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Multiple rainbows from single drops of water and other liquids

Jearl D. Walker

Physics Department, Cleveland State University, Cleveland, Ohio 44115

(Received 1 May 1975; revised 20 August 1975)

The scattering of light by spherical drops and the theory of rainbows are reviewed in detail
to predict the angular positions of rainbows from single drops. The angular positions of the
first 13 rainbows of water, observed from a drop suspended in a student spectrometer, were
compared to these theoretical positions. Since the rainbows were dependent on the refractive
index, the positions shifted with drops of other fluids having other refractive indices. Light
corn syrup yielded 11 rainbows, including the 17th-order one. The light emerging from the
drops was white except for the multicolors of the rainbows and the faint blue of the rays that
had been nearly tangentially incident to the drops. With a hand-held polarized filter, all of
the observed rainbows appeared to be polarized parallel to the plane of incidence. Using the
6328-A light from a student He-Ne laser, one of the interference patterns composing all
natural rainbows was created and photographed. The angular positions of the principal
maxima of this pattern differed from the theoretical rainbow positions predicted by
geometrical optics by amounts dependent on the drop radius.

Somewhere over the rainbow, way up high,

There’s a land that I heard of once in a lullaby.

Somewhere over the rainbow skies are blue,

And the dreams that you dare to dream really do
come true.!

I. INTRODUCTION

Rainbows are the most beautiful sight in the sky. Sci-
entists and laymen alike have studied them for centuries
and have honored them innumerable times in song and
verse. Exposure to such splendor not only introduces a
student to geometrical optics, dispersion, and wave inter-
ference, but will also imbed a permanent canvas of colors
in the student’s memory of physics. Once rainbows are
understood, each fresh and unexpected observation of
them will stimulate the memory and reinforce the physics.

A single reflection of sunlight inside falling raindrops
produces the primary rainbow, while a double reflection
yields the secondary rainbow.?"!? Some rays could con-
tribute to other rainbows after experiencing additional
internal reflections. These other rainbows are never seen
in nature, however, since they are weaker than the
background sky brightness, the light reflected from the
outside surface of the raindrops, or the light transmitted
through the raindrops with no internal reflections.

There have been no verified observations of any but the
first two rainbows in a natural landscape. Yet in 1868
Billet'? was able to detect the first 19 rainbows from a
thin stream of water which was illuminated with various
colored lamps. Using a spectrometer to examine drops of
water and other liquids, a student can see not only many
rainbows but also other color and polarization details pre-
dicted by geometrical optics for the scattering of light
from drops.

Theoretical rainbows will be reviewed in two ways in
this paper. First, the scattering angles, widths, and color
sequences of the first 20 rainbows will be determined
with geometrical ray tracing. The theoretical intensities of
these rainbows, as well as the intensity of light scattered
by drops at other angles, will also be calculated. Then,
second, after the relative phase of the rays is included in
the calculations, the rainbow will be shown to be an in-
terference pattern with several features inexplicable with
the strictly ray tracing analysis.

(a) (b)

(c)

Fig. 1. Light can be reflected from the outer surface (a), transmitted
across the drop with no reflections inside the drop (b), or transmitted
with one or more internal reflections (c).

II. MULTIPLE RAINBOWS

The study of rainbows is the study of the deflection of
light rays by a spherical water drop. When a raindrop is
illuminated with sunlight, some light is reflected by the
drop’s outer surface [Fig. 1(a)], while some is refracted
into the drop, crosses the drop, and is refracted out of the
drop on the other side [Fig. l(b)]. Still another fraction
of the light which is refracted into the drop eventually
emerges by a second refraction, but_suffers one or more
reflections inside the drop [Fig. 1(c)]. We shall first con-
sider those rays.reflected only once inside the drop since
they are the source of the primary rainbow.

The first basic explanation for the primary rainbow, at-
tributed to Descartes,*!* places the rainbow at the angle
of the densest clustering of the rays leaving the drop after
those rays are reflected once inside the drop. In Fig. 2 the
single reflection of several rays at various incident angles
to the drop’s surface is illustrated. The density of emerg-
ing rays is greatest around ray f which has been deviated
the least by the drop from the initial direction of the rays.
Therefore, finding the angle of the rainbow with respect
to the initial direction of the rays amounts to finding the
smallest angle of deviation suffered by the rays.



Fig. 2. Some of the rays experiencing a single reflection inside a water
drop are shown. The ray experiencing the least deviation, ray f, is the
Cartesian ray of the primary rainbow. A fully illuminated drop has a
distribution of rays symmetric about the ray of normal incidence.

Upon entering a drop, a ray is deviated by an angle
equal to i —r, where i and r are the angles of incidence
and refraction (Fig. 3), which are related by Snell’s law.
An internal reflection causes a further deviation by an angie
equal to 180° — 2r. Upon leaving the drop, there is a
final deviation by an angle equal to /| —r. Thus, the total
deviation of a ray reflected once inside the drop is

0=180°+ 27 - 47. )

Fig. 3. Angles indicated are those needed to calculate the angle of de-
viation between the initial and final directions of a ray suffering one
internal reflection.

- e a

Fig. 4. Some of the rays undergoing two internal reflections are given.
The ray experiencing the least deviation, ray g, is the Cartesian ray of
the secondary rainbow.

