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Abstract

It was shown by Neher and Sun in [I2] that, for perfect Lie superalgebras L;, the
universal central extension of the direct limit of L; is isomorphic to the direct limit
of the universal central extensions of L;. In this thesis, we extend the result to Hom-
Lie superalgebras, first introduced by Ammar and Makhlouf in [I], and construct
the universal central extension of a perfect Hom-Lie superalgebra by defining a uce
functor on the category of Hom-Lie superalgebras. In Theorem 4.2.3, we show that
if a Hom-Lie superalgebra L is perfect, then uce(L) is a universal central extension of
L. In Theorem 4.3.2, we show that the universal central extension of the direct limit
of perfect Hom-Lie superalgebras L; is isomorphic to the direct limit of the universal

central extensions of L;.

vil






Chapter 1

Introduction

In [I], Ammar and Makhlouf introduced Hom-Lie superalgebras and constructed sev-
eral nontrivial examples, including a g-deformed Witt superalgebra and a deformation
of the orthosymplectic Lie superalgebra osp(1,2). In the same paper, a Hom-Lie su-
peralgebra is defined as a triple (L, [-, -], &) consisting of a supermodule L over a base
superring S, a product [-, -] satisfying super skew-symmetry and the super Hom-Jacobi

identity, and an even supermodule homomorphism .

Hom-Lie superalgebras are a generalization of the notions of Hom-Lie algebras and Lie
superalgebras. Both are well-studied and find applications in mathematical physics.
For example, Lie superalgebras are essential for describing the mathematics of super-

symmetry in particle physics [13] and Hom-Lie algebras have been used to generalize



the Yang-Baxter equation [14].

Central extensions of Hom-Lie superalgebras yield new Hom-Lie superalgebras with
more interesting representations than the original ones. When possible, determining
the universal central extension of a Hom-Lie superalgebra gives “all” of the central
extensions. It is well-known that the universal central extension exists for a perfect
Lie superalgebra [I1]. In this thesis, we show in Theorem 4.2.3 that the universal
central extension of a perfect Hom-Lie superalgebra can be constructed by defining a

uce functor on the category of Hom-Lie superalgebras.

Taking the direct limit of an indexed family of Hom-Lie superalgebras is a valuable
way to create new Hom-Lie superalgebras by means of a universal property. It was
shown in [I2] that this operation commutes with the operation of taking the universal
central extensions of a family of perfect Lie superalgebras. In this thesis, we extend

the result to the category of Hom-Lie superalgebras in Theorem 4.3.2.

The structure of this thesis is as follows. In chapter 2, we review some category
theoretical definitions and introduce the notion of the direct limit of an indexed family
of objects within a category. In chapter 3, we define Hom-Lie superalgebras and
provide a non-trivial example [1I], constructed from the Lie superalgebra osp(1,2). In
chapter 4, we give the main results of this thesis. We prove that the universal central
extension of the direct limit of perfect Hom-Lie superalgebras L; is isomorphic to the

direct limit of the universal central extensions of L;.



Chapter 2

Categories and Functors

A category C is a set of objects ob(C), together with a set hom(C) of arrows, or
morphisms, between the objects (For these classical definitions, see, for example,
[10]). We say that an arrow f from a to b for a,b € ob(C) has source a, target b,
and we write f : a — b. Furthermore, these arrows may be composed. That is, for

a,b,c € ob(C) and f € hom(b,c), g € hom(a,b),

a%b%c

there exists a composition map hom(b, ¢) x hom(a,b) — hom(a, ¢) sending (f,g) to

fog.

We require that axioms of associativity and the existence of an identity hold in a



category. Equivalently, in a category C, the following properties are satisfied:

1. For every a € ob(C), there exists a morphism id, € hom(a, a) such that id, of =

fand goid, = g for f € hom(b,a) and g € hom(a, ¢), where a,b,c € ob(C).

2. Composition is associative, i.e., (fog)oh = fo(goh) for f € hom(c,d),

g € hom(b, c), and h € hom(a, b), where a,b,c,d € ob(C).

One example of a category is the class of all sets taken together with functions between
them as morphisms. In this category, Set, the objects are the sets and composition
of arrows is performed as the familiar composition of functions. Clearly, arrow com-

position is associative in this category and we always have the identity arrow.

Similarly, we may also consider the class of finite-dimensional associative algebras
over a field F' as a category where the arrows are homomorphisms between these

F-algebras.

Naturally, we would like to define mappings on categories. Such mappings are called
functors. A covariant functor D : A — B is a mapping between categories A and B
that respects the arrows of A. In other words, D : A — B is a map D : ob(A) —
ob(B) and, for every z,y € ob(A), amap D : homy(z,y) — homg(D(x), D(y)) exists

such that the following axioms are satisfied.

1. D respects the identity morphisms. i.e., D(id,) = idp(,) for € ob(A).



2. D respects composition. i.e., D(¢ o) = D(¢) o D()) for ¢ € homy(y, z),v €

hOHlA(l’, y) :

A contravariant functor satisfies all of the axioms of a covariant functor, but is “arrow
reversing.” That is, a contravariant functor D : A — B is a map D : ob(A) — ob(B)
and for every z,y € ob(A), a map D : homy(z,y) — homp(D(y), D(x)) exists such

that D respects composition, i.e., D(¢pot)) = D(1))oD(¢), and the identity morphisms.

