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The objective of this thesis is to study the distribution of the number of
principal ideals generated by an irreducible element in an algebraic number
field, namely in the non-unique factorization ring of integers of such a field. In
particular we are investigating the size of M (z), defined as

M(z)=3. (@ 1, where z is any positive real number and N(«) is the norm
a irred.

IN(a)|<=

of a. We finally obtain asymptotic results for M (z).



ACKNOWLEDGEMENTS

I would like to express my deepest gratitude and appreciation for the many
hours Dr. Ozliik and Dr. Snyder spent helping me with this endeavor.

I thank Dr. Bresinsky for his advice and guidance through the graduate
program. I would also like to thank Dr. Pushpa Gupta and Dr. Ramesh Gupta
for their encouragement. My appreciation to other faculty members in the

department for their help.

il



TABLE OF CONTENTS

ACKNOWLEDGEMENTS .........oiiiiiiiiiii i ii
Chapter

1TINTRODUCTION . ..ottt 1
2 THE DIRICHLET SERIES £(S) .......oooiviiiiiieia 2
3 THE SUMMATORY FUNCTION M(x) .....oooiiiiiiiiann., 21
REFERENCES ..ottt e 34
BIOGRAPHY OF THE AUTHOR .............coociiiiiiinn, 35

iii



1 INTRODUCTION

In an abstract algebra course, the student learns that the concept of a prime
and an irreducible element does not coincide in an integral domain without
unique factorization.

This idea prompted us to ask for a characterization of irreducibles in familiar
integral domains where unique factorization need not hold—namely, the ring of
integers of an algebraic number field.

Moreover, having studied the distribution of prime numbers in an analysis

course where we obtained the asymptotic result

xr
m(lzx) = 1 ~ L= 00,
(@)= Y TP
p<z
p prime
we were prompted to study the distribution of irreducibles in an algebraic num-
ber field. Of course, after doing a literature search, we found an abundance of
work already done in this area, mostly in the last thirty years or so.
The purpose of this thesis, then, is to further investigate the distribution
of irreducibles and hence expand our knowledge on this particular subject. We
shall obtain, as a result of our analysis, an asymptotic formula for the distri-

bution which gives the already known main term and the second largest term

which appears to be new.



2 THE DIRICHLET SERIES y(s)

Let K be an algebraic number field, i.e. a finite degree extension of the
rational number field, Q, and let Ok denote its ring of integers. We denote by
N(z) the norm of an element z from K to Q. Also, we denote by Na the norm
of an ideal a of Ok. Furthermore, let Cl = CI(K) denote the class group of K
and h = h(K) the class number, i.e. the order of Cl(K).

In studying the distribution of the irreducibles, we introduce the following

function.

Definition 1

W)= 3 IN@I,

(a)

a irred.

where s is a complex number with real part o > 1.

Here the sum is over the principal ideals generated by irreducible elements
of Ok. This sum converges for ¢ > 1. We obviously do not wish to count all
associates of an irreducible, since there are infinitely many when the unit group
is infinite, i.e. anytime K is not Q or an imaginary quadratic number field.

Ultimately, we shall be interested in the “summatory” function given by

Definition 2

M(@E)= > 1,

(a)
a irred.

IN(e)| <2

where x is any positive real number.

We shall determine properties of p(s) first and then use a Tauberian theorem

to obtain information about the distribution of M (z).



To this end, consider the following. Write Cl = {c; = 1,¢2, -+, ci }-

Definition 3 For each positive integer m, let

h
Dp=1{k=(ki, - kn) ENE : [ ™1, by +-- + ky = m},
=1
k; min ki R ¢.
where []c;* "= 1 means that [[c;* =1 and if [[¢;* = 1 for some {; such that

0<¥l;<kifori=1,--- h, thenl; =0 for all i or £; = k; for all i. We define

No to mean Z20°.

Notice that ™" is equivalent to guaranteeing that a product of elements
is 1 but no nontrivial subproduct is 1. Hence the product gives a “minimal”

representation of 1.

Definition 4 The Davenport constant of Cl, denoted by D or D(Cl), is the

largest positive integer m such that D,, is nonempty.

The Davenport constant is defined as above for any finite abelian group. It
is not known in general what the relation is between the Davenport constant
and the structure of the group.

One fact we can see easily is the following lemma.

Lemma 1 The Davenport constant is not larger than the order of the group,
i.e.

D <h.

Proof. Suppose D > h and suppose for some integer m > h,

mn .

min
”aj =1
J=1



for a; elements of the group. Consider A = {a;,a1az2,---,a1---am}. Since A is

a subset of the group
|{a1)ala27“'aal am}| S h

and hence the elements of 4 are not distinct so we have H;:l a; = H§:1 a;, for
some k < ¢. Hence Hﬁ:k-{-l a; = 1, contradicting the minimal representation
above. O

To help clarify the previous definitions, consider the following two examples.