The least deviation possible for'a ray undergoing one
internal reflection can be found by setting d6/di =0 to
find the extremum of (1). Doing this, and using Snell’s
law to eliminate the angle », we find the i for the case of
least deviation as

cosi=[3(? - 1)]1/?, (2)

where n is the index of refraction. The angle 6 of least
deviation is obtained by solving for i, using Snell’s law to
find the corresponding r, and finally substituting the i and
r into (1). Since the Cartesian rainbow appears at the
angle of least deviation, we shall denote this angle by 6.
Similarly, the ray entering the drop and then exiting at 6,
will be termed the Cartesian ray. In Fig. 2 the Cartesian
ray is ray f, which is incident at an angle of 59° and exits
after a deviation of about 138°. The other rays of Fig. 2,
all of which experience a greater deviation than ray f, are
incident at intervals of 10°.

Although Descartes’ calculations of 8, were correct, his
explanation of why there are colors at that angle was er-
roneous.'® It was not until Newton’s announcement of the
dispersion of light by water that there was a correct ex-
planation of the colors.'® Simply stated, a different index
of refraction is associated with each wavelength of light
and thus, by the calculations above, each wavelength will
have a slightly different .. The n for red light in water is
about 1.331 and for blue light is about 1.343. The cor-
responding 6, is 137.63° for red light and 139.35° for
blue light. The intermediate colors have intermediate an-
gles for the brightest light. The rainbow, therefore, has an
angular width!? of approximately 1.72°.

Similar considerations of minimum deviation can be
made for more internal reflections. The greatest clustering
of rays for two internal reflections is, again, at the angle
of least deviation as indicated by Fig. 4. The Cartesian
ray g is incident at an angle of about 72° and exits after a
deviation of about 232°. The other rays of Fig. 4, which
are incident at intervals of 10°, all experience greater de-
viations. Hence, the secondary rainbow corresponds to
ray g and occurs at about 232° from the initial direction



Fig. 5. Cartesian rays for the red light in the first three rainbows are
shown. A fully illuminated drop also has a set of these rays symmetric
about the 0°~180° axis-of the figure.

of the rays.
For the general case of k internal reflections, the total
deviation of a ray is

6=£180°+2{ - 27(k+1). (3)

The incident angle i corresponding to the minimum devia-
tion after k internal reflections is

cosiy=[(n? =1)/k(k+2)]1/2, 4)

For a particular choice of k, the rainbow angle 6. and
the Cartesian ray for any of the colors can be found just
as they were determined for k =1. The Cartesian rays for
red light incident on a half-illuminated water drop are il-
lustrated in Fig. § for £k =1, 2, and 3 and in Fig. 6 for

Incident Ray

Fig. 6. Cartesian ray for the red light of the 11th-order rainbow is
shown. The symmetric distribution of rays stated in Fig. 5 applies here
also.

k =11. Table I lists the angular positions and angular
widths for the first 20 rainbows for water, using
n = 1.331 for red light and n = 1.343 for blue light.
These results are given in Fig. 7 as a roselike distribution
of colors about the drop.!® For clarity, the rainbows are
shown in the figure as if only half the drop is illuminated.
For a fully illuminated drop, the rainbows would be
symmetrically placed about a line through the drop’s
center and parallel to the incident rays. Such a fully il-
luminated drop would therefore have several of the first
twenty rainbows overlapping other rainbows and, in the
case of k =12, even overlapping itself. The individual
colors in Fig. 7, which are only approximately placed
within the rainbows, illustrate the color sequence. The
full angular widths of the rainbows are accurately drawn
using the refractive indices given above for red and blue
light.

Were all twenty rainbows visible in the natural land-
scape, a brief rain on an otherwise sunny day could leave
the sky in a dazzling splash of colors as suggested by
Fig. 8. Each of the rainbows in the figure would be an
arc into and out of the page similar to the commonly seen
arcs of the first two rainbows. The rays of sunlight are
incident along the horizontal axis, corresponding to a sun
at the horizon. For a sun higher in the sky, the distribu-
tion of the rainbows would shift counterclockwise. The
internal scattering of the Cartesian rays for the first and
third rainbows is indicated. As in Fig. 7, the individual
colors are only approximately placed but the total rainbow
widths are accurately drawn using the red and blue indi-
ces of refraction. The circular distribution of the rainbows
in Fig. 8 should not be interpreted as suggesting the drops
giving the rainbows are at any particular distance from
the observer. Only the angular positions can be deter-
mined, the drops being anywhere from a few inches to
several miles from the observer.

As beautiful as it might be, Fig. 8 is nonetheless fic-
titious since only two rainbows are ever seen in the natu-
ral sky. The first reason for the elimination of the rain-

Table I. The first 20 rainbows of water calculated from geometrical op-
tics. (Angles are in degrees.)

0. i r E; (107
k red blue Ag red  blue  red blue red
1 137.63 139.35 1.72 59.53 58.83 40.36 39.58 914
2 230.37 233.48 3.11 71.91 71.52 45.57 44.93 390
3 317.52 321.89 4.37 76.89 76.62 47.03 46.42 215
4 42.76 48.34 5.58 79.67 79.46 47.66 47.06 136
5 127.08 133.86 6.78 81.46 81.28 47.99 47.39 94
6 21090 218.86 7.96 82.72 8§2.57 48.18 47.59 69
7 29441 303.55 9.14 83.65 83.51 48.31 47.72 53
8 17.71  28.02 10.31 84.36 84.25 48.39 47.80 42
9 100.86 112.35 11.49 84.94 84.83 48.45 47.87 34
10 183.92 196.57 12.65 85.40 85.31 48.49 47.91 28
11 266.89 280.71 13.82 85.79 85.70 48.53 47.95 23
12 349.81 4.79 14.98 86.11 86.03 48.55 47.97 20
13 72.68 88.83 16.15 86.39 86.32 48.58 47.99 17
14 15551 172.82 17.31 86.64 86.57 48.59 48.01 15
15 238.31 256.79 18.48 86.85 86.78 48.61 48.02 13
16  321.09 340.73 19.64 87.03 86.97 48.62 48.04 12
17 43.84 64.65 20.81 87.20 87.14 48.63 48.05 10
18 126.58 148.55 21.97 87.35 87.29 48.63 48.05 9
19 209.30 232.43 23.13 87.48 87.43 48.64 48.06 8
20 292.02 316.31 24.29 87.60 87.55 48.65 48.07 8