Relevant to the topic of this thesis is the concept of the direct limit in a category C.
We start by defining a directed system. Let (I, <) be a directed set and (L;, f;;) be a
set of objects L; € ob(C) indexed by I and f;; a morphism f;; : L; — L; for all i < j.

Then we say (L;, f;;) is a directed system if

1. f; is the identity of L;.

2. fjkofij = fzk for all 7 S j S k.

Then a direct limit of the directed system (L;, fi;) is an object L along with morphisms
¢; « L; — L satisfying ¢; = ¢; o fi;. We additionally require the existence of a unique
morphism ¢ : L — L' for any other pair (L, ¢;) satisfying ¢; = ¢ o fi;, such that the

following diagram commutes.



We denote a direct limit of (L, fi;) by hg[/Z The ¢; are called the canonical maps.
As noted in [10], a direct limit in a category C' may be considered as a functor.
A direct limit is a special case of a “colimit,” a more general structure defined on
categories as a special functor D : Z — C where Z is an “index category” (see [10],

page 67).

By the universal property, a direct limit of a directed system, if it exists, is unique
up to a unique isomorphism. The direct limit of the directed system (L;, f;;) can be

constructed as the disjoint union of the L; modulo an equivalence relation:

lim L; = | | Li/ ~.

The equivalence relation ~ is given as follows. If ; € L; and x; € Lj, then z; ~ z;
if and only if there exists k € I, with ¢ < k and j < k such that fix(z;) = fir(z;).

That is, z; ~ z; in ligLi if they “eventually become equal” in the directed system.

It is important to note that there may exist a certain relationship between directed

systems. If (K, ¢;;) and (L, fi;) are two directed systems in C, both indexed by the



directed set I, then a morphism from (K;, g;;) to (L, fi;) is an indexed set {h; : ¢ € I}
of morphisms h; : K; — L; such that for all pairs (¢,7) with ¢ < j the following

diagram commutes.

[
fi] )

L —— L

gij
hq

)

A morphism from (K, g;;) to (L;, fi;) gives rise to a unique morphism

such that h o ¢; = 1; o h; for all © € I where ¢; : K; — liﬂKi and ¢; : L; — ligLi

are the canonical maps.

Example 2.1.1. Consider the group GL(n, F) consisting of invertible n x n matrices
over a field F' with the operation given by matrix multiplication. Note that we have
a group homomorphism GL(n, F) — GL(n 4+ 1, F) given by padding matrices in
GL(n, F') with zeros along the last row and column and placing a 1 in the bottom
right corner. Thus, inductively, we have group homomorphisms ¢, ,, : GL(m, F') —
GL(n, F) for m < n. The direct limit of the directed system (GL(m, F'), ¢s,,) is the
general linear group of F', denoted by GL(F'), consisting of the set of invertible infinite

matrices differing from the infinite identity matrix in only finitely many places.






Chapter 3

Hom-Lie Superalgebras

3.1 Lie Algebras

An algebra A over a field F' is a vector space over F' equipped with a bilinear oper-
ation A x A — A, denoted here by -, such that the operation obeys left and right
distributivity and is compatible with scalar multiplication. For a,b,c € A;a, 8 € F,

we have

L (aa+ Bb) - c=afa-)+ Blb- )

2. ¢ (aa+ pb) = afc-a) + B(c-b).



This operation is usually called the product or multiplication on A.

Note that we are guaranteed almost nothing with respect to the product on A - we
are told nothing about the commutativity, existence of a multipliative identity, or
even associativity of the multiplication. For example, we may consider the algebra
formed by the vector space R? with multiplication given by the cross product. This
structure clearly satisfies all of the conditions necessary to be an algebra, but has no
multiplicative identity, is not associative or commutative, and does not even satisfy
the cancellation law. We generalize this example to give the definition of a Lie algebra.
These are well-studied structures and the following definitions can be found in many

resources. For example, see [7].

An algebra L over a field F' with bilinear product [-,-] : L x L — L, is called a Lie

algebra over F' if the following properties hold:

1. (Skew Symmetry) [z,xz] = 0 for all x € L;

2. (Jacobi Identity) |z, [y, z]] + [z, [z, y]] + [y, [#, x]] = 0 for all z,y,z € L.

If L satisfies the definition of a Lie algebra, then [-, ] is called the Lie bracket of L. Tt
is important to note that the Lie bracket is anticommutative, that is [z,y] = —[y, 2]

for z,y € L.

As an example, consider a finite dimensional vector space V' over a field F' and denote

10



by End V' the set of linear transformations from V to V. As a vector space over F,
End V has dimension n? where n = dim V and, furthermore, End V is a ring relative to
function composition and pointwise addition. Define a new operation [z,y] = zy —yz
for x,y € End V' called the bracket of x and y. With this operation, End V' becomes

a Lie algebra over F', denoted by gl(V').

A Lie algebra homomorphism between Lie algebras g and b is a linear map ¢ : g — b
such that ¢([z,yls) = [¢(x), d(y)]y for z,y € g. We say that g and b are isomorphic
if ¢ is a bijection. Finally, a subspace § of g is a Lie subalgebra if it is closed under

the Lie bracket on g.

Example 3.1.1. Consider the special linear Lie algebra of rank n — 1, denoted by
sl,(F). This Lie algebra is composed of all n x n matrices over a field F' with trace
zero and with the Lie bracket of z,y € sl,(F') given by the commutator of x and y.

That is, [z,y] = 2y — yz.

