energy levels. Because of the proximity of the
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atoms in the crystal lattice, the energies belong to the system as a whole and not just
the single atoms. Depending on the arrangement, density, and type of atoms in the
crystal, various symmetry conditions exist which lead to closely spaced energy levels
or bands. Silicon for example has a comparatively simple structure to that of type
III-V semiconductors. Discussions on semiconductors can be found in many texts
such as [15; 11].

It is important to introduce the concept of a hole-the absence of an electron. A
hole is actually a rather intricate concept from quantum field theory. If we were
to consider the electrons in the valence band as a large system of identical particles
then we would have to insure that the total wave function of all the particles was
antisymmetric (which is a huge problem). The second quantized method [16; 17] of
quantum field theory alleviates this problem and essentially allows us to model holes
instead, which are much fewer in number. Thus we can say that the absorption of
a photon can create an electron-hole pair— which is also referred to as an exciton.
Recombination of an electron-hole pair can result in the emission of a photon.

The band structure of type III-V semiconductors lends itself nicely to optoelec-
tronic applications. If we consider a single bulk semiconductor, we can model it
macroscopically as a crystal with infinite periodic potentials, and from this we model
electrons in the conduction band, and holes in the valence band. The band structures
for our case are complicated and highly degenerate. We show a unit cell of type
III-V semiconductors in Figure 1.1. This unit cell represents the most basic form of
the crystal lattice, and we can construct a bulk lattice by stacking them in all direc-
tions. We shall return to bulk semiconductors in chapter 2, but first we introduce the

concept of a heterostructures of two semiconductor materials.

1.1.1 Semiconductor Heterostructures

Semiconductor heterostructures are formed by a juxtaposition of two semiconductor
materials (e.g. GaAs in AlAs). This leads to a potential difference in the band
edges which serve as confining potentials, creating quantum wells, quantum wires, or

quantum dots (Figure 1.2).
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Figure 1.1: a) Zinc blende unit cell. b) Bulk lattice.
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As a side note, we point out that experimental and theoretical physicists describe
quantum confined structures differently. Experimentalists refer to the geometrical
dimensionality of a quantum-confined structure—a quantum well has two dimensions, a
quantum wire has one dimension, and a quantum dot has zero dimensions. Theoretical
physicists depict these structures by number of confinement dimensions. A quantum
well possesses one dimension of confinement, a quantum wire contains two dimensions
of confinement, and a quantum dot has three dimensions of confinement. For our
purposes, we focus on the electronic structure of quantum dots; therefore, we refer to

a quantum dot as a 3D structure.

Semiconductor Quantum Wells and Wires

In a quantum well, electrons are confined in one direction (dimension) by a potential

and unconfined in the other two. This is illustrated in Figure 1.3.
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Figure 1.3: A 1D Semiconductor Quantum Well of about 1nm; the intent of this
figure is to illustrate the concept of a 1D heterojunction. In most cases a width of
=~ 2 nm is needed for confined levels to exist.

A quantum wire is confined by a potential in two directions, and unconfined in a

third direction. Nanotubes are a common example.

Semiconductor Quantum Dot

A quantum dot is characterized by a three dimensional confining potential. We illus-

trate a spherical case in Figure 1.4
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-

) (d)

Figure 1.4: The quantum dot and quantum dot confining potential

Since, spherical quantum dots are the focus of our discussion, we have created some
structural examples in Matlab whose sizes are comparable to those in our discussion.
In the next three figures, we give plots of what a III-V quantum dot would look like
on the atomic scale, ignoring the outside material. We build these dots by stacking

unit cells together into spheres with radii of a specified number of unit cells.
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Bulk Quantum Well Quantum Wire Quantum Dot

Figure 1.8: The effect of quantum confinement on the density of states. The y-axis
specifies the energy levels, and the x-direction (not-shown) specifies the number of
states that exist at that energy level.

1.2 Density of States in Quantum-Confined Struc-

tures

One of the most important characteristics of a band structure is the density of states.
The density of states refers to the population of electrons in the conduction band
and valence band at a given temperature. It is highly influenced by confinement
[10, 11], as illustrated in Figure 1.8. Note that for bulk semiconductors, the density
of states is nearly continuous—it’s actually discrete but the fluctuations are small at
the macroscopic level. As we increase the confinement, we eventually end up with
the Dirac-delta distribution for the quantum dots. The high degree of confinement
leads to very discrete states, making quantum dots very useful in producing a laser

with a very low number of modes.
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Figure 1.9: The Fermi-Dirac distribution function f(F) is the probability that a
particular energy level E is occupied by an electron at a given temperature.

We make the approximation that the crystal is in quasi-equilibrium. Under these
conditions the probability of occupancy is given by the Fermi-Dirac distribution. The
Fermi-Dirac distribution—or Fermi-Dirac statistics—gives the probability that a state

is occupied for a given energy level and temperature:

1
f(E) = 55—
e =T +1

where Ey is the Fermi energy and k, is Boltzmann’s constant.; for a semiconductor
in thermal-equilibrium this is usually half the separation between the conduction and
valence band. We illustrate this distribution in Figure 1.9. Note that at 0 K there

are no electrons in the conduction band.

1.3 Time-Independent Perturbation theory

In most practical physical systems, the Schrédinger equation does not have a exact
or analytical solution. Therefore, we find solutions through perturbation methods.
We shall first look at cases where the eigenvalues of the unperturbed Hamiltonian are

non-degenerate.
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1.3.1 Non-Degenerate Case

Suppose we know the eigenfunctions of some unperturbed Hamiltonian,
HOBP = B4
and consider a perturbation Hamiltonian H, where
H=H" 4+ H

In order to find solutions to
Hy = Evy

it is convenient to introduce the parameter A, which we set equal to 1 later
H=HO f \H'
We look for solutions of the form

E = EO L E® L )\2E® 4 ...
v = PO 4+ D £ N2 4 ...

and substitute them for H,F, and ¢ into Hy = E:

Zeroth order HOy© = @0
First order H©Oy® 4+ H'yp© = FOy1) 4 g0
Second order H Oy + H'yM) = FOy@ 4 pQy() 4 F2)4(0)

Zeroth-Order Solutions

It is straight forward to see that
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First-Order Solutions

We simply include the final result but more information can be found in quantum
mechanics textbooks such as [10; 18; 19]

HI
) _ 0 0)
P = ¢()+2W¢( (1.1)
m#n M
E®Y = EO+H, (1.2)

where

H‘,/-nn — / ¢£7(1)')*H/¢£10)d3,’7

Second-Order Solutions

Again, we just note the final results

m#n N m#n k#n

H, i Pl
n m k

2
H,..H; © _ (Hin) ©)

2 m 2
(BY - BD) 2 (E,(P’ - BY)

5 = B0+, + Y o

m;én

(0) (1.3)

Note that in all cases beyond the zeroth order, if EQ ~ ,(2), then singularities will

result.

1.3.2 Degenerate Case: Lowdin’s Renormalization Method

In the prior sub-section we saw that if the energy level ED approached the energy
level E,(,?), then the perturbation theory breaks down. We can mitigate this with
Lowdin’s Method [20]. Loéwdin’s method is readily applicable to semiconductors

with a single conduction band and highly degenerate valence bands.
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Consider the time-independent Schrédinger equation
H=(H9+H)¢=Ey
we start with known solutions to an unperturbed Hamiltonian
HOD = B¢

where {qb(no)} form a complete set of orthonormal functions. We can let ¥ be a linear

combination of the unperturbed eigenfunctions

(RS Z an¢$z0)

Next we substitute this into Hiy = F and take the inner product with respect to

¢>§c0) where k = 1,--- , N and from the condition of orthonormality we have

> (Hin — Ebtn) an =0 (1.4)

n

where 6, is the Kronecker delta function, §,, = 0 if a # b and d, = 1 if a = b. Next

we rewrite equation 1.4 as

A B
(E - Hnn) an = Z Hnmam + Z Hnaa'a
m#n aF#En

Now we can utilize Léwdin's renormalization method [20] to solve

A
Z (Hkn - Edkn) an = 0

n

by transforming it into
> (Ufh = Ebin) an =0

n
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where 5
H, H'
UAn:Hn+ ka‘‘an
k k za:EA-Haa

The details of the above results can be found in [10].

1.4 Time-Dependent Perturbation theory

Since our main focus is optical properties of quantum dots, we wish to address single
photon transitions [21; 10; 16]. The emission and absorption of photons requires tran-
sitions between the valence and conduction band. Therefore, we consider transitions
in time between the states (eigenvectors) in our system by adding a perturbation
Hamiltonian H’(7,t) due to some external electromagnetic field. We start with the

time-dependent Schrodinger equation
L0 .
ith—y (7, t) = Hy(7,t)
ot
where the Hamiltonian consists of
H= Ho + HI(T‘,t)
We assume we know the solutions to

hggbalft) = Hobu(r0)
Gu(Ft) = Gu(P)e B/

For convenience we assume that we have a time-harmonic perturbation which “turns
on” at t = 0. In other words, we have considered the states of the system quantum
mechanically, and the applied electric field classically. With these assumptions we
have

H'(Pe™™t + H'(Fe™™t ¢ >0

0 t<0
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where the supper script 1 indicates the hermitian conjugate. To find ¥ (7, t) we expand
the wave function as a linear superposition of the eigenfunctions of the unperturbed

Hamiltonian

=Y an(t)pa(F)e "

We define the initial electron state with the subscript : and the final state as f. At
t=0
a,(t=0)=1; am(0) =0, m#1

If we let
an(t) = () + P (1) + P 1) + -
then it can be shown [10; 16; 18; 21], that the transition rate from state i to f

W, (1) ‘

dt|
= |Hf1| 5(Ef — B, — hw) +——‘H

§(E;—E, +hw)  (L5)

This is Fermi’s Golden rule in a form convenient for our purposes.



Chapter 2

k- p Theory and the Effective Mass

Equation

In order to investigate the optical properties of semiconductors in the presence of an
external field, we must first obtain their electronic band structures. (The discusion
below is based on work done by Luttenger and Kohn [22, 23], and further discusion
can be found in The Physics of Photonic Devices [10].)

The objective of this chapter is to utilize the well developed theory of bulk semicon-
ductor properties and structures. From these well known and experimentally verified
parameters, we approximate the band structure in a bulk semiconductor. In the last
section, we expand the theory to hetrojunctions by considering a perturbation to the

bulk structure.

2.1 The k- » method for Bulk Semiconductors

An important result from solid states physics is that a periodic potential, V(7) =

V(7 + R), will give a Hamiltonian with eigenfunctions of the form [15]:

Yo = € T (7 2.1)

18
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The subscript n, in u_g(7), refers to the band, and & is the wave vector of the elec-
tron. We refer to u, () as the Bloch function, which is illustrated in Figure 2.1. In
Figure 2.1a, we see an unperturbed periodic potential of atomic nuclei. Figure 2.1b
illustrates the pseudo potential caused by the combination of the Bloch potential and
the periodic potential. In reality this function occurs in three dimensions so we also

included an Equipotential surface in the Si lattice in figure 2.1c.
o r\o(j oﬂof OF o

O —7\—_0 o o O v 0

Figure 2.1: (a) A 1D periodic potential. (b) A partial representation of a periodic
potential with modified Bloch u,_z(7) component, this is not realistic just conceptual.
(c) A 3D equipotential in the Si bulk lattice
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Figure 2.2: (a) GaAs Band Structure. (b) Zoomed in region of I' symmetry point.
k - P’ theory attempts to approximate the band structure of a semiconductor in this
region by using the parabolic nature of the known structure.

In order to obtain an accurate description of the band structure, numerical meth-
ods from solid state physics [15] are required. The GaAs band structure calculated by
the pseudopotential method is shown in figure 2.2a, from [24], which represents the
energy bands along different k. In k-space, the Fourier transform of the zinc-blende
unit cell, the face centered cubic (FCC) structure of the bulk becomes a body centered
cubic structure which has may forms of mirror and rotational symmetries. this plays
an important factor in the band structure. For our purposes, the region of interest
is the I' symmetry point which is highlighted in Figure 2.2b [9]. The I' symmetry
point is a highly symmetric point of the reciprocal crystal lattice. The names “light
hole” and “heavy hole” refer to the parabolic dispersion relations which describe the
states. Essentially the “effective masses” of holes in the heavy hole band are larger
then the effective mass of the light holes.

The Bloch function oscillates on the order of the unit cell. The zinc blende unit
cell and bulk lattice are shown in figure 1.1. If we use equation 2.1 in the time

independent Schrédinger equation

B2 .
HU() = (554 V() ) ) = B(E) (22)
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we obtain (note p = —AV)

(& w0

Il
=
—~

o
~
<
3
&
—~
3

<2_P_ ; vm) Fry (7)) = BalR)e u, () (2.3)
<2io + ik P+ V(f’)) up(m) = {En(l;) - Zz—rr]:z} Uni(7)

When a unit-cell/lattice possesses a high degree of symmetry, the spin-orbit coupling
plays a larger role [15]. Such is the case with type III-V semiconductors; therefore,

we must include spin-orbit coupling in the Hamiltonian.

The ¢ Basis

In addition to the Hamiltonian, a complete description of the system requires a max-
imum set of commuting observables. As in the basic example of the hydrogen atom

we start with the observables
L> , L, , 8? , S, (without L-S coupling) (2.4)

However, if we include spin-orbit interaction, not all of these observables commute

with the Hamiltonian. To correct this, we introduce the total angular momentum J
=L+8S
which yields the new set of commuting observables:

H, J? , J, , L* , L, (with L-S coupling) (2.5)

Therefore, we use the new basis states{|y)}, where

In equation 2.6, €' ¥ represents an envelope function, and ung(7) = |J, J,).
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The conduction band Bloch functions are given by

11
|J, J,) = §,§>_|zS,T)

and (27)
1

1
90 = |55 = s

Here, we use! S because the conduction band Bloch functions have spherical symmetry
(an S-state as in and ¢=0 orbital)
For the valence band, with no spin orbit interaction, the Bloch functions for a

type III-V semiconductor are given by

X,0, Y, 120, 1X0, Y, 1Z,1)

for further explanation see [25] These functions (X, Y, Z) are related to spherical
harmonics For more information see appendix A 2 From solid state physics, we

know that along the I' symmetry point (l; = 0), the Bloch functions take the form

heavy hole 1 uo(7) = g, g> = 7|X +1Y,T)
31
light hole 1 wug(7) = o §> =7 X+2Yl \/7|Z T
light hole 2 ugo(F) = ﬁ,_—1> = —| -V, 1)+ \/7IZ 1y
272/ /8
heavy hole 2 ug(7) = 3 ——3> = L| —Y, ) (28)
272 f
11
Spin-orbit 1 wus(7) = 25)= X +Y, )+ \/712 T
1 -1
Spin-orbit 2 wuge(r) = > 7> = %|X —1Y, 1) — \/;Z, 1)

1This 1s a new S, not the S for the spin observable mentioned above m equations 2 4 and 2 5
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The above developments are closely related to the work done by Luttenger and
Kohn [22]; however, it is worth noting that the same results were obtained by Dres-
selhaus [26].2

2.1.1 The k - 5 Model with Spin-Orbit Interaction

The Hamiltonian with the additional spin-orbit term? is given by

h2
H=_—V2+V(f)+

7} 2.9
S o VV xp (2.9)

4mic?

where o is the Pauli spin matrix vector with components

01 0 —4
Oz = Oy = | .
10 1 0

Using the same process as equation 2.3, we solve Hy) = E1 using ¢ = ez’;‘;un,;('r") and

1 0

- (2.10)

we obtain a new eigenvalue-eigenvector relationship

2
p h h?
(2m0+m0k p-i-V('F)+4 7 2[VV><;3] Ot s Vkaa) U,z (F)
N
= |En(k) — —
[noc) Qmo]un (") (211)

Single band with k = k3

We first consider a single, non-degenerate band. This single band approximation
means we consider “distant” bands such as the conduction band, where we can ignore
coupling between bands. In equation 2.11, the last term on the left hand side contains

a I;-dependent spin-orbit interaction. Because the (pseudo) crystal lattice momentum,