bows for k = 3 involves the reduced intensity of the light
yielding such rainbows. Since the Cartesian rays strike at
greater incident angles for larger values of & (Figs. 5 and
6, Table 1), they are closer to the edge of a drop, with a
resulting reduction in the cross-sectional area intercepting
the rays. Consequently, the intensity of the emerging
cluster of rays about the cartesian ray. is decreased, and
the rainbow will be dim. Second, the higher-order rain-
bows are wider than the first two (Table I, Figs. 7 and
8), and the greater dispersion of their Cartesian rays re-
duces the brightness. Finally, since some light is lost to
refraction at each internal reflection, the higher-order
rainbows are dimmer because of the greater number of re-
flections.

If these were the only reasons for the dimness of the
higher-order rainbows, keen eyesight might still pick out
at least a few of them. None are visible in nature, how-
ever, since they are dimmer than at least one of the fol-
lowing: the background sky, the light reflected from the
outer surface of the drops [Fig. l(a)], or the light that
traverses and leaves the drops with no internal reflections
[Fig. 1(b)]. The outer reflected light is called the direct
glare (G) and the light emerging with no internal reflec-
tions, the transmitted glare (7). In the experiment de-
scribed in Sec. VII, the first 13 rainbows are observable
because the effects masking natural rainbows are either
eliminated or partially removed.

The dark band lying between the primary and sec-
ondary rainbows (Fig. 9) has been extensively noted in
the literature.'® The raindrops in this band cannot scatter
k =1 or k =2 rays to the observer. The observer does
see k =1 light inside and beneath the primary rainbow,
but a k = 1 ray cannot come from the dark band because
to do so it would have to be scattered less than the angle
of minimum deviation, the Cartesian rainbow angle for
k =1 rays. By identical reasoning, £ =2 rays can be
seen inside and above the secondary rainbow, but k =2
rays from the dark band would require scattering at less
than their angle of minimum deviation, the Cartesian
angle of the secondary rainbow. Hence, the sky between
the primary and secondary rainbows has only glare from
the raindrops and background sky light and is therefore
darker than the sky beneath the primary rainbow, which
also has k =1 rays, and the sky above the secondary
rainbow, which also has k¥ =2 rays. The dark band is
prominent in most double rainbow photographs!® and in
many rainbow paintings and is easily seen and photo-
graphed in the experiment of this paper (Fig. 24).

III. INTENSITY OF SCATTERED LIGHT

For a particular number of internal reflections, the scat-
tered light is brightest at the angle of the rainbow. In cal-
culating the scattered intensity using geometrical optics,
three effects must be investigated. One is the reduction in
intensity of the rays with each refraction and reflection.
The others are the interception of the incident intensity by
the drop and the spreading of the light upon emerging
from the drop.

With each refraction and reflection in a drop, the rays
of light are reduced in intensity. If a ray is reflected from
a surface, the fraction of the incident intensity reflected is

[sin(i = 7)/sin( + )P (5)

if the ray is polarized parallel to the plane of incidence,
or

[tan(i = 7)/tan(i + )2 (6)
if the ray is polarized perpendicular to the plane of inci-
dence. The fraction of the incident intensity refracted
through the surface is

1 -[sin( - #)/sinG + »)}? (7)
for parallel polarization, and
1 -[tan( - 7)/tan(i + 7)]? @)
for perpendicular polarization.
If a ray enters a drop and undergoes k reflections, the

fraction of the original intensity remaining in the final
emerging ray is

_ sin(i = 7)\ |? fsin(i = )\?*
B = [1 _<sin(i +r)> ] (sin(i +r)) ®)

for parallel polarization, and
_ tan(i = »)\2 |2 ftan(i - »)\%*
Ep= [1 _(ta.n(i +'r)) ] tan(; +7) (10)

for perpendicular polarization. The total fraction is

E,=E, + E. (11)

Table 1 lists the results of these calculations for the red
Cartesian rays of the first 20 rainbows. The results for
blue rays are almost the same.

One might think that for a particular value of k the E;
would be greatest for the Cartesian rays since the scat-
tered light is brightest at the rainbow angles. However,
this conclusion is wrong. For example, the values of E,
for red and blue k =1 rays are given in Fig. 10 for all
incident and exit angles. The term E, is not maximum at
the primary rainbow but for rays which are incident at
80° not the 59° of the Cartesian rays, and which exit
near ¢ = 150°, not 140°. Hence, the primary rainbow is
the brightest of the k = 1 scattered light in spite of, rather
than due to, E,.