Then, we may define a map ¢ : sl,,(F) — sl,1(F) by sending a matrix x in sl,(F)

to the matrix in s, (F') formed by padding = (a; ;) with zeros on the bottom and

11



rightmost side. Explicitly,

¢ : sl (F) — sl 1 (F)

a11 e a1n 0
a1 e a1n
—
Qp,1 c. Apon 0
an1 e Ap.n
0 0 0

Clearly, ¢ is a Lie algebra homomorphism and Im ¢ is a Lie subalgebra of sl,,,1(F).

As a final note in this section, we will also eventually use generalizations of the derived
algebra of g, denoted by [g, g] and defined as the ideal of g generated by all elements

la,b] with a,b € g. If [g,g] = g, we call g a perfect Lie algebra.

3.2 Lie Superalgebras

It was discovered in the 1970s that certain supersymmetry properties held in quantum
fields and that these properties could be well described using Zs-graded Lie algebras.
In this section, we work towards a formulation of these Z,-graded Lie algebras, called

Lie superalgebras and first investigated formally by V. Kac in 1977 [§].

12



We start by recalling some definitions. For reference, see [I1]. A ring S is called
Loy-graded it S = 55 @ St as an abelian group and S35 C 55,5 for @, € Zy. The

elements of S;, where i = {0, 1}, are called homogeneous and of parity i. We denote

the parity of a such a homogeneous element x € S; by |z|.

If S has a multiplicative identity, we call S wnital. If S is unital, then 1 € Sj since

1-1=1 and 5757 C S;. Furthermore, we say that S is commutative if

st = (_1)|S”t‘ts for s,t € S and s% =0 for sy € 5t

If S is unital, associative, and commutative, S is a base superring.

Furthermore, we define an S-supermodule to be a left module M over a base superring
S that is Zg-graded (M = Mgz @ M7) as an abelian group and SzMz C Mg, 5 for
@, 5 € Z,. Note that we can also treat M as an S-bimodule, defining the right action

as ms = (—1)klImlsm for s € S and m € M.

We can also define homomorphisms between supermodules. That is, if we let M and
N be two S-supermodules, and @ € Zy, a homomorphism of degree @ from M to N

is amap f: M — N satisfying the following axioms:

1. f(Mz) C Ny 5 for all B € Zy;

2. f is additive and f(ms) = f(m)s for m € M and s € S.

13



We say that a homomorphism f is even if f is of degree 0 and odd if f is of degree 1.

If M,N, and P are S-supermodules, an S-bilinear map of degree 7 is a map b :

M x N — P satisfying

1. b(Mz, Ng) C Py 5, for all @, § € Zy;

2. b is additive in each argument;

3. b(ms,n) = b(m, sn) and b(m,ns) = b(m,n)s for all m € M,n € N, and s € S.

An S-superalgebra is an S-supermodule A = Ay @ Az together with some S-bilinear

map A x A — A, of degree 0, called the product.

Assume 3 € S. An S-superalgebra L = Ly & Ly with product [-,-] is a Lie S-

superalgebra (L, [-,-]) if, for all z,y, z € L, L satisfies the following properties:

1. Super skew-symmetry:

2. Super Jacobi Identity:

(=) ¥z, [y, 2]] + (= 1)z, [, y]] + (=) [y, [z, 2]] = 0.

We define homomorphisms between Lie S-superalgebras (L, [-,-|, and (M, [+, ]x) as

14



bracket-respecting even homomorphisms between L and M as supermodules. That is,

an even supermodule homomorphsim ¢ : L — M is a Lie superalgebra homomorphism

if ¢([z,y]e) = [¢(x), 6(y)]as for z,y € L.

Remark 3.2.1. Note that if, for L = L& Ly, Ly = ), L is an ordinary Lie algebra.
However, there are many examples of Lie superalgebras that are not Lie algebras.
For instance, we may form a Lie superalgebra from an associative superalgebra A by
defining a bracket on A as [z,y] = zy— (—1)*Wlyx for 2,4 € A. Then it can be shown
that (A, [, ]) is a Lie superalgebra. Let M (m,n; A) be the (m+n) x (m + n) matrix
superalgebra with coefficients in an associative superalgebra A. Then gl(m,n; A) is
the Lie superalgebra associated to M(m,n; A). For m 4+ n > 3, the subsuperalgebra
of gl(m,n; A) generated by E;j(a), 1 <i# j <m+n,a € A, is called the special

linear Lie superalgebra sl(m,n; A) (see [3]).

3.3 Hom-Lie Superalgebras

First appearing in [1], a Hom-Lie superalgebra is a Lie superalgebra “with a twist.”
We extend the definition of a Hom-Lie superalgebra over a field of characteristic 0 in

[1] to a base superring. Let L be an S-supermodule over a base superring S containing

N

Then a Hom-Lie superalgebra is a triple (L, |-, -], &) consisting of a supermodule

L, a product [, -], and an even supermodule homomorphism « : L — L satisfying

15



1. Super Skew-Symmetry:

2. Super Hom-Jacobi Identity:

(—1)H[a(2), [y, 2] + (1) a(2), [o, y]] + (1) a(y), [z, 2] = 0,

for all homogeneous elements x,y, z € L.

Let (L, [, -], @) and (L', [-, -], @) be two Hom-Lie superalgebras. An even supermodule
homomorphism f : L — L’ is said to be a homomorphism of Hom-Lie superalgebras

if

[f(@), fW)] = f([z.y]) Yo,y € L;

foa=aof.

