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GENERALIZING THE GSVD*

MARK S. GOCKENBACH'

Abstract. The generalized singular value decomposition (GSVD) of a pair of matrices is the
natural tool for certain problems defined on Euclidean space, such as certain weighted least-squares
problems, the result of applying Tikhonov regularization to such problems (sometimes called regu-
larization with seminorms), and equality-constrained least-squares problems. There is an extension
of the GSVD to pairs of bounded linear operators defined on Hilbert space that turns out to be a
natural representation for analyzing the same problems in the infinite-dimensional setting.

Key words. singular value decomposition, Hilbert space, weighted least-squares, Tikhonov
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1. Introduction. One of the most useful constructs in numerical analysis is the
singular value decomposition (SVD) of a matrix (see, for instance, [5] or [12]). Given
any matrix A € R"™*™ there exist orthogonal matrices U € R™*™ and V € R™*"
and a diagonal matrix 3 € R™*" such that

A=UxvT

and the diagonal entries 01,02, ..., Oninfm,n} satisfy o1 > 02 > -+ > oninfmny = 0.
If we regard A as defining a linear operator mapping R™ into R™, then the columns of
V and U define orthonormal bases for the domain and co-domain, respectively, of this
operator. In the new variables defined by these bases, the operator is represented by
the diagonal matrix ¥, which renders many questions transparent. In particular, the
least-squares problem (given b € R™, find 2 € R™ to minimize the residual || Az — b||2,
where || - ||2 represents the Euclidean norm) is easily solved using the SVD of A. When
A fails to have full rank, so that the solution to the least-squares problem is not unique,
one approach to selecting one of the infinitely many least-squares solutions is to choose
the one with the smallest Euclidean norm. This minimum-norm least-squares solution
is also easily identified using the SVD of A.

Certain least-squares problems are defined by two matrices rather than one. For
instance, instead of the minimum-norm least-squares solution of Az = b, it is often
preferable to compute the solution of
min || Bz|)3

1.1
(L.1) s.t. x is a least-squares solution of Ax = b,

where B € RP*™ is another matrix. In cases when the solution of (1.1) is not well-
determined from a numerical point of view, it is common to apply Tikhonov regular-
ization and replace (1.1) by the problem

(1.2) min || Az — b3 + A|| Bz |3,
we n
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where A a small positive number known as the regularization parameter. As one more
example, we mention the equality-constrained least-squares problem,

(1.3) min || Az — b]|3
s.t. Bx =d,
where now b € R™, d € RP are given.

To analyze problems such as (1.1), (1.2), and (1.3), the generalized singular value
decomposition (GSVD) is useful. We now present one version of the GSVD [1, The-
orem 22.2] (see also [7], [13]). The notation N(A) represents the null space of the
matrix A.

THEOREM 1.1. Let A € R™ ™ B € RP*"™ be given, and suppose m > n and
N(A)NN(B) = {0}. Then there exist a nonsingular matriz W € R"*", matrices
U e R™ ™ V & RP*P with orthonormal columns, and diagonal matrices S € R"*™,
M € RP*™ such that

A=USW™!, B=VvMW L

Moreover, the diagonal entries of S and M are nonnegative and
STS+M"™ M =1.

The condition that STS+M7T M = I means that the diagonal entries s, 52, ..., 5,
of S and mj, mg, ..., my, of M satisfy

s24mi=1,4i=1,2,...,p,
si=1,1=p+1,p+2,....n

(assuming for convenience that n > p).

For the purposes of analysis (determining existence and uniqueness of solutions,
analyzing the conditioning of problems, analyzing convergence of algorithms, and so
forth), the GSVD is often the tool of choice for problems such as (1.1), (1.2), and
(1.3).

The purpose of this paper is to derive an analogous representation for general
linear operators defined on Hilbert spaces and indicate how this representation can
be used to analyze the infinite-dimensional analogues of (1.1), (1.2), and (1.3). In
the representation to be presented, multiplication by a diagonal matrix on Euclidean
space is generalized to multiplication by a bounded measurable function on L?(1u),
where (M, p1, A) is a measure space and L?(u) denotes the space of square-integrable
functions defined on M. To be specific, if § : M — R (where R denotes the set of
extended real numbers) is an essentially bounded measurable function, then we define
the multiplication operator my : L?(u) — L?(u) by

(mof)(t) = O(t) £(t) for all t € M.

The SVD can be extended to a singular value expansion (SVE) of a general
bounded linear operator defined on Hilbert spaces. We will provide a proof based on
the well-known polar decomposition of an operator. In the following theorem, we use
the concept of a partial isometry. If X and Y are Hilbert spacesand U : X — Y is a
bounded linear operator, then U is called a partial isometry if it defines an isometry
on the orthogonal complement of its null space.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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THEOREM 1.2. Let X and Y be real Hilbert spaces and let T : X — Y be a
bounded linear operator. Then there exist a measure space (M, A, ), an isometry
Vi L2(u) — N(T)*, an essentially nonnegative, bounded, measurable function o :
M — [0,00), and a partial isometry U : L*(u) — R(T) such that

(1.4) T=Um,V '

Moreover, N(U) = N(mg) (and hence Ulpr(m, )1 is an isometry).

If N(T) = {0}, then U itself is an isometry.

Proof. The polar decomposition theorem [10] shows that T' can be written as T' =
WA, where W : X — Y is a partial isometry and A : X — X is a positive self-adjoint
operator. Moreover, N(W) = R(A)+ = N(A*) = N(A) = N(T). By the spectral
theorem [6], there exist a measure space (M, A, ), an isometry V : L?(u) — X, and
a bounded measurable function o : M — R such that

A=Vm, V1L

Since A is positive, it is easy to see that ¢ must be nonnegative. We define U :
L?(u) =Y by U =WV. For R =R(A), we have |Wz|ly = ||z||x for all x € R and
Wz =0 for all x € R*+. Therefore, if S = V~!(R), then

1Uflly =WV flly = IV flx = [[fllz2u for all f €S

and
Uf =WV f=0forall fc St (since V(S*+) = Rt because V is unitary).
This shows that T = Um,V !, U is a partial isometry, and N'(U) = N (m,). 0
In the special case that T': X — Y is compact, the SVE can be written as
o0
(1.5) T =Y 0w ® ¢,
k=1

where {¢} is an orthonormal sequence in X, {t¢} is an orthonormal sequence in

Y, and 01 > 09 > -+ are positive numbers converging to zero. Moreover, {¢y} is
a complete orthonormal set for N'(T)* and {¢;} is a complete orthonormal set for
R(T).