Although the brightening can be attributed qualitatively
to the bunching of the rays at the rainbow angle, the next
step would be to calculate the intensity explicitly.2® If a
thin pencil of light of intensity /, is incident on a drop at
polar angles of i and ¢ and within a range of angles di
and d¢, the surface element intercepted has an area
a® sini di d¢ and the flux of energy at the surface ele-
ment 1s

I cosi(a® sini di do). (12)

A fraction E), of the incident energy survives whatever the
number of internal reflections k¥ one wishes to consider.
This remaining light finally emerges in a solid angle of
sinfdfd¢ at an exit angle of 8. At a distance r from the
drop, the emerging energy is spread over an area of r2
times the solid angle. The emerging intensity at r is there-
fore
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2 (94 -1
_ a®\ .. sin(2i) (d6
=0. 5(’“ ﬁ)Ek sin@ (di) : (13)
The d6/di can be obtained from (3) as
do coti
yr _2_2(k+1)cotr' (14)
Let
_ sin(27)\ /do\™!
Dy=0. SE“( Sing )(di) ’ (15)
and then
I,=15a’D,/r?, (16)

where only D, depends on the scattering angles.

The term D, for k = 1 scattering is given in Fig. 11 for
red and blue light. The scattering intensity becomes infi-
nite at the Cartesian angles for the two colors because
dO/di = 0 there. This factor of d6/di is therefore the rea-
son the scattered light is brightest at the rainbow angles.
In fact, the term is so dominant that the shape of the E,
curve of Fig. 10, with its peak near # = 150°, is lost in
the D, curve of Fig. 11.

IV. DISPERSION

The angular dispersion of the light is not the greatest at
the rainbow angles. Granted the emerging light is weaker
at other angles, one may wonder why some color is not
seen at the other angles, especially if the dispersion is
greater. Such a consideration is important in this paper’s
experiment since single drops are examined from less
than 0.5 m and the light emerging at the other angles is
clearly seen as individual spots on the drop.

The dispersion can be written

de _de d
DD an

where dn/d\ depends on the nature of the scattering mate-
rial and d6/dn depends on the geometry of the scattering.
From (3) and Snell’s law, the geometrical term is found
to be

d8  2(k+1)sini

dn (k- sinti)i /2 (18)

for given incident angles and k internal reflections. The
apparent linear dependence of d6/dn on k in (18) may not
seem consistent with the rainbow widths A@ in Table I.
The widths do not increase linearly with k because the in-
cident angles / for the Cartesian rays are different for
each value of & and for each color of light. The term
db/dn of (18) depends on both k and i. Consequently, not
only are the higher order rainbows wider because of the
greater number of internal reflections, but also because
their Cartesian rays are incident at greater angles (Fig.
12). Using (4) for the incident angles of the Cartesian
rays, the term d6/dn for the Cartesian rays is found to be

19_ _3 (k+1)2—n2 1/2 (19)
dn), n\ nt-1 ’

One color will dominate the others if the drop is ob-
served at that color’s 8.. At the 8, for blue light, the
emerging light has a mixture of all visible colors, but be-
cause the blue rays are bunched at that angle, blue domi-
nates. At the 6, for red light the situation is simpler. The
red is prominent at its 6. because of the bunching and
also because there is no competition from the other col-
ors. Since red light has the smallest index of refraction in
the visible spectrum, it experiences the smallest angle of
minimum deviation. For example, in the primary bow 6,
is 137.63° for the red and 139.35° for the blue. Hence,
when an observer is at the 6, for red, no blue light is in
the emerging light (Fig. 11).

At most angles other than the rainbow angles, the light
emerging from the drop is white. The lack of color sep-
aration may seem strange, especially if the rays enter the
drop at incident angles greater than that of the Cartesian
rays and therefore suffer greater dispersion (Fig. 12). For
instance, if a drop is viewed from the direction of the
emerging ray 4 in Fig. 2, the emerging light will be white
even though 'it has suffered greater dispersion than the
Cartesian ray f of the figure. In viewing from the direc-
tion of ray A, all the colors from the drop are seen simul-
taneously, each slightly but imperceptibly displaced at its
exit point on the drop. The relative intensity of light suf-
fering an internal reflection and a deviation of 8 is given
in Fig. 11. For ray k&, which is incident at i = 80° and
which exits at about 8 = 150°, all colors have about the
same intensity and therefore combine to give white light.
Experimentally, the spot of emerging light resulting from
ray h can be distinguished on the drop and confirmed to
be white. For smaller incident angles, except for those
near the Cartesian rays, the emerging light always has
about equal intensities of the colors and is therefore white.

There is one exception to this argument, however. If
the drop is viewed from the direction of the emerging
rays that have been incident nearly tangentially to the
drop, i.e., at i = 88°-90°, the emerging light is blue. The
blue light is weak but can be seen if other spots of light
on the drop are eliminated. The light is blue because the
other colors, especially red, may be many times weaker
than the blue, as indicated in Fig. 11 in the range of
6 = 162°-167° for the part of the curves corresponding to
i = 88°-90°. Blue is refracted more than red by water.
For the extreme case in which white light is incident at
i =90° the blue is deviated a few degrees more than the
red (Fig. 13). Since the upper limit of 6 is about 165.0°
for red light and about 167.5° for blue light, the emerg-
ing light will give a blue spot on the drop if the drop is
viewed at 166°.

Bright, white light also emerges at 166° from rays inci-
dent at 14° and normally masks the blue spot. If falling
raindrops are viewed at a scattering angle of 166°, they
are white and give no hint of blue. The blue can be dis-
tinguished from the brighter white light if the observer is
within about 30 cm of a drop since the blue light emerges
from the edge of the drop and the white light more to-
ward the center of the drop.