Note that every Lie superalgebra is automatically a Hom-Lie superalgebra by defining
the map « as the identity. However, non-trivial examples of Hom-Lie superalgebras
exist. One such example, appearing in [I], may be constructed from the orthosym-

plectic Lie superalgebra osp(1,2).

Example 3.3.1. Let osp(1,2) = Ly & Ly be the orthosymplectic Lie superalgebra

16



over the base field R, where Lj is generated by

1 0 0 0 0 1 0 0 0
H=10 o o, X=10o o o], Y=10 0 o
0 0 -1 0 0 0 1 0 0

0 0 0 0 1 0
F=11 0 ofl, G=lo 0o -1
0 1 0 0 0 0

Furthermore, we impose the following relations.

[H,X]=2X, [HY]=-2Y, [X,Y]=H,
Y,G]=F, [X,Fl=G, [H F|=-F [HG] =G,

G, F|=H, [G,G]=-2X, [FF|=2Y
Now, for A € R*, we define «, : 0sp(1,2) — 0sp(1,2) as the following linear mapping.

1 1
Oé)\(X) = )‘2X7 Oé)\(Y) = EY7 @A<H) = Ha OQ\(F) = XF7 Oé)\(G) =AG.

17



Then, (0sp(1,2), [, ]a,, @) is a Hom-Lie superalgebra where the Hom-Lie superalge-

bra bracket [, -],, is defined on the basis elements, for A # 0 by

A

2

[H7 X]Oo\ - 2)‘2X7 [H7 Y]a)\ = _EY7 [X7 Y]a)\ - H7

Y, G, = %F X, Flo, = \G, [H, Fla, = —%F, H,Gl., =G,
2
(G, Flay = H, [G,Glay, = =20°X, [P, Flo, = Y.

As long as A # 1, these Hom-Lie superalgebras are not Lie superalgebras.

18



Chapter 4

Central Extensions

4.1 Generalities of Central Extensions

The concept of central extensions in the category of Lie superalgebras is defined in [11].

An extension of a Lie superalgebra L is a short exact sequence of Lie superalgebras
0—J-5H K- L0

i.e., K and J are Lie superalgebras and f and g are Lie superalgebra homomorphisms

such that Im g = Ker f. We may say that K is an extension of L by J.

Recall that the center of a ring is the set of elements that commute with all other

19



elements of the ring with respect to the product. In a Lie superalgebra L, the center
of L is exactly the set of elements x € L such that [z,y] = 0 for all y € L. If, in the
above extension, it happens to be the case that the kernel of f is contained in the

center of K, denoted 3(K), we say that the extension is a central extension.

Example 4.1.1. Consider the Heisenberg Lie algebra [3]. Let A = R[ty, ..., ,] be the

polynomial ring over R. Define [; (1 <i<n),d (1 <i<n), 1€ End(A) as follows:

Li: f—= [t

. of

1:f—=f.

These span the (1 + 2n)-dimensional subspace H C End(A). H is closed under the
Lie bracket of gl(A). All commutators are trivial except for [0;,1;] = 1. The center
of ‘H is R1. The Lie algebra H is called the Heisenberg Lie algebra. It is a central
extension of the trivial (commutative) Lie algebra R?*" by R, i.e., we have a short

exact sequence of Lie algebras

0 —R—H — R*"™ —0,

and R is the center of H.

Furthermore, a central extension 0 — J & K Iy L = 0 is said to be a universal

20



central extension if for every other central extension 0 — J' L K’ EAN N
there exists a unique homomorphism of Lie superalgebras 7 : K — K’ and a unique
homomorphism of Lie superalgebras 7 : J — J' such that f'or = fand mrog = ¢'o7.

Or, equivalently, the following diagram commutes.

0 v J 2 k1, s 0
I I I
T | 1 1d
v A

0 s J -2 5 K/ s L s 0

We may say that K is a universal central extension of L by .JJ. Note that two universal

central extensions of L are isomorphic as Lie superalgebras by the universal property.

It was shown in [I1] that the universal central extension of a Lie superalgebra L exists
if and only if it is perfect, i.e., L = [L, L]. Additionally, in the same paper, it was
shown that, given a Lie superalgebra L over a base superring S containing %, we may

form the S-supermodule

uce(L) = (L® L)/B

where B is the S-submodule of L ® L spanned by all elements

z@y+ (-1 My @,

(—D)Hz @ [y, 2]+ (=1)¥ly @ [z,2] + (-1)* V2 @ [z, y).

Denote x ® y + B in uce(L) by (z,y). The S-supermodule uce(L) satisfies all of the

21



conditions of a Lie superalgebra with respect to the product

[<l1, lg>, <l3, l4>] = <[ll, lg], [13, l4]> fOI' lz - L,

and, furthermore, the map

u:uce(l) —» L

(z,y) = [z, 9]

is a universal central extension of L.

As an example, we may consider the special linear Lie superalgebra sl(m,n; A). This
Lie superalgebra is perfect and has the universal central extension st(m,n; A), for

m +n > 5, the corresponding Steinberg Lie superalgebra (see [5]).