We will now show that (1.5) is an example of Theorem 1.2. Let us define M = Z+,
A = P(ZT) (the power set of ZT), and p to be counting measure (that is, for an
E C Z*, u(E) is the cardinality of E). Then L?(p) is the space of square summable
sequences of real numbers (usually denoted by ¢?) and, for a = {a}} € L?(p),

[ar=>at
k=1
We define V : L?(u) — N(T)* by
V(o) = Zamk-
k=1

Then it is straightforward to verify that V is an isometry and that V' = V* is
defined by

(V7(@), = (bra)x. k=1,2,....

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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The sequence o = {0y} is bounded and measurable with respect to the measure space
(M, A, i) and
mea = {opag}.

Finally, U : L?(11) — Y is defined by

Ua = Zak’(ﬂk.

k=1
Therefore, for each x € X, we have

o0

UmeV ' = (meV '), tr =Y ok (dn,x)x r
k=1

k=1
(Z ok @ ¢k> z

k=1
=Tux.

This shows that T = Um,V ! and also that Um,V ! is just another way of writing
(1.5), the usual SVE of T.

In the next section, we derive an analogue of the GSVD for pairs of linear op-
erators. Section 3 describes three applications in which this expansion is useful. In
an important special case, we can produce the explicit form of the expansion and ap-
proximate it numerically using a Galerkin algorithm. This is presented in section 4.

2. A generalized SVE for general linear operators. To derive our main
result, we will need the following lemma.

LEMMA 2.1. Let (M, A, u) be a measure space and let 0 : M — [0,00] be a mea-
surable function that is positive and finite a.e. Define

S={fel(w : 07 f e L)}
Then S is dense in L*(p).

Proof. Let f € L?(u) be given. For any € > 0, since f? is integrable, there exists
a measurable subset N, of M such that u(N.) < oo and

/ f<e
M\N.

(To see this, note that Theorems 2.10 and 2.14 of [3] imply that there is a simple
function g : M — [0,00) such that |[g— [ f?| < e. Define N, to be the support
of g. It is clear that u(N.) < oo, since otherwise g could not be integrable.) Now
let € > 0 be given. Define, for each k € Z*, Ey, = {x € M : 0(z) < 1/k} N N /o,
Fy = (M \ Ey) N Nja, and fi, : M — [0,00) by fr = fxr, (Where x4 is the indicator
function of A € A). We wish to show that f; € S for all S and, for k sufficiently

large, || fr — fllz2(u) <€
It is obvious that fi € L?(x). We have

-1 2 _ -2 2 _ -2 2 2 2 2 2
/(‘9 i) —/9 IxF, = er 7 <k ka Sk/f < 00

(since @ > 1/k on F},). This shows that 671 f, € L?(p), that is, fx € S.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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Finally, M = F}, U Ex U (M \ N./2) and therefore

/ (e — )P = /F (e /E (ST /M\Ngm(fkf)Q
/ (f - f)? / 0 1) /M\M(o—f)?
/Ekf2 /M\Ne/z

The second integral is less than €/2 by construction of N/,. Moreover, A fA 12
defines a measure on A (see Proposition 2.13 of [3]). Since Ey11 C Ej for all k and
each Fj has finite measure, we know that

Eka/Eﬂ:o,

where E = N2 By, = {x € M : 0(x) = 0} and u(E) = 0 by assumption. This implies
that
€
1<
FEy 2

for all k sufficiently large and hence that

/(fk*f)2<€

for all k sufficiently large. Thus fx — f in L?(u) and we have shown that S is dense
in L2(u). |

We can now state and prove the main theorem of this paper.

THEOREM 2.2. Let X, Y, and Z be real Hilbert spaces and assume thatT : X —
Y, L: X — Z are bounded linear operators. Assume also that there exists v > 0 such
that

(2.1) (T*T + L*L)z,z) > 7y|z|% for all x € X.

Then the following hold:

o There exist measure spaces (Mq, Aq, tta), (My, As, tp), and (Mo, Ao, to) such
that X is isomorphic to L*(p), where (M, A,u) is the direct sum of
(M, Aa, 11a), (Mp, Ap, i1p), and (Mo, Ao, o).

o There exists an isomorphism W : L?(u) — X under which L*(ug) is iso-
morphic to N(T), L*(up) is isomorphic to N'(L), and L*(uo) is isomorphic
to

={z€X : L*"Lr e N(T)" and T*Txz € N(L)*}.

e There exist a partial isometry U : L?(u) — Y and a bounded measurable
function a : M — [0,00) such that

T =Um,W .

Moreover, a = 0 on M,, N(U) = L?(uua), and U defines an isometry from
L (1) ® L*(po) onto R(T).

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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o There exist a partial isometry V : L*(u) — Z and a bounded measurable
function b: M — [0,00) such that

L=VmW1

Moreover, b = 0 on My, N(V) = L?(u,), and V defines an isometry from
L?(1a) © L*(so) onto R(L).
e Finally, a and b satisfy a®> +b> =1 on M.

Proof. The spectral theorem for self-adjoint operators implies that there exist a
measure space (M, Ay, p1), an isometry Uy : L?(u1) — X, and a bounded measurable
function 8 : M; — R such that

T*T + L*L = UymgU; .

Moreover, since ((T*T + L*L)x, ) > 0 for all x € X, we know that § > 0. We will
show that there exists 6 > 0 such that 8 > § a.e. in M;. If this is not true, then, for
all k € Z*, p1(Ey) > 0, where

Ey={x e M : §(z) <1/k}.
But then
<(T*T + L*L) UlXEm UlXEk>X = <Uf1 (T*T + L*L) UlXEk7XEk>L2(/L1)

= <m9XEk7XEk>L2(N1)
1

S E <XEk7XEk>L2(,u1)

1

k (UixE, UixEy) x »

where Uy xg, # 0 in X. Since this holds for all k € Z*, we obtain a contradiction to
(2.1). This shows that there exists 6 > 0 such that § > § a.e. in M;. It follows that
my, where o = /8, is an invertible operator with a bounded inverse m,—.

Let us define Wy : L?(uy) — X by Wy = Uym,—1. Notice that

W (T*T + L*L) Wy = m, Uy H(T*T + L* L) Uymgy—1 = my,—1memy-—1 = my,

where m; is the multiplication operator on L?(u1) defined by the constant function
1 (my is the identity operator on L?(ju1)).
Next, we define A : L?(u1) — L*(u1), B : L*(p1) — L*(pa) by A = WFT*TW,
B = Wi L* LW, respectively. Since A is a bounded self-adjoint operator on L?(j1)
with
(Af, ) oy > 0 for all f € L*(2),

there exist a measure space (M, A,p), an isometry @ : L?(u) — L*(u1), and a
bounded measurable function a : M — [0,00) such that Q1 AQ = m,2. We now
define an operator W : L?(u) — X by W = W;Q; notice that W is an isomorphism
because both W and @ are isomorphisms. Moreover,

W*T*TW = Q"W T*TW1Q = Q1 AQ = my,»

and
W* (T*T + L*L)W = Q™'W; (T*T + L*L) W1Q = Q 'm1Q = my

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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(in this last series of equations, m; first represents the identity on L?(u;) and then
the identity on L?(u)). But then

W*L*LW = W* (T*T + L*L - T*T)W = W* (T*T + L*L) W — W*T*TW
=M1 — Mg2

=MmMj_g2.