Similar considerations can be made for &k > 1 rays.
Again, the emerging light is white except at the angles of
the rainbows, where all colors are distinguishable, and at
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Fig. 7. There is a roselike distribution of rainbows in the scattering
plane of a water drop.

the portion of the curves for nearly tangential incidence,
where the emerging light is blue. There is also a slight
blue tinge to the nearly tangentially incident light that
crosses and exits from a drop with no internal reflections
[Fig. 1(b)].

V. RAINBOWS FROM OTHER REFRACTIVE
INDICES

Since the Cartesian rays of the rainbows depend on the
refractive index, a transparent drop with a refractive index
different from water will have rainbows shifted from
those of water.!:2! These shifts are described in the ex-
perimental section of this paper for two liquids: Karo
light corn syrup (n = 1.47) and diiodomethane
(n = 1.75).

The Cartesian angles 6, for the first thirteen rainbows
are plotted in Figs. 14(a) and 14(b) as functions of n. The
drop was assumed to be only half illuminated as in Figs.
2-7. A fully illuminated drop would have curves symmet-
ric about 180° in Figs. 14(a) and 14(b). The curves are
steepest in the figure for the low values of n near the
n =1 of air, and as n increases, the curves become less

A

steep. The k = 1 curve has a slope of zero forn = 2, giv-
ing a Cartesian ray emerging at 180°. This condition is
the theoretical limit of the ¥ = 1 rainbow,2! for it corre-
sponds to light rays incident at / = 0° (Fig. 15), that is,
directly at the center of the drop, and the rays are
backscattered directly toward the light source. These rays
experience no dispersion, as indicated by the k = 1 curve
at 6 = 180° in Fig. 16, which is based on the dispersion
relationship of (19) for the Cartesian rays. With no dis-
persion there can be no rainbow. Hence, there is no
longer a k = 1 rainbow for n > 2. All the other rainbows,
for k > 1, meet similar fates®! for greater values of n.

VI. POLARIZATION

For water the rainbows appear to be nearly completely
polarized parallel to the plane of incidence. The polariza-
tion sense is noted in some textbooks?? and can easily be
checked with a natural rainbow and a polarized filter such
as in polarized sunglasses. Figure 17 is a graph of

P= Ek1/(Ek1 + Ekz) (20)
for the range of n of interest in the experiment of this pa-
per. For water there is only a small difference in polariza-
tion between the k = 1 and & = 2 rainbows. For greater
values of n, the k£ > 1 rainbows remain parallel polarized
up to n = 2. The k = 1 rainbow, however, decreases in
polarization and is unpolarized at n = 2.0 where the rain-
bow disappears. The polarization of the rainbows depends
on n only because Ey, does. Using (9), Ej; can be re-
duced to

E,=Q1-¢) % (21)

where
g=[(F+ R+ 12 1]/[(F +k+ 1)/ 2+ 1],

Since there is no dependence on n in (21), Ej, is inde-
pendent of n.

VII. EXPERIMENTAL GEOMETRIC RAINBOWS

Higher-order rainbows up to k = 13 can be observed
from an individual water drop in the lab under relatively
simple conditions. Water is sprayed onto a thin wire
hanging from a ringstand. The wire is coated with
Apiezon wax to blacken the wire and to facilitate collect-

Fig. 8. Angular distribution of the first 20 rainbows of raindrops are shown as they would be seen in the natural landscape.



Fig. 9. An observer sees white k =1 rays below the primary rainbow
and white k =2 rays above the secondary rainbow. Neither k =1 or
k =2 rays can originate between the two rainbows, and consequently
that area of the sky is relatively dark.

ing and maintaining a drop at the end of the wire. Ide-
ally, the drop should touch the wire only at the top of the
drop.

Once the drop is suspended, a student spectrometer?3 is
pushed under the drop so that the drop is over the center
of the spectrometer and can be viewed through the tele-
scope arm (Fig. 18). Light from a lamp or laser is di-
rected through the collimating arm and onto the drop. A
card is used to block the light from the wire itself so as to
minimize stray light from the drop area. Lowering a large
cardboard box over the spectrometer and turning off the
room light eliminates most of the background light, and
only the drop is then illuminated.

With the apparatus positioned properly, the light rays
contributing to the rainbows traverse a circular cross sec-
tion of the drop. Several of the rainbows are easily rec-
ognized with the naked eye by the vivid colors on the
drop, and their angular positions can be measured accu-
rately if the telescope has cross hairs. To determine from
what part of the drop the colors are emerging, the drops
should be viewed with the naked eye or through the tele-
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Fig. 10. E,, given in (11), is the fraction of the incident energy surviv-
ing in the & = 1 rays. Values are shown for both red and blue light. The
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scope with the eyepiece removed. The advantage in using
the telescope tube in this way is that angular readings can
be made whereas with naked-eye viewing they could not.
This procedure is especially required with the dimmer
higher-order rainbows since their appearance on the drop
must be distinguished from other, brighter spots of light
on the drop.

If the drop is half-illuminated (in the manner indicated
in Figs. 2-7) by half-blocking the incident light with the
card and if it is then viewed at the angles of the red in
the rainbows (Table I), the drop appearances to the naked
eye are as given in Fig. 19. The red light of the rainbows
is represented by a small spot on the drawings and is
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Fig. 12. d6/dn is one term in the dispersion relationship of (17). The
number of internal reflections is given to the right of the curves. The
small rectangles indicate the range of incident angles of the Cartesian
rays (Table I). An intermediate value of n = 1,337 for water is used to
calculate d6/dn.