Central extensions in the category of Hom-Lie superalgebras are defined in [2]. A
central extension of a Hom-Lie superalgebra (K, [, |k, ax) is a short exact sequence

of Hom-Lie superalgebras

0 —— (J’ ["']J’QJ) L) (K7 ['7']K7O‘K) L) (L7 ['7']L7aL) —0

such that Ker(f) is contained in the center of K, i.e., [K, g(J)]x = 0. The universal

central extensions of Hom-Lie superalgebras are defined similarly as in the case of Lie

22



superalgebras.

4.2 The functor uce for Hom-Lie superalgebras

Universal central extensions of Lie superalgebras and Hom-Lie algebras are con-
structed in [11] and [4]. In this section, we will construct universal central extensions

of Hom-Lie superalgebras.

Let S be a base superring containing % Let L be a Hom-Lie Superalgebra over S
with an even supermodule homomorphism « (i.e., a homomorphism that respects
the Zy-grading). Consider the supermodule L ® L over S. Now, define B to be the

S-submodule of L ®g L spanned by elements

rey+(-)" My e,

(—1)Ha(z) @ [y, 2] + (-1 Wa(z) @ [z,9] + (~1)"Fla(y) @ [2, 2],

where z,y, z € L. Define the supermodule

uce(L) = (L®s L)/B

and let

(r,y) =2 ®@y + B cuce(L).

23



We claim that the supermodule uce(L) is a Hom-Lie superalgebra over S.

Proposition 4.2.1. Let S be a base superring containing % Let L be a Hom-Lie
superalgebra over S with an even homomorphism «. Then the supermodule uce(L)

is a Hom-Lie superalgebra over S with respect to the product

[, Juce(zy  uce(L) x uce(L) — uce(L)

((v1, v2), (v3,0v4)) = ([v1, V2], [vs, va]),

and the even supermodule homomorphism

@ :uce(L) — uce(L),

(v1,v9) = {a(v1), a(v2)),

where v; € L and [, -] is the product in L.

Proof.

We need to check that uce(L) satisfies the super skew-symmetry and super Hom-

Jacobi identity that guarantee that uce(L) is a Hom-Lie superalgebra.

First, we want to show that [z, yluce(r) + (—1)|x|‘y|[y,x]uce(L) = 0 where z,y € uce(L).

Let o = (v1,v9) and y = (w;, wy) for some vy, w; € L. For brevity, we set L = uce(L).

24



Note that |(vy,va)| = |[v1,ve]|. Then

[z, )7 + (=)W y, 2]z = [(v1, 0), (wr, wa)]g + (= 1)1 re2lene2l [, ), (0, v9)]7

— <[Ula U?]J [wla w2]> + (_1>|[Ul7v2]”[w17W2”<[w17 U)Q], [Ula U2]>
= [v1,v2] ® [wy, wo] + B+ (= 1)rellltoneallfoy ay) @ [vg, v5] + B

=0 in uce(L).

Second, we want to show that

for x,y,z € uce(L). Let z = (ay,a2),y = (b1, b)),z = (1, o) for some a;, b;,¢; € L.

Then

(—D)"H[@(2), [y, 2)zlp = (~1)ferelerela((ar, az)), [(b1,02), (1, e2))zlz
= (=pleveellievel(aar), a(a)), (b1, b2, [e1, c2)) ]z
= (—1)levesllievelliaar), a(as)], [[br, bel, [e1, c2]])
= (—1)levesllievella(ar), a(az)] @ [[br, ba), [er, c2]] + B

— (_1)|[al7a2”|[cl,c2”a([a17 az)) @ [[b1, ba], [c1, c2]] + B
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Hence,

(=) [[@(2), [y, 2zl + (=)W [[@(2), [=, ylzlz + (=D ([@y), [z, 2lz)z
:O[al,az},[bl,bz},[cl,cz] (_1)|[a1’a2]||[01’62“04([ah OLQ]) X [[51, 52], [01, 62]] + B

=0 in uce(L).

Next, we will show that the construction uce(L) gives a central extension of L.

Proposition 4.2.2. Assume a Hom-Lie superalgebra L is perfect. Then the even

S-linear map

u:uce(L) — L

(z,y) = [z, 9]

is a surjective Hom-Lie superalgebra homomorphism with kernel Keru C 3(uce(L)).

Equivalently, uce(L) is a central extension of L.

Proof. First, we want to show that u is, in fact, a Hom-Lie superalgebra homomor-

phism. In order to do so, we need to check two conditions.

1. First, we want to show [u(x),u(y)] = u([x,y]) where z,y € uce(L). Let z =
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(x1,22), y = (y1,y2) for some x;,y; € L. Then

(), u(y)] = ({1, 22)), u((y1, 42))]
= [[z1, 2], [y, 2]
= u({[z1, 22]; [y1, 3]))
= u([(z1, 22), (Y1, 92)I1)

= u([z, ylz)

2. Secondly, we want to show a(u(z)) = u(@(z)) for any = = (z1,z3) € uce(L). In

fact,

a(u((z1, 22))) = a([z1, 22])
= [a(a1), az2)]
= u({a(z1), a(r2)))
=u(a({x1,x2))).

Next, we need to check that u is a central extension of L. Let v = (71,7) € Keru

27



and | = (ly,ls) € uce(L) for v1,79,11,ls € L. We want to show that [y, ]z = 0.