Suppose that the class number h of K is 2. Then let Cl = {1 = ¢;,a = ¢2}
where a? = 1. We start by determining D,,. For m = 1, the only minimal
representation of 1is 1 "2" 1; hence D, = {(1,0)}. For m = 2, the only minimal
representation is aa "2 1; hence D, = {(0,2)}. Notice that the Davenport
constant, D = 2.

Now suppose that the class number of h of K is 3. Then let
Cl = {e1,a = ca,b = c3} where a® = b. We start by determining D,,. For
m = 1, the only minimal representation of 1 is 1 n 1; hence D; = {(1,0,0)}.
For m = 2, the only minimal representation is ab min 1; hence D7 = {(0,1,1)}.
Finally for m = 3, we have two minimal representations of the identity:
aaa ™2 1 and bbb ™" 1, and thus D3 = {(0,3,0),(0,0,3)}. Notice that the
Davenport constant, D = 3.

We now consider the following proposition which gives a connection between

irreducibles and prime ideals. First, let us denote the set of nonzero prime ideals

of OK by P.



Proposition 1

D
wis) = 1I > N(a:)™*,
m= k

1 k€D, i=l a

i
3pi1Pik; €PNey
@i =Pil " Pik,

for any complez s with o > 1 and Y is defined to be 1 when k; = 0.

a;

Proof. For k € D,,, define
A ={a : a=a, --ap,a; =pi - pi;, some pj; € PN}

where a; = 1 if p;; -+ pi, is an empty product. Now let A = UA; where the
union is over all k in U,,,D,,,. By the uniqueness of the factorization of ideals into
prime ideals, we see that this union is disjoint. Moreover, by the multiplicativity
of the norms, we have

S Y IS Nar = X Na,

m=1 &G'Dm i=1 a; acA

where a; are as appears in the definition of A;. Now notice that if a € A, then

a € Ay for some k € Dy,. Thus the ideal class [a] containing a satisfies

h h
[a] = [a1][az] - - - [an] = H[pil - Pikg] = H ek = 1,
i=1 =1
by definition of D,,. Hence a = (a) for some non-zero, non-unit integer & in
h
Ok. But notice that a must be irreducible for otherwise [a] = [] ¢;* = 1
=1
would not be a minimal representation of 1.
Conversely, if a is irreducible, then (a) € Ay for some k by the uniqueness
of the factorization of ideals into prime ideals; namely,

h ki
(a) = H Hpij,

i=1j=1



for some k; € Ng and p;; € PN¢;. O

Next, we examine the righthand sum in the proposition above.

Proposition 2 Let k be a nonnegative integer and ¢ any class in Cl. Then

1 k

— N(pi---ps; )98

- Z EN Z H (Pjr -+ pii,) 77,
(i1, ip Y ENK ) k: (P11, PLiy j=1

i142ip4 - thip=k

Pkl Phiy ye(pne)rt ik
distinct

where the last sum is taken over tuples for which the components are distinct

prime ideals of the class ¢ and if k = 0 then the empty sum is defined to be 1.

Proof. Suppose the ideal a = p; ---pg for some p; € PNe. For j =1, -k,
let ¢; be the number of distinct prime ideals among the py, - - -, pg which occur
exactly j times in this product. Notice that i + 2is + - - - + ki = k. Denote the
i; prime ideals by pj1,---,pji;. Hence
k
a= H(le o pyiy)T.
s=1
But this means that if for each j we sum over (p;1,---,pj;) € (PN c)%, then
a will be counted ;!---i;! times. Thus we must divide by this number in each
summand. O
To help clarify the formulas, let us consider the following examples. Suppose

that the class number h of K is 2. Then by what we did above, we know that

the Davenport constant, D = 2. By Proposition 1 we have,

ue)= Y NI

(e)

o irred.



= Y N+ D> Nt

PnNe 92
pe ! Ip1.P2€EPNCcy
G2=P1P2

where the terms on the righthand side are determined by (1,0), (0,2) € U D,

respectively. Now, by Proposition 2, for ¢ = 2,

> Nag*= % > Nep)®

(p1.P2)E(PNe;)2

P
i
3p1.P2€PNC; distinct

a;=p1P2

+ Y N,

pEPNC;

where the terms on the righthand side of this last equality are determined by
the ordered pairs: (2,0,), (0, 1), respectively.

Now suppose that the class number h of K is 3. Then by what we did above,
we know that the Davenport constant, D = 3. By Proposition 1 we have,

ue)= > IN@I™

()

a irred.