Fig. 13. Blue and red rays resulting from a white ray incident tangen-
tially to the water drop are shown for one and two internal reflections.

labeled R. Spots of direct (G) and transmitted (I") glare
are also present unless eliminated by a selective blocking
of the incident light. The rainbow spots for the higher-
order rainbows occur closer to the edge of the drop and
are therefore harder to detect. The highest order in water
that was easily seen in the laboratory was k = 11, which
appeared as a colored spot at less than 0.5% of the drop’s
radius from the edge. The highest order for water that
could be observed was k = 13, which was 0.2% of the
drop radius from the edge.

In order to locate the weaker rainbows, background
light and glare must be reduced as much as possible.
Even with these measures, the direct and transmitted glare
spots are still present and may mask the rainbows. The
glare can be partially or completely removed in some
cases without altering the rainbows by partially blocking
the incident light. For example, the direct glare indicated
in the k = 2 drawing of Fig. 19 can be blocked without
affecting the k = 2 rainbow. A card is inserted as shown
in Fig. 18 and slowly brought across the drop toward the
observer who is viewing the drop at about 6 = 232°. At
some point past midway across the drop, the card blocks
those rays reflecting from the outer drop surface to the
observer (Fig. 20). With the observer at 6 = 232°, those
glare rays must be incident at 26° to the drop’s outer sur-
face so as to reflect to the observer. The rays giving the
k = 2 rainbow are incident at a greater angle to the drop’s
surface, 72° (Fig. 5). Since they are therefore incident on
the drop closer to the observer, they are not blocked by
the card. The result, then, is that the glare rays are elimi-
nated whereas the rainbow rays are not. This technique
can always be used to reduce or eliminate glare, both the
direct (G) and the transmitted (T) types, when the glare
rays are incident at a different spot on the drop than the
rainbow rays. The smaller the drop, however, the more
difficult it is to properly position the blocking card, so
best observations are obtained with larger drops.

The first 13 rainbows from a water drop were seen
with this experimental arrangement. Using drops with
diameters of about 1.5 mm, most of the rainbow angles

Theoretical
limit of
primary bow

RAINBOW ANGLE

Ak i
water
REFRACTIVE INDEX
(@)

RAINBOW ANGLE

4
water
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Fig. 14. Cartesian rainbow angles 6, for the first 13 rainbows are given
as functions of the refractive index. The drop is taken to be half-
illuminated as in Figs. 2-7. The angular coordinate system is that in
Figs. 5 and 6.

were found to be within a degree of their theoretical val-
ues given in Table 1. Rainbows k =8 and & = 12 were
difficult to locate even with the blocking technique how-
ever, because they required looking toward the light
source and the direct glare rays (G) were incident at ap-
proximately the same angles as the rainbow rays and
thus could not be blocked. The k& = 11 rainbow was weak
but surprisingly visible even without blocking the direct
glare. Only 13 rainbows were seen here, but the next 6
rainbows Billet!® saw (1868) in thin, falling streams of
water should be observable with this experimental ap-
paratus. One needs keen eyesight, some patience in care-
fully leveling the incident light beam, and a drop of at
least a millimeter in radius so that the blocking technique
can be successfully employed.

In most of the 13 rainbows the experimental error can
be one degree or less if the rainbow can be distinguished
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from the glare. Since the k¥ = 1 and k = 2 rainbows are
relatively bright, the telescope’s eye piece with its cross
hairs can be used to find the rainbow colors to about an
arc minute. The geometrical optics behind the Table I
values, however, is approximately correct only for drops
with radii larger than 1 mm. With smaller radii there
should be significant discrepancies between the Table I
locations of the rainbows and the actual experimental lo-
cations. These discrepancies, due to the wave interference
of light, are discussed in Sec. VIII.

The polarizations of the observed rainbows were
checked with a hand-held polarized filter and all were
found to be polarized parallel to the plane of incidence.
This result approximately confirms Fig. 17 in that such
polarization corresponds to P =1 there. Apparently much
more careful measurements are required to observe the
small perpendicular component of the k = 2 scattering in
water as indicated in the figure.

If the drop is viewed at angles other than the rainbow
angles, several white spots may be seen in addition to the
glare spots. For examples, Figs. 21(a) and 21(b) indicate
two white spots, 4 and B, if the drop is viewed at
= 145° [21(a)] and @ = 240° [21(b)]. These_spots are
due to rays that are reflecting once iFig. 21(a)] or twice
[Fig. 21(b)], but are not emerging at the rainbow angles.

" T )
0 u 12 [E] 14 15 6 [H 2 19 0
Refractive index

Fig. 16. (d6/dn), is one term (19) in the dispersion of the Cartesian
rays. The curves are labeled by the k values.
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10 1 12 13 14 15 15 17 18 19 20
REFRACTIVE INDEX

Fig. 17. Polarization as defined in (20).

Spot A of Fig. 21(a) corresponds to ray d in Fig. 2,
whereas spot B corresponds to a ray intermediate between
rays g and & in Fig. 2. Similarly, spots A and B of Fig.
21(b) correspond to rays f and & in Fig. 4. As the view-
ing angle moves from 8 = 145° for Fig. 21(a) to the angle
of the primary rainbow, 138°, spots A and B move to-
gether, finally merging when the rainbow angle is
reached, where they become colorful and bright. Simi-
larly, merging of the spots of Fig. 21(b) occurs by mov-
ing from the 6 = 240° of that figure to about # = 232°,
the angle of the secondary rainbow.