Since (W*L*LW f, f)12(,) = 0 for all f € L3(p), it follows that 1 — a® > 0 must
hold a.e. and hence we can define a bounded measurable function b : M — [0, 00) by
b =1-a%

We now define

My={zxeM :alx)=0}, Au={ENM, : E€ A}, p.(G) = pu(G) for all G € A,,
My={xeM:b(z)=0}, Ab={ENM, : E € A}, 14(G) = u(G) for all G € Ay,
My =M\ (M, UM,), Ao ={ENM, : E€ A}, u(G) = p(G) for all G € A,.

Since a? + b? = 1, it follows that M,, M,, and M, partition M into disjoint sets.
Therefore, (M, A, 1) is (isomorphic to) the direct of the measure spaces (M, Aq, fta),
(My, Ay, ), and (Mo, Ao, f10), and L?(u) is (isomorphic to) the direct sum of L?(p,),
L*(up), and L (puo).

It is now easy to show that W defines a bijection from L?(u,) onto N(T) and a
bijection from L?(u) onto N'(L). For example, if f € L?(p,) (regarded as a subspace
of L?(u)), then we have

ITW IS = (LW T TW f) 12, = (fomaz ) 2 =0

because a = 0 on M, and f = 0 on M\ M,. Therefore, W f € N(T) for all f € L*(p,).
Conversely, if z € N'(T), then

0=|Tzlly = (z,T"Tx) y = <x, W_*mazW_1x>X = <W_lx;ma2W_1x>L2(M)

:/Mb(aW_lx)2+/M0(aW_1x)2.

This implies that aW 1z = 0 a.e. on M, UM, and hence, since a > 0 on MyUM,, that
W=tz =0 on M, U M. This shows that W1z € L?(u,). It follows that f € L?(u,)
if and only if W f € N(T). The proof that f € L?(u) if and only if Wf € N(L) is
similar.

Next, we must show that f € L?(juo) if and only if W f € X. First, suppose that
f € L%(uo). Then, for any v € N(L),

(w, T*TWf) y = (T*Tu, W f) x = (T*T + L*L)u, W f)

(because L* Lu = 0). We know that W*(T*T+ L* L)W is the identity on L?(1), which
implies that T*T 4+ L*L = W—*W L. It follows that

(u, T*TW ) x = (W W lu, Wf), = (W u, f) 0

L2(n) —

because W~tu € L?(up) and L?(up), L*(po) are orthogonal subspaces of L2(j).
Therefore,
weN(L) = (u,T*TWf)y =0,

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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and hence T*TW f € N(L)*. The proof that L*LW f € N(T)* is similar, and we
see that Wf € X, for all f € L?(ug). Conversely, suppose z € Xg. Consider any
f € L?(ua). We know that W £ € N(T) and hence
(Wf,L"Lz)y =0 = (L"LWf,2),y =0= (I"T+ L"L)YWf,z), =0
= WW'Wfz), =0
= (LW lz) =0

Since f was an arbitrary element of L?(j,), this shows that W'z € L2(u,)*. A
similar argument shows that W1z € L?(u)*, and hence

Wla € (L3 (pa)* & L2(u)*) ™ = L (o).

Thus we have shown that W f € X, if and only if f € L?(uo).
Now let us define

Sa = L*(1a) @ {f € L* () ® L* (o) = a™'f € L*(p)} .

(Here it is understood that a=!f = 0 on M,.) An argument similar to the proof of
Lemma 2.1 shows that S, is dense in L?(u). Define U : Sq — Y by Uf = TWm,-1 f.
Then Uf =0 for f € L*(u,) and, for f € L2(up) ® L* (o),

IUFI5 = (TWmg-s f,TWmg-1f)y = (f,ma-1 W T* TWmg-1f) 12,
= (/, maflma‘zmaflf)m(u)
= e
= 1£ 1120

This shows that U is bounded on the dense subspace S, and satisfies ||[Uf|ly =
[ fllL2() for all fin S, N (L2 (us) & L*(po)). It follows that U can be extended to a
bounded linear operator (still denoted by U) defined on all of L?(x) and satisfying

IUflly = I fllc2qu for all f € L*(pa) @& L (po).
We now wish to show that

Um,W 'z =Tz for all z € X.

We know that W maps L?(u,) onto N(T) and L?(up) @ L%(p0) onto N (L) + Xo;
moreover, X is the (nonorthogonal) direct sum of N'(T') and (N (L) + Xo). Therefore,
it suffices to prove that Um,W ~tx = Tx for all z € N(T) and for all x € N'(L) + X.
For any = € N(T), we have W1z € L?(u,) C S, and therefore m,W =1z =0 in M
because a = 0 on M, and W'z = 0 on M, U My. Thus

Um,W 'z =U0=0="Txz.
If x € N(L) + Xo, it is easy to see that m,W 1z € S, N L?(up) ® L*(110) and hence
Um Wtz = TWma_lmaW_lm =TWW 'z = Tuz.

This completes the proof that Um, W1 = T.
It remains only to show that R(U) = R(T'). By definition, R(U) C R(T'). Given
any y € R(T), we can find a sequence {f,} C L?(up) ® L?(u10) such that TW f,, — y.

Then

{TWfa} = {UmW W f} = {Uma fu}

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 02/26/19 to 141.219.44.85. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

GENERALIZING THE GSVD 2525

is a Cauchy sequence and therefore, since U is an isometry on L?(up) @ L?(uo), it
follows that {m,f,} is a Cauchy sequence in L?(u1). Suppose m,f, — f. Then

Uf= lim Uny,f, =y,
n—oo
which shows that y € R(U). Thus R(U) = R(T), as desired.

A similar argument shows that V = LWmy-1 defines a bounded linear operator
mapping a dense subspace of L?(yx) into Z. Extending V to all of L?(u), it can be
shown that |V f|lz = [[f|lr2q) for all f € L*(ua) & L*(po), L = VmpW ™, and
R(V) = R(L). This completes the proof. 1]

We will refer to the representation T = Um W ™', L = Vi, W~! as the general-
ized singular value expansion (GSVE) of the pair T, L.

3. Applications of the GSVE. Throughout the following discussion, we will
assume that X, Y, and Z are real Hilbert spaces and T': X — Y, L : X — Z are
bounded linear operators. We assume that there exists v > 0 such that (2.1) holds
and that T, L are represented as T = Um,W ', L = VmW~!, as guaranteed by
Theorem 2.2.