= 3 N+ Y, N@)™* > N+

pEPNCL p2E€PNc2 pa€PNcs

> Najt+ > Naj?,

ap a3
3p1.,p2.P3€EPNcy 3p1.P2,P3EPNCc3
a2=p1P2P3 @3=P1P2P3



where the terms on the righthand side are determined by
(1,0,0),(0,1,1),(0,3,0),(0,0,3) € Up, Dy, respectively. Now, by Proposition 2,

for i = 2,3,

> Na;* = % > N(pip2ps)~*

aq 3
P2 e(PnNc
3p1,P2,P3€EPNe; i Pzd:’.?!)in(ct o
ai<p1P2P3

+ > NE)UNE) T+ Y NpTF,

(P1.P2)E(PNe;)2 pEPNCc;
P1#P2

where the terms on the righthand side of this last equality are determined by
the ordered triplets: (3,0,0),(1,1,0),(0,0,1), respectively.
Now we come up with a convenient description of p(s). To this end we define

the following family of polynomials.

Definition 5 Let k be a positive integer and z1,-- -, zx tndependent variables.

Then

> 1 v

= “ o ot | e

Pk(é)—Pk(Zl, ,Zk) Ul!"'Ukllul"‘kU‘“ZI 2 -
(V1.~~.vk)€N8

2=k

Moreover, let

Po(z) = 1.
We then have the following proposition.

Proposition 3 Let k be a nonnegative integer and ¢ any class in Cl. Then

> N =P(2)

a
3p1,PREPNC
a=p1' Pk



where

zj= Z Np~is,

pEPNC

Proof. Let Sy be the symmetric group on {1,---,k}; let
p=(p1,--,pk) € (PN o) and for any o € Si define op = (p,(1), **, Po(k))-

1

Let C(o) be the conjugacy class of ¢ in S, i.e. C(o) = {yoy~ v € Sk}

Since every permutation is a product of disjoint cycles, let

k
g = HT/J'I"'"J'U:‘
j=1
be a factorization of ¢ into disjoint cycles, where v; € Ny and for each j
and i = 1,---,v;, n; are the distinct j-cycles, say n; = (ajin ---aj;) with
ajie € {1,---,k}, and with the convention that 1-cycles are included so that
Uji{ajir, -+, a5} = {1,---,k}. Recall that 7 € C(o) if and only if 7 has the

same type of cycle decomposition, i.e. if

k
=T
j=1
into disjoint cycles with the same conventions as above, then u;. =v; for
j=1,---,k (see, for example [1]). Notice then that a conjugacy class in Sy is
determined uniquely by a k-tuple, (vy,---,v;) € NE with Zle jvj = k. Any
permutation in the conjugacy class has a cycle decomposition determined by

the v;’s as above. Moreover, recall that

k!
l/l!...l/k!ll’l ...k”k,

#C(o) =

since we can permute disjoint cycles and have cyclic permutations of elements

in a cycle. Again see [1].



Next let § € Sk, 3, be the sum over all k-tuples in (P U )k, and

Np = Npi - px. Now notice

> Npt=> Nép~*

since dp is just a permutation of the p;’s. Then notice that

>, Npt= 3 Npt=) Nop ZNP”’

by changing the variable of summation. But by what we did above we see that
if 7 € C(o0), then
Z Np™* = Z Np~*.

Also, notice that if ¢ = Hle M1+ Mju; 18 a cycle decomposition as described

above, then
k b
S =TI X v
] j=1 \p€Pnc
sinceop=p < p= MPiy, D1 P21, P21, P2wg s P2ugs " Phugs " " s Pl )
N’

k times

where p;; are all distinct and A € Six. Moreover since the order of Sy is equal

to the number of conjugacy classes times the number of elements in each class

and since each C(o) in Sy is determined uniquely by a k-tuple, (v1,- -+, v) with
k .

2 jvi =k,

j=1

klz ZN—S_HZ#C(U ZNP?S

UESk P
op=p o=

10



1 il .\
= Z l/1!"'l/k!1'/1~--k"k H(ZNP ]S) :Pk(21,-..72k),
p

(v1.,v )ENQ® ji=1
juj:k

where 2; = Zp Np~7% and where ZC(G) is the sum over all conjugacy classes

of Si and o is an element of the class C(o).

Now we have

klZZN-s ZHZ‘N—S Zkl#sk(p)Np ,

€Sy B TESy
IP=P 9p=p
where Si(p) = {0 € St : op = p}, the stabilizer subgroup of p. Given

p € (PNe)*, define
V(B) =v= (v, ", W),

where v; = #{pj1, -, pj,;} with p;; those components of p occurring exactly

j times. Hence Y jv; = k. Then notice that

#Sk(p) = (A - (B>,

Then we may write

> 5 #S DN = )3 - H(J')"’ > N
k Z =k v(p) v

Now, let p = (jpji) s=1.- » be a element of (PN c)* with pj; all distinct and
RN
where jp;; means p;; occurs j times in p. Notice that there are k!/((1!)"* - - - (k!)"*)