2They both derived these functions within a few months of each other in 1954. However Dressel-
haus focused on the all the states along the I' symmetry point. For our purposes we only need to
reuse 2.8 from. [22].
v

3Note that for a spherically symmetric V, VV = ST = I_: =VVxp= —HBoo VVx

4mfc?

ala
‘!A|<
)

3=
.
8=

—

F=omz (FH) LS
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hk < 7 (where p'1s the electron’s momentum) we neglect the last term* and equation

2 11 becomes

¥ k- P R NG
27’77,0 + —‘; p+ V(T—") + am 2 2[VV X .ﬁ] g unE(F) = E‘n(k) - 2mp unE(’F)
(212)
Therefore, our & p Hamiltonian 1s
- 272
H=Ho-|-—h—k ﬁ+ﬁ+L20 VVxp (2 13)
mo 2mg  4dmdc?

where Hy = 5%—!—‘/(7") We solve equation 2 13 using perturbation theory (introduced
1 section 13 1)

The conduction band has a mimmum at k£ = 0 (called the T' symmetry point)
We 1nvestigate states with k values near the T symmetry point (see figure 2 2b) We

define the perturbation Hamiltonian, and effective energy to be

h

/__" - e —
H —mok p+4mgc2a VVxp
- h%k?
E = Eq(k) — —
(k) 2

The correction to the energies near the conduction band edge due to H’, can be found

using perturbation theory

En = E,,S'O) + H/ Z (0)

m#n

E(O)

(See section 131 and equation 13) For conduction band states, the first order

correction H!, = 0 because the |15, T) state 1s a constant, so differential operators

<zS zs> _

4hk 18 very small compared to the electron’s momentum 7 1 the far interior of the atom where
the spin-orbit interaction occurs

make

0
—’th;
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Therefore, to the second order

= (0) = / = A B —
B, h2k? H )
En(k) = E(O) + — o + Z '——(—(0)
m;én — Em

We know from solid state physics and extensive experimental results the band

edge energies:

Conduction band: E® = E,(k =0) = E,
Light/Heavy Holes: E = E,(k = 0) = E,
Spin-Orbit Holes: E(O) =Eu(k=0)=FE,-A

k
Band gap Enegry: £, = E. —- E,

( A is the spin-orbit split off energy. Values for E,, E;, A, and E, can be found in
table B.2.) Therefore

. h2k?
E(k) = 2m0+z (0) E(O) (2.14)

To evaluate the above, it is convenient to define Kane’'s Parameter P and the spin-

—zhi Y> = i <ZS
8y mp

orbit split off energy A as

P = i <zS‘—zhi’X> = i<25’
mg Oz mp

3k oV oV
s (X |5oPy — 5P| Y
4m2c? < oz T 8yp >
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The values of these parameters can be found experimentally. It is also helpful to note
that®

|0V ov |,
0=(i5|5m = 5n)

|0V oV
0—<2S‘$py—gy—pz XorYor Z>

With the above definitions, equation 2.14 takes the form

WK | KP? (3B, +24)
2m0 3 Eg (Eg + A)

E.(k)=E.+ (2.15)
We can take this an important step further by introducing the concept of effective
mass m* For the conduction band we can write the electron dispersion relation,

equation 3.4, in the form
h2k?
2m?

e

E (k)= E.+

where m; is the effective mass of electrons in the conduction band. Because the
effective mass is a combination of experimentally known parameters, the effective
mass is also a known material parameter. Suppose we had replaced the electron mass
mp in our original Hamiltonian, with m* and we obtain the eigenvector-eigenvalue
solutions for (Hy + H’')yY = Et. Then it is as if the perturbation Hamiltonian is
identical to unperturbed electron motion with a different mass. Therefore, we can
say the electron flow in the semiconductor has an effective mass m* .

Values for the effective masses can be found in table B.2. Unfortunately, this
formulation does not include band coupling between the conduction and valence band.
If we applied this single band formulation to the degenerate valence band, we would

obtain incorrect dispersion relations [10].

5The term %pzz - %pzl is known to be hermitian and therefore we can interchange the

conduction and valence band states. Because the term now operates on a constant the result is zero.
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2.1.2 Luttinger-Khon & - 7 Model for Degenerate Bands

Single band perturbation theory has two major shortcomings. It contains no cou-
pling between bands, and produces an incorrect dispersion relation for the heavy-hole
energies.® When formulating the Hamiltonian in equation 2.12, we set the last term
equal to zero and obtained the Hamiltonian in equation 2.13. This time, we consider

this term. For Hu,_; = Eu,; we have

h? k2 h

H = H VVx H'
0t Smg T amza? YV
where 5 "
"= k- (p+—=0xVV
H mok (p—i— 4mgc2ax >

Again, this Hamiltonian is not solvable analytically. Therefore, we utilize perturba-
tion theory for degenerate bands. If we treat the conduction band as distant (does
not couple with valence band), we can separate the problem into two regions. Typi-
cally these regions are referred to as Class A (degenerate region) and Class B (non-
degenerate region). In our case, class A refers to the valence band with the basis from
equation 2.8; and class B refers to the conduction band. With this concept we can

express u,p as B

Z “J’O (M) + Zav Juro(7)

—

Where j' goes from 1 to 6 for the corresponding H(k = 0)u,o(7) = E,(0)u,o(7) and

&=
—
(=)
~—
Il

E'U fOI'j = 1,2,374
E,(0)=E,—A forj=5,6

We apply Lowdin’s method (section 1.3.2) and solve

A

Z — Ed;y) ay (k) =0

]l

We will point out how the Luttinger-Khon model gives the correct method.
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instead of

A
> (H,y - Eb,y) ay(k) =0
JI

A more detailed discusion of this can be found in [10], but the important result is

Uf\ = Dyy = E,(0)8, + > > D¥kaks (2.16)
a p

Where o and 3 represent the directions , g, and 2. The expression Dj‘ﬁ is defined as

B B ¢
Da@ _ R 5otlon + Z p?va’ + pJ‘Yp’?J'
27 2my 73" %af - mo ( Eo — EA,)

From this we can obtain the Luttenger-Khon Hamiltonian (in all we have gone from
UA=D= HM')

[ P+Q -S R 0 %S V2R |
-Sst P-Q 0 R —V2Q /%5
R* 0 P- S 85t 2
HYK = “ 2 < (2.17)
0 Rt St P+Q -V2R' =t
A8t —VEQt (fis —VER P+A 0
| VER L[St VEQt s 0 P4A



2.1. THE K - P METHOD FOR BULK SEMICONDUCTORS 29

(Note that the valence band edge is set to 0 instead of the general E,, i.e. E, =0 )

and

2
p="0 2 2y R

2m0
RPN 2 2
Q= 2—mo(kz+ky—2kz)
K2 s oy
-5 (V3 (K2 — 2) + i2v/3vsk,k,
2
S="7 3 0, k) E,

mo

Note that this P is different from Kane’s parameter. The Luttinger-Khon parameters
or band-structure parameters 7, 2, and <3 are found experimentally (see table B.2)
They play a larger role in going from equation 2.16 to equation 2.17. However, for our
purposes they are experimentally known parameters. Also, if we now set k=k: we
obtain the aforementioned dispersion relations from equation2.19, but now with the

correct heavy hole dispersion relation. With k = k2, R =S = 0 and H-K becomes

r 1

P

HYE = — (2.18)

A
P+ A

4+ o o o o o

From this we can write additional effective mass dispersion relations for the valence

band. We summarize the results in equation 2.19.
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R?k?
Conduction Band Ek) =E, 4+ —
2m?
Valence Band: (2.19)
. h2k?
Heavy Hole (corrected using HXX)E®M (k) =E, — ——
2myy,
h2k?
Light Hole EM (k) =E, — ——
2myy,
h2k?
Spin-Orbit Split-off Hole EC)N k) =E, — A — D

S0

These four parabolic dispersions relations (when the heavy-hole band is corrected)
approximately reproduce Figure 2.2b. The light-hole and heavy-hole effective masses

are given by

My, 1
mo T — 27
my 1
mo M+ 272

However, if we applied single band effective mass theory ( as in the last sub- section)

we would obtain
me 1

SO

mo

E.
3(EgiA) -1

Where E, = %lP2 This P is again Kane’s parameter. These expressions are
not identical, and the exact expression for the spin-orbit effective mass is not well
understood. Further discussion on this is given in [24], where the spin-orbit effective
mass is defined as

m; E,A -

mo |t 3E,(E, + A)
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We shall use this definition for the spin orbit effective mass.

It is also possible to include the conduction band to obtain an 8x8 H*X. However
we must make changes in the Luttinger parameters to do so. Also, a more general
degenerate perturbation theory must be used as Lowdin’s method does not apply to
this case. The 8x8 HX can be found in many appendixes in papers published in
the field such as [12]. Note that the 8x8 H¥ is usually given in atomic units where

= mg = 1. Next, we shall consider the effect of a perturbation on the periodic

lattice, which will generalize our discussion to hetrojunctions.

2.2 The Effective Mass equation

In this section, we introduce hetrojunctions into our formulation. We shall summarize

the effective mass theory [22] for single and degenerate bands.

Single band Effective Mass Equation

In equation 2 19, we introduced the concept of effective mass. However, we confined
our discussion only to the Z direction. The effective mass is actually dependent on
the direction. The true form of the effective mass, m*, is actually a tensor. We can

generalize the equations in 2.19 to
= R (1
En(k) = E,(0)+ > > T\ =) kaks
a g ap

where o and [ indicate that the summations run over Z, g, and 2. We model a
hetrojunctions by treating an impurity (an additional material in the lattice) as an
additional perturbation potential U (7). Therefore, in heterostructures the bulk prop-
erties get modified. We no longer have an infinite periodic crystal, because we have
added a small portion of an additional material. In addition, U(7) can act as a con-
fining potential. This is how we solve for the energy eigenvalues and eigenfunctions in
quantum wells, wires and dots. Because we no loner have an infinite periodic crystal,
ok 7

the envelope function is no longer " but some unknown function F(¥). The wave
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function is now given by
Yu(7) = Fu(7)tuno(T)

To formulate the effective mass equation, we make the following replacement to k. (
Further details of this are given in [15, 25].)

.0 :
ko — —io and kg — —i—

op

For a single band, F(7) is found by solving the single band effective mass equation:

25 (E), () (i) o

To summarize: the periodic potential V(7) determines the energy bands and the

F(7) = (E — En(0)F(7) (2:20)

effective masses, which are known. Therefore, we only need to solve equation 2.20 to
account for the confinement potential U(7). This method works well for analyzing

the conduction band in quantum confined structures.

Degenerate band Effective Mass Equation

Next, we shall apply the same process as above for degenerate bands. When dealing
with the 6 coupled valence bands, we return to the Léwdin’s method and HXK. In

this case, we can solve the coupled band effective mass equation with

P(r) = Z F (P)ugo()

and

& ion £ (42) () 0

J'=1

| Fy(7) = EF(7) (2.21)
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(Derivation of this equation can be found in [15, 25].) For example, if we have a well
in the Z direction of width L ( a potential that gives confinement in the Z direction

and is unbounded in the  and § directions.)

0 z2<0
E-(E

Vout

Un(2) =
- Am.l,tcsn,n'=5,6) z Z L

the Ay is added for the spin orbit energy outside the well, this forms a well with A,,

which is already in HX®X The eigenfunctions and eigenvalues are found by solving

[ A | [ F ]
Fy F
[HLK (kx,ky, k, = —i3> + U(z)l] B _pg| P
0z F, Fy
Fs Fs
FG F6

where I is the identity matrix and F,(7) = F.(z)e**=***w. Because there is no
confinement in the Z and § directions, the original envelope components in those

directions subsist. An example of performing these calculations can be found in [27].



Chapter 3

Model

We shall now construct a model that will allows us to obtain the energy eigenvalue-
eigenvector relationships of a quantum dot. In section 2.2, we demonstrated how
the single-band effective mass equation allows us to solve the eigenvalue-eigenvector

problem,
Hy = EY

for heterostructures when the band under consideration is isolated from the other
bands. In a semiconductor, the conduction band is separated from the valence band
by a band gap, Eg; if this gap is sufficiently large, the coupling of the conduction and
valence bands can be ignored. Such rational is employed in section 3.2.

We also showed that multiple-band effective mass theories allow us to solve for
eigenvalues and eigenvectors in a coupled system, such as the tripplely degenerate I’
point in the type III-V valence band. This will be discussed in section 3.3.

The zinc blende structures formed by type III-V semiconductors have unit cells
whose sizes are material dependent. The unit cell sizes are given in table B.2, in
appendix B, where qp is the cell width. When two different materials are used to
form a heterojunction, a lattice mismatch will occur if the two materials do not have
the same unit cell dimensions. Thus, if we consider spherical hetrojunctions, the
differences in unit cell size will lead to a stress or strain on the semiconductor lattice,

which in turn will affect the electronic properties. The hetrojunctions we consider

34
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are made from materials with unit cells of similar size (GaAs in AlAs). Therefore, we

ignore the effects of stress and strain.

3.1 Possible Models

In order to account for the 3D confinement, we make the substitution

ky — —ia—x. ky — -—iaéy, k, — —i%
in the Luttinger-Khon Hamiltonian, HZ%; and solve equation 2.21.

Perhaps, the most common way to consider a semiconductor quantum dot is
the infinite potential box. In this basic model, the potential outside the well is
treated as infinite and the band mixing is ignored. Under this assumption, the wave
function for the electron, vanishes outside quantum dot. For some semiconductors,
this approximation is reasonable; however, for type I1I-V crystals, the valence band
contains a tripplely degenerate valence band. The rectangular structure is easily
analyzed in Cartesian coordinates, for a box of dimensions a x b x ¢, the eigenenergies

and eigenfunctions for the conduction band are (10, 11]

K2 TN\ 2 Ty \ 2 TN, \ 2
. = B (2 () (2
Enznyn: ECO+2mZ,m[ a ) D ) T\ )]
and
W le?) = gposin (=) sin (T29) sin (7222) o)

and for the valence band

K2 ™\ 2 !\ 2 an’\ 2
(v) — — z Y z
Enznyn: Ew 2my ., !( a ) +( b ) +< c )

8 . fmny \ . [(7ny \ . (7]
ﬁz)n;,n’, (z,y,2) = — sin (fm) sin (Tyy> sin (T’z) Uy (T)
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If the quantum dot is spherically symmetric, the analysis is best done in spherical

coordinates. For a dot of radius 7,y we have for the conduction band

4 h2 c m m
By} = Eo+ 5y and ) (r,6,6) = Aun ( A ) Y™ (6, @)uco(F)

2Tne,m well well
(3.1)
and for the valence band
v h'2 v . m m/
B = Buo= g and 0 (1,0,8) = Avede (220 Y76, 6)unn()
mh,mrwell Twell
(3.2)

where (,; is the nth zero of the lth spherical Bessel function 7,(8n). An is a nor-
malization constant, E, and E,q are the band edge energies, and u,(7) are the Bloch
functions. More information on spherical Bessel functions is given in appendix C.1.
The general solution for the infinite spherical potential well can be found in [18].

These two infinite potential formulations give us very quick and easy means to
approximate band structures. However, the results do not depend on any parameters
of the host material; that is the results are independent of the effective mass and
band edges of the material the dot is embedded in. In addition, these models do
not include any band coupling, which is an important consequence when considering
degenerate bands.