Spots B in both Figs. 21(a) and 21(b) are white even
though the rays emerging there suffer greater dispersion
than do the Cartesian rays of the primary and secondary
rainbows. From the discussion in Sec. IV, these spots are
white because approximately equal intensities of the visi-
ble colors are emerging (Fig. 11).

Rays incident nearly tangentially to the drop must give
blue light if the drop is viewed near 8 = 165° for k =1
scattering. The blueness results because the red light has
a slightly smaller n than does blue light (Fig. 13) and is
considerably less intense for 8 > 160° (Fig. 11). Such a
blue spot near 166° is easily seen on the water drop.

Transparent liquid drops with refractive indices differ-
ing from that of water give rainbows shifted in 6 as
shown in Figs. 14(a) and 14(b). One of the cheapest and
easiest alternative fluids is Karo light corn syrup, whose
index of refraction is approximately 1.47-1.48. The syrup
can be applied to the end of the wire with a straight pin
or paper clip until there is enough fluid to descend and
form a drop. Once suspended, the syrup drops can be left
to dry. One must be careful, however, that the syrup drop
does not dry in a distorted shape. With a syrup drop of
about I mm in radius, all of the rainbows up to k = 13
were seen, except for k =7 and 10 which could not be

Blgckrg
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Collimator

Source

Telescops

Fig. 18. Apparatus of the scattering experiment as seen in an overhead
view. The telescope and collimator are parts of a student spectrometer.
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viewed in the scattering plane at the angles of the first 13 rainbows. R
represents the red spot of the rainbow; G is the spot of direct glare; and
T is the spot of transmitted glare. The spots are located as fractions of
the drop’s radius «.

separated from the glare. In addition, although it was
only a tiny speck on the drop, the k = 17 rainbow was
observed. With an appropriate choice of n, between 1.47
and 1.48, the observed positions fall within 1° or 2° of
the calculated positions. If the drop is left for several
days, all the observed rainbows shift considerably as the
syrup solution becomes more concentrated and thus has a
higher index of refraction. A typical change is
An =~ 0.025 in 2 days. The corresponding shift in rain-
bows can be calculated or taken from Figs. 14(a) and

Blocking
Card

Otserver

Fig. 20. Selective blocking of the incident light can eliminate some of
the glare rays.

(a) ®)

Fig. 21. Bright spots on the water drop when viewed at § = 138° (a)
and 232° (b).

14(b). No difference could be detected in the polarization
of these rainbows; they were all polarized parallel to the
plane of incidence as indicated in Fig. 17. (The optical
activity of syrup is too small to have an effect here.)

To obtain an even greater index of refraction, a drop of
diiodomethane,2* which has n = 1.749 at A = 5890 A,
was suspended and the rainbow angles measured. Rain-
bows £k =1 and 4 were too close to being directly
backscattered to be observed, and rainbows £k =3 and 9
were apparently lost in glare that could not be blocked.
Several other rainbows, k =2, 5, 6, 7, 8, and 10, were
seen and found to be within a few degrees of their
theoretical positions as given in Figs. 14(a) and 14(b).
They were also found to be polarized parallel to the plane
of incidence as predicted by Fig. 17.

VIII. RAINBOWS AS INTERFERENCE PATTERNS

In observing the rainbow from single drops, two unex-
pected phenomena occur. As the drops evaporate and de-
crease in radius, there is a slight shift in the rainbow an-
gles. This shift is not predicted by the geometrical optics
of Descartes and Newton, for there is no drop size de-

wave front

Emergent
Rays

v

Fig. 22. The wavefront emerging near the rainbow angle is approxi-
mately cubic rather than planar. The observer is at angle 6, which is
near the primary rainbow angle of 6.. One may superimpose this figure
on Fig. 5 such that the u axis lies along the emergent ¥ = 1 Cartesian
ray of Fig. 5.
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Fig. 23. (a) The patterns of scattered light for several particular wavelengths are shown for a water drop (¢ =1 mm) viewed from 8 = 218°-237°
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the other angles relabeled accordingly. (b) The composite of the principal maxima of (a) illustrates the extent of the primary and secondary rain-
bows. All intermediate colors would have to be included to simulate the full color of natural rainbows.

pendence in the calculations of .. If the drop is illumi-
nated with a single color of light, the pattern of scattered
light is also surprising. Rather than a single narrow bright
band of light at the theoretical 6, for that color, there ap-
pears an interference pattern having a principal maximum
peaking at a slightly greater § and having many smaller
maxima at even larger 6.

Airy has accounted for these interference patterns by
examining the relative phase of the rays emerging near
the rainbow angle.?® The light emerging near 6, is not a
plane wave even if a plane wave is initially incident on
the drop. Since the rays incident on the drop near the
cartesian ray have different path lengths inside the drop,
they emerge out of phase with each other. Near the rain-
bow angle the resulting shape of the emerging wave is
approximately given?® by

= - hv*/3d’, (22)
where v and v are coordinates shown in Fig. 22, & is
given in (24), and «a is the drop radius. The u axis lies
along the emerging Cartesian ray for the ¥ = 1 rainbow
of Fig. 5. Included in Fig. 22 are two light rays that will
be observed at an angle 6 near the Cartesian rainbow
angle 8, for the primary bow. Those rays are out of phase
at the point of observation because of their path differ-
ence AB to the observer. The intensity of the resulting in-
terference pattern can be expressed?’ as

I=4L[(3a®x/4h cos(6 - 6,)]*/ 3F2(2), (23)
where [, is the intensity per unit length of the emerging
wavefront, 0 is the angle of observation, and

1 =0, 75 sini/cos®i. (24)

The term f(z) is called the rainbow integral and is given
as

flz)= fo“' cos(n/2)(zt - %) dt, (25)
in which
z2=41(8 - 8,)/1, (26)
t=v/l,
and

1= (3na®/4n)'/3.