different permutations of p. Hence if we use a bijection of P N ¢ with N to put

a well ordering < on P Ne¢, then we have

2 = H 0% 30 Np
Z"’ i v(p)=y

11



k
> > I N®s - piw,)™°

z (P11 Pluy j=1

E jvj=k

Pl Phy, JE(PR)IH Yk

distinct
Pj1 <"'<FjUJ'

since the k!/((1!)*1 - .- (k!)"*) different permutations of p cancelled with
k N
% Hj:](] v
Now if we ignore the ordering in the last sum then we would be counting

each term v,!---y;! times more than we should. Therefore,

PRI Phyy JE(PNE) Yk
distinct

Y. N@©,

a
Ip1.-PREPNe

a=p1-Pk

by Proposition 2. This establishes the proposition. O

We now have the following useful corollary to Proposition 3.

Corollary 1

where

12



Proof. By Proposition 1,
h
u(s) = II > N
By Proposition 3,

a
3p1. - PRrE€EPNC
a=p1- P

where Py(z) = Py(21,--+,2) and z; = Epepﬁc Np~is. Hence

h

D
uis) = Z HPk.‘ (2),
=1 k€D

m=1 m =1

where Py, (2) = Pi;(2a1,-, zir;) and where z;; = Zp;G'PI’TC“ N(p,)~7s. @

For the next proposition, write

zip = z Np* =1{+g;,

pi€PNe;
where
1
l= Elog(s — 1)’
and
gi = gi(s).

It is well known that g;(s) is regular at s = 1 (a stronger version of this result

will by proven in the following section, see Proposition 5). We then have

Proposition 4
D
uls) = S e
pu=0

where

D
cu=culs) = z Z Qg1

m=max(1l,u) k€Dmn

13



where if k = (ky, -+, kp), then
ki ky, h
agu =D > [k
p11=0 #r=0 i=1
where the double bar indicates that the product of the sums is taken over

gt 4 pp = poand

ki Vil —pi
6k — i_— pk
ST § 1 . AY] Vi
Wi — .
Vit =i Hi ( 1l ,Uz)
where
1 v Vi
i2 ik
Pkivia = E , Vieg Fi2 T Rk o
Vighe o Vig ! 2V3 o kT "

ky—1
(V|‘2"".V.I'k‘_ )END‘

E Jvig=ki—viy

if ki > 1, and we define p11 =1, p1o=0, and poo = 1.

Proof. First use the definition of the polynomials Py (z) to expand u(s) in
Proposition 3, where the indices of summation are v;; for i = 1,--- h and
j=1,-- k. Hence

p(s) =

D
Z Z H Z 1 ._.k../(ki (f-f-gi)mlzﬂum"'Zikiuik‘

I/il!-"llikillu"l
Eil’;‘j=ki

where if k; = 0 then Z(V‘l,mym') = 1. Now in the righthand most sum above,

sum over the v;; first in which case we get

1
E Vi <t ey Vikp —

! 1qvs o (€4 gi) 2" ez M =
Vil"”l/ikl“]' 11...ki

(i)

Zjvl-j=k,‘

3 (e
Vi Pkivirs
il

vi1 =0

14



with p as defined in the statement of the proposition. Next expand

23 = (€ + g;)** using the binomial theorem as

vi1
Z (Vﬂ)£u, Vil—i
i

Hi=0

Then

Z (€+gl _ % gl o=
i Pkivin = Z ! zzz Pk vir =

v;1=0 vi1=0

ki
Z bki,ﬂieuii

ni=0

by switching the order of summations and where the o's are defined as above.

But then

ok
H Z bk.‘,#iem =
z Z ku“ﬂ‘guﬁ- Fun — Za‘“/‘ ,

#1=0 Hr=01i=1

with the given limits of summation since the largest value g can take is

m = k; + --- + kp and the smallest value it can take is 0 and with a as defined

above,
But now
m m
E E a&,ué": E E a&,ué“.
kED, =0 #=0k€eDrm
Hence

D

D m D
wls) = Z Z Z el =3 | D D akw |
m=1u=0kED

#=0 \ m=max(1l,u) kEDm

by switching the order of summation where we have m = max(1,¢) since m

must be > 1 and > p. Thus
D
=Y
p=0

15



as desired. &

Now we rewrite the ag, in Proposition 4 in a form more convenient

winning an explicit formula for ¢, for “large” p.

Corollary 2

D
us) = D
p=0
where
D—p
ch=culs)= D >
v=max(l,p)~p EkEDu4s
with

k1 kn A 1 ! N
Ak, = z—: z_: I:Ik_ Z : — )\ (ks —u)'gl Pk k= A

where the double bar indicates that the product of the sums is taken over

vy + -+ vy =v and (as above)

_ § 1 vig Vik;
Pkiki—A; = 1. ! gvis 'kuiki Zio 1k. .