In order to account for band mixing and finiteness of the confining potential,
we apply the effective mass theory in three dimensions where the finite wells are
formed by the conduction band edges and valence band edges. Furthermore, we limit
our consideration to spherically symmetric cases as in references [12, 13, 14] for
mathematical simplicity. The advantage of the spherical symmetry is that we can
analytically reduce the problem to a set of coupled of differential equations in the
radial direction and factor out the angular components as spherical harmonics. In

our work we follow the developments of Sercel and Vahala [12] very closely.
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3.2 Conduction Band Model

To model the conduction band, we utilize the single band effective mass equation in
spherical coordinates. Our spherically symmetric confinement potential is given by

the conduction band edges of our inside material, E™ and our outside material £

0 < Twe
U(r)={ T < Twell

Egut - Ezn T > Twell
From section 2 2, we know our states are given by
wnS(rv 97 ¢) = Fn('r, 67 ¢)U5’0(T, 9, ¢)

the S subscript is added to denote the two conduction band Bloch functions

ugo(r, 0, ¢) = 1S, T]). The envelope function F,(r, 0, ¢) is found by solving

25 (), (2) (o) e

We assume that the effective mass tensor is independent of direction, therefore:

Fo(r,0,¢9) = (E — E")F,(r,0,¢)

= O O
3
*
~

10
(me)aﬁ = m; O 1
00

Fo(r,0,0) = (B, — EMEL(r,6.9)

Esi(-d) () e

€ o ﬁ

Fn(ra 0>¢) = (En—Eﬁn)Fn(r,Q ¢)
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We can absorb E!™ into the potential and obtain

En 7 < Towe
U/(T') — [4 well
E T > Twell
and
h2
—5 = V2 U'(r)| Ful(r.6,9) = (Ba) Fa(r,6,¢)

e

Next, we transform the potential again by setting

—Vi T < Twe
U”(T‘) — 0 well

0 T > Twell
where Vo = Eg* — EY*, By = E, + E2* and

hZ
2m?

e

V2 +U"(r)| Fu(r,0,¢) = (ER)Fu(r, 0, ) (3.3)

We review and further explain this problem in appendix C.2. Equation 3.3 is identical
to Schrédinger’s time independent equation with one important caveat: the effective

mass is a function of r

*n
mel T < Twell

m:out T > Twell

That is, the effective mass changes from the inside material to the outside material.
We must insure that the probability current density across the hetrojunctions is con-
served. We also show this in appendix C.2. The eigenenergies from equation 3.3 can

be found using the numerically efficient form

I+1
Z ' 1 m(l+m+1)!
U pdn(Kreen)  min | Lm0 M2 wen)™ (I-m+1)! (3.4)
Twell jln(Krwell) m;ut Twell L 1 (l+m)! .
Z—O m!(2/\'rwe“)"" (l—m)'
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(m is a dummy index not the mass or the spherical eigenvalue) where

2ms, . 2mg,
K==z B+ W) , id=y/=3%(E,) and  Bu=Ey+E

Equation 3.4 must be solved numerically for all [ and n. (Note that there are multiple
n values for each L value.) Hence, each energy level is degenerate with respect to spin
and m, where m € [—I, -l +1,...,1] .

The wave functions are given by
Vsnim = Ru(r)Y;™ (0, #)uso(r, 0, @)
where, Ry is given by*

A]l(KT) T < Tyell
Rou(r) = oy
Brihy ' (iAr) T > Tyell

and B, must be found by solving jij( Kryey) = Bnlhgl)(i/\rweu) using the values found

for E, It is also useful to define the basis in Dirac notation (L = ¢, and L, = m)?
{IL, Lz, J, J2)}
which has the position representation

(r,6,¢ |L, Ly, J, J.) = Ru(r)Y* (6, $)uso(r 0, )

lwe setA = 1 and normalize later
2J,J;) = [iS,11)
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3.3 Valence Band Model

In order to construct a model for the valence band under a spherically symmetric
confining potential, it is convenient to obtain the matrix elements of the Luttinger-
Khon & - 7 Hamiltonian in a spherically symmetric basis. From section 2.2, we saw

that the wave functions take the form

() =D Fi1,(F)uno(7)

JJ

which we can rewrite as

(@) = Frs, (7)1, J2)

J,J
To exploit the spherical symmetry of the problem, we introduce a new angular mo-
mentum L, which is associated with the envelope component of the wavefunction,
and varies on the order of the quantum dot. In terms of the eigenfunctions of L? and
L,

() =Y Crp.RL(r)Y£(6,8)|J, J.)

JJz

or using Dirac notation

[B(™) = Cuu |L, L) |J, J2)
JJz
This formulation allows us to factor out the spherical harmonic components; however,
the components of J and L do not commute with the Hamiltonian. If we introduce a
new angular momentum F
F=J+L
It follows that F? and F, commute with the Hamiltonian [12]. We define a new basis

set in terms of the old basis using Clebsch Gordan coefficients with

F J L
|FF LJ) =Y L, L) ®1J, J.)
SG\FE L L),
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For simphcity, 1n some-cases we use the notation |L,L,) ® |J,J,) =
|L,L,,J,J.) or |L,L)|J,J,) If |F,F,) 1s a simultaneous eigenstate of F? and

F,, the matrix element?

(F,FZ’L,JlHFFzI FI7FzIaL/7‘]’>

1s equal to zero unless F = F” and F, = F! If the set {|F, F, L, J)} 1s used as a bass,
the matrix representation of HXX 1s block-diagonal, that 1s, we have separate blocks
for F' = Fyjy, F3)9, F5)2, Each block 1s mncreasingly larger, and for a particular

F, there are multiple degenerate F, Hamiltomans (For H 1 i%there exists a two-fold

degeneracy,1e H 11 = H% -1 ) For example,
Hi .1 0 0 0
2 2
o Hs. 3.1 0 0
5Et5+s
Her = | 0 Hs 5.3.1 o
5, E5E5%s
0 0 0

The matrix elements can be evaluated using a plain wave expansion of the original

1.kr

bulk wave functions, |1) = e**"u, (), to spherical components We can express the

matrix element for HXX ast (K = k)
(K,J,J |H"™| K, J', J.)

We want to express this in a spherically symmetric basis, so we rewrite the envelope

component e** ™ with the plain wave expansion

(o) L
=) Z 4P YT (O, 1) YT (9, 6)71 (kr) (35)
L=0m=

3As we will explain, this 1s not the 6x6 (or 8x8) HLX from chapter 2
4This HLK 15 the Hamiltonian introduced in chapter 2
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1€

elEF"J’ Jz) — Z w,LYLz* ek,¢k)yL (9 ¢).]L(kr) IJ ']>

L.=—L

L
Z Cirr,|L, L) |J, J.)

‘E‘Ms NNE:

where |L L,) = Y} (6, ¢)y.(kr) and Ci 11, = 4mEY{** (6%, dx)

Using the closure relation (I 1s an 1dentity matrix)
I= Z 1€:) (&]

we can express the matnx elements of H-X as HLK (K = k)

(L, L,,J,L ]H“‘] L, L., g, T
SN AL Le J T K, LY (K T [HEE K J7 T2 (K, Y T L L, T L)

JJ. I

where the (L, L., J, J |K, J, J.) integrals are evaluated with the plain-wave expansion

formula, equation 3 5 The matrix elements can be rewntten a final time as Hp r,

(F,F,,L,J |Hpp,| F,Fo, L' J) =Y Y [(FF, L, J|L, L., J, J,)
L.L, JJ,
LII LII J” ,]”) (L” LI/ Jll Jlll F F LI Jl)jl

(L,L,,J,J, |[H¥

where the mtegral (F,F,,L,J|L,L,,J, J,) 1s evaluated using the Clebsch Gordan
coefficients Sercel and Vahala [12], show that this produces a block diagonal Haml-
tonian which 1s separated into blocks for different ' The Fj/, space has a two fold

degeneracy and 1s given by
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Hyyy=
(E.+1K* 0 0 —1/2PK  —1,/1PK
0  E.+1iK®> —/2PK 0 0
0 1w/:PK  LH 0 0
1/ 2PK 0 0 LH — —2V2p%
1w/ 3PK 0 0 —2V20% S0
0 z\/ng —2V27, K 0 0

1/3
—1 TPK

—2\/572523
0
0
SO

where P is Kane’s parameter, LH = E, — (71 + 272)5‘;—2, SO=E,—A—mX The

corresponding basis for each row of H 141 s

—
~

oW

[T T o T T Y T S L
M
[T T P O PSR O ISR S L Sl e

conduction band { |

|
= o
~

)

-
-

S N
~

|F\F,,J,L) = light holes {

~—

HoH

spin orbit holes

NI= D= ol Dl IR ol

—
~—

It can be shown that H 141 May be block diagonalized into

1
- -
0 H />2

H
bt

D=

2
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where (dropping the F, F, )

|, L) 3,0) 5.1) 13,0)
g _ 30 | E+iK®  -iV2BPK  -i\/I/3PK
V2T131) | i2/BPK B, — (m+2m)E —2v2pE
11,0) | iv/I/3PK 2235 B, -A-y4E
and
/L) |3:1) 52) 3:1)

O _ 11,1) | E.+1iK? —i\/2/3PK —i\/1/3PK
2 132) | iV2/3PK E, - (mt2p)K 2Rk
3.1y | iVIBPK 22y E,-A-yE

If the conduction and spin-orbit bands are treated as distant,

Hy,i= 5:2) | B (n+20) 0 ; (3.6)
2 13.2) 0 E, - (m+27)5%

We solve for the eigenvalues and eigenvectors of equation 3.6 using the method de-

scribed in section 3.2 with /=1 and 2. In fact, E, — (71 + 2’72)1(72 is the light hole

dispersion relation (see section 2.1.2). However, the total wave functions and their

degeneracy will follow that of the coupled model. The spin-orbit band will also be

treated in the same way, but we can use the uncoupled wave functions in an identical
manner to the conduction band.

The F3/2 band is more complicated, and each contains a four-fold degeneracy with

respect to F,. As before, the Hamiltonian can be put into a block diagonal form [12],

1)

(2)
0 Hj /2

H’i 1 3 =
3+1or+3
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where
i 1 /1 - /1 -1 1
11y [ B+ ifipk -k —i\iPK
. 2 KZ
?(’})2= |%,0> —iy/3PK O ) 2725
. 2 2
$2) | WW/3PK  2pE B -mE 2%
1
1) | ik i 2K B -A-mk
1) | Be+3K® iy/EPK —i\/iPK ~i\[tPK
: 1 6. K2 2 K?
@ _ 13,1) | —4/sPK G ek ZErT
3/2 3 . 2 2
23) | W/IPK s G 5k
1 .
2D | oIPK ZmE -&nE B-A-mE

where G = E, — ('yl + %’yz) 523 Again we treat the conduction band and spin-orbit
band as distant and H 3 41 or +3 becomes

30) [ By—mE 23X 0 0
2 2
He s \ %,2> 2’72K7 E, —’)’1KT 0 0
22 OTE 3 0 0 G ipK
$,3) 0 0 8% G

From which we can define even and odd states as

ILH>even - \/g [I%’O> - %’2>]
HH) o = /3 [13,0) +[3,2)]
ILH)pa= 3[13.1) = 3(3.3)]
[HH)oyy = 5[313.1) +13.3)]

even parity states

odd parity states
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and obtain the heavy-hole (HH subscript) and light-hole (LH subscript) dispersion
relations
2 K2

K
Eyn(K)=E, — (m — 2’72)—2— and Epg(K)=E,—(m+ 272)7

To obtain the eigenstates, we use the position representation:

LS F UL L
(r,0,¢ |F,F.,L,J) = Rin(r) > > Y (6, 9)us,o(r, 0, 9)
cg

Liepsi=——s \ F2z Jz Lz

For our purposes, we only need to solve the radial component Ry,(r). For v; and v,

corresponding to the inside of the dot, we have

’ Jo(Kun(En)r)
RTI;{Z,M(T < Twell) = \/g .
Jo(Kuu(E,)r)
even states L />
REH (1 < ryen) = \/g Jo(Kru(En)r)
) —J2(Kru(En)r)
( -
311(Kuu(En)r)
REr <roa) =/} | (Kuu(En)r)
I3\ g (Ln)T

odd states <

W(Kou(En)r)
RLH (r Twell) = 3 .
\ modd(" < Twelt) \/; I —3j3(Kru(En)r) }
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where 7, denote spherical Bessel functions Outside the dot we have

4

_ h(l) W\ En ,
REE (1> 1) = \/g o (1 hn( ))}

AD A (En)r)
even states L

r (A (En)r)
Rf{lgven(r > T’we”) = \/g 0(1) "
| —hs (0ALu(En)r)

[ 38D (s (Ba)r) }
L hL(’-l)(Z)‘HH(En)r)
[ hO A ru(Bar)
| —3h$) (W Aa(En)r) }

\

,

Rf’ﬁ{id(r > Twell) = \/g

odd states ¢

RrLz,I;Idd(r > Twell) = \/g

\

We can define

Ry™(r) = ARZE. + BRLZ . and R2%(r) = AR['%, + BRLY

n,even n,EVeEN

For even parity states, we find E, by solving

0(Kun(En)r)  J0(Kin(En)r) h(()l)(l)\HH( E)r)  h{(A)
qeg | 22UKa(En)r) —(Ken(Ba)r) b (Aan(Ba)r) - —hg) ()
20(Kun(En)r)  36(Kru(Bn)r) h‘”(zAHH( EJ)r)  hd(A)
14(Kun(Ba)r) —35(Kun(Ba)r) by (huu(Ea)r) —hV(A)

T=Twell

where A = 1\, y(E,)r, and the prime superscript denotes a derivative. For the odd

parity states we find E, by solving

390(Kun(Ba)r)  jo(Kiu(En)r)  3h§(Aun(En)r) R (A)
so(Kun(Ba)r =352(Kiu(Ba)r) B (un(Ba)r)  —3h$(A)
395(Kun(Ba)r)  sb(Kiu(Ba)r)  3hg ) (hua(Ba)r)  hdD(A)
(Kuu(En)r)  —=35(Kra(Ba)r) by (ga(En)r)  —3hV(A)

T=Twell
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Note that we use the typical boundary conditions R,,(Tweu) = Row(rweu) and
v&n(rwell) = VRout(Twell)~

3.4 Matlab Implementation

Now that we have formulated the analytical techniques needed to find the energy
eigenvalues and radial eigenvectors, we must implement the calculations numerically.
One challenge in doing this is obtaining the necessary band parameters. For conve-
nience we have collected the band parameters for the 12 common III-V semiconduc-
tors and put them into table B.2. To facilitate numerical analysis, we have created
a material-database-code, whose inputs are type III-V semiconductors (one for the
inside material, and another for the outside material). We combined this parameter
database with other codes in a convenient Graphical User Interface (GUI), shown in

Figure 3.1. A flow chart for the operation of this GUI is shown in Figure 3.2.
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Figure 3.1: Screen shot of the Matlab GUI.

3.76
g2 0.82
1,42

O
2

Simulation Options
Cond. Band
val. Band(F 1/2)
Val Band (F 3/2)
Spin Orbit Band

Eigenvalues

Eigenvalues
as a function of
dot Radius

Max Radius (nm)
6

Calculate
Eigen Functions
Radius(nm} 4.5
Array length(pts})
1000

Array Max (in 8
#*radius)

Absorption Coef
Caunt method

Dipole method

Calculate


mailto:nates.e.mail.address@gmail.com

3.4. MATLAB IMPLEMENTATION 50

Establish Radial Potentials

/ ] | ‘

‘ E T E E E
r r r r
- L - o
Material Single Single Coupled  ||Single
Parameter band eff. bandeff. |jband band eff.
Database mass eq. masseq. ||/ =0& 2||masseq. *
3 3596 J5%
Obtain sE 4E AE E
Energy — ::1 # C ; r
Eigenvalues — i—’
o O
Plug energy values in, solve the boundary conditions
™~
e e
Obtain Radial G
Eigenfunctions o ®
F}% F3/2 7 so
C-Band Band Band Band

Matlab GUI

Figure 3.2: Matlab GUI flow diagram.

To further explain how to solve the single band and multiple-band equations, we

elaborate on the methodology below.
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T function out=bessel_spj(n,x)
| out=besselj(n+.5,x)."sqrt(pi./(2.*x));
b end

Figure 3.3: Implementation of spherical Bessel function in Matlab Here we define a
spherical Bessel function from Matlab’s Bessel function “besselj.”

Numerical Implementation of Single Band Equations
Recall from section 3.2, that for the single band case we must solve

+1

Z 1 (I+m+1)!
l Kjl+l.n(K7"wcll) 3 m:,, l /\m=0 M2 rger)™ (l—m+1)!
Twell jln(K Twell) m:mt Twell Zl: 1 (I4+m)!