[77 l]f = [<71; 72)7 <l17 l2>]f

= ([y1,72); [, l2])

= <Oa [lh l2]>

= [O’ <l17 l2>]f

= 0.
Finally, Imu = [L,L]. Because L is perfect, Imu = L. Hence, u is surjective.
Therefore, uce(L) is a central extension of L. [

The goal of the rest of this section is to show that if L is perfect, then uce(L) gives a
model for the universal central extension of L and, furthermore, uce defines a covariant
functor on the category of perfect Hom-Lie superalgebras. A similar result was proven
in [4] for hom-Lie algebras and in [II] for Lie superalgebras. We will be following

their methods to show the result for Hom-Lie superalgebras.

Theorem 4.2.3. Assume (L,ap) is a perfect Hom-Lie superalgebra. Then

(uce(L), @) is a universal central extension of (L, ay).

Proof.
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Assume L is perfect and suppose there exists another central extension

0= (M, an) 5 (K,ax) S (L,ay) = 0

In order to show that uce(L) is a universal central extension of L, we must show that

there exists a unique pair of homomorphisms (¢, 1)) such that the following diagram

commutes (equivalently, 7o ¢ = u and ¢ 0 i; =iy 0 1),

0 —— (Keru, &) —2 (uce(L),a) —— (L,a) —— 0
@ iId

. -
0 —— (M,ay) —2— (K,ag) —— (L,a) —— 0

&L——-

|
1%
N2

Since L is perfect, we know uce(L) is perfect. Therefore there exists at most one

homomorphism from uce(L) to K. Thus, we only need to show that a homomorphism

¢ : (uce(L),@) — (K, ak) such that 7o ¢ = u exists.

We claim that the mapping ¢ defined as follows meets these requirements. For [y, 1, €

L, define

¢ (uce(L), @) = (K, ak)

<l1, l2> —> Uﬁ, kQ]

where (k) = I and 7(ky) = lo.
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First, we can check that ¢ is well-defined. Suppose there exist kq, ko, j1, j2 € (K, ak)

such that for ll, l2 € L, W(k?l) = ll,’ﬂ'(jl) = ll,’ﬂ'(kig) = lg,ﬂ'(jg) = lg.

Note that

(k1 — J1, ko + jo] = [k1, ko + jo] — [J1, k2 + Jo

= [y, ko] + [k1, ja] — [J1, k2] — [J1, Jal-

Hence,

(k1 — J1, ko + jo] — [k1, Jo] + [J1, k2] = [k1, k2] — [j1, J2]-

Because k; — j; € Kerm and K is a central extension of L, [k; — j1, ks + jo] = 0.

Therefore,

(K1, ko] — (g1, o] = [1, ko] — [K1, Ja]. (4.1)

Similarly,

(k1 + 1, ko — jo] = (K1, k] — [k1, ja] + [J1, k] — 41, Jal,

and, because ko — jo € Kerm and K is a central extension of L, [k + j1, ko — jo] = 0.

So we have

(K1, ko] — (g1, o] = [k1, J2] — [j1, kel (4.2)
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Combining equations (4.1) and (4.2) yields

(K1, ko] = [J1, Jo] = — ([k1, ko] — [J1, J2])

which implies that [k, k2] = [j1,72] = 0. So ¢ is well-defined.

Next, we will check that ¢ respects the product. Let z,y € uce(L) where x =

(x1,22),y = (y1,y2) and w(x1) = ky, w(x2) = ko, m(v1) = k3, (y2) = k4. Then

o[z, ylz) = o([(z1, 22), (Y1, ¥2)|7)
= ¢({[z1, z2], [y1,92]))
= [[k1, ko, [k, ka]

= [o((21,22)), 6((y1, 2))]-

Furthermore, we need to check that ¢ o @ = ay o ¢. Let (I1,l5) € uce(L). Then

(@ oa@)((lh,12)) = ¢({ar(lh), ar(l2)))

= [kla k?]v

31



where (k1) = ar(l;) and 7(k2) = ar(lz). Additionally,

(axc 0 @) ((, l2)) = e ([, K3))

= [ax(k)), ax (k)]

where 7w(k}) = l; and 7(k}) = lo. Note that k; — ax (k) € Kern for ¢ = 1,2 since

(ki — ax (ki) = m(ki) = m(ax (k)
= m(ki) — ar(m(k}))
= OéL(li) — O./L(li)

=0.

Because K is a central extension of L,

0= [k — axc(ky), ko] + [k — ax(kY), ax (k)]

= [k, ko] = [ouc (k) ko] + [k, cuc (K3)] — lore (), aue (K3 )]

Hence,

k1, ko] — [ (kY), are(KS)] = [oure (Ky), ko] — [, e (e

Similarly,

0 = [k, by — (k)] + [ax (K)), ks — a(kh)],
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which implies

[y, ko] — [axc (K1), cuc (K3)] = [er, e (R)] — [ouc (Ky), K]

Because [k1, ko] — [ax (K]), ac (Kb)] is equal to its additive inverse, we have shown that

[k, ko] — [axc (k) ac (K3)] = 0.

Therefore, ¢ is a Hom-Lie superalgebra homomorphism.

Finally, we can check that 7o ¢ = u since

™o ¢(<$1,$2>) = 7T([k‘llv kQ])

where (21, 22) € uce(L) and 7(xy) = ky, m(x2) = ko.

We can obtain the map ¢ by restricting ¢ to Keru. We can easily check that ¢poi; =

iy 0. So (uce(L), @) is a universal central extension of (L, ay). |

In order to consider the uce construction as a functor on the categories of Hom-Lie
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superalgebras, we need one more result. Namely, we need to prove that a morphism of
Hom-Lie superalgebras f : L — M with even homomorphisms « and [, respectively,

implies a morphism of Hom-Lie superalgebras

uce(f) ruce(L) — uce(M) : (Iy, ) = (f(l), f(I2))

with even homomorphisms @ and f3, respectively.