1 Vigsr o Vigg: o i
(»gg.'--.v,-k‘.JENg‘ 1 N i

Jvij=ag

for

D
Proof. In Proposition 4 we have u(s) = > ¢, ¢* and letting v = m — u gives

#=0
D—p

Cp = E E ab‘l"

v=max(l,u)~p kEDu+.,
Now letting A; = k; — v;1, we have

k1 kn h ki—pi

1 ki! P
%,u:Z"'Z HF Z m% H i v

p1=0 pr=0 i=1 t

where the double bar is as defined in Proposition 4. Making a final change of

variables where v; = k; — u;, we have

ki kn h 1 Vi Y
DD Hk_ Z (v —/\)'k TR TS

v1=0 vp=0 i=1

16



where the double bar indicates that the product of the sums is taken over
vi + -+ vy = v and pg, k.-, is as defined above. O

From this corollary we extract the following corollary.

Corollary 3 Let

D
u(s) = Z cu
u=0
Then
i)
h
1
keDp i=1

h 1 h 1 h
o= Y Hk_ Hk—i!Zk:fb

k€Dp -, i=1 kE€Dp i=1 j=1

ie) If D > 2, then

h h
1 ! .
+ D H k_ﬂ Z kjlij-gjlgjz + ij(kj -1 <§g]2 * ‘2‘2j2>
€Dp i=1

k 1<j1<j2<h j=1

Proof. Since parts i) and i) can be done similarly, we only present the proof
for part iis).

By Corollary 2 for D > 2,

Cp-2 = Z Gk, p-2 F Z ag,D-2 t+ Z Ak, D-2-

k€EDp_; k€Dp k€Dp

17



Now in the first sum (where v = 0),

k1 kp 1

LB P k! _
Qk,D-2 = Z Z HE— Z ESSIE —z/)'gl X Pk ki— s

1
v1=0 vh=0 i=1 " X;=0

where the double bar indicates that the product of the sums is taken over

vy + -+ vy =0. Thus for v =0,

b
aro-2 =] 5
i=1 v

since pi; k; = L.

For the second sum (where v = 1),

k1 kn h 1 v,
ak,D-2 = z Z HE z ) k _V1)|g‘;"‘_>\ipkiyki—)\i1

i
»n =0 vh=0 i=1 A;=0

where the double bar indicates that the product of the sums is taken over
vy + -+ vy = 1. So for exactly one 4, v; = 1 and the remaining (h — 1) v's are

0. Thus for the first case,

1

1-X;

i ' iki—Xhi — ki i3
E_ k _1),9, Priki—x = kig

since px, x; = 1 and pk, x;,—1 = 0 and for the latter case, the previous sum (with

upper limit 0 now) is 1. Hence for v =1,

h

a2 =] 7 O kigs
i=1 " j=1

For the last sum (where v = 2),

-

h Vi

k1 kn 1
EE DI HE Z . k —u)ugf‘_x‘f’knke-*w

v =0 va=0 1=1

where the double bar indicates that the product of the sums is taken over

vy + -+ v, =2. Hence we must consider two cases. For case 1, v; = 2 for

18



exactly one ¢ and the remaining (h — 1) v's are 0. Whence

2
ki! Y 1 1
§ (2 — /\i)'l(k' — 2)[.9? /\‘pk.‘,k;—/\,- = kiki—l |:§g12 + 5212:‘ 3
Ai=0 e :

since Pk ki—2 = %Zi?.
For case 2, v; = 1 for exactly two distinct i’s and the remaining (h —2) v's

are 0. Whence
1 1

> S| = kikigu i

A"x =0 A,'2:0

where each sum is over the same expression as in Corollary 2 with v; = 1.

Therefore for v = 2,

h h
1 1 1
axp—2 =] T > knkipgingn, + Y kilk; - 1) [59;2' + 52;'2]
i=1 " \1<h <ja<h i=1
Thus we have the desired form for cp_. L

We further obtain the following expressions for u(s) for some fields with

small class number.
Corollary 4 1) Suppose D = 1 whence h = 1. Then
u(s) =€+g:.
) If D=2 so h=2, say Cl = {1 = c1,¢2}, then
1, 1, 1
pis) = 56+ (1+g2)l+ (g1 + 502+ 5222 ) -

Proof. In light of the formulas for the ¢, above, it suffices to compute D, for
each of the groups listed. As we have already computed these for the class group

of order 2 we consider the other case.
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Let Cl = {1 = ¢;1}. Then we have only one minimal representations of 1,

namely 1 "=" 1, implying that D; = {1}. Using this with the previous corollary

yields i). O
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3 THE SUMMATORY FUNCTION M(x)

Having established formal properties of the Dirichlet series u(s), we now
use well-known results relating a Dirichlet series to its associated summatory
function as in [2].

Let
f=3 =
n=1

be a Dirichlet series where s = ¢ + it with a,, o, t real numbers and a,, > 0.