“Zo m!(2Aryen)™ (I—m)!

where Vy = E2 — B
2m}, . 2mj,
—’1‘2—(E:l + Vo) and A= —ha—t E,Il)

to obtain
E. = E,; + E and Ysum = Ru(r)Yim (0, #)uso(r, 0, ¢)

From the definition of Ej, in section 3.2, we know its value must be between 0

and —V;,. We simplify K and A by rewriting them as

K=y 5

where A is a numerical array of 10000 points from 0 to 1, and we note that E], =

You_4) and A= 2—"‘,%”2—%(A)

—VoA. Now we can express Kand A as two numerical arrays of all possible energy

values. We utilize Matlab’s built in Bessel function to numerically implement the

(p) = \ [ yP

(See appendix C.1.) Lowercase j; is the lth spherical Bessel function, capital J is the

relation

usual Bessel function. The code for this implementation is shown in Figure 3.3.
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B function out=hankel_sp(n,p, x)
c=0;
if n~=0

& for m=0:n

c=c+iAm. /(factorial (m).*(2.*x).Am).*factorial (n+m)./factorial (n-m);

end
else
c=1;]
end
out=(-1).A(n+1). *exp(i.*x)./x. *c;

if p==
out=conj(out);
end
-end

Figure 3.4: Implementation of spherical Hankel function in Matlab.

As shown in appendix C.1, the spherical Hankel function can be expressed by the

recursion relation

ip i qm ]
W) = (S S e

We implement this in the function shown in Figure 3.4.

m=0

These functions allow us to express the spherical Bessel and Hankel functions as

numerical arrays. Now we solve

i+1 -
Z: 1 (I+m+1)!
1 jl+1,n(K""well) m?, 1 /\m=0 M2 yen)™ (—m+1)! _0 (3 7)
Twell ]ln(K 'rwell) m;ut Twell Zl: 1 (I+m)! '

== m(2ATye)™ (I—m)! .

We summarize this process with a portion taken from our code shown in Figure 3.5.
We also note that equation 3.7 must be solved for unknown values of I. Therefore
we specify a value starting with zero, and we increment this process till no zero points
exist. This process is shown in Figure 3.6
To numerically find each of these zero points, we loop through the “out” array-

mentioned in the last line of code from Figure 3.5-and find the points where the array
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o rais specified in the GUI., and the materials used determing Vo

o ra 1s the radius of the QD

% m_in is the effective mass inside the well, specified by the chosen
material

% m_out 15 the kffective mass outside the well, specified by the choen

o material

Vo=Ec_out-Ec_1in;

a=0:.00001:1;% define an array of 10000 points from O to 1;

K=sqrt(l-a);

lambda=sqrt(a);

c_1n=5.1231658827147*ra*sqrt (Vo) *sqrt(m_in);
c_out=5.1231658827147*ra*sqrt (Vo) *sqrt(m_out) ;

z_l=c_in.*K;

z_r=lambda. *c_out;

%% Break in code, this is not the actual code just a portion of 1t
> additional code will tak care of looping through “1” values
%starting with 1=0 and incrementing till no zZero solutions are found.
BRRRR02% Break in code
LHS=AA.*(1/ra-(z_1/ra)./(bessel_spj(1,z_1)).*(bessel_spj(1+1,z_1)));
RHS=(m_in/m_out).*(1/ra-(c_out/ra). *hankel_sp_D1(1,z_r,lambda));
out=real (LHS-RHS) ;

% now the variable out contains the "Solution" array, that is
% the points where out=0 are solutions--the enegry eigen values
% OF it contais a values which basically savs no zero was found

Figure 3.5: Portion of code which numerically evaluates equation 3.7 as a numerical
array called “out.” The code then search “out” for the points where it crosses the x
axis (ignoring asymptotes).
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Solutions at Zero points (X"s)

Solutions at Zero points (X"s)
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Figure 3.6: Finding the zero points of equation 3.7
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crosses the x-axis (ignoring the asymptotes). We send the array “out” to the function
“findzeros” which is defined in Figure 3.7.

Note that this tells us the value of “A” where the function is equal to zero, so we
must input this into £/, = —VjA,,—we have added the subscript n to denote that there
are multiple values of A for a particular [. The final energy for a particular n and !
is given by E,; = —V, A, + E2* or expanded further E,; = — (E?* — E™) A, + EZ*.

Now we numerically represent the radial functions for each value of n and 1

jl(Kr) 7 < Twell
Rou(r) = )
Brihy” (3Ar) T > Twell

and find B,; with the boundary condition
jl(Krwell) = Bnlhfl) (i/\""well)

where Kand A are evaluated at F,;.

Numerical Implementation of Multiple-Band Equations

To find numerical solutions for the multiple-band equations, we use the same method-
ology as the single band equation, except that the eigenvectors must be found with
determinants and matrix inverses. For example, we find the E, values for the even

states in the F3/, space by

Go(Kun(Bu)r)  Jo(Kou(Ba)r) P (Auu(Bu)r)  h§O(iALu(Ea)r)

det J2o(Kuu(En)r) —jo(Kru(En)r) h()( Mau(En)r) _h()("/\LH(E))

G(Kun(Ba)r)  ib(Kea(Ea)r)  hd(Agr(Ba)r)  hoD(iAru(En)r)
3K (Ba)r) ~33(Ken(Ba)r) b (iMan(Bur) —hy" (Aea(Ba)r) | _
(3.8)

We again implement the spherical Bessel and spherical Hankel functions as numerical
arrays. Again, we solve for “A” on a interval of zero to 1. The determinant is solved

for every value of “A” as shown in Figure 3.8
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function zs=findzeros(x,y,scale_size)
E ; ““Returns matlab value pi if NO ZEROS FOUND™ A*n*®

% for two numerical arrays where
» finds points where the function crosses the x-axis
% ignores asymiptoes
% works best 1f arrays are large
o acale_size 1s used to give limets for asymiptoes
y=real(y);
1=1ength(y);f}
index=0;
& for j=1:1-1
1f(abs(y(j))<scale_size)
if(y(3)==0)

index=index+1;
zs(index)=x(3);
elseif(y(j)>0 & y(j+1)<0 )
%locate a cross of the » axis in neg direction
index=1ndex+1;
zs(index)=(x(j)+x(G+1))/2;
elseif(y(j)<0 & y(j+1)>0 )
%locate a cross of the adais in | direction
index=1index+1;
zs(index)=(x(j)+x(j+1))/2;
end
end
+end
if index==
zs=pi; %let host program know thers are no Zero points
end
end

Figure 3.7: Function findzeros.m written to find zero points. This works best for very
large (10000 pt.) arrays. It searches for the two points where the function goes from
negative to positive or positive to negative. If the separation between the two points
is too large (specified by the variable “scale_size”) it is ignored, otherwise the two
points are averaged together and stored. This process is repeated for the whole array,
and the output “zs” is an array all the “zero” locations along the x axis.
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% find the value of the determinent for every valus of E

% store the values to an array called even_det
Gl for g=1:E_res
even_d=[ jOh(q), joO(a), hoh(q), ho(q);...
‘ 2hlad, -=320@6), hzh(a), ~hZ{@)§ e -
dioh(g), djo(aq), dhoh(a), dho(q); . ..
dizh(a), -dj2(a), dhz2h(a), -dh2(a)1;

%dispersion relation for odd states
even_det(q)=det(even_d);

-end
% we use the findzeros function to find the zZerc points

Figure 3.8: Matlab code utilized to loop through equation 3.8 and evaluate the de-
terminant for each “A” value.

"

Next, we use the “findzeros.m” function to find the “A,” values and corresponding
energy values. Note that the [ values are predetermined by the coupled-band Hamil-
tonian, and therefore we do not sweep over possible [ values. To find the eigenvectors,

we plug in the energy values and solve the equation

Jo(Kia(Ea)r) A (Amu(E)r) B (iApu(En)r) Ca(r)
—jo(Kpu(Ea)r) W (uu(B)r)  —hP (u(E)r) | | Calr) | =
W Kea(Ea)r) b iAnn(Ba)r) b (idin(Bn)r) | | Calr) |

Jo(Kunu(E,)r)

— | Jo(Kuu(En)r)

Jo(Kuu(Ey)r) |

where we have reduced equation 3.8 by arbitrarily setting the coefficient C;(r) equal
to 1 for every value of r; because we can just normalize the functions later. This is
solved for C with the matrix inverse *\” in Matlab, and it solved for every value of
r—every value of r in our numerical array. With this we can solve the coupled radial
equation

Rzm'n (T’) = ARHH e BRLH

n,even n,even

recalling that inside the dot
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Kyu(E,
RIH (< o) = | | 20UKna(Bulr) |
2 | g2 Kun(En)r)
Kyn(En
R'lllllgven(’r < Tweu) = \/I ]0( LH( )7‘)
2 | —g(Kru(Ba)r)

and outside the dot

Rilen(r > u)z\/I o (1A (Ba)r)
n even we 2 ) )

WY (Ama(Ba)r
REE (1> Tyen) = \/I ht()l)(l/\LH(E")r)
n even 2 —hgl) (’I,/\LH(En)T)

combining these together with the C(r) coefficients we have

even (. o _ 1 Cl(r)]O(KHH(En)T) + Cz(r)]O(KLH(En)T)
o < ) \/; [ Cr(r) g2 Kt (Ba)r) — Colr)ga(K e (En)r)

and

[T G (Ama(Ea)r) + Ca(r)S Ag(En)r)
> ) = ‘@ [ Cs(r)h Az (En)r) — Ca(r)RS) (Apu(Ea)r)

This 1s implemented 1n Matlab as shown n Figure 3 9

3.5 Obtaining the Software

To obtain a copy of the developed Matlab code, please get the disk from the ERAU

Daytona Beach libary or email to author at nates e mail address@gmail com
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G for g=1:length(zs_even)

X=[ joh(q), jo(a), hoh(q), ho(a); ...
djoh(a), djo(g), M1.*dhOh(q), M2.*dh0(q)];
X(:,2:4);% the right portion from X ( 3x3) matrix
Q=X(:,2:4)\(-X(:,1));% calculate the matrix inverse and solve vector Q
A=1;% arbitary set =1,normalise later
B=Q(1);
C=-Q(2);
D=-Q(3);

' clear R %create arrays for portion inside the well

R=3.62263. *r_out(1: round(fun_res/qwe));
jOz=sin(R.*k1(q))./(R.*k1(q));
j2z=-3.*cos(R.*k1(q))./(R.A2.*k1(q) . A2)+(3-R.A2.*k1(q) .A2)...
*sin(R.*k1(q)) . /(R.A3.*k1(q) . A3);
johz=sin(R.*kh(q))./(R.*kh(q));
j2hz=-3.*cos(R. *kh(q)) ./ (R.A2.*kh(q) .A2) +(3-R.A2. *kh(q) . A2). ..
.*sin(R. *kh(q))./(R.A3.*kh(q) .A3);
clear R %create arrays for portion out side the well
R=3.62263. *r_out (round(fun_res/qwe) +1: fun_res);
hOz=-exp(-R.*11h(q))./(R.*11h(q));
h2z=exp (-R. *11h(q)) . * (3+3. *R. *11h(g) +R.A2. *11h(q) . A2) . /(R.A3. *11h(q) . A3);
hOhz=-exp(-R. *1hh(q))./(R.*1hh(q));
h2hz=exp(-R. *1hh(q@)).*(3+3.*R. *1hh(gq)+R.A2.*1hh(g) . A2)./(R.A3.*1hh(q) .A3);
%store functions for later use and combine with coefficients into
even_funl(q,1:round(fun_res/qwe))=A.*jOhz+B. *j0z;%portion < r_well
even_funl(q, (round(fun_res/qwe)+1) : fun_res)=C. *hOhz+D. *h0z;%portion >r_well
even_fun2(q,1l:round(fun_res/qwe))=A.*j2hz-B.*j2z;%portion < r_well

| even_fun2(q, (round(fun_res/qwe) +1) : fun_res)=C. *h2hz-D. *h2z;%portion >r_well
“end

Figure 3.9: Sample code used to find the radial eigenfunctions for the coupled Fj/,
space.
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3.5.1 Results

Below we give results for common types of hetrojunctions. The results were obtained
from our GUI. These results are very important in determining the optical properties,

which we shall discuss in the next chapter.
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GaAs Embedded in AlAs

Below we have the results from a GaAs quantum dot Embedded in AlAs, plots are

shown for eigenvalues then eigenvectors for dots of 4.5 and 7.5 nm in radius.
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Figure 3.10: Eigenvalues as a function of dot radius for GaAs Embeded in AlAs
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Band Structure of a Spherical GaAs Dot Embeaded in AlAs
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Figure 3.11: Conbined plot of eigenvalues as a function of dot radius for GaAs Em-
beded in AlAs
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C band Electron Enegry Values Un-normailsed Radial Eigenfunctions
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Figure 3.12: Radial eigenvectors (unnormalized) for a 4.5 nm dot of GaAs Embeded
in AlAs (¢ band and F 1/2 band)
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Figure 3.13: Radial eigenvectors (unnormalized) for a 4.5 nm dot of GaAs Embeded
in AlAs ( F 3/2 band and SO band)
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C band Electron Enegry Values Un-normailsed Radial Eigenfunctions
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Figure 3.14: Radial eigenvectors for a 7.5 nm dot of GaAs Embeded in AlAs (¢ band
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GaAs Embedded in Al,Ga;_,As

Below we have the results from a GaAs quantum dot Embedded in Al;Ga;As (x

=.3), plots are shown for eigenvalues then eigenvectors for dots of 4.5 and 7.5 nm in

radius.
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Figure 3.16: Eigenvalues as a function of dot radius for GaAs Embeded in Al 3Ga 7As
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Band Structure of a Spherical GaAs Dot Embeaded in AlGaAs
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Figure 3.17: Conbined plot of eigenvalues as a function of dot radius for GaAs Em-

beded in Al3Ga;As
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Figure 3.18: Radial eigenvectors for a 7.5 nm dot of GaAs Embeded in AlAs (¢ band,
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Figure 3.19: Radial eigenvectors for a 7.5 nm dot of GaAs Embeded in AlAs (c band,

F 3/2 band, so band, the F 1/2 band does not exist at this dot size)
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Figure 3.20: Radial eigenvectors for a 7.5 nm dot of GaAs Embeded in AlAs (c band,
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InAs Embedded in GaAs

Below we have the results from a InAs quantum dot Embedded in GaAs, plots are

shown for eigenvalues then eigenvectors for dots of 7.5 and 12 nm in radius.
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Figure 3.21: Eigenvalues as a function of dot radius for InAs Embeded in GaAs
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Band Structure of a Spherical InAs Dot Embeaded in GaAs
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Figure 3.22: Combined plot of eigenvalues as a function of dot radius for InAs Em-

beded in GaAs
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Figure 3.23: Radial eigenvectors (unnormalized)for a 7.5 nm dot of GaAs Embeded
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Valence F3/2 Band Hole Enegry Even: The Eigen Functions are a Superposition of these two plots
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Figure 3.24: Radial eigenvectors (unnormalized) for a 7.5 nm dot of GaAs Embeded
in AlAs ( F 3/2 band and SO band)
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C band Electron Enegry Values Un-normailsed Radial Eigenfunctions

1.3} <

[

-
a
—i
n
N

8

2
%)

Electron Enegry Values (eV)

r
0 0.5 1 o] 5 10 15 20 25 30 35
radius (nm)/radius of well

Valence F 1/2 band Hole Enegry Values Un-normailsed Radial Eigenfunctions

- .

0.2 1

|
|
|
0.181 1 |
|
|

0.16 1

0.14} 1 !

0.121 1

01t .

0.08+ 1

Hole Enegry Values (eV)

0.04F -

0.021 1

0 0.5 1 0 5 10 15 20 25 30 35
radius (nm)/radius of well

Figure 3.25: Radial eigenvectors (unnormalized) for a 12 nm dot of GaAs Embeded
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Valence F3/2 Band Hole Enegry Even: The Eigen Functions are a Superposition of these two plots
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Figure 3.26: Radial eigenvectors (unnormalized) for a 12 nm dot of GaAs Embeded
in AlAs ( F 3/2 band and SO band)
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GaSb Embedded in AISb

Below we have the results from a GaSb quantum dot Embedded in AlSh, plots are

shown for eigenvalues then eigenvectors for dots of 4.5 and 8 nm in radius.