Proposition 4.2.4. The construction uce is a covariant functor on the category of

Hom-Lie superalgebras.

Proof.

First, we want to show that [uce(f)(z),uce(f)(y)lzz = uce(f)([z,y]r) where z =

(x1,72), y = (y1, 1) for 1,29, y1,92 € L. For brevity, we write M and L in place of
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uce(M) and uce(L), respectively. Then

[uce(f)(z), uee(f) (y)lar = [uce(f) ({21, 22)), uce(f)({y1, y2))]ar
= [{f (1), f(2)), (f (1), F (Y2 ))lar
= ([f(@1), f(@2)laas [f (1), F(y2)lna)
= (f([z1, w2]r), f([y1,92]1))
= uce(f)({[z1, 221, [y1,v2]1))
= uce(f)([(x1, 22), (W1, 42)I1)

= uce([z, yl7).

Second, we want to show uce(f) oa@ = B ouce(f). Let z1, 25 € L.

uce(f)(@((21,22))) = uce(f)({e(r1), afz2)))
= (fla(z1)), f(a(z2)))
= (B(f(21)), B(f(x2)))

B((f(x1), f(x2)))
Bluce(f)((x1,22))).
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We can check that uce respects composition and the identity morphisms. Therefore,

the uce mapping defines a functor on the category of perfect Hom-Lie superalgebras.

4.3 Direct Limits of Hom-Lie Superalgebras

The uce functor commutes with the direct limit functor for the category of Lie super-
algebras. This result was proven in [12]. In this section, we generalize the result in
[12] to the category of Hom-Lie superalgebras. In particular, our results in this section

recover the results in [9], which deals with the special case of Hom-Lie algebras.

Let (L;, fij) be a directed system of perfect Hom-Lie superalgebras indexed by the
directed set I with direct limit @Li and let u; : uce(L;) — L; be the construction
of the universal central extension of L; defined in section 4.2. Since the functor uce
is covariant, we obtain another directed system (uce(L;), E), where E denotes the

image of f;; under the functor uce. That is, the following diagrams commute.
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L; : > L, uce(L;) fij > uce(L,)

thz‘ hguce(Li)

The ultimate goal of this section is to prove that liguce(Li) > uce (hﬂ Li), i.e., the
direct limit of the universal central extensions of L; is isomorphic to the universal

central extension of a direct limit of perfect Hom-Lie superalgebras L;.

Note that the family u; (¢ € I) defines a family of morphisms on the category of
perfect Hom-Lie superalgebras from the directed system (uce(L;), }Z), with canonical

maps ggi, to the directed system (L;, f;;), with canonical maps ¢;.

Therefore, there exists a morphism l;uguz- : l;nguce(Li) — thZ We claim that

lim uce(L;) is a central extension of lim ;.

Proposition 4.3.1. Let (L, f;;) be a directed system of perfect Hom-Lie superalge-

bras. Then the morphism

@ui : liguce(Li) — hﬂLi

is a central extension of hg L;.
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Proof. If all L; are perfect, then all u; are surjective. Hence, we only need to show

that ligui has a central kernel.

Let x € Ker(lig u;). Then there exists x; € uce(L;) for sufficiently large j such that
x = %(x]) Furthermore, since x € Ker(lig u;), it must be true that 0 = hﬂu,(x) =
¢j(u;(x;)) in the Hom-Lie superalgebra %ﬂ L;. The equivalence relation in the direct
limit implies that u;(z;) ~ 0 in lim Z; if and only if there exists some k > j such
that fj,(u;(z;)) = fjx(0) in Ly. But f;1(0) = 0, so there exists k& > j such that

fir(uj(x;)) =0 in Ly. Also note that ¢p(fix(u;(z;))) = ¢x(0) =0 in limy L;.

We need to show that, for any y € liguce(Li), we have [z, y] = 0. Note that y = gp(yp)
for some p where y, € uce(L,). Now, choose ¢ such that ¢ > k > j and ¢ > p. Note
that fj,(u;(z;)) = (frg © fir)(u;(x;)) = 0 in L, and that, by construction, we have

the following commutative diagram.

Thus, 0 = fj,(u;(z;)) = uq(f;](xj)), which implies f;](:cj) € Ker(u,). Because uce(L,)

is a central extension of L,, Ker(u,) is contained in the center of L,. Therefore,

—~

[fia(25)s foa(Up)luce(zy) = 0. Hence,
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[377 y]liguce(Li) = [aj(xj% 5p(yp)]li$uce(Lz)

~ o~ ~

= ¢q([fiq(x), qu(yp)]utE(Lq)) =0.

Suppose that (L;, fi;) is a directed system of perfect Hom-Lie superalgebras. Then
liﬂLi is also perfect and, by Theorem 4.2.3, 4 : uce(lig L) — li_n}Li is a universal
central extension of hﬂLZ Then we obtain a unique Hom-Lie superalgebra homo-

morphism ¢; = uce(¢;) such that the following diagram commutes.

uce(L;) BIEN uce(lg L;)

FT

Z—>1£L

-~

Because ¢; = uce(¢;) = uce(¢; o fi;) = uce(p;) o uce(f;;) = ¢; o uce(f;;), the outer

triangle in the diagram below commutes.

uce(fiz)

uce(L;)

uce(li% L;)

Therefore, by the universal property of the direct limit, lguce( i), there exists a
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unique Hom-Lie superalgebra morphism ¢ : ligluce(Li) — uce(lig L;) such that the

above diagram is commutative.