In many applications, it is necessary to allow L to be a densely defined unbounded
linear operator. In such cases, the usual approach is to define a stronger norm under
which the domain D(L) of L is a Hilbert space. But then Theorem 2.2 can be applied
to T, L, where Ty, : D(L) — Y is the restriction of T to D(L). We will discuss this
in more detail in section 4.

3.1. Weighted least-squares. We first address the problem

(3.1) min ||Lz|%
' s.t. x is a least-squares solution of Tx = y.

To analyze this problem, we begin by defining 3 = projw, the orthogonal projec-

tion of y onto R(T"). We have
1T =yl = 1Tz = g3 + 17—yl = IlUmeW ™z — 73 +1l7 - 3,
and since U, restricted to L?(uy) @ L?(po) is an isometry, we see that
[Um W=z =g} = [mW ™"z — UglL..
Similarly, we have
[Lal|Z = (VW al|Z = [myW ™ a2

We now apply the change of variables f = W ™!z and define f = U*y to conclude
that (3.1) is equivalent to

. win [ 13
. s.t. f is a least-squares solution of m,f = f

(that is, x solves (3.1) if and only if f = W'z solves (3.2)). We note that U*,
restricted to R(T)*, is the zero operator, and therefore U*7 = U*y.
We can now analyze (3.2). First, we note that

R(ma) = {f € L* () ® L*(po) = a™"'f € L*(u)}
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(here a=!f = 00-0 on M,, and we always interpret co-0 as 0). By Lemma 2.1, R(m,)
is dense in L?(up) ® L?(uo), and it follows that

inf{|maf — fllz> « f € L*(1)} =0
always holds. Therefore, (3.2) is equivalent to

min [[mef|7

(3.3) -~
st.mof=f
and m, f = f has a solution if and only if f € R(mg).

Second, it is easy to see that m,, restricted to L?(uy) @ L%(po), is injective, and
it has a bounded inverse if and only if @ is essentially bounded away from zero on
My (that is, if and only if there exists a > 0 such that a > a a.e. on Mjy; note that
a =1 ae. on M). If this condition holds, then R(m,) = L*(up) ® L*(10), (3.2)
has a solution for each f € L?(up) ® L?(uo), and m, 1 is the bounded inverse of my
(restricted to L?(up) ® L%(po)). If it does not hold, then (3.2) has a solution only for
f in a dense suspace of L?(j,) ® L2 (o), and m,—1 is densely defined and unbounded.

Third, if f € R(mg), then m,f = f has a unique solution in L2(up) @ L2 (o),
namely, f = m,-1f. The general solution of mof = f is f = my—1f + g for any
g € L*(j1q). For any such f, we have

myf = mymg-1 f + mag,
which implies, since mymg,-1 f € L?(u0) and mpg € L?(u,), that
lmp flI72 = [[mema— flZ2 + [[msgll 7.
This is obviously minimized by choosing g = 0; hence the solution to (3.3) (when one
exists) is f = mg-1f.
In the case that R(m,) is a proper subspace of L? () ® L?(j10), mqe-1 is a closed

operator. To see this, suppose {f,} C R(M,) satisfies f, — f, my-1fn — g. By
construction, @ < 1 a.e. and hence ¢~ > 1 a.e. on My U My. Therefore

Ima-1fn—gll3e = 0= (@' fn—9)* =0
MyUMyg
_2 2
= a *(fn—ag)* =0
MypUMg
2 —2 2
= (fn*ag) S/ a (fn*ag) —0
MyUM,g MpUMg

= |lfu — aglz: — 0.

Thus f, — ag, which implies that f = ag (since f,, — f by assumption). But then
a~'f € L*(u), which shows that f € R(m,) and g = m,-1f. This shows that m,
is closed.

It is now a straightforward matter to interpret these results in terms of the original
problem (3.1):

1. If R(T) is closed, then (3.1) has a unique solution for every y € Y (because

in this case, 7 belongs to R(T) and therefore f belongs to R(m,)), and this

solution is given by x = Wm,-1U*y. Moreover, x depends continuously on y.
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2. If R(T) fails to be closed, then (3.1) has a solution if and only if y € R(T) @
R(T)*, which is a proper dense subspsace of Y. The solution is still given
by x = Wm,-1U*y, but in this case the operator Wm,-:1U* is unbounded
and the solution z does not depend continuously on y. However, the solution
operator Wm,-1U* is closed (and densely defined).

3.2. Tikhonov regularization. As we have just seen, the weighted least-squares
problem (3.1) can be unstable. One approach to stabilizing the solution process
is Tikhonov reqularization, which involves choosing a small positive number A and
solving

. 2 2
(3.4) min [Tz —ylly + AllLzlz

to obtain an approximate solution of (3.1). We will not attempt a complete analysis
but merely show that (3.4) has a unique solution for every y € Y (even when (3.1)
does not, that is, even when R(T) fails to be closed), that this solution depends
continuously on y, and that it converges to the unique solution of (3.1), when that
solution exists, as A — 0.

The calculations for (3.4) are similar to those for (3.1). We have

1Tz = yll5 + ML ]|Z = T2 =G5 + 7 -yl + MLz
= [UmaW ™ 2 = gl3 + 7 = yll¥ + AVmeW ™zl
= [maW='e = Ugll72 + 17 = ylli + Alme W]
= [maf = flZ: + 17 = yll¥ + Mmofll72,

where, as before, § = projmy, f =U*y = U*y, and we have applied the changes
of variables f = W~1z. Ignoring the additive constant || — y||3-, we see that (3.4) is
equivalent to

(3.5) (i flmaf — FliZe + Amof(1Ze-

The objective function in (3.5) is a convex quadratic in f and the optimality condition
is the linear equation

(mimg + Ampmy) f = mif.
The multiplication operators m, and my are self-adjoint and m}m, + Am;m, is the
multiplication operator m,z yp2. Since a? + Ab? > min{1, A}(a? + b?) = min{1,\},

we see that m,2 2 is invertible with a bounded inverse. Therefore, (3.5) has the
unique solution for each f, namely,

a — a —
hi=aowl=m [a2+)\b2] !