Conduction Band

S S
L% R - - 1]

Electron Enegry (eV)
)

Well Width (nm)
V F1/2 band

o
o
(4]

=
[

o
w
o

o

V F1/2 band Hole enegry (eV)

|
B
wn

///'

o
P

4 6 8 10 12
Well Width (nm)

V F3/2 band Hole enegry (eV)

Spin Orbit Hole enegry (eV)

V F3/2 band

0.75

e
g

o
23]
%]

e
o

0.55

o
»

o
'S
[

o
»

even states
odd states

2 4 6 8 10 12
Well Width (nm)
Spin Orbit Band

2 4 6

Well Width (nm)

Figure 3.27: Eigenvalues as a function of dot radius for GaSb Embeded in AlISb
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Band Structure of a Spherical GaSb Dot Embeaded in AISb
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C band Electron Enegry Values Un-normailsed Radial Eigenfunctions
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Figure 3.29: Radial eigenvectors (unnormalized) for a 4.5 nm dot of GaAs Embeded
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Valence F3/2 Band Hole Enegry Even: The Eigen Functions are a  Superposition of these two plots
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InSb Embedded in AlSb

Below we have the results from a InSb quantum dot Embedded in AlSb, plots are

shown for eigenvalues then eigenvectors for dots of 7.5 and 12 nm in radius.
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Figure 3.33: Eigenvalues as a function of dot radius for InSb Embeded in AISb
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Band Structure of a Spherical InSb Dot Embeaded in AlSb
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Chapter 4
Optical Properties

In the previous chapter, we developed a model for the electronic structure of a spher-
ical quantum dot. Now we seek to further develop the Hamiltonian introduced in our
model, and consider the perturbation to it caused by an external field. In particular,
we will consider fields at or close to optical wavelengths, and investigate the optical

transitions and absorption in quantum dots.

4.1 The Electron-Photon Interaction Hamiltonian

Consider a quantum dot illuminated by light. The incident photons, or oscillating
electric field, will perturb the electronic states, and in some cases lead to transitions
between the states [16; 10]. We include this perturbation into the model of our

Hamiltonian, i.e.

2 42

e L7 - e
H=HModez+—%g<p~A+A-p)+2 = Hroqger + H' (4.1)

mo
where A is the vector potential of the incident field. We also assume that the field is

described by the Coulomb gauge condition, which means the field A has the properties

—

V-A=0 andE“:-Q/—1
ol

86
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Therefore, A-p' = p- A since f = —AV. If Ieff ‘ < |p], which is the case for most prac-
tical optical field intensities, then e2A%/2my is negligible. With these assumptions,
H' becomes

H =~ —i—o,&'-ﬁ (4.2)

Hence, the interaction Hamiltonian is referred to as the A- P Hamiltonian. Assuming
a plain-wave magnetic field, the vector potential for the optical electric field takes the

form

A = éAgcos (kop - T — wt)
- — éﬂezkoz, re—zwt + éége—zkop re+zwt

2
where Eop is the optical wave vector, which points in the propagation direction of the
electromagnetic field. w is the optical angular frequency and é is the polarization
direction of the electric field. Now, the interaction Hamiltonian can be written as

H = - SAF1)-5
mg

— H'(F)e_“"t +Hlf(71'>e+zwt

where .
erezkop U .
_e .

27710

H'(r) = - (4.3)

4.1.1 Optical Transitions due to Electron-Photon Interaction

Using the perturbation Hamiltonian from equation 4.3, we now consider the transition
rate of an electron in the valence band which absorbs a photon and is promoted to
the conduction band. The transition rate can be found by using first order time-
dependent perturbation theory [10, 25, 16, 18], described in section 1.4. Using the
first half of equation 1.5—which corresponds to the absorption of a photon—the total
upward transition rate is (per unit volume per second)

1 2

()| 6B~ B~ ho)fy- (1= f) (44)
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where
1 1

d =
1+e(Ec—Ef)/kBT and  f, 1+C(Ev—Ef)//cBT

fc=

Here, we use c and v to indicate a summation over all conduction band states and
all valence band states!, V is the volume?; f, is the Fermi Dirac distribution for
electrons in the valence band (section 1.2). This distribution gives the probability
that an electron of a particular energy, E,, exists. Similarly, (1— f) is the probability
that a hole in the conduction band exists (see section 1.2). The matrix element H,,
is defined by

Hy, = (Ye|H'(P)|tho) = / W H' (F)hyd®r

In equation 4.4, we have used the Dirac delta function, which ignores the finite life-
time of the electronic states. A more realistic approach is to consider a Lorentizan-
line-shape function which takes into account some scattering process that lead to

homogeneous broadening. The line-shape function is defined as

0 (Be— By — hw) = L (B, — B, — hw) = — v/m ,

v+ (E. - E, — Fw)
where 27 represents the Full Width Half Maximum (FWHM or line width) of the
function, in eV. Note that the line shape function has units of 1/eV, and we have
normalized it by insuring that f_°°oo Ld(Aw)=1. Ultimately, v must be found experi-
mentally but for our purposes we take v = 15 meV which is of the order of those
used by [10, 28]. The line-shape function has an even symmetry about its maximum,

therefore L(z) = L(—z).

R, gives the total upward transition rate; however, in the presence of the same

field, there will also be a downward transition rate of

Rc—»v = %;2622% ’H:{:('F)IZE(Ev - Ec + hw)fc ' (1 - fu)

INot to be confused with the notation for band edges in the previous chapter.

2For our purposes the volume can be considered as the volume of the dot with some buffer factored
in for the substrate material, or when considering an array of dots (in layers) one can consider the
number of dots per unit area divided by the thickness of the layer.
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The net upward transition rate per unit volume, R, is given by

R= RU C—"U
= VZZ " HL, )| (8~ By~ h) (o~ £ (45)

where we have used the even property of the line-shape function £(z) = L(—z), and

w| = |H,t|- If we plug in equation 4.3,

the hermitian property of the Hamiltonian IH

we obtain:

R-280 S F et e sl £~ B S) (49
Equation 4.6 gives the net upward transition rate. In our model, we consider three
valence band manifolds. Each of the Fi/, band, confined states, is two fold degenerate
(F, = £1/2); the F3/5 band states possess quadrupole degeneracy (F, = +£1/2, £3/2);
and the spin-orbit band states are degenerate with respect to their two Bloch states
|2, 1) and further degenerate with respect L¥°) = {=L°) ... [(°)} Each of
these bands must be treated separately, and summed over the degenerate conduction
band states which have an identical degeneracy to the spin orbit band. For clarity,

we first separate equation 4.6 into separate bands

2 A2
" %Zﬁfvz > wlee e

Chand F1/2

+ Xltwdetre

3/2

+ > Wl e e Flgso)|” L(E. — Eso — hw)(fso — fc)}

SOBand

)

LB = By, ~ 1)(fur, , — 1)

,C(E EF1/2 - h"‘))(fv}rl/2 - fC)

5lr. )|

Taking mnto account degeneracy of the bands mentioned above
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L©)

Iy Y % (1

L(C) N (c) Ly=—L() [25,1),25,])

{2/3 > Z[lee%“ V[ (8. - By = o 1)

Fo=—3 [F172) 1 R )

Te
R = —
(A h2

3/2

+ Z Z ZU(ﬂ’clezk°ﬁé'ﬁ|¢’1’3/2>2

F _% Even,0Odd np3/2

z=

L(E. — Ery), — 1) (fry s — fc)‘

L(s0)

+ XY Y [[wdet e plso)” £(E. — Eso — hw)(fso - £2)]

L(s0) mso L<zs°)=__L(so) l%'i%>

where
o) = |19, L) |J, L) = [ne) |19, L) |25, 1 or 1)
¥y ,,) = IFFJL) =|nr) ; :i:; ;’ 1 or 2>
¢}E%fi’;)ori%> = |F,F, JL)= np%>Hg,:i:%or:|:g,%,0> B,:I:2or:t%,g,2>J
1/,;3;2% o i%> = |FF, JL)= np%> Hg,:t%or:t—g,g,l>+‘g,i%orig,gﬁﬂ

W)SO) — lL(so)’ L£s°)> |J, Jz) — |nso> |L(S°), L£s°)> 5,

L :i:%> (4.8)

Recall from chapter 3, each quantum-number L. maybe associated with multiple en-

ergy values designated by n, below (i refers to the band). That is, for each band, we
get these discrete levels which arise due to quantum confinement. The importance of
the |n,) quantum-number becomes clearer when we convert to position representation,

where they appear in the Ry, (r) states
(r.0,¢|L, L:) = Re,(r)Y;*(6,¢) (4.9)

The radial functions, Ry, (r), are addressed in chapter 3, and Y/ *(6, ¢) denotes the

normalized spherical harmonics.
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Also note that we have two distinct basis, therefore we must convert one basis to
the other. That is, we have a coupled basis: |F, F;, J, L), for the "l[)pl /2> and ‘1/)}:'3 /2>
states; and an uncoupled basis |L, L,) |J, J,) (defined in section 2.1) for the [¢.) and

|so) states. In the next section, we address the necessary conversions.

4.2 Basis Transformation

Recall from section 3.3 the definition of the coupled F, F, basis as |F, F,, L, J) where
F = J+ L. In the last section, we pointed out that we must express this coupled
basis in terms of uncoupled basis. Using the standard angular-momentum-addition

rules, [29], we get equation 4.10

gy \ F: J: L.

LKL F UL
IFF, L= Y > ILL)Y®|J,J)  (410)
cg

where the cg subscript refers to the Clebsch Gordan coefficient. For completeness,
we also point out that |L, L,) is short hand for |K, L, L,) where K is usually left
out because the Hamiltonian is diagonal with respect to K, and the calculations are
done at a given K. Rather than computing the Clebsch Gordan coefficients within our
Matlab program, we calculate them ahead of time in Mathematica with the command
ClebschGordan[{J, J, },{L, L.},{F, F.}]. For more details on how the Clebsch Gordan
coefficients are formulated and evaluated, one should consult an advanced quantum

mechanics book, such as Edmond’s book [29].

4.2.1 Fy; Space

In the F' = 1/2 space, we have two separate valence band manifolds, with L = 1 and
L = 2 values. The states in each of these manifolds has a double degeneracy from

F, = £1/2. In terms of the uncoupled basis, using equation 4.10, we have
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1 13 1 3 3 1 31 1 3 1

) _1_)1 = —= a_]- Y - =14 P = ]-7 )

2133 > 71 >22> \/§|10>)2 2>+\/6| 1>’2 2>

1 13 1 31 1 3 1 1 3 3

___’_a]- = ) P ) a) A = ) )

2727 > 751 1)22> ﬁ'lo)‘z 2>+\/§“ 1>{2 2>

1 13 ] 33\ 1 31 3 3 1

S 4229V — = o2V = 2 _ -

5 t3 g > 715 1% 1>‘2’2>+ 5'2’O>)2’2> 10! ’1>‘2’ 2>
+ §|2, 2) P - (4.11)

1 13 2 3
li’_§’§’2> - ‘\[5'2"”‘5’
12, ) §>
,/_ 2

4.2.2 F3/, Space

The F' = 3/2 space also has two valence band manifolds, { ’w(Even)> } and { ’¢§:‘?Zd)> }
The even manifold consists of a superposition of the L = 0 and L = 2 states.?
Similarly, the odd manifold consists of a superposition of the L = 1 and L = 3 states
(as defined in section 3.3 and equation 4.8). This gives 4 different sub-spaces, from
the 4 possible values for L in the F' = 3/2 space; and these four spaces have a four-fold

degeneracy from F:

AN A A
EER ENT EE R
230 BRI BRI Rl

3Note that, due to confinement, there are potentially multiple n values for the superposition
states.
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Using equation 4.10, for L = 0 we simply have

24330) - no32)
2330) - mof2)
2-130) - 0f3-t)
13230) - oof3-3)

Next, for L = 1 we have

Vi) - Feoft) o Buofi-)
T3y o) Bofi-)
VEn et fBroft-)

For L = 2 we have

o
NI

—
\/
Il

|
=
\/
I

NIW NIW NDIw NDIw
+
W N~ N
W N|IWw NDIWw NDw
—
\/
Il

|

-
\/
Il

138 - o2 )- VT VBl
TR Y

132} - o) - Tnofy-ByTnl2d)
2 280) = e-afiy) - Een D)+ ieof3-2)
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Finally, for L = 3 we have

3 33 1 33 2 31 2 3 1
) _)_,3 iy —— 3 ' A y— 3 ) n - - a2 ) A
‘2 +2 2 > V35 3 0>’2 2>+ 35 13 1>l2 2> 7I3 >‘2 2>
2 3 3
3 13 2 33 3 31 3 3 1
- 3 = = — - —_ — ) —
4553) = —=bn B Lol -2 /23 -5)

Example: Basis expansion of

¢;‘€U:n >

22

In general, the valence band state should be expressed as
(Even) § § E g % g
/‘/)Fss > A‘2a2a2a0>+3|2)+272a2

where A and B must be determined numerically. For convenience, we absorb A and

B into the radial component, i.e.

AR, (r) — Ry,and BRy (1) — Ry,

Therefore, the expansion of the states takes the form
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(Fven) _ § § § 3 3 3
d)F‘%)% > - ‘2a2)2a0>+l +272a2
2 31 2 3 1
- |oo’ > \/’Igo’ >—\/;|2,1)‘§,§>+\/;|2,2>‘5,—5>

It is more convenient to convert to position representation, with (r,8,¢ |L,L,) =

Ry, (r)Y/(6,9):

WY = Renses|35) e on3)

| - \/ERzn(T)Yz 0, 9) ‘3 1> + \/;Rzn(r))’f(e,db) <§»—%> (4.12)

With the above expansions, we can now consider how to calculate the integral

<,‘pclezkop.ré . ﬁ]wv>

These integrals are usually referred to as the momentum matrix elements or optical-

momentum matrix elements.
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4.3 Momentum Matrix Elements

A

e plpy) Our goal
here 1s to separate out all the components of the integral into one of the following

We now address how to compute a single matrix element* <¢C|elk°”

_ 1 3 W
(le*»7e Fvr,,r) - ZZ( 7 sz> L<Zv>> (413)
cg

Lgv) Jéu)
(O, L0 70, 100) (76, S0l 70, I19)

thop T 2 % % L(v)
(vlere omury = 3 XX 22 T
s N e L,

<L(C)7 L) |etker 7| L) L£U)> <J(C), JOe plJ®, Jz(v)>
(L9, L0l 7L, 19 (36, J0le 717, 76

<¢c|elkop "é pl ¢so>

The summations result from the expansion of a coupled basis mnto a superpo-
sition of the uncoupled basis states To evaluate equation 4 13, we utilize the

<¢C|e’k°” e 13]1/)50> integral, we first expand the expression
<wc|elkap Fé ﬂwso> — <L(C), LEzC)l <J(c), Jz(C)I ezkap Fé ﬁ|L(v), L£U)> IJ(v), J.SU)> (4 14)

and we represent 1t 1n integral notation using

(L, LA, L] = gL (L, LNz (19, 1) = 27w
|L(”), LS’)> |J(v), Jiv)> — ¢y (L™, L), (JO), TV = ¢ (P,

Next we expand the integral with the chain rule, since p'= —tAV  Therefore equation

4 14 becomes

4A single but complete conduction band state 1n terms of n, L, L., J, J; to a single valence band
state 1n terms of n and summed over L, L, J, J, because the F=1/2 and F=3/2 states may have
multiple of these due to the expansion of basis, but this 1s still a single valence band state Also the
F=1/2 or 3/2 states have a c g coefficient 1n the expression, inside both summations
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(e e by = [ tuzete e pp,uds
= / ekor Ty b8 - P, dOF + / e*or Tdrutu,é - P, d>T

Next we must make an important approximation: the varation of the Bloch func-
tion, u, (7, 15 on the order of the unit cell, and the variation of the envelope function
15 on the order of the quantum dot. As we note in section 2.1, the Bloch function
is highly oscillatory on the order of the unit cell. A typical unit cell is about .5
nm, which means the Bloch function will vary on a size of about 1/2 or 1/4 of .5
nm (or smaller) The dots we consider are about 3 nm to 10 nm in radius which
means a variation over the diameter of 6 nm to 20 nm. To help us understand this
method of approximation, in chapter 1 we illustrated the structure of a zine blende
type quantum dot. For example, in Figure 1 7 we see a quantum dot of 13 unit cells
in radius. Here, we can visualize how the variation of the Bloch function, on the size
of the atoms and unit cells, is much smaller than the envelope functions, which vary
at about the size of the quantum dot. We illustrate this in Figure 4.1. Therefore, we
consider this approximation to be acceptable. This allows us to break the integral
into a summation over the unit cells, much like a Riemann sum; and we can therefore

integrate the Bloch component separately along a slice of constant envelope function.
F 2 F Lk Jay = 1 * —
(Woletkr Te - ply,) = Z Qetker g (T e - P (T a / Wiy &7
1
Q,

3 R S
—I—Z Qet*or T (7 )by (T) ﬁ/uce-puvd‘o’r

1A
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Figure 4.1: Approximating the optical momentum matrix element into a summation

over all unit cells. The thick blue line represents the envelope function F(r,8,¢) =
|L, L.), and the thin black line represents the Bloch function

where () is the unit cell volume. In section 2.1, we noted that the Bloch states are

/u;uvdg’v": 0

Q,

orthonormal. Therefore®

Next, as we sum over all unit cells, the summation can be converted back to an

integral and we have
<L/)C’e1kop-7é . ﬂwv> - Pcv/e'lkap F¢Z¢vd3-‘: Pcr <L(c). L(zc)|ezkop-r"|L(v)’ L‘(Zv)> (415)

where
P = / Wi Pundd7 = (JO, JDE . 7, g0 (4.16)

For further discussion of P,,, see appendix section A.3. The possible values of P,, are

summarized in table A.l.