2|:

As in [2], we have the following definition.

Definition 6 We let A be the set of those Dirichlet series f(s) as above but
satisfying the following three additional properties:

(i) for all z,y € R such that 1 <z <y,

> an<(y—z)logy +0@P),

z<n<y

for some c; > 0, 0 <1 where the constants depend on f(s) only.
(i1) There exists a nonnegative integer k and functions g;(s) forj =0,--- k,

such that

0= aog (),

Jj=0

for 0 > 1 and such that gx(1) # 0 and g;(s) is regular for 0 > 1 and can be

analytically continued to a regular function in the region R given by

. C2
= = : 1- —
R {s o+it . o> log(|t|+2)}

for some c; > 0.
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(iii) In the region R
|9;(s)] < log™ (]t] + 3),
for some c3 > 0.
Lemma 2 If f(s) satisfies (i), then f(s) converges for all complex s with o > 1.

Proof. Let x = 1 in property (i) above. We then have,

Zan_ (y — 1)log™ y + O(y°),

n<y

where ¢; and # are as defined previously. So

Y an<(y-Dlog”y+0@°) = 0(y'*)

n<y

o0

for any € > 0. Now applying Theorem 2, page 156 of [5], we have o
n=1

converges for o > 1. O
We now present the following weaker form of Kaczorowski’s “Main Lemma”

given in [2], which will be sufficiently strong for our purposes.

Theorem 1 (Corollary to Kaczorowski’s Main Lemma) Let
f(s) =37, ann™* be a Dirichlet series in A as defined above. Let
S(x) = Y, <, @n, the summatory function associated with f(s). Then there

exists a constant cqg > 0 such that for all x > ¢,

k—1

S(x) = kge(1) Zd (loglog z)’ +0(1012

(loglog r)“) ,
T

lo

as z — oo, where the d; are complex numbers given by

4 = kgk(l Zg” By

v=j
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with
B,; = (=14 Y L / e*(logz)" =7 dz
v ] 27r2 I ’
where C is the path of integration consisting of the segment (—oo, —1] of the lower
side of the real azis (so that the argument of logz is —x ), the circumference of

the unit circle taken counter-clockwise, and the segment [—1, —oc0) of the upper

side of the real azis.

The proof may be found in [2] where we take Case I and ¢ = 0 in the Main

Lemma.

Lemma 3 Let m be an integer. Then
a) By = 0 for all m > 0,
b) Bpm—1 =m for allm > 1,

¢) Bnm—2 = (7)k2 for allm > 2 and k3 = 3 fo€ log? z &~ 1.15.

Proof. Since @) and b) can be done similarly, we only present the proof for c).

Hence from Theorem 1, we have

m 1
mm—2 = — 2(log 2)? d=.
B2 <m—2>27ri/ce(og)

Now

/ez(log;z)2 dz=L+5L+1I3
c

where

1 _ _ ‘
I :/ e“ " log?(ue™ e du,

I = / e log?(e¥)ie® do,

23



o0 ir . .
I; :/ e“*” log®(ue'™)e'" du.
1

1 1
I = / e “logu — in]*(~1) du = —1/ e ¥ [log®u — 2irlogu + (im)?] du

x0
= / e~ [log’ u — 2imlogu — 2] du
1

and
[eS) e .

I; = / e “llogu + in]*(~1) du = —/ e™* [log” u + 2imlogu + (im)*] du
1 1

o0
= / —e ¥ [log’u + 2irlogu — 7%] du,
1
x0
L+1I;= —4i7r/ e “logu du.
1

Now simplifying I, we have,

I, = / eCosO+isind (;0)2,080 dp — g / 62ecosbeisind (cos @ + isinf) db

—x -7

= —i/ 625 ? [cos(sin §) + i sin(sin §)] [cos f + i sin 8] df

-7

=—i [ 6%’p(6) db, (%)

where p(#) = cos(sin 8) cos §—sin(sin 8) sin 8+1 (cos(sin 8) sin § + sin(sin §) cos 8) .
Letting 8 = —8 we get,

IL=—i | 6%°9%(-0) df.
By adding () to the last equation, we have

21, = —2i 62e°°? [cos(sin @) cos @ — sin(sin §) sin 4] df.

-7
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Therefore,

I =—i 62e°°% % [cos(sin #) cos § — sin(sin #) sin ] db.

-7

Hence
1 i o0
K2 = 5 e “log’z dz = ~3 _ﬂh(ﬁ) df — 2/ e “logu du = 1.15,
where

h() = 6%e°*? (cos(sin 6) cos§ — sin(sin 8) sin6) . @I

Corollary 5 Let d; be defined as in the theorem above. Then
i)ifk>1,
dk—-l = 17
i) if k> 2,

(k=1 ger(l) . (k—1)
ko) 2

dg—2 = K2,

where ko is as defined in Lemma 3.