(where we write m[6] for the multiplication operator mg when convenient). Moreover,
it is clear that f, 7 depends continuously on f.
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It ? € R(ma)7 say, ? = maan .fO € LQ(“?J) ® L2(,u’0)7 then .fO = maﬁlf is the
solution of (3.3) and we have

_ b2 _
} f=m | a(a® + )\62)] !

o s
- L a(a? 4+ Ab?) aJo
[ b2

a? +/\b2] fo.

a

fO - fA7? = maflf -m |:a2 +)\b2

|
3

Notice that b = 0 on M, while fo € L?(up) D L (o), that is, fo = 0 on M,. It follows
that
A2pt
2 2
”fo - f)\7f‘|L2 - [\/IO (Cl2 +>\b2)2f0'

AZp? 9 9
(@@ + /o = Jo on Mo

Notice that

and

A2p* 9

mfo —0asA—0

(where the convergence is pointwise). It follows from the dominated convergence
theorem that

Ifo— fr7ll7: = 0as A =0,

that is, f/\J — foas A= 0.
As in the case of the weighted least-squares problem, it is straightforward to
extend the results obtained above to the original problem:
1. For each y € Y, there exists a unique solution x , of (3.4), and z, , depends
continuously on y.
2. If y € R(T) ® R(T)*, then z,, — 20, as A — 0, where x, is the unique
solution of (3.1).

3.3. Equality-constrained least-squares. We now consider the equality-
constrained least-squares problem

min |7z — y||?
56 72—y}
s.t. Lz = z.

As before, we have
1Tz =yl = Imaf = FliZ= + 7 - ul¥

where 7 = projR(T) , f=Uy=U"y, and f = W~ la. Clearly z must lie in R(L) or

else (3.6) has no solution. Let us suppose that z = Vh, where h = V*z € L*(u,) @
L?(uo). The fact that z lies in R(L) implies that A must equal m;W ~1z for some ,
which implies that b=1h belongs to L?(11) (more specifically, to L?(us) ® L?(u0)). We
have

Lr=2 & VmyW e =Vh & myf =h,
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and thus (3.6) is equivalent to

(37) min ||maf _TH%2
s.t. mpf = h.

The general solution of the equation myf = his f = b~1h+ g, where g € L?(u). For
such a function f, we have

Imaf =Fli3e = ||m [5] 7 +mag ~ 7]

Since m[a/b]h is zero on M, U M, g is zero on M, U My and a = 1 on M, and f =0
on M,, we have

2
2’

Imaf = Flize =g = FlZ2qu) + HBh B f‘

L (no)
This shows that (3.7) has a unique solution, obtained by taking g = flaz,; that is, the
solution of (3.7) is f = b~ 'h+ f|n,. We can express f|us, as X, f, where Xy, is the
indicator function of the set Mj.

It is now straightforward to express the above results in terms of the original

problem:

1. If z ¢ R(L), then (3.6) has no solution.
2. If z € R(L), then (3.6) has a unique solution, namely, z = Wm;-1V*z +
WXMb U*y

3.4. Discussion. The results presented in the previous section, while neither
novel nor deep, illustrate the usefulness of the GSVE of Theorem 2.2. It provides a
concrete representation that is convenient for analysis, and it reduces many questions
to elementary measure theory.

The basic optimality condition for (3.1), which is both necessary and sufficient
because the problem is convex, is that L*Lx € N(T)1. It is therefore of interest to
understand the subspace

{reX : L*Lx e N(T)'},
which turns out to be related to the inner product (-,-), on X defined by
(x,u)s = (Tx,Tu)y + (Lz, Lu) z for all z € X.

This inner product was introduced by Locker and Prenter [11], and more details will
be given in the next section. For now, we note that it is easy to show, using (2.1),
that this does define an inner product.

If U is a subset of X, then we will write U* for the orthogonal complement of U
with respect to (-, -)«.

LEMMA 3.1. {z € X : L*Lz € N(T)*} = N(T)*.

Proof. For a given z € X, we have

r € N(T)* & (z,u). = 0 for all u € N(T)
& (T, Tu)y + (Lx, Lu)z = 0 for all u € N(T)
& (Lx,Lu)z = 0 for all u € N(T) (since Tu = 0 for u € N(T))
& (L*Lx,u)x =0 for all u e N(T)
& L*Lr € N(T)*.

This completes the proof. 0
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The following representation of N'(T)* is also of interest.
LeEMMA 3.2. N(T)* = N(L)+ X, where Xq is the space defined in Theorem 2.2:

={z€X : L*"Lr e N(T)" and T*Txz € N(L)*}.

Proof. 1f x € N'(L) + Xy, then it is clear that L*Lx € N(T)*. Suppose, on the
other hand, that z € X and L*Lx € N(T)*. Let T be the projection of x onto N'(L)
under the *-inner product. (Note that L is obviously bounded under the x-norm, and
hence N (L) is closed under this norm.) Then

L*L(x —T) = L*Le — L*LT = L* Lz € N(T)*
and

(x — T, u), =0 for all u € N(L)
= (T'(x—7),Tu)y + (L(x — ), Lu)z = 0 for all u € N'(L)
= (T(x — ), Tu)y =0 for all w € N(L) (since Lu = 0 for u € N (L))
= (I"T(z —7),u)x =0 for all u € N(L)
= T*T(z — ) € N(L)*.

Thus we have shown that x —x € X and hence that
z=T+ (x—7T) e N(L) + Xy,

as desired. 0

According to Theorem 2.2, X is isomorphic to L? (1) = L?(p1a) ® L? (1) ® L2 (o),
and X has the decomposition X = N(T) + N (L) + Xo. This decomposition is not
orthogonal with respect to the X-inner product, but it is easy to check that it is
an orthogonal decomposition with respect to the *-inner product. Moreover, for any
f,9 € L?(u), we have

(f. 9= /M fodu= /M(cﬂ %) fgdp
- / (af)(ag) du + / (bf)(bg) d
M M

= (maf,mag) 2 + {(mpf,mpg9) 12
= (Umqaf,Umag)y + (Vmuf,Vinyg) z
= (Um W W, UmgW W)y + (Vi W W f, Vi, W W)y
= (TWf, TWg>Y + (LW f,LWg)
= (W[, Wg)..

Therefore, W defines an isometry between L?(u) and X under the *-norm; under
this isometry, L?(i,) is mapped to N(T), L?(up) is mapped to N (L), and L?(uo)
is mapped to Xy. This explains why the GSVE is so convenient for the applications
presented in section 3.

As mentioned earlier, in many applications, the operator L is unbounded and
densely defined. We can apply the GSVE of Theorem 2.2 by restricting T" to the
domain D(L) of L and imposing the inner product (-, ).. It can be shown that D(L)
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is a Hilbert space under this inner product and all of the analysis presented above is
valid, with only obvious changes. (For example, the weighted least-squares problem
(3.1) has a solution if and only if 7 € R(TL), where Ty, = T'|p(z).) In this setting,
W : L*(u) — D(L) is an isomorphism (that is, it is continuous with a continuous
inverse). Viewed as an operator mapping L?(;1) into X (with the X-norm), W is still
continuous, although W~ is now unbounded.