The function f2(z) has been tabulated.?® For a particular
wavelength this function gives bright and dark bands near
the Cartesian rainbow angle. Each wavelength in the inci-
dent sunlight or artificial light will yield such a pattern,
but the principal maxima for the different wavelengths
occur at different angles because of dispersion. The pat-
terns for four particular wavelengths are given in Fig.
23(a). What is normally seen in the rainbows is the sum-
mation of these interference patterns for all the colors in
the solar spectrum, the principal maxima composing what
is said to be the natural rainbow. This summation is de-
picted in Fig. 23(b) for four wavelengths. To imitate the
natural double rainbow, one should rotate Figs. 23(a) and
23(b) 90° clockwise and imagine that the patterns for all
the intermediate colors have been included. Then the sec-
ondary rainbow is above the primary rainbow, with the
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Fig. 24. Interference patterns of the primary and secondary rainbows for
the scattering of He-Ne 6328-A light from a single water drop. The
Cartesian angles 6, are indicated by the vertical arrows. The geometry is
the same as in Figs. 23(a) and 23(b).

dark band lying between the two rainbows. To be com-
plete in calculating the relative intensities of the two rain-
bows and the relative intensities of the colors in each
rainbow, the other terms in (23) besides f%(z) must be in-
cluded. Also, the intensity distribution of the visible spec-
trum of sunlight or whatever artificial light source is used
must be incorported. In addition, a Newtonian color chart
would be required to determine the color shading that re-
sults from the overlap of the peaks for particular
wavelengths. The peaks in the patterns would have to be
widened because the sun, which subtends 0.5° in our sky,
does not give perfectly paralle! incident rays. Finally, the
variation in I, across the emerging wavefront, including
its dependence on both the wavelength and the order of
the rainbow, should be calculated.

Occasionally the interference pattern can be distin-
guished just below the natural primary rainbow and just
above the natural secondary rainbow. Those infrequent
additional bows are termed supernumerary bows, errone-
ously implying by the title that they should not be pres-

DROP RADIUS (mm)

Fig. 25. The angular difference between the Cartesian angle 6, and the
principal maximum of the interference pattern @, is given for water
drops of radii from 0.1 to 10 mm and for several of the first 11 rain-
bows.
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Fig. 26. Change in the rainbows with change in radius of the water
drop. The color and wavelength sequence is the same as in Fig. 23(b).
The Cartesian rainbows are indicated by the horizontal arrows.

ent. As a matter of fact, they belong to the same inter-
ference pattern as do the principal maxima.

Figure 24 is a photograph of the interference pattern
from a suspended water drop, approximately 2 mm in
diameter, when fully illuminated by a He-Ne laser at
6328 A. Both the primary and secondary patterns are
seen, along with the intervening dark band. Similar pat-
terns are visible for several of the higher-order rainbows
from the drop. For the primary rainbow over 100 of the
interference maxima can clearly be seen and measured for
position. If the monochromatic laser light is replaced with
either sunlight or artificial white light, the patterns be-
come full-color rainbows, and the smaller interference
maxima, the supernumeraries, are no longer so visible.

As shown in Fig. 23(a), the principal maxima do not
occur exactly at the Cartesian rainbow angles. The differ-
ence between 6, and the angle of the principal maximum
0., depends on the size of the drop. With z = 1.0845 to
give the principal maximum,2® (24) and (26) become

0,,~ 0,=(1.0845/cosi)(\? sini/64a%)!/3, (27)

which is graphed in Fig. 25 for drops with radii ranging
from 0.1 to 10 mm. The discrepancy between the wave-
interference rainbows and the geometrical rainbows is
significant for drops as large as 10 mm in radius, espe-
cially for the higher-order rainbows. For smaller drops,
the discrepancy is even greater. However, the calculations
for both geometrical and wave-interference rainbows may
not apply for 0.1 mm or less, for it is near 0.1 mm that
the Mie scattering theory is first required.!!

The radius dependence of (27) and Fig. 25 can be ob-
tained experimentally if a drop is illuminated with a sin-
gle color. For example, at the He-Ne 6328-A
wavelength, the 6, of the secondary rainbow typically in-
creases by about 0.5° with a decrease in radius of roughly
0.5 mm, which takes about half an hour in the experi-
mental setup described here. Corresponding changes are
also seen in the rest of the interference pattern. The angu-
lar positions of the first, fifth, and tenth minima increase
by 0.7°, 1.1°, and 1.8°, respectively, for the same change
in radius.

Not only do the peaks of the principal maxima shift
away from 6, as the drop radius is decreased, but the
maxima also widen and hence overlap more (Fig. 26).
This increased overlap eventually destroys the distin-
guishability of the colors. What one sees in the natural
landscape, then, are white rainbows, single or double.
With the suspended drops used in this work, the colors
become noticeably duller and washed out as the drops
evaporate and reach a radius of about 0.3 mm.
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