Proof. Consider i). From Theorem 1,

k
Z By = ﬁ (gk—1 () Br—1,k-1 + g (1) Br,k-1]

v=k—1

d =
k-1 kgk(l

By Lemma 3, By_; x—1 =0 and By x—1 = k. Hence dx—1 = 1.

Consider ). From Theorem 1,

k
dp_o = Z g9.(1)B

V:k 2

1

kg 0] ——[gr—2(1)Br—2.k-2 + gk—1(1) Br—1,k—2 + 9 (1) B k2] -
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By Lemma 3, Bi—2k—2 =0, By_1x—2 =k —1,and By x_2 = (’;)ng. Hence

(k—1) gk—1(1) . (k-1)
ko oge(1) 2

dk_2 = Kg. O

We now apply these results to x(s) to obtain information about M (z). Our
goal at this point is to show that u(s) belongs to the class 4. To this end, we
need to review some facts from algebraic number theory.

Let K be an algebraic number field of degree n over Q, where the degree of
the extension is denoted as n = [K : Q), with class group CI(K) = Cl of order
h. Let Cl denote the character group of Cl, i.e. the group of homomorphisms
from Cl into the multiplicative group C*. As usual, we denote the principal
character, i.e. the constant character 1, by either xo or simply by 1.

Let x be an arbitrary character on Cl, then we define the L-series

x(a)
~ Na*

L(s,x) = (0 > 1),

where the sum is over all (nonzero) integral ideals of K.

If x = 1, the principal character, then

L(s, x0) = Ck(s),

the Dedekind zeta function of K.

As is well known, L(s, x) converges absolutely and uniformly on compact
subsets in the half plane ¢ > 1. Moreover, since the norm map N is multiplica-
tive on the set of ideals of K, we have

L(s,x):H(l—j‘v(;’Z)_l,

P
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for all ¢ > 1 and where the product is taken over all (nonzero) prime ideals of

K. It is also known that in the half plane o > 1 — 1/n, where n = [K : Q], the

series for L(s,x) converges, if x # xo, and L(s, x) is regular there, see

Theorem 7, page 163 in [5]. On the other hand, {x(s) has a continuation into

the same half plane but with a simple pole at s = 1 with (nonzero) residue ag.
We now state two further properties of L(s, x). See [2].

I) In the region R given by

CK

[\ S
77 T g+ 2)

L(s, x) does not vanish, where cx depends on K but not on x.

IT) In the region Rk for |t| > 1, we have
[log L(s, x)] €k loglog(|t] + €°)

where the implied constant depends only on K.
Now, since L(s, x) is nonzero in the region above, we see that log L(s, x) is

defined and regular in this region.

Proposition 5 Let ¢ be an ideal class of Cl. Then

ZN - = logCK th ¢)log L(s,x) — Z > mNpms,

pec m=2 P

pMec

foro > 1.

Proof. We first write

lOgL(s’X) = Z Z n)f](\lf)pms

p m>1
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This follows since

log L(s, x) = ;log (1_ Z‘N%)_l - Yo g<1_ >]<V(;>))

p

-T[168) 108 | 1

p
x(p)  x(®) | x(®®) B x{(p™)
_Z{ 2Np2s+3Np3s+“.]_ZEmNpms'

P m>1

<1, a>1)

Using the orthogonality relations of characters, we have

> x(e)logL(s,x) = Y
X P X

+y > > xex®™) mNpms

p m>22 x
_hZNs+hzszpms
pEc m>2pmEc

But then on the other hand, notice that

> x(c)log L(s, x) = log ¢k (s) + Y _ x(c) log L(s, x)-
X

x
x#1

P
pEe x#1 pMeEc

forec>1. O

Notice that this proposition allows us to analytically continue > . Np~—*

pEc

in the region Rg.

Corollary 6 Let

1 1 1
9¢(s) = ZNPS - Elog<s—1)'

p€c
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Then

9e(s) = 7 log((s — DCx(s)) + hZ X(¢)log L(s,x) - Z 2 ot

X#l ""Ec

hence regular in Ry . In particular,

9.(1) = 10gaK+ Zx(c)logL(l X) — Z > mNp

]
x#l m=2 e

where ag is the residue of (x(s) at s = 1.