4. Computing the GSVE: An important special case. As demonstrated in
section 3, Theorem 2.2 provides a powerful tool for the analysis of certain problems;
Theorem 1.2 does the same for ordinary (unweighted) least-squares and for Tikhonov
regularization. However, the representations of Theorems 1.2 and 2.2 are abstract
in the sense that the form of the measure space(s) is not specified. As noted above,
when T is compact, its SVE can be written as

(4'1) T= Zanwn@)(bnv

n=1

where {¢,} is a complete orthonormal set for N'(T)*+, {¢,,} is an orthonormal set in
Y, and {0, } is a nonincreasing sequence of positive real numbers that converges to
zero. (Here we are assuming that T does not have finite rank; in the alternate case,
the sum in (4.1) is finite. We will not discuss this degenerate case.)

We will now show that the GSVE of the pair T, L has a similarly explicit rep-
resentation when 7' is compact. We will assume that L is densely defined, because
this is the most interesting case, although the reader will notice that we never use the
assumption that the domain of L is a proper subspace of the domain of T

We assume that X, Y, and Z are real Hilbert spaces, that T : X — Y is a
bounded linear operator, and that L : D(L) — Z is linear and closed, where D(L) is
a dense subspace of X. We assume that there exists v > 0 such that

4.2 Tz, Txz)y + (Lx, Lz), > ~|z|% for all z € D(L).
Y z X

We use the inner product (-,-), defined above on D(L) and write || - ||. for the corre-
sponding norm. Following Locker and Prenter [11], we will write 7% for the adjoint
of T regarded as an operator defined on D(L):

(Tz,y)y = <x,T#y>* for all z € D(L),y € Y.

(Above we wrote Ty, to denote the restriction of T to D(L), but henceforth we will
allow the context to determine the domain of 7.) Similarly, we write L# for the
adjoint of L. We will write T* and L* for the adjoints when the X-inner product is
applied on the domain.

We collect some useful results in the following lemma; the proofs can be found in
[11] or [4].

LEMMA 4.1. Let X, Y, and Z be real Hilbert spaces and assume thatT : X —Y
is a bounded linear operator and L : D(L) — Z is a densely defined and closed linear
operator. Assume also that there exists v > 0 such that (4.2) holds.

1. D(L) is a Hilbert space under the x-inner product.

2. T and L are both bounded as operators defined on D(L) (under the x-norm)
and their operator norms are bounded by 1.

3. N(T)N D(L) and N(L) are orthogonal with respect to the x-inner product.

4. T*T 4+ L*L defines an invertible linear operator from D(L*L) onto X, and
(T*T + L*L)~! is bounded under the x-norm on D(L*L).
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5. T# = (T*T + L*L)~'T*.

6. L#|p(p+y = (T*T+ L*L)~'L*, and this operator extends to a bounded linear
operator defined on all of Z.

7. T#T + L¥ L is the identity operator on D(L).

Using these results, together with the assumption that 7" is compact, we can derive
an explicit representation of the GSVE of T', L. We will need one more notation. For
x € D(L),y €Y, we write y®, x for the outer product defined by the #-inner product:

(y @ 2)u = (z,u), y for all u € D(L).

THEOREM 4.2. Let X, Y, and Z be real Hilbert spaces. Assume that T : X —Y
is a compact linear operator and L : D(L) — Z is a densely defined linear operator.
Assume also that there exists v > 0 such that (4.2) holds. Then there exists a complete
orthonormal set {¢, : n € I} for D(L), where I is a countable index set, a partition
MoUM, UM, of I, orthonormal sets {1, : n € MoUM,} of Y, {0, : n € MgUM,}
of Z, and subsets {an : n € I}, {b, : n €I} of R such that

T= Z AnPn R« Gn,

neMoUM,
L= )" buby®. oy,
n€MoUM,
and 0 < ap,b, <1, ai—i—bi:lforallnel.

Proof. Since T is compact with respect to the X-norm, it is also compact with
respect to the x-norm. Therefore, T#T is compact and there exists an orthonormal
set {¢,, : n € E} and a set {\, € R : n € E} such that

T#T = Z )\n(ﬁn R ¢n
nek

Here E is countable index set and {¢,, : n € E} is a complete orthonormal set for
the orthogonal complement (with respect to (-,-).) of N(T) N D(L). By Lemma 4.1,
N (L) is orthogonal to N'(T) N D(L). Moreover, since T#T + L¥ L is the identity,

Le=0 = T#"Tx ==,

which means that every element of N'(L) is an eigenvector of T#T corresponding to
the eigenvalue 1. Similarly,

Tr=0 = L#Lx = x.

We can now choose a complete orthonormal set {¢,, : n € F} for N(T) N D(L)
so that {¢,, : n € I}, where [ = EU F, is a complete orthonormal set for D(L). By
the above comments, we can partition I into MyU MyUM, (MoUM, =E, M, = F)
so that

L# Ly, = ¢, and T, =0 for all n € M,,
T#T¢, = ¢, and L, = 0 for all n € M,

T#T ¢, = Ap¢p and 0 < \,, < 1 for all n € M,.
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We define a,, = v/, for n € My U M, and a,, = 0 for n € M,. Then, for each n € I,
0<a,<1and

L# Ly = (TH*T + L¥ L)y, — T#T ¢, = by — a2 = (1 — a2) .

For each n, we define b, = /1 — a2, so that L# Lo, = b2 .
Finally, we define

U = a, T, n € MyU My,
0, = by, ' Lp,, n € Mo U M,.

It is then straightforward to prove that {¢,, : n € MoUM,} and {6,, : n € MqgUM,}
are orthonormal sets in Y and Z, respectively (the proof is exactly the same as in the
derivation of the finite-dimensional SVD). Also, for any 2 € D(L),

2= (n ), bn

nel

and hence

Tz = Z (On,x), Ty = Z (pn,x), Ty, (since T'p, = 0 for n € M,)

nel n€MoUM,;

Z <¢n; J)>* an"/)n

neMoUM,

Z an('l/}n Qs ¢n)x

neMoUM,

Therefore,

n€MoUM,;

A similar calculation shows that

L= Y byfn @

neMoUM, O

4.1. A Galerkin scheme for approximating the GSVE. We now propose
a Galerkin method for approximately computing the GSVE of Theorem 4.2. Assume
that X,, = span{z; : i =1,2,...,n}, Y, =span{y; : i = 1,2,...,m}, and Z, =
span{z; : i =1,2,...,p} are finite-dimensional subspaces of D(L), Y, Z, respectively.
(Since we will be interested in the convergence as n,m,p — oo and the bases are
allowed to change as n changes, we should write, for example, xE"), i=1,2,...,n, for
the basis elements of X,,. However, we will use the simpler notation.)

The convergence of the method to be proposed will follow from the general theory
for symmetric, variationally posed eigenvalue problems presented in Boffi’s survey
article [2]. We begin by posing the eigenvalue problem for T#T in variational form.
To be consistent with [2], we write this eigenvalue problem as

(4.3) T#T¢ = "' 6.
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Then

T#Té =\"'¢ = (T#Tp,v), = A" ($,¥),
= (p,0), = A (T#T¢,¢),
= <¢>, ZZJ)* A (qu, T¢>Y for all ¢ € D(L).