This brings us to the main result of this thesis.

Theorem 4.3.2. Suppose that (L;, fi;) is a directed system of perfect Hom-Lie

superalgebras. Then the map

¢ : limuce(L;) — uce(lim L;)

is an isomorphism of Hom-Lie Superalgebras and hguz : liguce(Li) — ligLi is a

universal central extension of hg L;.
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Proof.

Because ligLi is perfect, we have a universal central extension 4l : uce(lig L) —
liﬂLi. By proposition 4.3.1, we also have a central extension ligui : liﬂuce(Li) —
liﬂLi. Therefore, by the universal property of the universal central extension 4,
there exists a unique Hom-Lie superalgebra homomorphism 1 such that the following

diagram commutes.

uce(lgq L;)

We claim that ¢ o ¢ = Idlgm(Li) and ¢ o) = Iduce(lgLi) For the proof of both of

these claims, we use the following diagram.

o

/_/_\¢

uce(L;) LN hguce(Li — uce IA’IL)

L; » IQL

Note that 4 is a homomorphism from uce(lig L;) to lim L;, and so is &l o (po)). By
the universal property of uce(lig L;), if we can show that Lo (¢o1)) = 4, we will have

shown that ¢ o = Id Because U = h'gui o 1, we only need to show that

uce(lig L;)-
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Hoop = hgqu, This follows from the fact that ﬂ0¢0¢§i = 4o al = ¢p;ou; = liguiogi.

To check that vo¢p = Idlg uee(L;)> Dy the universal property of hg uce(L;), it is sufficient
to check that (@/)ogb)ogfi;i = g’bvl We’ve already shown that gbogz?i = g/b\i, thus, we only need
to show that ¢O$i = ¢1 This is true since liguiowoqgi = ﬂo@ = ¢;ou; = ligquiogi

and the perfectness of uce(L;) implies that v o g@ = gfbvz

Y

Therefore, liguce(Li) = uce(liﬂ L;) as Hom-Lie superalgebras and hence limw;

lignuce(LJ — hﬂLi is a universal central extension of hﬂ L;. [ |

42



References

1]

Ammar, F. and Makhlouf, A., Hom-Lie superalgebras and Hom-Lie admissible

superalgebras. Journal of Algebra, 324 (2010), 1513-1528.

Ammar, F. Makhlouf, A., and Saadaoui, N., Cohomology of Hom-Lie superalge-
bras and g-deformed Witt superalgebra. Czechoslovak mathematical journal, 63

(2013), 721-761.

Binz, E., Pods, S., The geometery of Heisenberg groups: with applications in
signal theory, optics, quantization, and field quantization, Mathematical Surveys

and Monographs, Vol. 151, American Mathematical Society, 2008.

Casas, J.M., Insua, M.A., and Pacheco, N., On universal central extensions
of Hom-Lie algebras. Hacettepe Journal of Mathematics and Statistics, 44 (2)

(2015), 277-288.

Chen, H, Sun, J., Universal central extensions of sl,,,,, over Z/2Z-graded algebras.

Journal of Pure and Applied Algebra, 219 (9) (2015), 4278-4294.

43



[10]

[12]

[13]

[14]

Hartwig, J.T., Larsson, D., and Silvestrov, S.D., Deformations of Lie algebras

using o-derivations. Journal of Algebra, 295 (2006), 314 - 361.

Humphreys, J., Introduction to Lie algebras and representation theory, Graduate

Texts in Mathematics, Vol. 9, Springer, 1994.

Kac, V.G., Lie Superalgebras. Advances in Mathematics 3 (1977), 8-96.

Khalili, V., Universal central extension of direct limits of Hom-Lie algebras.

Czechoslovak Mathematical Journal, (2018). DOI:10.21136/CM.J.2018.0290-17.

Lane, S.M., Categories for the Working Mathematician. Graduate Texts in Math-

ematics, Vol. 5, Springer, 1978.

Neher, E., An introduction to universal central extensions of Lie superalgebras.

Math Appl., Vol. 555, Kluwer Acad. Publ., Dordrecht, 2003, 141-166.

Neher, E. and Sun, J., Universal central extensions of direct limits of Lie super-

algebras. Journal of Algebra, 368 (2012), 169-181.

Wess, J. and Bagger, J., Supersymmetry and Supergravity, Princeton Series in

Physics, Vol. 294, Princeton University Press, 1992.

Yau, D., The Hom—Yang—Baxter equation, Hom—Lie algebras, and quasi-
triangular bialgebras. Journal of Physics A: Mathematical and Theoretical, 42

(16) (2009), 165-202.

44



	Universal Central Extensions of Direct Limits of Hom-Lie Superalgebras
	Recommended Citation

	Contents
	Abstract
	Introduction
	Categories and Functors
	Hom-Lie Superalgebras
	Lie Algebras
	Lie Superalgebras
	Hom-Lie Superalgebras

	Central Extensions
	Generalities of Central Extensions
	The functor uce for Hom-Lie superalgebras
	Direct Limits of Hom-Lie Superalgebras

	References