Proof. Write (k(s) as 727(s — 1)Ck (s). Then

9=3 5~ w8 (527

pec

1 1 > 1 1
_—ﬁlog<s_1(s—1)CK(3)> EXC)IOgLSX g—:z Zp: mNp™s  h
ety T e
1 = 1
= > 10g((s = 1)(x (s)) + 7 Zx Nog Lsx) = 3° D oy

P
x#l pMeEc

Hence g.(s) is regular in Rg. O
Theorem 2 The Dirichlet series u(s) belongs to A

Proof. (See [2]) Write u(s) = Y 5, ann~*, where a, denotes the number of
principal ideals (a), with a irreducible and [N (a)| = n. Obviously, a, > 0.
Now we show u(s) satisfies conditions (i)-(iii) of class A. Consider (i). By

Landau, [4], we know

Z l=agz+0 (m("‘l)/("“)) , T>1,
Na<zr

where ag is the residue of (k(s) at s = 1 and n = [K : Q]. But then for

1<z <y,
S oans Y 1= 3 1- 3 1=ak(y-z)+0 ()
z<m<y z<Na<y Na<y Na<z
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where the left hand side involves only principal ideals whose norm is within the
given limits whereas the right hand side involves any ideal with specified norm.
Thus u(s) satisfies (i).

Now we consider (ii) and (iii). Let Cl = {c1,"--,cn}. Then by Corollary 1,

wls) =Y guls)zit -2,

where the sum is over ¥ = (v1,---,vp) With 0 < v; < D, 2z = 3 ., Np™7,
and gy(s) are functions regular in the half plane o > 1/2, since the functions
are combinations of powers of z;; for j > 2. Hence by Proposition 5, u(s) is a
finite sum of terms of the form

G(s) = g(s)log" (i (s) [ [ log™ L(s, %),

x#1

for which g(s) is regular in the half plane ¢ > 1/2, k and k, are nonnegative

integers, and the product is over some subset of nonprincipal characters on Cl.

Now write
k
g Gc(5) = (log(cp) + Tou((s = 1))
k 1 b
= log” { —— ) log" ™" ((s — 1)(k (s)) -
l/z:;)(V)og (s—l) og s k(s
Therefore

k
g(s)log* Cx(s) [ log"* L(s,x) = Y hu(s)log” (E_iT) ’
v=0

x#1

where

o) = (&) at6) 108"~ (G5 = 1)) [ 10g™ 65,0

x#1
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But then by property I) above, h, (s) also satisfies I) which implies G(s) satisfies

(ii). Moreover, by II) we have
|y (s)] < log" "1 (j¢] + 3),

showing that G(s) satisfies (iii). As any finite sum of these G(s) also satisfy (ii)
and (iii), we see that u(s) does, too. Hence u(s) is in A, as desired. O

We now apply this result to M(z).

Theorem 3 Let K be an algebraic number field with class number h and asso-

ciated Davenport number D. Then

D-2
- z D-1 - z j
M(z) = Deph Dlogm (loglog ) + Deph D@ JZ:E d; (loglog z)’
z
O\ 77— |
0 (o)
where the d; are given in Theorem 1 with g; = h™7¢;(1).
Proof. By Proposition 4,
n
uis) = Zc,‘ s) ( log( —)) .
Now apply Theorem 1 with g; = h™7¢;(1). Hence
. g D=2
- D-1 -
M(z) = Deph D@ (loglogz)” ™! + Deph Dlogx J:ZO d; (loglog )’
T
O\ 77 |>
0 ()
since for any € > 0
logl € 1 1
(log 02g$) L K —5 - 0
log” z log* “z log®“

As an immediate corollary we have,
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Corollary 7

M(z) ~ Deph™P )Pt

gz (loglog

Compare this with Theorem 1 of [3].

But we also get the following corollary.
Corollary 8 For D > 2,

M(z) = % (C(loglog z)P~! + B(loglog z)P~2)

+0 (E(z)),
where
C=DcphP
B=(D-1)cp_(1)h*-P+C D2— 1 K2,
and where
E(r) = 1 :x(logloga:)D"S
if D >3 and
T
(log 2)772
if not.

Proof. From Corollary 5,

(D—-1) A=~ P=lep (1) N D-1
D h-DCD 2

dD_2 = Ko,

Let B = Deph~P .dp_,. Applying Theorem 3 gives us the desired result. Ml

As a special case we have the following corollary.
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Corollary 9 Let K be a number field with class number 2. Denote by ¢ the
nonprincipal ideal class of Cl. Finally, let x be the nonprincipal character on

Cl, hence x(c) = —1. Then

1 =z
M(z) ==
(z) 4logz

1 z z
| = 1 — PR YZ)
oglogz + 8(4(1 +9.(1) + ﬁz)logz +0 ((logr)3/2> J

where

ge(1 )=~2-logaK—§logL1 -3 Y

m23 p€c¢ mNp
mz1(2)
Proof. From Corollary 8 and Corollary 3 i),
- 1 1
C:DCDh D=§c2zz_

Similarly from Corollary 8 and Corollary 3 i),

(0-1
2

1
B=(D-Depi (WP +C 201+ g.(1)) + gr

2

Ko =

where g.(1) is as defined in Corollary 6. T
Notice that of all fields with class number two, the main term in the asymp-
totic expression of M(z) is independent of the field whereas the second term

seems to depend more on the arithmetic of K.
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