We now define a : D(L) x D(L) — R by a(¢,v) = (¢,9), and b : X x X — R by
b(¢,¢) = (T'¢p,T)y. Then (4.3) is equivalent to the variationally posed eigenvalue
problem

(4.4) ¢ € D(L), a(e, ) = \b(¢, ) for all 1 € D(L).

The bilinear form a is D(L)-elliptic, and (4.4) fits into the class of problems
described by Boffi in [2] (see also [9]). The Galerkin formulation is

(4.5) ¢ € Xp, a(§,9) = Ab(6, ) for all P € X,

A straightforward calculation shows that (4.5) is equivalent to

(4.6) b= Zajxj and Ga = AMa,

Jj=1

where G, M € R™*™ are defined by G;; = (x;,x;),, M;; = (Tx;, Tx;)
is a generalized eigenvector of G' and M.

Let Ag, ¢x, £ =1,2,...,n, be the solutions of (4.5). To compare the eigenvalues
of (4.5) with those of (4.4), we have to order them consistently. Let us assume that

v, and a € R™

M< <<,

and that My = {1,2,...,7}, My ={r+1,r+2,...}, and Ay is increasing for k € M.
Since A\, = a,;Q, where ay, is defined by Theorem 4.2, it follows that Ay = 1 for k € M,,
A > 1 for k € My, and hence that

AlSAQS"'SAnS)\n-&-lg"'-

Theorem 9.12 of [2] implies that there exists a constant ¢, (independent of n) such
that
M <A< A+cr supinf [lu—of?,
u e E)\k vESn
[l =1

where Ey, is the eigenspace corresponding to the eigenvalue Ay of (4.5). Assuming
that U2, X, is dense in D(L), this implies that A\, — A, as k — oc.
Theorem 9.13 of [2] implies that there exists a constant Cj (independent of n)
such that
inf g =l <Cp  sup inf flu— ..
1/;€E>\k = E)\k veX,
Jull =1

Here, E,\k is the space spanned by the approximate eigenvectors associated with the
approximate eigenvalues converging to A.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 02/26/19 to 141.219.44.85. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

GENERALIZING THE GSVD 2535

We are interested in approximating ay, by rather than . Note that A = 0o can
be a solution of (4.6), signaling that the matrix M is singular and ¢ belongs to the
null space of M. For A\, € R, we define

~1/2

ar = A T-1/2

, A = )‘k: y
while we take ar = 0, by = 1 when A\, = co. We will write

(4.7) € = sup inf |Ju—vl..
e E)\k veX,
l[ull« =1

When ) is finite, then it is straightforward to show that there exists a constant
¢}, such that

Me <M S M Fenér = ag < ap < ag + e
Similarly, if we define b = /1— az, then we can show that there exists a constant
¢y such that
i)k — ngi <b, < Bk.
Finally, we must approximate vy, ;. Since i, = a,;ngbk for k € My U My, we
define
Y =ay Py, Tor, k=1,2,...,n, a #0,

where Py, is the orthogonal projector onto Y. If any e = o0, then the corresponding
¢ belongs to the null space of T,,.
Similarly, we define

O = b, Py Low, k=7r+1,2,....n, b, #1,

and ék = Pz, Lg?)k for each k such that S\k = 00. Since T, converges to 7' in norm, it
is clear that each 1/~)k approximates 1, with an error bounded by a multiple of €, and
similarly for 6.

We now show how to compute Py, T'¢ and Pz T¢ for ¢ € X,,. We define H €
R™*™ t0 be the Gram matrix for the basis {y1,y2,...,¥m} and J € RP*P to be the
Gram matrix for the basis {z1, z1,...,2,}. For z = Z;’L:I ajx;, we have

<Tx]7 y1>Y Q5 = (AOL),,
1

Tx = Zoijxj = (Tz,y:)y =
j=1 j=

where a € R™*" is defined by A;; = (T'z;,y;)y - It follows that

n m
Pr,T | Y aju; | = By,
j=1 j=1

where 8 = H~!Aq. Similarly,

n m

Pz, L E a;a; :E VjZjs
=1 j=1
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where v = J 'Ba and B € RP*" is defined by B;; = (Lxj,z;),. Therefore, if
aM a® . a are the eigenvectors of (4.6), then

o= e
j=1

and 1/;, 6 can be computed as indicated above.

EXAMPLE 4.3. To construct an example, we define X = L*(0,1), T: X — X by

(Tz)(s) = /01 k(s Da(t) dt, 0< s < 1,

where ( )
s(1—t), s<t,
k(s t) = { t(l—1s), s>t

Then T is the solution operator of the two-point boundary value problem

—u” =z in (0,1),
u(0) =0,
u(l) = 0.

The operator L : D(L) — X is defined by Lz = ', where D(L) = H(0,1). In this
example, Y = 7 = X.

Given a uniform mesh {[0,h], [h, 2h],...,[1 — h,1]} on [0,1], where h = 1/n, we
define X,, =Y, = Z, to be the space of continuous piecewise linear functions and
write {zg,x1,...,T,} for the standard nodal basis. Since T#T maps X into D(L*L)
and D(L*L) is contained in H?(0,1) in this case, it follows that each solution of (4.3)
belongs to H?(0,1). From this and standard approzimation theory, it follows that €,
defined by (4.7), is of order h. Therefore, we can expect, with the scheme described
above, to approzimate ay, by with an error of order h? and ¢y, Vi, O with an error
of order h.

In this example, we do not have exact values of ag, by, ¢r, Vi, Or for comparison.
However, if ar, = ax +O(h2), then there exists a constant vy, such that ay,p ~ ar+veh?,
where we temporarily write ayp, to indicate the dependence of ar, on h. We can now
perform the calculation on two meshes, of sizes h and h/2; then a simple calculation
shows that
4ag,p — Qg py2)

3h?
In other words, the expression 4(ay, —dkyh/Q)/(3h2) should be approximately constant
if ag.p, converges with asymptotic error O(h?). Conversely, it is easy to show that this
expression is O(hP=2) (and hence not approzimately constant) if the convergence in
ar is O(h?) for p # 2.

Table 1 shows the computed values of ax, for k = 1,2,3,4,5, corresponding to
meshes with n equal to 20,40, 80,160,320, and also the computed estimates for .
The expected rate of convergence is observed.