5This is because there 13 no conduction valence band mixing in our model, (distant conduction
band). Otherwise the mtegral would equal the Kronecker delta function ¢,
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Example: Calculation of P., with |15, 1), |3,2), and é = ¢, for an
InAs dot Embeded in GaAs

In this case, the incident electric field 1s polarized in the é, direction We will take

the electric field propagation direction to be in the é, direction We have
33
P a = S s Az ' n
(sl 72.2)

using table A 1

E E.m
P, =é, (—T”mo(éz + zéy)> =_y-r0

The parameter E, 1s an experimentally determined parameter, and varies for each
material It 1s often referred to as the optical-matrix-element-parameter® Values for
E, are given 1n table B2 In the case of a quantum confined structure, we use E,
values of the inside material of the quantum dot, because the contribution to the

mtegral comes predominantly from the inside of the dot For InAs we have”

V21 5eV
Pu= Y22V

Some approximations ignore the < L), Lgc) CREAON Lg”)> component of the integral
(1e (yle**Té ply,) = P., ), because the Dirac-delta approximations would make

that portion of the integral unimportant, however, we include 1t

4.3.1 The Dipole Approximation

In order to numencally evaluate <L(C), LY9|etker 7| L @), L,(zv)>, we can use the Gaunt

method—discussed 1n the next section—or make the dipole approximation Due to the

6Note that 1f we look over our derivation, we may conclude that the optical matrix element should
be independent of material This 1s true, but experimentally, 1t still varies shghtly from material to
material, which 1s why the factor (or correction) E, 1s utihized

"Note that we have left the \/myg intact because, m our calculations this term becomes squared,
factored out, and re included at the end, which makes 1t easier for numerical calculations
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spherical symmetry of the quantum dot, we can arbitrarily assume that the incident

light propagates in the z direction. Therefore,

1kop T __

Eop =k, —>e ezkzrcos(O) - 6121r§ cos(8)

In integral form, we have

(L@, LOekorT| L0, L)) = / (R(Lﬁ)nYLLZ) Ry Fe e12n5 c0s(0),2 5in (9 drdfdep
(4.17)
The integral in equation 4.17 is difficult to evaluate because of the €?7x () term.
However, we can make the dipole approximation—that is we set e?"x<() = 1 by

assuming that A > r.

(L©, L]k 7| LW [P} = / (REYE)" RE,Yer? sin(6)drdodg

[ere] T 27

/ (C) (Lbl)n/'r2dr// YL‘ L,de

where ( R(Lc,)n)* = R(Lc)n because it is known to be real, and the prime notation is used
to denote the L of the valence band. Using the definitions of the normalized spherical
harmonic functions, Y, the integration over the angular components is easily done

as follows:

T 27
// (YLL‘)*YLL';dQ =0L10; 1/
0 0

where d,5 is the Kronecker delta function, d,, = 0 if @ # b and 0., = 1 if a = b. Now,

we express equation 4.17 as

<L(C)v L£C)|ezkop.F|L(v)a LSJ)) = JLL’éLzL; /R(C) R%:?n/’l‘ d (418)
0
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Thus, we write the optical momentum matrix element as
(o ¢]
<¢c|e’k°P’;é ' ﬂ¢v> = 'PC'UJLLI(SLZL; / RL,nRIL/nzT'sz (419)
0

Recall that we have only considered a transition from the spin orbit band to the
conduction band. However, this must be done for each term in the coupled Fj/; and

F3/5 manifolds as in the following example.

Example: Let us expand the integral <1/) |etkorTé ﬁ]z/)g;”:")> for | =
|2,1) |iS, ) , with the dipole approximation, equation 4.19, and an electric field de-

scribed by ko, = ké, and é = &,

As in the previous example, we can represent the valence band state using equation

4.12. Expanding the integral, we obtain

<wc|ezkov e ﬂw(p‘?;")> = (BY (vd)| S, Lle.
(yo0\ |3 3

{h%%>22>+

- o) )

Applying the dipole selection rules L = L' and L, = L/, (see equation 4.18)
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<¢ let*or Te plap Even)> = < RY (v ‘(25 léz 7 \/»Rgv)yz>‘2 2>
2w NEN
V;R%>@Sdh3ﬂ‘y2>
2 [ @ p), 25
-\ Ry’ Ry 'r°dr €
0
= ‘/___Egg’bo / Rgi)Réi)r2d7’
0

We have used equation 4 15 to separate the integral components, and table A 1 to

(-RY

E. pT10
- D (éx + zey)}

[l

evaluate P,, Note that the combination of dipole selection rules and expansion of the
F3/9 state with the C G coefficients ensures that only one term of the coupled expan-
sion remains Thus, the dipole selection rules eliminate the need to evaluate many
mtegrals, which 1s very important when we numenrically implement the transitions

over all states as in equation 4 7

4.3.2 Plain-Wave Expansion and Gaunt Coefficients

In the previous section, we made the approximation that e??7% () = ] by assuming
that A > r However, for some of the dots we want to address-like a GaAs dot
embedded 1n AlAs-may have excitations that correspond to visible photons® Using

the extreme case of A,y = 300nm and a 15 nm dot, we get

2
M3

A

8We know this from looking at the possible energies in the conduction and valence band wells
AFEpn =1 424eV= A\ p = 870nm , we can also see that AFE, .0 = Amn = 300nm
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Thus, if 2™ £ 1 we must perform the angular integral numerically, and the
dipole selection rules will not necessarily hold. To simplify the process, we start with

the plain-wave expansion [30]

0 L
FT=3 "N At Ok, 85) Yim (6, 0)ir(kr)
L=0m=-L
where j; are spherical Bessel functions, and k is in the 0k, ¢r direction. Therefore,

B @\* L@
<L(c), Lgc)lelkop rlL(v)’Lgv)> /drd9d¢ (R(C) Lz ) R(’U) Y. Lz r Sin(e)

L n L(c) Ln/* L)

(Z > 4wty 0k, ¢k) Yim(6, ¢)jL(kr)>

L=0m=-L

Combining this with the Gaunt Coefficients, we obtain

<L(c), Lgc)lezkop.FlL(v), LS})) —

L))

5L£c)ngv) Z [(QL +1) \/(QL(C) + 1) (2L® +1)4F
L=|L(c)_L(v)|
(1) L© L L© [® L L@ [®
0 0 0 0 —LY LY
T 2
(4 v . m
' / R(L()c>,nR(L<)v>n/9L <7T> ridr (4.20)
0
L L/ LII
Where R B the Wigner 3-j symbol. For further discusion, see appendix
m m m

section A.4. For this expression to be non zero, LY =¥ ,and L+ L) + L® must

be an even number.®

9These come from properties of the Wigner 3-j symbol



44 OPTICAL ABSORPTION COEFFICIENT 104

The most important impact of this expansion 1s that we now have coupling between
L(© and L™ states, even when L(® # L® Also note that <L(C), L,(zc)le’k"F TILW), LY >
1s now A dependent, which 1s also another numerical complication Under the dipole
approximation, we essentially only have one integral when calculating the transition
rate as a function X for a single state to another single state However, in the more
accurate solution, we see coupling which mtroduces more integrals, and we also see a

A dependence, therefore we must integrate for each value of A

4.4 Optical Absorption Coefficient

Now that we have discussed the calculations for the transition rate R(\) or R(Aw),
we can consider a more relevant parameter—the optical absorption coefficient The
optical absorption coefficient 1s the fraction of photons absorbed per unit distance

into a crystal structure,

Number of photons absorbed per second per unit volume (421)
o =
Number of photons injected per second per unit area

In other words, if we have hight incident on an area of a material with intensity I,

then for a photon energy Aw, we have

_ R(w)

o )_[/_hw (4 22)

where the transition rate, in a compact form 1s given by!0

242 -
R(fw) =3 SVZZ (el e 7 Gl |* LB~ B, — hw)(f, = 1)

Recall that the interaction Hamiltonian, from equation 4 3, uses the vector potential

A =¢éAgcos (kop T — wt)

10As opposed to the expanded expression from equation 4 7
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The vector potential is in Coulomb gauge; therefore, the electric and magnetic fields

can be written as

EFt) = —%—:1 = —éAgsin(kop - 7 — wl)
HF ) = loxi= —lko,, x éAgsin(kop - 7 — wt)
" "

From these, we can compute the Poynting vector in W/m?
. 2

P(7,t) = E(7,t) x H(F,t) = kopk“’—’%sin%ko,, 7 — wt)
i

Because light oscillates on the order of 10! Hz, we can take the time average of

the Poynting vector to obtain the optical intensity [

1= (o] - - o

Here, n, is the refractive index of the material. Therefore,

2
alh) = e D Sl P LB~ Bu = Bl - 1) (429
We can see that the factors of Ag, from R and I, cancel; therefore, under our current
assumptions, the optical absorption coefficient is independent of the optical intensity
(that is, we don’t consider non-linear optics).
For our quantum dot model, we convert the volume V to the number of quantum
dots per unit area N22, for a layer with thickness T, (in meters) (V = %:Dt) This

allows us to expand our model to an array of quantum dots (provided that we assume
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no interaction between them).

a(hw) =

L(C)

me?  2N2ZD
n,ceomiw th EZ Z Z

L@ 7T Ly=—L() [18,1),1:,1)

SEDIDS (v @um,.)[ 2

F,=-1/2 L(F1/2) 1™F1/2
3/2

+ > > ZU (el @[m, )| £

F,__3/2 Even,0dd nFy,

E EF1/2 _h"u)(fpl/Z _fc)]

E EFa/z - ﬁw)(st/z - fc)}

L(so)

+ Y >N S @ Qwso)* L(E. — Eso — hw)(fso — f.)]

L(s0) nso L(SO)__L(so) |§1_7 I% %)

where Q = e**» "¢ . 5. To review how we would evaluate this, we first obtain the radial
functions, Ry, , from our model and then evaluate the momentum matrix elements
by expanding the Fi/, and F3/; coupled basis in terms of the uncoupled basis. Next,
(6,99 etor e 5|1, 187) |70, 1) s

we approximate <L(°), LY
(LO, [Oetker |LO), LY (JO, JO e 517, IO = P, (LO, LO]eor 7| LO), L))

and evaluate each < L©, L) |etkor 7| L), Li”)> using either the dipole approximation

method, or the plain-wave expansion with Gaunt coeflicients method.

4.5 Other Considerations

We have ignored inhomogeneous broadening. When fabricating an array of quan-
tum dots, one of the problems that arises is the dots will vary in size. Since the
energy eigenvalues depend on the radius, if some of the dots in an array are smaller

than the average, then a particular transition will occur at a higher energy (shorter
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Figure 4.2: Inhomogeneous broadening example. In the first row, we have an array of
three quantum dots with the exactly the same size. Thus, there is only homogeneous
broadening and no inhomogeneous broadening. The second row shows the case where
the three dots vary in size and therefore the absorption peaks for a given transition
will vary slightly, which results in a total absorption with a shorter and wider peak.

wavelength). On the other hand. the larger than average dots would have the cor-
responding transition at a lower energy. Therefore, the average stays the same but
the transition amplitude becomes shorter and wider. An example of this is shown in
Figure 4.2.

We have also neglected some lesser effects in our discussion, such as spontaneous
cmission, bi-exciton effects, and intersubband transitions/absorption. Spontaneous
emission would cause a slight decrease in the net upward transition rate. Intersubband
means transitions that occur within the same band-a conduction band to conduction

band transition or a valence band to valence band transition.
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Figure 4.3: Absorption section of Matlab GUI.

4.6 Absorption Coefficient Results

In section 3.4, we introduced a tool to calculate energy eigenvalues and eigenvectors.
We now add an additional component to the GUI to calculate the absorption coef-
ficient using either the dipole or Gaunt methods (or both). This is shown in Figure

4.3. We normalize each of the radial eigenfunctions using Riemann sums:

= imaz
/( o))" Coypr®dr  numerical sum  CgCy Z (W) (@) r(i)?Ar =1
0 1=0

(4
= wnorm e
VCol

where Cj is a normalization constant, i, is the array length used (1000 to 10000

points), and AT = 142/ (imez) (usually 9 to 12 times the well radius). The factor of
r2 is required with spherical coordinates. We mention the detail of the arrays because

the same summation technique is used to evaluate all integrals.
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Table 4.1: Comparison of Gaunt and dipole methods using 1000 point arrays from
r=0tor =8ryuy ona 20l GHz processor

Run Time Max Corresponding  Relative
Dot Radius(r,.;) Dipole Gaunt Residual Peak Level Residual
3nm t<lsec t=~8min ~8-1073 9 8.89-107*

10nm t<lmin ¢= 20 hr T.25 10 .025

4.6.1 Comparison of Absorption Coefficient using the Dipole

Approximation and Gaunt Coefficients
In this section, we shall compare the two methods proposed for calculating the op-
tical absorption coefficient. Using the GUI-tool developed, we simulate GaAs dots

embedded in AlAs with two different radii-10 nm and 3nm. Figure 4.5 shows the

comparison for the 10 nm case. Figure 4.4. The results are summarized in table 4.1

x 107 Absorption Compairson of a 3nm GaAs dot in AlAs

2 T T —

oF
-1}k )
-2t

Absorption Difference
&

-8 n . L L L L
300 400 500 600 700 800 900 1000
A (nm)

Figure 4.4: Absorption comparison of Gaunt and dipole methods for a 3nm radius
GaAs dot in AlAs.
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Absorption (dipole method) GaAs-AlAs QD with radius=10 nm
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Figure 4.5: Absorption comparison of Gaunt and dipole methods for a 10nm radius
GaAs dot in AlAs. The third plot shows the Gaunt method minus the dipole method



4.6. ABSORPTION COEFFICIENT RESULTS 111

4.6.2 Absorption Coefficients

GaAs Embeded in AlAs

Figure 4.6 shows the results for a GaAs quantum dot Embeded in AlAs, for radii of
4.5, 6, 7.5, 9 nm.

GaAs—-AlAs Quantum dot with radius of 4.5 nm GaAs-AlAs Quantum dot with radius of 6 nm
15 - - T - 25 T
— 201 1
o] o] 15 M
c c
2 )
a a
5 5 107
2 5 2
© (V]
5 b
0 0 " "
400 500 600 700 800 900 400 500 600 700 800 900
A (nm) A (nm)
GaAs-AlAs Quantum dot with radius of 7.5 nm GaAs—-AlAs Quantum dot with radius of 9 nm
40 - - T 50 . . .
40}
£% £
= = 30t
5 20f S
a a
5 5 20
[72] (72}
Q Q
© 10 ()]
10+t
0 0 5
400 500 600 700 800 900 400 500 600 700 800 900
A (nm) A (nm)

Figure 4.6: Absorption Coefficient plots



4.6. ABSORPTION COEFFICIENT RESULTS 112

GaAs Embeded in Al,Ga;_,As

Figure 4.7 shows the results for a GaAs quantum dot Embeded in Al 3Ga 7As (x =.3),
for radii of 4.5, 6, 7.5, 9 nm.

GaAs-AlGaAs Quantum dot with radius of 4.5 nm GaAs-AlGaAs Quantum dot with radius of 6 nm

10 ~ 15
—_~ 8 I —
£ £
S < 101
g 6r T S
oo =
§e] i)
[ I
5 4 5
2 2 o ‘
© (4]
2 b
0 0 .
600 700 800 900 600 700 800 900
A (nm) A (nm)
GaAs-AlGaAs Quantum dot with radius of 7.5 nm GaAs—-AlGaAs Quantum dot with radius of 9 nm
20 " r - 30 -
25¢
£ 15 E
= s 20t
3 3
5 10+ S 15+
s IS
2 2 10t
o o
c 5t ®©
5
0 0
600 700 800 900 600 700 800 900
A (nm) A (nm)

Figurc 4.7: Absorption Cocfficient plots
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InAs Embeded in GaAs

Figure 4.8 shows the results for an InAs quantum dot Embeded in GaAs, for radii of
4.5, 6, 7.5, 9 nm.

InAs—-GaAs Quantum dot with radius of 4.5 nm InAs—-GaAs Quantum dot with radius of 6 nm
10 . - 12 "
sl 10
3 £
S < 8
= 6 [ 3
S s 6
g 4 =
© ©
2 2
O i " T
1000 1500 2000 2500 3000 1000 1500 2000 2500 3000
A (nm) A (nm)
InAs-GaAs Quantum dot with radius of 7.5 nm InAs-GaAs Quantum dot with radius of 9 nm
20 T " T 25 . -
15 201
E | E
= = 15
S 10 S
a a
S 5 10t
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[\] 5 ©
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i N | 0 " —
1000 1500 2000 2500 3000 1000 1500 2000 2500 3000
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Figure 4.3: Absorption Coefficient plots
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GaSb Embeded in AISb

Figure 4.9 shows the results for a GaSb quantum dot Embeded in AlSb, for radii of
4.5, 6, 7.5, 9 nm.

GaSb-AlISb Quantum dot with radius of 4.5 nm GaSb-AlISb Quantum dot with radius of 6 nm

15 15
E E
= 10 z 10
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20 - 30
_ _ 25}
E 15 E
= z 20
3 3
_5 10+t 1 _5 15
I3 I3
3 g 10
e 5 L J L0
«© ©

5 JU
0 = —J 0ld— e
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Figure 4.9: Absorption Coefficient plots
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InSb Embeded in AlSb

Figure 4.10 shows the results for an InSb quantum dot Embeded in AlSb, for radii of
4.5, 6, 7.5, 9 nm.

InSb-AISb Quantum dot with radius of 4.5 nm InSb-AISb Quantum dot with radius of 6 nm
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Figure 4.10: Absorption Coefficient plots



Chapter 5

Applications to Solar Cells

5.1 Quantum Dot Solar Cells

There is ever increasing demand for clean alternative energy sources, and naturally,
solar cells come to mind. However, it was pointed out by Shockley and Queisser in
1961 [6] that the maximum theoretical efficiency of a solar cell, using a single p-n
junction to collect power from the cell, is about 31%. In their analysis, a major factor
limiting the efficiency to 31% is that the absorbed photon energy above the band gap
is lost as heat. One method to increase efficiency above this limit is the use of a stack
of p-n junctions; each with band-gaps better matched to the Air Mass (AM) 1.5 solar
spectrum. The AM 1.5 spectrum?® is the generally accepted input spectrum used to
obtain solar cell efficiency(7]; this is shown in Figure 5.1-note that this spectrum is
normalized with respect to photon enegry [7]. For an infinite stack of PN junctions
the theoretical efficiency has been shown to be about 66% for the AM 1.5 spectrum.
Due to practical reasons, these stacks have been limited to about three PN junctions,
and efficiencies of about 32% |8].

However, in recent years it has been proposed [31, 32, 7, 33, 9], and in some

cases experimentally verified [34, 35|, that quantization effects (e.g. a quantum dot)

!The air mass 1.5 spectrum is used for terrestrial efficiencies, the AM 0 spectrum is used for
space applications.

116
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Figure 5.1: (a)The Air Mass (AM) 1.5 spectrum, shown with a normalized power
density. Some bulk semiconductor band-gaps are also given. (b) The AMO and
AM1.5, and black body spectrum, shown with a linear wavelength scale.
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Figure 5.3: (a) The PIN junction with quantum dots in the intrinsic region (the p+
should be p-). (b) A suggested implementation of a PIN junction.

from the excited quantum dots in the intrinsic region. It has been suggested that
a single PIN junction with quantum dots in the intrinsic region, could increase the
efficiency to >63%[5]. Practical implementations to date have shown increases of
6% for the type of solar cell shown in Figure 5.3b [36]. Also note from Figure
5.3b, from [36], that the p and n material alter the carrier densities because they
induce carrier injection. Such effects alter the Fermi-Dirac statistics, and influence the
confining potential, which could be difficult to account for under spherical symmetry.
Thus, many transport effects would need to be considered to go from our absorption
results to an actual solar cell; but we have shown the importance of such results and
where our work fits into some intriguing modern research. Finally, we consider some

examples of quantum dots produced today.
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5.2 Modern Fabrication of Quantum Dot Arrays

There are currently many groups working on the fabrication of quantum dots[28; 37;
38]. The most popular types produced are pyramid shaped dots (for example [37])
and cylindrical shaped dots (28).

The pyramidal quantum dots Figure 5.4a, from [37], and cylindrical quantum
dots in Figure 5.4b, from [28], are produced by molecular beam epitaxy (37, 28].

Other methods include low-pressure metal organic chemical vapor deposition.

5.3 Concluding Remarks

In conclusion, we have utilized a Hamiltonian with spin-orbit coupling; and, using
perturbation theory and k- P theory, we obtained the necessary single and coupled
band effective mass equations. Through spherical symmetry and sophisticated ana-
lytical methods, we simplified the problem and used additional analytical methods to
make the problem numerically efficient to solve. We assumed quasi-equilibrium con-
ditions, well matched unit cell sizes, and distant conduction and spin-orbit bands. A
tool was developed, with a convenient user interface, to obtain the eigenenergies and
eigenfunctions for arbitrary type III-V semiconductor materials and dot sizes. We
further expanded this tool to implement the absorption coefficient for both the dipole
and Gaunt calculation methods. Our results verified that the dipole approximation
holds for the quantum dot sizes we considered.

In addition, we have also pointed out the relevance of these methods to quantum
dot solar cells. However, if we which to consider a PIN junction, spherical coordi-
nates present a complication. It is also possible to model the transport effects needed
to analyze a theoretical photocurrent. This would change the Fermi-Dirac statistics
from the equilibrium case, to one with charge carriers, which will influence the Fermi
energy level. Also, we implicitly included scattering processes through the line-shape
function (homogeneous broadening), however these scattering processes could be an-

alyzed theoretically in more detail. We could also expand the proposed model further



5.3. CONCLUDING REMARKS 121

Figure 5.4: (a) Pyramid shaped Quantum dots. (b) InGaAs quantum dots in GaAs
grown at 480°C and 510°C, line-widths of 36 meV were observed for the 480°C case.
The scale is 1um. the densities observed were ~ 6 - 103cm =2 for the 480°C case and
~ 1-108¢cm ™2 for 510°C. These quantum dots are cylindrical with a height (into page)
of 1.4nm.
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by including inhomogeneous broadening, and higher order blocks of the block diag-
onalized Hamiltonian (i.e. the F=5/2 space). It is also possible to reconsider the
distant band approximations, and analyze their impact on the band structure.
Finally, we believe the methods discussed and GUI developed will be of practical
use to those designing quantum dot photovoltaic cells, quantum dot lasers, and any

quantum dot based optoelectronic devices.



Appendix A

First Appendix

A.1 Spherical Harmonics

The normalised Spherical Harmonics are defined as

204+1) ({ = m)!
Vi = Y™ = Y(6,6) = \ﬁ T B (cos )™

Where PM are the associated Legendre functions. Because the functions are

normalized they have the property

T 27

J oo
0 0

where d, is the Kronecker delta function, d,, =0 if a # b and 0, = 1 if a = b.
For more details on spherical harmonics consult an undergraduate physics text

such as Griffiths book[18]. A few normalized spherical harmonics are given below.
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YY = % % Y, = % ;—isinQCOS(‘)e_“”
Y= % %sin@e““” YY) = % ;(3c0529 -1)
YP = % %cos@ Yy = % gsinécos&em

Y = :;\/gsinee“” Y, 2= % %gsinzeelw
Y, = % gsin@e'ﬂd’

A.2 Bloch Function’s Relation to YLM

The names and formulation of the block-function-definitions can be traced back to

the naming scheme used for the hydrogen atom; that is the s-p-d-f states. The nature

of the Bloch functions for the conduction band have s-state like properties (/=0) and

1

Yoo = —=

Viar

The 6 valence band states have “p” (¢=1) like properties. The Z states:

/3
Z;cos&

T - cosf

3 z -~
Virr =12


file://l:/hr-sinecos6e-14
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and the X and Y states:

Yien = Fy/ %sin& et

T = 7-cospsind

y = r-singsind

3+ 1 .
Yie, = ;,/8_77 Ty§¢7_2-|X:th)

Bloch functions for valence band states can be represented by a superposition of these

¢=1 states. The Bloch functions are given again in equation A.lbelow. It is in fact
the spin-orbit interaction which couples these | X),|Y),|Z) states into those in A.1,

otherwise the 6 valence band states would be

X1 Y1 1Z71)

X, 1) Y, 12,1

A.3 Momentum Matrix Elements

As noted in chapter 2, the Bloch functions u,z(7) for the light-hole, heavy-hole, and

spin-orbit holes can be represented by:
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|X +1Y, 1)

—iY,T) + f]Z 1) (A.1)

X —1iY,])

X+, )+ \/7|4T
>=%|X—1Y,T>—\/;|Z’l>

The conduction band states can be expressed as

heavy hole 1: ujo(7) = —\/—_

Nl = N

\/\/
Il

light hole 1: ug(7) =

St

hght hole 2: U30(F) =

vl
!
3|“3|'

heavy hole 2: ug(7) =

N =

Spin-orbit 1: uso(7) =

[y

Spin-orbit 2: uge(F) =

NI N= NDIW NDIWw NDw N w
|
—
~—— ~——
Il

SIN

|iS, 1) and |38, |)

When calculating the Momentum matrix element (v, |p]¥,) a useful portion of the

integral is

Pew = (Ueh0 |P] ubo)

The spin basis is factored out and simply integrated by orthogonality (it is unaffected

by the momentum operator)
Tin=Llh=1

(LINn=all)=0

., 0
—Zha—y Y> = <S

It can be shown [25] that

(ol

L, 0
—Zha

Z> =P0
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other integrals such as
0

Note that a lot of confusion can result from the multiple ways people define these

integrals. Chuang [10], for example, uses Kane’s parameter P
p=n <zS’ —m—a—! X>
Ox

My
0 0
<zS’ —27’15; X> = <zS’ —zhgy- Y> = <zS ~zh$ Z> =P,

The advantage of this variant is that it matches basis we use for the conduction

0

band, and it 1s related to the experimentally known parameter E,, which is defined
by

Ep - FP
Values for E, are found experimentally and are given in table B.2. This parameter is
often refered to as the optical matrix parameter We want to summarize these integrals

so that they will benumerically useful. From the above expressions we can see that

Epmo

P, = 5

Next we put the results for light incident from one direction into the following table

(h1 is heavy-hole 1 from equaiton A.1):
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Table A.1: Optical Momentum Matrix Elements for Bloch Functions in Terms of
Known Parameters : :
| (iS,1] @S,

hhl | —

hh2 0 VAZULYE

E,mg A E,m ~ A
¢thl e, —/ L2 (Ex +iéy)
h2 | /e

E,mg E,mo /A A
sol \/ e, = (Eg + 1éy)

E,m A oA E,mg ~
so02 L2 (Ep — 1€y) —¢/ €,

A.4 Plane-Wave Expansion and Gaunt Coefficients

We wish to evaluate the integral

-

- () (v)
(L, L@t 7| L0 [0 = / (R(C yLZ> RY YLL(v)ek r? sin(6)drdfde

L) n” L(e) L®)p/

Which is required in section 4.3.2. We start with the plain-wave expansion into

spherical components[30]

- b L
R LZ; Z mitY o Ok, 61)Yim (6, ¢)j (kr)

Where j; are spherical Bessel functions, and k is in the Ok, ¢ direction. Therefore

c)| ptkop'T (v _ (e) Ly ) (v L(v)
(L), LP|eter 7L, LPY) = / <RL(C),nYL(¢z)> R0y Y1 (A-2)

(o) L
(Z > amtY7, (6, 61)Yim (6, ¢)jL(kr)) r? sin(0)drdfd¢

L=0m=-L
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We can put the summation outside the integral because it is mathematically the same

c rkop 7| T (v v LY : v Ly
(L©, L© ke |0, LO)) = 2 Z / (R(L?c) nyL(g) RY, Y5

L=0m=-L

(4t Y7, Bk, 8%) Yim (6, ¢)jL(kr)) r” sin(6)drdfdg

A major simplification can be achieved from the term Y7, (6k, $x) where we use k,, =
ké,, therefore 6, = ¢, = 0 and

0-™/2 |20+ 1(L —m)!
Y7 Bk, o) = Y7,,(0,0) = )\/ +1(L —m)

r'l-m 4 (L + m)!

where T is the gamma function. Because we are working with integers, 07%/2/T'(1 —

0) = 1 and from the limit of 0~"/2, we can see that

2L+1 m =0

Y;,(0,0) = { o (A.3)
0 m=£0

For completeness, we can verify this by looking

4 (L + m)!

\/2L+1(L m)! oy

Y. (0,0) = \/2L +1(L- mﬁ' P (cos 0)e™°
)!
)

4 (L + m)!

The Associated Legendre functions with integer indexes can be written as (equation
8.810 from [39])

NIB

PP (z) = (=1)™(1 - &)

am
S Pala)

withz =1
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Because! P;(1) = 1 1s a constant we have again venfied equation A 3 Therefore the
251:_ ; disappears 1n equation A 2 because all none zero values for m result 1n a
zero Now we only need to sum over L, all m’s are replaced with m = 0, and plug in

equation A 3
7 L( ) L("')
<L(c), Lgc)le’tkop |L(U), L(U Z/ (R;c) n L(f) ) Rg()v)n’YL(”)
L=0

(4771’“\/ 2L4+ lYL o(8, ¢>)]L(kr)> rsin(8)drdfde

Now we separate the integral into angular and radial integrals

00 o0
(L0, 10110, 1) = 3 [ R R, uhrynar
0%

L=
2L +1 @)
( > / / YP < L(C)> Y2 sin(6)dpdo

'Found using Mathematica, but the value does not matter n this case because 1t 1s obviously a
constant
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Next, we evaluate the integration of three spherical harmonics with the definition of

the Gaunt coefficients which are defined in [29; 30]

w27
" 2L+ )2+ 1)(2L" +1
//Y,jn)/ﬁm sin(6)dgds = \/( X - JeLr+1).
00
L L L L L' L
0 0 O m m' m”
L L L")\ . . .
Where , , | is the Wigner 3-j symbol. They are related to the Clebsch
m m m
Gordan coefficients by
L L L ‘g L L L
— (_1)m+L -L /2L+ 1
m ml m” o m m/ ml/
For this element to be physical
mée{-L,---,L}, m e {-L,--- L'}, m" e {-L",--- L}

and the triangular inequality must also hold
ILI_Llll S LSLI‘I“L”

In our case, we must account for the conjugation of the spherical harmonic from the

conduction band. Using the conjugation rules for spherical harmonics

Ypm = (=0m 0o
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we obtain

©O\* W o [(2L +1) (2L +1)(2L® +1
[ [ (vid) i sintoytons - ([ D LA DD )

L L©O© [ L LO© [®
\o 0o o 0 —LY LY
This result was checked in Mathematica and the left hand side and right hand side

give the same answers. The Wigner 3-j symbol also has the important properties that

L LI L//
( . ) is non-zero if L+ L'+ L" is an even number and m+m'+m” = 0. In
m m' m

our case m = 0 therefore the Gaunt coefficient is non zero if LYY = L . Therefore,

we use
T 27
@\ * () ¢ L+ (2L +1)(2L® +1
//YLO (YLL(E)) Y, sin(6)dpds = (_1)L£>\ﬁ2 +1) (20O +1) (2L® 4+ 1)
4m
0 0

L L© [® L LO© [0
\o o o 0 L9 L@ )0
We introduce the Kronecker delta function, because the Kronecker delta function
will make the entire expression for <L(°),L§_.c)|e"’°°p F|L(”),L£”)> =0if LY # LY.