Ve =

4.2. An alternate computational scheme. The Galerkin method proposed
above has at least two drawbacks. First, it is necessary to compute the matrix M
defined by M;; = (Txj,Tx;),. This poses an extra burden over computing the
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TABLE 1
Ezample 4.3: estimates of ay, on meshes with different values of n. Estimates of vy are given
in parentheses (not shown for k =1 because a1 = 1 to machine precision).

n =20 n =40 n =80 n = 160 n = 320

E=1 1.0000 1.0000 1.0000 1.0000 1.0000
k=2 7.0001-10-% 7.0072-10"2 7.0090-10—3  7.0094-10—3  7.0095-10"3
(—3.8-1073) (-3.8-1073) (-3.8-1073) (-3.8-1073)
k=3 1.6915-10"% 1.6979-10"2 1.6995-10"3 1.6999-10—3  1.7000-10—3
(—=3.4-1073) (=3.4-1073) (=3.4-1073) (-3.4-1073)
k=4 64727-10"* 6.5248-10~% 6.5379-10~* 6.5412-10~* 6.5420-10—*
(—2.8-1073) (-2.8-1073) (-2.8-1073) (—2.8-1073)
k=5 3.1155-10"* 3.1589.10~% 3.1698-10~* 3.1725-10~%* 3.1732.10~%
(—2.3-1073) (-2.3-1073) (-2.3-1073) (—2.3-1079)

matrix A, which is required in any case. In particular, if T is a first-kind integral
operator, then A;; is defined by a double integral, while M;; requires the computation
of a triple integral. A second drawback is that {1[)1, o, . .. ,1[)”} and {9~1, Os, ..., én} are
only approximately orthonormal. (On the other hand, {QNSL q~527 RN an} is orthonormal
in D(L) under the *-inner product.)

We now propose a different scheme that avoids the above difficulties. We define
T:X,—=YybyT=Py,T|x, and L: X,, — Z, by L = Pz L|x,. We can compute
the GSVE of T, L by using the matrix GSVD. We define a discrete version of the
x-inner product by

(u,v), = <Tu, TU>Y + <ﬁu,ﬁv>z for all u,v € X,,.

We also write y ®., = for the outer product defined by the *,-inner product. If
u = Z?zl o;x; and v = Z?zl Bix;, then it follows from the above calculations that

<U,U>*n = <T ZO&j.’IJ]’ 7T (Zﬁlxz>> + <i/ Zajxj ,.Z/ (Zﬂzxz>>
j=1 i=1 v j=1 i=1 z
= (H 'Aa)-H (H'AB) + (J 'Ba) - J (J7'Bp)
—a-(A"H'A+B"J'B)p.

THEOREM 4.4. Let T, ﬁ, A, and B be defined as in the previous paragraph. As-
sume that

H'\?A=USW™', JV?’B=vMW!

is the GSVD of the matriz pair H~Y2A, J-'2B (as defined in Theorem 1.1), and
define U = H=Y2U, V = J=Y2V. Then the GSVE of T, L is defined by

min{m,n} min{p,n}
(4.8) T= > api®., ¢, L= > bbio., 6,
i=1 i=1
where ay, Gz, . .., min{m,ny are the diagonal entries of S, 51, l~)2, ceey i)min{p,n} are the

diagonal entries of M, and

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 02/26/19 to 141.219.44.85. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

2538 MARK S. GOCKENBACH
é; = Z Wijas,
Z Uijyis
p

The sets {q7>1, b, ..., (;3”}, {1;1, Vo, ... ,1;”}, and {51, O, ..., én} are orthonormal in
X, Y, and Z, respectively. Here the *,-inner product is used on X, .

Proof. Given that H='/2A = USW~!, J=Y/2B = VMW~ is the GSVD of the
matrix pair H~/2A, J~1/2B, we know that U € R™*™ and V' € RP*P are orthogonal.
As noted above, the matrix representing 7" is H~' A, and we have

1A= (HY2U)swL.

For any y = Z:L Biyi, w = ZZL Y:Yi, we have
w)y = <Z 5jyja2%‘yi> = ZZ Wi, vi)y Bivi =~ - HB.
Jj=1 i=1 y  i=1j=1
It follows that
b b —12i7\ " —1/2 T
ij

which shows that {7,/11, ¢2, e 7]1”} is orthonormal in Y. A similar proof shows that
{91, O, ... 0, } is orthonormal in Z. Also, we have
ATH' A+ BT ' B=w-TsTuTusw— + w-TMTvTvmMw—1
=wT(sTS+M"M)W™!
—_ W_TW_l
which shows that
WT (ATH'A+BTJ'B)W =1.
It follows that

<Z Wik, Wem> = (WT (ATH'A+ BTJT'B) W), = dy;.
k= =1

*T‘L

Therefore, {¢Zl, ¢~>2, ceey (Z)n} is orthonormal with respect to the *,-inner product.
Finally, it remains to prove that the equations (4.8) hold. We will verify the

representation for T the proof for L is similar. Since H~'A is the matrix for 7' and
H'A=USW™!, it suffices to show that

min{m,n}

n m
x = Zajxj = Z ath; @, Gi | @ = Zﬁiyi,
j=1 i=1

i=1
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where B
8= USW'a.
This is a direct calculation. We have
min{m,n} n
> oai e, |r=> a <¢j7x> Vj,
j=1 j=1 o

Vi = > iey Uijyi, and

(52 =3 ()

k=1

M=

W[j$g,$k> Q.

1 *n

~
Il

M= 10
M=

Wi (ze, k),
1 1
WT (ATH—IA 4 BTJ—lB) Oé)]
= (Wﬁla) )

J

where we have used the fact that W7 (ATH_lA + BTJ_lB) W = I. Therefore,

o~
Il

I
—

)

min{m,n} min{m,n}
Z a4V Ry, G5 | = Z a; <¢j733>* V;
Jj=1 Jj=1 "

j=1
m min{m,n}
= Z aj (W_1a>j UZ Yi
i=1 j=1
= Z (USW_I()() Yi,
=1 !
as desired. 0

The scheme described by the above theorem does not fit into the standard frame-
work of [2], and the convergence remains to be analyzed. Preliminary numerical
experiments suggest that it is similar to that of the previous scheme. As noted above,
this second approach has the advantage of avoiding the need to compute the matrix
M (and also G), and it produces singular vectors {gz;l, bo, ..., qgn}, {151,1[12, .. ,@ZJ”},

and {51, Os, ... ,0,} that are orthonormal in X, (under the *,-inner product), ¥, and
Z, respectively.

4.3. Discussion. The special case discussed in this section is important and
Theorem 4.2 is new, to the author’s knowledge (a GSVE for a pair of operators was
derived in the Ph.D. dissertation of Huang [8], but in that work both operators were
required to be compact). However, one of the significant aspects of Theorem 2.2 is
that it applies to noncompact operators. In particular, the operators T*7T and L*L
may have nonempty continuous spectra, which would imply that the representation
of Theorem 4.2 is not suitable. Further work is needed to develop a computational
scheme that is suitable when the continuous spectrum is nonempty.
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