Therefore we can use an “if-statement” for numerical evaluation to avoid unnecessary

computation. Next, we combine these terms together

2L +1
4

L L©O© [® L L [
0 0 0 0 LY ¥

(o]

v 27
: / R(Lc()c),nRi()v)n’]L (7’”) ridr

0

(L@, LPO|e*rTIL L) = 6,0 00 ) { \/(2L(c) +1) (2L®) +1) (-1)%" amt
L=0
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Finally we apply the inequality rule for the Wigner 3-j symbol
|L(C) — L(”)‘ <L<LO 4O

This changes the summation bounds over L and we obtain a final expression canceling

out the 47 and obtain equation 4.20.

L©) M)
(L9, Lk TILO LY = 6,0 00 > {(2L+1) \/(2L<e>+1) (2L® + 1)
L=]L(C)-L(”)|

(_1)L§C)ZL‘ L L© [® L L© L
0 0 0 0 —L® L

Vi » 2m
/R%()c),nRi()”)n']L (—/\—7‘> 7~2d7'
0

Also note that the <L(C), L |etkor | L), Lﬁ”)> is A dependent, which is also another

numerical complication.
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Useful Properties of Group III and V

Elements

B.1 Electron Structure of Group III and V Elements

Table B.1: Electron Structure of Group III and V Elements

Group III Group V
A B A B
B(#5) N(#7)
15%22522p? 15%2522p°
Al(#13) P(#15)
[Ne]3s23p® [Ne]3s23p®
Sc(#21) V (#23)
[Ar]3d'4s? [Ar]3d34s?
Ga(#31) As(#33)
[Ar]3d104s24p! [Ar]3d'°4s%4p®
Y (#39) Nb(#41)
[Kr]4d 55> [Kr]4d*5s!
In(#49) Sb(#51)
[Kr]4d*5s25p [Kr]4d*5s%5p®
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Table B.2: Important Band Structure Parameters for various Group III and V Semiconductors*

Materials

GaAs AlAs InAs GaP  InP AlP GaSb AlSb  InSb GaN AIN InN
Parameters
ao(A) 5.6532 5.6611 6.0583 5.4505 5.8697 5.4672 6.0959 6.1355 6.4794 4.5 438 4.98
E,**(eV) 0 -0.53 21 -047 -0.14 -0.94 77 .39 .8 -1.84 -2.64 -1.58
E4(eV) 1.424 3.03 .354 2777 14236 3.63 .75 2.386  .235 3.299 49 1.94
A(eV) .341 .28 .39 .08 .108 .07 .76 676 .81 .017  .019 .006
E,(eV) 28.8 21.1 21.5 314 20.7 17.7 27 18.7 23.3 25 27.1 25
Effective Masses
me/mo .067 .15 .026 13 0795 .22 .039 14 .0135 .15 .25 12
mp,/mo .090 185 027 .199 121 .210 .044 134 .015 240 .350 .160
my, /Mo .350 471 .333 .326 531 .518 .25 .357 .263 855 1.02 .833
Mg /Mo 176 281 107 .254 211 .301 136 217 110 376 523 270
" 6.98 3.76 20 4.05 5.08 3.35 13.4 5.18 34.8 267 192 3.72
Yo 2.06 .82 8.5 .49 1.6 .71 4.7 1.19 15.5 .75 A7 1.26
¥3 2.93 1.42 9.2 2.93 2.1 1.23 6 1.97 16.5 1.1 .85 1.63

. *Data taken from[40; 24]
** By GaAs set to 0 and other Ev’s are relative to it

SINAWHTH A ANV III JN0OYD 40 HYNLONHLS NOYLOATH 'T'd

GeT
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Notes on using TableB.2:
e E.=FE,+E,

L E’a;o:Ev_A

E,: Kanes Parameter used for optical matrix elements

The effective masses given in their most common form (the effects of the con-

duction band are included)

The spin-orbit effective mass is defined in[24] as

ms, _ E,A -1
mo |} BE,(E,+ A)



Appendix C

The Spherical Potential

Throughout this document, we frequently reference spherical Bessel functions of the
first kind, 7;; and spherical Hankel functions of the first kind, hl(l). These functions are
closely related to Bessel functions. Problems with cylindrical symmetry frequently
lead to Bessel functions and problems with spherical symmetry frequently lead to
spherical or half-integer Bessel functions. Mathematicians, and mathematical pub-
lications such as [39] will usually refer to spherical Bessel functions as half-integer
Bessel functions, perhaps because they came about first. In physics however, we re-
fer to these functions as spherical Bessel functions because they relate to spherical
problems. William Bell gives a very good description of these functions in chapter 4

of [41] (which is a very concise and inexpensive source).

C.1 Spherical Bessel and Hankel Functions

Consider the equation

d 24 10+
dr?  rdr 72

+ k2| R(r)=0 (C.1)

137



C.1. SPHERICAL BESSEL AND HANKEL FUNCTIONS 138

which has the general solution

Ri(kr) = A- JH,%(/CT) +B- Yl_,_%_(kr)

Ri(kr) = A'-j(kr)+ B - yi(kr)

where J and Y are Bessel functions, and j and y are spherical Bessel functions of
the first and second kinds. The spherical Bessel functions of the second kind call are
often refereed to as spherical Neumann functions. The general solution can also have

two additional particular solutions

BO(kr) = ji(kr) + iy (kr)
and

hP(kr) = jilkr) — iyi(kr)

These functions are called the spherical Hankel functions of the first and second kinds.
Hankel functions of the first kind decay exponentially as » — oo. The relationship

between any Bessel function and spherical Bessel function is

i) = [ ae)
vlp) = \/%Yug(p)

s
h(p) = 2—sz+%(1))

These Spherical Bessel functions have the recursion relations

L.
ae) = (=1 (ii) e

pdp) p

1d\'
ulp) = —(=1)'%' (——) ==F

pdp) p

A few examples of these are


file:///pdpj
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s p —cosp 1) e
= —-_-_— , p = ,h p = —
70(p) P Yo(p) p o (h) "
smp  Ccosp —cosp snp e”’
np) = — —— ulp) = - — h(p) = (1+ )
p? p p* p ( p p

To solve these functions numerically, 1t 1s also important to note that any Bessel

function Z, must have the two functional relations (Equation 8 471 of [39])

221-1(2) + 2Z141(2) = 21Z)(2)

d
Zl_l(z)+Zl+1(z) = 2d—z-Zl(Z)

From which we can see that

d l

EZl(z) = ;Zl(z) - Zl+1(z)

If, as 1n our case, we have 7;(kr), than (prime superscript denotes a derivative)

Solkr) = k) = i (kr)
alkr) = k <%Jl(k"") —Jt+1(k7”)>

silkr) = k) = Kavea (k) (©2)

Numerical solutions involving a ratio of Hankel functions can lead to problems
because they are decaying exponential functions We can alleviate this by canceling
out the exponential terms with the following recursion relation (Equation 8 466 of

(39]) l

(1) l L€ ™ l—l—m)
h (p) +7Eml (C3)

m=0 m)
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C.2 Electron Motion under a Spherical Potential

We wish to solve Hi = E for a bounded electron under the influence of a spherical

potential (quantum dot) with a radius of 7.y

0 T > Twe
V(r) = ’ (C4)
Vo r<rTye
A good explanation of this problem 1s given 1n section 7 4 of [19] In sphencal coor-
dinates our Hamiltoman H = —%V2 + V(r) takes the form

“om |72ar " or r2sm 6 660 00 r2sin? 6 8

211 1 1 2
H= L [ 8<28>+ a(sm@—é>+ 0 ’-i—V(r)
We can substitute 1n the angular momentum operator L?

2 of 1 0 (9) 1 6 )
= (-2 p 2y = 9
L L <sm989 T + sin? 6 O¢p?

and our Hamiltonian becomes

R [10/(,0 L?
H"%[JW(T&?)‘W

In order to simplify this equation further, we first recall that the operators L;, L,

+V(r)

L,, and L? do not operate on the the radial variable r Hence, for our spherical
potential which 1s only a function of r, we have [V(r), E] = [V(r),L?] = 0 The

angular momentum operators also commute with the Hamiltonian
|#,L] = [H,17] =0

The operators L;, Ly, and do not commute among them selves, so we choose the
usual option of L, this gives us a complete set of H, L,, and L? We know from
[H , E] = [H,L? = 0, that our set H, L., and L? must share the same eigenvalues

and eigenvectors The spherical harmonics are the the simultaneous eigenfunctions
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of L? and L, and L?Y),,,(6,8) = (I + 1)A?Y},, (0, ¢). Therefore we look for solutions
of the Schrodinger equation having the separable form (using n for the index of a

particular F,

wnlmo-‘j = Rln(r)ylm(e’ ¢)

We know in advance that the radial component is independent of m. When our

Hamiltonian operates on this state, HYpum = Fp¥nm becomes

<_ﬁ_2 [iﬁ < 2 8) L? ] + v@«)) Rin(r)Yim(6,8) = EnRin(r)Yim(6,9)

2m | r20r 4 or)  hR2r2
210 (,0\ I(l+1)R2
(‘%ﬁ& ( 297) Tt ”")) Bin(r) = EnBunlr)

This verifies that R, is independent of m. The consequence of this is that each
particular F, depends on n which is particular to a value for [; and because each
m € [—l,...,l] , each state will have a (2] + 1) degeneracy. If we apply our potential

from C.4 than inside our spherical potential we have

10 (,08 I(1+1)h?
(‘%—25 ( E) +Tmr2—‘v°> Binlr) = EuBinlr)

10 (,0 (l+1) 2m _
(—ﬁ—ar <7‘ _87”) + 7‘2 - —"hz (Vo + En)) Rln(’f‘) =0
10 /(,0 I(l+1) 2m _
<+r_23_r ( 5:) ——r t et E">> Bin(r) =0 (©5)

Equation C.5 is in fact the spherical Bessel equation C.1. Where

2m
k= ﬁ(En + %)

therefore we have the solution

Rin(kr) = Ajin(kr) + By (kr)
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However, the spherical Bessel functions of the second kind converge to -co at the

origin, and ¥, must be finite. Therefore, inside the dot our solution has the form
Rln(kr) = Ajln(kr) 7 < Twell (06)
Outside the well our solution becomes
10 (4,0 (l+1) 2m
= A -l B e n n =0
(+r2 or (r 37.) 2 + 72 (En) | Rin(r)

Note that under the formulation of our potential, our bounded energy values fall

below 0. Therefore
. [2m

so outside the well our “k” from C.1, must take the form iA\. Now considering a

particular solution
Rin(kr) = Chin(iAr) + Dy (iAr)

we know this solution must go to 0 at » = oo, because the probability must be
bounded Because we are outside the well we can consider a linear combination of
these two functions. For large r the functions ji,(iAr), yi,(iAr), and hf:) (zAr) all

increase exponentially. therefore the only type of solution outside the well is hl(,ll) (1Ar)
Rin(kr) = BBV GAR) 7> Ty (C.7)

At this point we could solve the problem by noting that the function must be equal

and continuous at r = .y, and we obtain C and A from solving

[ 4 (jln(kr))} _|# (hfi) (m))

Jin(KT) r (ixr) (©8)

T=Twell
with normalization. However, in our case we are interested in a potential created

by two materials with different effective masses and the condition in equation C.8 is

not actually true. Physically we must check the probability current density ;. (Im()



C.2. ELECTRON MOTION UNDER A SPHERICAL POTENTIAL 143

means the imaginary component)

—igh
2m*

- h
j= (VY) 9§ —9"Vy) = —Im(y*Vy)

which satisfies the continuity equation
0 9 -
= V.5=0
g 1Y+ V-

Therefore, if we have a heterojunction and assume that ¥, (Twei) = Yout(Tweu), and
Vi (Twetr) = X Vihous (Twen). we can find X through J.

h . h .
i MWL VYn) = o IV o)
1 1 .
¥ Im(Xd)vawaut) = - Im(woungout)
mn out
Mout

Next, we use equations C.6 and C.7; we can set A = 1, because we normalize later,

and we must solve

Oy
& (in(kr)) _ M + (hln (1)\7”))
]ln (kr) T=Twell m;’LLt hE’I:'lL) ('l)\r)

(C.9)

T=Twell

to find B. We first seek to find a more reasonable form of C.9. Starting with the LHS

and using equation C.2

di,,. (]ln(kr)) _ %jln(kr) - k‘jl+1,n(k7')
Jin(kr) Jin(kr)
[ ka+1,n(k7”)

T ]ln(k’f‘)

(C.10)
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The RHS can be simplfied in the same way to

1),/.
& (ht(n)(ZAT)) I ht(i)ln(z/\r)
——(1) - = - — 2)\—(1) (C].].)
hyy (1AT) r hyn’ (2AT)
Now, we have two equations to help us numerically solve this problem. Equation C.10
behaves well numerically, but we recall from our formulation and section C.1 that

equation C.11 contains a ratio or two rapidly decaying exponentials, and numerically

this could give us problems. Therefore we use equation C.3 and further evaluate

I+1
_N\+1+1e® o (4m+D)!
e s B ety
—_— = 7. —
h(l) . 2 L am ! !
i (P) (—Z)ZH%MZ: e —Esz§|

l ™ (Hm41)!
(=) Z m‘(2p)m(l_nmj+_1)'

l
. m _ (I4m)!
(—Z)H-l 2_0 m'ZZp)m (l_—z)!

where we have canceled out the exponential components that give us numerical prob-

lems and we can further simplify this to

( )l+1+1 -1 Z (I4+m+1)!

;- hl(}r)l,n(/’) m‘(2p)"‘ (I-m+1)!

= 17
hiY(p) i ()

gy ml(2p)™ (I-m)!

1+1
i o (l4mtl)!
m!(2p)™ (l-m+1)!

m=0
l
l4+m)!

Z m!( l—m)!

m=
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plugging back in p = A7

+1

1 (I+m+1)!

1 T (=m 1)
Hale) _ g T (C.12)

Bl(p) S 1wy

= m! (2 r)™ (l—m)!

This may look complicated, but numerically this is fairly simple. We could note that

this may be simplfied further

I+1
__ 1 (bema)
Pl a(1A7) mz=o m )T E=mA)T Ky g (W)
1- = —
Ry (A7) i 1 grmy Ky ()

m!(2Ar)™ (I-m)!

m=0

Where K is a modified Bessel (not-spherical) function of the second kind, but that
seems more complicated to implement numerically. Now we put these past few equa-

tions together and we rewrite equation C.9 into

I k * l — m!(2Ar)™ (I-m+1)!
U aialkr) _ M L _ A= (C.13)
r ]ln(kr) Mout | T 1 (I+m)!

mz_—;o mI(2xr)™ (I-m)!

(recall that this must be solve at 7 = r,ey). For the case of a spherical single band

effective mas equation we only need to solve C.13. Note that

2ml .
2

2 *
k=\/mm(5n+vo) and A= (E,)

h2
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